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a b s t r a c t

The wake recovery from planar porous actuators that surrogate the effect of wind turbines is investi-
gated, focusing on rectangular shapes for vertical axis wind turbines (VAWTs). We proposed an effective
mixing diameter D* to scale the streamwise momentum recovery for actuators of arbitrary shape. The
length-scale D* is given by the ratio between frontal area and disc perimeter characterising the wake-
freestream interface, whereby the momentum loss and the turbulent exchange of momentum take
place. Wind tunnel experiments of planar actuators from porous plates are presented. The three-
dimensional development of the wake is surveyed up to six widths/diameters downstream of the ac-
tuators making use of robotic particle image velocimetry with helium-filled soap bubbles as flow tracers.
The recovery rate analysis is performed using D* for wake normalisation. The scaled wake data agrees
well among actuators in different shapes. And it is significantly improved for rectangular actuators,
comparing with existing scaling lengths. The flow behaviour is confirmed with numerical simulations of
VAWT wakes with different aspect ratios, indicating the validity of this scaling concept for wind turbine
wake modelling.
© 2021 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Porous plates have become prevailing representatives of hori-
zontal axis wind turbines (HAWTs) to efficiently simulate wind
farm behaviour by experiments [1]. In this context, a porous plate is
often referred to as an actuator disc. As a result, investigations of
circular porous plate wake can be found extensively in the litera-
ture [2,3]. In particular, Lignarolo et al. [4] shows that these devices
reproduce key aerodynamic parameters such as velocity, pressure,
and enthalpy fields, provided that the thrust coefficient is matched
with that of wind turbines. Very recently, Helvig et al. [5], compared
the near wake of porous plates against a lab-scale HAWT model.
They concluded that a porous plate model mimics satisfactorily the
mean flow properties, albeit the instantaneous pattern of unsteady
vortices is substantially different.

The flow development across a porous plate is characterised by
its porosity [6,7] and shape [8e10]. The former generally de-
termines the drag coefficient, while the latter leads to a distinct
flow pattern in its wake. Compared with solid plates, the flow at
high porosity features less vortex shedding effect and the wake
ineering, Delft University of
lands.
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width is smaller and well approximated by the plate cross-section,
so as HAWTs [4]. These features make porous plates a suitable and
significantly simpler surrogate of wind turbines.

The idea to replace a wind turbine by a porous plate stems from
the actuator disc theory that forms the basis of most analytical
models developed for wind turbine wakes [11], where the turbine
is treated as a stationary, permeable disc. Combined with the
assumed self-similar behaviour of HAWT wakes in the far field, the
velocity field can be predicted with relatively simple kinematic
models [12,13], despite the complexity of the aerodynamic phe-
nomena involved in the spatial development of the wake. The
models from Jensen [14] and Larsen [15] are the most popular
among the early works, followed by more recent advancements
from Bastankhah and Port�e-Agel [16] (BPA).

These models are formulated under different scaling laws,
which describe the relation between the wake width d, the cen-
treline velocity deficit Duc and downstream position x (Fig. 1-top).
The Jensen model assumes that d expands linearly with x:
dðxÞ=Dfx=D, the normalised streamwise velocity deficit is
expressed in terms of an empirical function of the downstream
position:Duc =U∞fðx=DÞ�2, where D is the wind turbine rotor
diameter and U∞ is the free stream velocity. In contrast, the Larsen
model follows the scaling law for a fully developed turbulent wake
[17]: dðxÞ =qfðx=qÞ1=3, DucðxÞ =U∞fðx=qÞ�2=3, where q is the mo-
mentum thickness, and is assumed to be equal to the rotor diameter
under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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Fig. 1. Top: schematic representation of the wake of a circular actuator disc modelled
with kinematic models, where the velocity distribution can be uniform (Jensen, red
dash-dot lines) or continuous (BPA and Larsen, red solid lines). The exponent n denotes
different scaling laws adopted (n ¼ 1: Jensen and BPA, n ¼ 1/3: Larsen); Bottom:
transition to circular wake of a rectangular plate [9]. Colour-coded continuous mo-
mentum deficit (blue for high values, green for vanishing deficit) and plate type (light
grey for permeable plate, dark grey for solid plate).

Fig. 2. Comparison of normalisation lengths (W, Deq(l)) for centreline velocity deficits
along x-direction. Wake data of rectangular solid plates with AR ¼ {1, 2, 5, 10} are
retrieved from Ref. [9].
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D in the wake model. The BPA model assumes a linear wake
expansion as that of the Jensen model: dðxÞ=Dfx=D, while d is
described as a function of the standard deviation s of the mo-
mentum deficit distribution, assumed to be Gaussian.

Despite of the different hypotheses adopted, all the above
models employ a proper streamwise distance normalisation to
determine the velocity deficit evolution. As the circular actuator
disc wake is deemed as circular-symmetric, the diameter D natu-
rally becomes the normalisation length, connecting the wake
deficit development and the actuator dimension.

However, it is less trivial to define the scaling length in the wake
of a non-circular-symmetric actuator disc, specifically, a rectangular
actuator with a variable aspect ratio (AR), which is the surrogate of
vertical axis wind turbine [8]. In particular, no research is found in
the literature comparing the momentum recoveries in the wakes of
rectangular and circular porous plates. However, Fail et al. [9]
measured the wake of a solid circular plate and rectangular ones
with different ARs, shedding light on the different flow patterns in
their wakes (Fig. 1-bottom). As illustrated, a transition from a
rectangular to an elliptical and finally to a circular wake is observed.
Length scales such as the height (H), the width (W), and a diameter
after transition are involved in the wake shape characterisation,
indicating that a proper scaling length should be given based on
multiple feature lengths to adapt to such transition.

A consistent wake scaling length for rectangular actuators with
different ARs is crucial for the formulation of kinematic wake
models of VAWTs. Currently, a few rectangular-actuator-based ki-
nematic wake models for VAWTs have been introduced as extrap-
olations of HAWTwakemodels (e.g., Refs. [18e20]. In thesemodels,
the turbine rotor height (H) and diameter (D, corresponding toW of
rectangular actuators) are both employed for streamwise distance
normalisation, under the assumption that an elliptical wake is
imparted by the actuator, which preserves its shape and merely
expands by turbulent diffusion. Such assumption preludes an
inconsistency in the scaling of rectangular actuator's wake, because
the latter transitions from an elliptical to a circular shape.
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A survey in terms of wake scaling lengths for bluff-body/wind
turbine with various frontal areas is discussed here. a) The width
W (or diameter following the convention of wind turbine wake) is
often used in the horizontal and vertical axis wind turbine wake
normalisation [12,13], however, it leads to inconsistency when
applied to elongated wake. b) Apart from thewidth, a characteristic
length l ¼ A1/2 is widely documented in the literature for the wake
normalisation of solid plates with different geometries, including
circular, rectangular disc with various ARs, and etc. [9,21]. Here A
denotes the frontal area, and l essentially corresponds to the side
length of an equivalent square. c) Very recently, Shamsoddin and
Port�e-Agel [22] proposed an equivalent diameterDeq¼ (4А/p)1/2 for
VAWT wake normalisation, based on the assumption that the wake
of a VAWT with rectangular frontal area eventually (i.e. at some
distance downstream) develops into a circular shape in the far
wake (Fig. 1-bottom). Deq is essentially an extrapolation of the
momentum thickness concept for planar wakes, where the VAWT's
momentum deficit is redistributed to an equivalent circular disc.
Their results indicate that the momentum recovery normalised by
Deq exhibits a limited degree of match for large values of AR, within
the typical inter-turbine separation distances of wind farms (e.g.
from 3 to 8 diameters, [23]. Due to the same reason,W and l present
inconsistencies as scaling lengths. Fig. 2 depicts a comparison
amongW, l, and Deq normalisations for rectangular solid plates with
various ARs. l and Deq are incorporated in the same plot since they
are almost equal except for a constant coefficient of (4/p)1/2. The
centreline velocity deficits are retrieved from Ref. [9]. Clearly,
although l and Deq performs better for moderate ARs, large dis-
crepancies show up for AR ¼ {5, 10} at x/l < 4.5 and x/Deq < 4.

It is argued here that an additional physical constraint needs to
be accounted for, which has not been considered in the above
works: namely, the region of active mixing for the wake recovery of
non-circular-symmetric actuators, which can largely differ from
that of the equivalent circular disc. Therefore, the actuator perim-
eter by the wake, similar to the concept of “wetted perimeter” for
flow in ducts of arbitrary cross-sectional shape, is expected to play a
role in the rate of kinetic energy exchange and ultimately affect the
momentum recovery. In the present work, this concept is first
elaborated theoretically and supported by experiments and
simulations.

The present work deals with frontal shape effects on the wake
recovery rate, specifically for planar actuator discs with a variable
AR that are adopted in existing kinematic wake models. The scaling
of the resulting wake is discussed and an effectivemixing length D*
for streamwise normalisation is proposed accounting for the shape
effects supported by a theoretical derivation of the concept.

The experimental data is gathered with plates of uniform
porosity as actuator discs. Actuators with circular, square and
rectangular shape (AR ¼ 3) are examined. Given the three-
dimensional nature of the flow field, the velocity field
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measurements are conducted with the robotic volumetric particle
image velocimetry (PIV) measurement technique [24]. The spatial
distribution of the velocity enables the analysis of momentum
deficit in the turbulent shear layer and wake recovery. The appli-
cation scenario of D* is extended to the wake of a VAWT in a set of
numerical simulations based on unsteady Reynolds averaged
Navier-Stokes equation (URANS) and actuator linemodel. The latter
extends the range of AR up to 10 in the attempt to illustrate the
asymptotic conditions for wake scaling.
2. Derivation of the effective mixing diameter, D*

The momentum recovery and its relation with the shape of the
actuator surface are modelledwith a control volume (CV) approach.
The CV is placed after the actuator surface; Its cross-section is
chosenwith the same shape and frontal area as the actuator (Fig. 3-
left), the latter has a frontal area A and perimeter P. The definition of
the CV is valid at locations where the shape effect is dominant and
the expansion of the wake is less notable, usually it is in the near
wake yet far enough away from the actuator. The CV also provides a
straightforward estimation of the momentum past a hypothetical
turbine, and follows the concept widely reported in the literature
[25e27].

For sake of simplicity, the CV is placed sufficiently far from the
actuator surface, such that the effect of the static pressure gradient
in the equation of momentum conservation can be neglected. A
top-hat velocity distribution along cross-sections is assumed, with
streamwise velocity equal toU∞ outside of the CV and toU(x) inside
the CV. Considering a portion of the CV with an infinitesimal
streamwise length dx, the flow velocity at the upstream face of the
CV is indicated with U, whereas it increases to U þ dU at the
downstream face. A cross flow velocity V, solely determined by the
streamwise distance x, is presented to guaranteemass conservation
(Fig. 3-left):

ðUþdUÞA�UA� VPdx ¼ 0 (1)

where the sign convention is that a vector pointing out of the CV is
positive. And therefore,

V ¼A
P
dU
dx

(2)

The frontal viewof the present CV is shown in Fig. 3-right, which
is a rectangular actuator (grey rectangle) with a cross-section area
A ¼ W·H. As a comparison, other existing methods to simplify the
actuator wake and obtain a normalisation length scale are also
illustrated in Fig. 3-right, consisting of: a) an equivalent circular
Fig. 3. Left: sketch of the actuator (grey rectangle) and relative control volume (red
dashed rectangle) to formulate the wake momentum development; Right: front view
of a rectangular actuator disc, with indicated perimeter P and area A, and illustration of
equivalent shapes corresponding to existing normalisation methods (W, l, Deq).
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area of diameter Deq ¼ (4A/p)1/2 (represented in blue); b) the
square-equivalent actuator, represented in green, with length scale
l¼ A1/2. We draw here the attention to the perimeter of the actuator
P ¼ 2Wþ2H and that of the area-equivalent shapes, namely
Peq ¼ p$Deq and Psq ¼ 4l for the circular- and square-equivalent
cases respectively. In both cases, the latter simplifications under-
estimate the actual perimeter of the rectangular actuator and in
turn that of its wake.

The momentum deficit caused by the actuator is assumed to be
uniform over the cross-section, and the shear stress is uniformly
distributed along the perimeter of the cross-section of the CV; The
latter is assumed to be equal to the actuator perimeter. The re-
covery of the streamwise velocity (viz. momentum recovery) is
treated as a sole function of the streamwise distance past the
actuator. The aim of the present analysis is not only to account for
the cross-sectional momentum deficit that occurs within the
frontal area, but also introduce themomentum transport across the
wake interface as a main driver for the process of momentum re-
covery. By this approach, a normalisation length can be obtained
whereby the streamwise development of the momentum in the
wake becomes independent of the actuator shape.

Consider the streamwise momentum balance in the CV:

rðU þ dUÞ2A� rU2A� rUPVPdx ¼ tPdx (3)

where UP is the streamwise velocity along the lateral interface of
the free-stream and thewake bounded by the CV. It is assumed that
U < UP < U∞. The simplifications leading to the formulation in eq.
(3) are of time-averaged analysis, where time derivatives are
neglected. Moreover, body forces are absent and the pressure term
is negligible. The shear stress t is assumed to be uniformly
distributed along the perimeter, yet evolving along the developing
shear layer; As a result, t solely depends upon the x-coordinate.
Considering the assumptions, and combining with eq. (2), eq. (3)
simplifies to:

2rUdUA� rUPAdU ¼ tPdx (4)

where (dU)2 is neglected compared with 2UdU. Thus, the rear-
ranged expression

dU
dx

¼1
r

P
A

t

2U � UP
(5)

indicates that the momentum recovery rate depends upon the ratio
between cross-sectional area A and the wake perimeter P, in anal-
ogy with the concepts of wetted perimeter leading to the hydraulic
diameter as originally introduced by Darcy [28]. The effective
mixing diameter D* is defined in the present context that nor-
malises the averaged streamwise velocity recovery:

D*¼4A
P

(6)

Combining eqs. (5) and (6) one obtains:

dU
dðx=D*Þ¼

4
r

t

2U � UP
ðxÞ (7)

Eq. (7) indicates that, for an actuator with an arbitrary shape, the
wake recovery rate along the streamwise distance normalised by
D* becomes shape independent. Specifically, for a highly elongated
actuator, where H[W, D*z 2W; for actuators with square cross-
section (H ¼ W), then D* ¼ H ¼ W.

To verify the adequacy of the effective mixing diameter D* as a
generic scaling length for actuators of different shapes, and assess



Fig. 5. Layout of experiments: wind tunnel and square actuator at its exit. Robotic arm
and coaxial volumetric velocimeter, with an indication of measurement region.

Table 1
Geometrical parameters and equivalent length-scales of actuator discs.

Geometry Area (cm2) Perimeter (cm) W (D) (cm) Deq (cm) D* (cm)

Circle 314.2 62.8 20.0 20.0 20.0
Square 400.0 80.0 20.0 22.6 20.0
Rectangle 300.0 80.0 10.0 19.5 15.0

M. Huang, C. Ferreira, A. Sciacchitano et al. Renewable Energy 183 (2022) 866e876
until where the D* works or not, a set of wake measurements from
circular and rectangular actuator discs are carried out in this work.
The experimental data is used to compare the use of D* with the
traditional choices of length scale such as width W and a charac-
teristic length l alongside the recently introduced Deq.

3. Experimental set-up

3.1. Wind tunnel and models

The experiments are conducted in the W-Tunnel of the TU Delft
Aerospace Engineering Laboratories, a low-speed open-jet wind
tunnel with exit cross-section of 0.6 � 0.6 m2. The measurements
are carried out at free stream velocity U∞ ¼ 5 ms�1 with a turbu-
lence level rated to approximately 1%. The ground is not presented
in the measurement.

Circular, square and rectangular porous plates are chosen to
realise the actuator discs from perforated metal plates of 2 mm
thickness, with uniformly distributed square holes (Fig. 4). The
apertures in the plate are 8 mm wide and the pitch is 12 mm,
yielding a porosity of 44%. At the chosen free stream velocity, the
Reynolds number based on the model width attains 4 � 104 for
circular and square plates, and 2� 104 for the rectangular plate. The
plate is installed at thewind tunnel exit and held by a circular rod of
10 mm diameter (Fig. 5). The properties of the actuators with
different geometries are listed in Table 1.

3.2. Measurement systems and data processing

The aerodynamic drag produced by the plate and its support is
measured by a load sensor based on strain gauges (KYOWA, type
KFG-5-120-C1-23) applied to an aluminium strut. The strain on the
strut is converted into a voltage signal.

The velocity field before and behind the actuator (�1 < x/W < 6)
is measured by PIV. The overall measurement domain is covered
using a robotic PIV system [24], based on the principle of coaxial
volumetric velocimetry (CVV, [29]. The measurement system fea-
tures four CMOS cameras installed in a compact tomographic
arrangement (Fig. 5-left). Illumination is provided by a Quantronix
Darwin-Duo laser (527 nm wavelength, 2 � 25 mJ pulse energy at
1 kHz). The light is transported through an optical fibre and prop-
agates conically from the exit placed between the cameras. The
resulting region of measurement has approximately
400 � 400 mm2 cross-section at a 400 mm distance from the CVV
head. Synchronisation of illumination and imaging is made with a
LaVision programmable timing unit (PTU 9) controlled from a PC
Fig. 4. Geometrical details of circular, square and rectangular porous plates.
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with the DaVis 10 software. Helium-filled soap bubbles (HFSB) are
used as flow tracers. The HFSB have amean diameter of 0.4 mm and
the neutrally buoyant condition is met within approximately 10%
[30]. HFSB are released in thewind tunnel settling chamber at a rate
of approximately 5 � 106 bubbles/s yielding a concentration of 2
bubbles/cm3.

Themeasurement views in the horizontal (x-y) and vertical (y-z)
planes that compose the domain of interest are shown in Fig. 6. The
robotic system points at 16 to 24 positions (instantaneous field of
view, IFOV) for the circular/square and rectangular actuators,
respectively. At each position, 5000 images are recorded at a rate of
789 Hz (measurement time of 6.3 s). The motion of the CVV system
by the robotic arm is controlled using the RoboDK software. Image
acquisition and storage require approximately 1 min for each
measurement position.

Approximately 1200 particle tracks are captured in each
recording. The raw images are pre-processed by a temporal high pass
Fig. 6. Top- (up), and Front- (bottom) view of the porous plate (origin defined at the
centre of the plate) and the IFOVs, the overall measurement domain is marked by the
red dash-dot line.



Table 2
Thrust measurements conditions and results.

porosity U∞½m=s� r [kg/m3] T [N] CT εCT

Circular 0.44 5.12 1.21 0.460 0.92 4.7%
Square 0.44 5.14 1.19 0.548 0.87 3.7%
Rectangular 0.44 5.15 1.19 0.444 0.93 4.9%
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filter (see Ref. [31] that eliminates unwanted background reflections.
A sample of raw and pre-processed images is given in Fig. 7. The
tracer velocity is obtained via Lagrangian Particle Tracking using the
Shake-the-Box algorithm [32]. The measured instantaneous velocity
vectors are defined at the scattered instantaneous positions of the
tracers. The ensemble average velocity is evaluatedwithin cubic cells
(or bins) of 20 � 20 � 20 mm3 volume, yielding the three-
dimensional distribution of time-averaged velocity. Adjacent bins
overlap by 75%, resulting in a Cartesian grid of velocity vectors with
5 mm pitch. The vorticity vector is evaluated by centred finite-
difference of velocity values from neighbouring grid nodes.

3.3. Experimental uncertainty

The load sensor was calibrated within the force measurement
range 0e1 N. A linear relation between measured voltage and
corresponding force was evaluated using least squares regression;
the standard uncertainty of the measured load induced by the ac-
tuators is 2.3% of the measured value.

The expanded uncertainty of the time-averaged streamwise
velocity estimation U is determined as

εU ¼ ksU
U∞

ffiffiffiffi

N
p ; (8)

wheresU is the standarddeviationof instantaneousvelocityandk¼2
is the coverage factor for 95% confidence level. In the wake of the
porous plates, sU attains typical values of about 0.2 m/s, corre-
sponding to a turbulence intensity of 4%. The valueof the numberNof
samples is in the order of 1000 in most of the measurement domain,
although it can vary from 50 to 18,000, depending on the distance
between the measurement location and the CVV head. The corre-
sponding valueof εU remainsbelow0.5% inmost of themeasurement
domain. Higher turbulent intensity values (up to 25%) are encoun-
tered in the shear layers, leading to an increased uncertainty of the
mean velocity, which locally reaches 2% of the free-stream velocity.

3.4. Spatial resolution effect

Given the bin size adopted for the robotic PIV measurements
(20 � 20 � 20 mm3), the velocity field reproduces the macroscopic
behaviour of the flow around the actuator discs. A high-resolution
planar PIV measurement (see appendix A) is employed to verify the
applicability of using such PIV technique in measuring the wake of
porous plates. Although the detailed behaviour of the flow across
the orifices of the porous plates is not captured, the results of
Fig. 7. Raw (left) and pre-processed (right) CVV images of H
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robotic PIV are in excellent agreement with the high-resolution
planar data upstream of the plate and downstream of it after
approximately 6 pore pitches, where the relative error of the ve-
locity is approximately 1.3%.

4. Experimental results and discussion

4.1. Actuator thrust coefficient

The thrust coefficient, CT is one of the inputs for the kinematic
wake models examined in this work. CT is defined as:

CT ¼
T

1
2 rU

2
∞A

(9)

where T is the thrust force induced by the actuator to the fluid, that
is the actuator's drag. The effect of the rod is accounted for with the
following procedure: firstly, the loads with actuator attached (T1)
and unattached (T2) to the supporting rod are measured, respec-
tively; thenT is evaluated as T¼ T1e T2. r is the air density,U∞ is the
free stream velocity, and A is the frontal area of the actuator. The
measured values and resulting relative errors of CT of the different
actuators are listed in Table 2. The resulting CT are approximately
the same within the measurement uncertainty, which confirms
that CT is little sensitive to the shape of the actuators. The chosen
porosity results in CT z 0.89, which is the point of optimal energy
extraction according to the actuator disc model and Betz law [33].
This value of CT is similar to that reported in thework of [34]; where
the dynamic wake of a plate with the same porosity was investi-
gated. Fig. 8 compares the relation between thrust and actuator
porosity measured in this work (labelled “present data”) with
measurements by other authors as reported in the work of [4,34];
the value of CT measured in this work lies within the cluster of
considered data.

4.2. Velocity field distribution

The contours of time-averaged streamwise velocity u from PIV
measurements are discussed from Figs. 9e13, showing the overall
FSB tracers, with the square actuator surface in view.



Fig. 8. Thrust coefficient as a function of porosity; comparison between current results
and literature.

Fig. 9. Contours of normalised streamwise velocity (u=U∞) in the x-y plane at z/D ¼ 0.
Circular (top), square (middle) and rectangular actuator (bottom). The white contour
line represents the location where the wake velocity attains 50% of the free-stream
value.

Fig. 10. Contours of normalised streamwise velocity (u=U∞) in the x-z plane at y/D ¼ 0.
Circular (top), square (middle) and rectangular actuator (bottom).
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shape of the measurement results. In Figs. 9 and 10, the horizontal
and vertical planes across the centre of the actuator surfaces are
chosen for comparison, respectively. The x-coordinate, which
points to the streamwise direction, is normalised by D*, to examine
the validity for normalising the streamwise momentum deficit re-
covery. Meanwhile, the length scale W, i.e., the diameter of the
circular disc and the widths of the square or rectangular disc, is
used for length normalisation in both lateral and spanwise di-
rections, as widely adopted in the literature (e.g., Refs. [8,18,22].
This selection is to simply show the cross-sectional wake shape
imparted by the actuators.

The velocity contours in the x-y plane (Fig. 9) illustrate the flow
deceleration upstream caused by the adverse pressure gradient
imposed by the actuator. The rectangle patch in the velocity con-
tour of the circular actuator disc covers a regionwith relatively high
measurement uncertainty, which was due to an accidently
increased background reflection.

The circular and square plates impart a comparable deceleration,
whereas the rectangular actuator yields a slightly higher decelera-
tion upstream of themodel. The latter is ascribed to the fundamental
difference between the 3 dimensional and quasi-2-dimensional
871
condition of adverse pressure gradient associated with the AR of
the rectangular actuator, where the scaling of the stagnation region
is different from that of a circular-symmetric object.

Immediately downstream of the actuator, the most pronounced
deficit is associated with the presence of the supporting rod, which
also introduces local flow reversal. On the sides (e.g., y/W¼±0.4) one
observes a velocity deficit past the grid of approximately 50%. This
result compares favourably with the deficit of 40% reported in the
work of [2]; where an actuator disc with a porosity of 55% was used.

For the circular actuator, a narrow recirculation region is found
at about x/W¼ 0.1, whereas for the square and rectangular surfaces
such recirculation region is significantly wider. This may be
explained with the support rod blocking comparatively more
perforated area in the cases of square and the rectangular plate, as
shown in Fig. 4. The flow evolution along the symmetry axis con-
firms a smaller effect of the support for the circular actuator.

In order to assess the topology of the flow induced by the support,
the velocity field in the x-z plane is shown in Fig. 10. The comparison
indicates that the effect of the rod is not negligible within 1D*, as it
causes a flow reversal up to u=U∞ ¼ - 0.2 in this region.

The normalisation of the streamwise direction with respect to
D* yields a good agreement among the contour lines in the wakes
of the different actuators (see Figs. 9 and 10). Take the white con-
tour lines as an example, where the mean streamwise velocity at-
tains 50% of the free-stream value: they extend until around
x¼ 4.5D* for all the cases. A more quantitative discussion about the
validation of D* for streamwise distance normalisation is presented
in section 4.3.

The velocity distribution at different y-z cross-sections in the
wakes of the three actuators is depicted in Figs. 11e13, respectively.
For the position right after the actuator surfaces, namely when x/
D* ¼ 0.1, the wakes feature the same shape as that of the actuator
surfaces, but slightly expanded. Here the localised effect of the
supporting rod is clear, inducing reverse flow up to - 0.2U∞. As the
wakes develop further downstream, their centres slightly shift
downwards under the effect of the rod presence, as also reported in
the literature [35,36]. The blue contour line indicates the shear layer
shape development, which bounds a region with the equivalent



Fig. 11. Streamwise velocity contours and in-plane velocity vectors pattern at four
cross-sections downstream of the circular actuator. The blue contour line together with
the dashed line (z ¼ 0) bounds half of the equivalent actuator frontal area and its
length correspond to half of the wake cross-section perimeter (eq. (6)).

Fig. 12. Streamwise velocity contours and in-plane velocity vectors at cross-sections
downstream of the square actuator. The blue contour line together with the dashed
line (z ¼ 0) bounds half of the equivalent actuator frontal area and its length corre-
spond to half of the wake cross-section perimeter (eq. (6)).

Fig. 13. Streamwise velocity contours and in-plane velocity vectors at cross-sections
downstream of the rectangular actuator. The blue contour line together with the
dashed line (z ¼ 0) bounds half of the equivalent actuator frontal area and its length
correspond to half of the wake cross-section perimeter (eq. (6)).

Fig. 14. Comparison of streamwise velocity deficit averaged in the upper half of the
projected area along x-direction (downstream distance normalised by W, Deq(l), D*).
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actuator frontal area (only the upper half, i.e., z� 0, is considered for
area evaluation to avoid including the supporting rod effects).

The circular actuator produces a rather circular-symmetrical
development of the deficit region. In contrast, the square actuator
exhibits pronounced geometric modifications with the shear layer
moving inwards at the corners. The latter is also reported in the
work of Nedi�c et al. [37] for the wake of a solid square plate. This
lower rate of expansion at the corners is ascribed to the onset of
streamwise vortex-pairs that induce a cross-flow with resultant
inward motions at the corners.

As a result, the streamwisevelocity contour at x/D*¼ 1has already
lost the sharp corners and thewake tends towards a cloverleaf shape.
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At the most downstream observation (x/D* ¼ 6), the region of mo-
mentum deficit has almost turned into a diamond shape. The rod
effect is similar to that of the circular shape and vanishes by x/D* > 3.
Judging from the blue contour lines, the square actuator wake does
not evolve into a circular wakewithin 6D*, and the perimeters of the
equivalent regions keep close to the actuator perimeter.

The wake of the rectangular actuator features a similar trend to
that of the square one, provided that the vertical elongation is taken
into account. Judging from the colour map of the contour plots, all
the actuators feature a similar momentum deficit at the same
number of D* behind the actuators. The regions with equivalent
frontal area, however, does feature an asymptotic development to-
wards circular wake. Consequently, the AR of the shear layer be-
comes less at 6D*, while constantly decreased perimeters are also
observed. A quantitative discussion is available in the next section.

4.3. Mean streamwise velocity deficit normalisation

A comparison of the normalised mean streamwise velocity
deficit along the x-coordinate is presented in Fig. 14, where
DU=U∞ ¼ 1� U=U∞, to validate the effective mixing diameter D*.
The velocity deficit is averaged within the upper half of the cross-
sections, to avoid any effect form the support's wake. Three nor-
malisation lengths in the literature, namely width W (corre-
sponding to rotor diameter D when representing wind turbines),
characteristic length l ¼ A1/2, and equivalent diameter Deq ¼(4WH/
p)1/2, together with the concept of the effectivemixing diameter D*
proposed in this work, are compared. l and Deq are incorporated in
one graph.

When the data are normalised with W, as shown in Fig. 14, the
rectangular actuator features the lowest recovery rate. However,
the latter can be rather considered as an artefact of the normal-
isation choice, as the actuator width is also the shortest length
among those used in all criteria.

When the data takes into account the overall cross-section (the
equivalent diameter scaling, Deq, [22]; and characteristic length, l),
the rectangular actuator features the fastest recovery. Considering
the fact that non-circular-symmetric actuators exhibit longer
perimeter than circular-symmetric ones, the latter indicates that for
a chosen cross-sectional area, the longer the perimeter the higher is
the momentum recovery rate. Despite of a coefficient of (4/p)1/2, l
and Deq are actually based on the same principle. The differences are
that the former transforms the wake generator to an equivalent
square, whereas the latter transforms it to an equivalent circle.

Including the perimeter of the deficit region in the normal-
isation (D*), a more unified behaviour is observed for the three



Fig. 15. Wake circularity (D*(x)/Deq) evolution along x/D* for the rectangular actuator.

Fig. 16. Schematic of the numerical simulation domain with variable height. VAWTs
with AR ¼ {1, 3} are presented.

Table 3
Thrust coefficients of the VAWTs with AR ¼ {1, 2, 3, 10}.

AR CT

1 0.75
2 0.81
3 0.82
10 0.91
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considered cases as the curves of the streamwise velocity deficit
development collapse to a better extent.

To examine how the actuator wake shape departs from the
circular assumption and how it evolves towards it, the evolution of
the wake circularity given by the ratio D*(x)/Deq is presented in
Fig. 15 for the rectangular actuator. D*(x) is evaluated at each sec-
tion along x, using the perimeter of deficit area, which is equivalent
to the actuator frontal area. The wake will eventually become cir-
cular [26], corresponding to condition D*/Deq ¼ 1. Fig. 15 indicates
such asymptotic behaviour, and the aforementioned normalisation
comparison shows that when D*(x)/Deq > 0.9 (corresponding to x/
D* > 5), thewake normalisation based on D* and Deq are equivalent.
The latter is also supported in Fig. 14, by a good collapse of the data
for Deq at a distance beyond 5 equivalent diameters.

5. D* normalisation for VAWT wakes

In this section, numerical simulations are conducted to assess
the validity of the D* normalisation for the scaling of the wakes of
VAWTs with different aspect ratios.

5.1. Numerical simulations

The simulated VAWTs are based on the geometry investigated
and reported by Ref. [38]; with the exception that the struts and the
supporting towers are not included, for sake of simplicity. For the
purpose of verifying the normalisation based on theD* concept, a set
of simulations covering VAWTs with values of AR varying in the
range {1,2,3,10} were carried out. The rotor diameter was kept con-
stant, while the height was varied. All simulations have the same
inflow conditions and mesh density/topology. A schematic of the
simulation domain is presented in Fig.16, where VAWTswith ARof 1
(solid black) and 3 (dashed blue) are illustrated. The dimensions of
the computational domain are comparable with those reported by
Ref. [39]. In particular, with varying VAWT height, the height of the
simulation domain is also varied such to keep a constant ratio of 7
between the simulation domain and the VAWT heights.

Moreover, for the case of AR ¼ 10, the downstream domain is
extended to 20D, so as to enable a comparison with the Deq-based
scaling (Figs. 18 and 19). All the turbines rotate with the same tip
speed ratio of 4.5, similar to the cases of Shamsoddin and Port�e-
Agel [22], to achieve the same centre plane CT (0.92). The tip loss
effect causing a decreased overall CT especially at small AR is
omitted in the comparison. The resulting overall wind turbine
thrust coefficients are listed in Table 3 for all the cases.

The numerical simulation was carried out with the actuator line
model (ALM) coupled with a dynamic stall model (DSM), using the
flowvelocity from theNavier-Stokes solver and then determining the
angle of attack and relative velocity to solve the blade forces. The
forces are therefore used as representative of those exerted by the
VAWT.Theflowfieldwassimulatedwith theOpenFOAMopen-source
CFD framework, by solving URANS equations and the k-ε turbulence
model.
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The turbinesFoam library developed by Bachant and Wosnik
[25]; which consists of the ALM and DSM, was used for the nu-
merical experiment implementation. The library together with the
OpenFOAM framework has been extensively validated and re-
ported in the literature. Nevertheless, a case specific validation,
using the same domain topology is presented here, setting flow
conditions according to Ref. [38] and including the struts and shaft.
Furthermore, the results are compared to LES simulation data for
the same case produced by the same OpenFOAM library [39].

The simulatedmean streamwise velocity profiles alonghorizontal
andvertical planes crossing the turbine centre are compared inFig.17.
The comparison shows that the present URANS simulation re-
produces the mean velocity field in agreement with existing experi-
mental and numerical investigations. Local discrepancies are limited
within 15% of the free-stream value compared to the experimental
data. The comparison of the normalisation methods reported here-
after is based on the cross-sectional average of the velocity, which
further decreases the value of such discrepancies to within 8%.
5.2. Comparison of wake normalisation

The velocity deficit evolution downstream of the turbine loca-
tions is presented in Fig. 18, comparing rotors of different AR. As
expected, for a fixed value of the rotor diameter, the larger the AR
(cross-sectional area), the longer the wake persists, with a signifi-
cant increment observedwhen transitioning from the square cross-
section to the turbine with AR ¼ 2.

The velocity deficit evolving along thewake is represented again
with the downstream distance normalised by a relevant length



Fig. 17. Comparison of horizontal (top) and vertical (bottom) profiles of normalised
mean streamwise velocity along the x-direction. Blue lines: the URANS simulation
results from the present work; Green dots: the experimental data of Tescione et al.
[38]; Orange lines: the large eddy simulation (LES) results from Mendoza et al. [34].

Fig. 18. Comparison of streamwise velocity deficit (averaged over the projected area)
along x-direction in the wake of VAWTs with AR ¼ {1, 2, 3, 10}. The VAWT diameter is
D ¼ 1 m.

Fig. 19. Comparison of streamwise velocity deficit (averaged over the projected area)
along x-direction. Data are normalised by D, Deq(l), D* in the wake of VAWTs with
AR ¼ {1, 2, 3, 10}.
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scale. A comparison of the velocity deficit considering the afore-
mentioned normalisation lengths (namely D (or W), Deq(l), and D*)
is depicted in Fig.19, over the chosen range of AR. It is expected that
the normalisation taking into account the relevant driving mech-
anisms (imparted momentum deficit at the actuator, momentum
exchange rate across thewake interface) would yield a behaviour of
the momentum deficit that is less dependent upon the turbine
shape, the AR in the present case.

The wake recovery purely based on D (black lines) does not take
into account the increase of cross-sectional area with AR and
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therefore, the recovery appears to become slower for increasing
values of AR.

In the case of Deq(l), when the turbine cross-sectional shape
becomes elongated, the normalising length scale is increased,
which results in underpredicting the recovery length. As a result,
still a significant spreading of the normalised curves is observed in
the data.

The normalisation by D* (red lines) accounts for the equivalent
cross-sectional area (initial momentum deficit imparted by the
actuator) as well as for the actuator perimeter (momentum ex-
change rate across the effective wake interfacial area). The nor-
malised wake deficit based on D* significantly reduces the wake
recovery dependency on the AR, indicating the suitability for the
general treatment of VAWT wake of arbitrary shape.

6. Conclusions

The effects of actuator shape, specifically the aspect ratio of rect-
angular ones, on the scaling of the wake recovery have been investi-
gated by means of experiments and simulations. A theoretical
derivation of the effective mixing diameter D*, based onmomentum
conservation, is provided. The resultingD* is proportional to the ratio
between the actuator's area and its perimeter (in analogy to the hy-
draulic diameter), and is proposed as a characteristic length to better
represent the wake recovery of actuators of different shapes. Three-
dimensional data collected in the wake of circular, square and rect-
angular actuators, obtained from plates of uniform porosity, are used
to validate the proposed formulation of D*, as well as to expand the
fundamental knowledge of the frontal shape effects of actuator sur-
faces. The results of Figs. 14 and 19 confirm that, in spite of the
approximation made in the definition of the control volume that ac-
counts for the actuator's perimeter andnot for the actual shear layer's
perimeter, the use of D* provides a better agreement among the ve-
locity deficits of different actuator surfaces up to a normalised
streamwise distance of 8.

Although the velocity measurements return clear edge effects at
the corner of the square and rectangular actuators, thrust measure-
ments with a load sensor indicated that the CT is not sensitive to the
shape of the planar actuator (confirming the independence of
streamtube used in BEM theory), and the related edge effects.
Nevertheless, the downstream development of the momentum
deficit featuresa significantdistortion inducedbysuchedgeeffects. In
particular, a lower rate of expansion at the corners is observed; the
latter is caused by streamwise vortex-pairs that induce inward
motions.

The proposed normalisation length D* is compared with the
recently proposed equivalent diameter Deq from Ref. [22]; a
commonly used characteristic length l, and thewidthW (or diameter
D) that is frequently used in kinematic wake models as a scaling
parameter.When the latter quantities are used as scaling parameters,
the wake recoveries from actuators of different ARs depart consider-
ably from each other. Conversely, when a spatial normalisation by D*
for the streamwise direction is taken, a better agreement is observed
between the velocity deficit for different actuator shapes.

Furthermore, D* is used for the normalisation of VAWTwake as a
proof of concept. A good agreement among thewakes of VAWTswith
different aspect ratios indicates D* as a promising normalisation
criterion.
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Table 4
Experimental parameters for robotic and planar PIV measurements.

Robotic PIV Planar PIV

Seeding � Tracer particle
� Particle size
� Particle density

Helium-filled soap bubbles
400 mm
1.2 kg/m3

Water-glycol particles
1 mm 1�
103 kg/m3

Illumination � Pulse energy 50 mJ 2 � 200 mJ
� Wavelength 527 nm 532 nm
� IFOV A pyramid which extends from 8 � 13 cm2 to 25 � 40 cm2, with a height of 40 cm 2 mm thick sheet of 210(H) � 280(W) mm2

Optics � Focal length 4 � 4 mm 65 mm
� Numerical aperture 8 11.2

Imaging � Tomographic
aperture

4� at 40 cm away from the camera plane e

� Active sensor 512 � 500 px 1628 � 1236 px
� Pixel pitch 4.8 mm 4.4 mm
� Acquisition frequency 789 Hz 5 Hz

Post
processing

� Window/bin size 20 � 20 � 20 mm3 64 � 64 px (11 � 11 mm2)
� Overlap
� Vector pitch

75%
5 mm

75%
2.25 mm

Fig. 20. Colour contours of the time-averaged and normalised streamwise velocity of the circular actuator in the x-y plane at z/D ¼ 0. Measurements by planar (left) and robotic PIV
(right). The grid in the bottom-right corner indicates the vector data spacing in the measurement, the grey grids indicate the window/bin size.
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Appendix A

This appendix presents a comparison between robotic PIV and
planar PIV measurements. A Quantel Evergreen double-pulsed
Nd:YAG laser produces pulses with 200 mJ energy at a wave-
length of 532 nm within a laser sheet of approximately 2 mm
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width. A SAFEX smoke generator releases water-glycol seeding
particles of average 1 mmdiameter. The seeding particles convected
through the test section are imaged by a LaVision Imager LX 2 MP
camera (10-bit, image resolution of 1628 px � 1236 px, pixel pitch
of 4.4 mm). The field of view extends from 0.5D upstream to 0.3D
downstream. The experiments are conducted with the circular
porous plate. The comparison of the robotic PIV and the planar PIV
measurement parameters is listed in Table 4.

The velocity fieldsmeasured by the planar and robotic PIV, along
with the windows/bins are compared in Fig. 20. The results return
excellent agreement upstream of the plate. For instance, at y/D ¼ 0,
and x/D from - 0.5D to - 0.1D, the relative error of the velocity is
approximately 1.3%. Differences can be observed immediately
downstream of the disc, where the alternate patterns of high ve-
locity through the pore and separated flow after the solid portion of
the mesh can be appreciated with the higher resolution of planar
PIV. By contrast, the velocity fieldmeasured by robotic PIV returns a
spatially averaged value in the close proximity of the plate.
Appendix B

Supplementary data for the plots and the scripts of the models
discussed in this article can be found at https://doi.org/10.4121/
12923897.

https://doi.org/10.4121/12923897
https://doi.org/10.4121/12923897
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