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Experimental Investigation of Nonlinear Fourier Transform
Based Fibre Nonlinearity Characterisation
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(1) Delft Center for Systems and Control, Delft University of Technology, p.b.j.dekoster@tudelft.nl
(2) Chair of Communications, Kiel University, jonas.koch@tf.uni-kiel.de

Abstract First experimental results on the characterisation of the nonlinear fibre coefficient using
nonlinear Fourier transforms are reported for a 1000 km NZDSF fibre link. No special training signals
were used. Instead, conventional pulse-shaped QPSK symbols were transmitted.

Introduction

Accurate knowledge of fibre parameters is essen-
tial for digital equalisation in fibre-optical commu-
nication systems, but full knowledge may not al-
ways be available in practice[1]–[5]. Classical fibre
parameter estimation methods typically require
special training signals[6]–[8], for which communi-
cation has to be interrupted or the modulation for-
mat has to be adapted. In earlier papers[9],[10],
we proposed and validated (through simulations)
a fibre identification method based on compar-
ing the nonlinear Fourier spectra[11] of transmitted
and received signals, to estimate a normalised
model [see (4)–(5)] describing the propagation
of the signal without any prior knowledge of the
link. If the link length, number of spans, and loss
coefficients are known, we can also recover the
second-order dispersion and Kerr-nonlinearity co-
efficients. This method does not require special
training signals and therefore has potential ap-
plications in the online monitoring of optical fibre
links. The only requirement is that the transmitted
signals are exciting the nonlinearity sufficiently.

In this paper, we present the first experimen-
tal results of nonlinear Fourier transform (NFT)
based parameter estimation of a 1000 km link of
non-zero dispersion shifted fibre (NZDSF) from
regularly pulse-shaped QPSK transmission data.

The paper is structured as follows. We will first
summarise the fibre model and the NFT. Next, we
describe our experimental setup and the identifi-
cation algorithm. Finally, we present the results
and draw conclusions.

Fibre model and nonlinear Fourier transform

Signal propagation in a span of single mode fibre
with anomalous dispersion can be described by
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the nonlinear Schrödinger equation (NLSE)[12]:

Al = −i
β2
2
Aττ + iγ|A|2A− α

2
A, (1)

where l is the position in the current fibre span, τ
the time, A(τ, l) the signal envelope, β2 < 0 the
anomalous second-order dispersion coefficient,
γ > 0 the Kerr-nonlinearity coefficient, and α the
loss coefficient. Subscripts denote partial deriva-
tives, and i the imaginary unit. At the end of each
fibre span of length Lspan, the signal is amplified
with lumped amplification, introducing ASE noise
in the process.

To apply the NFT, we need a loss-free propa-
gation model, which we obtain through the path-
average approximation of a link with lumped am-
plification[13]:

Q =Ae−αl/2, γ1 = γ
1− e−αLspan

αLspan
, (2)

⇒ Ql ≈ − i
β2
2
Qττ + iγ1|Q|2Q. (3)

Here, Q(τ, l) is the loss-compensated amplitude,
and γ1 the path-average (PA) nonlinearity coeffi-
cient. To simplify the exposition of the NFT, the
path-average NLSE is typically normalised[14]:

t = τ, q =
√
|γ1/β2|︸ ︷︷ ︸
cq

Q, z = −β2/2︸ ︷︷ ︸
cz

l (4)

⇒ qz = iqtt + 2i|q|2q, (5)

with q(t, z) the normalised signal envelope, cq
the amplitude normalisation coefficient and cz the
space normalisation coefficient.

The NFT of a signal q(t) = q(t, z0) with van-
ishing boundary conditions is defined through the
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Fig. 1: The experimental setup, with the transmitter at the left, the 1000 km NZDSF link in the middle, and the receiver at the
right. Acronyms: AWG: arbitrary waveform generator; AOM: acousto optic modulator; CFO: carrier frequency offset.

Zahkarov-Shabat scattering problem[11],[15]:

d

dt

[
φ1(t, λ)

φ2(t, λ)

]
=

[
−iλ q(t)

−q∗(t) iλ

] [
φ1(t, λ)

φ2(t, λ)

]
,[

e−iλt

0

]
t→−∞←−

[
φ1(t, λ)

φ2(t, λ)

]
t→+∞−→

[
a(λ)e−iλt

b(λ)e+iλt

]
, (6)

in which λ is the nonlinear frequency, φ the
eigenfunction, and (·)∗ complex conjugation. The
eigenfunction is fixed in the left far-field. The re-
sulting behaviour in the right far-field defines the
scattering coefficients a(λ) and b(λ). The NFT fi-
nally consists of a continuous spectrum {b(λ) :

λ ∈ R}, and a discrete spectrum {λk : a(λk) =

0,=(λk) > 0}. When a signal propagates accord-
ing to the normalised NLSE, the amplitudes of the
continuous spectrum and the eigenvalues of the
discrete spectrum remain constant[15].

Experimental setup and data processing
The experimental setup is depicted in Fig. 1.
100 bursts of 128 QPSK symbols with a symbol-
rate of 10 GBd (burst length 12.8 ns) were trans-
mitted with a guard interval in between bursts.
For pulse-shaping a root-raised cosine filter with
roll-off factor of 0.5 was used. This was fol-
lowed by a pre-emphasis to compensate for the
imperfections of the electrical components. Dig-
ital to analogue conversion was done using an
88 GS/s AWG. The analogue signal was con-
verted into the optical domain using an I/Q mod-
ulator and a laser with 1 kHz linewidth. The op-
tical signal was fed into a recirculating loop con-
sisting of four spans of 50 km True-Wave NZDSF
(D ≈ 4.5 ps

nm·km , γ ≈ 1.6 1
W·km , α ≈ 0.22 dB

km ) with
a launch-power of 0 dBm. After polarisation de-
rotation using a manual polarisation controller the
signal was detected by a coherent receiver using
the transmitter laser as local oscillator and subse-
quently analogue to digital converted (80 GS/s).
The frequency response of the back-to-back sys-

tem was measured once. For the analysis, this
frequency response was used to filter the digi-
tal input signal. The received signal was filtered,
power normalised, time synchronised, and fre-
quency and phase synchronised. The NFT was
determined with the software library FNFT [16], us-
ing initial guesses for the eigenvalues obtained
through Fourier collocation[17].

Fibre identification algorithm
In this section, we describe and adjust the rel-
evant parts of the NFT-based fibre identification
algorithm[10]. In our previous work, the algorithm
was only tested in simulations. Out of the box, ap-
plying the algorithm to experimental data did not
provide accurate enough estimates of cz = −β2/2
due to additional distortions in the b-coefficients.
Thus, we instead estimated β2 classically by com-
paring the phases of the linear Fourier transforms
of the received and transmitted signals. Only cq
is estimated using NFTs in this first experimental
demonstration. An improved version of the algo-
rithm will be investigated in future work.

Following the original algorithm[10], we iden-
tify cq by comparing NFT eigenvalues from re-
ceived and transmitted signals, while cq is var-
ied. At the correct normalisation constant cq = cPA

q

with respect to the path-average model, the input
and output eigenvalues should match optimally.
The error is defined by creating a minimum-cost
matching between input- and output-eigenvalues.
We define a full bipartite graph with the input
eigenvalues on one side, and the output eigen-
values on the other side, and set each edge cost
Ekm to the Euclidean distance between the eigen-
values, but limited by their sum of imaginary parts:

Ekm = min
(
|λout
m − λin

k |,=(λin
k + λout

m )
)
. (7)

The limit ensures that eigenvalues with small
imaginary part (proportional to energy[14]) cannot
dominate the error. The error of an unmatched
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Fig. 2: The matching error vs. cq for a single signal of 128
symbols. The L1-error between the received signal and the
numerically split-step forward propagated transmitted signal

is also shown for comparison.

eigenvalue is set equal to its imaginary part.
Finally, the total error is the least-cost matching,

where m(k) denotes the matching connecting λin
k

to λout
m . The error is normalised by the sum of

imaginary parts of all eigenvalues:

E = min
m(k)

∑
k Ekm(k)∑

k =
(
λin
k

)
+
∑
m = (λout

m )
. (8)

We determined the minimum-cost matching m(k)

with a fast version of the Hungarian algorithm[18].

Results
We applied the algorithm to the experimental
data. For each of the bursts, we swept cq from
67% to 150% of the expected normalisation cPA

q

according to the path-average model of Eq. 2 and
Eq. 4. The expected normalisation cPA

q was de-

termined using β2 = −5.48 ps2

km (D = 4.3 ps
nm·km )

measured with linear FFT, and γ = 1.6 1
W·km as

indicated by the data sheet of the fibre. We de-
termined the optimal cq by fitting a parabola to
the error, and locating its minimum, as shown in
Fig. 2 for one of the bursts. Due to the many
local minima of the error function, this method
is usually more reliable and faster than perform-
ing local minimisation. The L1-error between
the received signal and the numerically forward-
propagated transmitted signal is also shown for
various cq, which confirms that the nonlinearity
coefficient from the data sheet indeed describes
the fibre well. Fig. 3 shows the spectral matching
for the optimal cq of the same burst as in Fig. 2.
We observed that the difference in eigenvalues
is significantly larger for our experimental data
than for comparable simulation data with a sim-
ilar noise profile. This indicates that transceiver
impairments play a significant role.

Fig. 4 shows the identified normalisation cq
from all 100 bursts, compared to the β2 and cPA

q

Fig. 3: The matching of discrete spectra at optimal
normalisation of one of the signals.

Fig. 4: The estimated fibre model: blue crosses mark the 100
estimations from each individual burst; the red diamond

marks the average of all estimations. The black dot marks the
expected model according to path-averaging.

expected from the True-Wave NZDSF. The mea-
sured β2 coefficient was 5% smaller than the
value derived from the data sheet, and the iden-
tified normalisation coefficient cq was about 13%
higher. The estimated γest of our algorithm is
2.0 1

W·km , which is higher than the value of the
data sheet (1.6 1

W·km ). This first validation nev-
ertheless shows that the proposed method can
at least coarsely identify the normalisation co-
efficient, and in turn the fibre parameters. Al-
though this estimate is not yet as close as the
split-step based method, keep in mind that the b-
coefficients were not used at the moment due to
additional distortions. We expect that better re-
sults can be obtained by improving the b-related
parts of the algorithm[10], as well as by improving
the data pre-processing.

Conclusion
We have investigated a nonlinear Fourier trans-
form based fibre identification technique on ex-
perimental data. Using only the eigenvalues of
the nonlinear Fourier spectrum, we were able to
get a coarse estimate of the Kerr nonlinearity pa-
rameter. Future research will focus on including
the full nonlinear spectrum for experimental data
to improve the accuracy of the estimates.
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