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Stress evolution in restrained GGBFS concrete due to autogenous 
deformation: bayesian optimization of aging creep 

Minfei Liang, Zhenming Li, Shan He, Ze Chang *, Yidong Gan, Erik Schlangen, Branko Šavija 
Microlab, Faculty of Civil Engineering and Geosciences, Delft University of Technology, Delft 2628, CN, the Netherlands   

A R T I C L E  I N F O   

Keywords: 
Concrete 
Early age cracking 
Creep 
Relaxation 
Autogenous shrinkage 

A B S T R A C T   

Stress evolution of restrained concrete is a significant direct index in early-age cracking (EAC) analysis of con-
crete. This study presents experiments and numerical modelling of the early-age stress evolution of Ground 
granulated blast furnace slag (GGBFS) concrete, considering the development of autogenous deformation and 
creep. Temperature Stress Testing Machine (TSTM) tests were conducted to obtain the autogenous deformation 
and stress evolution of restrained GGBFS concrete. By a self-defined material subroutine based on the Rate-type 
creep law, the FEM model for simulating the stress evolution in TSTM tests was established. By characterizing the 
creep compliance function with a 13-units continuous Kelvin chain, forward modelling was firstly conducted to 
predict the stress development. Then inverse modelling was conducted by Bayesian Optimization to efficiently 
modify the arbitrary assumption of the codes on the aging creep. The major findings of this study are as follows: 
1) the high autogenous expansion of GGBFS induces compressive stress at first hours, but its value is low because 
of high relaxation and low elastic modulus; 2) The codes highly underestimated the early-age creep of GGBFS 
concrete. They performed well in prediction of stress after 200 h, but showed significant gaps in predictions of 
early-age stress evolution; 3) The proposed inverse modelling method with Bayesian Optimization can efficiently 
adjusted the aging terms which produced best modelling results. The adjusted creep compliance function of 
GGBFS showed a much faster aging speed at early ages than the one proposed by original codes.   

1. Introduction 

Early-age cracking (EAC) is one of the trickiest problems in infra-
structure constructions. EAC is the combined result of hydration re-
actions of cementitious materials and external actions. When the 
shrinkage of concrete structures is continuously restrained by boundary 
conditions, tensile stress will be gradually built up and cause EAC when 
it exceeds the tensile strength. 

In view of the worldwide initiative of carbon reduction, recycling 
mineral materials are developed to replace Ordinary Portland Cement 
(OPC) as supplementary cementitious materials (SCMs). However, large 
incorporation of SCMs changes the hydration process of cementitious 
systems and therefore brings new problems in EAC analysis. Ground 
granulated blast furnace slag (GGBFS), one of the most popular SCMs 
retrieved from steel factories, has been extensively used in concrete 
structures. The replacement of OPC by GGBFS significantly reduces 
hydration heat and therefore effectively eases the threats of thermal 
shrinkage in EAC analysis. However, due to the lower elastic modulus 

and larger drop in relative humidity, GGBFS can lead to much higher 
autogenous shrinkage [12], which happens almost uniformly inside 
concrete and is likely to cause through cracks [3]. Shen et al [4] tested 
the stress of restrained GGBFS concrete induced by autogenous 
shrinkage and found a positive correlation between the content of 
GGBFS and EAC potential. They suggested that the replacement rate of 
OPC by GGBFS should not exceed 20% to prevent EAC. Except for the 
increasing risk of autogenous shrinkage, it was found that the autoge-
nous deformation of GGBFS concrete started with expansion due to the 
creation of early-age hydrates [5]. Carette et al [6] observed an 
increasing swelling caused by GGBFS from the setting time to a degree of 
hydration close to 0.6, and attributed the high swelling to high amount 
of ettringite formation and low stiffness at early age. It is clear that the 
autogenous expansion of GGBFS concrete is in favor of preventing EAC, 
since it causes compressive stress under restraint conditions and delays 
the development of tensile stress. Therefore, to accurately quantify the 
EAC potential of GGBFS concrete, the autogenous expansion should not 
be neglected. 
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Another factor strongly influencing the stress build-up is creep/ 
relaxation, which should be taken into account in all cases of EAC 
analysis [78]. In the TSTM test conducted by Li et. al [9], the influence of 
stress relaxation was proved to be very significant in accurate estimation 
of stress evolvement. A number of studies [10-12] have confirmed that 
the double power law is an effective way to characterize the aging creep, 
which forms the basis for incorporating aging creep/ relaxation in EAC 
analysis. However, the early-age measurement of creep is often a 
problem because of difficulties in decoupling the hydration effects and 
creep strain measurement. Hassan et al [13] performed an hourly 
repeated minute-long test to measure the creep since the 21st hours after 
casting, and derived the aging creep data corresponding to different 
microstructures. Gao et al [14] performed the ring tests to measure the 
stress relaxation parameters of concrete in tension and fitted the results 
with power functions. Dabara et al [15] tested the tensile creep in early 
age and got the results that were much higher than Model Code 2010. 
Besides, many studies in EAC analysis often presumed the tensile and 
compressive creep/relaxation as the same [12]. However, Rossi et al 
[16] observed a greater difference between basic tensile and compres-
sive creep in early age. The high magnitude and difference between 
tension and compression of creep measurement in early age emphasize 
the importance of early-age creep/ relaxation in EAC analysis. Another 
major challenge posed by creep/relaxation in EAC analysis is the 
incorporation of SCMs. Some studies [17,18] showed the SCMs could led 
to drastic increase of creep/ relaxation in early age due to slow hydra-
tion rates. Gan et al [19,20] performed micro-cantilever creep test by 

nano-indenter on OPC and GGBFS cement paste and compared the creep 
test results at micro- and macro- scale. Their results showed that 70% 
replacement of OPC by GGBFS promoted the magnitude of creep. 
However, there were also studies [21] observing lower creep of SCM 
concrete, which was attributed to the role of SCMs as fine aggregates. 
These contradictory findings pose difficulties for incorporating aging 
creep in EAC analysis. 

To directly quantify the potential of EAC, a number of restraint 
testing methods have been developed, including rigid cracking frame 
test [22], internal restraint test by embedded reinforcement [23], ring 
test [24], and temperature-stress testing machine (TSTM) test [25,26]. 
Among all the testing methods, TSTM test stands out with the advan-
tages of temperature control, flexible loading schemes and tunable re-
straint degrees, which can exclude the influence of thermal stress and 
allow both displacement-controlled test and load-controlled test [27]. 
Shen et al [4,25] performed TSTM tests on concrete with different 
amounts of GGBFS and temperature profiles and represented the 
cracking potential with stress/ strength ratio. Similarly, Markandeya et 
al [26] conducted TSTM tests on GGBFS concrete with different tem-
perature profiles and found that high early-age reactivity (indicated by 
low MgO/Al2O3 ratio) of GGBFS significantly promote the cracking 
potential, which increases both heat release and autogenous shrinkage. 
Bouasker et al [28] conducted the ring tests to measure the stress 
development of binary and ternary cementitious materials and 
concluded that both limestone filler and GGBFS increase the magnitude 
of autogenous shrinkage but show later EAC compared with OPC con-
crete. With emphasis on realistic curing temperature regimes, Klausen et 
al [29] developed a EAC design methodology based on TSTM tests and 
analytical models. Their results show that TSTM tests have good 
reproducibility and are useful for characterization of material 
properties. 

To summarize, current literatures on autogenous deformation, creep 
and TSTM test together established a comprehensive understanding on 
EAC. However, most studies gave hints on EAC of GGBFS concrete by 
qualitatively comparing the autogenous shrinkage and stress evolution, 
while the influence of creep and autogenous expansion were often 
neglected. The stress evolution of restrained concrete is a combined 
result of not only autogenous deformation but also aging creep. There-
fore, an in-depth understanding and accurate quantification of EAC re-
quires a unified model to couple autogenous deformation and aging 
creep. However, the lack of data of early-age autogenous deformation 
and aging creep also poses difficulties in development of computational 
models. In view of the limitations mentioned above, this study estab-
lishes a modelling framework based on Rate-type creep law and 
Bayesian Optimization for quantifying stress evolution of restrained 
GGBFS concrete. Two TSTM tests were firstly carried out on GGBFS 
concrete of different w/b ratios. Then, with a self-defined material 
constitutive subroutine, the creep/ relaxation behavior was imple-
mented as a 13-units Kelvin chain in 3D FEM modelling based on the 
Rate-type creep law. By forward modelling, the proposed model was 
validated. By inverse modelling based on Bayesian Optimization, the 
effects of aging creep on EAC were quantified under the framework of 
Euro code and ACI code. 

2. Experimental 

2.1. Materials and mixtures 

Two mixes of GGBFS concrete with different w/b ratios were studied. 
The GGBFS concrete was made from CEM III/B 42.5, with 25% of OPC 
and 75% of GGBFS. The detailed mixture proportions are shown in 
Table 1. The chemical composition of utilized CEM III/B 42.5 is listed in 
Table 2. The composition was measured with a PANalytical AXIOSmAX 
Advanced 4 kW Rh 60 kV LiF220 Ge111-c PX1 spectrometer on powder 
pressed pellets. Superplasticizer (MasterGlenium 51) with a water 
reducing rate of 35% was used in the mixture of w/b = 0.35. The 

Table 1 
Mixes for TSTM tests (kg/m3).   

CEM 
III B 

Water W/ 
B 

Sand 
(0–4 mm) 

Gravel 
(4–16 mm) 

Superplasticizer 

Mix 
1 

320 160  0.50 811.8 1032 0 

Mix 
2 

112  0.35 1.9  

Table 2 
CEM III/B 42.5 N characteristics.  

Composition wt. % stdErr 

CaO  47.11  0.140 
SiO2  29.11  0.370 
Al2O3  10.02  0.180 
MgO  5.89  0.140 
SO3  2.82  – 
Fe2O3  1.19  0.030 
TiO2  0.82  0.012 
K2O  0.63  0.025 
Na2O  0.28  0.012 
Mn2O3  0.20  0.010 
P2O5  0.13  0.003  

Fig. 1. Compressive strength of the two concrete mixes at different ages.  

M. Liang et al.                                                                                                                                                                                                                                   



Construction and Building Materials 324 (2022) 126690

3

compressive strength results of the two mixes, which will be used as 
inputs for modeling, are shown in Fig. 1. To ensure that all autogenous 
shrinkage-induced stress is taken into account, the test should start at 
the timing (i.e., time-zero) when the concrete is hardened enough to 
generate stress under restraint condition. This study chose the setting 
time of cement paste measured by Vicat tests as the time-zero [30]. For 
the mix with w/b = 0.35 and 0.5, the setting time was measured to be 
7.5 and 8 h, respectively. The slump testing results of the mix with w/b 
= 0.35 and 0.5 were 40 mm and 90 mm, respectively. Since the work-
ability of w/b = 0.35 was already suitable for casting and adding too 
much superplasticizer can introduce high risk of bleeding, the dosage of 
superplasticizer was not further increased. The test for the mix with w/b 
= 0.35 lasted 35 days, while the one with w/b = 0.50 lasted 28 days. The 
reason accounting for longer duration of the mix w/b = 0.35 was that 
the stress results showed much more fluctuation in 26 ~ 28 days (see 
Fig. 11b). Therefore, the testing duration for w/b = 0.35 was extended 
to 35 days to double-check the fluctuations. 

2.2. Test setup 

The test setup was formed by two major parts: Autogenous Defor-
mation Testing Machine (ADTM) and TSTM, as shown in Fig. 2 [31]. The 
red dots indicate the positions where thermal couples were installed. 
The ADTM allowed the sealed specimen to deform freely, so that the 
autogenous deformation of the middle part can be measured by two 
embedded bars and connected Linear Variable Differential Transformers 
(LVDTs), as presented in Fig. 2 (a). The TSTM restrained the relative 
distance between the two embedded bars to zero and then the stress was 
measured (see Fig. 2 (b)). Before concrete casting, the embedded steel 
bars were fixed in the ADTM and TSTM mould by external placeholders 
(see Fig. 2 (c)). When the concrete specimen reached its setting time, the 
placeholders were removed and calibrated LVDTs were attached to the 
embedded bars to measure the strain. 

To exclude thermal deformation and effects of temperature on 
autogenous deformation, the temperature of the concrete during the test 
was controlled at 20 degrees by circulating temperature-regulated water 
around the TSTM and ADTM specimen. The water temperature was 
adjusted in real time during the test to achieve a pre-specified 

Fig. 2. Test Setup.  
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temperature profile based on the temperature measured by embedded 
thermal couples. To show the effects of temperature control, the TSTM 
temperature history is given in Fig. 3 as an example. The environmental 
temperature was kept at 19.2 degrees. To maintain the specimen at a 
constant temperature of 20 degrees, the circulating water was cooled at 
first hours to make up for the heat release of hydration reaction and then 
heated after the hydration peak to compensate for the cooling due to 
lower environmental temperature. 

3. Modelling 

The stress evolution is the direct index to measure the EAC potential 
of concrete. The EAC potential p(t) can be derived by normalizing the 
stress evolvement history σ(t) with the tensile strength f(t) as follows: 

p(t) =
σ(t)
f (t)

(1) 

Therefore, the ultimate objective of the modelling work is to predict 
the stress evolvement history σ(t) of GGBFS concrete under fully- 
constrained TSTM tests. In section 3.1, the basic computational princi-
pals and dilemma is illustrated. Then, in section 3.2, to address the 

computational dilemma, the Rate-type Creep Law is introduced and 
incorporated in FEM model by a self-defined material subroutine. In 
section 3.3, the overall governing constitutive equation, autogenous 
deformation, material properties and boundaries conditions are defined 
according to testing conditions and results. In section 3.4, the creep 
compliance function J (t, t’) is parameterized under the framework of 
ACI and Euro codes, and fitted with a 13-units Kelvin chain spectrum. In 
section 3.5, forward modelling is conducted by using the recommended 
aging creep formulars of the codes. In section 3.6, based on Bayesian 
Optimization, inverse modelling is conducted to efficiently find the 
correct aging creep formular. 

3.1. Stress superposition 

The build-up of stress under restrained condition is a time-dependent 
process. Since EAC analysis mainly refers to undamaged concrete, this 
study assumes that the previous status of concrete does not influence the 
mechanical response of concrete at later stages. In other words, the 
mechanical responses of concrete in different times steps are indepen-
dent from each other. Therefore, the Boltzmann superposition can be 
applied to sum all mechanical responses of concrete at all time steps to 
form an overall mechanical response. In TSTM tests, the relative dis-
tance of two embedded bars is constrained, which corresponds to typical 
relaxation scenarios. Therefore, the stress development history σ(t) 
should be expressed as following convolution: 

σ(t) =
∫ t

0
R(t, t’)dε(t’) (2)  

where t is the age of concrete; t’ is the age when loads are applied; ε is the 
imposed strain (in this study, ε refers autogenous deformation); R is the 
relaxation function. To compute the stress superposition in TSTM tests, 
first divide the whole continuous process of autogenous deformation by 
a time interval Δt. Suppose in each time interval Δt, the autogenous 
deformation happens immediately at the onset of the time interval and is 
kept constant until the end of the time interval (as shown in Fig. 4 (a)). 
With a fully-constrained boundary condition, at the onset of each time 
interval, the autogenous deformation (i.e., imposed strain) is 

Fig. 3. Temperature history of the TSTM test (w/b = 0.35).  

Fig. 4. Illustration of stress superposition.  

Fig. 5. Numerical dog-bone specimen.  

M. Liang et al.                                                                                                                                                                                                                                   
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Fig. 6. Fitting results of Kelvin chain with codes (w/b = 0.5).  

Fig. 7. Workflow of forward modelling.  

Fig. 8. Stress contour at time = 640 h (w/b = 0.5).  

Fig. 9. Workflow of inverse modelling.  
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constrained and causes stress. Fig. 4 (b) shows the stress history of each 
time interval corresponding to the strain history of Fig. 4 (a). The red 
line in Fig. 4 (b) is the instantaneous elastic stress increase induced by 
imposed strain at the onset of each time interval, while the green line is 
the relaxation history of the stress. 

Followed by Eq (2), the stress evolution after t3 in Fig. 4 will be the 
sum of all the stress curves (i.e., green curves), which will be expressed 
as: 

σ(t) = ε1R(t, t0) + ε2R(t, t1) + ε3R(t, t2) + ε4R(t, t3) (3) 
The case showed by Fig. 4 illustrates the computational dilemma of 

Eq (2), which requires to restore every stress history curve of each 
previous time interval and sum them up. In the simple examples given in 
Fig. 4, which only has 4 timesteps, 4 terms of stress histories are needed 
to count the whole stress evolution history. For realistic applications, 
where large number of timesteps are needed, direct implementation of 
Eq (2) in FEM is very difficult because storing all the stress histories of 
every element will easily cause “out of memory” and result in very low 
computational efficiency. 

3.2. Rate-type creep law 

The Rate-type creep law can efficiently solve the computational 
dilemma introduced in the section [32,33]. The relaxation function R (t, 
t’) are difficult to measure due to the fact that the strain must be adjusted 
to a constant value in a very small time-interval. Therefore, it is more 
practical to characterize the viscoelasticity from the perspective of 
creep, which is easier to be tested. The integration form of strain is 
expressed as: 

ε(t) =
∫ t

0
J(t, t’)dσ(t’) (4)  

where J is the creep compliance function. Rearrange the Eq (4) into the 
incremental form from ti to ti+1 and assume a linear stress variation in 
each time interval, one can get the quasi-elastic constitutive equation: 

Δσ = E*Δε − σ* (5a)  

E* =
Δt

∫ti+1

ti
J(ti+1, t’)dt’

(5b)  

σ* = E*
∫ti

0

[J(ti+1, t’) − J(ti, t’)]σ̇dt’ (5c)  

where Δσ and Δε are difference of stress and strain between two 
consecutive time steps ti and ti+1. Note that the integration in Eq (5c) still 
requires to revisit all load history, which makes FEM modelling very 
difficult. By implementing the Rate-type Creep Law [32,33], the integral 
expression can be transformed to a series of linear differential equations, 
which are the governing equations of the Kelvin chain rheological model 
with multiple sets of spring and dashpot. The creep compliance function 
can be firstly expressed as a Dirichlet series: 

J(t, t’) =
1

E0(t’)
+
∑N

j=1

1
Ej(t’)

(1 − e−
t− t’
μj ) (6)  

where N is the number of Kelvin chain units; Ej and μj is the elastic 
modulus and retardation time of j-th Kelvin chain units. Assuming the 
variation of stress within each time interval is linear, substituting Eq (6) 
into Eq (5b) and Eq (5c) and calculating the integral by mid-point rule, 
one can obtain the expression of E* and σ* as follows: 

E*(t*) =
1

1
E0(t*)

+
∑N

j=1
1

Ej(t*)
(1 − (1 − e−

Δt
μj )

μj
Δt)

(7a)  

σ*(ti) = E*(t*)
∑N

j=1
(1 − e−

Δt
μj )ε*

j (ti) (7b)  

Fig. 10. Workflow of Bayesian Optimization.  
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ε*
j (ti) =

∫ti

0

1
Ej(t’)

e−
ti − t’

μj σ̇dt’ (7c)  

ε*
j (ti+1) = e−

Δt
μj ε*

j (ti)+
1

E*(ti)
(1 − e−

Δt
μj )

μj

Δt
Δσ (7d)  

where t* is the average of two consecutive time steps ti and ti+1. Eq (5a) 
and Eq (7a ~ d) encompass the incremental viscoelastic constitutive 
relationship for simulating the development of stress induced by 
autogenous deformation. Note that the ε* of each Kelvin chain unit is the 
internal state variable, which is a second-order strain tensor that has to 
be updated on each integration point according to Eq (7d) at every time 
step. 

3.3. FEM configuration 

The Rate type creep law is implemented by a self-defined subroutine 
of material mechanical constitutive behavior in the commercial FEM 
software COMSOL Multiphysics. A numerical dog-bone TSTM specimen 
is generated as shown in Fig. 5, which is discretized by evenly- 
distributed hexahedral mesh. At the transition area from the two ends 
to the middle, more densified meshing scheme is adopted to assure 
numerical precision. The FE model uncertainties are significant factors 
influencing the optimization results. Since the input parameters (except 
for creep aging terms) are derived from tests, the only variation lies in 

the FE configurations, including step size, step convergence criterion, 
meshing schemes, etc. These parameters were calibrated at the very 
beginning to get reliable results. The influence of different meshing 
schemes is investigated and the results are given in the Appendix B. 
Roller boundaries are attached to the highlighted purple area in Fig. 5 
(b) (i.e., bottom sides and the lateral sides of the two ends), which en-
sues zero displacement in the normal direction of the boundary surface. 

Considering the autogenous deformation as an isotropic deformation 
in all direction, then the quasi-elastic constitutive equation described by 
Eq (5a) becomes as follows: 

Δσ = E*(Δε − Δεad) − σ* (8)  

where Δεad is the autogenous strain happening in each time interval; σ* 
is the state variable that stores the previous load histories and should be 
updated in every time step according to Eq(7a ~ d). In this model, there 
are three kinds of input material properties and behaviors: autogenous 
strain εad(t), elastic modulus E(t) and creep compliance function J(t, t’). 
The results of ADTM are directly used as input of autogenous strain Δεad. 
The results of compressive strength shown in Fig. 1 is used to calculate 
the E(t) [34]: 

E(t) = Ec0∂E(
f (t)
10

)
1
3 (9)  

where f(t) and E(t) is the compressive strength and elastic modulus at an 
age t, respectively; Ec0 is a coefficient and equals to 21500 MPa; αE is the 

Fig. 11. ADTM and TSTM test results.  

M. Liang et al.                                                                                                                                                                                                                                   



Construction and Building Materials 324 (2022) 126690

8

coefficient for different aggregate ranging from 0.7 to 1.2. Considering 
the aggregates used in the tests are mainly quartzite gravel, αE equals to 
1.0 in this study. Note that the selection of a proper estimation formula 
for the elastic modulus can influence the modelling results. The influ-
ence of 4 international codes [34-37] on the simulation results were 
investigated, by using their different formulas in the model. The results 

are shown in Appendix-C. 
The bottleneck of this model lies in the creep compliance function J 

(t, t’), which is hard to be tested because 1) the creep tests last certain 
time range, which makes it difficult to decouple the influence of elastic 
modulus evolution and shrinkage, especially for very early age concrete; 
2) creep tests can only get data of creep compliance function at several 

Fig. 12. Simulated stress evolution with different codes for creep compliance.  

Fig. 13. Optimizing history.  

M. Liang et al.                                                                                                                                                                                                                                   



Construction and Building Materials 324 (2022) 126690

9

ages of loading, while J(t,t’) is a continuous function characterized by a 
2D surface. 

3.4. Kelvin chain spectrum for creep compliance function 

To solve the problems of lacking creep compliance data, this study 
parameterizes the creep compliance function J (t, t’) into a continuous 
Kelvin chain spectrum under the framework of two international stan-
dard codes: Euro Code 2 [35] and ACI-209R [36]. Firstly, the J (t, t’) 
recommended by the codes is used as input in this model to evaluate the 
performance of the codes; Then, inverse modelling is efficiently con-
ducted by Bayesian Optimization to find the most appropriate J (t, t’) of 
GGBFS concrete. Both these two codes follow the expression of Double 
Power Law [10], and their formulars can be uniformly expressed as: 

J(t, t′ ) =
1

E(t’)
+ C0C1(t’)C2(ξ) (10)  

where C0 is a coefficient related to general concrete properties and 
environmental conditions, such as compressive strength at 28 days, 
relative humidity, etc.; C1 is a power function to describe the aging of 
creep compliance, which only depends on age of loading t’; C2 is a power 
function representing the non-aging term, which mainly depends on the 
time length of loading ξ (ξ = t-t’). For more detailed calculation of these 
parameters, one can refer to the codes [35,36]. 

In the Rate-type law, the creep compliance function is expressed as a 
Kelvin chain model (i.e., a Dirichlet series as Eq (6)). Therefore, to 
incorporate the creep compliance data of codes in the FEM model, the 
Kelvin chain parameters (i.e., Ej, μj for j = 1: N) should be firstly fitted by 
the function Eq (10). However, directly fitting the Ej, μj tends to be 
problematic because of weak points such as non-unique solutions [38]. 
This study implements a general procedure that fitting the Kelvin chain 
parameters with a continuous spectrum [39], which guarantees a unique 
and stable solution. 

A 13-units Kelvin chain (j = 13 in Eq (6)) is adopted to describe the 
creep compliance function Eq (10) in first 28 days. Firstly, the retarda-
tion time μj is chosen as a priori to prevent ill-conditioned equation 
system as follows [40]: 

μj = 10− 6+j, j = 1:13 (11) 
The continuous form of the non-aging term is expressed as follows: 

C2(ξ) =
∫ ∞

0

1
Ej

(1 − e−
ξ
μj )d(lnμj) (12) 

Using the Laplace transform and Widder’s formula, the solutions of Ej 
can be derived [39]: 

1
Ej

= − ln10* lim
k→∞

( − kμ)k

(k − 1)!
C(k)

2 (kμ) (13) 

In this study, the spectrum of third order (k = 3) is used. The fitting 
results of the mixes with w/b = 0.35 and 0.5 are shown in Fig. 6, which 
shows that the fitted Kelvin chain can mimic the codes with good 
precision. 

3.5. Forward modelling 

Forward modelling is the most common modelling approach, as is 
shown in Fig. 7. With the framework of FEM model established in sec-
tion 3.1 ~ 3.4, the forward modelling simply goes by inputting the 
material parameters and get the simulated results of stress development 
of TSTM tests. In TSTM tests, the stress is calculated by normalizing the 
restraint force with the area of cross-section of the dog-bone specimen. 
In the FEM model, as shown in Fig. 8, the modelling result of stress 
evolution σM is calculated at the middle section of the specimen and 
expressed as follows: 

σM(t) =
∫∫

σxxdydz
A

(14)  

where σxx is the component of stress tensor in xx direction (i.e., axial 
direction of dog-bone specimen); A is the cross-section area of the yz 
plane at × = 0. The metric Root Mean Squared Error (RMSE) is adopted 
to quantify the modelling accuracy by averaging the residual error at 
each time step: 

RMSE =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑

t(σM(t) − σT(t))2

ttotal

√

(15)  

where σM(t) and σT(t) is modelling and testing results of stress at time 
step t. 

Fig. 14. Objective function for the model with ACI codes.  
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3.6. Inverse modelling 

Creep tests of concrete at early age are much more difficult to 
perform because the influence of hydration cannot be fully excluded. For 

example, for a concrete specimen under sustaining loads from an age of 
12 h to 36 h, the measured creep compliance curve from J (12,12) to J 
(36,12) is expected to be derived by subtracting the shrinkage strains 
from the measured total strains. Then with the experimental results, the 

Fig. 15. modelling results with adjusted aging term of creep.  
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creep compliance function J (t,12) will be fitted by either power func-
tion or logarithmic function, which aims to represent the strain devel-
opment since the age of 12 h when a unit load is applied. However, this 
process assumes the concrete properties (e.g., elastic modulus, creep 
etc.) remains constant, while in fact from 12 to 36 h the microstructure 
of concrete changes drastically, which makes the above assumption very 
untenable. In view of the testing difficulties of aging creep, this study 
explores the aging patterns of creep by inverse modelling [41-43]. An 
objective function is firstly defined to measure the agreement between 
modelling and experimental results. Then Bayesian Optimization is 
implemented to find the best-fit parameters of aging creep to achieve a 
minimum in the objective function. 

3.6.1. Definition of objective function and process 
In forward modelling, a black-box function defined by the FEM 

model can be expressed as follows: 

RMSE = f [εad(t),E(t), J(t, t
′

), σT(t) ] (16)  

where f is a complex implicit function represented by the FEM model. 
With the function f, inverse modelling can be defined as an optimization 
process: Given the input of autogenous deformation εad(t), elastic 
modulus E(t) and testing results σT(t), find the best creep compliance 
function J(t, t’) that can give best modelling results. Thus, the objective 
function of inverse modelling can be expressed as: 

argminf{J(t, t
′

)|εad(t),E(t), σT(t) } (17) 

As in Eq(10), the creep compliance function J(t, t’) is a surface 
controlled by E(t), constant term C0, aging term C1 and non-aging term 
C2. As discussed in the section 3.4, the aging term C1 remains unchanged 
for different concrete mixes and environmental conditions, which is 
apparently an arbitrary assumption and can cause significant errors 
[44,45]. Therefore, the optimization process focuses on the aging term 
C1. The aging term C1 of both codes is firstly generalized as a power 
function controlled by coefficients a, b, and c: 

Eurocode : C1(t’) =
c

b + t’a; (18a)  

ACIcode : C1(t’) =
c

t’a (18b) 

Then the inverse modelling process can be further described as: 

argminf{C1(t
′

, a, b, c)|εad(t),E(t), σT(t),C0,C2(t − t′ ) } (19) 

Note that the function f is non-differentiable and computationally- 
expensive, since calculating the function f means running the FEM 
model to get the stress result of the whole time-range. Therefore, an 
efficient optimization algorithm is needed. This study adopts the 
Bayesian Optimization to solve this problem, which mainly includes 
Gaussian Process (GP) [46] and a well-defined acquisition function. The 
workflow of this process is shown in Fig. 9. 

3.6.2. Bayesian Optimization 
Solving Eq (19) is a computationally-expansive work because 1) 

running FEM model is computationally-expansive and 2) high dimen-
sionality of parameters produces large sample space. By fitting the 
objective function with a probabilistic model, Bayesian Optimization is a 
smart sampling and efficient global optimization algorithm for expan-
sive black-box function [47,48]. The workflow of Bayesian Optimization 
in this study is shown as Fig. 10. 

By assuming the objective function in section 3.6.1 follows the 
multivariate Gaussian distribution, the objective function can be fitted 
by Gaussian Process (GP). For i-th sampling point of aging creep Xi= (ai, 
bi, ci), the implementation of GP is mainly by fitting the kernel of the 
covariance matrix as follows: 

K =

⎡

⎣
k(X1,X1) ⋯ k(X1,Xn)

⋮ ⋱ ⋮
k(Xn,X1) ⋯ k(Xn,Xn)

⎤

⎦+ σ2
noiseI (20) 

in which k is the covariance kernel calculated by an exponential 
function of the second norm of the difference value between two sam-
ples [49]; n is the number of sample points of aging creep that are 
incorporated in the GP model; σnoise is the standard deviation of the 
noise, which follows standard normal distribution. Denote the multi-
variate Gaussian distribution of n sample points of aging creep as D1:n =

(X1:n, Y1:n), and then the performance (i.e., RMSE of FEM) of next sample 
point (i.e., (n + 1)-th sample point) can be predicted by Bayesian rules 
for multivariate Gaussian distribution as follows [46]: 

Yn+1|D1:n N
(
μ(Xn+1),σ2(Xn+1)+ σ2

noise

)
(21a) 

Table 3 
Adjusted aging terms for creep compliance function of GGBFS concrete.   

ACI code (C1(t’) =
c

t’a ) Euro code (C1(t’) =
c

b + t’a )

a c a b c 

Original values  0.118  1.250  0.200  0.100  1.000 
w/b = 0.35  0.990  7.786  0.984  0.024  2.373 
w/b = 0.50  0.139  5.228  0.903  1.020  9.940  

Fig. 16. Adjusted aging term of creep compliance function.  
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in which 

μ(Xn+1) = kT K − 1Y1:n (21b)  

σ2(Xn+1) = k(Xn+1,Xn+1) − kT(K + σ2
noiseI)− 1k (21c)  

k = [k(Xn+1,X1)k(Xn+1,X2)⋯k(Xn+1,Xn) ] (21d) 

Based on GP, the inference of performance (i.e., RMSE of FEM) of any 
possible sample points can be drawn. Then, the acquisition function (i.e., 
Expect Improvement [50]) is calculated to infer the improving potential 
of every possible sample point, as expressed below: 

I(Xn) = (ybest − μ(Xn) )Φ
(

ybest − μ(Xn)

σ(Xn)

)

+ σ(Xn)ϕ
(

ybest − μ(Xn)

σ(Xn)

)

(22) 

Fig. 17. Original and adjusted creep compliance function.  
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where Φ(⋅) and ϕ(⋅) are the standard normal density and distribution 
function; ybest is the tentative optimal value (i.e., lowest RMSE) in cur-
rent sample space. The first term measures the difference between every 
possible sample point and the best sample point, which aims to achieve 
exploitation. The second term assigns more weights to the sample points 
of more uncertainty to ensure there is no “blank” area in sample space, 
which achieves exploration. Combining the first and second term, the 
acquisition function EI tends to get higher values at sample points with 
lower posterior mean and lower credible intervals, and thus the balance 
of exploitation and exploration can be achieved. 

4. Results and discussion 

4.1. Testing results and indications 

Results of ADTM and TSTM tests are shown in Fig. 11. From the 
results of ADTM, high expansion was observed in about first 50 h. 
Accordingly, the early age expansion caused compressive stress in re-
straint conditions, as shown in the results of TSTM. The high early-age 
expansion is due to the fast formation of ettringite, which was clearly 
observed by Darquennes et al [51]. They conducted DSC test to measure 
the consumption of the setting regulator by the mineral phases of clinker 
C3A and C4AF to produce ettringite. Their results showed that the 

Fig. 17. (continued). 
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corresponding peak (120 ~ 160 ℃) vanished after 3 days for the CEM 
III/B sample, which confirmed that expansion phase of slag cement is 
due to fast formation of ettringite. The magnitude of the expansion of 
two w/b ratios do not have distinctive difference. The expansion 
magnitude depends on the producing rate of ettringite and the porosity 
evolution, which determines the force that expanding ettringite can 
apply on the pore structures. Because of higher elastic modulus and 
lower creep, the specimen with lower w/b ratio develops higher 
compressive stress under restraint conditions. The mix with w/b ratio =
0.5 showed a second autogenous expansion peak, which was attributed 
to the reabsorption of bleeding water [52]. The second autogenous 
expansion peak induced corresponding compression stress and signifi-
cantly delayed the development of tensile stress. In comparison, the mix 
with lower w/b ratio started shrinking faster in 50 ~ 130 h, which 
caused drastic increase of restraint tensile stress. This indicates that the 
period between 50 ~ 130 h has high risk of EAC. The fast shrinkage can 
be attributed to finer pores and lower internal humidity [53], which can 
cause high capillary depression according to Laplace and Kelvin laws. 

Note that in this study, the ADTM tests started since the setting time. 
Before the setting time, the autogenous deformation firstly began as fast 
chemical shrinkage, which was then followed by expansion and 
shrinkage after setting time. Because the magnitude of stress was very 
low before setting time, this study did not take the stress result before 
setting time into consideration. But for different mixes, the stress results 
may be different. In the future, we will develop a newer version of TSTM 
and ADTM, which will allow for testing since casting time. The results of 
autogenous deformation and stress before setting time are shown in the 
Appendix A. Overall, the testing results of autogenous deformation and 
stress evolution show the same pattern. 

The stress build-up history of GGBFS concrete distinguishes itself 
with other concrete by a high early age expansion and then a drastic 
shrinkage, especially for concrete with low w/b ratio. The early-age 
expansion is clearly in favor of preventing EAC, since it causes 
compressive stress and delays the development of tensile stress. Espe-
cially for GGBFS concrete with high w/b ratios, the reabsorption of 
bleeding water significantly extends the duration of expansion period 
and therefore delay the appearance of tensile stress. However, due to the 
low elastic modulus and high creep/ relaxation of GGBFS concrete, the 
magnitude of the compressive stress is limited. For GGBFS concrete with 
low w/b ratios, this poses questions that whether the early-age expan-
sion can survive the GGBFS concrete from the drastic shrinkage in about 
50 ~ 130 h after setting time. 

Besides, the testing results of TSTM shows limitations in accuracy. 
Ideally, both the history of autogenous deformation and stress evolution 
should be a smooth curve. The fluctuation in practical results of TSTM 
can be attributed to the following 3 possible reasons [54,55]: 1) friction 
between the specimen and the mold; 2) imbalance of embedded bars at 
two sides of the specimen; 3) Fluctuation of temperature control system. 

4.2. Forward modelling with codes 

Fitting the Kelvin chain with ACI and Euro code and inputting the 
testing results of autogenous deformation and elastic modulus, the 
modelling results of stress evolution can be obtained, as shown in 
Fig. 12. By comparing the RMSE, the creep compliance function given by 
the Euro code produces better results when w/b = 0.50, while the one 
given by the ACI code prevails when w/b = 0.35. After 200 h, the curves 
of modelling stress tend to be more parallel with the testing results, 
which indicates that both codes show good conformity with TSTM 
testing results at a latter age. However, a very obvious gap at early age 
shows that both codes do not perform well at an early age. In the results 
of w/b = 0.35 (see Fig. 12 (c)(d)), although the modelling and testing 
curves are almost parallel after 100 h, the big difference before 100 h 
causes significant errors in the whole time-range. If the time-zero of the 
models and tests are fixed at a time point after 200 h, good conformity 
between the modelling and testing results can be expected. But in the 

meantime, this will also cause significant errors since the stress before 
200 h is overlooked. 

The comparison results of forward modelling suggest that both codes 
have good performance at a latter age, but when it comes to an early age 
(e.g., before 200 h), non-negligible errors happen. This defect can 
indeed be seen from the setup of the creep compliance function in these 
two codes (see Eq (10)): both codes have specified formulas for calcu-
lating C0 and C2, depending on different parameters of concrete prop-
erties and environmental conditions such as w/b ratios, relative 
humidity, etc. [35,36]. However, a consistent setting of the aging term 
C1 only depends on age of loading t’ and remains unchanged for all kinds 
of concrete under all conditions, as shown below: 

Eurocode : C1(t’) =
1

0.1 + t’0.2; (23a)  

ACIcode : C1(t’) =
1.25
t’0.118 (23b)  

4.3. Inverse modelling with Bayesian Optimization 

Bayesian Optimization can efficiently save the computational re-
sources, as shown in Fig. 13. For the FEM model with ACI code, the 
minimum is found within 10 iteration steps, while for the model with 
Euro code, the minimum converges within 15 steps. The reason why the 
Euro code takes longer than ACI is simply the complexity of aging term: 
the aging term C1 in Euro code is controlled by 3 parameters (i.e., a, b, c) 
while the ACI only have two parameters for C1 (i.e., a, c). 

Since the aging term C1 of ACI only depends on two parameters a and 
c, its objective function can be visualized as a 3D surface, as shown in 
Fig. 14. The distribution of sampling points tends to be much denser 
when approaching to the minima, and more diluted when approaching 
to the peaks, which guarantees the tradeoff between exploitation and 
exploration: 1) more computational resources will be spent to exploit the 
area that is more likely to have a minimum; 2) certain computational 
resources will still be allocated to explore areas that have low 
confidence. 

With the inverse modelling, the aging term C1 of creep compliance 
function is adjusted to obtain the best modelling results, as shown in 
Fig. 15. The adjusted parameters for the aging term of creep compliance 
function J(t,t’) is shown as Table 3. 

The results with adjusted aging terms show obvious improvement on 
results with original aging terms of codes. Moreover, it can be found that 
the major improvement is in early age, since the big gaps before 100 h 
are effectively reduced. Such changes can also be directly seen from the 
aging creep term C1(t’) of both codes, as shown in Fig. 16. Note that 
because ACI and Euro code have different configurations for the con-
stant term C0 and non-aging term C2, the magnitudes of C1 of both codes 
are different and cannot be directly compared. However, for both codes, 
the curves of the adjusted aging term C1 (see Fig. 16) all shows a similar 
trend: The aging term goes through a fast decrease in first 100 h, and 
then converges to a certain value that is close to the original aging term 
given by the codes. Such trend is even more obvious when w/b ratio is 
0.35. Overall, the adjusted results prove that much higher creep should 
be expected for GGBFS concrete at an early age. And creep of concrete 
with lower w/b ratio goes through a faster aging process, with its early- 
age creep being much higher compared to the magnitude of creep it will 
have in a more mature age. The comparison of adjusted creep compli-
ance function with original creep compliance function of the codes are 
shown in Fig. 17. The 3D surfaces of the creep compliance function still 
show the same pattern as in  Fig. 16~17: a steep slope along the axis 
“age when load is applied” (i.e., t’) is observed, which still indicates that 
much faster aging of concrete creep at early ages should be characterized 
to get a more accurate modelling results of stress evolution for EAC 
analysis. 
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5. Conclusions 

This study presents experiments and numerical modelling of the 
early-age stress evolution of restrained GGBFS concrete, considering the 
development of autogenous deformation and creep. Firstly, ADTM and 
TSTM tests with w/b = 0.35 and 0.5 were carried out to obtain the 
history of autogenous deformation and stress evolution. Then, by 
incorporating a self-defined material subroutine based on the Rate-type 
creep law, the FEM model for simulating the stress development in 
TSTM tests was established. The creep compliance function was fitted 
with a 13-units continuous Kelvin chain, which was then inputted in the 
FEM to characterize the continuous relaxation. Using the creep 
compliance function proposed by the ACI code and EURO code, this 
study conducted forward modelling to predict the stress development 
and evaluate the performance of codes. Finally, this study conducted 
inverse modelling with Bayesian Optimization to efficiently improve the 
settings of aging terms in the creep compliance functions of the two 
codes, and shed light on the aging pattern of creep/ relaxation of GGBFS 
concrete. The major conclusions are as follows:  

(1) The results of ADTM and TSTM tests both indicated that the 
GGBFS concrete firstly go through high autogenous expansion 
and then a drastic autogenous shrinkage, before and after an age 
of 50 h. Although the expansion-induced compressive stress de-
lays the development of tensile stress, the magnitude of 
compressive stress is low due to high relaxation and slow 
modulus development. For GGBFS concrete with low w/b ratios, 
drastic autogenous shrinkage happening in about 50 ~ 130 h 
after setting time can induce fast increase of tensile stress and 
therefore pose high threats of EAC.  

(2) Using the 13-units continuous Kelvin chain, the creep compliance 
function can be fitted with good accuracy and incorporated in 
FEM modelling by Rate-type Creep law. Using the creep 
compliance function recommended by the Euro code and ACI 
code as input, the modelling and testing results showed good 
conformity after 200 h, which validated the soundness of the 
proposed FEM model in modelling the stress evolution of 
restrained GGBFS concrete due to autogenous shrinkage and 
relaxation.  

(3) Due to the arbitrary settings in the aging of creep, both codes did 
not perform well in prediction of early-age stress development. 
The big gaps in early-age prediction result in significant errors in 
the stress calculations in whole time-range.  

(4) By Bayesian Optimization, inverse modelling was conducted to 
efficiently find the aging patterns of creep of GGBFS concrete. 
The modelling results with the adjusted aging terms shows 
obvious improvement in the prediction of early-age stress 
development.  

(5) The adjusted aging terms suggested that both Euro code and ACI 
code significantly underestimate the early-age creep of GGBFS 
concrete. The results also indicated that GGBFS concrete with 
lower w/b ratios tend to cause faster aging of creep in first hours. 

This research encompasses forward and inverse modelling tech-
niques for EAC analysis, and proves the importance of aging creep/ 
relaxation in prediction of stress evolvement of restrained concrete. In 
the future, more reliable testing methods should be developed to directly 
measure the aging creep to provide parameters for forward modelling of 
EAC analysis. 
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Appendix. -A corrugated tube test results 

In this Appendix, the results of autogenous deformation and stress 
buildup before setting time are presented. The stress buildup in the 
TSTM test is shown in Fig. A1 below. The results show that the stress 
before setting time is very low. For w/b = 0.35 and 0.50, the stress 
buildup before setting time only accounts for about 0.1% and 1% of the 
stress at 28 days.Fig. A2 

Due to the fact that the ADTM in this study can only measure the 
autogenous deformation after setting time, we tested the autogenous 
deformation by standard corrugated tube test since casting time [56], as 
shown in Fig. A1. Note that the corrugated tube tests were performed on 
the CEM III/B paste with w/b ratios being 0.35 and 0.50. The results 
show that the paste first goes through very high chemical shrinkage 
before the setting time, and then the expansion and shrinkage start. 

Although the chemical shrinkage before setting time is very high, it 
only induces very low stress. The magnitude of the stress before setting 
time are considered of minor influence on the overall stress evolution 
history and therefore was neglected in this study. However, for other 
mixes, considerable difference may occur if the results before setting is 
neglected. Therefore, in our future study, the influence of chemical 

Fig. A1. Results of corrugated tube test for autogenous deformation since 
casting time. 

Fig. A2. Results of corrugated tube test for autogenous deformation since 
casting time. 
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shrinkage on the stress buildup will tested with a newer version of TSTM 
setup. 

Appendix. -B influence of meshing schemes on the modelling 
results 

In this appendix, influence of meshing sizes on modelling results is 
shown. Four meshing sizes are given here, including original mesh size, 
1 coarser mesh size (166.7% of current mesh size), and 2 finer mesh size 
(71.4% and 55.6% of original mesh size), as shown in Fig. B1.Fig. B2. 

Taking the mix of w/c = 0.50 as an example, the results of the 4 
meshing schemes are shown below. It can be found that all 4 meshing 
schemes can produce similar results. The difference between different 
meshing schemes remains almost invisible from the whole-time range. 
Minor difference can only be seen on amplified time range. Therefore, 
the current FEM configurations can efficiently guarantee the repeat-
ability of the numerical model with the same material input. 

Appendix. -C influence of different estimation formulas of 
elastic modulus 

The simulation of w/b = 0.50 was conducted, using the formulas of 
elastic modulus in 4 international codes [3437]. Based on the 
compressive strength of the mix w/c = 0.50 at different ages, the elastic 
modulus can be calculated according to formulas in the 4 international 
codes, shown as Fig. C1Fig. C2 

Furthermore, based on the calculated elastic modulus based on four 
different international codes, taking the w/b = 0.50 specimen as 
example, the stress results are shown below. The difference between the 
codes’ estimation on elastic modulus is reflected in the stress results: 1) 
Because Eurocode 2 and fib MC2010 has similar estimation on elastic 
modulus, their stress results are also close; 2) Because ACI and CSA tend to 
underestimate the elastic modulus, their stress results showed lower 
compressive and tensile stress among the whole-time range. The para-
metric study we present here also validate the reasonability of our model. Fig. B1. Four meshing schemes.  

Fig. B2. Results of 4 different meshing schemes.  
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