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SUMMARY

Materials and their properties play an important role in the development of products. To
create materials with new functionalities, in the last decade, researchers have looked into
the possibility to tailor the material properties by changing their inner micro-structures,
namely metamaterials. Different from the chemical composition design, metamateri-
als are carefully structured materials whose effective unusual properties are mainly gov-
erned by their structures at small length scale. Thus, metamaterials are often referred to
as metastructures.

In order to tune the functionality of metastructures, much effort has been made
recently to develop flexible metastructures that can achieve configuration transforma-
tions. In this regard, multi-stable beam-type metastructures exhibiting snap-through
behavior have been proposed, for which a number of stable states can be maintained
without the need of external power supply. By arranging a series of beams exhibiting
bi-stability, multi-stable metastructures can be constructed. However, current designs
of multi-stable metastructures are limited in terms of structural kinematics and the as-
sociated functionalities are not fully explored. In this thesis, we aim to present design
strategies that can facilitate new kinematic behavior and functionalities for multi-stable
metastructures (i.e., energy absorption and shape reconfiguration).

Multi-stable metastructures featuring many beam elements arranged serially can
normally realize translational motion. In Chapter 2, we investigate the additional ro-
tational degrees of freedom by incorporating rotational compliance. In doing so, multi-
stable metastructures are capable of realizing both translational and rotational motion,
facilitating their applicability in soft robotics and deployable structures. Furthermore, a
theoretical model that can describe the snap-through deformation is presented and the
effect of geometric parameters on rotational stable states is analyzed. The design space
for realizing the translational and rotational stable states is identified using this model.

In Chapter 3, we extend the concept of rotational states to a three-dimensional (3D)
structural design. That is, the proposed multi-stable metastructures are able to achieve
multiple rotational states in different directions, depending on the arrangement of unit
cells. To reveal the relation between the unit cell arrangement and rotational states,
an experimental evaluation is conducted, in which we consider both parallel and serial
stacking of unit cells. It is shown that for the in-plane patterning, the rotational degrees
of freedom are mainly determined by the structural symmetry axes. In case of serial ar-
rangement, the translational and rotational stable states can be easily programmed by
adding more layers.

xi
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In Chapter 4, we study the energy dissipation of multi-stable metastructures. New
design strategies are proposed to enhance the metastructures’ mechanical response and
energy absorption. In particular, it is found that by tuning structural bending stiffness, a
large benefit in energy dissipation can be obtained without using more material. Here,
lattice and box-shaped cross sections are integrated into curved beams to develop struc-
tural designs (i.e., hierarchical and hollow beams) with relatively high bending stiffness.
Both numerical and experimental results show that the proposed metastructures are
able to respond via sequential snap-through transitions with improved energy dissipa-
tion. Moreover, the influence of geometric parameters on snap-through behavior, local
buckling, and bi-stability are investigated. It should be noted that the proposed design
strategy is not only applicable to beam-type elements but also useful for enhancing en-
ergy dissipation of shell structures.

In addition to the energy dissipation, multi-stable metastructures can also be de-
signed to realize shape reconfiguration. In Chapter 5, we explore this possibility and
present a design concept of morphing surface based on multi-stable metastructures.
The multi-stable metastructure here can function as a mechanism to realize curved sta-
ble states for a surface. To achieve such stable configurations, we propose an analytical
formulation that can identify the proper geometric parameters for bi-stability. Further-
more, it is found that two-dimensional arrangements of bi-stable elements can lead to
a series of stable states, including horizontal, vertical and diagonal configurations. With
the proper arrangement of unit cells, the proposed morphing surfaces can be exploited
to achieve a number of curved configurations for adaptive structures.

Multi-stable beam-type metastructures exhibiting translational and rotational de-
grees of freedoms hold great potential for developing reconfigurable structures and en-
ergy absorbers. The implementation of actuation as well as other forms of snap-through
transition (e.g., twisting) can be further explored to enhance the functionality of multi-
stable metastructures.



SAMENVATTING

Materialen en hun eigenschappen spelen een belangrijke rol in de ontwikkeling van pro-
ducten. Om materialen te creëren met nieuwe functionaliteiten, hebben wetenschap-
pers in het afgelopen decennium gekeken naar mogelijkheden om materiaaleigenschap-
pen aan te passen door hun micro-structuur te veranderen, genaamd metamaterialen.
Anders dan het ontwerp door chemische samenstelling, zijn metamaterialen zorgvuldig
gestructureerde materialen wiens resulterende ongewone eigenschappen vooral worden
beïnvloed door hun structuren op kleine schaal. Daarom worden metamaterialen vaak
ook metastructuren genoemd.

Om de functionaliteit van metastructuren aan te passen, is recent veel onderzoek
gedaan naar flexibele metastructuren die van configuratie kunnen transformeren. In dit
opzicht zijn meervoudig stabiele balk-achtige metastructuren voorgesteld die doorknik-
gedrag laten zien, waarvoor een aantal stabiele toestanden behouden kunnen worden
zonder externe energie toevoer. Door een reeks bi-stabiele balken te schikken, kunnen
meervoudig stabiele metastructuren worden geconstrueerd. Echter, huidige ontwerpen
van meervoudig stabiele metastructuren zijn gelimiteerd wat betreft structurele kinema-
tica en de bijbehorende functionaliteiten zijn niet volledig verkend. In dit proefschrift,
streven wij er naar om nieuwe ontwerp-strategieën te presenteren die nieuw kinema-
tisch gedrag en functionaliteit voor meervoudig stabiele metastructuren kunnen verge-
makkelijken (bijvoorbeeld energie absorptie en herconfiguratie van vorm).

Meervoudig stabiele metastructuren met veel balk-elementen in serie geschakeld
kunnen normaal gesproken een translatie-beweging realiseren. In Hoofdstuk 2, onder-
zoeken we de bijkomende rotatie-vrijheidsgraden door toevoeging van rotatie-flexibiliteit.
Hierdoor zijn meervoudig stabiele metastructuren in staat om zowel translatie- als rotatie-
bewegingen te realiseren, wat hun toepasbaarheid in zachte robotica en ontplooibare
structuren vergemakkelijkt. Verder wordt een theoretisch model gepresenteerd dat de
doorknik-vervorming kan beschrijven en wordt het effect van de geometrische parame-
ters op de rotatie-stabiele toestanden geanalyseerd. De ontwerpruimte voor realisatie
van translatie- en rotatie-stabiele toestanden wordt geïdentificeerd met behulp van dit
model.

In Hoofdstuk 3 breiden we het concept van rotatie-toestanden uit naar een drie-
dimensionaal (3D) structureel ontwerp. Dit houdt in dat de voorgestelde meervoudig
stabiele metastructuren meerdere rotatie-toestanden in verschillende richtingen kun-
nen aannemen, afhankelijk van de schikking van de eenheidscel. Om de relatie tussen
de schikking van de eeneheidscel en de rotatie-toestanden bloot te leggen, is een ex-
perimentele evaluatie gedaan, waarin zowel parallelle als seriële opbouw worden be-
schouwd. Voor het patroon in het vlak, is laten zien dat de rotatie-vrijheidsgraden vooral
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worden bepaald door de structurele symmetrieassen. In geval van seriële schikking,
kunnen de translatie- en rotatie-stabiele toestanden gemakkelijk worden geprogram-
meerd door meerdere lagen toe te voegen.

In Hoofdstuk 4 bestuderen we de energie dissipatie van meervoudig stabiele meta-
structuren. Nieuwe ontwerpstrategieën worden voorgesteld om het mechanisch gedrag
en de energie absorptie van de metastructuren te verbeteren. In het bijzonder is ontdekt
dat het afstemmen van de structurele buigstijfheid veel baat heeft voor de dissipatie van
energie, zonder gebruik van extra materiaal. Hiervoor worden rooster en doosvormige
doorsnedes geïntegreerd in gekromde balken (d.w.z., hiërarchische en holle balken) om
structurele ontwerpen te ontwikkelen met relatief hoge buigstijfheid. Zowel numerieke
als experimentele resultaten laten zien dat de voorgestelde metastructuren zich kun-
nen gedragen door opeenvolgende doorknik-transities met verbeterde energie dissipa-
tie. Verder wordt de invloed van geometrische parameters op doorknik-gedrag, lokale
knik en bi-stabiliteit onderzocht. Er moet worden opgemerkt dat de voorgestelde ont-
werpstrategie niet alleen toepasbaar is voor balk-elementen, maar ook nuttig is voor het
verbeteren van energie dissipatie in schaal-structuren.

Naast de energie dissipatie kunnen ook meervoudig stabiele metastructuren wor-
den ontworpen om herconfiguratie van vorm te realiseren. In Hoofdstuk 5 verkennen
we deze mogelijkheid en presenteren we een ontwerpconcept voor vervormbare opper-
vlakten gebaseerd op meervoudig stabiele metastructuren. De meervoudig stabiele me-
tastructuren kunnen hier fungeren als een mechanisme om gekromde stabiele toestan-
den voor een oppervlak te realiseren. Om dergelijke stabiele configuraties te bereiken,
stellen we een analytische formulering voor die de juiste geometrische parameters voor
bi-stabiliteit kan identificeren. Verder is gevonden dat tweedimensionale opstellingen
van bi-stabiele elementen kunnen leiden tot een reeks stabiele toestanden, waaronder
horizontale, verticale en diagonale configuraties. Met de juiste opstelling van eenheids-
cellen kunnen de voorgestelde vervormbare oppervlakten worden benut om een aantal
gebogen configuraties voor adaptieve structuren te bereiken.

Meervoudig stabiele balk-achtige metastructuren die translatie- en rotatie-vrijheidsg-
raden vertonen, bieden een groot potentieel voor de ontwikkeling van herconfigureer-
bare structuren en energie absorbeerders. De implementatie van actuatie en andere vor-
men van doorknik-transities (bijvoorbeeld verdraaiing) kan verder worden onderzocht
om de functionaliteit van meervoudig stabiele metastructuren te verbeteren.
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2 1. INTRODUCTION

1.1. BACKGROUND
Owing to the advance of additive manufacturing techniques (3D printing), the field of
metamaterial design has grown rapidly in recent years. Metamaterials are rationally
structured materials whose effective properties are mainly governed by their structural
layout rather than the material composition. Therefore, metamaterials are also named
as metastructures or architected materials in literature [1]. By carefully designing struc-
tural units and arranging them in a periodic pattern, novel functionalities, like wave ma-
nipulation and acoustic filters, can be accomplished. For instance, acoustic metamate-
rials are able to guide or block wave propagation within a certain range of frequencies,
which allows for applications in sensing and noise reduction [2, 3].

Research on mechanical metastructures is mainly focused on structural deforma-
tions, motion, and stresses which can give rise to unconventional mechanical prop-
erties, such as negative Poisson’s ratio [4–6] and negative compressibility [7]. For in-
stance, ultra-stiff but light-weight metastructures have been designed and proposed,
where strength and stiffness over density are key quantities. To realize a stiff structural
design, several strategies have been studied, including micro- and nano-lattices [8] and
hierarchical structures [9].

(a) (b)

Figure 1.1: Examples of flexible metastructure design. (a) A flexible metastructure that can achieve config-
uration transformations under compression [10]. (b) A reconfigurable metastructure is based on compliant
hinges with rotational degrees of freedom [11]. Panel (a) is adapted with permission from Ref. [10], John Wiley
& Sons, Inc. Panel (b) is adapted with permission from Ref. [11], John Wiley & Sons, Inc.

On the other hand, flexible metastructures that deal with large deformations and
configuration transformations have been an active focus in this field because they can
provide tunable properties arising from structural geometry change. Different from the
above-mentioned stiff metastructures, flexible metastructure design puts emphasis on
shape or configuration changes. Upon loading or actuation, the introduced flexibility
enables metastructures to deform into another configuration. During the structural de-
formation, geometric non-linearity (e.g., finite rotations or buckling behavior) is nor-
mally involved [12, 13]. Fig. 1.1(a) and (b) present two samples that can realize evident
structure reconfiguration after loading. The reconfigurability can facilitate functionali-
ties for many applications, including actuators, deployable structures and soft robotics.
A recent overview on designing such flexible metastructures can be found in the review
paper authored by Bertoldi et al. [14].

In order to maintain the deformed configurations for flexible metastructures, a con-
tinuous actuation is often required, making the system potentially energy-inefficient. To
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address this, scholars have focused on studying bi- or multi-stable metastructures with
snap-through behavior. A commonly used structure for bi-stability is the pre-shaped
beam, which can exhibit snap-through transitions when applied load exceeds a thresh-
old [15]. As such, the beam is able to stabilize at the deformed configuration and it can be
fully reversed to the undeformed state by applying loads in the opposite direction. Such
bi-stable beam mechanisms have been widely developed in Micro-Electro-Mechanical
Systems (MEMS) for providing motion outputs [16]. Based on the bi-stable mechanisms,
multi-stable metastructures can be obtained by arranging multiple bi-stable elements
in different manners. A few recent studies have demonstrated that the multi-stability
and associated snap-through transition may open up new ways for designing a variety
of functional devices, such as switches and energy absorbers [17–19]. However, the de-
velopment of multi-stable metastructure is still in its infancy and it is far from being
comprehensive. In this dissertation, we concentrate on the mechanical properties of
multi-stable beam-type metastructures and explore their potential functionalities. The
following section gives a brief introduction to multi-stable metastructures from the per-
spective of structural design, mechanical behavior and potential applications.

1.2. MULTI-STABLE BEAM-TYPE METASTRUCTURES
In this dissertation, we focus on metastructures based on beam-type bi-stable mecha-
nisms. Under compression, a pre-shaped curved beam, as shown in Fig. 1.2(a), is able to
flip into the deformed stable state. The snap-through transition is illustrated in Fig. 1.2(b).
In a displacement-controlled quasi-static loading, the force first reaches a peak thresh-
old and then decreases with a phase of negative stiffness. Afterwards, a positive stiffness
is captured from the force-displacement curve, leading to the deformed stable state (de-
noted by green dot in Fig. 1.2(b)). Note that the symmetry may break up such that asym-
metric buckling modes can occur during the snap-through transition. From the perspec-
tive of strain energy (blue line in the figure), the system switches from an energy-free
state into a local minimum at which elastic energy is stored. This nonlinear deforma-
tion process plays a fundamental role in developing multi-stable metastructures with
advanced functionalities. To obtain multi-stability, we look into different arrangements
of such bi-stable elements to design multi-stable metastructures that can achieve new
kinematic properties and functionalities.

deformed stable state

Fo
rc

e 
(F

)

displacement (d)

0

E
lastic energy

negative stiffness

F, d(a) (b)

Figure 1.2: Snap-through behavior of a pre-shaped beam. (a) A schematic for a pre-shaped curved beam that
exhibits two stable states and snap-through behavior when a displacement (d) is prescribed at the center. (b)
The red and blue curves represent the variation of force and elastic energy during the loading process.
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4 1. INTRODUCTION

1.2.1. STRUCTURAL DESIGN AND KINEMATICS
Based on the bi-stable mechanisms, multi-stable beam-type metastructures can be built
by arranging bi-stable elements in different manners, including two-dimensional (2D)
planar shapes [20–25] and three-dimensional (3D) geometries [26–30]. An example of a
planar multi-stable metastructure is displayed in Fig. 1.3, where each layer of this metas-
tructure is capable of snapping into its second stable configuration. As shown in this
figure, the metastructure can exhibit a large translational motion when subjected to a
compressive load, resulting in deformations of potentially all layers and a sequential
snap-through. This translational motion can gives rise to benefits in two aspects: energy
absorption and motion-related applications, such as morphing structures and actuators.

Figure 1.3: Different deformation stages of a multi-stable metastructure under unaxial compression [22]. The
figure is adapted with permission from Ref. [22], Elsevier Ltd.

For shape reconfiguration or morphing, only exhibiting translation is not adequate;
in other words, enabling other degrees of freedom, like rotations, is also desired in order
to achieve complex shapes change. However, most previous designs have only demon-
strated the presented translational transitions and studies focused on metastructures’
rotational behavior are rare. In this thesis, we propose and explore the strategy to de-
velop a new class of multi-stable metastructures that are capable of exhibiting both
translational and rotational movements.

1.2.2. SHAPE RECONFIGURATION
The snap-through behavior of multi-stable metastructures plays a crucial role in the de-
velopment of reconfigurable structures. By exploiting multi-stable metastructures, a
number of applications have been presented in literature, including morphing struc-
tures, deployable structures, and mechanisms for actuation. For instance, the transi-
tions of multi-stable metastructures between different stable configurations can open
the door for designing deployable structures and fast actuators. In particular, the transla-
tional movement assures the direction of actuation [31], while the snap-through behav-
ior makes it possible to realize a rapid actuation speed [32]. As displayed in Fig. 1.4(a),
by integrating such translations into a cubic design, the designed structure is capable of
expanding its shape from a small-volume state to a large deployed stable configuration
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that can be retained after removing external actuation. Moreover, other types of deploy-
able structures can also be designed through arranging multi-stable elements in differ-
ent directions (see Fig. 1.4(b)). It is worth noting that the metastructure-based shape
reconfiguration is able to realize a fast transition by the suddenly releasing stored elastic
energy, which overcomes the challenge of slow transitions in some previous concepts,
like shape-memory polymers and artificial muscles [33, 34].

(a) (b)

Figure 1.4: Examples of multi-stable metastructure induced shape reconfiguration. (a) The translational mo-
tion enables a structure to deploy into a large self-stable deployed shape [35]. (b) Complex shape reconfigu-
ration can be generated by various arrangements of structural elements with translational snap-through be-
havior [36]. Panel (a) is adapted under the terms of a Creative Commons Attribution License [35], Elsevier Ltd.
Panel (b) is adapted under the terms of a Creative Commons Attribution License [36], Springer Nature.

Apart from structural deployment, multi-stability has been exploited in morphing
structures. In this regard, many studies have investigated shape changes of a shell or a
thin plate to realize different surface morphology. As a result, surface topography can
be changed into a series of stable configurations, enabling to realize tunable function-
alities, like optical properties [37]. For design such multi-stable shells or plates, various
methodology has been proposed. For example, Dai et al. [38] demonstrated that by
connecting a few bi-stable composite plates, several wavy stable configurations can be
realized to morph a surface. Moreover, a method for constructing a monolithic plate has
been proposed to achieve continuous morphing features [39]. For the bi-stable plates,
it is still challenging to connect them to obtain a multi-stable plate because the interac-
tion will have a significant influence on mechanical performance of the connected plate
[40]. To overcome this problem, a few recent studies have focused on utilizing a variety
of bi-stable mechanisms, such as trusses and hinges, to realize more complex defor-
mations as well as stable configurations [41]. Currently, only few stable configurations,
e.g., cylindrical shapes, have been presented. Studies on using multi-stable beam-type
metastructures to realize surface morphing are scarce. In this dissertation, we explore
this possibility and develop a type of multi-stable metastructure based deformable sur-
faces. Compared to previous studies based on bi-stable shells, the strategy proposed in
this work can provide a wide range of wavy configurations and degrees of freedom.
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1.2.3. ENERGY ABSORPTION
In addition to the motion-related applications, multi-stable metastructures have also
been studied in terms of their energy dissipation, which opens the door for developing
reusable shock absorbers. The energy dissipation arises from the serial arrangement of
bi-stable elements, which makes effective properties of the multi-stable metastructures
distinct from their unit cells (bi-stable elements). Specifically, the energy absorption
is often quantified by a displacement-controlled cyclic loading in such a way that the
multi-stable metastructures are able to realize a hysteresis loop, while the deformations
of inner structures remain entirely within the elastic regime. In contrast, energy dis-
sipation due to plastic deformations, such as honeycomb lattices and metallic foams,
normally leads to inevitable structural damage.

F F

Displacement Displacement Displacement

Fo
rc

e

Dissipated energy

(a) (b) (c)

Figure 1.5: Energy absorption characteristics of multi-stable metastructures under displacement controlled
cyclic loading. (a)–(c) Schematics of force-displacement curves (loading-unloading) for multi-stable metas-
tructures consisting of 2,3, and 30 bi-stable elements.

The hysteresis characteristics of multi-stable metastructures are caused by a collec-
tive effect of both the snap-through and the serial arrangement of unit cells. As pre-
sented in Fig. 1.5(a), when two bi-stable elements are assembled in series, the displace-
ment controlled loading and unloading curves follow the same path, indicating that no
energy is dissipated under a loading cycle. When more elements are combined, in the
displacement controlled loading, one element of the metastructure is unstable and thus
free to move after reaching the critical load. As a result, a dynamic transition takes place
during the quasi-static loading and the elastic energy is dissipated. This dissipation pro-
cess is reflected in the force-displacement curves in such a way that when the number of
unit cells is large enough, an hysteresis loop appears under cyclic loading. The amount
of dissipated energy is dependent on the number of unit cells. That is, as more unit cells
are assembled into the metastructure, the amount of absorbed energy per unit cell will
increase and gradually converge to a maximum value, as demonstrated in Fig. 1.5(b)–
(c). Thus, multi-stable metastructures consisting of a large number of serially arranged
bi-stable elements are able to mimic the force plateaus.

Although previous works give important insights into metastructure’s snap-through
behavior and hysteresis characteristics, the associated energy dissipation capacity is re-
stricted by the solid-beam design, for which the amount of absorbed energy is essentially
governed by geometries of the beam’s profile. To ensure snap-through and bi-stable be-
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havior, geometric parameters have to be constrained within certain ranges. As a result,
the solid beams generally lead to a fairly low strength and energy absorption, which lim-
its their applicability. Moreover, the design freedom in previous work is limited. There-
fore, it is of great significance to explore new designs to improve multi-stable metastruc-
ture’s mechanical properties and energy dissipation.

1.3. AIM OF THIS RESEARCH
The main aim of this thesis is to investigate multi-stable beam-type metastructures in
terms of their kinematics, energy absorption as well as shape reconfigurability, and to
provide comprehensive understanding of the underlying mechanisms of the proposed
designs. To realize this objective, several research goals are formulated:

1. Design and model multi-stable metastructures that exhibit both translational and
rotational stable states.

2. Develop designs to improve metastructures’ energy dissipation.

3. Investigate functionalities of multi-stable metastructures in morphing surface.

In the following chapters, we propose new concepts for multi-stable metastructures
to exhibit novel and better mechanical properties. By using these strategies, a series of
multi-stable structures that have not been studied before is explored systematically on
the basis of theoretical, numerical and experimental analysis. Moreover, design princi-
ples and considerations for realizing improved structural performances are unveiled in
detail, which gives a full identification of the proper design space. This study will help to
open up new pathways for expediting applications of multi-stable metastructures in the
field of energy absorption and shape-shifting.

1.4. THESIS OUTLINE
In this dissertation, research questions summarized above are answered in the follow-
ing chapters. Each chapter except for Conclusions (Chapter 6) is structured based on
either a published or submitted journal paper. Inevitably, this might result in some rep-
etitions in the introduction of each chapter. As displayed in Fig. 1.6, the remaining chap-
ters are divided into two parts: Part I is focused on the mechanical behavior of multi-
stable metastructures, where the translational and rotational states are investigated via
analytical and experimental studies. Part II mainly concentrates on functionalities of
multi-stable metastructures, in which we develop different multi-stable metastructures
for energy absorption and shape reconfiguration.

Chapter 2 investigates the methodology that enriches the kinematics of multi-stable
metastructures. In particular, we integrate rotations into multi-stable metastructures
so that rotational stable states can be realized, next to the intrinsic translational states.
The rotational compliance and bi-stability of unit cells play key roles in realizing this
additional rotational behavior. The predominant geometric parameters for reaching ro-
tational stability are identified through a rigorous analytical analysis. Design criteria are
defined subsequently. Besides, the newfound rotational states are validated by experi-
mental tests to demonstrate their ability of shape reconfiguration.
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Chapter 1
Introduction

Translational and rotational
stable states

Chapter 2 
Modeling and Characterization 

Chapter 3 
Extension to 3D metastructures 

Di�erent arrangements

Functionalities 

Chapter 4 
Improved Energy Dissipation

Chapter 5 

Morphing surface designs

Chapter 6 

Conclusions

Figure 1.6: Visual outline of this thesis.

In addition, the concept of rotational compliance is further extended into 3D struc-
tural design, as presented in Chapter 3. The proposed three-dimensional multi-stable
metastructures are capable of exhibiting both translational and rotational states in mul-
tiple directions. The translational and rotational transitions are compared in terms of
snapping force and stability. Moreover, the effect of unit cell arrangements on rotational
kinematics is investigated and different patterns for the unit cell arrangement (e.g., in
series and parallel) are presented to investigate the allowable tilting directions.

Chapter 4 reports a class of multi-stable structures that are composed of curved
beams with embedded lattices and with box-shaped cross sections. The proposed de-
sign enables metastructures to exhibit an enhanced bending stiffness, resulting in an
improved energy dissipation efficiency as compared to the state-of-art. Specifically, key
design parameters are identified, and their effects on snap-through, local buckling, and
bi-stability are studied systematically. The improvements are further demonstrated and
verified via experimental tests. Moreover, we demonstrate that the proposed design
methodology is not restricted to beam-type structure and can be extended to develop
shell structures.

With regard to shape reconfiguration, Chapter 5 extends the application of metas-
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tructures to morphing surfaces by developing a type of deformable surface exhibiting
curved stable states in multiple directions. In order to probe the design space, an analyt-
ical model that captures the non-linear snap-through deformations is developed. More-
over, we design multi-stable metastructures based on two-dimensional arrangements of
bi-stable elements. The resulting morphing surface induced by the multi-stable metas-
tructures are characterized experimentally, where the relation between the arrangement
of bi-stable elements and the accessible curved stable states is analyzed.

Finally, conclusions of this thesis are presented in Chapter 6 and recommendations
for future research are also discussed.
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2
INCORPORATING ROTATIONS TO

MULTI-STABLE METASTRUCTURES

The metastructures are able to generate translational motions due to the stacking of bi-
stable unit cells. For some motion-driven applications, only exhibiting translations is not
adequate, whereas rotational degrees of freedom are also required. In this chapter, we
explore the rotational properties of multi-stable metastructures on the basis of both exper-
imental and theoretical investigations, and define the conditions for achieving rotational
stable states. Results show that the metastructure is able to realize both translational and
rotational states, while the rotational transitions require less energy as compared to their
translational counterparts. The influence of geometric parameters on rotational stability
is investigated via parametric studies. Furthermore, to determine the design criteria for
rotational stability, a theoretical investigation based on mode superposition principle is
performed to predict the nonlinear-deformation of a unit cell. The theoretical analysis
predicts well the rotational snap-through transitions that are observed in finite element
simulations. It is found that the rotational stability is determined by setting proper val-
ues for h/L and t/L (h, t, L represent apex height, thickness and span of the bi-stable beam
structure, respectively). Finally, we experimentally demonstrate that the proposed metas-
tructure with multiple layers is able to achieve large rotations and translations.

This chapter is based on a journal paper: Zhang, Y., Tichem, M. and van Keulen, F., (2020). Rotational snap-
through behavior of multi-stable beam-type metastructures. International Journal of Mechanical Sciences,
193, p.106172.
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2.1. INTRODUCTION
The design of mechanical metastructures is a rapidly emerging field, because of the po-
tential to create unusual mechanical properties, such as ultra-high stiffness but lightweight
[1–5], negative Poisson’s ratio [6–8], and negative thermal expansion [9–13]. These supe-
rior features are mainly realized by the rational design of their unit structures. For exam-
ple, arranging unit cells in a re-entrant pattern can result in a negative Poisson’s ratio of
the macroscopic metastructure [14]. At present, a variety of mechanical metastructures
have been proposed and intensively studied for various applications, including medical
implants [15, 16], soft robots [17, 18], and microelectromechanical systems [19].

More recently, the strategy of utilizing buckling, which is generally avoided in clas-
sical structural designs, has been extensively reported in metastructural design [20–24].
The designed instability-based mechanical metastructures allow for large macroscopic
deformations with recoverable shape changes, and thus they are also referred to as re-
configurable metastructures [25–28]. New functionalities, e.g. tuneable mechanical be-
havior, can be achieved by such metastructures. However, these transformations of ge-
ometry or reconfiguration usually require continuous power, in the sense that a continu-
ous external actuation is necessary to maintain the deformed configuration. One way to
improve energy efficiency is to introduce bi- or multi-stability, so that a structure main-
tains different states without the need for continuous energy supply. In designing such
multi-stable metastructures, pre-shaped beams have been commonly adopted as basic
elements since they have large loading-bearing capacity and can be easily manufactured
via additive manufacturing [21, 29]. When an applied load reaches a critical level, the
beam will jump from one configuration into another configuration, which is referred to
as snap-through behavior [30]. By arranging multiple snapping beams, the associated
metastructures are able to exhibit multiple self-stable configurations. Many examples of
regularly assembled pre-shaped beams in one or two dimensions (1D or 2D), referred to
as multi-stable beam-type metastructures (MBMs), can be found in literature [31–39].

In light of the stacking of the snapping beams with two stable configurations, MBMs
are normally capable of achieving a large reversible switching motion, which has been
utilized for energy absorption [40–43]. It has been demonstrated that the multi-stability
can enhance the ability of reducing peak acceleration while MBMs are still reusable [44].
In addition, such MBMs, as reconfigurable structures, can be widely used for design-
ing motion-driven mechanisms including deployable structures, shape-changing struc-
tures, actuators, soft robotics, and motion systems [45–50]. These motion-driven ap-
plications usually require multiple degrees of freedom and the monolithic multi-stable
structures might offer a compact solution for such challenges. For instance, Chen et al.
[45] presented a design for propulsion of soft robots, exploiting motions from the snap-
ping of beams. Santer et al. [47] exploited 1D translational motion of a multi-stable
structure to deploy a surface. Pontecorvo et al. [48] proposed the concept of using
bi-stable elements to extend a helicopter rotor blade, based on the large translation of
MBMs. Besides, Che et al. [51] designed a multi-stable beam-type structure using differ-
ent materials for each layer to control its deformation sequences. The dynamic behavior
of MBMs was also investigated to analyze its vibration modes [52]. However, most pro-
posed MBMs are limited in terms of allowable directions and are only presented with
their translational motions. Their potential to realize rotational stable states has not
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been revealed and studied, and thus this limits their feasibility in motion-driven appli-
cations where rotational movements are typically needed, such as actuators, deployable
structures and robotics.

To enrich multi-stable structure’s reconfiguration capability, here we explore the pos-
sibility for MBMs to achieve rotational movements. This work aims to analyze the ro-
tational behavior of MBMs and study design conditions for structures to realize addi-
tional rotational states. Although previous papers on MBMs give important insights into
the mechanics of the translational transitions, the potential of rotational reconfigura-
tion is restricted in most previous designs and little information is available on the rota-
tional stability of MBMs. In this chapter, the rotational behavior of MBMs is character-
ized via experimental and numerical approaches, and the design requirements for rota-
tional states are investigated via an analytical model, which can rapidly identify the de-
sign space for the rotational stability. The resulting multi-stable structures exhibit both
translational and rotational motions, which can further enhance multi-stable mecha-
nisms’ deployment capacities. For instance, the rotational transitions can be exploited
to design multi-stable bending actuators in which rotational degrees of freedom is es-
sential, while the intrinsic translational state can be harnessed to provide extensions or
contractions.

The remainder of this chapter is organized as follows. Section 2.2 describes the struc-
tural geometry of MBMs and methods we use in this work. The mechanical properties
and resulting rotational stable states are characterized experimentally and numerically
via a parametric study, as presented in Section 2.3. In Section 2.4, we conduct a theoret-
ical analysis to investigate the rotational stability. Section 2.5 describes the mechanical
behavior of multi-layer metastructures exhibiting large rotations and translations. Con-
clusions are presented in Section 2.6.

2.2. STRUCTURAL DESIGN AND METHODS

2.2.1. STRUCTURAL GEOMETRY AND STABLE STATES
The structural design of MBMs studied in this chapter is based on the snap-through be-
havior of curved beams, which were first studied by Vangbo et al. [53]. Here, pre-shaped
curved beams are used as basic elements to construct multi-stable metastructures, as
shown in Fig. 2.1. Each beam element illustrated in Fig. 2.1(b) is composed of a curved
beam, upper and lower frame (marked in blue). The geometric parameters of the frames
are shown in the inset table and are fixed in this study. The original shape (w0(x)) of the
curved beam illustrated in Fig. 2.1(b) can be expressed as:

w0(x) = h

2
(1− cos(2π

x

L
)) (2.1)

where h and L represent initial beam height and length, respectively. The beam’s in-
plane thickness and out-of-plane thickness are denoted as t and b, respectively. These
three parameters (h, L, and t ) are considered as design parameters and their influence
on rotational behavior is systematically discussed in this chapter. As illustrated in Fig. 2.1(a),
by serially combining multiple beam elements, MBMs can be designed.

The resulting metastructures and their stable states are demonstrated in Fig. 2.1(c),
where the representative unit is referred to as a unit cell that consists of two beam el-
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ements: left and right beam element, as denoted in the figure. The unit cell can de-
form into flat or tilted stable configurations. These flat and tilted stable configurations
are referred to as translational and rotational states respectively in the remainder of this
chapter. The unit cell possesses four stable configurations: the initial state and three de-
formed stable states including one translational and two rotational stable states. When
the unit cell switches from the initial to the translational state, both beams undergo the
same deformations and snap to the second stable state. Therefore, the behavior of trans-
lational transitions can be obtained based on a study for one side, either the left or right
beam element. However, symmetry breaks up during the transition to the rotational
state, where both curved beams deform with different manners. In particular, the left
beam element snaps while the right beam element is mainly rotated. The resulting ro-
tational state is enabled by a collective effect of the left beam element’s snapping de-
formations and rotational deformations of right beam element. Consequently, mechan-
ics and design requirements for the proposed rotational state are different from that of
translational transitions. To establish the design criteria for reaching rotational states,
an analytical study is performed in Section 2.4.

frame

beam

(a) Multi-stable metastructure (b) Single beam element

(c) The metastructure with translational and rotational states

unit cell

(1-initial state) 2-translational state 3-rotational state 4-rotational state

Figure 2.1: A demonstration of multi-stable structures with translational and rotational stable states. (a) A
schematic for the proposed multi-stable metastructure. The structure is designed by serially stacking curved
beams with thick frames. (b) Geometric parameters of the beam element are depicted. The out-of-plane di-
mension is denoted as b. (c) Each unit cell (h = 5mm t = 0.8mm and L = 28mm) possesses four stable states
such that it can snap into the translational state or the rotational states.

2.2.2. FABRICATION AND EXPERIMENTAL TESTS
To study the proposed multi-stable metastructures’ behavior, a series of samples were
fabricated via a fused deposition printer using flexible thermoplastic polyurethanes (TPU,
Flex-45, RS). TPU is an environmental friendly material with advantages of good wear re-
sistance and large recoverable elastic strains. Its properties were characterized by stan-
dard tensile measurements according to ASTM D638-14 [40]. The measured Young’s
modulus (E) and Poisson’s ratio (ν) are 95 MPa and 0.4, respectively. The correspond-
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ing stress-strain curve is plotted in Fig. 2.2(a).

Uniaxial loading tests were conducted to characterize metastructures’ snap-through
transitions as load-displacement curves. Quasi-static loading conditions were applied
using a universal testing system (ZwickRoell Z005) with a loading rate of 10 mm/min in a
displacement-control manner. For each sample, multiple tests were conducted to get av-
erage load-displacement curves. Extra parts used for connecting samples to the testing
system were designed and printed using polylactic acid (PLA), as seen in Fig. 2.2(b). To
allow for unit cells’ rotations during uniaxial testing, two rigid parts were assembled us-
ing screws to mimic hinge connections. Loads were applied on one side of the frame. For
characterizing translational motions, clamped conditions were applied between speci-
mens and the extra parts, as displayed in Fig. 2.2(b).

2.2.3. NUMERICAL METHODS

Finite element models were established by using software ABAQUS/Standard (2017) to
examine the structures’ mechanical behavior, where geometric parameters are in accor-
dance with those of experiments. A Marlow hyper-elastic material model was adopted
as a constitutive relation in finite element analysis (FEA) [54]. Here, the stress-strain
curve shown in Fig. 2.2(a) was imported to ABAQUS. Eight-node brick elements (C3D8)
were used to mesh the structure geometry, with mesh convergence analysis performed
to ensure accuracy. Nonlinear geometric FEA based on static/general procedure was
conducted by prescribing vertical displacements at specific loading points on the top
of the unit cell, which is consistent with the experimental compression tests shown in
Fig. 2.2(b). The bottom of the structure is fully fixed in x, y, z directions. The reaction
forces were collected in each iteration from nodes where vertical displacements were
applied.

2.3. MECHANICAL RESPONSE FOR ROTATIONAL TRANSITIONS
In this section, we characterize the rotational transitions of the representative element,
which is the unit cell defined before. Moreover, a parametric study is performed to in-
vestigate the influence of primary geometric parameters.

2.3.1. CHARACTERISTICS OF SNAP-THROUGH BEHAVIOR

The force and vertical displacement of loading points shown in Fig. 2.2(b) are denoted
as F and d , respectively. The measured force and displacement are then normalized by
Ebt and h, respectively. Figure 2.2(c) shows force-displacement curves for translational
and rotational snap-through behavior. It can be observed that there is a good quan-
titative agreement between experimental and numerical results. Negative stiffness is
captured in both translational and rotational transition curves. The force first gradually
increases along with the displacement and then instability (i.e. snapping) is triggered
when reaching the maximum force (denoted as Fmax ). Under force-control loading
condition, snap-through behavior typically exhibits “displacement jump" after reach-
ing Fmax . In this work we apply displacement-control loading condition to capture the
full force-displacement curve shown in Fig. 2.2(c), with a negative stiffness phase (the
yellow region in the figure). In this chapter, we refer to this negative stiffness phase as
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Figure 2.2: Characterization of snap-through transitions of the unit cell. (a) Stress-strain results for the material
we used. (b) Experimental setup for measuring rotational (left) and translational (right) transitions. Samples
are clamped at the bottom and connected to the printed part at the top. (c) Normalized load-displacement
curves of snap-through transitions. The blue regions represent positive stiffness phases while the yellow area
stands for the snapping phase, exhibiting negative stiffness. Fmax and Fmi n represent the maximal and mini-
mal force of each load-deflection curves, respectively. (d) Evolution of the normalized strain energy of the unit
cell during the uniaxial loading.

snap-through transitions. Fmi n represents the minimum force in the force-displacement
curve. In this figure, the magnitude of Fmax for translation is approximately two times
larger than for rotation. This is due to the fact that in case of translational transitions,
two beams undergo bending and compression deformations, while for the case of ro-
tations mainly the beam near the loading position deforms. Moreover, the minimum
force Fmi n for translation is also higher than for rotations as a result of deformations of
two beams. This implies that recovering from the translational to the initial state needs
larger force as compared to reversing the rotational state. In addition, we assess the sym-
metry of snap-through transition by defining a quantity η = |Fmax /Fmi n |. When η is close
to 1, the structure intends to exhibit symmetric transitions. Here, the η for translational
transitions in Fig. 2.2(c) is 3.95, whereas the counterpart of rotational curve is 15.24. This
indicates that the unit cell’s rotational deformation exhibits a more evident asymmetric
characteristic as compared to translational deformations. The highly asymmetric behav-
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ior of rotations is attributed to two aspects: the snapping deformation of the left beam
element and right beam’s rotational deformations, as discussed in Section 2.2.

The evolution of strain energy (P ) during the loading process is shown in Fig. 2.2(d).
P is equal to the area under the corresponding force–displacement curve. It indicates
that both the translational and rotational state transitions exhibit a local minimum in
the energy landscape, which correspond to the deformed (translational and rotational)
stable states. The rotational snap-through (negative stiffness) can be understood as: by
applying prescribed displacements as shown in Fig. 2.2(b), the right beam element is
mainly bent. The left beam element experiences bending and compression deforma-
tions, where the compression energy first increases and then decreases, leading to the
decline of the unit cell’s strain energy. In addition, it can be observed that the energy of
deformed stable state is larger than that of the initial undeformed state, which implies
a sufficiently large disturbance may cause the structure to switch back to its initial state
that has a lower potential energy.

2.3.2. INFLUENCE OF GEOMETRIC PARAMETERS ON ROTATIONAL STATES

For multi-stable metastructures, tuning geometric parameters can result in different me-
chanical properties including strength, stiffness and stability. Rotational behavior of
these metastructures is mainly controlled by the beams’ geometric parameters defined
before: the beam height (h), the thickness (t ) and the length (L). Here, parametric stud-
ies are carried out for unit cells’ rotational transitions and a series of unit cells with dif-
ferent parameters is tested. Moreover, we have characterized the tangent slope of each
force-displacement curve for the initial and rotational state. k0 and k1 are referred to as
the tangent slope of each force-displacement curve at the points corresponding to the
initial and rotational state, as illustrated in Fig. 2.3(a). Similarly, when varying h and L,
k0 and k1 can also be quantified for the corresponding load-displacement curves.

THICKNESS VARIATION

Results of the unit cells’ rotational transitions with different thickness (t ) are presented
in Fig. 2.3(a)–(c). Figure 2.3(b) shows the change of Fmax and Fmi n versus the varia-
tion of thickness. The minor deviations between experimental and numerical results are
mainly attributed to manufacturing imperfections and local defects introduced during
printing. It can be seen that Fmax is increasing dramatically with respect to the change of
thickness. This is due to the fact that both bending and compression energy of the unit
cell increase monotonically with the increasing of t . The variation of minimum force
(Fmi n) shows a small distinction as compared to that of Fmax . Nevertheless, it is clear
that when thickness is large, the corresponding Fmi n is a positive value, which means
that the structure switches back to the initial state after removal of load. This is veri-
fied in FEA (shown in Fig. 2.3(b)) as well as experimental demonstrations such that unit
cells with small t can realize self-stable rotational states while the unit with a thickness
of 1.6 mm recovers back to the initial state upon removing the load. This shows that t is
crucial for rotational stability. Moreover, results in Fig. 2.3(c) show that the stiffness k0

increases monotonically when t increases. However, k1 first increases and then dramat-
ically decreases when t is larger than 1.38 mm in this case. This indicates that the unit
cell possesses tunable stiffness, which is related to its multiple stable states.
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Figure 2.3: The influence of geometric parameters on rotational responses. (a)–(c): The effect of t on rotational
transitions. (a) shows experimentally measured load-displacement curves for specimens with different thick-
ness. k0 and k1 are defined as the slope of tangent line (orange color) at two stable locations (the initial and
rotational state). (b) presents Fmax and Fmi n of force-displacement curves as a function of thickness. The
positive sign of Fmi n indicates that the rotational stable state does not exist. (c) represents the change of k0
and k1 when varying thickness in FEA. (d)–(f): The effect of L on rotational transitions.
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LENGTH VARIATION

Figure 2.3(d)–(f) display the influence of the beam length (L) on rotational properties
while keeping other parameters unchanged. Results show that the value of Fmax de-
creases with the increase of L, while Fmi n is increasing. Similar characteristics can be
captured for both k0 and k1 that stiffness decreases when L is increased. Furthermore,
it can be seen from Fig. 2.3(e) that the slope of the Fmi n curve gradually decreases. As
compared to the effect of t , the beam length L has minor effects on the sign of Fmi n ,
which is still negative despite its magnitude is decreasing. Similarly, it was also found
that L has minor influence on the sign of Fmi n of translational transitions [55]. It should
be mentioned that this effect of L is only applicable for shallow and thin beams, where L
is much larger than h and t .
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Figure 2.4: The influence of height (h) on rotational responses.

HEIGHT VARIATION

Results presented in Fig. 2.4 show that the beam height (h) has a different influence on
the rotational behavior. The effect can be summarized as: i) Fmax increases with an
increasing of h, similar to the effect of t ; differently, the Fmax curve gradually increases in
a linear manner (see Fig. 2.4(b)). ii) When enlarging h, Fmi n and the slope of Fmi n curve
decrease, as shown in Fig. 2.4(b). iii) The changes of k0 and k1 displayed in Fig. 2.4(c)
exhibit different characteristics. The k0 increases with increasing h in a proportional
manner, while the k1 increases with a small rate of change. This relation results from the
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energy variation of the unit cell, where the height (h) influences both initial curvature
and length of the beam. Changing the geometric parameters can control the variation
of elastic energy during deformations. The tunability of stiffness offers the potential to
tune structures’ dynamic behavior by switching into different stable states.

2.4. DESIGN CRITERIA FOR ROTATIONAL STATES
From the previous section, it is found that geometric parameters (t ,L,h) affect rotational
transitions in different manners. With changing these parameters, the rotational re-
sponse can shift from stabilizing at the rotational states (Fmi n < 0) to switching back to
the initial state (no rotational states, Fmi n > 0). In order to explore the design space for
realizing rotational stable states, we present an analytical investigation of the rotational
behavior on the basis of parameters defined before.

2.4.1. MODEL FORMULATION
The theoretical analysis is established for the unit cell’s rotational transitions by com-
bining buckling modes of the beam elements. It has been reported in literature that
utilizing buckling modes can provide a good estimation of load-displacement responses
for the snapping beams [35, 56–58]. Here, since the unit cell undergoes both symmet-
ric and asymmetric deformations (see Fig. 2.5(a)), dominant modes (symmetric Mode
1 and asymmetric Mode 2) are employed to construct displacement fields, as displayed
in Fig. 2.5(b). Based on the assumed displacement field, the potential energy is then
formulated to derive the governing equations.

(a) (b) (c)

(d)

Figure 2.5: Modeling a single beam based on buckling modes. (a) The rotational transitions observed in both
experiments and FEA show evident asymmetric deformation modes. (b) The first two buckling modes (Mode
1 and 2) for a clamped-clamped beam. These modes are employed as bases to approximate the displacement
field. (c) Geometry of the unit cell. (d) Illustration of a single curved beam. Each beam of the unit cell is
modeled as a single beam. Based on the X-Y coordinate in the figure, the first two buckling modes are described
by function Y1 and Y2, respectively.
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ELASTIC ENERGY FOR A SINGLE BEAM

We first derive energy formulas for each single clamped-clamped pre-shaped curved
beam illustrated in Fig. 2.5(d), and formulate the model for the unit cell. The beam’s
geometric parameters are depicted in Fig. 2.5(d), with X −Y coordinate defined. Accord-
ing to Euler–Bernoulli equations [59], the first and second buckling modes of a straight
beam that is axially compressed to buckle are given as:

Y1 = 1−cos(N1
x

L
) with N1 = 2π, (2.2)

Y2 = 1−2
x

L
−cos(N2

x

L
)+ 2

N2
sin(N2

x

L
), (2.3)

where N2 is the first positive solution of equation tan(N2/2) = N2/2. The deformed beam
shape (Y ) under a given load is described as:

Y = A1Y1 + A2Y2 and Y0 = h

2
Y1, (2.4)

d = Y0 −Y , (2.5)

where Y0 is the initial beam shape and d is the displacement of the beam. A1 and A2 are
unknown coefficients, which need to be solved on the basis of the principle of minimum
energy. The elastic energy for the curved beam is obtained, which includes bending en-
ergy (Ub) and compression energy (Uc ). The bending and compression energy is derived
respectively by:

Ub = E I

2

∫ L

0
(

d 2Y

d x2 − d 2Y0

d x2 )2d x where I = bt 3

12
, (2.6)

Uc = Ebt (∆s)2

2L
and ∆s = s − s0. (2.7)

Here, s is the beam’s total length at any position, while s0 is the beam’s initial length.
Assuming small deformations, s can be approximated as:

s =
∫ L

0

√
1+ (

dY

d x
)2d x ≈

∫ L

0
[1+ 1

2
(

dY

d x
)2]d x. (2.8)

By combining eqns. (2.7) and (2.8), Ub and Uc can be expressed as a function of A1 and
A2, as shown in eqns. (2.9)–(2.10). C1, C2, D1, D2 are constants, which follow from inte-
grations along the x axis (see Appendix A.1).

Ub = E I

2L3 [(−h A1 + A2
1 +

h2

4
)C1 + A2

2C2]. (2.9)

Uc = E A

8L3 {D2
1 A4

1 +D2
2 A4

2 +2D1D2 A2
1 A2

2 −
h2D2

1

2
A2

1 −
h2D1D2

2
A2

2 +
h4D2

1

16
}. (2.10)
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MODEL THE UNIT CELL

Based on the derived formulation for a single beam, we now build the model for the
unit cell which is composed of two pre-shaped beams connected by frames. The geo-
metric parameters of the unit cell are illustrated in Fig. 2.6, where each beam’s shape
(represented as left and right unit) is modeled using the formula derived in Section 2.4.1.
Specifically, each beam’s geometry is determined by t , L, and h, which are the same no-
tations used before. The vertical branch denoted in Fig. 2.6(a) represents the vertical part
of the upper frame, with dimensions depicted as H and W . As observed in simulation,
this vertical branch is bent during loading, as shown in Fig. 2.6(b). Therefore, the bend-
ing energy of the branch is taken into account in the following energy formulation. The
unit is compressed by a load (F ) at point A, as illustrated in Fig. 2.6(a). The angle of the
upper frame is depicted as θ.

(a) Model geometry

(b) Bending of the vertical branch

Figure 2.6: Model the rotational deformation of the unit cell. (a) Unit cell’s geometry and predefined parame-
ters. b is the out-of-plane dimension. (b) As observed, the vertical branch is bent during rotational transitions.
The associated bending energy is taken into account when calculating the total potential energy of the system.
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a. Kinematics
As discussed in the previous section, the left and right beam’s shape (denoted as Y L

and Y R ) can be described as:

Y L = A1
LY1 + A2

LY2 and Y R = A1
R Y1 + A2

R Y2, (2.11)

where Y1 and Y2 are the first two buckling modes, as defined before. A1
L , A2

L , A1
R ,

A2
R are unknown factors, which need to be solved. The displacement of each beam’s

midpoint (Point B and D), denoted as d B and d D , can be expressed as:

d B = h −2A1
L , d D = h −2A1

R . (2.12)

Kinematic relationship between the vertical displacement of Point A (denoted as d A)
and C (denoted as dC ) is presented in eqns. (2.13). The relation between A1

L and A1
R is

derived, as shown in eqns. (2.14).

d A = dC +Lx sin(θ), (2.13)

A1
L = A1

R − Lx sin(θ)

2
≈ A1

R − Lxθ

2
, (2.14)

where Lx is the distance between Point A and C, which is a constant value.

b. Total potential energy
The total potential energy for the unit under the point-force loading is formulated

to obtain the four unknown coefficients (A1
L , A2

L , A1
R , A2

R ). There are four energy
contributions, which are the bending energy of left and right beam (Ub

L and Ub
R ), the

compression energy of left and right beam (Uc
L and Uc

R ), the bending energy of vertical
branch (Uv ) and potential energy (Ue ).

Ub
L , Uc

L can be derived by substituting A1
L , A2

L for A1 and A2 in eqns. (2.9) and (2.10)
(see Appendix A.2). Similarly, by combining eqns. (2.9), (2.10) and (2.14), we can get the
expression of Ub

R , Uc
R , as a function of A1

L , A2
R and θ. Finally, there are four indepen-

dent unknown variables (A1
L , A2

L , θ, A2
R ) in the governing equations. Moreover, the

bending energy of the vertical branch can be expressed as:

Uv = E IB (
AL

2 Cs

L +θ)2

2H
+ E IB (

AR
2 Cs

L +θ)2

2H
, (2.15)

where E IB represents the bending stiffness of the vertical beam and Cs is a constant
value, as shown in the Appendix A.2. The potential energy, associated to applied force, is
simply:

Ue =−F d A . (2.16)

Finally, the total potential energy is:

Utot =Ub
L +Uc

L +Ub
R +Uc

R +Uv +Ue , (2.17)
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and the governing equations are obtained by taking the derivative of Utot with respect to
four variables (A1

L , A2
L , θ, A2

R ). The equations are then solved numerically by giving a
range of F inputs. Consequently, the corresponding load-displacement (F −d A) curves
can be extracted.

2.4.2. RESULTS OF THE ANALYTICAL MODEL
The corresponding load-displacement curves predicted by the analytical model are pre-
sented in Fig. 2.7(a). It can be seen that the model gives a good approximation of rota-
tional snap-through characteristics that are observed in FEA. Specifically, the theoretical
results exhibit the same slope as that of FEA in the negative stiffness phase. This can be
explained by the fact that snapping behavior is mainly determined by the asymmetric
Mode 2, which has been used as a modal basis in the analytical formulation. Mean-
while, it is shown that the deformed stable position of the rotational state is well pre-
dicted by the model. As compared to the FEA results, higher stiffness are observed in
this model’s predictions. The differences are mainly caused by two factors. First, the
theoretical model does not consider high order buckling modes since using dominant
modes already allow to capture the characteristic of snap-through deformation at the
snapping phase, which is our focus in this study. Second, the model is based on small
deformation hypothesis, as reflected in the energy formulations.

The design criterion for the rotational stability is presented in Fig. 2.7(b), based on
two non-dimensional quantities (h/L and t/L). The grey region in the figure is cor-
responding to the case that the structure cannot stabilize at the deformed rotational
state, where Fmi n is a positive value. The colored region means that the unit is able
to achieve rotational stable states by setting proper h/L and t/L. Geometrical thresh-
olds along the boundary are highlighted as green dots, which are denoted as tb/Lb and
hb/Lb . The tb/Lb and hb/Lb obtained from the model are compared with FEA, as shown
in Fig. 2.7(d). It is shown that the model is able to give a reasonable prediction of the
boundary that determines the rotational states. Therefore, it allows a rapid and full iden-
tification of the design space for rotational stability before manufacturing.

In addition, from Fig. 2.7(b), it can be noted that for a specified thickness, the ro-
tational stable state can be realized when h/L of the structure is larger than the hb/Lb .
In order to reach the rotational stable state, h/L should be larger than the critical value
while t/L should not exceed a specific value. It can also be interpreted in the sense that
h/t should be large for achieving the rotational stable states. Besides, we explore the
variation of Fmax with respect to t/L and h/L, and results are plotted in Fig. 2.7(c). As
compared to h/L, t/L has a more substantial influence on Fmax . That is, the value of
Fmax increases dramatically with the change of t/L, while the change of h/L does not in-
fluence Fmax much. Therefore, it is more paramount to change the parameter t/L when
the maximal actuation force needs to be tuned to accommodate different circumstances.
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Figure 2.7: Identification of design space for rotational stable states as a function of t/L and h/L. (a) Theoretical
predicted load-displacement curves for the units with different parameters. FEA results are used as references.
(b) With changing t/L and h/L, the design space for rotational stable states is identified by the model. The grey
area represents the situation, in which there are no rotational stable states; the colored region represents the
range of parameter values, for which the structure does have rotational stable states. Green dots are specific
data points (denoted as tb /Lb and hb /Lb ) along the boundary. (c) The change of Fmax with respect to t/L and
h/L. (d) The tb /Lb and hb /Lb predicted by the model and FEA, respectively. The error bars marked in FEA
represent that the simulated hb /Lb that is exactly corresponding to Fmi n = 0 is located between the upper and
lower limits.
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2.5. MULTI-LAYER METASTRUCTURES WITH ROTATIONS
Via rationally designing the beam with specific geometric parameters, we can obtain the
desired rotational states as well as the intrinsic translational states for the unit cell. By
assembling such units in series, metastructures with multiple layers can be designed,
which are able to exhibit large rotations and translations. To demonstrate the feasibility
of the multi-layer metastructurese, we experimentally characterize their snapping tran-
sitions.
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Figure 2.8: 2D multi-layer metastructures with serial arrangements of unit cells. (a) A two-layer metastructure.
(b) A three-layer metastructure. (c) Experimentally characterized load-displacement curves for the transla-
tional and rotational snap-through of the two-layer metastructure. The metastructure can stabilize at their
deformed states, as shown in the figure. (d) Snap-through responses of the three-layer metastructures. The
translational and rotational transitions are characterized respectively.

Two-layer and three-layer metastructures are displayed in Fig. 2.8(a)–(b). As the unit
cell possesses four stable states, the printed two-layer and three-layer metastructures
have 42 and 43 stable states, respectively. Here, two primary deformation modes are se-
lected and characterized by cyclic loading. The associated load-displacement responses
are plotted in Fig. 2.8(c)–(d), where each layer exhibits evident snap-through behavior
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Figure 2.9: Demonstrations of conformal-morphing on a curved surface based on the rotational stable states.
(a) An ensemble of unit cells stacked in series. By deforming in different transition modes, it can switch to
curved shapes with different curvatures. The angle α is the stable angle achieved by a single unit’s rotational
transitions. (b) An illustrative example of conformal morphing on a spatial free-form surface. To realize shape-
matching, our deformed metastructures (grey) can deform into a curved shape to match the target curved
free-form shape (red). (c) The stable angle (α) is characterized experimentally and numerically, as a function
of h for different L.

sequentially. In Fig. 2.8(d), a large difference between loading and unloading during the
third snapping occurs. This happens due to the fact that during uniaxial loading, the top
layer of the three-layer metastructure also generates a horizontal displacement, which
can not be handled by the uniaxial testing. In terms of characterizing the rotations of a
metastructure with more layers, the horizontal displacement of the metastructure needs
to be taken into account. The multi-stable metastructures are able to stabilize at their
deformed (translational and rotational) states after removal of loads. After unloading,
the metastructure can be fully reversed back to the initial state, which means that they
can be reused.

More importantly, from a kinematics perspective, the proposed multi-stable struc-
ture is capable of not only providing translational but also angular movements, which
enriches the structure’s shape-morphing ability. As shown in Fig. 2.9(a), the multi-layer
metastucture can exhibit different curved shapes that are enabled by the unit’s rotational
states, aside from the 1D extension shown in this figure. Such deformed curved states
can be useful for shape morphing, in which the ability to deform into curved shapes is
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normally needed. An illustrative example is shown in Fig. 2.9(b), where conformal mor-
phing can be realized. To match a target curved shape (denoted in red), it is possible
to make the metastructures (marked in grey) deform to fit into the shape of the target
curved shape via controlling the rotational stable state of each unit cell, while the transla-
tional states of the presented structures shown in Fig. 2.9(a) cannot realize the morphing
behavior to match the curved surface. The largest rotational angle can be calculated as
nα, where n is the number of layers. Since the beam height (h) and length (L) have more
substantial effects on α than the thickness (t ), we plot the change of α with the variation
of h and L, as shown in Fig. 2.9(c). It can be seen that α increases approximately in a lin-
ear manner with the increasing of the beam height. With larger h and L, the achievable
angle α can be enlarged. Then, rotational angles can be programmed by adjusting the
number of layers and the geometry of the unit cells. Meanwhile, it should also be noted
that a large α requires a large distance between the upper and bottom frame. Here, we
observe that a large h will lead to contact between the upper and bottom frame when
reaching the rotational state (see Appendix A.3). Therefore, when designing the struc-
ture with a large h, the contact issue should be considered.

(a) (b)

Figure 2.10: 3D multi-stable metastructures with rotational states. (a) The metastructure is designed by arrang-
ing unit cells in an orthogonal pattern. (b) The fabricated prototype of the 3D metastructure. The structure is
able to exhibit rotations along two directions, which result in four rotational stable states.

In addition, we demonstrate the rotations of a 3D multi-stable metastructure. This
metastructure is shown in Fig. 2.10(a), and is designed with two units placed in an or-
thogonal pattern. It is fabricated using a poly-jet based multi-material printer (Objet350
Connex 3). From Fig. 2.10(b), it can be seen that this 3D metastructure is able to real-
ize rotations along two directions, which is an extension of 2D structures. The rotational
states in Fig. 2.10(b) can be seen as the deformations of two rows of 2D unit cells arranged
in parallel. Therefore, it can be expected that the magnitude of this 3D structure’s rota-
tional force-displacement response, including force thresholds and stiffness, should be
two times as large as a single 2D unit cell with the same length scales. This 3D structure
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can be further extended to design bending actuators by stacking more unit cells. Overall,
the design of 3D structure here paves the way for forming 3D deployable structures by
patterning structures in x, y, z directions.

2.6. CONCLUSIONS
In this chapter, the rotational stable states of multi-stable beam-type metastructures
have been presented, apart from the expected translational states. Both translational
and rotational transitions exhibit negative stiffness (snap-through) behavior while the
rotational transition exhibits more evident asymmetric characteristics as compared to
the counterpart of translations. The parameters, including the beam height (h), thick-
ness (t ) and span (L), have been found paramount for rotational stability. Moreover, the
criterion for reaching rotational states is established through a theoretical investigation.
The proposed model, validated by finite element simulations, effectively predicts the ro-
tational snap-through transitions in the negative stiffness interval and captures thresh-
olds of h/L and t/L. It is shown that for realizing rotational states, h/L should be larger
than critical values while t/L needs to be small, and t/L is more influential than h/L for
tuning the maximum force of rotational transitions. This criterion serves as a guideline
to tailor rotational snap-though behavior such as controlling force thresholds. Finally,
we demonstrate the large rotations of metastructures with fabricated two- and three-
dimensional metastructures, where the rotational stable states can be programmed by
serially assembling units along multiple directions. With the proper units arrangement
and design, the proposed multi-stable metastructures with rotational states can open up
new opportunities for designing adaptive structures.
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3
3D MULTI-STABLE

METASTRUCTURES WITH

ROTATIONAL

AND TRANSLATIONAL STATES

In Chapter 2, the criteria for realizing rotational states have been defined to design pla-
nar structures with rotational degrees of freedom. In this chapter, we extend the concept
of rotational states into three-dimensional (3D) structural designs such that a type of 3D
multi-stable metastructures exhibiting both rotational and translational stable configu-
rations is proposed based on 2D and 3D arrangements of bi-stable elements. The resulting
level and tilted configurations are enabled by the rotational compliance, bi-stability and
spatial arrangement of unit cells. The bi-stability of the unit cells and multi-stability of
the metastructures are demonstrated and characterized by experiments and finite element
analysis. Results show that transitions between level stable configurations are symmet-
ric in terms of load-deflection response while switching to the tilted stable configurations
leads to asymmetric mechanical responses. The tilted stable configurations are less stable
than the level configurations. Moreover, we demonstrate that the level and tilted stable
configurations of the metastructure depend on the parallel and serial arrangement of the
unit cells.

This chapter is based on a journal paper: Zhang, Y., Wang, Q., Tichem, M. and van Keulen, F., (2019). Design
and characterization of multi-stable mechanical metastructures with level and tilted stable configurations.
Extreme Mechanics Letters, 34, p.100593.
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3. 3D MULTI-STABLE METASTRUCTURES WITH ROTATIONAL

AND TRANSLATIONAL STATES

3.1. INTRODUCTION
Mechanical metamaterials are rationally designed structured materials whose macro-
scopic properties are mainly determined by their structures rather than composition
[1, 2]. This allows to realize unusual and novel properties for metamaterials. For exam-
ple, mechanism-based auxetic metamaterials have been designed to obtain deployable
structures [3, 4]. Phononic metamaterials have been developed to control and prohibit
elastic waves in specific frequency ranges [5–7]. Other unconventional properties in-
clude ultra-lightweight but high stiffness [8], negative compressibility transitions [9] and
high energy absorption [10].

In order to tune the properties of metamaterials after fabrication, metamaterials
composed of multi-stable metastructures have been proposed and actively explored in
recent years [11]. Multi-stable structures have multiple stable morphologies and are able
to achieve significant geometrical changes by switching between different stable config-
urations. More importantly, these stable configurations do not require external loads to
be maintained. The multi-stability has mainly been utilized in design of shape-changing
structures and energy absorbers with tunable stiffness [12–15].

Many studies have demonstrated the design of multi-stable metastructures based
on bi-stable elements exhibiting snap-through behavior. These designed structures are
normally referred to as snap-through induced multi-stable structures (SIMS) [16–19].
Within the elastic regime, snap-through is a type of instability that causes a structure to
jump from one stable configuration to the other when external loads beyond critical val-
ues are applied [20]. Thus, two stable configurations can be accommodated [21, 22]. The
principle of snap-through based bi-stability can be applied to design smart metastruc-
tures over a wide range of length scales [11]. By combining bi-stable elements, multi-
stability can be realized for metastructures [23–29]. For instance, Restrepo et al. [24]
developed metastructures consisting of an array of bi-stable camber beams which can
absorb energy under cyclic loading. Shan et al. [25] proposed a multi-stable structure
using inclined straight beams for trapping elastic energy. Santer et al. [30] presented a
multi-stable mechanism to morph surfaces. Since all the unit cells within the SIMS are
identical, the deformation sequence is unpredictable when the structure is uniformly
loaded. Che et al. [26] introduced geometry and material variations to acquire pro-
grammable behavior. Moreover, this snap-through behavior can also be triggered under
tensile loading besides compressive loads [31].

Most studies on multi-stable metastructures are limited to translational state changes
and only level stable configurations are explored due to the constraint of unit cells’ rota-
tional compliance. In previous chapter, by exploiting the rotational compliance, the hid-
den rotational degrees of freedom for two-dimensional (2D) metastructures have been
presented for the first time, but relevance to applications normally requires designs to
be highly effective in general three-dimensional (3D) settings. Therefore, we extend the
previous methodology into a 3D structural design, and thus demonstrate a new type of
3D multi-stable metastructure allowing for both level and tilted stable configurations.

In this chapter, 3D bi-stable unit cells with snap-through behavior and rotational
compliance are designed first. By a specific assembly of a number of unit cells, the
resulting multi-stable metastructure is able to exhibit both translational and rotational
macroscopic degrees of freedom (DOFs). That is, the resulting structures possess multi-



3.2. STRUCTURE DESIGN

3

39

ple equilibrium states, including level and tilted stable configurations. These additional
tilted stable configurations offer more design freedom for motion-related applications.
Moreover, various tilted stable configurations can be obtained by combining the unit
cells in different arrangements, which makes it possible to control the multi-stable prop-
erty of metamaterials.

This chapter is organized as follows. Section 3.2 describes the geometry of the pro-
posed unit cells and resulting multi-stable metastructures. The main features of the
unit cells are highlighted and the associated level and tilted stable configurations are
demonstrated. Section 3.3 describes experimental and numerical methods adopted in
this work. The snap-through behavior of the proposed unit cells and the multi-stable
metastructures are characterized in Section 3.4. In Section 3.5, the influence of unit cell
arrangements on the resulting multi-stable behavior is studied. Moreover, the rotational
states enabled by square units are demonstrated in Section 3.6.

3.2. STRUCTURE DESIGN
Here, we are targeting multi-stable metastructures, where bi-stable elements are used
as basic unit cells. As shown in Fig. 3.1(a), a single bi-stable element allows for transla-
tional motion by switching among two stable configurations. It is illustrated in Fig. 3.1(b)
that, the 1D arrangement of these elements forms a metastructure with two level stable
configurations (LSCs) due to the translational motion. The corresponding metastruc-
ture may exhibit a relatively large stroke via transition between LSCs. If, in addition,
the bi-stable unit cell provides rotational compliance, then it may be possible for the
metastructure to exhibit additional tilted stable configurations (TSCs) next to the intrin-
sic LSCs (see Fig. 3.1(b)).

After combining the proposed unit cells into a metastructure, it can be observed in
Fig. 3.2(a) that four stable configurations can be achieved for a metastructure composed
of two unit cells: level (Configuration 1 and 4) and tilted stable configurations (Configu-
ration 2 and 3). When unloaded, the metastructure can maintain its deformed shape in
either level or tilted state. Different stable configurations can be realized by applying dif-
ferent loading conditions. For example, when the demonstrated metastructure is loaded
in a LSC symmetrically, it responds with a translational transition to switch between two
LSCs (Configuration 1 or 4). However, when an asymmetric load is applied, it transforms
to a tilted stable configuration (Configuration 2 or 3).

According to the findings in Chapter 2, the rotational compliance and bi-stable be-
havior are essential for building 3D rotational metastructures. Therefore, a 3D unit cell
with these two properties was proposed and studied, as depicted in Fig. 3.1(c). Specif-
ically, a leaf spring with six strips (six-strip structure) was prestressed into a 3D curved
shape by using two smaller frames. When this unit cell (Configuration 1) is mechan-
ically deformed, the curved six-strip structure reconfigures into the other level stable
configuration (Configuration 2), which results in a translation motion, see Fig. 3.1(c).
Meanwhile, the rotational compliance ensures that the unit cell can achieve angular de-
formation, as shown in Fig. 3.1(d).
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(a) (b)

(c) (d)

Figure 3.1: Design of 3D bi-stable unit cells. (a) A schematic of bi-stable behavior. (b) Schematics of a multi-
stable metastructure exhibiting level stable configurations and rotational compliance. (c) The proposed 3D
bi-stable unit cell with two level stable configurations. (d) Rotational compliance of the unit cell.
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(a)

(b)

Figure 3.2: The proposed metastructures showing both level and tilted stable configurations. (a) A multi-stable
metastructure consisting of two cells is obtained by 1D arrangement. Four stable states are found including
LSCs and TSCs. (b) A 3D arrangement of unit cells resulting in multiple TSCs and LSCs.
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Based on the proposed unit cells, it is possible to obtain different arrangements by
repeating the unit cells. By a 3D arrangement of the unit cells, the resulting metastruc-
ture may have multiple TSCs along different directions. As an example, each layer of the
arranged metastructure shown in Fig. 3.2(b) is able to exhibit six TSCs with different tilt-
ing orientations and two LSCs along the vertical direction (see Video). It should be noted
that which particular level and tilted stable configurations can be realized depend on: i)
the nonlinear properties of the unit cells, in particular their bi-stable behavior and rota-
tional compliance; ii) the spatial arrangement of the unit cells. In order to identify the
influence of arrangement on multi-stability, the mechanical responses of metastructures
with different arrangements are experimentally determined, as discussed in Section 3.5.

3.3. METHODS

3.3.1. FABRICATION
Samples were manufactured following the procedure as illustrated in Fig. 3.3(a)–(d). The
bi-stable unit cell is composed of three components, namely two frames and the six-
strip structure. The flat six-strip structures were fabricated by laser-cutting 0.1 mm thick
spring steel sheets (Alloy 1.4310, Jeveka, The Netherlands). The frames were printed
from polylactic acid (PLA) using a fused deposition modeling printer (Prusa i3 MK2) and
have been considered rigid in the numerical simulations. By connecting the frames with
smaller in-plane dimensions, the six-strip structure was buckled into a curved config-
uration and the unit cell was assembled using screws as fasteners. The metastructures
were obtained by connecting unit cells in different directions. Figure 3.3(d) illustrates an
example of a 1D combination of unit cells for a multi-stable metastructure. Parameters
of samples of this study are listed in the following Table 3.1.

frames

x

y

Top frame
Bottom framel0

w l

(a) six-strip structure (b) (c) unit cell (d) 1D multi-stable
metastructure

Figure 3.3: Schematics for fabrication of the presented unit cells and metastructures. (a) The flat six-strip
element with an out-of-plane thickness te and its in-plane geometric parameters. (b) 3D printed frames with
an out-of-plane thickness t f and in-plane dimensions. (c) Assemble the bi-stable unit cell by connecting the
six-strip structure to the two frames. (d) An assembly of the unit cells to obtain a multi-stable metastructure.

https://ars.els-cdn.com/content/image/1-s2.0-S2352431619302615-mmc2.mp4
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Table 3.1 Geometric parameters of bi-stable unit cells

Parameters w l0 l te t f

Values (mm) 5 73 69 0.1 6

3.3.2. EXPERIMENTS AND SIMULATIONS
To characterize the snap-through transitions, we investigated the mechanical behavior
of structures using a uniaxial testing machine (ZwickRoell Z005, Germany). Uniaxial
compression and tensile tests were conducted on fabricated samples to capture their
snap-through transitions. Connectors were printed and used to transfer loading forces
during loading tests. Quasi-static conditions were applied using a displacement control
at a loading rate of 10 mm/min. During the mechanical deformation of the structures,
we quantified the snap-through transitions as force-deflection curves. All the tests and
measurements shown in this chapter were repeated three times for each sample. For
each design, three samples were fabricated and tested to get mean values.

Nonlinear finite element analysis (FEA) was performed using ABAQUS to investigate
in detail the local deformation of the designed structures. Because the strips experience
only small deformations, a linear elastic constitutive model was used in the FEA. Four-
node shell elements with reduced integration (S4R) were employed for the thin six-strip
structure with Young’s modulus E = 180 GPa and Poisson’s ratio v = 0.29, consistent with
the material we used in experiments. Frames were meshed using eight-node linear brick,
reduced integration solid elements (C3D8R). A relatively high Young’s modulus was as-
signed to the frames to mimic their rigidity. Pre-stresses were introduced to the metas-
tructure by thermal loads. Specifically, thermal expansion coefficients were assigned
to the top and bottom frames. By applying a controlled temperature drop, the frames
shrank and resulted in the desired initial configuration of the modelled metastructures.
The detailed modelling procedure we followed can be found in the Appendix B.

3.4. MECHANICAL PROPERTIES OF TRANSITIONS INTO LSCS AND

TSCS
In this section, the mechanical properties of the designed unit cell as well as the associ-
ated metastructures are presented. The bi-stability of the unit cells and multi-stability of
the metastructures are quantified, respectively. The results of experimental characteri-
zation will be given and discussed along with the numerical analysis.

3.4.1. BI-STABILITY OF THE UNIT CELL
To measure the responses of the presented unit cell under uniaxial loads, we firstly com-
pressed the unit cell to Configuration 2 (denoted as loading) and then pulled it back to
Configuration 1 (denoted as unloading), as depicted in Fig. 3.4(a)–(b). Main mechani-
cal characteristics can be observed in Fig. 3.4(b): i) The bi-stable deformation behavior
is evident from the force-deflection curve. In the initial phase, the force gradually in-
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creases along with the axial displacement until the maximum critical compression force
(Fmax ) is reached, as plotted in Fig. 3.4(b). A further deformation triggers elastic insta-
bility (i.e. snapping), where the structure shows negative stiffness. During the snapping
phase, the force initially reduces to zero, and then becomes negative (tension). When
contact between top and bottom frames occurs at a certain displacement (represented
as the vertical dashed line in Fig. 3.4(b)), the negative force is balanced by the contact
force, leading to the Configuration 2. ii) Symmetric behavior is observed, meaning that
Fmax is almost equal to that of the maximum tensile force (referred to Fmi n in Fig. 3.4(b)).
This is due to the fact that the pre-stress is introduced to the flat six-strip structure. Sim-
ilar behavior is also observed in other pre-stressed bi-stable designs in literature [32, 33].
iii) The reverse unloading process (black curve) follows nearly the same path as the load-
ing (red curve), which demonstrates that the hysteresis is negligible for these structures.
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Figure 3.4: Snap-through behavior of the bi-stable unit cell. (a) The two stable configurations in experimental
measurements. (b) Force-deflection curves for snap-through transitions between Configuration 1 and 2. The
red and black curves represent the mean values of multiple experimental tests (yellow area) for loading and
unloading, respectively. The dashed vertical line (contact) represents the situation that during loading, the
top frame is in contact with the bottom frame. Blue curve denotes the snapping response obtained from FEA.
(c)–(d) Contour plots for von Mises stress of the unit cell at Configuration 1 and 2, respectively.
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In comparing numerical and experimental results, good agreement is observed be-
fore the contact occurs, as seen in Fig. 3.4(b). Since the frames are considered rigid, only
the six-strip structure of the unit cell is modeled in FEA. It can be seen in Fig. 3.4(b)
that the simulation reproduces the snapping response in experiments before the con-
tact. The mismatch at the contact phase can be explained by the fact that the contact is
not considered in simulations and thus, the six-strip structure is deformed further into
the symmetric Configuration 2. In addition, the symmetric transition behavior is also
demonstrated by the stress distributions in Fig. 3.4(c) and (d), where the two stable con-
figurations correspond to the same level of strain energy.

3.4.2. MULTI-STABILITY OF THE METASTRUCTURE

The metastructures allowing for level and tilted configurations were characterized with
representative samples which are 1D combination of two unit cells, as shown in Fig. 3.5(a).
The loading response between LSCs is displayed in Fig. 3.5(b). It can be expected that
compared to the snap-through of one unit cell, the critical force of this metastructure
doubles while the maximal displacement remains unchanged. The characteristics of
snapping transition are similar to the expected results, where the average Fmax is around
2.8 N. In addition, integrating the force-deflection curve over the region of positive force
and negative force (denoted as Ei n and Eout in Fig. 3.5(b)), we find that Ei n is almost
equal to Eout as a result of the symmetric transition.

The transition to TSCs was realized by applying loads on one side of the top frame.
As a result, the metastructure snaps from the initial to tilted configurations, as displayed
in Fig. 3.6(a)–(b). Similarly, after the process of snapping and contact, the metastruc-
ture stabilizes at the TSC without external loads. This snapping behavior differs from the
snapping behavior of the level configuration in two aspects: i) The critical compression
force Fmax (1 N in Fig. 3.6(b)) is smaller than that of LSCs (2.8 N in Fig. 3.5(b)). There-
fore, less force/energy is required for the metastructure to switch into TSCs while the
transition to LSCs requires larger actuation force. ii) The snapping response shown in
Fig. 3.6(b) is not symmetric because curves in compression (positive) and tension (neg-
ative) loading are obviously different. The critical tension force Fmi n (-0.5 N) is lower as
compared to Fmax (1 N), indicating that the TSCs are less stable than the corresponding
LSCs. This can also be explained from an energy perspective. It can observed that Eout

in Fig. 3.6(b) is much smaller than Ei n , implying that energy is trapped within the de-
formed stable TSCs. Therefore, when snapping to TSCs, the strips locally reconfigure to
a higher energy, yet stable deformed state.

The corresponding numerical result agrees well with the experimental measurement,
as plotted in Fig. 3.6(b). The stress evolution in Fig. 3.6(c)–(e) shows that the first cell ex-
periences relatively larger deformation than the second cell. In particular, the three top
strips (1,3,5) in the first cell snap into the other configuration during the initial loading
stage. When this metastructure reaches the state as illustrated in Fig. 3.6(e), the Strip 3
already snapped to the other side. However, the Strip 1 and 5 have not been snapping
fully. High stresses can be found in Strip 1 and 5, as shown in Fig. 3.6(e). The overall
equilibrium of the tilted stable state can be interpreted as a combination of three force
components: upward contact force from the bottom frame; downward pushing force ap-
plied by the first cell and upward pulling force generated in the second cell. A simplified
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Figure 3.5: Characterization of snapping transitions from the initial configuration to the other level stable con-
figuration for a metastructure composed of two bi-stable elements. (a) Two LSCs: initial and deformed level
configurations. (b) Force-deflection curves corresponding to the snapping from the initial to level configura-
tion. Red curve shows the mean values of multiple measurements.

analytical model for capturing the tilting transitions can be further developed based on
the force equilibrium in future.

3.5. METASTRUCTURES WITH DIFFERENT ARRANGEMENTS

Here, two main arrangements of combining bi-stable mechanisms are studied and demon-
strated: parallel in either one or two directions (1D and 2D), and serial arrangements.
The serial arrangement represents the case of stacking bi-stable unit cells on top of each
other, where the load is equally resisted by all unit cells but with different deformations
for each. A parallel arrangement helps synthesizing new multi-stable characteristics
from existing bi-stable units and it can be realized by in-plane patterning of the unit
cells. Since the LSCs will be similar to the behavior discussed in previous section thus,
from here on the main focus will be on the TSCs.
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Figure 3.6: The tilting transitions of metastructures by experimental and numerical characterizations. (a) The
initial configuration and the deformed tilted configuration. (b) Force-deflection diagrams for transitions from
the initial to tilted configuration. Red line displays mean values of experimental results (green area); numerical
result is plotted as black line. (c)–(e): FEA of snapping transitions: (c) represents the initial configuration of
this metastructure. Then, the structure is loaded on the left side and (d) depicts the critical state where the
maximum compression force Fmax is reached. The stress distribution of the tilted state before the contact is
shown in (e).

3.5.1. PARALLEL ARRANGEMENT: 1D
Metastructures with unit cells arranged in 1D are depicted in Fig. 3.7(a). Figure 3.7(b)
depicts multiple force-deflection responses for switching from the initial configuration
to different TSCs shown in Fig. 3.7(a). It is first found that these metastructures are able
to exhibit TSCs, which is also demonstrated by experimental results shown in Fig. 3.7(b).
Figure 3.7(c) presents the critical compression forces Fmax and the resulting tilt angle θ
(see Fig. 3.7(a)) at TSCs as a function of cell numbers. Non-proportional relations are re-
ported as a result of the nonlinear behavior of the unit cells. With increasing the number
of cells, the critical compression force increases while the tilt angle decreases.

3.5.2. PARALLEL ARRANGEMENT: 2D
The smallest 2D arrangement is composed of three unit cells, as seen in Fig. 3.8(a). Be-
sides the stable initial and level configurations, multiple TSCs (i.e. tilting behavior along
different directions) are realized for the metastructure. Furthermore, it is noted that the
tilting axes depend on the in-plane symmetry of structure. As this structure has three
axes of symmetry as shown in Fig. 3.8(a), we separate the TSCs into two categories: two-
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Figure 3.7: The 1D parallel arrangement of the unit cells. (a) Metastructures consisting of three, four and
five unit cells. (b) The tilting response of these 1D metastructures: loading from the initial configuration into
TSCs experimentally. The solid curves represent the mean values. (c) The maximal critical compression forces
(Fmax ) and tilt angles (θ) as a function of the number of unit cells.

point tilting (Configuration 4,6,8) where there are two contact points at the TSCs and
one-point tilting (Configuration 3,5,7) in which only one contact point is observed.

The characterization of snapping into LSCs and TSCs is displayed in Fig. 3.8(b) and
(c), respectively. The snapping transition between LSCs shows a similar characteristic as
the snap-through behavior of the unit cell. For the two-point tilting, the critical com-
pression force is approximately two times larger than that of one-point tilting, as shown
in Fig. 3.8(c). This can be explained by the fact that in case of two-point tilting two cells
show snapping deflections whereas for one-point tilting, only the cell close to the load-
ing point switches into the other stable configuration. The non-buckled unit cells mainly
act as rotation points. The buckled unit cells essentially determine the snapping force
of transitions. Moreover, the TSCs corresponding to the two-point tilting exhibit larger
negative critical force (Fmi n) as compared to the one-point tilting, which implies that
two-point TSCs are more stable than the one-point TSCs.

3.5.3. SERIAL ARRANGEMENT

As discussed, the in-plane parallel arrangements mainly affect the tilting behavior and
resulting stable configurations. The influence of assembling unit cells in series is stud-
ied through a metastructure with two layers, as displayed in Fig. 3.9(a). Specifically, each
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Figure 3.8: A 2D parallel arrangement of metastructure and its stable configurations. (a) The stable config-
urations include six TSCs and two LSCs. Two types of TSCs are found for the metastructure: two-point and
one-point tilting. (b) The experimental force-deflection response of snapping between LSCs (from Configura-
tion 1 to 2). (c) The force-deflection diagrams for two types of snapping transitions in experiments: one-point
tilting (from Configuration 1 to 3, 5 or 7) and two-point tilting (from Configuration 1 to 4, 6 or 8).

layer exhibits four stable configurations and the demonstrated two-layer structure can
realize sixteen stable configurations in total. In general, by stacking elements with x sta-
ble configurations, the resulting n layers metastructure can possess xn stable configura-
tions. Here, we choose four typical stable configurations realized by applying different
loading conditions, as shown in Fig. 3.9(a): level and tilt tests. These two tests denote the
snap-through transitions to the LSCs and TSCs, respectively. The results of tests are plot-
ted in Fig. 3.9(b)–(c). Two sequential snap-through responses are captured in both tests.
The amplitude of the second peak force is slightly larger than the first one, although they
are designed to be the same. Discrepancies arise from manufacturing imperfections and
assembling tolerances. The fluctuation of force-deflection curves in a particular region
may be caused by the loading or structural imperfections.

For the proposed bi-stable unit cells, the basic behavior of arrangements can be sum-
marized as follows: i) The 1D parallel arrangement results in two LSCs and TSCs with
different tilting angles. ii) For 2D in-plane symmetric patterning of the unit cells, the
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possible TSCs can be found based on the structural symmetry axes. iii) By serial arrange-
ments, more LSCs and TSCs can be realized for the metastructure while each layer still
exhibits multi-stable behavior independently. The presented multi-stable metastruc-
tures with various LSCs and TSCs can be further used as building blocks to construct
multi-stable metamaterials. For instance, a multi-layer metamaterial can be formed as
an assembly with both parallel and serial arrangements of the unit cell, as displayed in
Fig. 3.2(b). Through controlling the layout of unit cells and the number of serial layers,
the spatial positions and tilting angles of stable configurations can be tuned.
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Figure 3.9: A two-layer metastructure obtained by serial arrangements of the unit cells. (a) Five out of sixteen
stable configurations for the two-layer metastructure. Experimental tests were conducted via uniform loading
(level tests) and loading on the left side (tilt tests). (b) The mechanical response of level tests, namely the
snapping transitions to LSCs. (c) The mechanical response of tilting tests, namely the snapping transitions to
TSCs.



3.6. METASTRUCTURES BASED ON SQUARE CELLS

3

51

3.6. METASTRUCTURES BASED ON SQUARE CELLS
Apart from hexagonal units, elements of square shapes, as another type of regular poly-
gons, can also be adopted to construct periodic metastructures since they can fill up a
plane without gaps or overlaps. In this section, associated multi-stable metastructures
based on square-shape unit cells are designed as well to demonstrate the versatility of
programming tilted stable states with different shapes. The resulting multi-stable metas-
tructures are fabricated following the same procedure as the previous hexagonal struc-
tures.

Figure 3.10 presents the achievable stable configurations for square-shape multi-
stable metastructures with 1D and 2D arrangements. Specifically, 1D arrangement of
square units allows for both level and tilted stable states, while 2D arrangements re-
sult in four tilted stable configurations. The tilted configurations (1 and 2), denoted in
Fig. 3.10(b), are symmetric with respect to the middle line of this structure. It can be
anticipated that by combining more square units in 1D, the tilted configurations can
still be retained, similar to hexagonal structures shown in Fig. 3.7(b). Moreover, for 2D
arrangement demonstrated in Fig. 3.10(c), the four rotational snap-through transitions
are supposed to exhibit the same characteristics even though imperfections introduced
by manufacturing process may yield minor deviations on force-displacement responses.
In addition, when compared with parallel hexagon patterns presented in Fig. 3.8(a), it
can be concluded that the tilting behavior of such multi-stable mechanical metamate-
rials is determined by a comprehensive effect of shapes of unit cells and arrangements,
such that parallel arrangement of hexagonal and square unit cells lead to distinct tilt-
ing directions. This further demonstrates that the rotational properties of multi-stable
metastructures can be programmed and tuned by adopting different unit cells or ar-
rangements.

3.7. CONCLUSIONS
In this work, we have proposed a new type of 3D bi-stable unit cell which allows the cor-
responding metastructures to exhibit both level and tilted stable configurations (LSCs
and TSCs respectively). The pre-stress gives rise to the LSCs and the rotational compli-
ance of the unit cell paves the way for the TSCs. The snapping responses of the unit cells
and metastructures were studied both experimentally and numerically. Results show
that the transition to LSCs exhibits symmetric behavior in terms of maximal critical com-
pression and tension force, without energy trapping. For transitions to the TSCs, the
load-deflection responses are asymmetric in such a way that the critical tension force is
smaller than the maximal compression force, resulting in a deformed tilted stable state
with higher strain energy. This indicates that TSCs are less stable when exposed to an ex-
ternal stimulus. Moreover, the metastructures are capable of exhibiting TSCs in multiple
directions. Two main arrangements with different metastructures have been demon-
strated and studied with hexagonal and square shape unit cells. It has been shown that
the tilting directions of in-plane symmetric patterning are determined by the symme-
try axes of the metastructures while a number of LSCs can be accomplished by serial
arrangements. Based on these arrangements, metastructures with multiple LSCs and
TSCs can be designed and used to build reconfigurable metamaterials.
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Figure 3.10: Level and tilted stable states of square-shape multi-stable metastructures. (a) A square-shape unit
cell. (b) Similar to hexagonal elemets, 1D assembly of square unit cells enables both level and tilted stable
states for metastructures. (c) 2D arrangement of square unit cells yields four tilted stable configurations, along
two perpendicular directions that are denoted as red dashed lines in this figure.
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4
MULTI-STABLE METASTRUCTURES

FOR ENERGY ABSORPTION

Multi-stable metastructures composed of curved beams can switch to a series of stable con-
figurations via elastic snap-through transitions. The elastic deformations allow metas-
tructures to function as reusable energy absorbers. However, conventional metastructure
designs based on solid beams often result in relatively low energy dissipation. In this
chapter, it is found that by increasing the beam unit’s bending stiffness while keeping the
volume/mass constant, energy dissipation of the metastructure can be largely improved.
Based on this observation, we propose two types of structural designs (lattice and hollow
cross-section design) as building blocks for multi-stable metastructures. The lattice design
is realized by incorporating lattice structures into pre-shaped beams while for the hollow
cross-section design, a box-shaped cross section is adopted. The proposed structures are
experimentally characterized under cyclic loading and are shown to exhibit sequential
snap-through transitions with relatively large energy dissipation. Results show the snap-
through behavior can be further tailored through tuning structural in-plane thickness.
Effects of geometric parameters on snap-through, local buckling and bi-stability are in-
vestigated, and the feasible design domains for selecting proper lattice and cross-section
geometries are identified. In addition, we demonstrate that the proposed design is not
restricted to beams, and can be extended to shell structures.

This chapter is based on a journal paper: Y. Zhang, M. Tichem, F. van Keulen, (2021). A Novel Design of Multi-
stable Metastructures for Energy Dissipation, Materials & Design, p.110234.
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4.1. INTRODUCTION

Energy absorping materials play important roles in protecting delicate objects and
mitigating impact in many fields, for example, automobiles, aircraft and civil engineer-
ing [1]. To realize energy absorption, a number of strategies have been proposed to dissi-
pate energy during a crash, including lightweight honeycomb structures [2, 3], sandwich
structures [4–6], and metallic foams [7, 8]. The energy dissipation of these structures is
mostly associated with plastic deformations and thus it results in inevitable structural
damage.

Recently, owing to its potential of achieving energy absorption with elastic deforma-
tions, the concept of designing mechanical metastructures with snap-through behavior
has been proposed and extensively studied [9, 10]. Mechanical metastructures are ratio-
nally designed periodic structures that exhibit novel functionalities from their elemen-
tary structures rather than material properties. The snap-through property is a type of
buckling behavior that causes a structure to “jump” from one configuration to the other
when the applied load exceeds a critical value. To build metastructures exhibiting snap-
through behavior, pre-shaped curved beams, as structural elements that exhibit snap-
through behavior, have commonly been adopted [11, 12]. For metastructures composed
of a number of curved beams, a sequential snap-through behavior and negative stiffness
can be observed in the quasi-static load-deflection curves [13]. Moreover, these metas-
tructures often exhibit a series of stable deformed configurations and are, thus, referred
to as multi-stable beam-type metastructures (MBMs) [14, 15]. The multi-stability en-
ables metastructures to retain their deformed configurations without the need for con-
tinuous external loading, facilitating motion- and energy-related functionalities [9]. For
instance, it has been demonstrated that multi-stability can be utilized to design me-
chanical logic gates for Boolean computations [16]. With regard to energy absorption,
the MBMs can realize an hysteresis loop under a quasi-static loading-unloading cycle,
whereas energy is dissipated through a dynamic snap-through process [17–19]. Unlike
structures which dissipate energy by means of plastic deformations, these metastruc-
tures undergo elastic deformations and the deformed structure can be fully reversed
back to its initial configuration. As a result, these metastructures can be reused as shock
absorbers multiple times. Moreover, the energy absorption is rate independent in the
sense that when the external loading frequency is significantly lower than the metas-
tructure’s lowest eigenfrequency, the resulting hysteresis is hardly affected by the loading
rate [20–22].

Many prototypes of MBMs have been demonstrated and studied in literature. Differ-
ent geometries have been proposed, including planar [23–30], three-dimensional (3D)
cylindrical [14, 31, 32], hexagonal [33, 34] and cubic geometries [35–37]. For instance,
Restrepo et al. [24] and Zhang et al. [38] investigated energy dissipation of multi-stable
metastructures comprising curved beams arranged in one (1D) and two directions (2D).
Hua et al. [31] extended the planar beams to spatial curved beams for developing cylinder-
shape metastructures. Ha et al. [35] combined six curved beams into a 3D unit cell and
presented a metastructure design for realizing energy absorption in three directions.
While these previous studies focused on multi-stable metastructures under compres-
sive loads, Sun et al. [25] presented a type of multi-stable structure consisting of two
non-identical elements, to achieve energy absorption under tension.
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For multi-stable metastructures consisting of snapping units, their energy dissipa-
tion capability is closely connected with the unit cells’ snap-through behavior [24, 39].
That is, snap-through units with stiffer mechanical responses will lead to an improve-
ment of metastructures’ energy dissipation. In the case of MBM, most previous studies
have concentrated on using solid beam units to design metastructures. In this paper, we
aim to develop new designs for MBMs to realize better energy dissipation than the solid
beam designs. Specifically, it is found that by increasing the beam units’ bending stiff-
ness to a large extent, the corresponding metastructures can exhibit an improved energy
dissipation. Based on this observation, we propose two types of snapping beams with
enhanced bending stiffness as building blocks to construct metastructures. That is, for a
planar design, lattice structures are introduced into the curved beam to obtain an hierar-
chical beam. Another strategy is to design hollow beams with box-shaped cross sections.
Compared with previously studied solid beams, the proposed designs enable dissipation
of more energy without using more material. Moreover, the proposed designs introduce
additional design parameters, providing a larger design space to tune the snap-through
features. In addition, this concept of increasing structural bending stiffness can be ex-
tended to shell structures.

The remainder of this paper is organized as follows. The working principle of the pro-
posed design is firstly discussed in Section 4.2. The concept of lattice and cross-section
designs is elaborated in Section 4.3, where the key geometric parameters are specified
and categorized. Furthermore, the experimental and numerical approaches we used
are discussed. Section 4.4 presents the mechanical properties of unit cells comprising
hierarchical and hollow beams. The effect of geometric parameters on snap-through
transition is explored. In Section 4.5, we investigate the deformation characteristics of
multi-stable metastructures under cyclic loading. The energy dissipation is evaluated
both experimentally and analytically. A quantitative comparison between the proposed
and traditional designs is discussed. In Section 4.6, we demonstrate the potential of ex-
tending the proposed design to develop lattice-based shells. Conclusions are presented
in Section 4.7.

4.2. DESIGN PRINCIPLE
The structural design in this work is based on the pre-shaped curved solid beam, as il-
lustrated in Fig. 4.1(a). The beam’s geometry can be described as:

y(x) = H

2
(1−cos(2π

x

L
)) (4.1)

where H , L, T , B represent height, span, in-plane thickness and out-of-plane width of
the beam, respectively. The effective bending and axial stiffness of the beam are denoted
as E I /L3 and E A/L, respectively. When a force (denoted as F ) is applied at the center, as
shown in Fig. 4.1(a), the beam can exhibit a snap-through transition and may reach the
second stable state (curved dashed line). Here, the force-displacement (F −d) response
of the beam is studied analytically. An approximate analytical model is adopted, based
on the principle of mode superposition. It has been shown that the model can provide a
good estimate of the snap-through transition [31, 40, 41]. Here, the first seven buckling
modes are employed as a basis, and governing equations are derived on the basis of the



4

60 4. MULTI-STABLE METASTRUCTURES FOR ENERGY ABSORPTION

minimum total potential energy principle (see Appendix C.1).
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Figure 4.1: Pre-shaped solid beams and the effect of bending stiffness on snap-through behavior. (a) A pre-
shaped solid beam. The out-of-plane dimension is denoted as B . (b) The force-displacement curves predicted
by the analytical model are shown, where cross-sectional area is kept as a constant value (A = 12 mm2). Snap-
through responses of beams with different relative bending stiffness are presented. (c) A system composed of
three pre-shaped beams arranged in series. (d) The force-displacement curve of the three-beam system under
a displacement-controlled loading cycle is illustrated.

The resulting force-displacement curves obtained from the analytical analysis are
shown in Fig. 4.1(b), where snap-through transitions of structures with different bending
stiffness but the same cross-sectional area (A) are presented. During the displacement-
controlled loading, two critical forces (denoted as Fmax and Fmi n) are identified, and the
structure exhibits a negative tangent stiffness after reaching Fmax . It can be noted that
when enlarging the structure’s effective bending stiffness, both Fmax and Fmi n increase,
and the absolute value of the negative tangent stiffness increases as well. The effect of
bending stiffness on the snap-through behavior indicates that when the axial stiffness of
the structure is kept unchanged, increasing the bending stiffness can effectively result in
a stiffer mechanical response.

Increasing the absolute values of Fmax and Fmi n enables to enhance the energy dis-
sipation. For a multi-stable metastructure consisting of serially arranged curved beams,
an hysteresis can be realized under a displacement-controlled loading-unloading cycle
[20, 24]. Fig. 4.1(c) shows a three-beam system for which the displacement at the top is
prescribed. Due to unavoidable imperfections in practice, the element with the small-
est Fmax becomes unstable first and will snap. As a result, a dynamic process is ini-
tiated, leading to dissipation of energy. This dissipated energy is converted to heat in
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turn. The other two beam units initially follow the stable unloading equilibrium without
energy dissipation. Consequently, the corresponding force-displacement curve shows
three “jumps” (see Fig. 4.1(d)). Similarly, for the unloading path, jumps will happen
upon reaching Fmi n , resulting in the unstable transition of one element. After a loading-
unloading cycle, an hysteresis loop, representing the energy dissipation of the metas-
tructure, can be identified. It can be noted that the resulting hysteresis loop is closely
associated with the beam unit’s snap-through behavior. For the same amount of mate-
rial, when adopting structural units with enhanced bending stiffness, it can be expected
that better energy dissipation can be realized.

4.3. STRUCTURE DESIGN AND METHODS
Following the concept of enlarging the relative bending stiffness, we present two types of
structural design with improved energy dissipation. Note that the traditional solid beam
whose geometry can be described by Eqn. (4.1) is also studied for comparison, where H ,
T , L and B are referred to as global shape parameters.

4.3.1. LATTICE DESIGN

The lattice design studied in this paper is focused on planar structures (x-y plane) that
can be extruded along the out-of-plane (z) direction. As illustrated in Fig. 4.2(a), lattice
structures (LSs) are incorporated into a pre-shaped beam to form a hierarchical beam.
Similar to the solid beam, global shape of the hierarchical beam can be described by
H , L, T and B (conform Eqn. (4.1)). The distance between the top and bottom skin is
denoted as Tv . The internal LS geometry can be described by two lattice parameters, i.e.
t and θ, as depicted in Fig. 4.2(a). In addition, solid reinforcements with thickness D and
2D are introduced at the boundary and center, respectively (see Fig. 4.2(a)). The number
of lattice cells (denoted as nc ) within the hierarchical beam is determined based on the
following relation:

nc = int[

∫ L
0

√
1+ ( d y

d x )2d x −4D

2Tv tan(θ)+ 2t
cos(θ)

]−1, (4.2)

where int represents a function that returns the integer part of a decimal number. Note
that the hierarchical beam’s mechanical properties are determined by a collective effect
of the curved shape and the embedded lattices. As presented in Fig. 4.2(b), the designed
hierarchical beam is then combined with rigid frames (in grey) to create a unit cell. By
patterning such unit cells in 2D and 3D, multi-stable metastructures can be constructed
accordingly (see Fig. 4.2(c)).

4.3.2. HOLLOW CROSS-SECTION DESIGN

Next to the lattice-based design, we also investigate hollow beams with a box-shaped
cross section, as presented in Fig. 4.2(d)–(f). It can be seen that in addition to the global
shape parameters, the hollow beam has an internal cross section that can be described
by b1 and t1 (see Fig. 4.2(d)). These curved beams with a box-shaped cross section are re-
ferred to as hollow beams in the remainder of this paper. Hollow beams are constructed
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(a) lattice design

(b) 2D metastructure

(c) 3D metastructure

hierarchical beam lattice structure (LS)

unit cell

(d) hollow cross-section design

(e) 2D metastructure

(f) 3D metastructure

hollow beam cross section

unit cell

1 mm
1 mm

unit cell

Figure 4.2: A schematic of the proposed designs. (a)–(c): The developed lattice-based metastructures. Geo-
metric parameters of the hierarchical beam are depicted in (a). (d)–(f): Metastructures based on hollow beams
with box-shaped cross sections.

by sweeping the box-shaped profile along the curved path (i.e. conform Eqn. (4.1)). The
associated 2D and 3D metastructures are demonstrated in Fig. 4.2(e) and (f).

4.3.3. FABRICATION AND EXPERIMENTS

To experimentally evaluate the proposed structures, a series of samples is fabricated us-
ing fused deposition printing (Prusa i3-MK3 printer). The hierarchical, hollow and solid
beams are printed with thermoplastic elastomers (Flex 98, RS), and frames are printed
with a stiff material (polylactic acid, PLA). The beams and frames are assembled into
unit cells by using screws. 3D multi-stable metastructures shown in Fig. 4.2(c) and (f)
are built by assembling a series of unit cells. The material property of the elastomer is
characterized by standard tensile measurements according to ASTM D638-14. The mea-
sured Young’s modulus and Poisson’s ratio are 87 MPa and 0.4, respectively.

Uniaxial loading tests are conducted to characterize the mechanical behavior. A
displacement-controlled loading is applied using a universal testing system (ZwickRoell
Z005). Specimens are loaded at the top with a crosshead speed of 10 mm/min, whereas
the bottom edge of the specimen is fully clamped. The detailed information on the ex-
perimental setup can be found in Appendix C.2.
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4.3.4. NUMERICAL SIMULATIONS

To simulate the snap-through transition, finite element analysis (FEA) is carried out us-
ing ABAQUS (Standard, 2017). In the case of hierarchical beams, 2D structural models
are constructed. Triangular and quadrilateral plane-stress elements (CPS3 and CPS4) are
used. Mesh convergence tests have been conducted to ensure accuracy. Boundary con-
ditions are assigned in such a way that the left and right end are fully constrained, and a
vertical displacement is applied at the center. For the hollow beams, eight-node solid el-
ements (C3D8) are employed. Using the measured Young’s modulus and Poisson’s ratio,
a linear elastic constitutive relation is adopted.

In addition to quasi-static simulations, impact simulations are carried out to investi-
gate the protective capabilities of the proposed metastructures. For this, we investigate
the impact performance of metastructures using ABAQUS/Explicit. Based on the mate-
rial properties of PLA and elastomers, the mass density of frames and beam elements are
taken as 1240 kg/m3 and 1140 kg/m3, respectively. A rectangular object with a mass den-
sity of 7900 kg/m3 is placed above the metastructure. The object has a Young’s modulus
of 210 GPa and a Poisson’s ratio of 0.3. An initial velocity and a gravitational acceleration
of 9.8 m/s2 are introduced.

4.4. MECHANICAL BEHAVIOR OF UNIT CELLS
In this section, we investigate and present the mechanical properties of unit cells. The
snap-through transitions are analyzed experimentally and numerically.

4.4.1. SNAP-THROUGH BEHAVIOR

Hierarchical, hollow and solid beams with the same volume (V ) are constructed, and
their geometric parameters are depicted in Table 1 below. It should be noted that H ,
L, and B of the hierarchical and hollow beam are the same for all beams, and are fixed
throughout this study. In contrast, the hierarchical and hollow beam have a larger in-
plane thickness T than the solid beam, which leads to an enhanced bending stiffness.
Here, the unit cell’s snap-through behavior is characterized experimentally and numer-
ically. In the numerical model, 37314 elements are used for meshing the 2D hierarchical
geometry. In case of the hollow beam, the geometry is modeled with 72314 solid ele-
ments. The measured and simulated force-displacement (F − d) curves are shown in
Fig. 4.3(b), where the displacement (d) is normalized by H . It can be observed that the
experimental and numerical results are in a good agreement, and all three configurations
exhibit snap-through transitions. Upon loading, F gradually reaches the maximum force
(denoted as Fmax ). As the displacement increases further, the tangent stiffness switches
to a negative value until the minimum force (denoted as Fmi n) is reached. Next, the tan-
gent stiffness becomes positive again and the deformed stable state (State 2) shown in
Fig. 4.3(a) can be realized. After releasing the load, the unit cell can stabilize at the State
2. When compared with the solid beam, both the hierarchical and the hollow beam can
realize larger Fmax and Fmi n due to the enlarged bending stiffness. Note that for the hier-
archical and hollow beam, it is possible to tune T while keeping the volume unchanged.
This tuning of T may result in further increase of Fmax and Fmi n , as investigated in Sec-
tion 4.4.2.
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      beam
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Table 1. Geometric parameters of unit cells. 
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The enhanced bending stiffness causes the beam to deform into a stable state with
an higher strain energy. Here, strain energy (P ) of the unit cell is derived by calculating
the integral of F with respect to d , as shown in Fig. 4.3(c). It can be seen that State 2
of each beam corresponds to a local minimum in the strain energy, which mainly con-
sists of bending and compression energy. After removing the external load, the strain
energy can be stored within the deformed state (i.e. energy trapping [15]). For the hier-
archical and hollow beams, the enlarged bending stiffness enables the structure to store
more bending energy within the deformed stable state, enhancing the structure’s energy
trapping capability.
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Figure 4.3: Snap-through behavior of unit cells. (a) Snapshots of a hierarchical beam during the un-axial load-
ing. (b) The measured and simulated force-displacement curves of the hierarchical, hollow and solid beams.
(c) Evolution of the unit cell’s strain energy during the uniaxial loading.

4.4.2. TUNING OF SNAP-THROUGH BEHAVIOR

a. Hierarchical beams

For given H , L, and B , the hierarchical beam’s bending stiffness can be further tuned
by varying T , whereas the volume is kept constant. As noted in [42, 43], the hierarchical
beam’s bending stiffness (Dl ) can be approximated as:
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Dl =
E I2

L3(1− v2 I1
I1+I2

)
, with I1 = t (Tv )3

6cos(θ)
, I2 = B

T 3
s +3Ts (Tv +Ts )2

6
, and Ts = T −Tv

2
,

(4.3)
where E and v represent Young’s modulus and Poisson’s ratio of the material, and Ts rep-
resents thickness of the skin (see Fig. 4.2(a)). From Eqn. (4.3), it can be seen that chang-
ing lattice parameters (t and θ) has minor influence on the bending stiffness, whereas
Dl can be effectively tuned by changing the in-plane thickness T . Thus, we study effects
of T on the critical loads (Fmax and Fmi n). Furthermore, it is worth mentioning that the
hierarchical beam normally has lower axial stiffness than the solid beam with the same
volume [42]. This is because the inclined lattice planes could not effectively bear the
axial load, resulting in a reduction of their axial stiffness. Specifically, the thickness T is
varied, while the volume is kept constant by adjusting t . Simulated and measured results
are shown in Fig. 4.4(a), where Fmax and Fmi n of the hierarchical beams are normalized
by the counterpart of the solid beam. It can be seen that as compared to Fmi n , Fmax is
more sensitive to the change of the thickness. As T increases, it is possible to increase
Fmax to be two times as large as that of the solid beam. The increase of the critical load
is mainly attributed to increasing of the bending stiffness. However, further increasing T
will result in local buckling, which causes the strain and stress to increase dramatically
at the local region. For example, when T shown in Fig. 4.4(a) is taken as 2.8 mm, local
buckling happens for segments near the boundary (see Fig. 4.4(b)). This local buckling
behavior is caused by the fact that under the constant volume constraint, increasing the
thickness (T ) leads to a decrease of the lattice thickness t . As a result, slenderness of the
segment and the lattice are increased, making the structure prone to buckling.
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Figure 4.4: Tuning the hierarchical beam’s snap-through behavior via varying the thickness T . (a) Experimen-
tally and numerically characterized critical loads as a function of T . (b) The local buckling. (c) Effect of the
lattice parameters on the local buckling.

To further explore the effect of the lattice parameters on the local buckling, a para-
metric study is carried out using finite element models. The corresponding results are
shown in Fig. 4.4(c). In this figure, t and Ts are normalized by Tv

cos(θ) and Tv tan(θ), re-
spectively. Orange dots represent that the hierarchical beam is able to snap into the sec-
ond stable state without local buckling. Black dots indicate that local buckling behavior
occurs. For relatively large t and Ts , the structure exhibits no local buckling. However,
when t and Ts are reduced, the outer skin or the inner lattice become thinner, leading to
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local buckling. In order to achieve proper energy dissipation, it is important to ensure
the lattice geometry to fall into the orange region.

b. Hollow beams

For hollow beams, the overall thickness T can also be tuned, whereas the volume is
kept constant. Note that due to the volume constraint, the hollow beam has the same
axial stiffness as that of the solid beam because they have the same cross-sectional area.
Here, T of the hollow beam is varied and its influence on the critical loads is studied.
When varying T , t1 is adjusted subsequently for keeping the volume constant. In partic-
ular, the hollow beam’s bending stiffness (Dh) can be expressed as:

Dh = 1− b1
B ( t1

T )3

12L3 (BT 3). (4.4)
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Figure 4.5: Tuning the critical loads for the hollow beam. (a) Experimentally and numerically characterized
critical loads are plotted as a function of T . (b) The effect of the inner cross-sectional parameters (b1 and t1)
on local buckling. (c) The local buckling of the hollow beam.

It can be noted from Eqn. (4.4) that T has a dominant effect on Dh . Results presented
in Fig. 4.5(a) verify that enlarging T can lead to an increase of both Fmax and Fmi n when
compared with the solid beam. Moreover, it can be observed that by tuning the thick-
ness, Fmax of the hollow beam can be two times larger than that of the solid beam. Al-
though further increasing T can give rise to larger Dh , the snap-through transition will
be suppressed by local buckling, similar to the hierarchical beam. For the hollow beam,
as the volume is kept constant, increasing T causes t1 to increase rapidly. Consequently,
t1/T increases at close to 1 and the hollow beams’ walls become thinner. Effects of b1/B
and t1/T on local buckling are studied numerically. From Fig. 4.5(b), it can be seen that
when b1/B or t1/T is close to 1, local buckling occurs, as illustrated in Fig. 4.5(c). During
the loading, the slender wall experiences high compressive stresses due to the bending
as well as the axial compression. As a result, the hollow beam can not realize the second
stable state. It can be expected that changing the thickness (T ) offers the potential to
further enhance the metastructure’s energy dissipation, whereas it has to be constrained
within a certain range to avoid local buckling.
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4.4.3. BI-STABLE BEHAVIOR
Previous studies have shown that the ratio of the height to the thickness (H/T ) is an im-
portant quantity for solid beams to realize bi-stable behavior [40, 44]. When H/T of the
solid beam is smaller than a certain value, the structure exhibits mono-stable behavior
(Fmi n > 0). As compared to the solid beam, the hierarchical and the hollow beam have
different geometric parameters, making their bi-stable criterion distinct from the solid
beam. Here, bi-stability of the hierarchical and hollow beam is studied numerically.

For hierarchical beams, the lattice parameters (t and θ) have a minor influence on
Fmi n because changing lattice parameters results in a small variation of the bending
stiffness (see Eqn. (4.3)). As a result, varying t and θ do not affect bi-stability much
(see Appendix C.3). Based on this observation, we study the bi-stability criterion for
hierarchical beams on the basis of two normalized quantities H/T and Tv /T , as pre-
sented in Fig. 4.6(a). In this figure, the yellow region indicates bi-stability (Fmi n < 0),
while the grey area represents mono-stable behavior. The boundary corresponding to
Fmi n = 0 is denoted as a red curve. Note that when Tv equals zero, it corresponds to
the solid beam. Results show that the required H/T for the hierarchical beam to real-
ize bi-stability is larger than that of the solid beam. Different from the solid beam, the
hierarchical beam’s bi-stability criterion is not only dependent on H/T , but also is in-
fluenced by Tv /T . When Tv increases, a larger H/T is required for achieving the second
stable state. This happens because tuning Tv results in an evident change of the bending
stiffness, which will affect Fmi n significantly.
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Figure 4.6: The bi-stable criterion for the hierarchical and hollow beam. (a) With changing H/T and Tv /T ,
the bi-stable region for hierarchical beams can be identified. (b) For the hollow beam, the bi-stable region is
plotted as a function of H/T and t1/T .

In addition, the bi-stability criterion for hollow beams is investigated based on two
normalized quantities H/T and t1/T . From Fig. 4.6(b), it can be noted that for low values
of H/T , the structure exhibits mono-stable behavior. The critical H/T corresponding to
Fmi n = 0 (blue curve) increases as t1/T increases. Therefore, when designing bi-stable
hollow beams, both H and t1 should be properly selected. Compared to the hierarchi-
cal beam, variation of the critical H/T for bi-stability is not significant. This is because
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the effect of t1 on the structural bending stiffness is not as evident as that of Tv (see
Eqn. (4.4)).

4.5. MULTI-STABLE METASTRUCTURES

In this section, the energy dissipation of metastructures is investigated. As discussed
in Section 4.2, metastructures comprising a series of snap-through units can achieve
energy dissipation such that the dissipated energy can be quantified as an hysteresis
loop in the loading-unloading process. Here we analyze the metastructures’ hysteresis
characteristics and study their energy absorption capability. Note that the metastruc-
tures are formed by arranging the unit cells in three directions, leading to multiple stable
configurations for the metastructures (see Fig. 4.7(a)). Due to inevitable manufacturing
imperfections, units will exhibit slightly different critical loads, resulting in a sequential
snap-through transition.

4.5.1. ENERGY ABSORPTION UNDER A LOADING-UNLOADING CYCLE

Based on the proposed lattice-based and hollow cross-section design, five-layer multi-
stable metastructures are studied. Furthermore, metastructures consisting of solid beams
(traditional design) are also fabricated. For the sake of simplicity, metastructures based
on the lattice, hollow cross-section and traditional design are referred to as LM, HM, and
TM, respectively, in the remainder of this chapter. It should be noted that LM, HM, and
TM have the same mass.
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Figure 4.7: Mechanical responses of multi-stable metastructures under displacement-controlled cyclic load-
ing. (a) Different deformation stages of the LM in a loading-unloading test. (b)–(d) Force-displacement curves
of the LM, HM, and TM under a complete displacement-controlled loading and unloading cycle.
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Cyclic loading tests are performed on each metastructure. Figure 4.7(a) shows differ-
ent stages of the loading-unloading process of the LM. During loading, the snap-through
sequence (i.e. which layer snaps first) is mainly determined by the inevitable manufac-
turing and assembly imperfections, which cause a sequential buckling from the weak-
est to the strongest layer. Measured force-displacement responses of the LM, HM and
TM under a complete displacement-controlled loading–unloading cycle are denoted as
blue dashed lines in Fig. 4.7(b)–(d). It can be seen that as the displacement increases,
the slope of tangent lines, as highlighted in Fig. 4.7(b), increases. This is due to the fact
that the stiffness of each layer’s deformed state is larger than that of the initial state. As
a result, when more layers flip into the deformed state, the effective tangent stiffness
increases. Moreover, a force drop can be clearly observed when reaching Fmax , in par-
ticular, for the LM and HM. That is, one layer jumps from one configuration to another
with some mechanical energy dissipated to heat. Similarly, during the unloading pro-
cess, when the minimum force is reached, the load increases suddenly, resulting in a
configurational transformation. Consequently, an hysteresis can be identified, as dis-
played in the figures. It should be noted that the force drop also occurs for the TM (see
Fig. 4.7(d)) even though it is not as evident as that of the LM and HM. In addition, force-
displacement curves of the metastructures may be influenced by the polymer’s cyclic
softening, which will result in a reduction of critical loads after a few loading-unloading
cycles [45]. Here, it is found that for the thermoplastic elastomer we used, the softening
effect is small (see Appendix C.4).

Moreover, results shown in Fig. 4.7(b)–(d) indicate that for a given amount of ma-
terial, the proposed lattice-based and hollow cross-section design can effectively give
rise to a larger hysteresis loop (i.e. energy dissipation capability) when compared with
the TM. The critical forces, in particular Fmax , are significantly increased due to the en-
hanced bending stiffness. As discussed in Section 4.2, the increase of the bending stiff-
ness generates higher critical forces, enhancing the energy absorption for multi-stable
metastructures. As a result, evident and large hysteresis can be captured in the LM and
HM.

In addition to the qualitative comparison, we also investigate the energy dissipation
quantitatively. Specifically, an analytical calculation is carried out to predict the force-
displacement response of n-layer metastructures. The analytical model is based on the
following steps: i) the measured force-displacement curve of the unit cell is firstly fitted
as a polynomial function F (d). Next, the corresponding strain energy P (d) is obtained
by an integration of F (d) with respect to d . ii) each layer of the n-layer metastructure is
assumed as a structural element whose behavior is governed by F (d) and P (d). Hence,
the metastructure possesses n degrees of freedom, which are defined as (d1,d2,d3...dn).
Note that di represents deformation of the i -th layer. iii) in order to obtain the force-
displacement curve, we solve the following optimization problem:

min
di

E(d1,d2,d3...dn)

subject to d1 +d2 +d3...+dn = di np ,
(4.5)

where E(d1,d2,d3...dn) is the strain energy of the n-layer metastructure, and di np is the
prescribed displacement at the top of the metastructure. Once (d1,d2,d3...dn) are solved,
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the reaction force can be obtained by substituting one component di to compute F (di ).
To ensure a sequential snapping deformation, we introduce imperfections by varying the
critical loads of each layer by 0.5%. This optimization problem is solved using the fmin-
con interior-point algorithm implemented in Matlab. Calculated results are plotted as
red lines in Fig. 4.7(b)–(d). From the figures, it can be seen that the model is able to cap-
ture the hysteresis loop caused by the snap-through transition associated with the force
jump, well demonstrating the dynamic snapping as well as the energy dissipation. In
addition, it is noted that there is a quantitative difference of dissipated energy between
the experiments and models. That is, the area of the hysteresis loop in experiment is
larger than that of the models, with differences in the range of 30%–50%. This discrep-
ancy is caused by two factors: i) In experiments, apart from the dynamic snapping, the
viscosity of polymers also contribute to the hysteresis loop, enlarging the dissipated en-
ergy. In the model, the viscous material damping is not taken into account as our focus
is on the snap-through induced energy dissipation. It can be expected the error can be
largely reduced when an appropriate visco-elastic constitutive relation is adopted; ii)
Due to inevitable manufacturing imperfections, the beam units’ mechanical properties
(e.g, critical forces) are different even though they are designed to be identical. This also
causes the difference between the experiments and models in terms of the amount of
dissipated energy.
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Figure 4.8: Energy dissipation of n-layer metastructures. (a) The predicted force-displacement curves of n-
layer metastructures. (b) The comparison between the LM, HM, and TM in terms of energy dissipation. Emax
represents the maximal energy that can be dissipated per layer in a load-unloading process.

Using this model, we further investigate the relation between the energy dissipation
and the number of layers. Force-displacement responses of metastructures with differ-
ent amount (n) of layers are shown in Fig. 4.8(a). It can be seen that as n increases,
more layers experience the force jump. Furthermore, it can be seen that the enclosed
hysteresis for each jump (loading-unloading) becomes larger as n increases, leading
to an increase of the energy dissipation of each layer [23, 24]. For instance, compared
to the 10-layer metastructure, an enlarged hysteresis can be observed for the 30-layer
metastructure. When n becomes very large, the associated hysteresis will be enclosed by
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two straight lines at Fmax and Fmi n , as illustrated in Fig. 4.8(a). In this case, each layer
reaches its maximum energy dissipation capacity, which can be approximated as:

Emax ≈ 2H(Fmax −Fmi n), (4.6)

where Emax is the maximal hysteresis area that can be achieved for each layer under a
loading-unloading cycle (i.e. the area enclosed by the blue dashed curves in Fig. 4.8(a)).
Therefore, in order to improve the energy absorption, it is important to increase the ab-
solute value of both Fmax and Fmi n .

Figure 4.8(b) presents quantitative comparison of the n-layer LM, HM, and TM in
terms of energy dissipation. Here, area of the hysteresis loop (denoted as Ehy s ) is divided
by n, which represents energy dissipation per layer. Results show that as n increases,
there is a dramatic increase of Ehy s /n. Further increasing n will cause Ehy s /n to con-
verge to the theoretical limit, namely Emax (see Fig. 4.8(b)). Furthermore, it can be seen
that the metastructure’s energy dissipation can be largely enhanced by the proposed de-
signs. Note that for the LM and HM, this enhancement can be further tuned by changing
its in-plane thickness (T ), whereas the total volume is kept constant. Therefore, as com-
pared to TM, the proposed LM and HM offer a larger design space to tune the energy
dissipation. It should be noted that in case of fabricating LM or HM with small features,
more precise printing technique, like stereolithography (SLA), can be used. Apart from
high resolutions, the SLA process also allows to print 3D metastructures directly without
the manual assembly, simplifying the fabrication process.

4.5.2. CUSHION PERFORMANCE OF METASTRUCTURES UNDER IMPACT
In addition to energy dissipation under quasi-static cyclic loading, multi-stable metas-
tructures can also function as a buffer to protect an object from impact. To demonstrate
this protective capability, here we study impact performance of the metastructures nu-
merically. In particular, 2D structural geometries for the LM and TM are constructed,
and the structural dimensions can be found in Table 1. Figure 4.9(a) displays differ-
ent stages of a three-layer LM’s deformations under an impact load, for which an object
with an initial velocity (v0) drops from a certain height (h0) above the metastructure. As
shown in this figure, all three layers snap into the deformed state. Note that the number
of snapped layers depends on the object’s mechanical energy. The impact energy capac-
ity (Ei mp ) for the multi-stable metastructure represents a critical mechanical energy that
causes all layers to snap during the impact loading [15, 46]. Here, a range of v0 is given
in the finite element models, and the impact energy is obtained by calculating the sum
of the gravitational potential and kinetic energy of the object. It can be expected that as
the impact energy increases, more layers will snap. In the numerical models, the critical
impact energy that causes all layers to snap is monitored, namely Ei mp . Results for mul-
tiple LMs and TMs with different layers are presented in Fig. 4.9(b). It can be seen that
the introduced lattice is able to improve the structural cushion performance by means
of sustaining a larger range of impact energy. Moreover, the impact force experienced by
the ground is extracted from the simulations. Figure 4.9(c) presents the peak force for
the LM and TM design when different v0 is taken. It can be seen that the proposed LM
design leads to a smaller impact force compared to the TM, indicating better cushion
performance in force mitigation. Since the LM exhibits similar snap-through response
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as the HM, it can be expected that the HM design can also enhance the structural impact
performance when compared with the TM.
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Figure 4.9: Protective capability of multi-stable metastructures. (a) Different stages of metastructures’ defor-
mations under an impact. (b) The simulated critical mechanical energy (Ei mp ) of the LM and TM. (c) Simu-
lated peak forces for the TM and LM design. (d) Experimental demonstration of the impact performance for
the LM and TM.

To demonstrate this improvement of cushion performance in practice, we perform
a drop test using an in-house impact setup. As shown in Fig. 4.9(d), an impactor with a
mass of 1.7 kg drops from a controlled height to the top surface of metastructures. Under
the same initial height (160 mm), two layers of LM snap into the deformed state during
the impact loading, whereas all three layers of the TM flip to the deformed state. This
demonstrates that compared to the TM, the proposed designs enable metastructures to
carry a larger range of impact loads with an enhanced cushion performance.
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4.6. EXTENSION TO SHELLS
The proposed design strategy of increasing structural bending stiffness is not restricted
to beams and can be extended to shell structures. In this section, we demonstrate this
potential by developing a type of lattice-based shell with enhanced bending stiffness.
As shown in Fig. 4.10(a), a shell structure can be constructed by a revolution of the 2D
beam profile along the axis of rotation. Here, a lattice-based beam design is adopted,
resulting in a hierarchical shell. A real demonstration of the shell structure fabricated
with stereolithography printing (Prusa SL-1S) is presented in Fig. 4.10(b). Dimensions of
the associated hierarchical beam profile are shown in the inset table.
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Figure 4.10: The lattice-based shell structures. (a) The shell structure is developed by a revolution of the hi-
erarchical beam profile (in blue) along the axis of rotation (red dashed line). (b) A real demonstration of the
shell and its cross section. Geometric parameters are depicted. (c) The experimentally characterized force-
displacement responses of the hierarchical and the solid shell. (d) An illustration of a serial arrangement of
hierarchical shells for energy absorption.

To demonstrate the improvement of mechanical response, we also fabricate solid
shells with the same mass and conduct displacement-controlled loading tests. Mea-
sured force-displacement curves in Fig. 4.10(c) show that the hierarchical shell is able
to enhance the snap-through transition in such a way that it exhibits larger critical loads
than the solid shell. More importantly, it can be expected that when connecting multi-
ple hierarchical shells in series, as illustrated in Fig. 4.10(d), the entire system is able to
achieve a stiffer mechanical response than the previously reported structure that com-
prises a series of solid shells [47]. As a result, the energy dissipation capability of the shell
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structures can be effectively improved. The extension to shells here demonstrates gener-
alization of the proposed concept, which can be used for enhancing energy dissipation
of the solid shells. Although the lattice-based shell structure shows similarities with the
hierarchical beam in terms of snap-through responses, its design space and energy ab-
sorption capability differ from that of the beam-type metastructures. Future research
will be conducted to investigate energy dissipation of the hierarchical shells.

4.7. CONCLUSIONS
This paper presents a novel design of multi-stable metastructures with enhanced energy
dissipation, based on the improvement of the structural bending stiffness. It is found
that tuning the unit cells’ bending stiffness while keeping the volume constant can re-
sult in a large benefit in terms of critical forces and energy dissipation. Two types of
structural designs (the lattice-based and hollow cross-section design) are proposed for
multi-stable metastructures. The snap-through transitions have been studied based on
experimental and numerical approaches. Results show that snap-through transitions of
the proposed structures can be further tuned by changing the beam thickness, leading
to an effective tuning of the bending stiffness. Further increasing thickness will result in
local buckling, which has been identified for the lattice-based and hollow cross-section
design. Furthermore, it has been shown that as compared to metastructures consist-
ing of solid beams, the proposed structures can lead to an improved energy dissipation
by approximately a factor two. Moreover, the presented designs enable metastructures
to sustain a larger impact energy with an enhanced impact performance. It has been
demonstrated that the proposed strategy is not only applicable to beams, but also can
be extended to shell structures. Our findings provide a new way to enhance the perfor-
mance of multi-stable metastrutures for the application of energy absorption.
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5
DESIGN OF A

METASTRUCTURE-BASED

MULTI-STABLE SURFACE

The snap-through transition of multi-stable metastructures is not only beneficial for en-
ergy absorption, but also is advantageous to shape reconfiguration. In this chapter, we
present the design of a metastructure-based morphing surface that is able to exhibit a se-
ries of stable configurations with different curvatures. Using theoretical, numerical, and
experimental approaches, we study the snap-through transition between the initially flat
and the curved stable configurations. Effects of geometric parameters on the snap-through
and curvatures are systematically investigated. Results show that the beam thickness is
important for tuning the snap-through response, while the curvature can be tuned by
changing the beam height and the horizontal span of the structures. Furthermore, an
analytical model is developed to investigate the structural nonlinear deformations. It is
shown that the proposed model can predict the snap-through transition properly. The
structural stability can be controlled by setting proper values for t/L and h/L (t , h, and L
represents the beam thickness, height and span, respectively). Finally, it is demonstrated
that based on two-dimensional arrangements of bi-stable elements, various stable config-
urations, like corrugations in different directions, can be imposed to the surface.

This chapter is based on a journal paper: Y. Zhang, M. Tichem, F. van Keulen, (2021). Concept and Design of a
Metastructure-Based Multi-stable Surface, Extreme Mechanics Letters, (accepted).
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5.1. INTRODUCTION
Imparting a curvature change to a surface is important for applications of morphing

airfoils [1–4], deployable structures [5, 6], adaptive optical devices [7–9], and fluid control
[10, 11]. Surfaces that are capable of changing their shapes into a series of deformed
configurations are often referred to as morphing surfaces [12, 13]. The reconfigurability
of morphing surfaces makes it possible to realize tunable functionalities. For instance,
a change of surface topography can lead to different focal properties for optical display
applications [14]. To retain a curved surface, bi-stability has been commonly explored
to avoid prolonged actuation after shape reconfiguration.

In order to realize stable configurations, various bi-stable structural prototypes, e.g.,
compliant plates and shells, have been presented in literature [15, 16]. For instance,
one type of bi-stable morphing structures is the composite laminate shell, which can ex-
hibit two stable cylindrical shapes [17]. The bi-stability is mainly attributed to residual
stresses introduced during the manufacturing process, causing the shell to be curved af-
ter cooling. Thus, the laminated shells’ mechanical properties and stable configurations
are highly dependent on the laminate’s in-plane layups [18]. However, there are a few
limitations for the bi-stable laminated shells, namely, i) they are difficult to fabricate at
small scale; ii) the choice of materials is limited. Alternatively, bi-stable behavior can
be achieved by using homogeneous materials in a spherical cap-type shell design [19–
21]. Under compression, the cap-shaped shells can flip into an ‘inverted’ stable state.
Analytical and numerical studies have demonstrated that the snap-through transition
of the spherical shells can be tuned by changing the shell’s geometry, such as thickness
and radius [22, 23]. Moreover, Loukaides et al. [24] extended these cap-shaped shells to
a grid-shell design with inner structures, for which the snap-through transition can be
further manipulated by tuning local geometries.

Apart from bi-stability, multi-stable behavior can also be implemented into mor-
phing surfaces. From the perspective of structural morphing, multi-stability allows for
more versatile designs. To achieve this, a few studies have focused on combining multi-
ple bi-stable shells to design multi-stable structures. Following this strategy, many multi-
stable surfaces have been presented [25–30]. For example, Dai et al. [26] designed a type
of morphing surfaces by assembling few bi-stable shells, demonstrating the potential to
realize a wavy skin for shape morphing. Cui et al. [25] characterized the coupling effects
between bi-stable elements and demonstrated a quad-stable surface design. However,
the mechanical response of these multi-stable surfaces can be significantly affected by
the joints and only a few stable configurations, e.g., cylindrical shapes, can be achieved.

To enrich the degree of multi-stability, we propose and study a new concept of mor-
phing surface design, for which multi-stable beam-type metastructures (MBMs) are ex-
ploited to control deformations of the surface. MBMs are periodic structures that feature
bi-stable snapping beams [31–36]. In terms of kinematics, multi-stable metastructures
are capable of realizing a large translational motion via snap-through behavior, creating
opportunities for motion-related applications. For instance, Bobbert et al. [37] designed
deployable implants based on MBMs. Liu et al. [38] demonstrated the application of
MBMs in motion systems. From these demonstrations it can be noted that the MBMs’
stable configurations can be programmed by a proper arrangement of the unit cells. Sub-
sequently, these arrangements can serve as the basis for designing morphing surfaces
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with new features. To the best of our knowledge, the potential of using MBMs to control
surface morphology has not been studied, and the associated design requirements are
still unclear.

In this work, we investigate the possibility of using MBMs to impart curvature changes
to a surface and study the accessible stable configurations. In Section 5.2, we present
the design concept and discuss the stable curved configurations. Effects of geometric
parameters on the curved states are studied both experimentally and numerically in
Section 5.3. Moreover, an analytical model is proposed to examine the design criteria
for ensuring stability of the structure. In Section 5.4, we extend the MBM design to a
two-dimensional (2D) arrangement of unit cells and investigate the corresponding sta-
ble configurations. Conclusions are presented in Section 5.5.

5.2. DESIGN CONCEPT AND METHODS

5.2.1. STRUCTURAL DESIGN

The proposed design concept is based on multi-stable metastructures consisting of an
array of bi-stable elements. As shown in Fig. 5.1(a), a pre-shaped curved beam (marked
in orange) plays a pivotal role in ensuring bi-stable behavior. When an applied load
exceeds a critical value, the pre-shaped beam can exhibit snap-through behavior and is
capable of maintaining the deformed configuration (denoted by the dashed line) after
removing the applied loads [39]. The beam’s initial shape (w(x)) can be expressed as:

w(x) = h

2
(1−cos(π

2x

L
)), (5.1)

where x represents a horizontal coordinate, and h, t , and L denote the beam height,
thickness and length, respectively. Out-of-plane thickness is denoted as b. Next, the
morphing surface is realized by connecting a compliant plate with a multi-stable metas-
tructure. As illustrated in Fig. 5.1(b), the multi-stable metastructure here consists of
three bi-stable elements that are arranged in one direction (1D), and a thin plate (marked
in green) is connected to the multi-stable metastructure at the top. As depicted in this
figure, Lt and m represent the top plate’s effective span and thickness, respectively. The
plate’s curvature can be controlled by deforming a bi-stable element. For example, flip-
ping the center bi-stable element can result in stable local curvature that can be retained
without supplying actuation (see Fig. 5.1(b)). This deformed state with local curvature is
referred to as stable curved configuration in the remainder of this chapter. Figure 5.1(b)
also presents an experimental demonstration of the same design.

Next to the 1D arrangement, bi-stable elements can be arranged in two directions to
design morphing surfaces. Figure 5.1(c) shows a multi-stable metastructure comprising
two-dimensional (2D) arrangements of bi-stable elements. By connecting this metas-
tructure with a compliant plate, it is possible to achieve stable curved configurations
oriented in multiple directions, which results from a collective effect of the plate’s com-
pliance and the beams’ bi-stability. As illustrated by the dot lines in Fig. 5.1(c), the curved
configuration of the surface can be oriented in different directions. To explore this fur-
ther, morphing surfaces based on 2D arrangements of bi-stable elements are designed
in Section 5.4.
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(c) Morphing surface design based on 2D arrangements of bi-stable elements
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Figure 5.1: Schematic diagram of the proposed multi-stable surface design. (a) For each bi-stable element, a
pre-shaped curved beam is able to snap into a second stable state (illustrated by curved dashed lines). (b) Mor-
phing surface design. A thin compliant plate is connected with a multi-stable metastructure here composed of
three bi-stable elements. When the center element snaps, the plate can stabilize at the curved configuration.
Picture on the right shows an experimental demonstration of the stable curved configuration. (c) Morphing
surface design based on 2D arrangements of bi-stable elements. When multiple bi-stable elements snap, the
curved stable configurations can be oriented in different directions, as depicted by the dot lines.

5.2.2. FABRICATION AND EXPERIMENTS

Samples are fabricated based on a process of 3D printing and manual assembly. Specifi-
cally, the multi-stable metastructures are manufactured using a fused deposition printer
(Prusa MK3s) with thermoplastic elastomers (TPU). In this work, the thin plates are
printed with the same material. Then, the multi-stable metastructure and the thin plate
are connected using screws. In order to determine material properties of TPU, standard
tensile measurements are performed on multiple printed dumbbell specimens accord-
ing to the ASTM D638-14 standard (see Appendix D.2).

Uniaxial loading tests are carried out to investigate the snap-through transition. A
universal testing system (Zwick-005) is used to exert displacement-controlled loading.
Rigid connectors are printed with stiff material (polylactide) for connecting the machine
head with specimens (see Fig. 5.2(a)). During the loading, the displacement of the top is
controlled with a speed of 10 mm/min, while the bottom of a sample is fully clamped.
Moreover, the curvature of the deformed top plate is characterized experimentally. It can
be noted that the plate’s curvature at the deformed state is not uniform (see Fig. 5.1(b)).
Here, an average curvature (denoted as κ) is defined. As shown in Fig. 5.2(a), two red
markers with a distance of Lt /2 are added to the undeformed plate and we take pho-
tographs of the deformed curved configurations. Using image analysis software (Im-
ageJ), lines perpendicular to the plate at the two markers are drawn, forming an angle β,
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as highlighted in Fig. 5.2(a). Then, the average curvature κ is given by:

κ= 2β

Lt
. (5.2)

5.2.3. NUMERICAL SIMULATIONS
Finite element models (FEM) based on ABAQUS/Standard (2017) are used to simulate
snap-through transitions. The measured stress-strain curves of TPU are imported into
the FEM, in which a hyper-elastic material model (Marlow potential [40]) is adopted.
Eight-node solid elements (C3D8) are used and mesh convergence studies have been
conducted to ensure accuracy. Boundary conditions are defined in such a way that the
bottom of the structures is fully constrained and displacements are applied on the top.
The reaction force is collected from the nodes with prescribed displacements. Note that
the mean curvature κ is also quantified numerically.

5.3. STABLE CURVED CONFIGURATION
As discussed in the previous section, the structural snap-through transition involves de-
formations of both the metastructure and the top plate. In order to reveal the mechanical
characteristics, in this section, snap-through transitions from the initial to the deformed
curved configurations are investigated. Effects of geometric parameters are analyzed
both experimentally and numerically. Moreover, to enable a deep understanding of the
mechanical response, an analytical model is developed.

5.3.1. SNAP-THROUGH TRANSITIONS
As shown in Fig. 5.2(a), the snap-through transition from the initial flat to the deformed
curved configuration is characterized. Figure 5.2(b) presents force-displacement curves
for multiple structures with different geometric parameters, where the force (F ) and dis-
placement (d) are normalized by Ebt and h, respectively. E represents Young’s modulus
of the material. In the figure, it can be noted that the structure first exhibits a positive tan-
gent stiffness before reaching the maximum force (denoted as Fmax ). Next, the structure
exhibits a negative tangent stiffness during the continued loading until the minimum
force (Fmi n) is reached. Finally, the structure snaps into the stable curved configuration
with a positive tangent stiffness. It can be noted that during loading the center bi-stable
elements snap while the adjacent beam elements (left and right beside the center ele-
ment) are rotated, causing the force-displacement curves to be different from that of a
single pre-shaped beam. To characterize the rotations of the adjacent elements, an an-
alytical study has been performed in the following section. Furthermore, experimental
and numerical results indicate that the snap-through response is dependent on both
h/L and t/L, as a result of the beam’s bi-stability. For instance, increasing h/L leads to
an evident change of Fmax , as presented in the figure. The resulting curvature κ is also
influenced by t/L and h/L. In order to evaluate the effect of geometric parameters on
the snap-through, a parametric study is performed.

Results for metastructures with different geometries are presented in Fig. 5.2(c)–(d),
where κ and Fmax are plotted as a function of h/L and t/L. In these two figures, it can be
seen that κ is more sensitive to h/L than t/L such that increasing h/L leads to a distinct



5

84 5. DESIGN OF A METASTRUCTURE-BASED MULTI-STABLE SURFACE

0.12 0.16 0.20 0.24
0.002

0.006

FEM Exp
FEM Exp

h / L

0.02

0.03

0.04

F
m

ax /(Ebt)

0.030 0.035 0.040 0.045
0.002

0.004

0.006

t / L

cu
rv

at
ur

e
(

)[
1/

m
m

]

0.02

0.03

0.04

F
m

ax /(Ebt)

0 1 2
-0.01

0.00

0.01

0.02

0.03

0.04

F
/(

Eb
t)

d / h

h/L t/L Exp FEM
0.15 0.028
0.20 0.028
0.20 0.033

FEM Exp
FEM Exp

0.004

cu
rv

at
ur

e
(

)[
1/

m
m

]
(a)

initial configuration

deformed curved configuration

connector

β

Fmax

Fmi n

(b)

(c) (d)

Figure 5.2: The snap-through transition from the initial to the curved configuration. (a) The displacement-
controlled loading is applied at the center of top plate, resulting in the deformed curved configuration. (b)
Measured and simulated force-displacement curves for different samples (L = 30 mm, m= 1.2mm). (c)–(d) The
curvature κ of the stable configuration and the maximum force Fmax are plotted as a function of h/L and t/L,
respectively.

change of κ, while varying t/L has a minor effect on κ. This is because the displacement
from the initial to curved configuration is mainly determined by h rather than t . In con-
trast, it can be noted that t/L is more influential for tuning Fmax when compared to h/L
(see Fig. 5.2(d)). This is due to the fact that as t increases, the beam’s bending and axial
stiffness will increase significantly, leading to a stiffer mechanical response. In case of
varying h, the change of structural bending stiffness is not as large as that for t , resulting
in a smaller change of Fmax .
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Figure 5.3: Curved stable configurations of a compliant plate connected with a two-layer multi-stable metas-
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= 40 mm). Snapshots of structural deformations during uniaxial loading are shown. The first and second de-
formed stable configuration are denoted as Configuration 1 and 2, respectively. (b) Experimentally measured
force-displacement responses for different Lt . (c) The measured and simulated κ of Configuration 1 and 2 as
a function of Lt .

Next, we study the curved configurations for a compliant plate connected with a two-
layer multi-stable metastructure. Multiple bi-stable elements are arranged in horizontal
and vertical directions, as shown in Fig. 5.3(a). During uniaxial loading, the structure
is able to stabilize at each of two deformed configurations (denoted as Configuration 1
and 2), indicating if only one of the serial bi-stable elements is flipped, or both. Note
that here the center element at the top layer first snap, as shown in Configuration 1.
It is possible that the element at the bottom layer snap first. The snapping sequence
(i.e., which layer first snaps) is mainly determined by inevitable manufacturing imper-
fections. Measured force-displacement curves are displayed in Fig. 5.3(b), where two
sequential snap-through responses are captured. Moreover, different Lt are taken and
results in Fig. 5.3(c) show the κ decreases when increasing Lt . Considering the effect of
h as discussed before, it can be expected that the curvature κ can be effectively tuned via
controlling h/Lt .

5.3.2. BI-STABILITY CRITERION

In the previous section, it is found that the snap-through response from the initial to the
curved stable configuration can be tuned by varying the bi-stable elements’ geometric
parameters. Here, an analytical model is developed to study the relation between the
geometric parameters and the structural stability.
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MODEL DESCRIPTION

As shown in Fig. 5.4(a), the structure is composed of three bi-stable elements (left, cen-
ter, and right) and a top plate. Note that the transition from the initially flat to the curved
stable configuration involves: i) the snap-through of the center element; ii) rotations of
the left and right (adjacent) bi-stable elements; iii) deformations of the top plate. Here, a
simplified 2D structural geometry is proposed, as illustrated in Fig. 5.4(b). In this figure,
the straight beam (marked in green) represents the top plate, and the center bi-stable
element shown in Fig. 5.4(a) is simplified as a pre-shaped beam (highlighted in orange).
To capture the rotational deformation of adjacent elements, we introduce two torsional
springs with a rotational stiffness Kt on either end of the straight beam (see Fig. 5.4(b)).
In doing so, the left and right bi-stable elements in Fig. 5.4(a) are simplified as two tor-
sional springs in the model. Therefore, the geometry here consists of one straight beam,
one pre-shaped beam at the center combined with a rigid connector (in black), and two
torsional springs at two ends (see Fig. 5.4(b)) .

(a) 2D geometry (b) Simplified geometry

top plate

left center right

initial configuration deformed configuration

(c) A pre-shaped beam (d) Buckling modes

M
A

b

ht

y

x
L

Mode 1 Mode 2

Lt

Kt Ktm

connector

c

x

y
x

FtF , d

Fb

Figure 5.4: Modelling the snap-through transition. (a) A physical demonstration of a basic structural element.
(b) Illustration of the simplified geometry. The top plate is assumed as a straight beam (in green) and the
center bi-stable element is simplified as a pre-shaped beam (in orange). Left and right bi-stable elements are
simplified as two torsional springs with a rotational stiffness (Kt ). (c) The stiffness Kt arises from rotation of a
pre-shaped beam subjected to a moment at Point A (x = L/2). (e) Illustration of the first two buckling modes
for a clamped-clamped straight beam under axial compression.

As shown in Fig. 5.4(b), a vertical displacement (d) is prescribed at the rigid connec-
tor and the resulting force F is calculated. Note that both the straight and the pre-shaped
beam experience the same vertical displacement (d) at the center. Thus, F can be de-
composed into two parts, namely:

F = Ft +Fb , (5.3)

where Ft is the resulting force related to the straight beam’s deformation and Fb repre-
sents the force associated with the curved center beam’s deflection (see Fig. 5.4(b)). Here,
we solve F by calculating Ft and Fb separately. Note that notations (t ,h,L,m,b and Lt )
shown in Fig. 5.4 are consistent with those defined before.
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a. Calculation of Kt

For deriving Ft , it is necessary to first determine the rotational stiffness Kt . As dis-
cussed before, Kt results from the rotations of adjacent elements (i.e., pre-shaped beams).
That is, when a moment (M) is applied at the center of a pre-shaped beam (see Fig. 5.4(c)),
Kt can be obtained by calculating the slope of M −θ curve, where θ is the resulting ro-
tation at Point A in the figure. Previous studies have shown that for a pre-shaped beam,
employing buckling modes as bases can give a good approximation of the snap-through
behavior [33, 39]. Here, the M − θ relation is derived based on the principle of mode
superposition and minimum total potential energy. According to Euler-Bernoulli the-
ory [41], buckling modes of a clamped-clamped beam under axial compression can be
expressed as:

yi = 1−cos(Ni
x

L
) and Ni = (i +1)π, when i = 1,3,5... (5.4)

yi = 1−2
x

L
−cos(Ni

x

L
)+ 2

Ni
sin(Ni

x

L
) and Ni = 2.86π,4.92π,6.94π... when i = 2,4,6...

(5.5)
where yi represents i -th buckling mode in the x–y coordinate system shown in Fig. 5.4(c).
The first two mode shapes are illustrated in Fig. 5.4(d). Using the buckling modes, the
beam’s deformed shape (y) under a moment can be defined as:

y = ∑
i∈{1,2,4,6,8}

Ai yi and y0 = h

2
y1, (5.6)

where y0 represents the initial curved shape. A row vector is defined as A= {A1, A2, A4, A6, A8},
which includes the unknown coefficients that need to be solved. Next, governing equa-
tions can be obtained by taking the derivative of total potential energy with respect to
each component in A. We solve the resulting system of equations numerically by scan-
ning M in a certain range, by which A and the M − θ curves can be obtained (refer to
Appendix D.1.1).

b. Derivation of Ft

With the derived Kt , we can calculate the straight beam’s deformation and the asso-
ciated force Ft . For a flat beam, when the force Ft is applied at the center (i.e., x = Lt /2),
as presented in Fig. 5.4(b), the resulting displacement can be expressed as:

c(x) = S1

6
x3 + S2

2
x2 +S3x +S4 for x ∈ [0,

Lt

2
], (5.7)

where c(x) is a Cartesian coordinate system depicted in Fig. 5.4(b), and S1,S2,S3,S4 are
unknown coefficients. By substituting boundary conditions, relation between Ft and d
is derived as:

d = c(
Lt

2
) = −Ft

12E It
(

Lt

2
)3 + Ft L2

t

32E It ( Lt
2 + E It

Kt
)

(
Lt

2
)2 + Ft L2

t

8Kt Lt +16E It
(

Lt

2
), (5.8)
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where E It is the bending stiffness of the straight beam. The detailed derivation for
Eqn. (5.8) can be found in Appendix D.1.2.

c. Derivation of Fb

Next, the force Fb related to the beam’s snap-through is calculated. For the pre-
shaped beam subjected to a vertical force (Fb) in the center, as demonstrated in Fig. 5.4(b),
the corresponding load-displacement response can be derived based on the mode su-
perposition principle, similar to the procedure we discussed before for deriving the ro-
tational stiffness. Here, the first nine symmetric buckling modes are employed as basis
and the deformed shape is expressed as:

y = ∑
i∈{1,3,5,7,9}

Bi yi , (5.9)

where B= {B1,B3,B5,B7,B9} represents unknown coefficients and yi is the buckling mode
(see Eqn. (5.4)). The total potential energy consists of the strain energy (Us ) as a function
of B and the potential energy (Up ) due to the load Fb , namely:

U =Us (B)+Up and Up =−Fbd . (5.10)

Based on the minimum total potential energy principle, a system of five equations is
obtained, which can be solved numerically (refer to Appendix C.1).

MODEL RESULTS

Following the discussed procedure, we first look into Kt as predicted by the analytical
model. In particular, Fig. 5.5(a) shows M-θ curves for beams with different geometric
parameters, where Kt is the tangent slope of each curve. From the figure it can be noted
that a good agreement between the analytical and numerical result is realized, verifying
the proposed model. In addition, it can be seen that Kt is dependent on both h/L and
t/L. Using the analytical model, the influence of h and t on Kt are studied, as plotted in
Fig. 5.5(b). Note that Kt in the figure is obtained by computing the tangent slope to the
M −θ curve at rotation θ= 0.2. From the figure, it can be seen that Kt is sensitive to the
variation of t/L, while varying h/L has a smaller effect on Kt as opposed to t/L. This is
mainly due to the fact that varying t has a significant influence on the structural bending
stiffness as well as the bending energy during deformations. Therefore, the rotational
stiffness of a pre-shaped beam can be effectively tuned by changing the thickness t .

Snap-through transitions predicted by the analytical model are presented in Fig. 5.5(c).
To validate the model, results from finite element simulations are added, as shown in the
figure. It can be seen that the model is able to predict the snap-through response prop-
erly. Both analytical and numerical results confirm that the snap-through characteristics
can be tuned by changing the geometric parameters (e.g., h/L and t/L). Moreover, us-
ing this analytical model, we study the bi-stability criterion that enables the top plate
to maintain the curved configurations. As shown in Fig. 5.6(a) and (b), phase diagrams
allowing for the stable curved configuration are defined on the basis of the normalized
quantities (h/L and t/L). In particular, these figures display the variation of |Fmi n | (abso-
lute value) and Fmax with respect to h/L and t/L. The colored region indicates configu-
rations at which the top plate is able to stabilize (Fmi n < 0), while the grey area indicates
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Figure 5.5: The predicted Kt and force-displacement responses from the analytical model. (a) The moment
versus rotation (M−θ) for a pre-shaped beam (b = 4 mm) when subjected to an applied moment. The torsional
stiffness Kt can be derived by calculating the tangent slope of M(θ), as denoted in this figure. (b) Effects of h/L
and t/L on Kt are investigated analytically. Here, t/L is taken as 7.5×10−3 when varying h/L, while in case of
changing t/L, h/L is kept unchanged as 6.25×10−2. (c) A comparison of snap-through responses predicted by
the analytical model and FEM.

that the plate recovers to the initial configuration after removing the loads (i.e. mono-
stable behavior). It can be interpreted that when h/L of bi-stable elements is given, the
corresponding t/L needs to be selected within a certain range in order to realize the sta-
ble curved configuration. When t/L is smaller than a certain value (0.012 as shown in
Fig. 5.6(a)), mono-stable behavior occurs. This is because a small t/L cannot provide
sufficient Fmi n for the top plate to maintain the deformed state. In addition, it can be
observed that Fmax and |Fmi n | exhibit different sensitivities for parameter variations. To
maximize Fmax , large h/L and t/L are required. In case of |Fmi n |, it shows a nonlin-
ear relation with respect to t/L. That is, further increasing t/L will lead to a decrease
of |Fmi n |, resulting in mono-stable behavior. Using the proposed model, we can rapidly
identify the region for realizing curved stable configurations and select proper geometric
parameters.

5.4. 2D ARRANGEMENTS OF BI-STABLE UNITS
As discussed in Section 5.2, for the top plate, 2D arrangements of bi-stable units can lead
to multiple curved configurations oriented in different directions. This section presents
the multi-stable metastructures with 2D arrangements of bi-stable elements and studies
the deformed configurations for the top plate. Here, multi-stable metastructures are
designed by considering an in-plane periodic arrangement of bi-stable units. The unit
based on the snapping beam is illustrated in Fig. 5.7(a), where the picture on the right
shows an experimental demonstration of a multi-stable metastructure consisting of 4×4
bi-stable units. A thin plate is then connected with the multi-stable metastructure at the
top.

Through controlling snap-through deformations locally, the structure is capable of
achieving a series of deformed stable configurations. Fig. 5.7(b) displays a few stable
configurations of the top plate, where the dashed red lines highlight bi-stable units that
have snapped into the second stable state. From the figure, it can be noted that the
top plate can not only exhibit curved stable states in x and y direction, but also is able
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Figure 5.7: Multi-stable surface designs based on 2D arrangements of bi-stable units. (a) A bi-stable unit
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to realize stable deformations in two diagonal orientations (denoted as Diagonal 1 and
2 in Fig. 5.7(b)). The multiple curved configurations in different directions are mainly
caused by the in-plane arrangement of bi-stable elements as well as the compliance of
the plate. Here, we characterize the snap-through transitions from the initial to x direc-
tion, y direction, and Diagonal 1 configuration, respectively. For each configuration, a
displacement-controlled loading is applied to the units highlighted by the dashed red
lines and the total force is measured. Results in Fig. 5.7(c) indicate that the three snap-
through transitions exhibit similar force-displacement characteristics. This is due to the
fact that the snap-through response of each case mainly results from deformations of
the top plate and four snapped bi-stable units. Thus, critical loads are almost the same
for all three cases. Moreover, it should be noted that other stable configurations can also
be realized. For instance, deforming four bi-stable elements in the middle can result in
a local curvature for the plate, as shown in Fig. 5.7(b).

By arranging more bi-stable units, more stable configurations can be realized. Here,
we build a multi-stable metastructure with an arrangement of 8×4 bi-stable elements
and connect it with a thin plate. As demonstrated in Fig. 5.7(d), various morphological
states can be achieved. The deformed configurations can be classified into two repre-
sentative groups: parallel and hybrid states. That is, two parallel curved configurations
can be achieved in x, y , and diagonal directions, respectively (see Fig. 5.7(d)). The hybrid
stable states in the figure demonstrate that it is possible to combine two curved config-
urations with different directions to generate hybrid deformed states, making surface
morphology distinct from the parallel states.

However, it should be noted that arranging a large number of bi-stable units may
limit further extension of the parallel and hybrid states. This is because when more units
are arranged, the surface’s in-plane motions will be constrained, generating large resis-
tant forces against the stable deformed configurations. In order to address this, surfaces
consisting of meso-structures can be employed for mitigating effects of the in-plane de-
formations. Previous studies have demonstrated that introducing mesostructures into a
plate can be an effective way to design highly flexible surfaces with low in-plane stiffness
[42, 43]. In doing so, it is possible to extend the presented stable configurations (e.g., par-
allel and hybrid states) to a large extent. Here, we design a mesostructure-based surface
comprising curved leaf springs, as shown in Fig. 5.8(a). The planar structure is then con-
nected to a multi-stable metastructure consisting of 16×8 bi-stable elements. By con-
trolling multiple units’ snap-through deformations, a series of surface morphology can
be obtained. Specifically, parallel states in y direction are presented in Fig. 5.8(b), which
verifies the feasibility of extending the stable states to a large extent. Moreover, Fig. 5.8(c)
shows that the curved stable configurations can be effectively aligned in different di-
rections, as denoted by the red dashed lines. To highlight this, a rubber sheet (the red
surface in Fig. 5.8(c)) is placed on top of the planar structure, which clearly shows the
deformed configurations that mimic corrugated patterns. It can be expected that based
on the proposed design, the stable patterns can be further extended by adding more bi-
stable elements. The curvature change can be utilized to realize tunable functionalities,
such as adaptive deformable mirrors.



5

92 5. DESIGN OF A METASTRUCTURE-BASED MULTI-STABLE SURFACE

25 mm

(a)

leaf
spring

(b)

x direction

y direction

Diagonal 1

Diagonal 2

(c)

y

x

Figure 5.8: Programming of curved stable configurations via arranging a large number of bi-stable units. (a) A
mesostructure-surface design is based on curved leaf springs. The illustrated curved leaf spring on the right
can exhibit relatively large in-plane compliance. (b) An experimental demonstration of multiple parallel stable
configurations enabled by a multi-stable metastructure (16×8 units) and the mesostructure-based surface de-
sign. (c) The parallel states can be oriented in different directions to realize corrugated patterns, as highlighted
by the red dashed lines.
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5.5. CONCLUSIONS
This work presents a design of multi-stable surfaces based on beam-type metastruc-
tures. The presented design allows for a series of curved configurations in multiple di-
rections, enabled by a collective effect of the beams’ bi-stability and the surface’s com-
pliance. The snap-through deformations of the structures are investigated and effects
of geometric parameters are analyzed. Results show that h/L of the bi-stable element is
important for tuning the stable curvature, while t/L plays a paramount role in adjusting
the snap-through response. Moreover, an analytical model that can accurately predict
the snap-through transition is proposed. Using the model, the design criterion for re-
alizing stable configurations is studied as a function of h/L and t/L. It is found that in
order to achieve a stable configuration, h/L should be large, while t/L needs to be con-
strained within a certain range. This criterion can serve as a guideline for tuning the
snap-through response and manipulating stability of the deformed states. Moreover, we
have applied this design concept to 2D arrangements of bi-stable units and have demon-
strated the resulting stable configurations (e.g., parallel and hybrid states). In order to
extend the deformed configurations to a large extent, a meso-structure based surface is
designed. It is demonstrated that the stable configurations can be extended further with
the meso-structure based surfaces, enabling corrugations in different directions. With
proper arrangements of bi-stable elements, the proposed design can be explored to de-
velop functional surfaces with tunable properties.
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6
CONCLUSIONS AND

RECOMMENDATIONS

In this chapter, conclusions on the research presented in previous chapters are provided
and recommendations for further study are briefly discussed.
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6.1. CONCLUSIONS
This dissertation aims to provide strategies for designing multi-stable metastructures
with novel functionalities as well as structural kinematics, and to give insights into the
non-linear mechanics of the proposed metastructure design. In the previous four chap-
ters, progress has been made to achieve the principal research goals that are defined in
Chapter 1:

1. Design and model multi-stable metastructures that exhibit both translational and
rotational stable states.

Chapter 2 addresses this by introducing the concept of rotational compliance into
the metastructure design. It is found that the rotational compliance that is controlled
by the beam’s geometric parameters (height h, thickness t , and span L) play a crucial
role in determining the rotational stability. To capture the translational and rotational
transition, an analytical model has been developed. This model can predict the force-
displacement responses properly. Using the proposed model, we can rapidly explore the
design space for realizing rotational states and for tuning critical snapping forces, as a
function of h/L and t/L.

As a result, the accessible multi-stability is expanded into translational and rotational
stable configurations. The stability arises from the arrangements of a number of unit
cells exhibiting bi-stability and certain rotational compliance. Moreover, it is shown that
rotational transition requires a smaller actuation force and snaps to a deformed state
with a lower strain energy as compared to its translational counterpart. This indicates
that the rotational states are more sensitive to external disturbances than the transla-
tional states. On the other hand, the inherent translations are not affected by the rota-
tions, which ensures the metastructure is able to switch to either translational or rota-
tional stable configurations. As such, the allowable states of multi-stable structrues are
further enriched for shape reconfiguration, making it possible to achieve more complex
deformations.

The concept of rotational compliance is not only suitable for two-dimensional (2D)
structures as studied above, but also applicable to three-dimensional (3D) structural de-
signs. More importantly, from the perspective of shape-shifting applications, developing
3D reconfigurable structures is more attractive. In Chapter 3, we present the extension
to 3D metastructures which allows for both translational and rotational states. Distinct
from the 2D design, the proposed 3D structures are capable of rendering a series of ro-
tational states in different directions, depending on the unit cell arrangements. The par-
allel and serial arrangements demonstrated in this chapter clearly reveal the relation be-
tween the patterning of unit cells and the allowable rotations. That is, for the in-plane as-
sembly, it is the symmetry axes that determine the rotational directions, while the serial
arrangement can lead to a number of stable states (i.e., 2n configurations and n stands
for the number of layers in series). Together with investigations in previous chapters, it
can be concluded that the proposed concept of incorporating rotations into multi-stable
structures can open up new pathways to enrich metastructures’ kinematics and recon-
figurability for the application to deployable structures.
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The following research objective of this dissertation is focused on functionalities of
the multi-stable metastructures, where the studied kinematics plays an important role
in realizing energy dissipation and morphing surface.

2. Develop designs to improve metastructures’ energy dissipation.

To address this, multi-stable metastructures with lattice reinforcements and box-
shaped cross sections have been proposed and studied in Chapter 4. It is found that me-
chanical properties and energy dissipation of multi-stable metastructures can be greatly
improved by enlarging the structural bending stiffness. In this process, the overall thick-
ness plays an important role in tuning the stiffness. However, the tuning of thickness
should be limited within a certain range to avoid local buckling, as shown in this chapter.
Moreover, quasi-static tests show that, as compared to solid-beam based metastructure
designs, the studied structures give rise to a stiffer mechanical response as well as an ev-
ident negative stiffness, resulting in a large benefit in terms of critical forces and energy
dissipation. It has been found that these metastructures are capable of realizing a larger
hysteresis loop and can further reduce peak acceleration during impact loading when
compared to previous structures with the same mass. In addition, the design approach
provided in this chapter is not limited to beam-type geometries and the improvement
of mechanical properties can also be achieved in other type of structural elements, such
as shells. To demonstrate this, we have successfully developed and characterized a type
of hierarchical shells with embedded lattice cores, strengthening the versatility of the
proposed approach.

Apart from energy absorption, another important functionality of multi-stable metas-
tructures is the shape reconfiguration. In this thesis, by utilizing multi-stable metastruc-
ture, we have proposed a new concept of morphing surface design, which is related to
the third research objective:

3. Investigate functionalities of multi-stable metastructures in morphing surface.

In Chapter 5, we have explored the accessible stable states of morphing surface de-
sign based on multi-stable metastructures. It has been shown that the multi-stable sur-
face can be designed by connecting a compliant plate to metastructures consisting of
1D or 2D arrangements of bi-stable elements. For the sake of ensuring stable configura-
tions, it is important to search for proper geometric parameters. In this chapter, design
criteria are defined via an analytical formulation. Results suggest that bi-stable elements’
height and thickness are crucial for tuning the structure’s nonlinear response, and thus
the snap-through properties can be further tailored based on the presented design map
given by the model. In addition, we present metastructures with 2D arrangements of bi-
stable elements. The resulting morphing surface design allows to realize curved stable
states in multiple directions, depending on the alignment of bi-stable elements. Various
stable configurations can be realized and it is demonstrated that by adopting surfaces
consisting of mesostructures, it is possible to extend the stable configurations to a large
extent. Adding more bi-stable elements enables to duplicate these curved states in a
thin plate, which can achieve a wide range of deformed configurations (e.g., corrugated
patterns).
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6.2. RECOMMENDATIONS
Although this work presents several design strategies and the in-depth analysis for multi-
stable beam-type metastructures, there are still many interesting aspects that are of im-
portance to be explored in future. The following recommendations list some potential
interesting topics relevant to the multi-stable metastructures in this work.

• In this dissertation, we mainly focus on the mechanics of rotational snap-through
transition. The proposed rotational property as studied may prompt a variety of
novel motion-related functional structural designs, which have not been explored
here. For example, it is of interest to utilize the rotational elements as building
blocks to design three-dimensional deployable structures. Moreover, recent re-
search has proposed a concept of exploiting the unequal energy barrier between
the initial and deformed state to achieve a rapid structure deployment [1]. This
methodology is promising in the sense that it can avoid the redundant use of ac-
tuators and only requires an instant actuation. However, the current state-of-art is
limited to translational motion, and it would be interesting to combine rotations
to realize such structural deployments.

• From the kinematics point of view, the allowable motions of the multi-stable metas-
tructures are still limited even though we have extended the degrees of freedom
into translations and rotations. For designing shape-morphing structures or mo-
tion related actuators, it is attractive to realize a monolithic structural design with
many degrees of freedom [2–4]. An interesting approach would be to implement
stable twisting behavior into metastructures, so that translation, rotation and twist-
ing can be obtained within one structure. This design may feature a few important
advantages, such as simplification of design process, offering multiple motions,
and no need for continued energy, which will pave the way for developing multi-
stable stages with multi-degree-of-freedom.

• In addition, to achieve the snap-through transitions between multiple stable con-
figurations, we employ mechanical loading to achieve configuration change. The
implementation of actuation within the metastructures, which will make it easier
to realize shape reconfiguration, is not taken into account in this work. Recent de-
velopment of additive manufacturing enables to fabricate stimuli-responsive ma-
terials, and this process, which is also named as 4D printing, can create structures
that allow for large deformation based on environmental change, such as temper-
ature and light [5]. By leveraging 4D printing techniques, it is very interesting to
develop active multi-stable metastructures that are able to switch to another shape
based on the environmental stimuli, which can facilitate the process of design and
achieve remote control for reconfiguration.

• The present work has mainly concentrated on macroscopic structures, and studies
on micro-scale metastructures are not performed. Manufacturing such reconfig-
urable micro-structures is not as easy as for the millimeter range. Currently, re-
search on utilizing pre-stretched system to generate 3D multi-stable microstruc-
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tures has been an active focus [6, 7]. The pre-stretched system is normally com-
posed of prestrained elastomer substrates and carefully designed 2D precursors.
By controlling sequence of the strain release, distinct configurations can be real-
ized within one structure. However, the accessible topology of such 3D mesostruc-
ture is still limited and it would be interesting to develop relevant mechanics mod-
els to predict post-buckling deformations of the multi-stable mesostructures.
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A
MODELING ROTATIONAL

SNAP-THROUGH BEHAVIOR

This appendix contains details on formulations of the total potential energy associated
with rotational transitions, as presented in Chapter 2.

A.1. MODEL A SINGLE BEAM
As discussed in Section 2.4 of the Chapter 2, we first describe the detailed formula for
a single clamped-clamped beam by exploiting Mode 1 and 2, whereas the beam’s de-
formed shape can be described as:

Y = A1Y1 + A2Y2, (A.1)

and the initial shape is:

Y0 = h

2
Y1 and A1 = h

2
, A2 = 0, (A.2)

where Y0 represents the initial beam shape. A1 and A2 are unknown coefficients, which
need to be solved on the basis of the principle of minimum energy. The corresponding
bending (Ub) and compression (Uc ) energy as a function of A1 and A2 can be expressed
as:

Ub = E I

2L3 [(−h A1 + A2
1 +

h2

4
)C1 + A2

2C2], (A.3)
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2 +
h4D2

1

16
}, (A.4)

where C1, C2, D1, D2 are the integration constants, as shown below.
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C1 =
∫ 1

0 (Y ′′
1 )2d X = 8π4 and C2 =

∫ 1
0 (Y ′′

2 )2d X ≈ 3.26×103

D1 =
∫ 1

0 (Y ′
1)2d X = 2π2 and D2 =

∫ 1
0 (Y ′

2)2d X ≈ 40.3739
(A.5)

A.2. MODELING UNIT CELLS VIA COUPLING TWO BEAMS

(a) (b)

Figure A.1: The unit cell. (a) Structural geometry of the unit. b represents the out-of-plane dimension. (b)
Illustration of the deformation of the unit when a point load applied at Point A.

Next, the left and right beam of the unit cell, illustrated in Fig. A.1, can be described
as Y L and Y R , respectively. The total potential energy of the unit cell is composed of
the bending energy of left and right beam (Ub

L and Ub
R ), the compression energy of left

and right beam (Uc
L and Uc

R ), the bending energy of vertical branch (Uv ) and potential
energy (Ue ). By substituting A1

L , A2
L for A1, A2 in eqns. (A.3) and (A.4), Ub

L and Uc
L are

derived as:

Ub
L = E I

2L3 [(−h A1
L + (A1

L)2 + h2

4
)C1 + (A2

L)2C2], (A.6)
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(A.7)

Similarly, Ub
R and Uc

R can be obtained by substituting A1
R , A2

R for A1, A2 in eqns. (A.3)
and (A.4). According to the relation between A1

L , A1
R and θ, Ub

R and Uc
R can be formu-

lated by replacing A1
R with A1

L and θ. Furthermore, the bending energy of the vertical
branch is expressed as:

Uv = E IB (θ−θB )2
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(A.8)
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where θD and θB represent the angle at Point B and D during deformation (see Fig. A.1(b)).
The potential energy (Ue ), associated to applied load, is:

Ue =−F d A ≈−F d B =−F (h −2A1
L), (A.9)

where d A and d B are the displacement of Point A and B. Therefore, the total potential
energy is expressed as:

Utot =Ub
L +Uc

L +Ub
R +Uc

R +Ue +Uv . (A.10)

The governing equations can be derived by taking derivative with respect to the four
coefficients, as shown below. In order to get the load-displacement (F −d A) curve, the
equilibrium equations are solved numerically by giving a range of F as inputs.

dUtot

d A1
L
= 0,

dUtot

d A2
L
= 0,

dUtot

d A2
R

= 0,
dUtot

dθ
= 0. (A.11)

A.3. CONTACT BETWEEN THE UPPER AND BOTTOM FRAME
Although increasing h gives a wider gap between the upper and bottom frame, the in-
crease of h will also lead to an increase of previously defined stable angle α, as shown
in the Section 2.5. As a result, the required displacement to reach the rotational state is
larger than the frame gap, causing contact to occur at the rotational state. This contact
phenomenon induced by a large h can be observed in Fig A.2 below.

Figure A.2: Contact between the upper and bottom frame appears when h is increased.





B
SIMULATING PRE-STRESSING

This appendix includes details on the methodology we adopted in Chapter 3 for simu-
lating the pre-stressing process in finite element models.

Upper frame

Bottom frame

1

2

3
4

5

6

Six-strip structure

Figure B.1: The schematic of the initial stress-free structural geometry: each unit is composed of two frames
and one thin six-strip structure.

To realize the pre-stressed and buckled configuration, we employed an equivalent
thermal loading. Fig. B.1 displays a schematic of the initial stress-free geometry we
started with. As mentioned in the main text, the structure is composed of a thin six-strip
structure and two frames (upper and bottom). As illustrated in Fig. B.1, three branches
(Strip 1,3,5) of the six-strip structure are connected with the upper frame while the rest
of these strips (Strip 2,4,6) are tied with the bottom frame. In simulations, they are tied
together using “tie” constraints in ABAQUS.

To the frames we assigned a thermal expansion coefficient equal to 0.08. Next, start-
ing from the flat configuration as shown in Fig. B.2(a), we applied a temperature drop.
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This thermal load causes the frames to shrink, see Fig. B.2(b). As the six-strip structure
is connected to the frames, it will experience an in-plane compression, which leads to
buckling of the six-strip structure. As a result of this buckling, the upper frame is lifted. In
the end, the pre-stressed and buckled state is achieved, as depicted in Fig. B.2(c). More-
over, the distance between the upper and bottom frame, denoted as d in Fig. B.2(c), can
be adjusted by changing the temperature as applied to the frames. In addition, we ap-
plied prescribed displacements on one side of the upper frame, resulting in a snapping
to the tilted stable states.

(Avg: 75%)
SNEG, (fraction = −1.0)
S, Mises

+0.000e+00
+2.083e+02
+4.167e+02
+6.250e+02
+8.333e+02
+1.042e+03
+1.250e+03
+1.458e+03
+1.667e+03
+1.875e+03
+2.083e+03
+2.292e+03
+2.500e+03

Flat state
(stress free) Frame shrinking Pre-stressed state

frames

six-strip
structure d

X
Y Z

(a) (b) (c)

Figure B.2: Introduce pre-stress by applying thermal loads in FEA. (a) The initial flat state without stress. (b)
Frames start to shrink under temperature change and therefore the upper and bottom frames start to detach.
(c) The desired pre-stressed state.



C
MULTI-STABLE METASTRUCTURES

FOR ENERGY ABSORPTION

C.1. THE ANALYTICAL MODEL
As discussed in Chapter 4, snap-through behavior of the curved solid beam can be pre-
dicted using an approximate analytical model. This section elaborates on the procedure
for establishing the model. As shown in Fig. C.1(a), geometry of the curved beam can be
described by H ,T,L and B , consistent with the notations defined in the main text.

(b)(a)

Figure C.1: Schematic of a curved beam under a load applied in the center. (a) Geometry of the beam is
described based on the depicted x − y coordinate system. A force is applied at Point A (x = L/2). (b) The
first two buckling modes are illustrated, where the odd-number modes are symmetric with respect to x = L/2
and even-number modes are asymmetric.

According to Euler-Bernoulli theory, buckling modes of a straight beam that is axially
compressed to buckle can be derived as:

yi = 1−cos(Ni
x

L
) and Ni = (i +1)π, when i = 1,3,5... (C.1)

where Eqn. (C.1) describes the symmetric mode shapes. Here, the first seven symmetric
buckling modes are employed as bases, and the corresponding deformed shape (y) of
the beam during loading is expressed as:
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y =Q1 y1 +Q3 y3 +Q5 y5 +Q7 y7. (C.2)

Here, Q = {Q1,Q3,Q5,Q7} is a row vector which includes the unknown coefficients. Next,
bending energy of the beam (Ub) during loading can be calculated as:

Ub = E I

2

∫ L

0
(

d 2 y

d x2 − d 2 y0

d x2 )2d x and Ib = BT 3

12
, (C.3)

where E is Young’s modulus and y0 represents the initial curved shape (y0 = H
2 (1−cos(2π x

L ))).
By substituting Eqn. (C.2) into Eqn. (C.3), Ub is then derived as:

Ub = E I

2L3 [(−HQ1 + H 2

4
)C1 +

∑
j∈{1,3,5,7}

Q2
j C j ], (C.4)

where C j are the integration constants, as shown in Eqn. (C.5). ( ′ and ′′ represent the
first and second derivative, respectively.)

C1 =
∫ 1

0 (Y ′′
1 )2d X = 8π4 and C3 =

∫ 1
0 (Y ′′

3 )2d X = 128π4

C5 =
∫ 1

0 (Y ′′
5 )2d X = 648π4 and C7 =

∫ 1
0 (Y ′′

7 )2d X = 2048π4

X = x/L , Yi = 1−cos(Ni X ) with Ni = (i +1)π for i = 1,3,5...

(C.5)

Furthermore, the compression energy Uc can be expressed as:

Uc = p∆s

2
= E A(∆s)2

2L
with A = BT, p = E A(∆s)

L
, (C.6)

where ∆s represents the axial shrinkage of the curved beam during loading. In order to
calculate ∆s, we define s as the beam’s length during deformation, and s0 is defined as
the beam’s initial length. Under the assumption of small deformations, s can be formu-
lated as:

s =
∫ L

0

√
1+ (y ′)2d x ≈

∫ L

0
[1+ 1

2
(y ′)2]d x. (C.7)

The length change ∆s is :

∆s = s − s0 = 1

2

∫ L

0
(y ′2 − y ′2

0 )d x

= 1

2L
{−H 2

4

∫ 1

0
(Y ′

1)2d X︸ ︷︷ ︸
constant D1

+ ∑
j∈{1,3,5,7}

Q2
j

∫ 1

0
(Y ′

j )2d X︸ ︷︷ ︸
constant D j

},
(C.8)

where
D1 = 2π2,D3 = 8π2,D5 = 18π2,D7 = 32π2. (C.9)

Next, Uc is derived by substituting Eqn. (C.8), (C.9) into (C.6), which leads to:

Uc = E A

8L3 [−H 2D1

4
+ ∑

j∈{1,3,5,7}
Q2

j D j ]2. (C.10)
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The total potential energy (U ) is then derived as:

U =Ub +Uc +Ue and Ue =−F [H −2
∑

j∈{1,5}
Q j ], (C.11)

where Ue represents the potential energy associated with the applied force (F ). The equi-
librium equations can be obtained by taking the derivative of U with respect to each
component in Q. Then, the resulting system of equations with four unknown variables
{Q1,Q3,Q5,Q7} is solved by giving a range of F .

C.2. EXPERIMENTAL SETUP OF THE UNIAXIAL LOADING
As mentioned in the main text, the hierarchical, hollow and solid beams are printed with
thermoplastic elastomers and then are connected to stiff frames. A representative sam-
ple can be found in Fig. C.2(a). For the uniaxial loading, rigid connectors are designed
and fabricated with PLA, as demonstrated in the figure. Finally, the sample and connec-
tors are connected to the load cell, as shown in Fig. C.2(b). During the test, displacement
controlled loading is applied through the load cell, while bottom of the sample is fully
clamped.

(b)(a)

Figure C.2: The experimental setup of loading tests. (a) The sample, top and bottom connector. (b) The uniaxial
loading test.

C.3. EFFECTS OF LATTICES ON BI-STABLE BEHAVIOR
As discussed in Section 4.4 of the main text, lattice parameters (t ,θ) have minor influ-
ence on structural bi-stability. Here, using finite element models, t and θ are changed
and the critical H/T corresponding to Fmi n = 0 is monitored. As displayed in Fig. C.3,
it can be noted that as compared to Tv , changing t and θ do not influence H/T much.
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This is because the lattice parameters play a minor role in tuning the bending stiffness.
Consequently, varying t and θ do not affect Fmi n significantly.
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Figure C.3: The effect of lattice parameters on bi-stability. Red curves in the figure correspond to the case
of Fmi n = 0. (a) With changing t/T , the bi-stable region for hierarchical beams can be identified. (b) The
influence of θ on H/T for structural bi-stability.

C.4. CYCLIC LOADING ON METASTRUCTURES
Cyclic loading has been performed on the metastructure to investigate the force reduc-
tion due to the polymer cyclic softening. Figure C.4 shows the measured force displace-
ment curves for a 10-cycle loading-unloading. It can be seen that the critical loads (Fmax

and Fmi n) do not decrease much after 10 cycles, indicating that effect of the polymer’s
softening on the hysteresis is small.

0 50 100 150
-30

0

30

60

90

Fo
rc

e
[N

]

Displacement [mm]

1st loading-unloading cycle
5th loading-unloading cycle 

10th loading-unloading cycle

Figure C.4: The metastructure’s force-displacement curves under 10 loading-unloading cycles.
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THE ANALYTICAL MODEL FOR

MULTI-STABLE SURFACES

D.1. MODELING THE SNAP-THROUGH TRANSITION

D.1.1. ROTATIONAL STIFFNESS Kt
As discussed in Section 5.3.2 of the main text, in order to calculate the structural total
force (F ), the first step is to determine the torsional stiffness (Kt ). Here a pre-shaped
beam subjected to a moment at the center is modeled, as shown in Fig. D.1(a) below. The
geometry of the curved beam is described by h, t ,L and b, as displayed in this figure.

Figure D.1: Model a curved beam under a moment applied in the middle. The geometry of the beam-unit is
described based on the depicted x − y coordinate system. A moment is applied at Point A (x = L/2).

In order to model the structural deformation (moment-angle relation M −θ), buck-
ling modes have been exploited as bases to construct the displacement field. Then we
derive the total potential energy of the structure. As presented in Appendix C.1, buckling
modes for a straight beam under a compression can be expressed as yi . Note that the
modes corresponding to i = 1,3,5... are symmetric with respect to the x = L/2, while for
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i = 2,4,6..., the associated modes are asymmetric. When a moment applied at the cen-
ter, the curved beam mainly experiences asymmetric deformations. Thus, the deformed
shape (y) of the curved beam is formulated as:

y = ∑
i∈{1,2,4,6,8}

Ai yi , (D.1)

where Ai is the unknown coefficient for each mode yi . In particular, the initial curved
shape of the beam y0 can be expressed as:

y0 = h

2
y1. (D.2)

The displacement (d) of any point along the beam can be expressed as d = y0 − y . Next,
we calculate the strain energy of the curved beam. The corresponding bending (Ub) and
compression energy (Uc ) during the deformation can be calculated as:

Ub = Eb Ib

2

∫ L

0
(

d 2 y

d x2 − d 2 y0

d x2 )2d x and Ib = bt 3

12
, (D.3)

where Eb is Young’s modulus. By substituting eqns. (D.1) to (D.3), Ub is derived as:

Ub = Eb Ib

2L3 [(−h A1 + h2

4
)C1 +

∑
j∈{1,2,4,6,8}

A2
j C j ], (D.4)

where Ci are the integration constants (see eqns.(C.5)).C1 = 8π4,C2 ≈ 3.2608×103,C4 ≈ 2.849×104,

C6 ≈ 1.131×105,C8 ≈ 3.132×105.
(D.5)

Similarly, the compression energy (UB ) can be derived as:

Uc = Ebbt

8L3 [−h2D1

4
+ ∑

j∈{1,2,4,6,8}
A2

j D j ]2, (D.6)

where D1,D2,D4,D6,D8 are 2π2, 40.3803, 119.35, 237.80, 395.73, respectively (refer to
eqns. (C.8)). In addition, the potential energy (Ue ) with regard to the applied moment
(M) is formulated as:

Ue = Mθ ≈ M
d(y0 − y)

d x
|x= L

2
. (D.7)

Finally, the total potential energy (Utot ) can be derived as:

Utot =Ub +Uc +Ue . (D.8)

Five governing equations can be obtained by taking the derivative of Utot with respect to
Ai , namely:

dUtot

d Ai
= 0 and i = 1,2,4,6,8. (D.9)
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(b)(a) (c)

x = Lt /2

Figure D.2: The flat surface is simplified as a straight beam. (a) A beam structure subjected to a force in the
middle. Two torsional springs with stiffness (Kt ) are added. The beam is simply supported at two ends and
the right end can move horizontally. (b) The deformed state of the beam. (c) According to the symmetric
condition, half-beam is modeled.

D.1.2. DERIVATION OF Ft
As mentioned in the Section 5.3.2 of the main text, the plate structure is simplified to
a simply supported flat beam, where two torsional springs are added on two ends, as
illustrated in Fig. D.2(a). When the force (Ft ) is exerted at the center, the structure will
deform into a curved shape (c(x)), as shown in Fig. D.2(b). Based on the symmetric
condition, c(x) can be expressed as:

c(x) = S1

6
x3 + S2

2
x2 +S3x +S4 for x ∈ [0,

Lt

2
], (D.10)

where S1,S2,S3,S4 are unknown coefficients. The corresponding boundary conditions
are: {

c(0) = 0,−Et It c ′′(0) =−Kt
dc
d x |x=0,

c ′( Lt
2 ) = 0,−Et It c ′′′( Lt

2 ) = Ft
2 ,

(D.11)

where Kt is the computed torsional stiffness obtained in Appendix D.1.1 and Et It is the
structural bending stiffness. Then, c(x) is solved by combining eqns. (D.10) and (D.11),
which results in:

c(
Lt

2
) = −Ft

12Et It
(

Lt

2
)3 + Ft L2

t

32Et It ( L
2 + Et It

Kt
)

(
Lt

2
)2 + Ft L2

t

8Kt Lt +16Et It
(

Lt

2
). (D.12)
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D.2. STRESS-STRAIN CURVES OF TPU MATERIAL
In this study, we fabricate a series of samples using thermoplastic elastomers. In order
to characterize the material’s properties, standard uniaxial tensile tests were conducted
for the printed dumbbell specimens, as shown in Fig. D.3. Based on the measured stress-
strain curve, a hyper-elastic model (Marlow) is adopted in ABAQUS to describe the con-
stitutive relation.

0 100 200 300 400 500 600
0

5

10

15

20
N

om
in

al
St

re
ss

[M
Pa

]

Nominal Strain [%]

Specimen - 1
Specimen - 2
Specimen - 3

Figure D.3: Stress-strain curves for the material are obtained by standard tensile tests.
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