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Evaluation of the strain-based partitioning method for 
mixed-mode I+II fracture of bi-material cracks
Marcio Moreira Arouche a,b, Sofia Teixeira de Freitas b, and Silvio de Barros a,c

aFederal Center for Technological Education of Rio de Janeiro, Rio de Janeiro, Brazil; bDepartment of 
Aerospace Structures and Materials, Delft University of Technology, Delft, Netherlands; cLINEACT CESI EA 
7527, Saint-Nazaire, France

ABSTRACT
The goal of this paper is to evaluate the strain-based partitioning 
method (SBM), an analytical method based on beam analysis, for 
the mixed-mode fracture characterization of asymmetric cracks. 
The fracture energy is calculated at the crack tip of mixed-mode 
bending (MMB) test with asymmetric geometry and asymmetric 
material parameters. The fracture energy obtained using SBM is 
benchmarked against the widely applied Williams’ partitioning 
method (WM) and numerical results from finite element models 
using the virtual crack closure technique (VCCT). Results show 
that WM produces inaccurate fracture modes in asymmetric 
conditions. However, if using SBM, the fracture mode ratio of bi- 
material cracks was obtained with accuracy. SBM describes 
a coupling function between mode I and mode II fracture that 
allows the mode partitioning as long the specimen complies with 
a simple design criterion based on the longitudinal strain equiva-
lence between arms. Experimental results of composite-to-metal 
bonded joints validate the results of the parametric study. SBM 
proves to be an easy and reliable solution for the mixed-mode 
fracture characterization of bi-material cracks.
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1. Introduction

Adhesive bonding technology is the most efficient method in terms of 
strength-to-weight ratio and design flexibility for joining composites to 
other materials, such as metals.[1] This leads to the application of bonded 
structures between dissimilar materials with asymmetric interfaces, the bi- 
material bonded joints. First applications of bi-material structures are found in 
aerospace industry[2–4] and nowadays have become essential in many other 
fields, such as automotive industry,[5] maritime[6,7] and civil construction.[8] In 
addition, laminated composite structures usually have multidirectional sec-
tions due to different fiber orientations, which also result in asymmetric 
interfaces. The emergence of new structures and applications requires the 
development of new methodologies for optimizing design and assuring struc-
tural integrity.
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The fracture mechanics approach is widely applied to improve the design 
and evaluate the performance of structures. In the cases of delamination and 
debonding, the crack usually propagates along an interface. In real-life appli-
cation, interfacial fracture often propagates in a combination of opening 
(mode I) and shear (mode II) loadings. Chaves et al.[9] indicated that there is 
a need for development of new methodologies for the characterization of 
mixed-mode (I+ II) interfacial fracture. In mixed-mode fracture, not only 
the total fracture toughness must be determined but also the proportion of 
mode I and mode II fracture. Hence, it is essential to develop reliable methods 
for evaluation of asymmetric crack propagation under mixed-mode I+ II 
loadings.

A variety of experimental procedures is available for mixed-mode fracture 
testing. The asymmetric double cantilever beam (ADCB) test[10] is a simple 
solution but allows only testing a limited range of low mode II. The asym-
metric tapered double cantilever beam (ATDCB) test[11] also presents 
a limited partitioning range and has higher manufacturing complexity. The 
mixed-mode flexure (MMF) test,[12,13] also called single leg bending (SLB) 
test,[14] is another simple solution to characterize mixed-mode fracture. 
However, the main limitation of these tests is that a specimen geometry allows 
obtaining only a single fracture mode ratio. The over-leg bending (OLB) 
test[15] allows obtaining a greater crack length but has the same limitation of 
the SLB test. The mixed-mode bending (MMB) test[16,17] stands out for its easy 
implementation and capability of testing a wide range of partitioning ratios 
with only one specimen geometry. The MMB test method was originally 
developed for fracture propagation of unidirectional symmetric composites 
and was later extended to multidirectional laminates.[18–20] Other applications 
include metal bonded joints,[21–23] wood bonded joints[24–26] and bone 
fracture.[27]

A reliable method to determine the fracture toughness of a cracked struc-
ture relies on the finite elements method (FEM) in combination with the 
virtual crack closure technique (VCCT). The VCCT is based on the assump-
tion that the energy released when the crack is extended a crack tip element 
size is identical to the energy required to close the crack in the same length.[28] 

This method has been successfully applied for calculation of the fracture 
toughness at the crack located between different materials.[28,29] The solution 
is obtained from the crack tip and does not consider the effect of a non- 
negligible fracture process zone (FPZ). The VCCT is commonly applied for 
fracture characterization in research and development projects. However, 
numerical solutions have limited industrial application due to high imple-
mentation costs.

Analytical methods based on beam theory analysis have arisen as a simple 
approach for the fracture characterization. Williams[30] proposed a solution 
for the calculation of the total fracture energy and mode ratio of a given 
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specimen geometry and testing condition. Williams[31] and Wang and 
William[32] proposed corrections factors to the mode I and mode II fracture 
modes for accounting the effects of shear deformation and deflection at the 
crack tip. Shahverdi et al.[33] applied the same assumptions of Williams` 
partitioning method (WM)[30] to the delamination of a multidirectional 
composite. These analytical solutions are reliable in the cases of symmetric 
specimens, where both sides of the crack have the same material and 
geometry. However, they showed to give inaccurate results for the fracture 
mode ratio when the crack propagates in an interface between different 
materials.[34,35] Innovative solutions are required for the analysis of multi-
lateral structures.

The mixed-mode fracture characterization of asymmetric cracks has been 
object of recent studies.[36,37] Valvo[38] developed a solution based on simple 
kinematic assumption for obtaining the fracture mode ratio of delaminated 
beams under general loading conditions. His work evidenced the influence of 
curvatures, strains and thicknesses of the arms on the determination of pure 
modes. Conroy et al.[39] combined Williams’ beam analysis with cohesive zone 
models (CZMs) and proposed a semi-analytical cohesive analysis (SACA) to 
obtain the fracture mode ratio of asymmetric geometries. It predicts 
a variation of the fracture mode ratio from the local to the global partitioning 
as the FPZ increases. The SACA has proven superior to the traditional 
Williams’ method for the mixed mode fracture characterization of adhesively 
bonded joints.[40] However, it requires an iterative process for the estimation 
of the cohesive zone length to determine the fracture mode ratio from 
a numerically obtained dependency curve.

Alternatively, Wang et al.[41] proposed a longitudinal strain equivalent 
geometry between arms for the pure mode I fracture characterization of bi- 
material bonded joints. Then, Arouche et at.[42,43] extended this criterion for 
the mixed-mode fracture characterization of asymmetric cracks and intro-
duced a new method: the strain-based partitioning method (SBM). The SBM is 
directly derived from beam analysis but uses different partitioning assump-
tions from the traditional WM.[30] It showed to be an easy and consistent 
method to obtain the fracture mode ratio of bi-material cracks. However, more 
studies are required on the performance of the SBM considering parameters of 
materials and geometry.

The present study aims to evaluate the SBM for the mixed-mode fracture 
characterization of asymmetric cracks. The widely applied WM is also verified 
for comparison between the analytical methods. The performance of both 
methods is studied on a wide range of geometrical and material asymmetry 
between crack sides. The fracture toughness obtained from the analytical 
methods are benchmarked against numerical results of finite elements models 
of MMB tests using the VCCT. Finally, the application and limitations of the 
SBM are verified in a study case with composite-to-metal bonded joints.
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2. Analytical models

The strain energy release rate (SERR) is the most important property to 
consider in the calculation of fracture toughness of cracked structures. For 
linear elastic behavior, the total SERR can be obtained by the balance of 
fracture energy through the following equation: 

G ¼
1
B

δUe

δa
�

δUs

δa

� �

(1) 

where B is the width of the specimen, Ue is the external work performed, Us is 
the strain energy and a is the crack length. The analysis considers a region 
ABCD mechanically affected by the presence of a crack under pure bending 
moments, as shown in Figure 1.

The upper and lower arm thickness are h1 and h2, and the bending 
moments applied on the upper and lower arms are M1 and M2, respectively. 
The angles Φ0, Φ1 and Φ2 represent the slopes of the beam, upper arm and 
lower arm, respectively. When the crack grows a length δa from O on section 
AB to O’ on section CD, the external work is: 

δUe

δa
¼ M1

δϕ1
δa
�

δϕ0
δa

� �

þM2
δϕ2
δa
�

δϕ0
δa

� �

(2) 

For pure bending, the change in angle is given by: 

δϕ
δa
¼

M
Ef I

(3) 

where M is the moment, Ef is the flexural modulus and I is the second moment 
of area. Similarly, the strain energy is: 

δUs

δa
¼

M2
1

2Ef 1I1
þ

M2
2

2Ef 2I2
�

M1 þM2ð Þ
2

2Ef eqIeq
(4) 

Figure 1. Beam analysis under pure bending moments.
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where Ef1, I1, Ef2, I2, Efeq and Ieq are the flexural moduli and second moments 
of the area in the section of the crack tip of the upper arm, lower arm and total 
specimen, respectively. Substituting (2) and (4) in (1), it can be reduced to the 
equation of the total fracture energy: 

G ¼
1

2B
M2

1
Ef 1I1

þ
M2

2
Ef 2I2

�
M1 þM2ð Þ

2

Ef eqIeq

 !

(5) 

Equation (5) allows determining the total fracture energy of a crack between 
two arms. However, it is essential to the characterization of the mechanical 
behavior to define the contribution of mode I and mode II fracture.

2.1. Williams’ partitioning method

Williams[30] proposed a partitioning method (WM) based on the assumptions 
that: (i) pure mode I exists when opposite moments act on the joint arms; and 
(ii) pure mode II is obtained when the curvature in the two arms are the same. 
This means: 

M1 ¼ MII � MI (6) 

M2 ¼ ψMII þMI (7) 

where the bending stiffness ratio between upper and lower arms is: 

M2 ¼ ψMII þMI (8) 

Substituting (6) and (7) in (5), the equation of the total fracture energy can be 
reduced to: 

G ¼
1

2B
M2

I
ψ þ 1
Ef 2I2

� �

þM2
II

ψ þ ψ2

Ef 2I2
�

1þ ψð Þ
2

Ef eqIeq

 !" #

(9) 

Notice that no cross-product term is observed. Therefore, the partitioning can 
be obtained by rewriting Equation (9) as function of MI and MII: 

f MI;MIIð Þ ¼ f I MIð Þ þ f II MIIð Þ (10) 

Finally, the equations of mode I and mode II fracture can be written as: 

GI ¼
M2

I
2B

ψ þ 1
Ef 2I2

� �

(11) 

GII ¼
M2

II
2B

ψ þ ψ2

Ef 2I2
�

1þ ψð Þ
2

Ef eqIeq

 !

(12) 
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G ¼ GI þ GII (13) 

WM is widely applied in the fracture characterization of symmetric cracks. 
However, literature has shown that it does not predict with accuracy the 
fracture mode ratio of cracks between asymmetric arms .[18,33,34] The assump-
tions do not describe with precision the interaction between mode I and mode 
II fracture. Therefore, it is not recommended for the characterization of 
asymmetric cracks.

2.2. Strain-based partitioning method

The strain-based partitioning method (SBM), proposed by Arouche et al.,[42] 

introduced a new criterion for the fracture mode partitioning. The main 
difference in comparison with the WM lies on the condition for pure mode 
I: it incorporates the condition of strain equivalence for mode pure mode I, 
identified by Ouyang[44] and confirmed by Wang et al. [41] In the case of pure 
mode II, similarly to WM, the SBM assumes that it is produced when both 
arms have the same curvature, as observed by Mollón et al. [45] Therefore, the 
partitioning assumptions become: (i) the longitudinal strain distribution at the 
faying surfaces of both arms must be identical in order to produce pure mode 
I; and (ii) pure mode II is obtained when the curvature in the two arms are the 
same. This gives: 

M1 ¼ MII � MI (14) 

M2 ¼ ψMII þ βMI (15) 

where β is the ratio between the longitudinal strain at the faying surfaces of the 
upper and lower arms, as follows: 

β ¼
Ef 2h2

2

Ef 1h2
1

(16) 

Substituting (14) and (15) in (5), the equation of the total fracture energy is 
obtained: 

G ¼
1

2B

M2
I

ψþβ2

Ef 2I2
�

β� 1ð Þ
2

Ef eqIeq

� �
þM2

II
ψþψ2

Ef 2I2
�

1þψð Þ
2

Ef eqIeq

� �
þ

MIMII
2ψβ� 2ψ

Ef 2I2
�

2 1þψð Þ β� 1ð Þ

Ef eqIeq

� �

2

4

3

5 (17) 

Equation (17) shows that the mode I fracture energy affects the mode II 
fracture energy and vice-versa. Consequently, the equation can only be written 
in the form of: 

f MI;MIIð Þ ¼ f I MIð Þ þ f II MIIð Þ þ fc MI;MIIð Þ (18) 
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Equation (18) displays a coupling function fc (MI, MII) beyond the functions of 
pure mode I and pure mode II – fI (MI) and fII (MII), respectively. This implies 
that the fracture mode partitioning is obtained when the coupling function fc 
(MI, MII) is zero. This is achieved in the condition of β = 1. Therefore, the 
specimen design condition of longitudinal strain equivalence has to be satis-
fied. It means: 

Ef 1h2
1 ¼ Ef 2h2

2 (19) 

In this case, the mode I and mode II equations of fracture energy are the same 
as in WM – Equations (11) and (12). However, the SBM has a different 
assumption from the partitioning method proposed by Williams, leading to 
a different equation for the total fracture energy (G) which considers 
a coupling function between pure modes. The SBM shows that the partitioning 
can only be obtained when the condition of beta equals 1 is respected, while 
WM ignores the coupling function that contributes to the total fracture energy 
and does not reinforce any specific specimen design. This is believed to be the 
reason why WM leads to inaccurate results for the partitioning of asymmetric 
specimens where the longitudinal strain-based design criterion is not applied 
(β ≠ 1). This assumption will be verified in this paper.

3. Numerical models

A virtual mixed-mode bending (MMB) test was chosen to evaluate the analy-
tical fracture characterization method. In this test, a loading is applied through 
a roller attached to a lever and loaded just above the mid-plane of the test 
specimen, as shown in Figure 2. The test loading (P) is decomposed in opening 
(PI) and shear (PII) loadings in a constant ratio determined by the lever length 
(c). A longer lever length c produces a fracture with higher portion of mode I.

A 2D finite elements model was created in Abaqus (version 2019.HF2). 
Figure 3 shows the geometric features of the model: 70 mm half-span (L) and 
50 mm crack length (a). The upper and lower arm thicknesses (h1 and h2, 
respectively) and materials (E1 and E2, respectively) are the parameters varied 
in the analysis. Loads and boundary conditions were applied to the model in 
order to simulate the MMB testing conditions. Mode I and mode II loads (PI 
and PII, respectively) were derived from a test load (P) of 100 N, according 
with the applied lever length (c). The specimen supports were modelled as 
a constraint from all displacements and rotations around x and y-axis, on the 
left side, and a constraint from displacements in y direction, on the right side, 
as shown in Figure 3. Plane strain 4-nodes bilinear quadrilateral elements 
(CPE4) were applied in the whole geometry. Non-linear effects of large 
deformations and displacements are included in the analysis.

THE JOURNAL OF ADHESION 7



The virtual crack closure technique (VCCT) was applied for calculation of 
the mode I and mode II fracture energy. The VCCT is a ‘local’ approach based 
on linear elastic fracture mechanics (LEFM). The method gives accurate 
results as long as the singular field is large compared to the damage zone.[46] 

High values of critical fracture energy were inserted to ensure that the crack 
did not propagate. This allows obtaining the fracture energy at defined crack 
propagation points. The mesh sensitivity analysis was performed in two 
models with different conditions of asymmetry. The first model is an asym-
metric crack between arms of the same material, and the second model is a bi- 
material crack. Both studies will be discussed hereafter.

3.1. Asymmetric crack within the same material

A mesh sensitivity analysis was performed on an asymmetric crack between 
arms of the same material. The model consists of an MMB test specimen with 
an upper arm thickness of 1.50 mm and a lower arm thickness of 3.00 mm. An 
elastic isotropic material was applied to both arms with Young’s modulus of 70 
GPa and Poisson`s ratio of 0.33. The test loadings refer to lever length (c) of 
61 mm. Figure 4 shows the fracture mode (GII/G) obtained from the node at 

Figure 2. MMB test model.

Figure 3. MMB test model.
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the crack tip, using different square element sizes. The light grey color repre-
sents the upper adherend and the dark grew color describes the lower adher-
end. As can be seen, the model achieved good convergency. The mesh with 
elements of 0.20 mm presented a variation of 0.72% in the mode I fracture 
energy and 1.02% in the mode II fracture energy to the model with 0.10 mm 
elements. Therefore, the model with 20700 elements of 0.20 mm was selected 
for the numerical calculation of the fracture parameters, as shown in Figure 5.

3.2. Bi-material crack

A second mesh sensitivity analysis was performed on a crack between arms 
made of different materials. The model consists of an MMB test specimen 
with an upper arm thickness of 2.12 mm and a lower arm thickness of 
3.00 mm. Elastic isotropic materials were applied to both arms, with Young’s 
modulus of 140 GPa in the upper arm, 70 GPa in the lower arm, and 
Poisson`s ratio of 0.33 in both arms. In order to avoid mesh size dependent 
results in cracks between different materials, literature recommends 

Figure 4. Fracture mode of an asymmetric crack within arms of the same material, in terms of the 
element size.

Figure 5. Mesh of model with arms of the same material.

THE JOURNAL OF ADHESION 9



modeling a thin interlayer and make the crack propagate within it.[28,34] 

Therefore, a 0.10 mm adhesive layer was inserted on both sides of the crack. 
The adhesive has Young’s modulus of 2.25 GPa and Poisson`s ratio of 0.38, 
and the inserted layer is thin enough to have a negligible effect (<1%) on the 
stiffness of the arms. Figure 6 shows the fracture mode (GII/G) obtained 
from the node at the crack tip, using different square element sizes. A good 
convergence is observed in the model with adhesive layer. The mesh with 
elements of 0.05 mm presented a variation of 0.29% in the mode I fracture 
energy and 0.44% in the mode II fracture energy to the model with 0.25 mm 
elements. Therefore, the model with 381600 elements of 0.05 mm was 
selected for the numerical calculation of the fracture parameters, as shown 
in Figure 7. The light grey color represents the upper adherend, the dark 
grew color describes the lower adherend, and the green color is the 
interlayer.

4. Results and discussion

In this section, the results from the analytical methods are benchmarked 
against the numerical results. The total fracture energy and the fracture 
mode ratio are presented for the WM, the SBM (which coincides with the 
WM for β = 1, Equation 16), and the finite elements model (FEM/VCCT). 
The arms thicknesses and materials vary, and therefore β. The accuracy of 
the analytical methods is verified for general specimen design. The aim is 
to verify the assumption proposed in the SBM that the accurate fracture 
mode ratio is only obtained if the longitudinal strain-based design criter-
ion is applied (β = 1). This proposition is evaluated, firstly, for asymmetric 
cracks within the same material and, secondly, for bi-material cracks.

Figure 6. Fracture mode of a bi-material crack, in terms of the element size.
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4.1. Asymmetric crack within the same material

The first parametric study was performed on an asymmetric crack within the 
same material. Both arms have Young’s modulus (E1 = E2) of 70 GPa and 
Poisson`s ratio (ν1 = ν2) of 0.33. In order to verify the influence of the fracture 
mode ratio in the accuracy of the analytical methods, three different condi-
tions were considered: low (c = 117 mm), intermediate (c = 61 mm) and high 
(c = 42 mm) mode II ratio. Table 1 shows the three cases of geometrical 
asymmetry. The upper arm thickness (h1) is varied in a wide range of geome-
tries applied to the MMB test specimen while the lower arm thickness (h2) 
remains 3.0 mm. The crack length is kept at 50 mm and the test load (P) is 
100 N.

Analytical and numerical results of the total fracture energy (G) are pre-
sented in Figure 8. Notice that the SBM – Equation (17) – gives the same total 
fracture energy as WM – Equation (9) – for any geometry. This occurs because 
both methods are derived from the same equation of the total fracture energy – 
Equation (5). Figure 8(a-c) shows the three cases of low (case 1), intermediate 
(case 2) and high (case 3) mode II fracture, respectively. Overall, the total 
fracture energy obtained from analytical solutions based on beam analysis are 
in very good agreement with the numerical results.

Figure 9 shows the analytical and numerical fracture mode ratio (GII/G). 
Notice that the SBM is applied only when the specimen design condition is 
satisfied (β = 1) and, for this condition, gives the same result of WM. 
Figure 9(a) shows the results for low mode II (case 1). When β = 1, the 
crack is symmetric (h1/h2 = 1) and both analytical methods show good 
agreement with numerical results. As β differs from 1, WM gives significant 

Figure 7. Mesh of model with bi-material crack.
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discrepancies from the FEM/VCCT results. This shows that WM is only 
valid for the condition β = 1. Similar results are observed as the mode II 
fracture ratio increases, in Figure 9(b,c) (cases 2 and 3, respectively). 
Moreover, it is noticeable that WM gives inaccurate fracture partitioning 
ratios on asymmetric cracks within the same material .[33,34] This can be 
explained by the influence of the mode I and mode II coupling on the 
fracture energy, shown in Figure 10, which plots the coupling function (see 
Equation 18) over the total fracture energy (fc/G). It can be seen that the 
influence of the mode I and mode II coupling in the total fracture energy is 
zero in the case of a symmetric crack (β = 1). The coupling effect increases 
largely with the asymmetry of the specimen. This explains the fact that WM 
is not well suited for the mixed-mode fracture characterization of cracks 
between asymmetric geometries.

Table 1. Study cases of geometrical asymmetry.
Case Lever length, c (mm) h1 (mm) h2 (mm) E1; E2 (GPa) ν1; ν2

1 117 1.5 < h1 < 6.0 3.0 70 0.33
2 61 1.5 < h1 < 6.0 3.0 70 0.33
3 42 1.5 < h1 < 6.0 3.0 70 0.33

Figure 8. Total fracture energy with the variation of the specimen thickness: cases (a) 1 – low, (b) 
2 – intermediate and (c) 3 – high mode II.
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Table 2 shows the results and errors of the analytical model in comparison 
with the numerical model for the condition of symmetric crack. Slight errors 
between −4.2% and −6.0% are observed in the calculation of the total fracture 
energy and between 2.6% and 7.6% in the fracture mode ratio. In the particular 
condition of a symmetric crack, literature suggests crack tip corrections in 
order to account for the effect of crack tip rotation under mode I[31] and mode 
II[32] fracture. The analytical method with the application of these correction 
factors presented insignificant errors for the calculation of the total fracture 
energy and errors lower than 4.0% for the fracture mode ratio – see Table 2. In 
both cases, the use of correction factors resulted in more accurate results. This 
shows that the effect of crack tip rotation during the experiments may have 
a non-negligible effect on the fracture behavior although the simple analytical 
model proved to be reliable.

4.2. Bi-material crack

A second parametric study was carried out on a bi-material crack with asym-
metric geometry. The upper arm has thickness (h1) of 2.12 mm and the lower 
arm has thickness (h2) of 3.0 mm. In order to verify the influence of the 

Figure 9. Fracture mode ratio with the variation of specimen thickness: cases (a) 1 – low, (b) 2 – 
intermediate and (c) 3 – high mode II.
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fracture mode ratio in the accuracy of the analytical methods, three different 
conditions were considered: low (c = 95 mm), intermediate (c = 49 mm) and 
high (c = 34 mm) mode II ratio. Table 3 shows the three cases of bi-material 
crack. The upper arm Young’s modulus (E1) is varied in a wide range of 
reasonable specimen materials applied to the MMB test. The lower arm has 
Young’s modulus (E2) of 70 GPa and both arms have Poisson`s ratio (ν1 = ν2) 
of 0.33. The crack length is kept at 50 mm and the test load (P) is 100 N, 
likewise the previous cases.

Analytical and numerical results of the total fracture energy (G) are pre-
sented in Figure 11. Both analytical methods give the same results for any 
material. Figure 11(a-c) shows the three cases of low, intermediate and high 
mode II fracture, respectively. Both analytical methods are in very good 
agreement with the FEM/VCCT results, hence, the analytical methods based 
on beam analysis provide reliable results of the total fracture energy on bi- 
material cracks.

Figure 10. Influence of the coupling function on the fracture energy of cases 1 – low, 2 – 
intermediate and 3 – high mode II.

Table 2. Results and errors of the analytical model in the condition of symmetric crack.

Case

Numerical model Analytical model Analytical model with crack tip corrections

G (J/m2) GII/G (%) G (J/m2) Error (%) GII/G (%) Error (%) G (J/m2) Error (%) GII/G (%) Error (%)

1 362.3 23.2 340.7 −6.0 24.9 7.6 364.7 0.6 24.1 4.0
2 87.7 47.9 83.1 −5.2 50.2 4.8 87.9 0.3 49.1 2.5
3 42.4 73.1 40.6 −4.2 75.0 2.6 42.5 0.2 74.1 1.4
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Figure 12 shows the analytical and numerical fracture mode ratio (GII/G). 
For the applied parameters, the strain-equivalent geometry (β = 1) is achieved 
when E1/E2 equals 2.0. In the case of low mode II (case 4), shown in Figure 12 
(a), the SBM shows good agreement with the FEM/VCCT despite the remark-
able asymmetry of the materials and geometry. However, as β differs from 1, 
WM gives significant discrepancies from the FEM/VCCT results. This shows 
that the analytical method based on beam analysis is only valid for when the 
strain-equivalence condition is respected. Similar results are observed as the 
mode II fracture ratio increases, presented in Figure 12(b,c) (cases 5 and 6, 
respectively). Moreover, it is shown once more that WM is only valid when the 
condition of strain equivalence is satisfied (β = 1). For any other geometry, it 
gives incorrect fracture mode ratios because it ignores the coupling effect 
between fracture modes. Figure 13 shows that the coupling function fc is zero 
in the case of a strain-equivalent geometry (β = 1). In any other geometry, the 
influence of the mode I and mode II coupling may have a large effect on the 
fracture mode of bi-material cracks. This explains the requirement of the strain- 
based equivalent design criterion for obtaining the correct partitioning ratio.

Table 4 shows the results and errors of the analytical model in comparison 
with the numerical model for the particular condition of strain equivalence 
proposed in the SBM (see Equation 19). Errors between 1.0% and −8.1% are 
observed in the calculation of the total fracture energy and between 1.1% and 
−8.6% in the fracture mode ratio. These errors are in a similar degree as cases 
1, 2 and 3 of symmetric condition, presented in Table 2. Therefore, it can be 
implied that the effect of crack tip rotation is also a major cause of the errors 
produced in cases 4, 5 and 6 of bi-material cracks using the SBM.

5. Case study

In this section, the mixed-mode fracture behavior of a bi-material bonded joint 
is determined from experiments using the SBM and the FEM. Composite-to- 
metal bonded specimens were manufactured in thin and thick geometries and 
tested using the MMB apparatus. The aim is to verify the accuracy of the SBM 
against significant shear effects and its limitations for the characterization of 
a crack propagation between different materials and geometry.

Table 3. Study cases of bi-material crack.
Case Lever length, c (mm) h1 (mm) h2 (mm) E1 (GPa) E2 (GPa) ν1; ν2

4 95 2.12 3.0 35 ≤ E1 ≤ 210 70 0.33
5 49 2.12 3.0 35 ≤ E1 ≤ 210 70 0.33
6 34 2.12 3.0 35 ≤ E1 ≤ 210 70 0.33
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5.1. Materials and methods

Composite-to-metal bonded specimens were manufactured using similar 
materials and methods of composite repair application to metal structures in 
offshore industry.[47] Specimens with two different geometries were produced, 
as shown in Figure 14. Carbon steel plates (ASTM A36) with 6.35 mm and 
3.18 mm thickness were selected for the metal adherend. The steel surface was 
blasted with steel grit (G-40) and degreased with acetone. An epoxy adhesive 
(NVT201E, Novatec, Brazil) with a glass transition temperature (Tg) of 80°C 
was applied. One layer of glass fiber chopped strand mat with a density of 
300 g/m2 was inserted between the adherends on half of the plate. Bidirectional 
carbon fiber fabrics (LTC450-C10-C, DEVOLD AMT, Norway) with density 
of 430 g/m2 and epoxy lamination resin (PIPEFIX, Polinova S.A., Brazil) with 
a Tg of 116°C and working life of 30 minutes were selected for the composite 
adherend. The composite adherend was manufactured by hand lay up on the 
treated metal surface. The first unidirectional carbon ply in contact with the 
glass fiber mat was placed at the length direction (0º). Ten layers of 0/90º 
carbon fibers were laminated on the thin-metal plate and 20 layers were 
applied on the thick-metal plate. The adhesive and resin curing process 

Figure 13. Influence of the coupling function on the fracture energy of cases 4 – low, 5 – 
intermediate and 6 – high mode II.

Table 4. Results and errors of the analytical model in the condition of strain equivalence.

Case

Numerical model Strain-Based Method (SBM)

G (J/m2) GII/G (%) G (J/m2) Error (%) GII/G (%) Error (%)

4 306.0 27.5 309.0 1.0 25.1 −8.6
5 84.2 51.5 77.4 −8.1 52.1 1.1
6 41.3 77.0 40.5 −2.0 76.0 −1.3
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occurred simultaneously in approximately 2 h at room temperature. The 
mechanical properties of the materials were obtained from a previous 
work[48] and are shown in Table 5.

Specimens were cut from the plates using a bandsaw with a high-speed steel 
blade and cutting oil. Measurements of width and thickness were obtained 
with a digital caliper at 30 mm from both ends and at center of the specimens. 
The thick specimens have an average width of 24.9 ± 0.3 mm and an average 
thickness of 20.1 ± 0.4 mm. The thin specimens have an average width of 
25.3 ± 0.2 mm and an average thickness of 9.5 ± 0.2 mm. The average length of 
both specimens is 180 ± 1 mm and was measured with a ruler. The specimen 
geometry was designed in accordance with the criterion of strain equivalence 
between arms (see Equation 19) although a high precision thickness of the 
composite materials is impracticable. An anti-friction material was applied 
between the metal plate and the adhesive in order to produce a pre-cracked 
region of 50 mm length.

MMB tests (see Figure 2) were performed using a servo-hydraulic testing 
machine (MTS 831, MTS Systems Corporation, United States of America) 
coupled with a 10 kN load cell. Specimens were positioned with the metal arm 
on top and the lever length (c) of 78 mm and 110 mm were set for the thick 
and thin samples, respectively. Table 6 shows the test matrix. The half-span (L) 
of the test is 70 mm and the initial crack length (a0) of 30 mm was obtained 
after bonding the end-blocks. The testing load was applied at the quasi-static 
rate of 0.5 mm/min. with displacement control. Load-displacement points 
were obtained during the test and a high-resolution camera is positioned for 
crack length monitoring. The numerical results were obtained from the model 
of a bi-material crack, as described in section 3.2, with the actual properties 
presented in Table 5. Two tests were performed in each configuration, as 
shown in Table 6. The analytical results were calculated using the SBM using 

Figure 14. Specimen geometry (dimensions in mm).

Table 5. Mechanical properties of the materials.
Material Elastic Modulus, E, E11 (GPa) Poisson Ratio, ν, ν12

Steel 200 0.27
Composite 46 0.24
Adhesive 2.25 0.38
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the same parameters as the numerical model. The input composite thickness 
was slightly adapted in order to have the required strain equivalence condition 
(see Equation 19).

5.2. Results and discussion

Results of the MMB tests in thick and thin composite-to-metal specimens are 
shown in Figures 15 and 16, respectively. Crack propagation points were 
obtained for every 1 mm of crack step. Tests 1 and 2 in thick specimens 
(Figure 15(a,b), respectively) reached maximum loads between 800 N and 
1000 N at crack initiation and decreased to values between 600 N and 700 N at 
the final crack length of 65 mm with displacements near 1.5 mm. In the case of 
thin specimens, tests 3 and 4 (Figure 16(a,b), respectively) presented max-
imum loads between 200 N and 250 N at crack initiation and values between 
100 N and 150 N at the final crack length of 65 mm with displacements near 
4.0 mm.

The tested specimens have relatively thin adhesive layer with a brittle epoxy 
adhesive, which contributes for a negligible FPZ ahead of the crack tip. The 
finite element model was experimentally validated in a previous work[42] using 
the same materials and methods. So, it can be assumed that the plastic zone is 
small, and the energy dissipated can be neglected in comparison to the elastic 
response. Therefore, the total fracture energy and mode ratio can be compared 
using the SBM and the VCCT.

Figure 17(a,b) show the total fracture energy of Tests 1 and 2 in thick speci-
mens. The SBM produced an error of 27.8% in the first measurement of crack 
propagation and reduced as the crack length increases, down to 11.4% in the last 
propagation point. The fracture mode ratio (GII/G) presented nearly constant 
values of 23.5% in the SBM and 21.5% in the FEM, as observed in Figure 17(c). 
A constant fracture mode ratio is expected from the MMB test. The total fracture 
energy of Tests 3 and 4, in thin specimens, are presented in Figure 18(a,b), 
respectively. Thick specimens produced an increase of fracture toughness due 
to a more unstable crack propagation while thin specimens presented stable crack 
growth and a clear plateau. In this geometry, the SBM produced an error of 13.2% 
in the first measurement of crack propagation and reduced as the crack length 
increases, down to 2.6% in the last propagation point. The analytical method 
produced more accurate results in the thin specimens compared to the thick ones. 

Table 6. Test matrix.

Test Specimen
Metal arm 

thickness, h1 (mm)
Composite arm 

thickness, h2 (mm)
Lever length, 

c (mm)
Lever center of 

gravity, cg (mm)
Lever weight,  

Pg (kg)

1 thick 6.35 13.35 78 31 17.6
2 thick 6.35 13.35 78 31 17.6
3 thin 3.18 6.34 110 40 17.6
4 thin 3.18 6.34 110 40 17.6

20 M. M. AROUCHE ET AL.



Fi
gu

re
 1

5.
 M

M
B 

te
st

 r
es

ul
ts

 o
f t

hi
ck

 s
pe

ci
m

en
s.

THE JOURNAL OF ADHESION 21



Fi
gu

re
 1

6.
 M

M
B 

te
st

 r
es

ul
ts

 o
f t

hi
n 

sp
ec

im
en

s.

22 M. M. AROUCHE ET AL.



Fi
gu

re
 1

7.
 T

ot
al

 fr
ac

tu
re

 e
ne

rg
y 

an
d 

m
od

e 
ra

tio
 o

f t
hi

ck
 s

pe
ci

m
en

s.

THE JOURNAL OF ADHESION 23



Fi
gu

re
 1

8.
 T

ot
al

 fr
ac

tu
re

 e
ne

rg
y 

an
d 

m
od

e 
ra

tio
 o

f t
hi

n 
sp

ec
im

en
s.

24 M. M. AROUCHE ET AL.



Moreover, the analytical solution showed more accuracy as the crack length 
increases, similarly to reference.[42] These results are attributed to shear effects 
that are not considered in the analytical model but can be significant in specimens 
with relatively large thickness. Finally, thin specimens presented a nearly constant 
fracture mode ratio (GII/G) of 19.8% from both the SBM and the FEM (Figure 18 
(c)). This shows the accuracy of the analytical solution and agrees with the results 
obtained from the parametric study in the previous section. Overall, the SBM 
gives reliable results for the calculation of the total fracture energy and mode ratio 
of bi-material crack as long as the shear effects are negligible.

6. Conclusions

In this work, the strain-based method (SBM) is evaluated for the mixed-mode 
fracture characterization of asymmetric cracks. The fracture energy at the 
crack tip of mixed-mode bending (MMB) is determined using SBM, the widely 
applied Williams’ partitioning method (WM) and finite element models using 
the virtual crack closure technique (VCCT). The total fracture energy and 
mode ratio is obtained for a wide range of specimen thicknesses and materials.

The analytical methods based on beam analysis give good predictions of the 
total fracture energy of crack propagation with geometrical and/or material 
asymmetry. However, WM does not consider the coupling effect of mode 
I and mode II fracture energy and for that reason produces incorrect results of 
the fracture mode ratio in asymmetric cracks.

The SBM predicts a coupling relationship between the pure modes that 
allows obtaining the fracture mode ratio of bi-material cracks through a simple 
design criterion based on the longitudinal strain equivalence between speci-
men’s arms. SBM shows to be a reliable method that allows characterizing the 
mixed-mode fracture of asymmetric cracks through a simple formulation. The 
main limitations of the SBM are the fact that transverse shear effects and crack 
tip rotation are not considered in the analysis. Using SBM in specimens with 
large thickness-to-length ratio may produce significant errors and, therefore, 
geometrical limitations should be considered in the specimen design. The 
incorporation of an effective crack length in the model to account for these 
effects is an interesting possibility to improve the application of the analytical 
method for bi-material specimens.
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