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Chapter 6
Fast Convergence in Electric Vehicle
Smart Charging

Sergio Grammatico

Abstract We address the problem to control the charging schedules in a large
population of plug-in electric vehicles, considered as heterogeneous noncoopera-
tive agents, with different strongly convex cost functions weakly coupled by a com-
mon pricing signal, convex charging constraints, e.g. plug-in times, deadlines and
capacity limits. We assume a minimal information structure through which a central
control unit can broadcast incentive signals to coordinate the decentralized optimal
responses of the agents. We propose a dynamic control that, based on fixed-point
operator theory, ensures global exponential convergence to an aggregative equilib-
rium, independently on the population size. We illustrate the benefits of the proposed
control via numerical simulations, in scenarios where the aggregate charging demand
tends to fill the overnight demand valley. Finally, we touch upon the a generalized
setup with convex, separable, joint constraints, e.g. transmission line constraints and
shared network resources.

6.1 Introduction

The increasing adoption of plug-in (hybrid) electric vehicles (PEVs) has motivated
a wide range of research studies on the impact of high penetration of PEVs in the
electrical distribution grid. The motivation is that it is currently envisioned that PEVs
will achieve a significant market penetration within the next two decades and unco-
ordinated charging of large fleets may induce localized overloading, power losses
and voltage degradation [1]. To start with, several studies considered centralized
optimization methods for scheduling the charging power of PEVs, see e.g. [2, 3]
and the references therein. For instance, it is generally convenient to schedule the
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124 S. Grammatico

PEV charging to periods when the overall electricity demand is low, e.g. during the
so-called overnight power-demand valley [4, 5].

Since the individual PEVusers are foreseen to desire full autonomy, and efficiently
scheduling the charging sessions of whole fleets of PEVs has high computational
complexity, a plethora of semi-decentralized charging coordination methods have
been recently developed [4–11]. Such coordinationmethods can be regarded as smart
charging algorithms indeed. All these methods, each provably correct under specific
technical assumptions, consider the PEV users as players, or agents, with individual
interests, e.g. in terms of minimal operational cost, including the cost of purchasing
the electricity, battery degradation cost, and penalties on the deviation of delivered
charge from the desired value, subject to their individual charging needs that can be
modeled as hard constraints.

Following up on these setups, we consider a unifying framework and aim at
designing an incentive (e.g. pricing) mechanism, namely, a dynamic control law, that
is capable to steer the charging/discharging schedules of the PEV agents towards
a convenient equilibrium with linear convergence rate. As anticipated, the main
technical challenge is that the agents are noncooperative, that is, self-interested in
minimizing their own cost function, or equivalently, in maximizing their own utility
function, and fully heterogeneous in terms of both utility function and charging
constraints. Fortunately, since the optimal charging schedule of each PEV agent
is postulated to be affected by an incentive signal, which in turn depends on the
aggregate charging pattern among all the PEV agents, the theory of aggregative
games [12–15] is key to analyze the strategic, dynamic interactions among the agents,
e.g. in terms of convergence towards a noncooperative game equilibrium, even for
large population sizes.

As originally proposed in [4], we assume that the PEV agents determine their
optimal charging strategy with respect to an incentive signal (e.g. the electricity price
forecast), and the average among these resulting strategies is used to estimate the total
demand over the charging horizon. In turn, an updated incentive signal is computed
based on such average PEV demand, broadcast to the whole PEV population, and
then the process is synchronously repeated in discrete time.

Building upon mathematical tools from variational and convex analysis [16, 17],
as well as fixed-point operator theory [18], we refine one of the dynamic control
laws proposed in [19–21] to ensure linear convergence rate. We refer to [22] for a
continuous-time version of semi-decentralized control for agents playing aggregative
games.

Our main technical contribution is to establish global exponential convergence of
the optimal responses of the controlled agents to an aggregative equilibrium, inde-
pendently on the population size, on the charging constraints of the PEV agents, and
without imposing contraction mapping properties. By considering heterogeneous
quadratic cost functions, we generalize the results in [5, 19], and by considering
general convex constraints for the charging preferences of the PEV agents, we gen-
eralize that in [4, 8, 9] where the constraints are assumed to have a specific structure;
in addition, we do not impose any technical assumption on the problem data, e.g. the
parameters defining the quadratic cost functions.
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The chapter is organized as follows. Sect. 6.2 defines the charging control problem
as an aggregative game. Sect. 6.3 presents a dynamic control law with global expo-
nential convergence guarantee. Sect. 6.4 illustrates the performance of the proposed
charging control method via numerical simulations. Sect. 6.5 concludes the paper
and points at further research directions. Proofs are given in the Appendix.

Basic Notation

R,R>0,R≥0 respectively denote the set of real, positive real, non-negative real num-
bers; N denotes the set of natural numbers; for a, b ∈ N, a ≤ b, N[a, b] := [a, b] ∩
N. A� ∈ R

m×n denotes the transpose of A ∈ R
n×m . Given vectors x1, . . . , xT ∈ R

n ,
[x1; . . . ; xT ] ∈ R

nT denotes
[
x�
1 , · · · , x�

T

]� ∈ R
nT . Given matrices A1, . . . , AM ,

diag (A1, . . . , AM) denotes the block diagonal matrix with A1, . . . , AM in block
diagonal positions. With S

n we denote the set of symmetric n × n matrices; for a
given Q ∈ S

n , the notations Q � 0 (Q � 0) and Q ∈ S
n
�0 (Q ∈ S

n
�0) denote that

Q is symmetric and has positive (non-negative) eigenvalues. I denotes the identity
matrix; 0 (1) denotes a matrix/vector with all elements equal to 0 (1); to improve clar-
ity, we may add the dimension of these matrices/vectors as subscript. A ⊗ B denotes
the Kronecker product between matrices A and B. Every mentioned set S ⊆ R

n is
meant to be nonempty. GivenS ⊆ R

n , A ∈ R
n×n and b ∈ R

n , AS + b denotes the set
{Ax + b ∈ R

n | x ∈ S}. The notation εN = O (1/N ) denotes that there exists c > 0
such that limN→∞ N εN = c.

Operator Theory Notation

We denote by HQ , with Q ∈ S
n
�0, the Hilbert space R

n with inner product 〈·, ·〉Q :
R

n × R
n → R defined as 〈x, y〉Q := x�Qy and induced norm ‖·‖Q : Rn → R≥0

defined as ‖x‖Q := √
x�Qx , for all x, y ∈ R

n . A mapping f : Rn → R
n is Lips-

chitz continuous relative to HQ if there exists � > 0 such that ‖ f (x) − f (y)‖Q ≤
� ‖x − y‖Q for all x, y ∈ R

n . f is a contraction (non-expansive) mapping in HQ

if it is Lipschitz relative to HQ with constant � ∈ (0, 1) (� ∈ (0, 1]). A map-
ping f : Rn → R

n is (strictly) monotone in HQ if ( f (x) − f (y))� Q (x − y) ≥
0 (> 0) for all x, y ∈ R

n; it is strongly monotone with constant � > 0 in HQ if
( f (x) − f (y))� Q (x − y) ≥ � ‖x − y‖2Q for all x, y ∈ R

n . Id : Rn → R
n denotes

the identity operator, Id(x) := x for all x ∈ R
n . A mapping f : Rn → R

n is strongly
pseudo-contractive in HQ if and only if Id − f is strongly monotone in HQ . We
implicitly refer to the Hilbert space HI unless explicitly mentioned. Given a closed
set C ⊆ R

n , the projection operator in HQ , proj
Q
C : Rn → C ⊆ R

n , is defined as
projQC (x) := argminy∈C ‖x − y‖2Q for all x ∈ R

n .
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6.2 Semi-decentralized Smart Charging for Fleets
of Plug-in Electric Vehicles

6.2.1 Problem Statement

We consider the charging coordination problem for a large population of N � 1
noncooperative PEV agents over a time horizon made of multiple charging intervals
{1, 2, . . . , n}.

We assume that each PEV agent i ∈ N[1, N ] decides on its charging strategy
ui = [ui1, . . . , uin]� ∈ Ui ⊂ R

n , where the setUi models its charging constraints.
For instance [4, 5, 8, Equations 1, 2], given the parameters of the state-of-charge

dynamics, e.g. charging/discharging rate and efficiency, and the initial state of charge,
Ui represents the time-varying preferences, e.g. upper and lower bounds, on the state
of charge and the charging input of the PEV agent i .

We further assume that the PEV agents are noncooperative, meaning that each
agent i aims at optimizing its local cost function J i : Rn × R

n → R which depends
on (as second argument) a pricing signal common to all agents, without exchanging
information with other agents. More formally, for all i ∈ N[1, N ], we define the
optimal response mapping ui � : Rn → R

n as

ui �(ρ) := arg min
y∈Ui

J i (y, ρ) . (6.1)

Technically, throughout the paper we assume compactness and convexity [19,
Standing Assumption 1] of the individual charging constraints, and strongly convex
quadratic cost functionswith affine (linear) dependance on the global pricing variable
ρ [8, Sections II, III].

Standing Assumption 1 Compactness, convexity. The setsU1, . . . ,UN ⊂ R
n are

compact and convex. There exists a compact setU ⊂ R
n such that ∪N

i=1Ui ⊆ U for
all N ≥ 1. �

For simplicity, we consider strongly convex cost functions that are quadratic. The
more general case with non-quadratic cost functions can be studied with similar
analysis tools, see [23, 24].

Standing Assumption 2 Strongly convex quadratic cost functions. For all i ∈
N[1, N ], the cost function J i : Rn × R

n → R in (6.1) is defined as

J i (y, ρ) := 1
2 y

�Qi y + ci
�
y + ρ�y, (6.2)

for some Qi ∈ S
n
�0 such that q In � Qi � q In, q, q ∈ R>0, and ci ∈ R

n. �
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Remark 6.1 The cost function J i (ui , ρ) from (6.2) can be seen as the sum of two
terms, namely the local penalty term f i (ui ) := 1

2u
i�Qiui + ci

�
ui and the cost

of electricity ρ�ui . For instance, the local penalty term f i can model a convex
quadratic battery degradation cost as in [8, Equation 8], [9, Equation 5], possibly
plus a quadratic penalty

∥∥ui − uiref
∥∥2
Pi on the deviation from a preferred charging

strategy uiref ∈ R
n , for some weighting matrix Pi � 0.

As an example for this latter addend, the term in [9, Equation 7] reflects the
relative importance of delivering the full charge to the PEV i over the charging
horizon. Mathematically, that term reads in our notation as δi

(
1�
n u

i − γ i
)2

for some

δi , γ i > 0, that is, δi (ui
�1n1�

n u
i − 2γ i1�

n u
i + γ i 2) = ∥∥ui − uiref

∥∥2
δi1n1�

n
, for some

uiref such that 1�
n u

i
ref = γ i . �

Due to the structure of the quadratic cost function J i in (6.2), the optimal response
of the agents to given incentive signals satisfy the following properties.

Lemma 6.1 For all i ∈ N[1, N ], the optimal response mapping ui � in (6.1) is Lip-
schitz continuous with constant � := q/q relative to HIn and, for all ρ ∈ R

n, reads
as

ui �(ρ) = projQ
i

Ui

(
−Qi−1

(ρ + ci )
)
. (6.3)

�

In the following, we consider the problem to control via pricing signals ρ the
optimal charging strategies

(
ui � (ρ)

)N
i=1 of the PEV agents towards a set of strategies

(
ūi

)N
i=1 that satisfy the affine pricing model in [8, Equation 10]:

ρ = a
(
d + 1

N

∑N
i=1 ū

i
)

+ b,

where a > 0 represents the inverse of the price elasticity of demand [19, Section
V.C], the vector d ∈ R

n represents the normalized non-PEV demand [4, Section
III.A, Equation 6], and b ∈ R

n represents a constant price addend.
With this aim, let us define the aggregation mapping A : Rn → R

n as

A(·) := 1
N

∑N
i=1 u

i �(·) (6.4)

and pricing mapping P : Rn → R
n as

P (·) := a (d + ·) + b, (6.5)

for some given a ∈ R>0, d, b ∈ R
n .

The decentralized charging control problem then reads as the design of a pricing
vector ρ̄ ∈ R

n that is a fixed point of the composed mappingP ◦ A from (6.4), (6.5),
i.e., ρ̄ = P (A (ρ̄)).
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Existence and uniqueness of such a pricing vector follow by fixed-point theory
arguments [25] and are formalized in the following statement.

Proposition 6.1 Existence and uniqueness of the fixed point. There exists a unique
fixed point ρ̄ ∈ R

n of P ◦ A from (6.4), (6.5), i.e., ρ̄ = P (A (ρ̄)). �

6.2.2 On the Relation of the Fixed Point with Noncooperative
and Cooperative Equilibria for Large Population Sizes

The quest for the fixed point of themappingP ◦ A has been considered andmotivated
in the literature [4, 5, 8, 9, 19], as it closely relates to both noncooperative and
cooperative equilibria for large population sizes.

Specifically, it follows from [20, Theorem 1] that a fixed point of the map-
ping P ◦ A from (6.4), (6.5), i.e., ρ̄ = P (A (ρ̄)), generates a set of strategies(
ūi := ui �(ρ̄)

)N
i=1, with ui � as in (6.1) for all i ∈ N[1, N ], that is an aggregative

εN -Nash equilibrium, where εN = O(1/N ), i.e., such that for all i ∈ N[1, N ], [20,
Definition 1]

J i
(
ūi , 1

N

∑N
j=1 ū

j
)

≤ inf y∈Ui J i
(
y, 1

N

(
y + ∑N

j �=i ū
j
))

+ εN .

In addition, the existence of an aggregative (ε = 0)Nash equilibriumcanbe shown
as well [24].

On the other hand, it follows from [4, Theorem 6.1], [8, Theorem 3.2], and [26,
Propositions 1–3], that the set of optimal responses to a fixed point of the mapping
P ◦ A from (6.4), (6.5), approximates the solution to the social/welfare optimization
problem

min
u∈RnN

∑N
i=1 J

i
(
ui , 1

N

∑N
j=1 u

j
)

s.t. ui ∈ Ui ∀i ∈ N[1, N ]

under certain technical assumptions on the cost functions and the constraint sets, for
large population size N .

6.3 Exponential Convergence of Smart Charging Control

To control the decentralized optimal responses in (6.1) of the noncooperative agents
to a fixed point ρ̄ of the mapping P ◦ A from (6.4), (6.5) through broadcast pricing
signals, we conceptually follow the iterative procedure introduced in [4] and refined
in [5, 19]. At step t ∈ N, a central control unit broadcasts a pricing signal ρ(t) ∈
R

n , to which each PEV agent i responds optimally as ui � (ρ(t)) from (6.1); in
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turn, based on the average population response A (ρ(t)) from (6.4) and the pricing
model P (A (ρ(t))) from (6.5), the central control unit computes and broadcast an
updated incentive signal ρ(t + 1), and then the process is repeated as summarized
in Algorithm3.

For the design of the pricing signal, we propose the dynamic control law

ρ(t + 1) = κ (t, ρ(t), P (A(ρ(t)))) (6.6a)

= (1 − αt ) ρ(t) + αt P (A(ρ(t))) , (6.6b)

where the positive sequence (αt )
∞
t=0, αt > 0 for all t ∈ N, defines the control law as

defined in the next statement.

Definition 6.1 Dynamic control laws. The dynamic control law κ : N × R
n ×

R
n → R

n in (6.6b) is referred as:

Krasnoselskij (κ ∈ K) if αt := λ ∈ (0, 1) ∀t ≥ 0;
Mann (κ ∈ M) if αt ∈ R>0, lim

t→∞ αt = 0,
∑∞

t=0 αt = ∞.
�

Algorithm 3 Aggregative control of decentralized optimal charging strategies

Initialization: t ← 0;

• The controller chooses ρ(0).

Iterate until convergence:

• The controller broadcasts ρ(t) to all the agents.

◦ The agents compute in parallel ui � (ρ(t)) in (6.1), for all i ∈ N[1, N ].
• The controller receivesA (ρ(t)) in (6.4), and broadcasts

ρ(t + 1) = κ (t, ρ(t), P (A (ρ(t))))

as in (6.6b).

t ← t + 1.

Without loss of generality, namely up to a translation of the iteration index, we can
assume αt ≤ 1 for all t ∈ N, and indicate κ ∈ K also if the sequence (αt )

∞
t=0 in (6.6b)

is such that, for some t̄ ∈ N, αt = λ ∈ (0, 1) for all t ≥ t̄ , e.g. αt := max{ 1
t+1 , λ},

for some λ ∈ (0, 1). The classes of dynamic control lawsK andM in Definition6.1
derive from the Krasnoselskij and Mann fixed point iterations, respectively [18, 19].

Remark 6.2 Consistency of the dynamic control law. A vector ρ̄ ∈ R
n is a fixed

point of the mapping P ◦ A if and only if, for all α > 0, it is a fixed point of the
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mapping (1 − α)Id(·) + αP (A(·)). Therefore, κ in (6.6b)within one of the classes in
Definition6.1 is such that if ρ̄ = limt→∞ κ (t, ρ̄, P (A (ρ̄))), then ρ̄ = P (A (ρ̄)),
which is a fixed point of P ◦ A. Therefore, the selection of the control law κ in
(6.6b) does not affect the set of fixed points of the mapping P ◦ A in (6.4), which is
{y ∈ R

n | y = P (A(y))}. �

We note that the static control law ρ(t + 1) = P (A (ρ(t))) has been proposed
in [4], while the dynamic control law κ ∈ K in [9], and κ ∈ M has been proposed
in [5]. In all the mentioned setups, it is assumed that the agents’ cost functions
and constraints are such that the mapping P ◦ A from (6.4), (6.5) is a contraction
mapping.

Our main technical contribution is to prove that for strongly convex cost functions
and convex constraints, that is, without assuming nor implying that P ◦ A is a con-
traction mapping, nor a nonexpansive mapping, some dynamic control laws κ ∈ K
in (6.6b) ensure that the decentralized optimal responses

(
ui �

)N
i=1 in (6.1) are steered

to the desired fixed point exponentially fast, that is, with linear convergence rate.

Theorem 6.1 (Exponential convergence of Krasnoselskij algorithm) The dynamic
control law κ ∈ K in (6.6b) with

αt := λ ∈
(

0,
1

2
(
3 + 3� + �2

)

]

, (6.7)

� := a q/q, ensures that, for all t ≥ t̄ ≥ 0 and ρ(0) ∈ R
n,

‖ρ(t + 1) − ρ̄‖ = ‖ρ(t + 1) − P (A (ρ̄))‖
= ‖κ (t, ρ(t), P(A (ρ(t)))) − ρ̄‖ (6.8)

≤ β t
∥
∥ρ(0) − ρ̄

∥
∥ ,

where A, P are as in (6.4), (6.5), ui � as in (6.3) for all i ∈ N[1, N ], and

β := 1 − 1

4
(
3 + 3� + �2

) ∈ (0, 1). (6.9)

Consequently, lim
t→∞ ρ(t + 1) = κ (t, ρ(t), P (A (ρ(t)))) = ρ̄ = P (A (ρ̄)). �

Remark 6.3 The step size λ in (6.7) for the dynamic control law κ ∈ K depends on
the parameters a, q, q only, not on the population size N , which can be arbitrarily
large. Since the control structure is semi-decentralized, the volume of the information
exchange and the computational complexity, both at the agent level and at the control
unit, are independent on the population size. �
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As corollary to [20, Theorem2], [21, Theorem2],we note that the dynamic control
law κ ∈ M in (6.6b) ensures global (not necessarily exponential) convergence to a
fixed point of the mapping P ◦ A from (6.4), (6.5).

Corollary 6.1 (Convergence of Mann algorithm) The dynamic control law κ ∈ M
in (6.6b) ensures that

lim
t→∞ ρ(t + 1) = κ (t, ρ(t), P (A (ρ(t)))) = ρ̄ = P (A (ρ̄))

for any initial condition ρ(0) ∈ R
n, where A, P are as in (6.4), (6.5), and ui � as

in (6.3) for all i ∈ N[1, N ]. �

Remark 6.4 The dynamic control law κ ∈ M is fully independent on the problem
data, that are the parameters that define the convex quadratic cost functions and
the convex charging constraints. Corollary6.1 shows that the class of model-free
dynamic control laws κ ∈ M ensures global (not necessarily exponential) conver-
gence of the controlled optimal charging strategies towards an aggregative equilib-
rium, independently on the population size. �

Remark 6.5 It follows from the proofs of Theorem6.1 and Corollary6.1 that in our
technical setup with strongly convex cost functions with affine pricing and convex
constraints, the mapping P ◦ A belongs to the class of strongly pseudo-contractive
mappings [18, Section 4.3], not necessarily to that of contraction mappings, which
happens only for a small enough, see also [19, Section V.C]. Therefore, contraction
mapping arguments, e.g. via the Banach fixed-point theorem [4, 9], are not applica-
ble to our setup, and in fact persistent oscillations may occur without adopting the
appropriate fixed-point iteration in the control unit. �

6.4 Illustrative Numerical Simulations

In this section, we numerically simulate the charging coordination over n = 20 time
intervals for a population of N = 106 PEV agents. The nominal values of the numer-
ical parameters defining the cost functions and the charging constraints are taken
from [8], and then are randomized as follows to emulate the population variability.

For each PEV agent i ∈ N[1, N ], we consider the quadratic cost function
J i (ui , ρ) = qi ui

�
ui + ci

�
ui + ρ�ui that represents the battery degradation cost

[8, Section II.C] plus the cost of electricity, where with uniform distribution qi ∼
{0.004} + [−0.001, 0.001], ci ∼ {0.075} + [−0.01, 0.01]. Further, we consider the
normalized charging constraints ui ∈ Ui := [0n, ui ] ∩ {

y ∈ R
n | 1�

n y = γ i
}
, where

with uniformdistribution γ i ∼ {1} + [−0.1, 0.1], and the vector ui ∈ R
n is such that,

for all j ∈ N[1, n], uij ∼ {0, 0.2}, with uij = 0 (that is, no charging at the time interval
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Fig. 6.1 Sum between the normalized background demand d and the average among the charging

strategies
(
ui �(ρ̄)

)N
i=1 at the equilibrium

j) with probability 20%. In addition, for 10% of the overall population, we consider
the V2G option, namely by substituting the lower and upper bounds [0n, ui ] with
[− 1

2u
i , ui ].

We scale the parameters in [8, Section IV] with respect to the population size to
derive the price function P in (6.5), here with parameters a = 0.038, b = 0.061n ,
and vector d ∈ R

n being the normalized non-PEV demand, empirically derived from
[4, Figure 1], [8, Figure 1].

To apply the result in Theorem6.1, sinceq/q = 0.005/0.003 = 1.67,we compute

� = aq/q = 0.063, thus in (6.7) we have λmax := 1
2(3+3�+�2)

= 0.1565.
We numerically compare the convergence performance induced by two control

laws κ� ∈ K and κ• ∈ M, both with global convergence guarantees. For the former,
we choose the step sequence α�

t := max
{

1
t+1 , λmax

}
, t ∈ N, while for the latter we

choose the sequence α•
t := 1

t+1 . We initialize the pricing signal as ρ(0) := ad + b.
For the nominal value of the parameters, Fig. 6.1 shows the sum between the

normalized background demand and the average among the charging strategies at
the equilibrium, i.e., the optimal responses in (6.1) to the fixed point of the mapping
P ◦ A. Note that the effect of the V2G operations in the time intervals of high
background demand, hence high price of electricity, is that to flatten the overall
demand.

Figure. 6.2 in log-log scale supports the theoretical convergence of the sequence
ρ(t) that is obtained with the dynamic control laws κ� (exponential convergence)
and κ•.
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Fig. 6.2 Norm of the
difference between the price
vector ρ(t) and the
equilibrium price ρ̄ over the
iterations induced by the
dynamic control laws
κ� ∈ K (solid line) and
κ• ∈ M (dashed line)

We then set the fixed point convergence criterion to ‖ρ(t) − P (A (ρ(t)))‖ ≤
10−3 and run 102 simulations, each with parameters randomly taken as described
above. In all simulations, we obtain that κ� induces convergence in 11–13 steps,
while κ• in 16–22 steps. Our numerical experience confirms the intuition that κ� ∈ K
typically provides faster convergence than control laws in M.

6.5 Conclusion

We have presented a unifying framework for the coordinated charging of noncoop-
erative plug-in electric vehicles in a large population, for which we have proposed
a dynamic control law with guaranteed global exponential convergence towards an
aggregative equilibrium. The considered framework is applicable far beyond PEV
populations, e.g. to general demand side management in the smart grid [27–29].

6.6 Outlook: Semi-decentralized Smart Charging with
Joint Constraints

As future research, we shall consider the presence of joint constraints that couple
together the optimal decisions of the agents. Joint constraints are indeedmotivated by
the actual operation with transmission line and network constraints [30–32], and/or
shared resources [33].

For simplicity, we can consider affine joint constraints in aggregative form:
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1

N

N∑

i=1

ui ≤ b. (6.10)

Therefore, given a pricing vector ρ, the optimization problem of the agents read as

∀i ∈ N[1, N ] :

⎧
⎪⎨

⎪⎩

min
ui

J i (ui , ρ)

s.t. ui ∈ Ui

ui + ∑N
j �=i u

j ≤ bN .

(6.11)

We immediately note that the optimization problems in (6.11) cannot be directly
solved with a semi-decentralized information exchange, due to the joint constraint in
(6.10). To address this challenge, in the following, we use duality theory. Specifically,
for each i , let us define the Lagrangian function Li : Rn × R

n × R
n → R as

Li (ui , ρ, u−i , λ) := J i (ui , ρ) + λ�
(

−b + 1

N

N∑

i=1

ui
)

= 1

2
ui

�
Qiui + ci

�
ui + ρ�ui + λ�

(

−b + 1

N

N∑

i=1

ui
)

,

where we have imposed that there is only one dual variable λ for all agents, see the
discussion on variational equilibria in [23, 34]. Therefore, we have that

∇uiLi (ui , ρ, u−i , λ) = Qiui + ci + ρ + 1

N
λ. (6.12)

In turn, the generalized optimal response mapping of agent i , that is, argminui∈Ui Li

(ui , ρ, u−i , λ), has the same semi-decentralized structure as in (6.3):

ui �(ρ, λ) = projQ
i

Ui

(
−Qi

(
ρ + 1

N
λ + ci

))
. (6.13)

In addition, it follows from [23, Proposition 1] that to satisfy the complementarity
condition,

0 ≤ λ ⊥
(

b −
N∑

i=1

ui �(ρ, λ)

)

≥ 0 ,

the dual variable λ must satisfy the fixed point equation

λ = proj
R

n
≥0

(

λ − γ

(

b −
N∑

i=1

ui �(ρ, λ)

))

,

for some γ > 0.
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The main challenge, which is left as future research avenue, is to design a
dynamic control law that combines Krasnoselskij–Mann iterations for the updated
of the pricing vector ρ(t), with a projected gradient iteration for the update of λ(t),
whose role is penalizing the violation of the joint constraint. Alternative semi-
decentralized approaches to this generalized aggregative equilibrium have been
proposed in [35–37].

Acknowledgements The author would like to thankMr. Giuseppe Belgioioso (TU Eindhoven) for
technical discussions on related topics.

Appendix

Proof of Lemma6.1

The proof follows from [19, Lemma 4]. First, we have that −(Qi )−1
(
ρ + ci

) =
argminy∈Rn

1
2 y

�Qi y + ci
�
y + ρ�y as 0 = ∂

∂y

(
1
2 y

�Qi y + (
ρ + ci

)�
y
)

=
y�Qi + (

ρ + ci
)�
. Then the following equalities hold:

ProjQ
i

Ui (−(Qi )−1
(
ρ + ci

)
)

= arg min
y∈Ui

∥∥y + (Qi )−1 (
ρ + ci

)∥∥2

Qi

= arg min
y∈Ui

1
2 y

�Qi y + ci
�
y + ρ�y.

The Lipschitz continuity relative toHIn with constant q/q then follows since ProjQ
i

Ui

is Lipschitz continuous relative toHQi with constant 1 [16, Proposition 4.8], hence,
for all x, y ∈ R

n , we have

q

∥∥
∥
∥Proj

Qi

Ui (−x + ci ) − ProjQ
i

Ui (−y + ci )

∥∥
∥
∥
In

=
∥
∥∥
∥Proj

Qi

Ui (−x + ci ) − ProjQ
i

Ui (−y + ci )

∥
∥∥
∥
q In

≤
∥
∥
∥∥Proj

Qi

Ui (−x + ci ) − ProjQ
i

Ui (−y + ci )

∥
∥
∥∥
Qi

≤ ‖x − y‖Qi

≤ q ‖x − y‖In ,

which implies that
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∥
∥∥ProjQ

i

Ui (−x + ci ) − ProjQ
i

Ui (−y + ci )
∥
∥∥
In

≤ q

q
‖x − y‖In .

�

Proof of Theorem6.1

According to Lemma6.1, the optimal response mapping of agent i reads as in (6.3),

i.e., ui �(·) = ProjQ
i

Ui

(−(Qi )−1
(· + ci

))
.

Since themapping ProjQ
i

Ui is monotone inHQi [17, Corollary 12.20] for any closed
convex setUi ⊆ R

n , we have that, for all x, y ∈ R
m :

(ProjQ
i

Ui

(−(Qi )−1(x + ci )
)−ProjQ

i

Ui

(−(Qi )−1(y + ci )
)
)�

· Qi
(−(Qi )−1(x + ci ) + (Qi )−1(y + ci )

) ≥ 0,

and equivalently that

(−ui �(x) + ui �(y)
)�

(x − y) ≥ 0.

Hence, for all i ∈ N[1, N ], the mapping −ui �(·) is monotone in HIn , and the
mapping

(
Id − ui �

)
(·) is strongly monotone, as the sum of a strongly monotone

mapping and a monotone one [19, Lemma 1]. In turn, also 1
N

∑N
i=1

(
Id − ui �

)
(·) is

strongly monotone, and the aggregation mapping

A = Id(·) − 1

N

N∑

i=1

(
Id − ui �

)
(·) = 1

N

N∑

i=1

ui �(·)

in (6.4) is strongly pseudo-contractive inHIn [19, Proof of Theorem 3].

We now consider the composed mapping P ◦ A = a
(
d + 1

N

∑N
i=1 u

i �(·)
)

+ b.

Since a > 0, we have that themapping−a 1
N

∑N
i=1 u

i �(·) is monotone inHIn , Id(·) −
a 1

N

∑N
i=1 u

i �(·) = Id − aA is strongly monotone, hence from the previous part of

the proof, aA(·) = Id(·) −
(
Id(·) − a 1

N

∑N
i=1 u

i �(·)
)
is strongly pseudo-contractive

in HIn . Finally, since Id − P ◦ A = Id − aA − ad − b is strongly monotone, we
conclude that the mapping P ◦ A = aA + ad + b is strongly pseudo-contractive as
well.

In addition, it follows from Lemma6.1 thatA is Lipschitz continuous relative to

HIn with constant q/q , and takes values on the compact set a
(
d + 1

N

∑N
i=1 Ui

)
+

b ⊂ R
n , hence P ◦ A is Lipschitz continuous with constant � := aq/q .
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Therefore, by [18, Corollary 4.2] we have that the Krasnoselskij fixed point iter-
ation, i.e., κ ∈ K with αk := λ ∈ (0, 1

2(3+3�+�2)
] ensures global exponential conver-

gence to the fixed point ρ̄ of P ◦ A, i.e., (6.8) with β as in (6.9). �

Proof of Proposition6.1

It follows fromLemma6.1 and the proof of Theorem6.1 that themappingP ◦ A(·) =
a

(
d + 1

N

∑N
i=1 u

i �(·)
)

+ b is Lipschitz continuous and takes values in a compact

set. It then follows from the proof of Theorem6.1 that the mappingP ◦ A is strongly
pseudo-contractive in HIn , thus it has one unique fixed point [18, Theorem 4.11].

�

Proof of Corollary6.1

It follows from Lemma6.1 and Theorem6.1 that the mapping P ◦ A is Lipschitz
continuous, takes values in a compact set, and is strongly pseudo-contractive inHIn .
Therefore, the Mann fixed point iteration, i.e. κ ∈ M, ensures global convergence to
the unique fixed point of P ◦ A [18, Theorem 4.11]. �
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