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This paper develops an event-triggered optimal control method that can deal with asymmetric input
constraints for nonlinear discrete-time systems. The implementation is based on an explainable global
dual heuristic programming (XGDHP) technique. Different from traditional GDHP, the required deriva-
tives of cost function in the proposed method are computed by explicit analytical calculations, which
makes XGDHP more explainable. Besides, the challenge caused by the input constraints is overcome
by the combination of a piece-wise utility function and a bounding layer of the actor network.
Furthermore, an event-triggered mechanism is introduced to decrease the amount of computation, and
the stability analysis is provided with fewer assumptions compared to most existing studies that inves-
tigate event-triggered discrete-time control using adaptive dynamic programming. Two simulation stud-
ies are carried out to demonstrate the applicability of the constructed approach. The results present that
the developed event-triggered XGDHP algorithm can substantially save the computational load, while
maintain comparable performance with the time-based approach.

� 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Optimality is one of the most significant properties of a control
system. The optimal control problem can be solved using the
Hamilton–Jacobi-Bellman (HJB) equation. However, until now,
there is no effective way to analytically solve the HJB equation
for nonlinear systems [1,2]. Nevertheless, adaptive dynamic pro-
gramming (ADP) offers a promising tool to attain satisfying numer-
ical solutions by incorporating artificial neural networks (ANNs),
which has been applied to a wide range of nonlinear industrial
applications [3–7]. As a branch of reinforcement learning (RL),
ADP approximately addresses optimal control problems by itera-
tions between policy improvement and policy evaluation [8,9].
When dealing with the discrete-time (DT) optimal control prob-
lem, obtaining the current control policy usually relies on the con-
trol performance at the next time step [7,9]. This bootstrapping
property [9] can be addressed by the actor-critic scheme using
two separate ANNs that respectively improves and evaluates the
policy.

When multiple ANNs are involved, ADP is often called adaptive
critic design (ACD) [7]. Based on the information utilized by the
critic network, ACDs can be categorized into heuristic dynamic
programming (HDP), dual HDP (DHP), and global DHP (GDHP)
[4,7]. GDHP combines the information of cost function and its
derivatives, and recently has attained much attention
[10,11,4,12]. The most common architecture of GDHP is the
straightforward form that approximates the cost function and its
derivatives simultaneously [10,11]. However, as claimed in [4], in
this structure two kinds of outputs of the critic network share
the same input and hidden layers, making them strongly coupled.
Without analytical calculations, the approximated cost function
and its derivatives can suffer from inconsistent errors. With the
development of artificial intelligence (AI), there is an emerging
need for understanding how strategies are made by AI methods,
which arouses explainable AI (XAI) [13]. Following this idea, [4]
introduces explicit analytical calculations to the GDHP technique,
which makes it more explainable to designers because the approx-
imate cost derivatives are explicitly computed from the approxi-
mate cost function. This explainable GDHP (XGDHP) algorithm
has shown its applicability in aerospace control systems
[4,12,14]. However, matrix dimensionality transformations, a.k.a.
tensor operations, are involved in these studies, making it compli-
cated to implement.

Besides, in practical applications, due to physical limitations or
safety considerations, handling input constraints is a common
demand for control systems [15]. A classic approach is to design
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a non-quadratic cost function, such that the control inputs
obtained by solving the HJB equation is limited by a symmetric
bounded function [16]. However, although there are many
researches aiming at dealing with symmetric input constraints in
nonlinear optimal control problems [15,17,12,16,18], little atten-
tion has been paid to the situation subject to asymmetric input
constraints. Motivated by the industrial need, Yang et al. [19] man-
aged to cope with the asymmetric input constraints by adjusting
the cost function with the mean and range of the control input con-
straints. However, there are two limitations in their proposed
method: 1) when the system states go to zero, the control inputs
are still non-zero values, specifically, the mean values of the con-
straint range; 2) when the control inputs go to zero, the cost
caused by the control inputs is not zero. Consequently, this
approach is not applicable for the stabilization problem with an
origin equilibrium point, which inspires our study.

Furthermore, in order to maintain the system stability, a signif-
icant number of iterations within a sampling interval are normally
required for ACDs, which result in a high computational cost [20].
To enhance the resource utilization and reduce the computational
burden, event-triggered control (ETC) has been evolved as an alter-
nate control paradigm and acquired more attentions in recent days
[2,20]. ETC is originally proposed in the networked system to deal
with the limitation of communication bandwidth [21–24]. These
researches target solving communication issues such as synchro-
nization, time delays and disturbances, rather than pursuing opti-
mality or tackling control input constraints. A cross fertilization of
ETC and ACD leads to the event-triggered ACD that targets for solv-
ing optimal control problem in an event-driven manner [2,8]. Most
event-triggered studies focus on continuous-time systems [25–27]
and only a few articles discuss the DT system. The HDP algorithm is
combined with the ETC in [20,28–30,18,2] describe the event-
triggered DHP algorithm. Although [11] applies the event-
triggered GDHP algorithm to a network control scenario, till now
there is no related research on event-triggered XGDHP. Among
them, only [18] attempts to deal with symmetric input constraints
merely using the non-quadratic cost function, which however is
not rigorous because the control input is directly generated by
the actor network that is not bounded. Furthermore, the essence
of the ETC scheme lies in that a task is executed only if a predefined
triggered condition is satisfied. Therefore, defining a sound trigger-
ing condition is always the primary task for the ETC scheme. For
the nonaffine system, the same triggering condition is employed
in [2,28,18,11] and among them [2,28,18] provide the stability
analysis regarding the triggering condition. However, in [2] an
extra assumption that the state norm is bounded by the supremum
of control input norm is required, whereas in [28,18] the input-to-
state stability (ISS) Lyapunov function is directly assumed to exist
without pointing out its specific form and additional hyperparam-
eters are involved in [18]. These limitations prevent the proposed
triggering condition from wider applications.

Motivated to tackle the limitations existing in literature, we
conduct this research by concentrating on the event triggered
XGDHP algorithm subject to asymmetric input constraints. The
contributions are summarized as follows:

1. XGDHP is developed to solve optimal control problems online.
Compared to [4], the XGDHP approach developed in this paper
simplifies the calculation by eliminating matrix dimensionality
transformations.

2. To the best of our knowledge, it is the first time that the asym-
metric control input constraints are overcome for zero-
equilibrium-point stabilization problems. The combination of
a novel segmented utility function and the bounding layer of
the actor network guarantees strictly bounded inputs without
affecting stability.
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3. An event-triggered mechanism is introduced to save
computational and communication’s load. It is the first time
that ETC is combined with XGDHP for DT systems. Compared
to existing literature, fewer assumptions are required to guar-
antee the stability of the triggering condition and a more speci-
fic proof is provided, which demonstrates the advantage for
wider applications.

The remainder of this paper is organized as follows: Section 2
states the event-triggered optimal control problem with asymmet-
ric input constraints for the general nonlinear DT system. The trig-
gering condition and the stability analysis of the system are
provided in Section 3. Section 4 introduces the iterative XGDHP
algorithm with the facilitation of three ANNs. The simulation ver-
ification is presented in Section 5 by applying the proposed
approach to two nonlinear DT systems and Section 6 summarizes
this paper and discusses further research.

2. Problem description

Consider a general nonlinear DT system described by:

xtþ1 ¼ f xt ;utð Þ; t 2 N; ð1Þ
where t denotes the time instant, xt 2 X � Rn is the state vector,
and ut 2 Xu is the control input vector. Xu ¼ uju 2 Rm;umin <f
ui < umax; i ¼ 1; . . . ;mg, with umin < 0 and umax > 0 denoting
the minimum and maximum constraint of ui, respectively.
juminj– jumaxj, i.e., the input constraints are asymmetric.

Assumption 1. System (1) is controllable and observable.
f : Rn � Rm ! Rn is a Lipschitz continuous function and assumed
unknown. The origin xt ¼ 0 is the unique equilibrium point of the
system (1) under ut , i.e., f 0;0ð Þ ¼ 0.

Assumption 1 implies that there exists a continuous state feed-
back control policy ut ¼ l xtð Þ;l : X ! Xu that can stabilize system
(1) to the equilibrium point.

Considering the event-triggered scheme, we define a sequence
of triggering instants skf g1k¼0, with sk satisfying sk < skþ1; k 2 N.
The control input is only updated at the triggering instant when
a certain triggering condition is satisfied, and remains constant
during the time interval sk; skþ1½ Þ by involving a zero-order hold
(ZOH) [28,29]. Therefore, a gap function can be defined using the
event error:

et ¼ xsk � xt ;8t 2 sk; skþ1½ Þ; ð2Þ

where xt is the current state and xsk is the triggering state held by
the ZOH. Subsequently, the feedback control policy can be repre-
sented as:

ut ¼ l xsk
� � ¼ l et þ xtð Þ: ð3Þ

Accordingly, system (1) takes the form:

xtþ1 ¼ f xt ;l et þ xtð Þð Þ: ð4Þ

Considering the characteristics of system (4), we introduce a
discounted cost formulated as:

J xtð Þ ¼
X1
l¼t

cl�tU xl;l xsk
� �� �

; ð5Þ

where c 2 0;1ð � is the discount factor, and U xt ;l xsk
� �� �

is the utility
function. For the regulation task, U xt;l xsk

� �� �
is supposed to satisfy

U x;lð Þ P 0 and U 0;0ð Þ ¼ 0. Therefore, we define U xt;l xsk
� �� �

as
followings:
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U xt;l xsk
� �� � ¼ xTt Qxt þ Y l xsk

� �� �
; ð6Þ

where Q 2 Rn�n is a symmetrical positive definite matrix, and
Y l xsk

� �� �
is a positive semi-definite function that satisfies

Y l xsk
� �� �

P 0.

Remark 1. The discount factor c indicates the extent to which the
short-term cost or long-term cost is concerned [4,12]. For the
regulation task, given Assumption 1, c 6 1 can hold because of the
origin equilibrium point, whereas for tasks where the equilibrium
point is not the origin, c < 1 must be satisfied to guarantee the cost
function is finite [31,32].
The input constraints are asymmetric, which cannot be handled
by the integrand function utilized in [15,33,16], and for the regula-
tion task, the modified function proposed in [19] is not applicable.
Inspired by these studies, we design Y l xsk

� �� �Þ as the following
novel piece-wise integrand function:

Y ¼ 2umax
R l xskð Þ
0 tanh�T t=umaxð ÞRdt; l xsk

� �
> 0;

2juminj
R l xskð Þ
0 tanh�T t=juminjð ÞRdt; l xsk

� �
6 0;

8<: ð7Þ

where tanh�T �ð Þ stands for tanh�1 �ð Þ
� �T

, and tanh�1 �ð Þ is the inverse

function of the hyperbolic tangent function tanh �ð Þ, both of which
are monotonic odd. R ¼ diag r1; � � � ; rm½ �ð Þ 2 Rm�m is a positive defi-
nite weight matrix, where diag �ð Þ reshapes the vector to a diagonal
matrix. It is worth mentioning that although Y l xsk

� �� �
is piece-

wise, it is at least second-order continuous with respect to l xsk
� �

,
and that only when l xsk

� � ¼ 0;Y l xsk
� �� � ¼ 0.

Our target is to search for a feedback control law l to minimize
the designed discounted cost function (5). On the basis of Bell-
man’s principle of opitmality [34], the optimal cost function J� xtð Þ
conforms to the DT HJB equation:

J� xtð Þ ¼ min
l xskð Þ

U xt;l xsk
� �� �þ cJ� xtþ1ð Þ� �

: ð8Þ

The optimal control law l� xsk
� �

at time instant t is accordingly
defined as:

l� xsk
� � ¼ arg min

l xskð Þ
U xt ;l xsk

� �� �þ cJ� xtþ1ð Þ� �
: ð9Þ

It is worthy mentioning that l� xsk
� �

is the optimal feedback
control law for the sampled state xsk at the triggering instant sk,
instead of the current state xt . To obtain appropriate triggering
instants for system (4), we define a triggering condition as follows:

jjet jj > eThr; ð10Þ
where eThr is the threshold to be determined. Therefore, it is a pri-
mary task for event-triggered control to design a sound threshold,
which will be discussed in the next section.

3. Event-triggered system analysis

In this section, the triggering condition for the DT system is
developed and the ISS analysis is carried out. First of all, the follow-
ing assumption is necessary [28,2]:

Assumption 2. For system (4), there exists a positive constant
C 2 0;0:5ð Þ guaranteeing the following equation:
jjf xt ;l et þ xtð Þð Þjj 6 Cjjxt jj þ Cjjet jj; ð11Þ
and jjetjj satisfies jjetjj 6 jjxtjj.
454
Lemma 1. If Assumption 2 holds, the triggering condition can be
defined as follows:

jjetjj > eThr ¼ C
1� 2Cð Þt�sk

1� 2C
jjxsk jj: ð12Þ
Proof. Regard sk as the last triggered instant. According to
Assumption 2, for each t 2 sk; skþ1½ Þ, we have:

jjetþ1jj ¼ jjxsk � xtþ1jj 6 jjxtþ1jj: ð13Þ
Substituting (11) into (13) yields:

jjetþ1jj 6 Cjjxt jj þ Cjjet jj: ð14Þ

With (2), (14) can be rewritten as:

jjetþ1jj 6 2Cjjet jj þ Cjjxsk jj: ð15Þ

Therefore, by conducting back-forward recursion, we obtain the
following inequality:

jjetjj 6 2Cjjet�1jj þ Cjjxsk jj
� � �
6 2Cð Þt�sk jjesk jj þ 2Cð Þt�sk�1Cjjxsk jj
þ � � � þ 2Cð ÞCjjxsk jj þ Cjjxsk jj:

ð16Þ

By solving (16) with initial condition esk ¼ 0, we attain:

jjetjj 6 C
1� 2Cð Þt�sk

1� 2C
jjxsk jj: ð17Þ

If (17) is violated, i.e., (12) is satisfied, the event is triggered.
This completes the proof.

It is noted that the threshold value eThr is not unique since it is
influenced by the triggered state xsk and the designed constant C
that is usually chosen experimentally. Subsequently, inspired by
[30], we proceed to prove the system (4) is asymptotically stable
under the triggering condition (12).

Definition 1. [2] A continuous function V : Rn ! Rþ is called an
ISS Lyapunov function for the system (4), if there exist K1
functions a1;a2, and a3, and a K function q, such that:

a1 jjxtjjð Þ 6 V xtð Þ 6 a2 jjxtjjð Þ; ð18Þ

V f xt;l et þ xtð Þð Þð Þ � V xtð Þ 6 �a3 jjxtjjð Þ þ q jjet jjð Þ; ð19Þ
hold for all xt 2 Rn and et 2 Rn.
Theorem 1. With Assumption 2 and the triggering condition (12),
the event-triggered system is input-to-state stable and is asymp-
totically stable.
Proof. The following proof only takes the situation that the event
is not triggered at the time instant t þ 1 into consideration,
because when the event is triggered, the control input will be
updated, and it will be equivalent to the time-based control at
t þ 1. According to the optimal control theory, the stability can
be guaranteed at this single instant.

We firstly define a Lyapunov function as followings:

V xtð Þ ¼ xTt Qxt þ Y l xtð Þð Þ: ð20Þ
Then, we define a series of functions as follows:

a1 jjxtjjð Þ ¼ xTt Q1xt þ Y l xtð Þð Þ; ð21Þ

a2 jjxtjjð Þ ¼ xTt Q2xt þ Y l xtð Þð Þ; ð22Þ



Fig. 1. Simple diagram of the ETC scheme incorporating the XGDHP algorithm.
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a3 jjxtjjð Þ ¼ jjqjj2 1� 2C2
� �

jjxtjj2; ð23Þ

q jjet jjð Þ ¼ 2C2jjqjj2jjet jj2; ð24Þ
where Q1 and Q2 can be selected to satisfy (18), and the vector q in
(23) and (24) can be determined from (6) as Q ¼ qqT. Therefore,

xTt Qxt ¼ xTt qq
Tx ¼ jjxTqjj2.

Subsequently, the proof is conducted by presenting that (20) is
an ISS Lyapunov function and it is non-increasing, i.e.,
DV ¼ V xtþ1ð Þ � V xtð Þ 6 0.

For all t 2 sk; skþ1½ Þ, according to the ETC mechanism,
l xtþ1ð Þ ¼ l xtð Þ ¼ l xsk

� �
, and therefore, we have

DV ¼ xTtþ1Qxtþ1 þ Y l xtþ1ð Þð Þ
� xTt Qxt þ Y l xtð Þð Þ� �
¼ xTtþ1Qxtþ1 � xTt Qxt:

ð25Þ

Substituting (11) into (25) yields:

DV 6 jjqjj2 Cjjxtjj þ Cjjet jjð Þ2 � jjxt jj2
� �

: ð26Þ

According to the Cauchy–Schwarz inequality, (26) becomes:

DV 6 jjqjj2 2C2jjxtjj2 þ 2C2jjet jj2 � jjxt jj2
� �

¼ 2C2 � 1
� �

jjqjj2jjxtjj2 þ 2C2jjqjj2jjetjj2

¼ �a3 jjxt jjð Þ þ q jjetjjð Þ:

ð27Þ

Consequently, referring to Definition 1, (20) is an ISS Lyapunov
function. According to [18,2], a system is input-to-state stable if it
admits a smooth ISS Lyapunov function.

Then, considering (2) and (17), (27) continues as:

DV 6 4C2 � 1
� �

jjqjj2jjetjj2 þ 2C2 � 1
� �

jjqjj2jjxsk jj2

6 4C2 � 1
� �

C 1� 2Cð Þt�sk

1�2C þ 2C2 � 1
� �h i

jjqjj2jjxsk jj2;
ð28Þ

Since C < 0:5 and 4C2 � 1 ¼ 2C � 1ð Þ 2C þ 1ð Þ, the last inequality
in (28) can be rewritten as:

DV ¼ � 2C þ 1ð ÞC 1� 2Cð Þt�sk
� �þ 1� 2C2

� �h i
jjqjj2jjxsk jj2

6 0;
ð29Þ

where DV ¼ 0 if and only if jjxsk jj ¼ 0, which implies that the system
has been stabilized since the time instant sk.

Overall, we can conclude that the event-triggered system (4) is
input-to-state stable and is asymptotically stable with the trigger-
ing condition (12), which completes the proof.
Remark 2. The triggering condition (12) has the same form of that
in some existing literature [28,18,2,11]. Nevertheless, different
from them, fewer assumptions are required to guarantee the
asymptotic stability. Furthermore, [28,18] assume the existence
of an ISS Lyapunov function without providing its specific formula,
whereas in this paper the ISS Lyapunov function is specifically
defined by (20)–(24).

The simple diagram of the ETC scheme is illustrated in Fig. 1.
Only when an event is triggered, will the XGDHP algorithm be acti-
vated and the control input be updated. In the next section, the
detailed implementation of the XGDHP algorithm will be
presented.

4. Event-triggered iterative ACD with The XGDHP technique

In this section, according to the universal approximation prop-
erty of ANNs [20], we first construct a model network, represented
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by subscript m, to identify the system dynamics. Then, the event-
triggered iterative adaptive critic algorithm is introduced, and
the actor and critic networks, respectively represented by subscript
a and c, are built to facilitate the implementation. The XGDHP tech-
nique is developed based on explicit analytical computations in the
critic network, and the asymmetric input constraints are addressed
by modifying the output layer of the actor network.

All ANNs are constructed with the full-connected feed-forward
architecture, and their hidden layers respectively has lm; la, and lc
neurons, all of which adopt a sigmoid function as the activation
function:

r sð Þ ¼ 1� e�s

1þ e�s
; ð30Þ

whose derivative is r0 sð Þ ¼ 0:5 1� r sð Þð Þ2
� �

.

4.1. The model network

Since the system dynamics is unknown, a model network is
built and trained in advance before implementing the XGDHP tech-
nique. The model network is constructed offline to identify the
dynamics and predict the next state as follows:

xtþ1 ¼ wT
m2r

wm1;x

wm1;u

� 	T xt
ut

� 	 !
þ em;t; ð31Þ

in which wm2 2 Rlm�n;wm1;x 2 Rn�lm , and wm1;u 2 Rm�lm are ideal
weight matrices of the model network, and em;t 2 Rn is the recon-

struction error. Subsequently, by defining wm1 ¼ wT
m1;x;w

T
m1;u

h iT
,

the identification scheme is described as:

x̂tþ1 ¼ ŵT
m2r ŵT

m1 xTt ;u
T
t


 �T� �
; ð32Þ

where x̂tþ1; ŵm1, and ŵm2 are the estimations of xtþ1;wm1, and wm2,
respectively.

The model network is supposed to minimize the identification
error ~xm;tþ1 ¼ x̂tþ1 � xtþ1, and therefore the target performance
measure is defined as:

Em;t ¼ 1
2
~xTm;tþ1~xm;tþ1: ð33Þ

The weight tuning law is designed obeying a gradient-descent
algorithm:

Dŵm2 ¼ �gm
@x̂tþ1
@ŵm2;t

@Em;t
@x̂tþ1

;

Dŵm1 ¼ �gm
@x̂tþ1
@ŵm1;t

@Em;t
@x̂tþ1

;
ð34Þ

where gm > 0 is the learning rate, and Dŵm1 and Dŵm2 are the dif-
ferences of two subsequent updating steps.
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After a sufficient training session, the model network can
achieve a satisfying precision, with the weight matrix converg-
ing to a constant value. It is important to note that after train-
ing, the model weight matrix is kept unchanged for controller
design. With the model network, the necessary partial derivative
information can be obtained for training critic and actor
networks.

Considering the event-triggered framework, by replacing ut

with l xsk
� �

in (32) and taking the partial derivative with respect
to xt and l xsk

� �
, respectively, we get:

@x̂tþ1

@xt
¼ ŵm1;x r0 ŵT

m1 xTt ;l
T xsk
� �
 �T� �

� ŵm2

� �
; ð35Þ
@x̂tþ1

@l xsk
� � ¼ ŵm1;u r0 ŵT

m1 xTt ;l
T xsk
� �
 �T� �

� ŵm2

� �
: ð36Þ

By denoting Ft ¼ @x̂Ttþ1=@xt and Gt ¼ @x̂Ttþ1=@l xsk
� �

, we can
approximate (4) as a new affine system:

x̂tþ1 ¼ Ftxt þ Gtl xsk
� �

: ð37Þ
With (37), the optimal event-triggered control law l� xsk

� �
can

accordingly be approximated as:

l̂� xsk
� � ¼ / bD� xsk

� �� �
; ð38Þ

where / �ð Þ is a one-to-one piece-wise function defined as:

/ sð Þ ¼ umax tanh s=umaxð Þ ; s > 0;
juminj tanh s=uminð Þ ; s 6 0;

�
ð39Þ

and D̂� xsk
� �

is described by:

D̂� xsk
� � ¼ � c

2
R�1GT

sk
k̂� x̂skþ1
� �

; ð40Þ

in which k̂� x̂skþ1
� � ¼ @bJ� x̂skþ1

� �
=@x̂skþ1 is the costate function. It can

be found that / �ð Þ is at least second-order continuous. Accordingly,
the approximate DTHJB equation takes the form:

bJ� xtð Þ ¼ U xt ; l̂� xsk
� �� �þ cbJ� Ftxt þ Gtl̂� xsk

� �� �
: ð41Þ
4.2. Iterative adaptive critic algorithm

Through (38) and (41), it can be found that the computation

of bJ� xtð Þ and l̂� xsk
� �

requires the future information. Clearly,
although the system dynamics has been identified, this boot-
strapping phenomenon [9] makes it intractable or impossible
to obtain the analytical solution of the DTHJB equation for non-
linear systems. Consequently, we introduce an iterative adaptive
critic algorithm with the XGDHP technique to iteratively solve
it.

The procedure of the DT iterative adaptive critic algorithm is
briefly depicted in Algorithm 1, where bDJ > 0 is a designed thresh-
old and i 2 N denotes the iteration index. It is worth mentioning
that only the situation that jjet jj > jjeThrjj, i.e., t ¼ sk, is considered,
because the control input is updated only at the triggered instant.

The main idea is to construct two iterative sequences J ið Þ xsk
� �n o

and l ið Þ xsk
� �� �

to perform the value iteration process so as to
achieve approximately optimal values [2,9].
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Algorithm1:Iterative Adaptive Critic Algorithm
The convergence analysis of the DT iterative adaptive critic
algorithm has been carried out in [34,17,35] and thus is omitted

here. The core procedure is to prove that J ið Þ xsk
� �n o

is a non-

decreasing sequence with an upper bound bJ , i.e.,

J 0ð Þ �ð Þ 6 J 1ð Þ �ð Þ 6 � � � 6 J 1ð Þ �ð Þ 6 bJ: ð44Þ
Accordingly, we can further derive that the iteration between

the sequences (42) and (43) guarantees the convergence to the
optimal values for both sequences, i.e.,

J ið Þ xsk
� �! J 1ð Þ xsk

� � ¼ bJ� xsk
� �

and l ið Þ xsk
� �! l̂� xsk

� �
as i ! 1 [36,2].

Remark 3. Since J ið Þ xsk
� �! bJ� xsk

� �
as i ! 1, by denoting

k ið Þ xsk
� � ¼ @J ið Þ xsk

� �
=@xsk , we can conclude that the costate function

sequence k ið Þ xsk
� �n o

is also convergent with k ið Þ xsk
� �! k̂� xsk

� �
as

i ! 1. Nevertheless, in practical implementation, the satisfying
convergent results can already be observed when the iteration
index i is sufficient large, rather than infinite.

Subsequently, for carrying out the iterative adaptive critic algo-
rithm, the actor and critic networks are constructed to respectively
approximate the control law and the cost function in the following
subsections. The derivation presents the calculations in one itera-
tion step and therefore the superscript is omitted for simplicity.

4.3. The actor network

For building a direct differentiable mapping from the state to
the control input, the actor network is constructed, whose output
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is directly introduced to the model network and the real system.
Inspired by [31,12,14], to guarantee the asymmetric input con-
straints, a bounding layer is connected to the original output layer
of the three-layer network. In this bounding layer, the aforemen-
tioned function / �ð Þ that is defined in (39) is adopted as the activa-
tion function. Fig. 2 illustrates the architecture of the actor
network, and its output is presented as:

l̂ xsk
� � ¼ / ŵT

a2r ŵT
a1xsk

� �� �
; ð45Þ

where ŵa1 2 Rn�la and ŵa2 2 Rla�m are the estimations of the ideal
weight matrices wa1 2 Rn�la and wa2 2 Rla�m, respectively.

Based on (42) and (45), the performance to be minimized for
the actor network can be defined as:

Ea;sk ¼
1
2
l̂ xsk
� �� l xsk

� �
 �T l̂ xsk
� �� l xsk

� �
 �
: ð46Þ

Similarly, with a learning rate ga > 0, the weight matrices are
updated by:

Dŵa2 ¼ �ga
@l̂ xskð Þ
@ŵa2

@Ea;sk
@l̂ xskð Þ ;

Dŵa1 ¼ �ga
@l̂ xskð Þ
@ŵa1

@Ea;sk
@l̂ xskð Þ :

ð47Þ

Remark 4. The combination of the segmented utility function and
the bounding layer of the actor network is one of the highlights of
this paper. With the segmented utility function, a target policy
within the designed asymmetric range is provided to the actor
network to learn. Besides, the bounding layer is necessary because
the signal l̂ xsk

� �
, which is an output of the actor network, is

directly utilized to control the system.
4.4. The critic network

For the conventional GDHP technique, the critic network out-
puts the approximation of cost function and its derivatives simul-
taneously [11,10], whose description is as follows:bJ xsk
� �
k̂ xsk
� �" #

¼ ŵc2;J

ŵc2;k

� 	T
r ŵT

c1xsk
� �

; ð48Þ

where ŵc1 2 Rn�lc ; ŵc2;J 2 Rlc , and ŵc2;k 2 Rlc�n respectively denotes
the estimation of the ideal weights wc1 2 Rn�lc wc2;J 2 Rlc , and
Fig. 2. The structure of the actor network, where the input layer and the output
layer employ a unit-proportion linear activation function, while the hidden layer
and the bounding layer exploit aforementioned r �ð Þ and / �ð Þ as their activation
functions, respectively.
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wc2;k 2 Rlc�n. However, due to the inevitable approximation error,bJ xsk
� �

and k̂ xsk
� �

approximated in this way cannot exactly provide
the derivative relationship, which is called suffering from the incon-
sistency error [4].

Therefore, inspired by [4,12], a novel XGDHP technique that
takes the advantage of explicit analytical calculations is developed,
with the critic network only approximating the cost function as
follows:bJ xsk
� � ¼ ŵT

c2r ŵT
c1xsk

� �
; ð49Þ

where ŵc2 2 Rlc is the estimation of the ideal weight matrix
wc2 2 Rlc . By taking the explicit analytical calculations, we obtain
k̂ xsk
� �

as:

k̂ xsk
� � ¼ @bJ xsk

� �
@xsk

¼ wc1 ŵc2 � r0 wT
c1xsk

� �� �
; ð50Þ

where � is the Hadamard product.
XGDHP makes use of the cost function and its derivative infor-

mation, so recalling (43), the critic network is expected to mini-
mize the following performance measure:

ec1;sk ¼ bJ xsk
� �� U xsk ; l̂ xsk

� �� �� cbJ x̂skþ1
� �

; ð51Þ

ec2;sk ¼
@ bJ xsk
� �� U xsk ; l̂ xsk

� �� �� cbJ x̂skþ1
� �h i

@xsk
; ð52Þ

Ec;sk ¼ b 1
2 e

2
c1;sk

þ 1� bð Þ 1
2 e

T
c2;sk

ec2;sk ; ð53Þ
where b is a scalar within a range of 0;1½ �. If b ¼ 1, it becomes pure
HDP, whereas if b ¼ 0, then the weight matrix is tuned merely
based on the computed derivatives k̂ xsk

� �
, and consequently it is

equivalent to DHP [12].
Different from [2,11], we also take the partial derivative of

l̂ xsk
� �

with respect to xsk into consideration in the critic network
updating procedure for more precise calculations. According to
the chain rule, (52) can further be derived as:

ec2;sk ¼ k̂ xsk
� �� 2Qxsk �

@l̂ xskð Þ
@xsk

@Y l̂ xskð Þð Þ
@l̂ xskð Þ

�c @x̂skþ1

@xsk
þ @l̂ xskð Þ

@xsk

@x̂skþ1

@l̂ xskð Þ
 �

k̂ xskþ1
� �

;

ð54Þ

where @l̂ xsk
� �

=@xsk is computed with the facilitation of the actor
network, while @x̂skþ1=@xsk and @x̂skþ1=@l̂ xsk

� �
are computed through

the model network.
Given a learning rate gc > 0, the weight updating algorithm is

conducted by:

Dŵc2 ¼ �gc

@Ec;sk

@ŵc2
;Dŵc1 ¼ �gc

@Ec;sk

@ŵc1
; ð55Þ

and

@Ec;sk
@ŵc2

¼ b
@bJ xskð Þ
@ŵc2

ec1;sk þ 1� bð Þ @k̂ xskð Þ
@ŵc2

ec2;sk ;

@Ec;sk
@ŵc1

¼ b
@bJ xskð Þ
@ŵc1

ec1;sk þ 1� bð Þ @k̂ xskð Þ
@ŵc1

ec2;sk ;
ð56Þ

where @k̂ xsk
� �

=@ŵc2 and @k̂ xsk
� �

=@ŵc1 are the second-order mixed

gradients of the cost function bJ xsk
� �

. To compute @k̂ xsk
� �

=@ŵc2 and

@k̂ xsk
� �

=@ŵc1, Kronecker product and thus tensor operations are
involved in [4,12,14], which result in the need for matrix dimen-
sionality transformation. In this paper, we develop a simpler com-
putation method as follows:
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@k̂ xskð Þ
@ŵc2

ec2;sk ¼ ŵT
c1ec2;sk

� �� r0 ŵT
c1xsk

� �
;

@k̂ xskð Þ
@ŵc1

ec2;sk ¼ ec2;sk ŵc2 � r0 ŵT
c1xsk

� �� �T
�xsk ŵT

c1xsk � ŵc2 � r ŵT
c1xsk

� �� r0 ŵT
c1xsk

� �� �T
:

ð57Þ

Through mathematical derivation, it can be found that (57) is
equivalent to the method proposed in [4].

The closed-loop stability and the convergence of weights of
ANNs can be found in [28]. Note that the weights between the
input layer and the hidden layer of these networks are also
updated, which is the same as in [2,18,10,11,31] but different from
[29,28] where they are fixed after the initialization. Nevertheless,
the update behaviours in these methods obey the same gradient
descent logic and similar rules. The update is proved successful
through the simulation studies in this paper and others
[2,18,10,11,31]. In practice, one can manually set a constraint for
the weights to guarantee the boundedness and safety.

Overall, the structural diagram of the present XGDHP imple-
mentation is depicted in Fig. 3 to clarify the design procedure,
where DER is given by:

DER ¼ @x̂skþ1

@xsk
þ @l̂ xsk

� �
@xsk

@x̂skþ1

@l̂ xsk
� � : ð58Þ
5. Simulation studies

In this section, two simulation studies are carried out to illus-
trate the feasibility of the developed approach and compare the
performance of the event-triggered XGDHP with the time-based
approach.

5.1. Example 1

Consider the following nonlinear affine mass-spring system
[17]:

x1;tþ1 ¼ x1;t þ 0:05x2;t ;
x2;tþ1 ¼ �0:0005x1;t � 0:0335x31;t þ x2;t þ 0:05ut ;

(
ð59Þ

where xt ¼ x1;t; x2;t½ �T 2 R2 and
ut 2 Xu ¼ ut jut 2 R;�0:5 < ut < 0:2f g. The parameters in the utility
function are selected as Q ¼ I2 and R ¼ 1, and the forgetting factor is
chosen as c ¼ 0:995.

In what follows, we perform the proposed event-triggered
XGDHP algorithm with the facilitation of ANNs. All ANNs are con-
Fig. 3. Structural diagram of the developed XGDHP algorithm.
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structed with 8 hidden neurons, i.e., lm ¼ lc ¼ la ¼ 8. Their weight
matrices between the input layer and the hidden layer are initial-
ized within �1;1½ �, and the weights between the hidden layer and
the output layer are randomly initialized with the uniform distri-
bution within �0:01; 0:01½ �. The initial weights of the actor and
the critic networks utilized to present results are provided in
AppendixA. The learning rates are experimentally set as
gm ¼ gc ¼ ga ¼ 0:01.

First of all, we employ 500 data samples to train the model net-
work for 500 times, and then utilize another 500 data samples for
testing. The identification errors of the model network of testing
samples are illustrated in Fig. 4, from which, we can see that the
mean sum of squares of the identification errors is below
1:4� 10�3. Therefore, we can say that the model network with
high accuracy has been obtained. After training, the weights of
the model network are kept unchanged for controller design.

Next, we start the controller design procedure. It is noted that
the simulation of the control algorithm is conducted in an online
manner, which means that the control policy improves as it is
applied to the real system. Through setting C ¼ 0:12, we can
accordingly obtain the triggering threshold eThr as:

eThr ¼ 0:12 � 1� 0:24ð Þt�sk

1� 0:24
jjxsk jj: ð60Þ

If the condition jjet jj2 > jjeThrjj2 the controller will be updated,
and the triggering state xsk is reset with current state. Before the
occurring the next triggering event, the control input ut is
remained by ZOH as usk . Different from all other works that applies
ETC to DT systems using ADP algorithms [29,18,2,28,30,11], the
actor and critic networks are not updated until an event is trig-
gered in this paper so as to further reduce computational burden.
For the XGDHP technique, we set b ¼ 0:5 to combine the informa-
tion of the cost function and its derivatives. For ensuring sufficient
learning, the prespecified accuracy bDJ is set to be 10�4, and during
each time step that is triggered, at most 1000 internal cycles for
training the critic and actor networks are included to achieve sat-
isfying performance.

With the initial state chosen as x0 ¼ 1;�1½ �T, we conduct the
proposed event-triggered XGDHP algorithm in comparison to
time-based XGDHP algorithm. Both control algorithms share same
settings and parameters except for the triggering mechanism. The
simulation results corresponding to the systems state and the
Fig. 4. The mean sum of squares of the identification errors for Example 1.



Fig. 6. Evolution of the control input in the online learning process for Example 1.
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control input are depicted in Figs. 5 and 6, respectively. Due to the
event-triggered mechanism, the event-triggered XGDHP algorithm
presents a stair-steeping control input signal. With the piece-wise
integral function (7) and the bounding layer in the actor network, it
can be observed that the control input is bounded within the range
of �0:5;0:2ð Þ. Therefore, we can say that the asymmetric control
input constraints have been addressed. The evolution of the
weights of ANNs is depicted in Fig. 7, where solid lines denote
the weights between the input layer and the hidden layer while
the weights between the hidden layer and the output layer are rep-
resented by dashed lines. It can be observed that all weights even-
tually converge to constant values during the online learning
process. The evolution of the one-step cost and the accumulative
cost in the learning process is demonstrated in Fig. 8. Utilizing
fewer data samples, the event-triggered XGDHP requires 3 more
steps to control the system achieving the stage where the one-
step cost is kept below 0:05, and 7 more steps below 0:01. Because
of the delayed control, the event-triggered XGDHP shows a greater
overshot, which results in larger accumulative cost. Nevertheless,
in many practical scenarios where saving computational resource
is preferred, this depletion of the control effectiveness is
acceptable.

In addition, the evolution curve of triggering threshold is
depicted in Fig. 9, which converges to around zero along with the
event error. The inter-execution time is illustrated in Fig. 10, which
presents the time interval between two triggered instants. It is
worth mentioning that the time-based controller requires every
samples in this 100-step task, whereas the proposed event-
triggered approach only utilizes 60 samples. Since at each triggered
instant, the critic and actor networks are trained for 1000 steps, the
event-triggered approach greatly reduces the computational bur-
den up to 40%.

Remark 5. The simulation results show that the system is
gradually stabilized. Nevertheless, it is noted that due to the
asymptotic stability property, the system states may not exactly
converge to zero, which makes the ETC scheme keep working
during the whole presented time range, as depicted in Figs. 9 and
10. This phenomenon is because the triggering condition described
by (12) is dependent on the system states. As the stabilization
continues, the triggering threshold will accordingly adapt to a
stricter value to guarantee the precision. In practice, a threshold
Fig. 5. Evolution of the system state in the online learning process for Example 1.
Controllers aim at stabilizing system states initially from x0 ¼ 1;�1½ �T to 0.

Fig. 7. Evolution of the weights of ANNs in the online earning process for Example
1. Subscripts c and a denote the critic and the actor networks, respectively.
Subscripts 1 and 2 denote the weights between the input and the hidden layers and
the weights between the hidden and output layers, respectively.
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can be set for the controller, such that, when the system states
reach a certain range, the controller can be deactivated to further
save resources.
5.2. Example 2

The second numerical example considered is a nonlinear
multiple-input-multiple-output nonaffine system [2] described by:

x1;tþ1 ¼ x1;t þ 0:1x2;t;
x2;tþ1 ¼ �0:17 sin x1;tð Þ þ 0:98x2;t þ 0:1u1;t ;

x3;tþ1 ¼ 0:1x1;t þ 0:2x2;t þ x3;t cos u2;tð Þ;

8><>: ð61Þ

where xt ¼ x1;t; x2;t; x3;t½ �T 2 R3 and
ut 2 Xu ¼ utjut 2 R2;�4 < ui;t < 2; i ¼ 1;2

� �
.

The settings for the second system are similar to those in Exam-
ple 1. The parameters in the utility function are chosen as Q ¼ I3
and R ¼ 0:01I2, and the forgetting factor is set as c ¼ 0:95. Accord-



Fig. 9. Evolution of the triggering condition in the online learning process for
Example 1.

Fig. 10. Evolution of the inter-execution time in the online learning process for
Example 1.

Fig. 8. Evolution of the one-step cost and the accumulative cost in the online
learning process for Example 1.
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ing to the dimensions of xt and ut , the model network is established
with the structure of 5-10-3 while both of the critic and actor net-
works are built as 3-10-2, i.e., lm ¼ lc ¼ la ¼ 10. The weights of all
the three networks are initialized within �0:1;0:1½ �. The initial
weights of the actor and the critic networks utilized to present
results are provided in AppendixA. Letting gm ¼ 0:01, we train
the model network for 1000 times using 1000 data samples and
examine its performance on a testing data set of another 500 sam-
ples. From Fig. 11, it is evidently observed that the mean sum of
squares of the identification errors has been decreased to less than
6� 10�4, which indicates the high accuracy of identification.

For the implementation of the XGDHP technique, we set b ¼ 0:5
and bDJ ¼ 5� 10�6, and train the critic and actor networks for at
most 1000 steps with the learning rates of gc ¼ ga ¼ 0:001 at the
triggered instant. The triggering threshold is obtained by setting
C ¼ 0:15 as:

eThr ¼ 0:15 � 1� 0:3ð Þt�sk

1� 0:3
jjxsk jj: ð62Þ

By initializing the system state as x0 ¼ 0:5;0:5;0:5½ �T, we carry
out the online control simulation to verify the performance of
the proposed event-triggered XGDHP algorithm. The state trajecto-
ries of the event-triggered approach and the time-based approach
are displayed in Fig. 12. Comparing the event-triggered and time-
based approaches, we can observe that, although the event-
triggered XGDHP algorithm involves fewer calculations, the state
eventually converges to the equilibrium point without obviously
deteriorating the converge rate. The control inputs are bounded
within �4;2½ �, whose curves are depicted in Fig. 13. As depicted
in Fig. 14, the weights of both critic and actor networks are initial-
ized randomly and updated as the controller works, and all weights
eventually converge to constant values.

As to the optimal control performance, the event-triggered
XGDHP takes 10 more steps to keep the one-step cost below 0:1
and 7 more steps below 0:01. Different from that in Example 1,
although the time based approach converges faster, the accumula-
tive cost of the event-triggered XGDHP is less than the time-based
approach. This phenomenon is because the second example
requires more oscillations before be stabilized. Since the time-
based approach exerts control in each time step, due to the near-
optimal property, it shows more aggressive strategies and leads
to larger accumulative cost, as illustrated in Fig. 15. Remarkably,
Fig. 11. The mean sum of squares of the identification errors for Example 2.



Fig. 13. Evolution of the control input in the online learning process for Example 2.

Fig. 12. Evolution of the system state in the online learning process for Example 2.
Controllers aim at stabilizing system states initially from x0 ¼ 0:5;0:5;0:5½ �T to 0.

Fig. 14. Evolution of the weights of ANNs in the online earning process for Example
2. Subscripts c and a denote the critic and the actor networks, respectively.
Subscripts 1 and 2 denote the weights between the input and the hidden layers and
the weights between the hidden and output layers, respectively.

Fig. 15. Evolution of the one-step cost and the accumulative cost in the online
learning process for Example 2.
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the control input is only updated 64 times in a total of 200 simu-
lation steps with the event-triggered approach, saving up to 68%
of computational load, which improves the resource utilization.
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The evolution curves of triggering threshold and the inter-
execution time are illustrated in Figs. 16 and 17, respectively. All
the simulation results uniformly verify the effectiveness of the
event-triggered XGDHP control algorithm proposed in this paper.



Fig. 16. Evolution of the triggering condition in the online learning process for
Example 2.

Fig. 17. Evolution of the inter-execution time in the online learning process for
Example 2.
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6. Conclusion

In this paper, we develop an event-triggered optimal control
algorithm that can deal with asymmetric input constraints for
unknown nonlinear discrete-time systems. The stability of the
event-triggered control system is analyzed based on the triggering
condition with fewer assumptions than existing literature. Besides,
the asymmetric input constraints are coped with by the combina-
tion of a piece-wise integral function and a bounding layer of the
actor network. In addition, with the facilitation of artificial neural
networks, the explainable global dual heuristic programming
(XGDHP) algorithm is developed to online solve the nonlinear opti-
mal control problem, and the calculations for the derivative of the
cost function are simplified without matrix dimensionality
transformations.

Two numerical studies are included to illustrate the feasibility
and effectiveness of the proposed method. The experimental
results present that the nonlinear system can successfully be stabi-
lized with the asymmetric input constraints handled. Furthermore,
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compared to the conventional time-based approach, the developed
event-triggered approach can stabilize these nonlinear systems
with at most 10 time steps delayed, while significantly reducing
computational burden up to 40% and 68%, respectively. The com-
munication’s load between the controller and the plant can also be
saved. The results collectively demonstrate the applicability of the
proposed approach.

This paper utilizes a triggering condition that is derived based
on the state feedback scheme. However, in many practical systems,
full-state feedback is infeasible. Therefore, further investigation
into output-feedback control approaches is highly recommended.
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Appendix A. Initial Weights

The initial weights for Example 1 are as follows:

wa1 ¼

0:3575;0:4863;0:3110;0:4121;�0:4462;
�0:8057;0:3897;0:9004
0:5155;�0:2155;�0:6576;�0:9363;�0:9077;
0:6469;�0:3658;�0:9311

26664
37775;

wa2 ¼ �0:0012;�0:0024;0:0053;0:0059;�0:0063;�0:0002;�0:0011;0:0029½ �T;
wc1 ¼ 0:6294;�0:7460;0:2647;�0:4430;0:9150;�0:6848;0:9143;0:6006

0:8116;0:8268;�0:8049;0:0938;0:9298;0:9412;�0:0292;�0:7162

� 	
;

wc2 ¼ �0:0016;�0:0083;0:0058;0:0092;0:0031;�0:0093;�0:0070;0:0087½ �T:

The initial weights for Example 2 are as follows:

wa1 ¼

�0:0154;�0:0058;0:0277;�0:0361;�0:0185;0:0937;
�0:0789;�0:0153;�0:0693;0:0054

�0:0812;0:0392;�0:0933; 0:0062;0:0640;0:0063; 0:0222;
�0:0818;�0:0438;�0:0085

0:0197; 0:0400;�0:0862; 0:0309;0:0437;�0:0350;0:0058;
�0:0467;�0:0120;0:0751

2666666664

3777777775
;

wa2 ¼

0:0036;0:0887;0:0275;0:0915;�0:0519; 0:0352;
�0:0422;0:0344;0:0390;�0:0864

�0:0490;�0:0552;0:0336;0:0689;�0:0311; 0:0561; 0:0351;
�0:0987;0:0204;�0:0226

26664
37775

T

;

wc1 ¼

�0:0935;0:0338;�0:0079;0:0711;�0:0618;�0:0759;
�0:0231;�0:0419;0:0649;�0:0312

0:0122;�0:0619;0:0963;0:0290;�0:0143;0:0179;
0:0166; 0:0234;0:0965;0:0168

0:0764;�0:0262;�0:0687;�0:0247;�0:0036;
�0:0548;�0:0496;�0:0469;0:0460;�0:0784

2666666664

3777777775
;

wc2 ¼ 0:0813;0:0759;0:0636;�0:0479; 0:0189;�0:0955;�0:0149;½
�0:0375;�0:0677;�0:0642�T:
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