
 
 

Delft University of Technology

Quantifying the nonlinear interaction in the nervous system based on phase-locked
amplitude relationship

Yang, Yuan; Yao, Jun; Dewald, Julius ; van der Helm, Frans; Schouten, Alfred

DOI
10.1109/TBME.2020.2967079
Publication date
2020
Document Version
Final published version
Published in
IEEE Transactions on Biomedical Engineering

Citation (APA)
Yang, Y., Yao, J., Dewald, J., van der Helm, F., & Schouten, A. (2020). Quantifying the nonlinear interaction
in the nervous system based on phase-locked amplitude relationship. IEEE Transactions on Biomedical
Engineering, 67(9), 2638-2645. https://doi.org/10.1109/TBME.2020.2967079

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.

This work is downloaded from Delft University of Technology.
For technical reasons the number of authors shown on this cover page is limited to a maximum of 10.

https://doi.org/10.1109/TBME.2020.2967079
https://doi.org/10.1109/TBME.2020.2967079


Green Open Access added to TU Delft Institutional Repository 

'You share, we take care!' - Taverne project  
 

https://www.openaccess.nl/en/you-share-we-take-care 

Otherwise as indicated in the copyright section: the publisher 
is the copyright holder of this work and the author uses the 
Dutch legislation to make this work public. 

 
 



2638 IEEE TRANSACTIONS ON BIOMEDICAL ENGINEERING, VOL. 67, NO. 9, SEPTEMBER 2020

Quantifying the Nonlinear Interaction in the
Nervous System Based on Phase-Locked

Amplitude Relationship
Yuan Yang , Jun Yao, Member, IEEE, Julius P. A. Dewald, Member, IEEE,

Frans C. T. van der Helm, and Alfred C. Schouten

Abstract—Objective: This paper introduces the Cross-
frequency Amplitude Transfer Function (CATF), a model-
free method for quantifying nonlinear stimulus-response
interaction based on phase-locked amplitude relationship.
Method: The CATF estimates the amplitude transfer from
input frequencies at stimulation signal to their harmon-
ics/intermodulation at the response signal. We first verified
the performance of CATF in simulation tests with systems
containing a static nonlinear function and a linear dynamic,
i.e., Hammerstein and Wiener systems. We then applied the
CATF to investigate the second-order nonlinear amplitude
transfer in the human proprioceptive system from the pe-
riphery to the cortex. Result: The simulation demonstrated
that the CATF is a general method, which can well quantify
nonlinear stimulus-response amplitude transfer for differ-
ent orders of nonlinearity in Wiener or Hammerstein sys-
tem configurations. Applied to the human proprioceptive
system, we found a complicated nonlinear system behav-
ior with substantial amplitude transfer from the periph-
ery stimulation to cortical response signals in the alpha
band. This complicated system behavior may be associ-
ated with the nonlinear behavior of the muscle spindle and
the dynamic interaction in the thalamocortical radiation.
Conclusion: This paper provides a new tool to identify non-
linear interaction in the nervous system. Significance: The
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results provide novel insight of nonlinear dynamics in the
human proprioceptive system.

Index Terms—Cross-frequency Interaction, Nonlinear
System, EEG, Nervous System, Human Proprioceptive Sys-
tem, Frequency Domain Analysis.

I. INTRODUCTION

N ERVOUS systems are highly nonlinear, showing harmonic
(a positive integer multiple of the stimulation frequency,

e.g.,3fi) and intermodulation (the sum or difference among mul-
tiple stimulation frequencies or their harmonics, e.g., 2fi + 3fj)
responses to periodic stimuli [1], [2]. For example, a recent study
reported that over 80% of the cortical response to a periodic
mechanical stimulus to the wrist joint is caused by nonlinear
behavior of the somatosensory system [3]. Thus, assessing
nonlinear relations between the stimulus and cortical response
may improve our understanding of the communications in the
nervous system and could lead to an increased insight of normal
and pathological functions [4]–[6].

Several methods have been proposed to investigate nonlinear
interactions in the nervous system, including time domain and
frequency domain approaches [7]–[9]. A linear system is known
to generate the response only in the same frequencies as the
stimulus, i.e., the iso-frequency interaction between the stimulus
and the response. Thus, in the frequency domain, the presence
of nonlinearity can be detected by inspecting the harmonic and
intermodulation of stimulation frequencies in the power spectral
density (PSD) of the response. However, the PSD is computed
on one single signal (either the stimulus or the response), so
it cannot directly quantify the interaction between the stimulus
and the response across different frequencies (i.e., stimulation
frequencies vs. harmonics/intermodulations).

In terms of cross-frequency coupling measures, most exist-
ing methods for nervous systems focus on phase relation to
quantify the nonlinear interaction between the stimulus and the
response. Generalized phase synchrony measures, such as the
multi-spectral phase coherence [10] and the n:m phase synchro-
nization index [11], quantify the cross-frequency phase coupling
independent of signal amplitude. To incorporate the effect of
signal amplitude, high-order spectral coherence measures, such
as bicoherence and cross-spectral coherence, were developed to
assess nonlinearity in the nervous system [12]–[14]. However,
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these measures only indicate the consistency of the stimulus-
response coupling across trials rather than quantify the nonlinear
amplitude transfer from the stimulus to the response.

Several studies used sophisticated nonlinear system identi-
fication approaches such as Volterra-Wiener Model [15] and
NARMAX (nonlinear autoregressive moving average model
with exogenous inputs) [16], [17] to investigate nonlinear trans-
fer in biological systems [12], [18], [19]. Unlike the linear system
identification approach (e.g., autoregressive with exogenous
input) where the parameters can be relatively easily estimated,
the parameter estimation in nonlinear system identification ap-
proaches requires a sophisticated procedure where an iterative
method such as generalized least square algorithm is usually
needed [16]. Furthermore, due to the complexity of the nervous
system, the estimation of a complete model structure could
be of considerably high dimensionality, and thus requiring a
high computational cost. Therefore, to investigate amplitude
transfer between stimuli and response in a complex nonlinear
system, such as the nervous system, a model-free method can
be appreciated.

To address these challenges, we propose a model-free ap-
proach for assessing the nonlinear amplitude transfer from the
stimulus to the response in the nervous system, namely the
Cross-frequency Amplitude Transfer Function (CATF). CATF
estimates the amplitude transfer from stimulation frequencies
to their response harmonics/intermodulations. Different from
generalized phase synchrony and nonlinear coherence meth-
ods, CATF assesses cross-frequency interaction in the nonlinear
system based on amplitude transfer. Compared to model-based
nonlinear system identification approaches, our method does
not involve sophisticated parameter estimation and optimization
procedures.

We first tested the proposed CATF method with model sim-
ulations using static nonlinear elements in series with linear
dynamic systems (i.e., Hammerstein and Wiener systems). Then,
we demonstrated the application of CATF to investigate the non-
linear amplitude transfer in the human proprioceptive system.
Using both simulation and real physiological data, we demon-
strated that CATF is suitable to probe an unknown (nonlinear)
system and to pave the way for identifying a sophisticated system
such as the human nervous system.

II. METHODS

The CATF estimates the phase-locked amplitude trans-
fer from stimulation frequencies to their response harmon-
ics/intermodulations in a nonlinear system. The CATF is de-
veloped based on the general nonlinear frequency mapping
rule summarized in our previous study [14]. Thus, we first
briefly introduce the concept of nonlinear frequency mapping
and then propose the CATF. Model simulations are used to verify
the proposed method. At the end of this section, we provide
a description of the experimental dataset and demonstrate an
application of our method to the human proprioceptive system.

We used a multi-sine signal, i.e., the sum of multiple
sinusoids, as the stimulus signal for both simulations and
experimental applications. A multi-sine signal can elicit a rich

class of nonlinear responses, including harmonics and inter-
modulations, and allows to validate our method [10], [14].
Furthermore, the multi-sine signal improves the SNR of the
measured neural response [10], [15], [20].

A. Nonlinear Frequency Mapping

For an arbitrary nonlinear system, when the stimulus con-
tains spectral components at multiple frequencies, such as a
multi-sine signal, the harmonic and intermodulation responses
can be generated. Let X(f) and Y(f) be the Fourier transforms
of the stimulus signal x(t) and the response signal y(t). Assum-
ing X(f) contains N different frequencies f1, f2, . . . , fN (f1 <
f2 < · · · < fN ), the d-th order harmonic or intermodulation
of the stimulation frequencies can be mathematically expressed
as fresp. =

∑N
n=1 anfn > 0(

∑N
n=1 |an| = d). A harmonic re-

sponse is present when there is only one non-zero an; and an
intermodulation occurs when more than one an are non-zero.

The nonlinear mapping from the stimulus to the correspond-
ing responses in the frequency domain for d-th order nonlinearity
(e.g., y = xd) can be summarized as:

Y (fresp.) =

H(f1, f2, . . . , fN ; a1, a2, . . . , aN ; fresp.)dM
N∏

n=1

Xan(fn)

(1)

where Xan(fn) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

X(fn)X(fn) · · ·X(fn)︸ ︷︷ ︸
an

an > 0

1 an = 0

X∗(fn)X∗(fn) · · ·X∗(fn)︸ ︷︷ ︸
|an|

an < 0,

“∗” indicates complex conjugate.
The M is the corresponding multinomial coefficient:

M =
d!

a1!a2! · · · aN !
(2)

where “!” represents the factorial.
TheH(f1, f2, . . . , fN ; a1, a2, . . . , aN ; fresp.)d is the d-th

order nonlinear mapping function [14] for corresponding input
frequencies f1, f2, . . . , fN and their weights a1, a2, . . . , aN
to the response frequency fresp. The nonlinear mapping function
is a complex value, which indicates amplitude scaling and phase
change from the stimulus to the response.

B. CATFB: Basic Estimator for Non-Overlapping
Response Frequencies

Cross-frequency amplitude transfer function (CATF) is de-
fined as the amplitude part (i.e., the magnitude) of the nonlinear
mapping function, which reflects phase-lock amplitude transfer
for the d-th order nonlinearity in the system. Noteworthy, when
the stimulus contains multiple frequencies, different combina-
tions of stimulation frequencies may result in the same response
frequencies (e.g., f1 + f2 = f4 − f3); in this case, we consider
f1+f2 and f4−f3 as overlapping frequencies in the response
signal.
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We first discuss the case where there is no overlap of response
frequencies, then the d-th order CATF can be computed by:

CATFB(f1, f2, . . . , fN ; a1, a2, . . . , aN ; fresp.)d

=
|Sxy(f1, f2, . . . , fN ; a1, a2, . . . , aN ; fresp.)|

M
∏N

n=1 S
|an|
xx (fn)

(3)

The Sxy(f1, f2, . . . , fN ; a1, a2, . . . , aN ; fresp.) is the integer
multiplication cross-spectrum [14]:

Sxy(f1, f2, . . . , fN ; a1, a2, . . . , aN ; fresp.)

=<

N∏
n=1

Xan(fn)Y
∗(fresp.) > (4)

The S
|an|
xx (fn) is the high-order auto-spectra [14]:

S |an|
xx (fn) =< X |an|(fn)(X |an|(fn))∗ > (5)

where <·> represents the averaging over segments. The aver-
aging is needed to reduce the noise.

When d = 1, Eq. (3) degrades to the linear case:

CATFB(f) =
|Sxy(f)|
Sxx(f)

(6)

Thus, the first-order CATF is identical to the gain (amplitude
part) in the linear transfer function.

C. CATF: Estimator for Overlapping
Response Frequencies

When combinations of stimulation frequencies can lead to
overlapping response frequencies (i.e., =

∑N
n=1 a

′
nfn, an �=

a′n), then Y (fresp.)contains not only the response for the stim-
ulation frequency combination with the weights a1, a2, . . . , aR
but also for that with a′1, a

′
2, . . . , a

′
R. If the response generated

by the combination of a1, a2, . . . , aR is correlated with that gen-
erated by the combination of a′1, a

′
2, . . . , a

′
R, then the estimator

CATFB needs a correction.
Let γ(f1, f2, . . . , fN ; a1, a2, . . . , aN ; fresp.)d denotes the ra-

tio between the basic estimator (CATFB) and the truth value
(CATFTH), i.e., γ = CATFB/CATFTH . Then the Eq. (3)
can be adapted to get the corrected CATF:

CATF (f1, f2, . . . , fN ; a1, a2, . . . , aN ; fresp.)d =

|Sxy(f1, f2, . . . , fN ; a1, a2, . . . , aN ; fresp.)|
γ(f1, f2, . . . , fN ; a1, a2, . . . , aN ; fresp.)dM

∏N
n=1 S

|an|
xx (fn)

(7)

For each overlapping frequency, the output response is
the vector sum of the responses generated by different
combinations based on the parallelogram law. While the cross-
spectrum Sxy(f1, f2, . . . , fN ; a1, a2, . . . , aN ; fresp.)projects
the response at fresp. to a stimulus combination
(f1, f2, . . . , fN ; a1, a2, . . . , aN ) based on orthogonal
decomposition. Thus, γ is the ratio between orthogonal
decomposition and parallelogram decomposition. When the
stimulus is fixed, the ratio γ is identical for all systems with
the same order of nonlinearity. If the given system is y = xd,

Fig. 1. Scheme of the three types of nonlinear systems used in the
simulations.

then CATFTH = 1 for all frequency combinations at d-th
order nonlinearity and we have γ = CATFB . Therefore, for
a given stimulus and an unknown system (black box), we can
first estimate γ(f1, f2, . . . , fN ; a1, a2, . . . , aN ; fresp.)d from
the same order power function y = xd under a noise-free case
using Eq. (3) (i.e., the basic estimator), and then apply Eq. (7)
to the unknown system to get the (corrected) CATF for that
order nonlinearity.

D. Model Simulations

We verified the performance of the CATF with static non-
linear functions and with Hammerstein and Wiener systems
(see Fig. 1). We used the power function (y = xd) as a static
nonlinear function. According to Friston’s review [21], most
nonlinear interactions in neural systems can be approximated
by the Volterra Series, which are polynomial series containing
different orders of the monomial power function. Compared to
other nonlinear functions, the advantage of the power function
is that the generated harmonic and intermodulation responses to
the stimulus are in the same order as the power (d) [10].

1) Static vs. Dynamic System: Without loss of generality,
the CATF was first tested with the second-order (i.e., y = 5x2)
and third-order power functions (i.e., y = 5x3) (see Fig. 1). We
set the same scale (i.e., 5) for different systems for comparing the
performance of CATF. Additionally, we also used Hammerstein
and Wiener configurations (see Fig. 1) to test the CATF in
dynamic systems, where the system dynamics are represented by
a 5-th order Butterworth 8–35 Hz band-pass filter. For all tests,
white noises were added to the output signals with the signal-
to-noise-ratio (SNR) of –10 dB to represent the measurement
noise.

2) No-Overlap vs. Overlap of Response Frequencies:
The systems were firstly stimulated with a multi-sine signal
(period: 1 s, 600 periods in total, sampling rate 2048 Hz)
consisting of three sinusoids of 7, 13 and 29 Hz with randomly
chosen phases. These three frequencies were chosen to avoid
any overlap of the second-order and third-order harmonic and
intermodulation frequencies, so the origins of the output fre-
quency components can be easily visualized [10]. Additionally,
we used another multi-sine signal consisting of 7, 13, 17 Hz
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(other parameters are the same as the previous multi-sine signal)
to demonstrate how the overlap of response frequencies affected
the results using both basic (Eq. (3)) and corrected (Eq. (7))
estimators. These three stimulation frequencies can generate
overlapping response frequencies at the third-order nonlinearity
(and not at the second-order):

– 3 Hz: 7 + 13 – 17 (intermodulation of 7, 13 and 17 Hz),
and 17 – 7 × 2 (intermodulation of 7 and 17 Hz),

– 21 Hz: 7 × 3 (3rd order harmonic of 7 Hz), and 17 × 2 –
13 (intermodulation of 13 and 17 Hz),

– 27 Hz: 7 × 2 + 13 (intermodulation of 7 and 13 Hz), and
17 × 2 – 7 (intermodulation of 7 and 17 Hz).

Thus, the results are only presented for the third-order power
function in this test.

3) Evaluation: With the second-order nonlinear model sim-
ulations, we expect to have CATF in second-order harmonics and
intermodulations. Similarly, we should have CATF in third-order
harmonics and intermodulations for third-order nonlinear sim-
ulations. The CATF values should match the pre-set amplitude
transfer in the simulation.

To evaluate the performance of the CATF, the amplitudes
of the response frequency components |Ȳ |at the frequency
fresp.according to f1, f2, . . . , fR; a1, a2, . . . , aR were recon-
structed using the CATF:∣∣Ȳ (fresp.)

∣∣
= CATF (f1, f2, . . . , fN ; a1, a2, . . . , aN ; fresp.)d

·M
∣∣∣∣∣

N∏
n=1

Xan(fn)

∣∣∣∣∣ (8)

and then were compared with the theoretical response compo-
nent |YTH (fresp.)| using normalized root-squared-mean-error
(NRSME):

NRSME

=

√√√√ 1

N

∑(∣∣Ȳ (fresp.)
∣∣− |YTH(fresp.)|

|YTH(fresp.)|

)2

× 100% (9)

If there is an overlap of response frequencies, then |YTH

(fresp.)| = |Y (fresp.)| /γ(f1, f2, . . . , fN ; a1, a2, . . . , aN ;
fresp.)d and |Y (fresp.)| is the amplitude of response at
frequency fresp measured from a noise-free simulation.

E. Application to the Human Proprioceptive System

We applied the CATF to investigate the nonlinear amplitude
transfer in the human proprioceptive system. As shown previ-
ously [3], a large amount of the EEG (>80%) in response to
the wrist perturbation is present in the non-excited harmonic
and intermodulation frequencies. Our previous study provided
us with a method to quantify the phase relationship between the
perturbation and EEG [10]. This nonlinear phase transfer in the
neural encoding of the external input is likely related to the time
delay between the neural response and the stimulus [10]. Here,
we investigate the nonlinear amplitude transfer, which is likely
related to the scaling and filtering effect in the neural system [22].

The experimental datasets were recorded from seven healthy
subjects (ages: 25 ± 2, one woman) who performed 1 Nm
isotonic flexion torque with the right wrist while a multi-sine
position (angular) perturbation was applied. All participants
signed informed consent and received financial compensation
for their time. The experimental procedure was approved by the
Human Research Ethics Committee of the Delft University of
Technology. The multi-sine signal contained nine sinusoids with
frequencies of 5, 7, 9, 11, 13, 16, 17, 23, 29 Hz and randomly cho-
sen phases. Previous studies have indicated the importance of the
second-order nonlinearity in the human proprioceptive system
[3], [23], [24]. The designed multi-sine signal allows generation
of nonlinear cortical response in different EEG frequency bands,
including alpha (10–15 Hz), beta (15–30 Hz) and gamma bands
(>30 Hz)., which allows to check whether the amplitude transfer
in the human proprioceptive system is mediated by the dynamics
of any specific brain rhythms. The period of the multisine signal
was 1 s and the peak-to-peak value was 0.06 radians. We kept
the same velocity per frequency, since the proprioceptive sensor
(i.e., muscle spindles) are most sensitive to velocity [24], [25].

During the experiment, subjects sat next to a wrist manipulator
(WM), which is an actuated rotating device with a single degree
of freedom to exert flexion and extension perturbations to the
wrist joint (Wristalyzer, Moog Inc., The Netherlands). The right
lower arm of subjects was strapped in the armrest while the right
hand closely touched the handle of the WM (fixed with velcro).
Subjects were instructed to relax their fingers and only use the
wrist to perform the task. Wrist torque was measured by a force
transducer equipped within the WM. To provide visual feedback
of the torque, the signal was filtered online with a 1-Hz low-pass
filter.

The experiment contained 40 trials. The trial started with a
1.5–2 s random period before the visual cue was shown. Subjects
sat comfortably without any body movement during this period.
After this period, subjects were visually guided to apply the 1
Nm isotonic flexion torque. When a steady force (1 ± 0.1 Nm)
was generated for 2–3 s, the multi-sine perturbation started with
a 1 s fade-in period and followed by a perturbed period of 30 s.
The perturbation ended with a 1 s fade-out period. A random
period of 8–10 s was set between the end of the trial and next
trial; after a block of 10 trials, the subjects were given a break
of a few minutes. The subjects were instructed to relax their
forearm between trials to avoid possible muscle fatigue.

EEG was recorded using a 128-channel cap (5/10 systems,
WaveGuard, ANT Neuro, Germany) with Ag/AgCl electrodes,
using a common average reference. The EEG, perturbation, and
torque signals were digitalized at 2048 Hz using a Refa amplifier
(Twente Medical Systems International B.V., the Netherlands)
and stored for offline analysis. We only used the data recorded
during the 30-s perturbation period in each trial for analysis.
All data were segmented into non-overlapping 1-s segments
according to the period of perturbation signal, giving a frequency
resolution of 1 Hz. This frequency resolution allows for detecting
the harmonic and intermodulation responses, which are integer
combinations of the three input frequencies (7, 13 and 17 Hz).
Segments contaminated by artifacts in the EEG (e.g., blinking,
eye movements and muscle artifacts) were removed by visual
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inspection of the time series and power spectra of the EEG
signals. The artifacts due to eye blinking and movement are
typically shown in the electrodes over the frontal lobe, with a
large amplitude (>25 μV) triangular (eye blink) or rectangle-
shaped (eye movement or rotation) waveforms. Muscle artifacts
are recognized by large power at high-frequency components
(>40 Hz), which is typically not present in normal EEG signal.
During sensorimotor tasks, a normal EEG signal shows a spec-
trum decaying with frequency with peaks in the alpha and beta
bands (between 10–30 Hz). After artifact removal, between 1002
and 1148 segments were included per subject. This amount of
segments has been proven to be sufficient for a reliable nonlinear
analysis in EEG [26]. The EEG data were detrended. All data
were transformed to the frequency domain.

The human sensorimotor system is a closed-loop control
system that include multiple neural circuits. In this study, we
treated the whole system from the wrist to the brain as a “black”
box. The perturbation signal is applied outside the physiological
system and serves as an external input. Thus, the relationship
between the perturbation and EEG represents uni-directional
causality: the EEG response is evoked by the applied perturba-
tion, and has no influence to the perturbation [25]. We performed
CATF analysis at channel C3 to investigate the cross-frequency
amplitude transfer from the perturbation to EEG activity at the
sensorimotor cortex. We choose to use electrode C3 as C3 is
around the sensorimotor area at the contralateral hemisphere to
the stimulation of right wrist. Furthermore, the location of C3 is
available in various EEG caps including basic and extended 10–
20, 5–10 systems, from 16 channels to 256 channels. We focused
on the second-order nonlinearity, whose importance has been
indicated previously by showing stronger stimulus-response
coupling than other orders [3], [10]. To confirm the dominance
of the second-order nonlinearity in the EEG response, we also
computed the FFT amplitude spectrum of the EEG component
phase-locked to the 1-s perturbation signal, which was obtained
by averaging the EEG over segments before computing its am-
plitude spectrum [3]. The results are presented as the spectrum
of the EEG frequency, i.e., the response frequency, to check
whether the amplitude transfer in the proprioceptive system is
mediated by the dynamics of specific brain rhythms, such as
alpha (10–15 Hz), beta (15–30 Hz) and gamma bands (>30 Hz).
Considering the individual difference, the CATF was normalized
by the maximum value of CATF for each subject to get the
spectra bounded by 0 and 1 for computing the grant averaging
CATF over all subjects. We are mainly interested in how CATF
varies with the EEG frequencies. Thus, if there is more than one
stimulus frequency combination for an EEG response frequency,
i.e., overlapping frequency mapping, then the mean CATF value
was shown for that response frequency in the figures.

III. RESULTS

A. Simulations

All results are presented as the spectrum of response fre-
quency. Fig. 2 shows the amplitude spectra of the nonlinear
responses and the results of CATF for the second and third-order
power functions. The amplitudes of output components differ

Fig. 2. Amplitude spectra of the nonlinear responses (noise-free case)
and the results of CATF (SNR = −10 dB) for the second and third order
power functions with the multisine stimulus of 7 13 29 Hz.

Fig. 3. Results for the Hammerstein and Wiener models for the multi-
sine stimulus of 7 13 29 Hz. Upper row: amplitude spectra of signals u(t).
Middle row: amplitude spectra of signal y(t) (noise free cases). Bottom
row: the results of CATF (SNR = −10 dB).

between the harmonic and intermodulation responses for both
second and third-order power functions. Thus, the amplitude
transfer in a nonlinear system cannot be directly estimated
from the amplitude spectra of the responses. Using CATF, the
amplitude transfer can be well estimated, showing the CATF
value around the pre-set theoretical value, i.e., 5. The NRSME
of the CATF based amplitude spectrum reconstruction is 2.14%
for y = 5x2, and 2.22% for y = 5x3.

Fig. 3 shows the simulation results for the Hammerstein and
Wiener systems. In the Hammerstein system, the first block
generates the harmonic and intermodulation responses from the
second-order power function. After the band-pass filtering of
the second block, the responses outside the band-pass range
decrease. Both the nonlinear behavior of power function and
the dynamic behavior of the filter are reflected in the CATF,
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Fig. 4. Amplitude spectra and comparison of basic vs. corrected es-
timator of CATF for the third order power function with the multisine
stimulus of 7, 13 and 17 Hz. The overlapping response frequencies are
at 3, 21 and 27 Hz.

where the CATF values are present at the second-order harmonic
and intermodulation frequencies and reduce at the frequencies
outside the band-pass range, showing the shape of the filter.
The NRSME of CATF based amplitude spectra reconstruction
is 4.11% for Hammerstein system. In the Wiener system, the
first block generates the linear responses from the filter, showing
decreased amplitudes for frequency components at 7 and 29 Hz.
Due to this dynamic effect, the harmonic and intermodulation
responses originated from the stimulus components at 7 and
29 Hz reduce compared to the static power function. This
dynamic nonlinear behavior is reflected in the CATF. Only the
CATF value at the harmonic (26 Hz) of 13 Hz maintains the
same value as the static power function (which is equal to 5 for
y = 5x2) while the others decrease. The NRSME of CATF based
amplitude spectra reconstruction is 6.24% for Wiener system,
which is larger than the Hammerstein system and the static power
function with the same order of nonlinearity.

When the combinations of stimulation frequencies have over-
laps in response frequencies, the basic CATF computed by Eq.
(3) has a large error. In this case, we need to use Eq. (7) to
get the corrected CATF. The comparison between the basic and
the corrected estimators is provided in Fig. 4. CATF values
estimated by Eq. (3) are far away from the theoretical value in
the overlapping frequencies, i.e., 3, 21 and 27 Hz, with a much
larger NRSME (NRSME 26.79%) compared to the corrected
estimator (NRSME 2.86%). The CATF values obtained by the
corrected estimator (Eq. (7)) are around the theoretical value
with a very small NRSME (2.86%).

B. Application to the Human Proprioceptive System

A periodic somatosensory stimulation evokes a steady-state
response in the cortex, which is phase-locked to the stimulus
[2], [27]. Fig. 5 shows a topographic map of the signal power
field of EEG responses to the perturbation, showing localized

Fig. 5. Topographic map of the power field of EEG responses to the
perturbation for a typical subject. Electrode labels are provided for those
in 10–20 system. The peak value is found at the electrode C3.

Fig. 6. Amplitude spectrum of phase-locked EEG for a typical sub-
ject at different frequencies, as compared to the amplitude spectrum
resting-state EEG recorded from the same subject when there is no
wrist perturbation provided to the subject.

activity with the peak value at C3. Fig. 6. shows the amplitude
spectrum of phase-locked EEG component at C3 for a typical
subject. We compute the power spectrum ratio of second-order
nonlinearity over the whole spectrum. We found that 76% of
signal power is in the second-order nonlinearity. This result
confirms the dominance of second-order nonlinearity in the EEG
response to perturbation. Fig. 7. show the mean and standard
deviation of normalized CATF over all subjects at the second-
order nonlinearity. The large CATF values are shown in the
low-frequency range (<25 Hz) with the peak around 10 Hz.
The CATF amplitude decays with higher frequencies indicating
the presence of filter dynamics in the nervous system. However,
the CATF spectrum does not show a smooth filter shape, as
seen with the Hammerstein system in the simulations. Therefore,
the response cannot be generated from a Hammerstein structure
alone (compared to the simulation result in Fig. 3.). This result
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Fig. 7. Mean and standard deviation of normalized CATF over all
subjects at the second-order nonlinearity.

Fig. 8. Non-normalized values of the obtained CATF for a typical
subject.

is consistent over subjects (indicated by the small variances in
Fig. 7). Fig. 8 presents the non-normalized CATF for a typical
subject).

IV. DISCUSSION

Cross-frequency amplitude transfer function is developed
based on the general nonlinear frequency mapping rule (see
Eq. (1)) [14] to assess the nonlinear amplitude transfer in the ner-
vous system. Different from generalized phase synchrony and
coherence measures [10], [14], the CATF is a measure assessing
nonlinear phase-locked interactions between the stimulus and
the response from the signal amplitude.

Demonstrated in model simulations, the CATF can be used to
assess different order interactions in a static nonlinear system, as
well as systems containing dynamics described by Hammerstein
and Weiner systems. Simulation results show that the CATF
can well estimate the amplitude transfer (nonlinear gain) across

different frequencies in a nonlinear system for different nonlin-
ear orders. Better performance is achieved for static nonlinear
systems compared to dynamic systems, where the result for the
Hammerstein system is better than that for the Weiner system.
For dynamic systems, filter dynamics can decrease the response
signal power and lead to poor SNR at the filtered frequencies.
Thus, the performance of CATF on dynamic systems is not as
good as static systems. In the Wiener system, the filter dynamic
is before the static nonlinear element, so the signal power has re-
duced before entering the nonlinear part, which leads to low SNR
in more frequencies in comparison with Hammerstein system.
Users can improve the CATF estimation either by increasing the
power of stimulus signal or by performing the experiments with
more trials. When the combinations of stimulation frequencies
are overlapping in response frequencies, the estimator of CATF
is corrected (by Eq. (7)) to reduce the estimation error.

Previous studies have reported the nonlinear behavior of the
human proprioceptive system, showing harmonic and intermod-
ulation responses to the mechanical multisine perturbation based
on the power spectrum of EEG and phase coupling between the
stimulus and the response [3], [10], [13], [14]. A recent study
demonstrated that more than 80% of the signal power in the
EEG response occurs at the non-stimulated frequencies, which
indicates that the human proprioceptive system is highly non-
linear [3]. Here, we applied CATF to investigate the nonlinear
amplitude transfer in the human proprioceptive system; and the
phase transfer and time delay in such a system have been revealed
in our previous studies [10], [23].

The amplitude spectrum of phase-locked EEG component
shows the dominance of second nonlinearity in the EEG re-
sponse to the mechanical perturbation, which is in line with
previous studies [14], [23], [24]. Moreover, the second-order
interaction such as intermodulation between two stimulation
frequencies is thought to be associated with the mechanism
of neuronal integration of sensory information in the nervous
system [28]. Thus, we focused on the second-order nonlinearity.

In the somatosensory pathway, the proprioceptive information
is encoded by mechanoreceptors (i.e., muscle spindles), trans-
mitted through synapses in the dorsal column nuclei, and reaches
the somatosensory cortex via the thalamocortical somatosensory
radiation. Previous studies have reported the second-order non-
linearity in the sensorimotor system which could be partially
explained by the nonlinear behavior of muscle spindles using
a Hammerstein structure [24]. However, these studies mainly
focus on the muscular response to the proprioceptive stimulus
at the spinal level. Recent studies demonstrated rich nonlinearity
and complicated dynamics of thalamocortical radiation [2], [29],
which is also a part of the somatosensory afferent pathway in
the proprioceptive system.

The shape of CATF spectrum suggested that complicated
dynamics in the cortical response to the proprioceptive stimulus.
These dynamics may not only be resulted from the velocity
filter in the muscle spindle [24] but also from the dynamic
interaction in thalamocortical radiation. Especially, our results
show a large amplitude transfer in the alpha band (∼10 Hz). The
alpha band activity of EEG is known to be originated from the
thalamocortical network [30].
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V. CONCLUSION

This paper proposes a novel measure to assess the nonlinear
amplitude transfer in the nervous system. The CATF can be
applied to both static nonlinearities and dynamic nonlinear
systems described by Hammerstein and Weiner structures. The
application of CATF quantifies the nonlinear amplitude transfer
from the stimulus to the cortical response in the human proprio-
ceptive system. As a useful complement to our previous findings
based on phase transfer and nonlinear coherence [10], [14], our
results could lead to a better understanding and quantitative
modeling of the human proprioceptive system. The proposed
approach has the potential to explore nonlinear interactions in
the sensorimotor system and to contribute to motor control and
rehabilitation studies.
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