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Analysis of Non-Square Artificial Dielectric Layers
and Application to the Design of Anisotropic Slabs

Ralph M. van Schelven, Student Member, IEEE, Daniele Cavallo, Senior Member, IEEE

Abstract—We present a general analysis to describe non-square
artificial dielectric layers (ADLs). Closed-form expressions for
the equivalent layer impedance are given for generic plane-wave
incidence, assuming that the ADLs have different geometrical
parameters in the x- and y-directions. The analytical expressions
account for the interaction between layers due to higher-order
Floquet modes, thus remain valid for arbitrarily small electrical
distance between layers. Such non-square geometries allow the
design of artificial anisotropic slabs with azimuth-dependent
effective refractive index. As an example for an application, the
equivalent model is used to design the superstrate of a double
slot antenna, with independent pattern shaping in the two main
planes.

Index Terms—Artificial dielectrics, equivalent circuit, pattern
shaping, spectral domain methods.

I. INTRODUCTION

Artificial dielectric layers (ADLs) are stacks of planar
layers, each composed of periodic sub-wavelength metal struc-
tures, engineered to realize a material with a desired effec-
tive refractive index [1], [2]. The equivalent electromagnetic
parameters of the ADLs can be controlled by varying the
period and the shape of the metallic patches, and the inter-layer
distance [3]. Due to the planarity of the patches, the ADL slabs
are anisotropic and thus their effective refractive index changes
as a function of the polarization and of the incidence angle of
an impinging plane wave. This property was recently exploited
to improve the front-to-back ratio and the bandwidth of planar
antennas without exciting surface waves [4], or equivalently to
enlarge the bandwidth and the scan range of broadband arrays,
with no scan blindness [5].

For the electromagnetic modeling of ADLs, a number
of numerical solutions have been proposed for the efficient
analysis of generic multi-layer metasurfaces, for example [6]–
[8]. However, these methods assume that the current profile
on the unit cell is obtained with a full-wave simulation, for
example by means of a spectral method of moments or another
numerical method.

More recently, analytical formulas to describe ADLs based
on sub-wavelength square patches were presented in [9] for
aligned layers (Fig. 1(a)) and generalized in [10] to include
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Fig. 1. Two-dimensional side view for artificial dielectric slabs with (a)
aligned, (b) shifted and (c) non-periodic layers along z.

a shift between even and odd layers (Fig. 1(b)) and in [11]
for non-periodic layers along z (Fig. 1(c)). All the mentioned
works provide a transmission line model to represent the
propagation of a generic plane wave within the ADLs. In such
equivalent circuit, each layer is represented as an equivalent
shunt impedance, which can be expressed in closed-form
as a function of the geometrical parameters of the ADLs.
Alternative analytical expressions for a single layer of square
patches were given by other authors in [12]–[14]. When
compared to these alternative expressions, the main advantage
of the formulation used here is that it is easy to generalize
to multiple layers. The equivalent impedance of each layer
include the reactive coupling between layers due to higher-
order Floquet modes, thus is still accurate for very small
electrical distance between layers, which is common in ADL
designs.

A limitation of the previously published analyses of ADLs
is the assumption of square patches and unit cells. Because
of the square shape, many terms during the derivation of
the analytical expressions simplify, resulting in the decou-
pling of the transverse electric (TE) and transverse magnetic
(TM) modes in the equivalent transmission line model. In
this work, non-square geometries are investigated and more
general closed-form expressions are derived for the first time
to account for rectangular unit cells. The different geometrical
parameters along x and y allow for an extra degree of freedom
in the design of ADL slabs. We show, for example, that
one can design an antenna superstrate with the intent to
shape the radiation pattern independently in the E- and H-
planes. Another possible application of the given anisotropic
superstrate would be the design of linear-to-linear or linear-to-
circular polarization converters, where the independent control
of the refractive index for TE- and TM-polarized incident
plane waves can be used for achieving the desired phase shift
between TE and TM components.

II. CLOSED-FORM ANALYSIS OF NON-SQUARE ADLS

A. Admittance Matrix of a Single Layer

The theory of ADLs developed in earlier works [9]–[11]
always considered square patches arranged in a square periodic
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Fig. 2. Single layer of rectangular patches, where both the period and the
width of the gaps between the patches can be different along x and y.

Fig. 3. Equivalent transmission line model for a plane wave incident on a
layer of periodic rectangular patches. The layer is represented as a 2-port
admittance matrix Ylayer.

lattice. This assumption greatly simplifies the analysis, because
for square patches, small compared to the wavelength, the
TE and TM modes of the plane wave are decoupled and the
equivalent reactance of the layer is a single shunt load for
each mode, independent of the azimuth angle of incidence
(φ). When considering rectangular layers, as shown in Fig.
2, these simplifications cannot be made and in general the
layer reactance is represented as a two-port admittance matrix
connecting the plane-wave equivalent TE and TM transmission
lines, as depicted in Fig. 3. The characteristic impedances
of the TE and TM transmission lines are ZTE = ζ/ cos θ
and ZTM = ζ cos θ respectively, where ζ is the intrinsic
impedance of the medium embedding the layer and θ is the
elevation angle of the incident plane wave.

By applying the same spectral domain method as in [10],
the admittance matrix of the non-square layer is found as:

Ylayer =[
jBy sin

2φ+jBx cos
2φ+Yloop j sinφ cosφ(By−Bx)

j sinφ cosφ(By−Bx) jBx sin
2φ+jBy cos

2φ

]
(1)

where Yloop is a term related to the TE incidence, associated
with current loops over the patches, given by

Yloop = sin2 θ

(
j

Bx
+

j

By

)−1
. (2)

The terms Bx and By are the susceptances of the x- and
y-oriented slots, respectively, expressed as Floquet sums:

Bx =
ωε0εavpy

π

∑
m6=0

Sm

(
wx

py

)
(3)

By =
ωε0εavpx

π

∑
m 6=0

Sm

(
wy

px

)
(4)

Fig. 4. Explicit representation of the equivalent circuit representing the layer.

Fig. 5. Simplified Equivalent circuit for (a) φ = 0◦ and (b)φ = 90◦.

where Sm(x) = |sinc(πmx)|2/|m|, ε0 is the vacuum permit-
tivity and εav is the average relative permittivity of the media
above and below the layer.

It can be seen from (1) that the TE and the TM transmission
lines are not decoupled as the matrix is not diagonal. The
expression in (1) can be represented as the explicit equivalent
circuit in Fig. 4. The dependence of the azimuth angle is
included in impedance transformers connected to the suscep-
tances of the x- and y-oriented slots. For square ADL (i.e.
Bx = By) it can be seen that the matrix in (1) simplifies to a
diagonal matrix, as expected, resulting in decoupled TE and
TM transmission lines. This effect can be also observed from
the circuit in Fig. 4. Under the condition Bx = By , for a
purely TE incident wave, the incident voltage splits in the two
branches of the circuit at the terminals aa′ and forms two equal
and opposite contributions when reaching the terminals bb′.
This is due to the different signs of the transformers ± sinφ
in the two branches. Since the total voltage is 0 at bb′, it
is equivalent to a short circuit and thus no coupling occurs
between TE and TM modes. Similarly, a purely TM incident
wave would generate an equivalent short circuit at the terminal
aa′ and remains decoupled from the TE transmission line.
Therefore, the given formulation also holds for square ADL.

Even for non-square geometries, the layer matrix can be
diagonalized on the two crystal angles as in [15], [16]. For
the geometry under investigation, the two angles are φ = 0◦

and φ = 90◦ and do not depend on frequency, because of the
symmetric nature of the geometry [16]. For these two angles,
the equivalent circuit simplifies as shown in Fig. 5.

B. Analysis of Multiple Layers

The generalization to multiple layers can be obtained as in
[11]. With reference to Fig. 6, the susceptance of the n-th layer
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Fig. 6. Geometrical parameters of multi-layer of nonsquare ADLs: (a) 3D
view, (b) (x, z)-plane side view and (c) (y, z)-plane side view.

depends on the geometrical parameters of the layer itself and
the parameters of the layers above and below. For example,
the susceptance Bx of the n-th layer becomes

Bx(n) =
ωε0εavpy

π

∑
m 6=0{

Sm

(
wx(n)

py

)[
fm

(
d(n−1,n)

py

)
+ fm

(
d(n,n+1)

py

)]
+

Sm

(
wx(n−1)

py

)
gm

(
d(n−1,n)

py
,
sy(n−1,n)

py

)
+

Sm

(
wx(n+1)

py

)
gm

(
d(n,n+1)

py
,
sy(n,n+1)

py

)}
(5)

where fm(x) = −0.5j cot(−2jπ|m|x) and gm(x, y) =
0.5j csc(−2jπ|m|x) exp(2iπy), and the suceptance By has
the same expression but substituting py → px, wx → wy ,
sy → sx.

Slightly different expressions can be used for the first and
last layers:

Bx(1) =
ωε0εavpy

π

∑
m 6=0

{
Sm

(
wx(1)

py

)[
1

2
+fm

(
d(1,2)

py

)]
+ Sm

(
wx(2)

py

)
gm

(
d(1,2)

py
,
sy(1,2)

py

)}
(6)

Bx(N) =
ωε0εavpy

π

∑
m 6=0

{
Sm

(
wx(N)

py

)[
1

2
+fm

(
d(N−1,N)

py

)]
+ Sm

(
wx(N−1)

py

)
gm

(
d(N−1,N)

py
,
sy(N−1,N)

py

)}
.

(7)

To find the S-parameters of the total multi-layer structure,
one can cascade the four-port networks of each individual
layer, as shown in Fig. 7. The transmission and reflection
coefficients for the entire stack can be obtained with the
method for connecting N-port networks described in [17].

C. Validity of the Model

To assess the validity of the model, a comparison with
CST full wave simulations is shown for different geometry
examples. Two cases are considered, both with the metal
patches located in free space, with the geometrical parameters
specified in Table I.

Fig. 7. Total transmission-line model split in separate four-ports for each
layer.

Fig. 8. Scattering parameters of a plane wave (a) incident from θ = 45◦ and
φ = 45◦ on ADLs with parameters in Table 1 (Case 1); (b) incident from
θ = 0◦ and φ = 0◦ on ADLs with parameters in Table 1 (Case 2).

TABLE I
GEOMETRICAL PARAMETERS FOR THE THREE CONSIDERED STRUCTURES;

λ IS THE WAVELENGTH AT THE CALCULATION FREQUENCY f0 .

Case 1 Case 2
N 5 5
px 0.15λ 0.2λ
py 0.2λ 0.15λ
d(n,n+1) forn ∈ [1, N − 1] 0.012λ 0.012λ
wx(n) forn ∈ [1, N ] 0.01λ 0.04λ
wy(n) forn ∈ [1, N ] 0.02λ 0.01λ
sx(n,n+1) forn ∈ [1, N − 1] 0 0.5px
sy(n,n+1) forn ∈ [1, N − 1] 0 0

For Case 1, we consider a TE plane wave incident from
θ = 45◦ and φ = 45◦. The resulting S-parameters, amplitude
and phase, are shown in Fig. 8(a). A very good agreement can
be seen between the equivalent circuit given here and CST. For
Case 2, a TM plane wave incident from θ = 0◦ and φ = 0◦
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Fig. 9. Electric field distribution between the patches of an ADL: (a) assumed
distribution, (b) real distribution when wx and wy are comparable, (c) real
distribution for large ratio wy/wx, (d) equivalent connected dipole gap.

is considered. The geometry refers to a large ratio between
the two slot widths along x and y. A worse agreement is
observed in this example, especially at the higher frequency,
as shown in Fig. 8(b). The discrepancy can be attributed to the
assumption on the electric field distribution in the slots. The
given expressions for the susceptance in (5)-(7) assume that
the electric field distribution is uniform on a slot (Fig. 9(a)),
as if there was no crossing slot. The real distribution has some
fringing effect at the junction, as depicted in Fig. 9(b), which
do not significantly change the distribution as long as the two
slot widths are comparable. However, for large ratios wy/wx,
the electric field is not distributed over the entire unit cell (Fig.
9(c)), resulting in a lower capacitance.

This effect can be corrected by comparing the susceptance
Bx of a single layer in (3) with the gap susceptance of a
connected dipole array BCDA (Fig. 9(d)), which was given in
[18]. The correction factor BCDA/Bx can be used to multiply
the layer susceptances (5)-(7), resulting in a better comparison
with CST, as shown in Fig. 8(b). It is important to note
that the proposed correction technique can be applied as long
as the inductive effect of the patches is small compared to
the gap capacitance. When the patches become narrow strips,
the formulation in terms of slot capacitance does no longer
effectively represent the layer, because the inductance of the
strip is neglected in the inter-layer interaction.

III. APPLICATION EXAMPLE

As an example for an application of the non-square ADLs,
we consider a double slot antenna in the presence of an
artificial dielectric superstrate. The ADLs can serve as a
partially reflective surface that allows the propagation of leaky
waves between the ADLs and slot plane, which can be used
to shape the radiation pattern [19]–[23].

The design of the ADLs can be obtained from the desired
values of the x- and y-components of the effective permittivity
tensor (εx and εy) by applying the homogenization procedure
described in [24]. The S-parameters of an incident plane wave
for normal and oblique incidence, found from the circuit in
Fig. 7, can be used to evaluate the effective permittivity and
permeability tensors. In the design procedure, increasing the
metal density (i.e. reducing the inter-layer distance, the gap
between patches, or the shift) allows increasing the effective
refractive index.

Figure 10(a) shows the geometry under consideration. The
geometrical parameters are chosen as l = 0.85λ, w = 0.05λ,
dsep = 0.5λ, where λ is the free space wavelength at the
calculation frequency. Figure 10(b) shows the normalized
radiation pattern in the E- and H-plane of the double slot

Fig. 10. (a) Double-slot antenna in the presence of an ADL superstrate;
Normalized E- and H-plane radiation patterns (b) with and without square
ADLs and (c) with non-square ADL. For the non-square ADL superstrate, a
comparison with CST is shown.

antenna without the ADL. A 4-layer square ADL with px =
py = 0.15λ, wx = wy = 0.02λ, d = 0.015λ and sx = sy = 0
for all layers is located at a distance h = 012λ from the
slots. The ADL parameters are selected to shape the radiation
in the E-plane as a flat-top pattern with larger beamwidth.
It can be seen in Fig. 10(b), that the square ADL supestrate
results in very asymmetric pattern in the two main planes.
However, by changing the ADL to have a non-square unit
cell with px = 0.25λ, and sx = px/2, the H-plane pattern
can be shaped to have a similar flat-top characteristic as in
the E-plane, while the E-plane pattern remains unaltered, as
shown in Fig. 10(c). In the figure, the patterns are calculated by
combining the equivalent circuit described here with a plane
wave expansion of the double-slot near field, as described in
[9]. A comparison with CST is also reported.

IV. CONCLUSION

We presented analytical formulas for the analysis of non-
periodic non-square ADLs with different geometrical param-
eters in x- and y-directions. Closed-form expressions for the
equivalent layer impedance for generic plane-wave incidence
were derived, both for single and multiple layers. Based on the
expression, an equivalent circuit of the layer was proposed,
which explicitly includes the coupling between TE and TM
components of the incident wave and the dependence on the
incident angles. The accuracy of the method was discussed
and a correction term based on the gap capacitance of a
connected dipole array was introduced to extend the validity
of the method to larger aspect ratios of the patches.

A possible application of non-square ADLs was investi-
gated, which consists of a double-slot antenna with an ADL
superstrate to enlarge the beamwidth and to provide a flat-top
radiation pattern. It was shown that the additional degree of
freedom provided by the non-square ADLs could be used to
render symmetric the patterns in the E- and H-plane.
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