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1. Introduction
Cyclic steps are step-like bedforms that have been observed on alluvial fans, cohesive beds, exposed bed-
rock, seafloor, and ice (Kostic et al., 2010; Slootman & Cartigny, 2020). Each step is characterized by a gently 
sloping stoss section, followed immediately by a steep lee section downstream (Fagherazzi & Sun, 2003; 
Izumi et al., 2017; Winterwerp et al., 1992). The flow is subdivided into alternating zones of subcritical flow 
along the flatter slope and supercritical flow along the steeper slope (Kostic & Parker, 2006; Parker, 1996; 
Yokokawa et al., 2009). Cyclic steps are long-wave bedforms bounded by hydraulic jumps, which migrate 

Abstract For upland ephemeral gullies, gully erosion is strongly related to the formation and 
migration of cyclic steps. It is necessary to provide insight into the process of cyclic step development to 
accurately predict the pace of landscape evolution and soil loss. Information on the geometry of cyclic 
steps in subaerial environments is limited, and, to our knowledge, no model of cyclic step development 
considers plunge pool erosion. In this study, we analyze the geometric features and controlling factors 
of erosional cyclic steps through meta-analysis of measured data including new measurements in the 
Loess Plateau, China. We focus on cyclic step dynamics of fluvial beds controlled by bed shear stress and 
local plunge pool erosion. We develop a new theory to incorporate plunge pool erosion through adapting 
existing cyclic step and plunge pool models. Our method agrees with measured data, showing that a 
larger flow rate leads to larger step length Ld and height Hd and increasing erodibility increases step 
aspect ratio Ld/Hd. The method is also able to predict how the step length, height, and aspect ratio change 
with the average channel slope. Our results indicate that plunge pool erosion is an important mechanism 
of cyclic step evolution. However, plunge pool development alone is not sufficient to explain the wide 
range of Ld/Hd in the measured data. The posed theory relates to equilibrium conditions and thus cannot 
consider temporal adjustments in step geometry.

Plain Language Summary The beds of upland ephemeral gullies often have long profiles 
with a discontinuous series of upstream-migrating steps. Channels with these steps show characteristics 
of water flow and sediment transport that differ from channels where steps are absent. This difference in 
turn affects the rates of landscape evolution and soil erosion. In the Loess Plateau, China, periodic steps 
are accompanied by plunge pool erosion below a free overfall. No models to date tie both step and plunge 
pool formation. In this study, we present geometric data of steps measured in a small watershed of the 
Loess Plateau. We develop a theory that models periodic steps with plunge pool erosion. We identify the 
factors that control step geometry through meta-analysis of measured data and numerical modeling. The 
results show that discharge, bed erodibility, and slope are coupled with each other in the establishment of 
step-pool geometry. Furthermore, we find that plunge pool erosion is a key mechanism that controls the 
trend between step height and slope. However, the new model fails to completely describe the wide range 
of values of step length divided by step height, probably because it does not consider the change in step 
geometry over time.
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upstream due to erosion at the toe of each step (Fildani et al., 2006; Slootman & Cartigny, 2020; Sun & 
Parker, 2005).

Cyclic steps are comparable to step pool systems, which have been more broadly researched in the past. 
Both morphologies relate to spatial transitions in flow regime between subcritical and supercritical flow via 
hydraulic jumps (Church & Zimmermann, 2007; Slootman & Cartigny, 2020). Step pool systems have a wid-
er grainsize distribution than cyclic steps (Brooks, 2001). In step pool systems, steps are constructed with 
cobbles and boulders and finer sediments deposit in pools. Their geometry depends primarily on the aver-
age channel slope and sediment supply (Chin & Wohl, 2005; Recking et al., 2012; Waters & Curran, 2012; 
Wohl & Grodek,  1994). Cyclic steps, however, can form autogenically on homogeneous bed surfaces of 
uniform bed material (Balmforth & Vakil, 2012; Parker & Izumi, 2000). Many ideas of step pool formation 
rely on grain sorting, which are therefore not directly applicable to cyclic steps.

Regardless, both morphologies rely on hydraulic instabilities that self-perpetuate their form. Of the proposed 
theories for step pool development, we focus on those that highlight hydraulic instabilities. The widely used 
“Antidune Model” suggests that step pools form via antidunes when a cluster of large particles stall on the 
upstream face of each antidune and accumulate more deposition around it (Curran,  2007; Grant, 1994; 
Recking et al., 2009; Whittaker & Jaeggi, 1982). Alternatively, step pools have been observed to form more 
randomly when important keystones deposit and promote further deposition of other particles (Curran & 
Wilcock, 2005; Golly et al., 2019; Judd & Peterson, 1969; Zimmermann & Church, 2001). In both cases, the 
deposition of large particles invokes a change in flow regime, which then promotes further stabilization of 
step pools. In contrast to step pools, cyclic steps can form without large particles. Parker and Izumi (2000) 
applied the linear stability analysis to explain the formation of erosional cyclic steps. They found that cy-
clic steps can form spontaneously under supercritical flow due to instabilities of flow hydraulics and bed 
erosion. Cyclic steps can still exist for subcritical flow but need to be triggered by an initial finite-amplitude 
perturbation (Parker & Izumi, 2000). Furthermore, the analysis of nonlinear dynamics of cyclic steps shows 
that roll waves, a second instability of supercritical flow, render steadily migrating steps less regular and 
time dependent (Balmforth & Vakil, 2012).

We further divide cyclic step geometry into two categories relative to the absence (Type I) and presence 
(Type II) of a plunge pool immediately downstream of the step (Figure 1). Formation and migration of 
Type I cyclic steps (no pool) are controlled by fluvial erosion caused by excess bed shear stress. These steps 
are typically found on erodible beds of silt or sand (Taki & Parker, 2005; Winterwerp et al., 1992). Flow 

Figure 1. (a) Type I cyclic steps (no pool) are separated by a hydraulic jump occurring immediately downstream of the 
step's steep lee slope. (b) Two Type I steps are shown with associated hydraulic jumps (Taki & Parker, 2005). (c) Type II 
cyclic steps (with pool) have a near-vertical lee slope where flow detaches from the bed and impinges the downstream 
bed, developing a plunge pool, which then dissipates energy. (d) Two Type II steps, with downstream plunge pools are 
shown in the experiments conducted by Brooks (2001).
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accelerates from subcritical flow to supercritical flow until a hydraulic jump occurs between two successive 
steps (Figure 1a).

Type 1 step geometry depends on sediment grainsize and the sediment transport rate. The step lee face (or 
supercritical flow region) flattens with increasing grainsize (from silt to sand) (Taki & Parker, 2005). Step 
length increases as sediment transport rate increases, and the migration rate of steps decreases as inflow 
sand concentration increases (Winterwerp et al., 1992).

Theoretical models of Type I steps use the St. Venant equations under the assumption of a hydraulic jump 
on gentle slopes (Fagherazzi & Sun, 2003; Izumi et al., 2017; Parker & Izumi, 2000; Sun & Parker, 2005). 
One of the most widely used models for Type I steps is the Parker and Izumi (2000) model, which eliminates 
deposition by assuming eroded bed sediment no longer interacts with the bed, that is, washload. Under such 
conditions, cyclic step geometry is controlled by two Froude numbers relative to: (a) the normal flow condi-
tion in the absence of steps and (b) the threshold velocity for bed erosion (Parker & Izumi, 2000), illustrating 
the importance of channel slope and bed erodibility on step geometry.

Type II cyclic steps have plunge pools (Figure  1b) and their development depends on both fluvial ero-
sion and plunge pool erosion via free-falling water over the step crest (Brooks, 2001; Grimaud et al., 2016; 
Scheingross et  al.,  2019). Type II steps have been studied experimentally in soils with varying cohesion 
(Ashida & Sawai, 1977; Brooks, 2001; Koyama & Ikeda, 1998) and in bedrock of varying strength (Grimaud 
et al., 2016). Yet, most focus has been placed on controls of cyclic step morphology in bedrock. Similar to 
Type I steps, the channel slope strongly controls the step length, height, and aspect ratio of Type II steps in 
bedrock (Wohl & Grodek, 1994). Temporal alluvial cover and sediment supply also play a role in step forma-
tion of bedrock cyclic steps (Grimaud et al., 2016; Scheingross et al., 2019), where plunge pool depth is also 
strongly influenced by bedrock lithology (Grimaud et al., 2016).

Conceptual models quantify the overall headcut retreat by considering vertical incision or knickpoint un-
dercutting in bedrock (Lamb et al., 2007; Scheingross & Lamb, 2017) or plunge pool erosion of soil beds 
(Alonso et al., 2002; Flores-Cervantes et al., 2006; Stein et al., 1993). Among them, the Flores-Cervantes 
et al. (2006) model assumes a fixed pool shape during headcut migration, but accounts for flow discharge, 
headcut height, upstream slope, bed roughness, and various soil properties.

In the Loess Plateau, cyclic steps form in loess, a special weakly cohesive deposit with particle composition 
ranging from sand to clay (Luo, 2015; Wang et  al.,  2000). Under dry conditions, loess has a large shear 
strength and can stand vertically, but when it becomes wet, it is easily eroded by flow (Luo, 2015). Given 
this particularity of loess, the cyclic steps in the Loess Plateau present headcuts and underlying plunge 
pools (Figure S8 in the Supporting Information S1). Existing data sets of cyclic steps come from channels 
with cohesive sediments or bedrock, so our data set expands the existing domain of observed measure-
ments in terms of bed erodibility (much larger erodibility under wet condition) to include steps in weakly 
cohesive loess. Loess cyclic steps may exhibit different morphological features than those previously ob-
served in cohesive or bedrock materials. Neither the Flores-Cervantes et al. (2006) model nor the Parker 
and Izumi (2000) model can be applied alone to the Type II cyclic steps in loess due to the coupled nature of 
fluvial erosion and plunge pool erosion.

Cyclic steps and headcut erosion control the production of sediment in upland ephemeral gullies. Plunge 
pool erosion, as a driver of headcut retreat, then significantly influences the morphodynamic characteristics 
of cyclic steps on bedrock, strongly cohesive beds, or weakly cohesive beds, like loess gullies. Therefore, un-
derstanding the processes of cyclic step retreat are critical to accurately predict the pace of landscape evolu-
tion, soil loss, and sediment sourcing into lowland streams. The objective of this paper is to characterize the 
geometric features and controlling physics of subaerial, erosional cyclic steps accompanied by plunge pool 
erosion (Type II), and to develop a theory that can predict erosional cyclic steps with plunge pools. We col-
lect and analyze a variety of field and laboratory data sets on erosional steps ranging from weakly cohesive 
sediments to bedrock. As a first-order approximation, we adapt and combine the Parker and Izumi (2000) 
model for equilibrium cyclic steps and the Flores-Cervantes et al. (2006) model for plunge pool erosion. We 
test the performance of the adapted model by comparing the simulations with the observations in measured 
data.
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2. Study Site and Data
2.1. Study Area and Data Collection in the Loess Plateau

The study sites lie in Wuding River Basin of the Loess Plateau, China. The climate is a typical monsoon cli-
mate, with the majority of the precipitation concentrated between June and September. We measure cyclic 
steps in the Qiaogou watershed, yet steps are ubiquitous in steep gullies throughout the Loess Plateau. The 
Qiaogou watershed (latitude 37°29'40''N-37°30'20''N, longitude 110°17'20''E−110°17'30''E) covers a drain-
age area of 0.45 km2 (Wang et al., 2018), and the main stem length is 1.4 km with two main tributaries. Steps 
are measured in a sub-channel with a length of about 600 m in the mainstem as shown in Figure 2a. The 
soils have a fine-silty texture that is susceptible to water erosion (Zeng et al., 2015).

We performed a field survey in the mainstem as shown in Figure 2a. Measured cyclic steps range in height 
from less than 1 m to nearly 8 m (Figure S8 in the Supporting Information S1 shows the 8 m step). Step 
spacing tends to decrease in the upstream direction. Headcut slope shows a wide range, with values up to 74 
degrees (Figure S9 of the Supporting Information S1). The angle of repose of friable loess is approximately 

Figure 2. (a) Location of our study sites in the Qiaogou watershed and three main tributaries within this watershed. 
(b) Measured bed level of the Qiaogou mainstem in our field survey area as shown in Figure 2a.
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38 degrees, implying that steep headcuts exceeding the angle of repose may be prone to failure if vertical 
undercutting continues (Lohnes & Handy, 1968). In addition to these steep scarps, during floods, a jet flow 
impinges the bed downstream of the step and plunge pool erosion occurs when the shear stress of the jet 
flowing into the plunge pool exceeds the threshold shear stress of the weakly cohesive silty loess. Once erod-
ed, we consider silt to be a washload sediment that is convected out of the study domain without interacting 
with the bed surface. Deposition only occurs in plunge pools where extensive energy dissipation occurs.

2.2. Other Data Sets From Field and Lab Experiments

Wohl and Grodek (1994) investigated multiple steps in ephemeral reaches of boulder and bedrock streams. 
Cyclic steps in bedrock can be regarded as erosional, and thus comparable with our field data sets of weakly 
cohesive erosional steps. Laboratory experiments of erosional cyclic steps dominated by both fluvial erosion 
and plunge pool erosion have also been included in the analysis (Brooks, 2001; Koyama & Ikeda, 1998). A 
brief description of the data sets used in this study is presented in Table 1 and step length and step height 
are shown in Table S1–Table S4 in the Supporting Information S1.

Only data sets that include plunge pool erosion (Type II cyclic steps) are used in this study. All experiments 
by Brooks (2001) developed Type II cyclic steps (with pool). Koyama and Ikeda (1998) note that small wa-
terfalls develop when average bed slope exceeded 6 degrees (10.5%). We use this as a criterion for plunge 
pool development and remove all lower-slope data from the Koyama and Ikeda (1998) data. The Wohl and 
Grodek  (1994) data set includes both bedrock steps and alluvial steps. Here, we only use their bedrock 
steps for analysis. Ashida and Sawai (1977) also conducted experiments on erosional steps, but these data 
are omitted as plunge pool erosion is limited in their experiments and only occurred via potholes at slopes 
exceeding 50%.

Our compendium of data covers a wide range of average channel slopes from 3.5% to 143%. Bed material 
in these data sets varies from weakly cohesive bed to bedrock. A constant flow rate was imposed at the up-
stream end of the flume in all experiments, and flow rate ranged from 66 cm3/s to 225 cm3/s.

Cyclic step development from incipient formation to equilibrium shape varies throughout the collected data 
set. Koyama and Ikeda (1998) ran experiments until a steady erosion rate is met, which implies a quasi-equi-
librium state. However, quasi-equilibrium is not met in other data sets. Brooks (2001) showed that cyclic 
steps tend to coalesce toward the end of experiments, suggesting cyclic steps may not have met equilibrium. 
Wohl and Grodek (1994) reported that cyclic step height and length systematically vary from downstream 
to upstream, suggesting all steps in their data are still evolving. Similarly, cyclic steps in the Qioagou region 
have not reached equilibrium. Step dimensions were measured in September 2017 and June 2018. After one 
year, we found the channel lengthened as the upstream steps migrated further upslope. Meanwhile new 
steps developed downstream, and step length and height of all steps adjusted during this period.

Reference Channel width Slope Bed material Discharge

Flume

Koyama & Ikeda (1998) 2.5–5 cm 5%–143% Weakly cohesive material 66 cm3/s

Brooks (2001) 4.9 cm 14.8%–36.2% Strongly cohesive material 125–225 cm3/s

Field

Wohl & Grodek (1994) 10–240 cm 3.5%–100% Bedrock Peak discharge varies between 
0.83 and 1.07 m3/s.

Our data in Qiaogou 72–398 cm 5%–143% Weakly cohesive loess Peak discharge = 2.30 m3/s; 
Average flood 

discharge = 0.25 m3/s.

Table 1 
Description of the Data Sets on Erosional Steps Used in This Study
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3. Model of Erosional Cyclic Steps With 
Consideration of Plunge Pools
One of the most widely used models to simulate the geometry of pure-
ly erosional cyclic steps was developed by Parker and Izumi (2000). The 
model is simple to apply and also captures the most essential features 
of cyclic steps in cohesive beds. In this paper, we apply the Parker and 
Izumi (2000) model as a starting point. In the analysis of the Parker and 
Izumi (2000) model, dimensionless variables are introduced and the gov-
erning equations based on the St. Venant shallow water equations and 
the Exner equation are transformed into a nonlinear ordinary differential 
equation of dimensionless flow velocity. With two dimensionless bound-
ary conditions on flow velocities, the Parker and Izumi (2000) model can 
be solved. The total dimensionless bed degradation rate in the presence of 
steps differs from that in their absence by a dimensionless additional rate 
of degradation wa. wa is an important parameter that needs to be specified 
in the Parker and Izumi (2000) model and it should be between an upper 
bound wau and a lower bound wal in order to allow the existence of the 
solution of the model. The Parker and Izumi (2000) model is presented in 
the Supporting Information S1.

Waterfalls are ubiquitous features in erosional cyclic steps, and their up-
stream migration is likely to be linked with the plunge pool erosion at the 
base of the headcut. The Parker and Izumi (2000) model does not consid-
er this mechanism. However, Flores-Cervantes et al. (2006) developed a 
conceptual model for plunge pool development subject to a uniform up-
stream flow in free fall over a nearly vertical face, that is, a waterfall. With 

some minor modifications, we are able to graft this model onto the erosional cyclic step model proposed by 
Parker and Izumi (2000). By combining the models, we are able predict cyclic step geometry including the 
presence of plunge pools (Type II cyclic steps).

We subdivide each step into two domains: the portion upstream of the brink (from xd = 0 to the brink, with 
xd = 0 denoting the downstream lip of the plunge pool; Figure 3), and the plunge pool region from the brink to 
the downstream lip of the plunge pool, which includes the step lee face and plunge pool (Figure 3). Since we as-
sume deposition only occurs in the plunge pools, the upstream region is purely erosional and modeled with the 
Parker and Izumi (2000) model, and the Flores-Cervantes et al. (2006) model is then applied to the pool region.

Connecting these models requires some modifications to the original Parker and Izumi (2000) model. The 
base model predicts step geometry between hydraulic jumps, which also includes the step lee face. There-
fore, we modify the downstream boundary condition for velocity from the conjugate value of the velocity 
downstream of a hydraulic jump ut to the velocity at the brink point udbrink. As we seek to understand the 
influence of bed erodibility on cyclic step geometry, we consider parameters that affect the erosion rate in 
erosional cyclic steps. Erosion rate E (Parker & Izumi, 2000) is defined as:


 

   
 

2

2 1
n

d

t

uE
u

 (1)

where α is a constant coefficient; ud is depth-averaged velocity; ut is the threshold velocity for bed erosion; 
and n is the bed erosion rate exponent, ranging from 1 to 4 based on the literature (e.g., Teisson et al., 1993; 
Umita et al., 1988). We consider threshold velocity ut and exponent n to be dependent on the bed composi-
tion and therefore representative of bed erodibility.

The Flores-Cervantes et al. (2006) model assumes uniform flow over a flat slope upstream of a brink point, 
which then flows over the brink point into a downstream plunge pool (Figure 3). Flow plunges into the pool 
below, dissipating energy through turbulent mixing, which describes the turbulent transfer via turbulent 
fluctuations of thermal-hydraulic parameters (Cheng, 2019). It is assumed that the deepest point of the 

Figure 3. Definitions of cyclic step geometry shown with bed level and 
water surface level predicted by the plunge pool model. Step geometry 
includes both the step and plunge pool. Step length Ld is measured 
between midpoints of adjacent plunge pools and step height Hd includes 
the step lee face Hdrop and maximum plunge pool depth D. S is average 
channel slope when equilibrium solutions of cyclic steps migrating 
upstream with constant wave velocity are sought. At the downstream lip of 
the last plunge pool (xd = 0), the dimensional flow velocity ud equals to the 
threshold velocity for bed erosion ut.
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pool is at the center of the pool domain, so that the pool geometry can be described by a shape factor that 
relates pool depth to the half-length of the pool. Pool size is a function of discharge, height of the headcut, 
bed slope and roughness upstream of the brink point, and soil properties. This model assumes that plunge 
pool shape remains constant during the migration of the headcut. And the migration rate of the headcut is 
proportional to the undercutting rate of the pool.

The two models are dependent on one another as the step shape predicted by the Parker and Izumi (2000) 
model affects the plunge pool shape predicted by the Flores-Cervantes et al. (2006) model and the plunge 
pool shape affects the step migration rate, which then affects step dimensions. The models are linked by 
adopting a boundary condition at the brink point for equal migration rate. The migration rate of the step 
is equal to the retreat rate of the headcut, which is proportional to the undercutting rate of the plunge 
pool (Flores-Cervantes et al., 2006). The predicted migration rate is applied to the Parker and Izumi (2000) 
model, which solves the bed profile of the upstream domain (i.e., upstream of the brink). As mentioned 
in Flores-Cervantes et al. (2006), the pool shape remains constant as the headcut migrates. Altogether, we 
obtain a series of steady and equilibrium steps with plunge pools at a given imposed average channel slope. 
When the flow regime upstream of the brink point is subcritical, the velocity at the brink udbrink can be cal-
culated with the following equation (Flores-Cervantes et al., 2006):


3

dbrink 0.715
wq gu (2)

with qw being the flow discharge per unit width and g is gravitational acceleration. Here, the upstream re-
gion is treated as the accelerated zone where flow accelerates toward the free overfall.

The Flores-Cervantes et al. (2006) model is used to calculate the geometry of the plunge pool. The shape 
factor Sf used to describe the shape of the pool is:

f
m

DS
X (3)

where D is the maximum depth of the pool and Xm is the half length of the pool (Figure 3). The shape factor 
is assumed to be constant as the headcut retreats. The deepening rate of the plunge pool and migration rate 
of the headcut can be linked to this shape factor:


1

sd
f

dDc
S dt (4)

Here, sdE c  is the retreat rate of the headcut, which is equal to the migration rate of the domain upstream of 
the brink. The deepening rate dD/dt depends on flow velocity at the bottom of the pool udbottom. The deep-
ening rate can be calculated by

dD

dt

C u
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where α1 is a constant coefficient; ρ is water density; Cfpool is the bed resistance coefficient in the pool region; 
and utpool is the threshold velocity for bed erosion in the pool region. Equation 5 is equivalent to Equation 2 
in Flores-Cervantes et al. (2006). The bed resistance coefficient Cfpool in the pool region is different from the 
value Cf upstream of the brink (a user specified constant), and is given as

 
   

 

0.2

fpool
w

0.025C
q

 (6)

where ν is the kinematic viscosity of water (Flores-Cervantes et al., 2006). The threshold shear stress for bed 
erosion τcr is the same in the pool domain and upstream of the brink, which leads to
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   2 2
fpool tpoolcr f tC u C u (7)

The velocity at the bottom of the pool udbottom depends on whether the flow condition in the pool represents 
a “nondiffusion state” or a “diffusion state”. This condition is determined relative to two representative 
lengths: the span where velocity is equal to the velocity at the pool surface Jp (i.e., the threshold distance so 
that no diffusion of the centerline velocity occurs); and the length along the jet centerline from the imping-
ing point at the pool surface to the pool bottom J. Parameters J and Jp can be computed as follows:




sin
DJ (8)

 2
dpoolsp dJ C h (9)

Here, Cd  =  2.6; β is the angle between the jet impinging the pool and the horizontal plane; and  
hdpools = qw/udpools is the jet thickness as it impinges into the pool where udpools is the velocity at the pool 
surface (Figure 3). The location where the jet impinges on the pool is assumed to be at the mid-length of the 
pool and the parameters udpools, D and β can be calculated with the drop height of the headcut Hdrop and the 
velocity at the brink udbrink (Figure 3):
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The bottom velocity udbottom is then,
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Once qw, Hdrop, and Sf are known, the shape of the plunge pool and the migration rate of the headcut can 
be obtained. And then the migration rate csd and velocity at the brink ubrink are introduced to predict the 
upstream region (using the Parker and Izumi (2000) model).

The plunge pool erodes when bottom shear stress τbottom exceeds the threshold value τcr. Expressions for the 
shear stress at the diffusion and nondiffusion states are:

Nondiffusion state
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We further define the upstream boundary of the pool as the intersection of the vertical headcut and the pool. 
With this definition, the bed elevation at this place is calculated as the difference between the bed elevation 
at the brink and the drop height Hdrop. Based on the theory of Flores-Cervantes et al. (2006), at the upstream 
boundary of the pool the water surface level is equal to the bed elevation. Given that the bed elevation at the 
downstream end of the pool should be higher than the bed elevation at the center (i.e., the deepest point) 
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of the pool, we deduce that the depth of the pool should be larger than the flow depth at the end of the pool 
(i.e., the start point of next step). The flow field in the plunge pool is complex and multidimensional, but we 
can assume flow in the upstream region (just beyond the pool) is one dimensional. As such, we approximate 
the flow depth at xd = 0 as qw/ut. Therefore, another condition for existence of the plunge pool is:

 w

t

qD
u (16)

For a given set of parameters ut, n, Cf, qw, and Sf, there are two scenarios when implementing the plunge 
pool model. In the first scenario, we specify the average channel slope S, and the drop height of headcut 
Hdrop is calculated through trial and error until the output average channel slope from the model Scal equals 
our specified S (see the flow chart of calculation in Figure 4a). In the second scenario, Hdrop is specified, 
and S is obtained explicitly (see the flow chart of calculation in Figure 4b). Hdrop should obey the following 
conditions:

 (1)  the relation τbottom > τcr should be satisfied;
 (2)  the relation wal < wa < wau should be satisfied in the Parker and Izumi (2000) model, where wa is the 

dimensionless additional degradation rate calculated by subtracting the undercutting rate due to mi-
gration from the total undercutting rate; and wal and wau are the upper and lower bounds of wa. Rela-
tions to calculate wal and wau are given in equation S10 of the Supporting Information S1. The relation 
wal < wa < wau is to allow the existence of the solution of the Parker and Izumi (2000) model, which is 
used to describe the domain upstream of the brink;

 (3)  we assume the water surface elevation in the pool equals the bed elevation at the upstream end of the 
pool, ensuring that the condition D ≥ qw/ut is satisfied.

Figure 4. (a) Flow chart of the plunge pool model when the average channel slope S is known. (b) Flow chart of the 
plunge pool model when Hdrop is known. In Figure 4a, Scal denotes the average channel slope predicted by the model, 
and the input drop height Hdrop is adjusted to make Scal equal to S.
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4. Observations From Measured Data
Cyclic step dimensions can be described in terms of step length and step height. Here, step length Ld is the 
horizontal distance between the deepest points of adjacent plunge pools, and step height Hd is the vertical 
distance from the bottom of the plunge pool to the brink of the headcut (Figure 3). To analyze the relations 
between cyclic step geometry and the channel variables, some channel variables must be extracted from 
measuring points. One important external indicator of step pool geometry is the average channel slope 
(Wohl et al., 1997). For each step in the Qiaogou mainstem, we calculate the average channel slope by linear 
regression of the longitudinal profile of a 200 m (approximately 7 times the average measured step length) 
section centered on the step. The average channel slope for other data sets in Table 1 is the average value 
over the entire channel or sub-channel, which is obtained from corresponding references.

Figure 5a plots step height versus average channel slope and Figure 5b plots step length versus average 
channel slope using different data sets of erosional cyclic steps. By comparing these two plots, we find that, 
as flow rate increases, Ld and Hd also increase. The difference in discharge may be the main factor that leads 
to the fact that all field data sets have higher values of Ld and Hd than laboratory data sets. All data sets, 
except for the Qiaogou mainstem, show a trend for increasing step height Hd as average channel slope S 
increases. The Koyama and Ikeda (1998) data set shows that step length slightly decreases as the average 
channel slope increases, while other data sets show no distinct trend between Ld and S based on the regres-
sion analyses.

The Qiaogou data set and bedrock data from Wohl and Grodek (1994) presented here conflate simultaneous 
trends for slope to decrease downstream and discharge to increase downstream via increased drainage area. 
These combined trends may explain why Hd and S exhibit no significant correlation in the data for the Loess 
Plateau. However, in bedrock data from Wohl and Grodek (1994) step height shows a positive correlation 
with slope. We infer that the effect of flow rate on step dimensions decreases as bed erodibility decreases. 
The coupling effects of flow rate and bed erodibility on cyclic step dimensions are discussed in the next 
section.

Figure 5. (a) Cyclic step height versus average channel slope for measured data. (b) Cyclic step length versus average channel slope for measured data. Field 
and laboratory data sets are separated using open points and solid points, respectively. R is the Pearson correlation coefficient; RL and RU are the 95% confidence 
bounds on the Pearson correlation coefficient; p value is significance level describing the probability computed assuming that the null hypothesis (i.e., the 
correlation between the variables exists) is true.
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We define the step aspect ratio as step length over step height Ld/Hd, a dimensionless parameter, which is 
widely used in describing step pool geometry (Abrahams et al., 1995). With this dimensionless parameter, 
we can link steps in different environments and understand variations in cyclic step geometry. The average 
channel slope S here is a variable representing the characteristics of the entire reach or sub-reach, but Ld/Hd 
is a variable representing local changes (with a spatial scale about ∼10 m in the Qiaogou mainstem) along 
the reach.

For step pools, the ratio Ld/Hd, which generally ranges from 5 to 16.7, has been found to be related to the 
average channel slope S (Abrahams et al., 1995). Abrahams et al. (1995) found that Ld/Hd falls in the range 
of 1/(2S) ≤ Ld/Hd ≤ 1/S for step-pools in both natural channels and flume experiments when the system 
achieves maximum stability (or maximum flow resistance). This is often rearranged as the relative steep-
ness, which is the ratio of step slope to average channel slope Hd/(LdS), where unity (one) means the step 
slope and average bed slope are equal. Values greater than one imply the step relief is greater than the av-
erage slope and requires a negative slope gradient between steps. As Hd/(LdS) decreases, step height plays 
a diminishing role on the average channel slope and local slope between steps (or slope of the step's stoss 
face) increases.

Church and Zimmermann (2007) plotted the reach averaged Hd/(LdS) against S for data for natural step-
pools, step-pools in flume experiments, and field drop structures, which are engineered step-like structures 
such as check dams and found that the relative steepness Hd/(LdS) is slope dependent. Due to the morpho-
logical similarity of cyclic steps and step pools, we compare cyclic step data to step pool data (via Church & 
Zimmermann, 2007) as shown in Figure 6a. The relative steepness Hd/(LdS) of alluvial cyclic steps is lower 
than step pools and bedrock cyclic steps have the largest relative steepness. Almost all alluvial cyclic steps 
have relative steepness below one, implying a lot of the relief occurs over the channel, whereas most of the 
values of Hd/(LdS) for concrete structures such as bedrock steps are above 1, implying that the step provides 
the main source of relief.

In Figure 6b, we study the relationship between the step aspect ratio Ld/Hd with the channel slope S. The 
step aspect ratio shows a decreasing trend with the increase of channel slope, which agrees with previous 
research of Brooks (2001). Golly et al. (2019) further demonstrated that for an ideally regular sequence of 
steps, Ld/Hd should be linearly related to S as a result of the geometry constraint; the variability of the steps, 
on the other hand, encompasses the process information and modulates the relation between Ld/Hd and S. 
From Figure 6b, we also observe difference in Ld/Hd among different bed material/lithologies, with larger 
Ld/Hd in weakly cohesive beds than steps in strongly cohesive beds or bedrock. We explore the effect of bed 
material on Ld/Hd in the following section using our model.

Comparisons of step aspect ratio to slope, as in Figure 6b, mask the influence of discharge on step formation 
as both directly influence the bed erosion rate. We note that the minimum average channel slopes with cy-
clic steps are smaller in the field than in laboratory experiments. We infer that this difference may be caused 
by the discharge magnitude, and, for a larger flow rate, steps can exist on a smaller slope. The influence of 
discharge on the minimum slope necessary to develop cyclic steps is explored by the new theory in the next 
section.

5. Model Performance
We test our new theory by comparing model results with observations from the measured data. As shown 
in Figure 7, the results of the new theory show that an increase in flow rate leads to a larger step length and 
step height, which is consistent with our observations from the measured data. Simulation results show that 
step dimensions become invariant to flow rate as bed erodibility decreases, as illustrated by the invariance 
of both Ld and Hd to discharge as threshold velocity increases (Figure 7).

Examples of the relationship between Ld and S and the relationship between Hd and S predicted by our new 
theory are shown in Figure 8. The figures show that our combined model can reproduce the trends for Ld 
and Hd with S in the measured data sets: step length Ld shows no distinct trend with slope step height Hd 
shows a positive trend with slope. Bed steps are seen to control almost all of the bed elevation drop in the 
channel when steps are accompanied by plunge pool erosion. As a result, step height has a strong positive 
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correlation with average channel slope. However, relative to step height, step length does not change as 
significantly with increased slope. This effect is expected as most of the step length exists upstream of the 
brink, in the region predicted by the Parker-Izumi model (2000). In our new theory, the bed profile up-
stream of the brink depends on two velocity boundary conditions and the retreat rate of the headcut. For a 
given discharge per width qw, exponent n, and threshold velocity ut, the length of the upstream section only 
depends on the retreat rate of the headcut. The conditions at the pool in Figure 8 correspond to the diffu-
sion state, and, under this condition, the retreat rate is insensitive to the variability in drop height (Flores-
Cervantes et al., 2006). Thus, the adjustment of step height with average channel slope does not cause a 
significant change in the migration rate, which reduces any change in step length as average channel slope 
increases. In addition, based on the results in Figure 8, the minimum slope that generates steps decreases as 
flow rate increases, which is consistent with our observations from the measured data.

Figure 6. (a) Reach-averaged relative steepness Hd/(LdS) versus average channel slope S. Step pool data (Church & Zimmermann, 2007) is included with 
our compendium of erosional cyclic step measurements. The expected range of Hd/(LdS) for natural step-pool channels, which generally ranges from 1 to 2, 
is shown by the two dotted lines. (b) The cyclic step aspect ratio versus average channel slope. The expected range of Hd/(LdS) for natural step-pool channels, 
which generally ranges from 1 to 2, are drawn as red and blue lines, respectively. The black dotted line separates measurements from weakly cohesive beds from 
those of strongly cohesive bed and bedrock. Field and laboratory data sets for cyclic steps are separated into open points and solid points, respectively.
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Furthermore, we use the new theory to make a direct comparison with observed Ld and Hd in the experi-
ments of Brooks (2001). Here, we choose the data sets of Brooks (2001) instead of Koyama and Ikeda (1998) 
to test the validity of the theory because Brooks' experimental data are more suitable for determining model 
parameters and do not include the influence of lateral erosion. In these experiments, the bed resistance co-
efficient Cf and discharge per width qw are known but the threshold velocity ut, exponent n, and shape factor 
Sf are difficult to measure. The threshold velocity ut is influenced by several vagaries of cohesive soil such 
as time of drying, and thus it is different in each experimental run due to the variation in soil drying time. 
Threshold velocity ut must be smaller than the normal flow velocity in the absence of steps measured in the 
experiments of Brooks (2001), which gives an upper bound of ut. According to the measured data, Sf is not a 
constant and the range of Sf is determined via measured Sf (Table S5 of the Supporting Information S1). The 
range of n is from 1 to 4. By adjusting ut, n, and Sf in each run, step length and step height in the experiments 
can be predicted. The comparison between observed and predicted step length and step height is shown in 

Figure 7. (a) Cyclic step length versus threshold velocity for different flow rates simulated with the plunge pool 
model. (b) Cyclic step height versus threshold velocity for different flow rates simulated with the plunge pool model. In 
these cases, the bed erosion exponent n = 2, the bed resistance coefficient upstream of the headcut Cf = 0.01, and the 
average channel slope S = 0.25; the shape factor Sf is 0.5 in the plunge pool model; the lines end because the theoretical 
predictions were not performed.

Figure 8. (a) Cyclic step height versus average channel slope for different flow rates simulated with the plunge pool 
model. (b) Cyclic step length versus average channel slope for different flow rates simulated with the plunge pool 
model. In these cases, the bed erosiont exponent n = 2, the threshold velocity for bed erosion upstream of the headcut 
ut = 0.1 m/s, the bed resistance coefficient upstream of the headcut Cf = 0.01, and the shape factor Sf is 0.5 in the 
plunge pool model; the lines end on the left because there is no solution, and end on the right because the predictions 
were not performed.
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Figure 9 and Table S6 in Supporting Information S1 presents parameters of the theory, observed values of 
dimensional step length and step height, and computed ones.

The new model predicts the trend for decreasing Ld/Hd as the average channel slope increases (Figure 10). 
Based on the previous analysis, a larger slope is accompanied by a larger step height. Thus, at a given value 
of Sf, the step aspect ratio Ld/Hd decreases as the drop height of the headcut Hdrop increases (Figure 11). The 
bed slope upstream of the brink increases as Hdrop increases and can be positive, negative, or nearly horizon-
tal (Figure 11). As such, Ld/Hd is not necessarily equal to S−1.

Figure 9. Step dimensions for length Ld and height Hd via Brooks (2001) experiments are compared to results of the 
combined model. (a) Observed versus predicted step length (b) Observed versus predicted step height. We use the 
coefficient of determination R2, Nash-Sutcliffe efficiency coefficient NSE, and mean-absolute percentage error MAPE as 
goodness-of-fit statistics.

Figure 10. (a) Cyclic step aspect ratio Ld/Hd versus average channel slope simulated with the plunge pool model. 
Different diagrams explore the sensitivity to: (a) erosion rate exponent n (Cf = 0.01, ut = 0.1 m/s, qw = 0.002 m2/s, 
Sf = 0.5), (b) bed resistance coefficient Cf (n = 2, ut = 0.1 m/s, qw = 0.002 m2/s, Sf = 0.5), (c) threshold velocity ut (n = 2, 
qw = 0.002 m2/s, Sf = 0.5, Cf = 0.01), and (d) shape factor Sf (n = 2, qw = 0.002 m2/s, Cf = 0.01, ut = 0.1 m/s). The lines 
end on the left because there is no solution and end on the right because the calculations were not performed.
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We consider whether the step aspect ratio Ld/Hd, depends on bed erodibility through a sensitivity analysis. 
Erosion rate exponent n and threshold velocity ut hardly affect the step aspect ratio Ld/Hd, although there 
is a slightly increasing trend between Ld/Hd and ut (Figure 10c). The effect of the bed resistance coefficient 
upstream of the brink Cf on step aspect ratio Ld/Hd is minor (Figure 10b).

We analyze the shape factor in the Qiaogou watershed, Brook's experiments, and bedrock channels (Tables 
S5, S7 and S8 of the Supporting Information S1) and find that Sf is not consistently equal to 0.5, that is, 
the value that has been used in our previous simulations with the plunge pool model. Compared to other 
parameters, the step aspect ratio Ld/Hd is sensitive to the shape factor Sf, and as the shape factor Sf increas-
es, the minimum bed slope that generates steps must also increase (Figure 10d). Therefore, the observed 
trend for decreasing Ld/Hd as bed erodibility decreases may be caused by the difference in Sf for various bed 
materials (average Sf in strongly cohesive beds and bedrock are larger than that of weakly cohesive bed in 
the Loess Plateau, as shown in Tables S5, S7, and S8 of the Supporting Information S1). Figure 11 presents 
bed profiles predicted by the new theory with varying Sf. The simulations show that as the shape factor Sf 
increases, both step height and step length decrease (more evidence can be found in Figure S10 of the Sup-
porting Information S1). Furthermore, the ratio of plunge pool length to the entire step length increases 
with increasing Sf (Figure 11).

Based on the previous analyses in Figure 10, we conclude that the shape factor Sf is the major factor that 
affects the step aspect ratio Ld/Hd at a given average channel slope S. This is consistent with the conclusion 
of Comiti et al. (2005), who found that Ld/Hd in step-pool systems are controlled by the shape factor for 
pools and the average channel slope.

In Figure 12, we compute results assuming a range for each parameter of the model (Cf ϵ [0.01, 0.05],  
ut ϵ [0.1 m/s, 0.9 m/s], Sf ϵ [0.1, 0.9], qw ϵ [0.001 m2/s, 5 m2/s], and n ϵ [1.5, 4]) instead of just three values for 
each parameter as shown in Figure 10 to understand the range of Ld/Hd that the model can predict. All the 

Figure 11. Bed levels and water surface levels predicted by the plunge pool model. (Cf = 0.01, n = 2, qw = 0.004 m2/s, and ut = 0.1 m/s). Values of Ld/Hd, Sf, and 
Hdrop vary across the subplots, with the values given in each panel of the figure separately.
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points (S, Ld/Hd) of the simulations fall between the lines of Hd/(LdS) = 1 
and Hd/(LdS) = 2. A power-law regression between Ld/Hd and S for the 
numerical data (the gray line in Figure 12) gives an exponent near −1. 
In this case, each step has a vertical headcut and most of the total drop 
in bed elevation over the entire step length is contributed by the height 
of the headcut plus the depth of the plunge pool. Thus, Ld/Hd is approxi-
mately equal to S−1. At a given average channel slope S, adjusting the pa-
rameters in the new theory leads to a narrow range of Ld/Hd (Figure 12).

The added mechanism of plunge pool erosion is not sufficient to explain 
the range of Ld/Hd in the measured data. One possible reason is that the 
model fails to consider the transient development of cyclic steps. As we 
state in Section 2.2, the steps in the Qiaogou watershed are in a transient 
state rather than in equilibrium. For the Qiaogou data, there are large 
fluctuations in the values of Ld/Hd from upstream to downstream (Fig-
ure 5b). The upstream steps are older and assumably closer to an equilib-
rium state, however, this upward migration also implies increased aver-
age channel slope and decreased discharge, which also affect step shape. 
The present model is unable to account for all these factors at this time.

By comparison, we also conduct numerical simulations using the Parker 
and Izumi (2000) model. The results of the Parker and Izumi (2000) mod-

el show that a lower bed erodibility leads to a smaller step aspect ratio. However, the Parker and Izumi (2000) 
model is unable to predict the range of Ld/Hd in the measured data by adjusting the parameters in the mod-
el. The trend between Hd and S and the trend between Ld and S in the measured data cannot be predicted 
by the Parker and Izumi (2000) model. For more details about the analyses of the Parker and Izumi (2000) 
model, readers are referred to Text S2 of the Supporting Information S1.

6. Discussion
6.1. Limitations and Simplifications of the Plunge Pool Model

Lateral erosion driven by radial turbulent jets toward the pool sidewalls is not accurately calculated in the 
model. We roughly estimate the lateral erosion rate at the headcut by dividing vertical erosion rate by a 
shape factor. Here, the model assumes that the deepest point of the pool is at the center of the pool domain 
and the shape factor (i.e., the pool depth divided by half the pool length) is a constant determined only by 
the type of bed material. Our results show that step geometry is sensitive to the value of this shape factor.

Plunge pool size has been evaluated for non-cohesive beds (Pagliara et al., 2006) and in bedrock (Schein-
gross & Lamb, 2016), but not yet in cohesive beds, as in the Loess Plateau. In the future, development of a 
theory capable of estimating the shape factor for cohesive beds would improve the accuracy of our model. 
Furthermore, the Flores-Cervantes et al. (2006) model assumes that the impinging point of the jet is at the 
center of the pool. Some laboratory experiments show steps are self-affine and the longitudinal location 
of the maximum depth is at the center of the pool (Comiti, 2003). However, plunge pool experiments in 
bedrock have shown that lateral erosion is not spatially uniform and is concentrated on the downstream 
sidewall of the pool instead (Scheingross et al., 2017). In non-cohesive beds, the scour hole profile is almost 
symmetrical when the jet impact angle is 90° (Pagliara et al., 2006). Yet, the jet impact angles from 30° to 
60° would develop an asymmetric plunge pool profile with the deepest point further downstream from the 
pool center (Pagliara et al., 2006). Future research that better parametrizes pool geometry and development 
will improve results of our model as well.

We assume that the threshold velocity for bed erosion is achieved at the upstream end of a step. If the veloc-
ity at the upstream end exceeds the threshold velocity, erosion of the pool sidewall would continue, expand-
ing the pool length. This effect would continue until the velocity reduces to the threshold velocity at the 
pool edge. The model is unable to develop solutions for cyclic steps in this case. Alternatively, if velocity at 
xd = 0 is less than the threshold value, another zone will develop characterized by flow acceleration toward 
threshold velocity and no bed erosion as well as migration rate. However, this acceleration zone cannot 

Figure 12. Cyclic step aspect ratio from about 3,000 numerical runs of the 
plunge pool model (The range of simulation parameters is Cf ϵ [0.01, 0.05], 
ut ϵ [0.1 m/s, 0.9 m/s], Sf ϵ [0.1, 0.9], qw ϵ [0.001 m2/s, 5 m2/s], and n ϵ [1.5, 
4]). The expected range of Hd/(LdS) from 1 to 2 for natural step pools is 
shown by the two red lines. The gray line is a curve fitted to the numerical 
data with a power function.
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exist in steady solutions of cyclic steps because the whole step would migrate upstream at a constant rate 
and this zone will be reduced to disappear. Therefore, as we are more interested in equilibrium features, it 
is reasonable to assume the flow velocity at the upstream boundary must be equal to the threshold velocity.

According to Comiti et al. (2005), the flow tends to remain critical in natural steep streams and thus it is 
reasonable to assume critical flow (Fr = 1) at the brink. The flow accelerates from the end of a pool to the 
next downstream brink. Based on the arguments in Comiti et al. (2005), the flow upstream of the brink is 
subcritical (Fr < 1). For simplicity, we estimate the flow depth and velocity at the brink using the relations 
corresponding to the subcritical regime in the model of Flores-Cervantes et al. (2006).

In the model of Flores-Cervantes et al.  (2006), pool depth only depends on discharge, drop height, and 
shape factor. Stein et al. (1993) proposed a formula for equilibrium pool depth applicable to any jet configu-
ration and bed material. In their theory, equilibrium scour depth is met when the maximum shear stress at 
the pool bottom is equal to the critical shear stress for the bed material. The equilibrium pool depth in Stein 
et al.’s theory can be expressed as:







2 2
fpool dpools dpools sind

e
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D (17)

we remind the reader that udpools and hdpools are the jet velocity and jet thickness at the pool surface, respec-
tively, Cd = 2.6 is the diffusion coefficient, τcr is the critical shear stress for the bed material, Cfpool is the bed 
resistance coefficient in the pool region, and β is the impinging angle.

Via this theory, the equilibrium pool depth is set when the bottom can no longer erode the bed sediment, 
making the vertical undercutting rate of the plunge pool dD/dt = 0. According to Equation 4 in this paper, 
the migration rate of the headcut is zero when dD/dt = 0 (i.e., D = De). We compare De from the theory 
of Stein et al. (1993) with D from the theory of Flores-Cervantes et al. (2006), under the same drop height 
Hdrop and discharge qw. The results show that there is a large difference between De and D (Figure S11 of the 
Supporting Information S1), indicating that cyclic steps migrate upstream in most cases because dD/dt is 
not equal to 0 when De ≠ D.

The adopted theory for plunge pool erosion may not include all the salient variables to accurately model 
their formation. For example, maximum depth of plunge pool scour is also influenced by the densimetric 
Froude number, jet air entrainment, the tailwater downstream of the pool, and sediment nonuniformity 
in non-cohesive scour holes (Pagliara et al., 2006). Sediment supply, which is completely omitted in our 
study, is also considered a key predictor for erosion of bedrock plunge pools (Scheingross & Lamb, 2016). 
Additionally, the equilibrium theories for pool depth we discussed here (including Stein et al., 1993; Pagli-
ara et al., 2006; Scheingross & Lamb, 2016) necessarily imply a solitary step or single headcut of permanent 
form, rather than cyclic or periodic steps that migrate upstream.

6.2. The Potential Physics That Control Cyclic Step Geometry

Some theories for steps in step-pool systems have been proposed to predict geometric features. Wohl and 
Grodek  (1994) proposed that channel slope controls the spacing of flow structures. They offered, how-
ever, no verification using flume experiments. Judd  (1963) and Judd and Peterson  (1969) proposed that 
step length is closely related to standing wave characteristics, whereas Allen (1982, 1983) suggested that 
hydraulic jumps are an important mechanism for step formation. Comiti et al. (2005) found that step spac-
ing is controlled by jet energy, which supported the theory of Judd (1963) and Judd and Peterson (1969). 
Moreover, the “jammed state” hypothesis is used to explain the formation of depositional steps in step-pool 
channels and the formation of steps is enhanced by rough banks and width variations (Church & Zimmer-
mann, 2007; Saletti & Hassan, 2020; Zimmermann et al., 2010).

Similar to step pools, hydraulics jumps are understood to be essential for cyclic step formation and sta-
bilization in homogeneous beds. Due to the importance of hydraulic jumps, the model developed by Al-
len  (1982,  1983), which suggested the importance of hydraulic jumps in step-pool formation, can pro-
vide an opportunity to explain the characteristics of cyclic steps. However, the role of hydraulic jumps 
on step formation is different between step pools and cyclic steps. For step-pools, hydraulic jumps control 
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the accumulation of large particles, and thereby determine the locations of steps downstream (Al-
len, 1982, 1983). For cyclic steps, hydraulic jumps result in energy dissipation and unequal bed slopes (lee 
slope vs. stoss slope) via transitions between subcritical and supercritical flow along the channel, which 
lead to the formation of new steps downstream (Fagherazzi & Sun, 2003). Therefore, it may be possible to 
explain the morphological characteristics of cyclic steps from the perspective of energy dissipation caused 
by hydraulic jumps.

The trends for step length and step height with increased average channel slope are different between the 
Parker and Izumi (2000) model and our new theory. One possible explanation is that the patterns of energy 
dissipation are different in the two cases. In the Parker and Izumi (2000) model, the head loss is mainly 
controlled by alternating internal hydraulic jumps. For a given bed erodibility and flow discharge, the head 
loss at each hydraulic jump is fixed. The steps adjust the energy slope by adjusting step length at a given 
average channel slope. To keep pace with step length so as to obtain a specified average channel slope, step 
height must also adjust.

In the plunge pool model, energy dissipation is mainly caused by turbulent mixing in the pool domain. In 
order to analyze the relation between the adjustment of cyclic step geometry and the energy dissipation in 
the plunge pool model, the energy dissipation in the plunge pool domain is calculated using Equation 18, 
which is the general energy equation considering jump submergence for natural mountain channels (Pas-
ternack et al., 2006; Wilcox et al., 2011; Wyrick & Pasternack, 2008). The energy equation between the sec-
tion at the brink and the section just downstream of the pool can be expressed as follows:

      
22

2 dpoolend2 dbrink
dbrink dbrink dpoolend dpoolend2 2 L

uuh h h
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 (18)

where the subscripts “brink” and “poolend” refer to locations at the brink and at the downstream end of 
the pool, respectively; α2 is a kinetic energy correction factor that represents the degree of variation in ve-
locity across a section; and hL is head loss (Figure 1c). Here, udbrink depends on flow discharge and udpoolend 
is assumed to be approximately equal to the threshold velocity for bed erosion. The energy coefficient α2 
in Equation (18) is assumed to be the same at the upstream and downstream sections. The flow condition 
is assumed to be steady and the pressure head can be taken as hydrostatic. The water-surface slope is low, 
so that the flow depth measured normal to the water surface can be approximated by the vertical distance 
below the water surface. Furthermore, we assume that the upstream total energy and the downstream 
tailwater depth are independently controllable. For a given discharge and bed erodibility, the head loss 
caused by the change in flow depth and flow velocity is fixed. And in this case, the head loss depends on 
the bed elevation difference between the brink and the pool end (ηdbrink–ηdpoolend), which is in turn equal to 
step height minus the water depth at the pool end (Figure 3). In the plunge pool model, steps adjust energy 
dissipation by adjusting step height, rather than step length as in the Parker and Izumi (2000) model. The 
adjustment of step height can further lead to the change in step length in the following way. According to 
Equations 5–13, the adjustment in step height influences drop height Hdrop and then change the vertical 
erosion rate of the plunge pool dD/dt. The change in dD/dt further leads to the variation in the migration 
rate (shown in Equation 4). The migration rate eventually influences the length upstream the brink, and 
thus the total step length.

7. Conclusions
Cyclic steps are widespread in upland steep channels. These steps are often characterized by eroding plunge 
pools. However, the manner in which cyclic steps are controlled by a combination of both fluvial erosion 
driven by bed shear stress and plunge pool erosion is still unclear. In this study, we provide a large-scale 
comparison of field and laboratory measurements of subaerial cyclic steps formed in weakly and strong co-
hesive sediments as well as bedrock to theoretical predictions, using a new theory considering plunge pool 
erosion. The main contributions include: (a) The geometric features and controlling physics of erosional 
cyclic steps are identified using measured data and theoretical analysis; (b) We develop a new theory of ero-
sional steps considering plunge pool erosion that can explain the observations on cyclic step morphology. 
The salient conclusions of our study are listed below:
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1.  Measured data sets indicate that step length Ld shows no significant relationship with the average chan-
nel slope S, and that cyclic step height Hd increases with an increasing average channel slope S. As flow 
rate qw increases, step length Ld and step height Hd increase.

2.  Measured data sets indicate that cyclic step aspect ratio Ld/Hd decreases with channel average slope S 
and increases as bed erodibility increases.

3.  The new model developed herein can reproduce the observations from the measured data sets. However, 
it is not able to predict the scatter of Ld/Hd exhibited by the measured data. One possible reason is that 
the model does not consider the transient adjustment of step geometry ongoing with time.

Nomenclature
Cd Diffusion coefficient (= 2.6), [1].
Cf Dimensionless bed resistance coefficient for the region where erosion is caused by bed shear 

stress acting over the length of the bed, [1].
Cfpool Dimensionless bed resistance coefficient for the region where erosion is caused by local 

plunge pool processes, [1].
csd Dimensional migration rate of the headcut, [LT−1].
D Pool depth, [L].
De Equilibrium pool depth, [L].
g Gravitational acceleration (= 9.81 m/s2), [LT−2].
E Erosion rate, [LT−1].
Hd Step height, [L].
Hd/(LdS) Relative steepness, [1].
Hdrop Drop height of the waterfall, [L].
hL Head loss over the length of a step, [L].
hdbrink Dimensional flow depth at the brink of the headcut, [L].
hdpoolend Dimensional flow depth at the end of the plunge pool, [L].
hdpools Thickness of the jet as it impinges on the pool, [L].
J Distance from the impinging point at the pool surface to the impinging point at the pool 

bottom, [L].
Jp Threshold distance at which no diffusion of the centerline velocity occurs in the pool do-

main, [L].
Ld Step length, [L].
Ld/Hd Step aspect ratio, [1].
n Exponent in the relation for bed erosion, [1].
qw Dimensional flow rate per width, [L2T−1].
S Average bed slope, [1].
Scal The average channel slope predicted by the model, [1].
Sf Shape factor of the plunge pool, [1].
t Dimensional time, [T].
ud Depth-averaged velocity, [LT−1].
ut Dimensional threshold velocity for bed erosion in the upstream of the brink, [LT−1].
utpool Threshold velocity for bed erosion in the pool region, [LT−1].
udbrink Dimensional velocity at the brink of the headcut, [LT−1].
udbottom Flow velocity at the bottom of the pool, [LT−1].
udpoolend Dimensional velocity at the end of the plunge pool, [LT−1].
udpools Dimensional velocity at the surface of the plunge pool, [LT−1].
wa Dimensionless undercutting rate in addition to that caused by horizontal migration, [1].
wal Lower bound on wa, [1].
wau Upper bound on wa, [1].
Xm Half-length of plunge pool, [L].
α Constant coefficient in the relation for bed erosion, [1].
α1 Constant coefficient in the relation for plunge pool erosion, [1].
α2 Kinetic energy correction factor in Bernoulli equation, [1].
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β Angle between the jet impinging on the pool and the horizontal plane, [1].
ρ Flow density (= 1,000 kg/m3), [ML−3].
ν Kinematic viscosity of water (= 10−6 m2/s), [L2T−1].
ηdbrink Dimensional bed elevation at the brink of the headcut, [L].
ηdpoolend Dimensional bed elevation at the end of the plunge pool, [L].
τcr Threshold bed shear stress for bed erosion, [ML−1T−2].
τbottom Bed shear stress at the bottom of the pool, [ML−1T−2].

Data Availability Statement
Laboratory and field data sets of erosional cyclic steps and model simulation results used for this research 
can be found at http://doi.org/10.5281/zenodo.4317028. The data sets of step-pools used for this research 
are included in the paper in Church and Zimmermann (2007). Supplementary texts, figures, tables, and 
model codes can be found in the Supporting Information S1.
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