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ABSTRACT: One of the manifestations of chirality-induced spin selectivity is the magnetoresistance (MR) in two-terminal
transport measurements on molecular junctions. This paper investigates the effect of spin−orbit coupling in the leads on the
polarization of the transmission. A helicene molecule between two gold contacts is studied using a tight binding model. To study the
occurrence of MR, which is prohibited in coherent transport, as a consequence of the Büttiker reciprocity, we add Büttiker probes to
the system in order to incorporate inelastic scattering effects. We show that for a strict two-terminal system without inelastic
scattering, the MR is strictly zero in the linear and nonlinear regimes. We show that for a two-terminal system with inelastic
scattering, a nonzero MR does appear in the nonlinear regime, reaching values of the order of 0.1%. Our calculations show that for a
two-terminal system respecting time-reversal symmetry and charge conservation, a nonzero MR can only be obtained through
inelastic scattering. However, spin−orbit coupling in the leads in combination with inelastic scattering modeled with the Büttiker
probe method cannot explain the magnitude of the MR measured in experiments.

1. INTRODUCTION

In two-terminal transport experiments,1−9 polarizations of the
current, that is, magnetoresistances (MRs, see eq 2 for the
definition) ranging from 6 to 90% have been measured for self-
assembled monolayers (SAMs) of chiral molecules. This MR is
a manifestation of the connection between chirality of the
molecular structure and spin selectivity, commonly denoted as
the CISS effect. Theoretical efforts have been geared toward
explaining the existence of CISS in transport including
quantitative estimates for the MR.
Most theoretical work conducted on CISS focuses on

calculating the spin-polarization of the transmission (SPT, see
eq 1). The spin−orbit coupling of the molecule’s constituents
is too weak to explain the CISS effect. In ref 10, the molecule
helicene was studied and a maximum SPT of the order 10−5%
was found. When decoherence is taken into account, by adding
onsite imaginary terms to the Hamiltonian, a maximum SPT of
0.3% was found. As in this approach, the particle number is not
conserved, the system is no longer strictly two-terminal and it
therefore does not explain the MR unless in the experiment,
electrons are leaking from the device into another reservoir
than the source or drain. In two-terminal transport experi-

ments, heavy metals such as gold, platinum, and silver are often
used. These metals are known to have a strong spin−orbit
coupling. Previous theoretical work has studied the effect of
large spin−orbit coupling in gold leads on the SPT11,12 in
density functional theory and tight binding models.13,14 SPTs
reaching values of 111 and 5%12 were found. Another
interesting proposal for obtaining sizeable SPTs was put
forward by Dalum and Hedegard.15 They noticed that close to
degeneracies in the spectrum, the eigenstates of the
Hamiltonian rotate away significantly from the unperturbed
states, leading to substantial SPTs. Until recently, most
theoretical work that tried to explain the CISS effect focused
on calculating the SPT but it has now been realized that SPT
does not necessarily lead to the occurrence of a MR.
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Two fundamental reciprocity theorems are very important
when considering the nonzero MR measured in experiments
and putting it in a theoretical perspective. The first is the
Onsager−Casimir reciprocity16,17 which implies that for a two-
terminal interacting system the MR can only be nonzero in the
nonlinear regime. The second is the Büttiker reciprocity
theorem.18 This theorem that is based on time-reversal
symmetry and unitarity of the S-matrix prohibits MR to
occur for two-terminal non-interacting systems irrespective of
the regime (linear/nonlinear, see Section 2.2), even when the
SPT is nonzero. In order to obtain a nonzero MR, interactions
must be included. In refs 19 and 20, the effects of the Coulomb
interactions and a coupling to vibrational modes were studied,
respectively, and a nonzero MR was found.
Nonzero MR can be obtained by breaking charge

conservation but in the experiment the leakage currents are
often too small to justify this as a cause of a MR. In this paper,
we focus on another option: electrons that scatter inelastically
while conserving their number during the process. We
construct a tight binding model for a junction in which
helicene is coupled to two gold electrodes which have a strong
spin−orbit coupling. Büttiker probes are added in order to
model inelastic scattering while maintaining charge conserva-
tion. We denote the system with Büttiker probes as an
interacting system and the system without Büttiker probes as a
non-interacting system. Tight binding has the advantage over a
quantum−chemical calculation that inelastic effects can easily
be included through the Büttiker probes. Also, it is easy to
study the effect of changing couplings and interaction
parameters.
We first validate our model by calculating the SPT and

comparing this to density functional theory results.11,12 The
first goal of this paper is to verify the occurrence of a MR and
to investigate its magnitude when the Büttiker probes are
active. The second goal is to address the characteristic features
of the MR and compare it with the characteristics found in the
experiment.
In Section 2.1, the SPT is defined. In Section 2.2, the MR is

defined and it is explained what restrictions are imposed on the
MR by the Büttiker and Onsager−Casimir reciprocity together
with the implications for experimental observables. In Section
2.3, a description of the non-interacting system is given. In
Section 2.4, the Büttiker probes and their parameters are
described. The results for the non-interacting and interacting
system are given in Sections 3.1 and 3.2, respectively. In
Section 4, we present conclusions.

2. COMPUTATIONAL DETAILS
2.1. Theory: SPT. The SPT from the right to the left lead is

defined as

=
+ − −↑↑ ↓↑ ↑↓ ↓↓

P E
T T T T

T
( )z

RL RL RL RL

RL (1)

Here, TRL
ss′ is the energy-dependent transmission probability for

an electron in the right lead with spin s = ↑, ↓ (quantised in the
z-direction, which we take as the direction of the transmission)
to be transmitted to the left lead with spin s′ = ↑, ↓ and TRL =
∑s,s′∈{↑,↓}TRL

ss′, with TRL the total transmission probability from
right to left. In the non-equilibrium Green’s function
formalism, the transmission function is given by the Meir−
Wingreen formula TRL(E) = Tr[G(E)ΓRG(E)

†ΓL(E)], with
ΓL,R(E) the imaginary part of the self-energy of the left and

right lead, respectively, and G(E) the retarded Green’s
function which is given by G(E) = (E1 − H − ΛL − ΛR +
i/2ΓL + i/2ΓR)

−1. Here, 1 is the unit-matrix, H is the
Hamiltonian of the scattering region in Figure 1, and ΛL,R the
real part of the self energy of the left, right lead, respectively.
Below, we drop the explicit dependence of the transmission on
energy E.

2.2. MR and the Reciprocity Theorems. We define the
MR as the normalized difference of the currents for the up and
down magnetization m, −m of the lead

= − −
+ −

I m I m
I m I m

MR
( ) ( )
( ) ( ) (2)

For a two-terminal system which respects current conservation,
the net current into the left lead is calculated with

∫= −
−∞

∞
I m V

e
h

T m f E f E E( , ) ( )( ( ) ( ))dRL L R (3)

where f L(E), f R(E) are the Fermi−Dirac distributions of the
left and right lead, respectively, and m is the magnetization of
the left lead. The chemical potentials for spin up and down
electrons in the left/right lead are equal, that is, μi

↑ = μi
↓ for i =

L, R. Assuming symmetric capacitive coupling to the left and
right lead, the chemical potentials of the left and right leads are
EF + V/2 and EF − V/2, respectively, with EF the Fermi energy
and V the bias voltage. The current can be expanded in the bias
voltage

= + + +I m V G m V G m V G m V( , ) ( ) ( ) ( ) ...1 2
2

3
3

(4)

We define ΔI(m, V) as the difference between the currents for
positive and negative magnetization. Using eq 4, we can write
ΔI(m, V) as

Δ ≡ − −

= [ − − ] + [ − − ]

+ [ − − ] +

I m V I m V I m V

G m G m V G m G m

V G m G m V

( , ) ( , ) ( , )

( ) ( ) ( ) ( )

( ) ( ) ...
1 1 2 2

2
3 3

3
(5)

We define the odd and even part of ΔI(m, V) as

= [Δ − Δ − ]

= [ − − ] + [ − − ]

+

A m V I m V I m V

G m G m V G m G m

V

( , )
1
2

( , ) ( , )

( ) ( ) ( ) ( )

...
1 1 3 3

3 (6)

Figure 1. Reprinted with permission from ref 12. Copyright 2018,
Rebergen. Schematic picture of the scattering region. The gold
spheres are gold atoms, the bright yellow spheres are sulfur atoms, and
the gray spheres in the middle are carbon atoms. To this scattering
region, semi-infinite gold leads are attached.
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= [Δ + Δ − ]

= [ − − ] + [ − − ]

+

B m V I m V I m V

G m G m V G m G m

V

( , )
1
2

( , ) ( , )

( ) ( ) ( ) ( )

...
2 2

2
4 4

4 (7)

respectively.
In ref 18, it was shown that for a two-terminal system, time-

reversal symmetry and unitarity of the S-matrix (which
expresses charge conservation) imply that TRL(m) =
TRL(−m). This relation is known as the Büttiker reciprocity
theorem for two-terminal systems. Combining this relation
with eq 3, it trivially follows that: I(m, V) = I(−m, V).
Combining this with eq 5, we obtain

Δ = [ − − ] + [ − − ]

+ [ − − ] +

=

I m V G m G m V G m G m

V G m G m V

( , ) ( ) ( ) ( ) ( )

( ) ( ) ...

0

1 1 2 2
2

3 3
3

(8)

From this, it follows that: Gn(m) = Gn(−m) for n = 1, 2, ... if
Büttiker reciprocity holds. Time-reversal symmetry and
unitarity of the S-matrix prohibit a finite ΔI(m, V) in the
linear and nonlinear regime for a two-terminal system without
interactions.
On the other hand, the Onsager−Casimir reciprocity holds

for systems with interactions. The Onsager−Casimir reci-
procity implies that I(m, V) = I(−m, V) in the linear regime:
G1(m) = G1(−m),16,17 that is, the linear coefficient is an even
function of the magnetization. This means that the differential
conductance evaluated at V = 0 is identical for opposite
magnetizations

≡ = = − = = −G m
I m V

V
I m V

V
G m( )

d ( , 0)
d

d ( , 0)
d

( )1 1

(9)

For the non linear-coefficients: G2(m), G3(m), ... in principle
we can have: Gn(m) ≠ Gn(−m)21−23 for n ≥ 2. In ref 23, it was
shown that electron interactions allow for a second order
contribution (odd in m) αmV2 to the current from which
clearly G2(m) ≠ G2(−m). Another example of this is the
electrical magnetochiraleffect24 which gives (for small bias
voltages) a second order contribution to the current14 G2(m) =
G0(χ)m (with G0(χ) a coefficient which depends on the
chirality χ) for which also G2(m) ≠ G2(−m). In ref 25, a
rigorous analysis based on full counting statistics derived
relations between the coefficients Gn(m), Gn(−m) under
microscopic reversibility. As expected, the Onsager−Casimir
relation G1(m) = G1(−m) was found. From this work, it can
also be concluded that microscopic reversibility does not imply
that the nonlinear coefficients for opposite magnetizations are
equal: Gn(m) ≠ Gn(−m) for n ≥ 2.
We now expand the MR (eq 2) in the bias voltage for an

interacting system. Defining ΔGn(m) ≡ Gn(m) − Gn(−m) and
G̅n(m) ≡ Gn(m) + Gn(−m), we can write the MR as

=
Δ + Δ +

̅ + ̅ +
G m V G m V
G m V G m V

MR
( ) ( ) ...
( ) ( ) ...

1 2
2

1 2
2

(10)

The Onsager−Casimir reciprocity implies ΔG1(m) = 0, so that

eq 10 simplifies to: = Δ +
̅ + ̅ +MR G m V

G m G m V
( ) ...

( ) ( ) ...
2

1 2
, showing that the

MR vanishes at zero bias. Remarkably in ref 1, a nonzero MR
was found at zero bias which seems in contradiction with the
Onsager−Casimir reciprocity.

The analysis in this section and refs 21−23 and 25 imply
that interactions play a crucial role in obtaining a MR.

2.3. Tight Binding Hamiltonian. Our Slater−Koster tight
binding model addresses four parts of a transport junction (i)
semi-infinite gold leads without spin−orbit coupling, (ii) a
block of 3 × 3 × 3 gold atoms with spin−orbit coupling, (iii) a
sulfur anchoring group, and (iv) a helicene molecule. A
schematic picture of the scattering region is shown in Figure 1.
The outer 3 × 3 layers of gold atoms on the left and right side
each have a semi-infinite gold lead without spin−orbit coupling
attached to it see Figure 1.
For parts (i,ii), the Slater−Koster tight binding para-

metrization of ref 26 will be used; for a detailed description,
see Section 1.1 of the Supporting Information. The tight
binding parameters reported in ref 27 are used for the
anchoring group. For a detailed description of part (iii), see
Supporting Information Section 1.3. We use the full Slater−
Koster tight binding model of helicene reported in ref 10 and
the Slater−Koster tight binding parameters are given in the
Supporting Information Section 1.2. Only the 2p,2s orbitals of
carbon atoms are considered. A [n]helicene molecule consist
of a chain of n benzene rings. Helicene has two enantiomeric
states: P and M related by mirror symmetry. The numerical
calculations were performed using the Kwant code.28 For
details regarding the implementation in Kwant, see Section 1.5
of the Supporting Information. Our Python code is available
on https://github.com/khhuisman/CISS_effect.

2.4. Büttiker Probes. In order to model interactions, we
use the Büttiker probes; virtual leads that are attached to each
site of the molecule. The Büttiker probes can act as a
“dephasing probe” or a “voltage probe” to model elastic and
inelastic processes, respectively. In ref 29, it was shown that for
an Aharonov−Bohm junction, a dephasing probe does not lead
to a finite MR in the linear, nor in the nonlinear regime, but a
voltage probe does lead to a nonzero MR in the nonlinear
regime, confirming the findings of ref 22. Therefore, in our
model, we use voltage probes. The Büttiker probe acts as a
voltage probe if the total charge current into the probe is zero.
The chemical potential of the probe is determined in a self-
consistent manner such that the total charge current into the
probe is zero. However, there is a finite net energy current
going into each virtual lead which represents energy being
dissipated into an external environment (the Büttiker probe),
while respecting charge conservation (in contrast to refs 10
and 14 where the addition of onsite imaginary terms leads to
loss of particles). The Hamiltonian of a virtual lead is modeled
as a semi-infinite linear chain (see Supporting Information
Section 1.4).
We define a probe to be a collection of virtual leads. For the

[6]helicene molecule, we have 26 carbon atoms to which we
can attach a virtual lead. One probe containing several leads,
with one and the same chemical potential, can be attached to
several sites. Alternatively, a virtual lead, characterized by a
single chemical potential, can be connected to more than one
carbon atoms.
The hopping parameter within the lead is t0 and tleak is the

coupling between the lead and the carbon atom. In order to
cover a wide range of energies, we choose t0 to be large
compared to the Slater−Koster tight binding hopping
parameters of carbon (see Supporting Information Section
1.2), hence, we take t0 = 50 eV. We distinguish three regimes:
tleak > t0, tleak = t0, and tleak < t0.
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Figure 2. (a) Spin-polarization for the gold−sulfur−[6]P and M helicene unmagnetized junction as a function of energy in red, orange respectively.
EF is the Fermi energy of gold in electronvolt (eV). (b) Spin-polarization for [6, 12]P-helicene in the unmagnetized junction as a function of
energy. EF is the Fermi energy of gold in eV. The figure shows an increase in spin-polarization when the length of the molecule is increased.

Figure 3. (a) Transmission from right to left for EF = −5.3 eV, and the magnetizations m = ±2.1 of the left lead. The difference between TRL(m)
and TRL(−m) is zero. (b) Charge current I(m) in eV into the left lead for the magnetizations ±m increases and shows no difference between I(m),
I(−m).

Figure 4. (a) MR in percentage for the gold−sulfur−[6] P and M helicene junction with 1 probe consisting of 1 lead attached, as a function of bias
voltage in red and orange respectively. The MR changes sign between the enantiomers of the molecule. (b) Even and odd part in V of ΔI(m, V) in
blue and red, respectively, as a function of bias voltage.
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We varied the attachment position of the probe(s), the
amount of leads in a single probe, the coupling between the
probe and the molecule: tleak and the amount of independent
probes consisting of one lead. In Supporting Information
Section 3, we prove that a voltage probe always satisfies the
Onsager−Casimir reciprocity: G1(m) = G1(−m).

3. RESULTS
3.1. Two-Terminal Junction, Non-interacting. In

Figure 2a, the SPT (see eq 1) for [6]P,M-helicene is shown
for an unmagnetized lead and we find a maximum absolute
value of the SPT of 2%, which is comparable with the density
functional theory studies11,12 (see Supporting Information
Section 1.6 for the result of the ref 12). In Figure 2a, we also
see that the SPT is exactly opposite in sign for [6]P,M-helicene
as expected (see Supporting Information Section 2). In Figure
2b, the SPT for [12]P-helicene and [6]P-helicene for an
unmagnetized lead is plotted. The SPT is seen to increase with
the length of the molecule as was found in ref 11. Dalum and
Hedegard15 find an increased SPT at degeneracies of the
molecular spectrum. The frontier levels do not show
degeneracies beyond the usual Kramer’s degeneracy. More-
over, the spin−orbit coupling of the gold supersedes the effect
highlighted by these authors.
We now turn to a system with a magnetized lead. In Figure

3a, the transmissions TRL(m), TRL(−m) are plotted in blue and
red, respectively, as a function of energy. We see that for every
energy, these transmissions are equal: TRL(m) = TRL(−m),
confirming that the Büttiker reciprocity holds for our two-
terminal system. The currents I(m), I(−m) are plotted in
Figure 3b in blue and in red, respectively, as a function of bias
voltage V and are calculated using eq 3 for a Fermi energy of
gold EF = −5.3 eV at T = 0 K. They are obviously identical,
confirming that the MR for this non-interacting system is zero
in the linear and nonlinear regime, even though there is a
nonzero SPT in the bias window [EF − V/2, EF + V/2] for the
magnetized system (not plotted).
3.2. Two-Terminal Junction, Inelastic Scattering.

Varying the attachment position, the order of magnitude of
the MR varies between of 10−2 and 10−1%. In Figure 4a, the
MR is plotted for [6]M,P-helicene. We see that its sign
changes between the enantiomers of the molecule, as was
found in experiments.2,4,8,9 In Figure 4a, there is a MR around
zero bias (except at V = 0 there MR = 0 as expected see
Section 2.2), which is allowed by the Onsager−Casimir
because the MR only arises in the nonzero difference between
higher order contributions (ΔGn for n ≥ 2) to ΔI(m, V) see eq
10.
In Figure 4b, we show the even and odd parts of ΔI(m, V) in

blue and in red, see eqs 6 and 7. The fact that the voltage
probe satisfies the Onsager−Casimir reciprocity (see Support-
ing Information 3) ensures that there are no contributions to
ΔI(m, V) which are linear in V. This means that the odd part
in Figure 4b must be nonlinear in nature. The even part of the
ΔI(m, V) in Figure 4b can only scale with V2, V4, ... which by
definition is nonlinear. In Figure 4b, we see the even
contribution to ΔI(m, V) dominates. Experimental results on
CISS imply that ΔI(m, V) has an odd part which is larger than
the even contribution.1,4−9

One might expect that adding more independent probes
leads to more inelastic scattering and therefore a larger MR,
however, this turns out not to be the case. We calculated the
MR for up to and including four independent probes and

found that the MR did not increase with the number of
independent probes. The order of magnitude of the largest MR
stayed below 0.1%. We also varied the amount of leads in one
independent probe. For this case, the amount of probes did
not change the order of magnitude of the MR.
We found that the MR primarily depends on the spin−orbit

coupling of the gold whereas the effect of the spin−orbit
coupling from the carbon atoms on the MR is negligible, and it
vanishes when the spin−orbit coupling is switched off
altogether. So far, the potential across the molecule has been
kept constant. If we apply a linear drop to the onsite potential
along the helix axis of the molecule, the maximum MR remains
of the same order of 0.1%.
Fransson19 has studied a model capturing the coupling

between the electrons and the vibrational modes. He obtained
a significant MR only when including a coupling to the spin−
orbit hopping term in the Hamiltonian. This term has a rather
specific form and our generic Büttiker probes may fail to
represent this. Fransson found that the MR scales with the
coupling between electrons and vibrational modes. In contrast,
the Büttiker probe method used here gives a MR which quickly
saturates to a (rather low) MR value when increasing the
coupling parameter tleak. Further research into the specific form
of the self-energy and the construction of an appropriate
Büttiker probe seems useful. The question remains why
substantial MR is found in experiments. Maybe this is a
consequence of interactions such as the ones we study in this
paper, but it can also be that in the experiments on SAMs, part
of the current is leaking into reservoirs other than the two
terminals of the voltage source.
It could be that SAMs of chiral molecules allow for

molecule−molecule or molecule−substrate interactions. These
interactions might manifest themselves as a magnetization of
the substrate as was measured in ref 30. How this
magnetization effects the currents in two-terminal junctions
is unclear. Whether CISS is a single molecule property or
rather a property of SAMs remains an open question. More
experiments on single-molecule (rather than SAMs), two-
terminal junctions are highly desirable.

4. CONCLUSIONS

We have constructed a tight binding model that includes spin−
orbit coupling in the gold leads and found a SPT comparable
to that found in density functional theory studies on a similar
system.11,12 Furthermore the SPT changes sign between the
enantiomers of the molecule and increases with the length of
the molecule. In line with the Büttiker reciprocity theorem, we
find that the MR vanishes in the linear and nonlinear regime in
the non-interacting system even though the spin polarized
transmission is finite.
Adding Büttiker probes yields a MR beyond the linear

regime. The spin−orbit coupling in the leads in combination
with inelastic scattering modeled through local Büttiker probes
gives a nonzero MR of the order 0.1%, which is 1−2 orders of
magnitude smaller than the MR found in the experiments.1−9

The MR only arises in the nonzero difference between higher
order contributions (ΔGn ≠ 0 for n ≥ 2), satisfying the
Onsager−Casimir reciprocity. Furthermore, we find that the
MR changes sign between the enantiomers of the molecule as
was found in refs 2 4 8, and 9 and contrary to experiment
ΔI(m, V) has an even contribution in bias voltage which is
larger than the odd contribution.
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