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a b s t r a c t

In this paper, we study the propagation of bores over a long distance. We employ ex-
perimental data as input for numerical simulations using COULWAVE. The experimental
flume is extended numerically to an effective relative length of x/h = 3000, which allows
all far-field solitons to emerge from the undular bore in the simulation data. We apply
the periodic KdV-based nonlinear Fourier transform (KdV-NFT) to the time series taken
at different numerical gauges and compare the results with those of the conventional
Fourier transform. We find that the periodic KdV-NFT reliably predicts the number and
the amplitudes of all far-field solitons from the near-field data long before the solitons
start to emerge from the bore, even though the propagation is only approximated by
the KdV. It is the first time that the predictions of the KdV-NFT are demonstrated over
such long distances in a realistic set-up. In contrast, the conventional linear FT is unable
to reveal the hidden solitons in the bore. We repeat our analyses using space instead of
time series to investigate whether the space or time version of the KdV provides better
predictions. Finally, we show how stepwise superposition of the determined solitons,
including the nonlinear interactions between individual solitons, returns the analysed
initial bore data.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC

BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Experiments show that bores with initial trapezoidal shape transform significantly in shallow water, leading to the
eneration of undular oscillations at the bore front. Furthermore, numerical simulations and theoretical investigations
e.g. in El [1]) demonstrate that these undulating bores eventually transform into trains of rank-ordered solitons (i.e. ‘‘with
he largest at the front of the packet and the smallest at its rear’’ (Apel [2, p. 191], Brühl et al. [3]). The height of the leading,
argest soliton above the still water level (SWL) in the far field can be expected to be up to twice of the initial bore height
n the far field (El [1, Eq. (70)] , Gavrilyuk et al. [4, Fig. 6]). Trailing oscillatory waves may follow the train of solitons and

∗ Corresponding author.
E-mail address: m.bruehl@tudelft.nl (M. Brühl).
URL: https://www.tudelft.nl/staff/m.bruehl/ (M. Brühl).
ttps://doi.org/10.1016/j.wavemoti.2022.102905
165-2125/© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/
icenses/by/4.0/).

https://doi.org/10.1016/j.wavemoti.2022.102905
http://www.elsevier.com/locate/wamot
http://www.elsevier.com/locate/wamot
http://crossmark.crossref.org/dialog/?doi=10.1016/j.wavemoti.2022.102905&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:m.bruehl@tudelft.nl
https://www.tudelft.nl/staff/m.bruehl/
https://doi.org/10.1016/j.wavemoti.2022.102905
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


M. Brühl, P.J. Prins, S. Ujvary et al. Wave Motion 111 (2022) 102905

e
i

a
s
t
f
a
T
b
t
c

t
t
e
d
b
t
w
n

ventually disappear in the far field. Detailed theoretical, experimental and numerical investigations on the evolution of
nitially bore-shaped waves are given by Hammack and Segur [5] and Osborne [6].

More recent publications have described the shape of observed tsunami events as undular bores (e.g. in Takahashi
nd Tomita [7]) with significant peak amplification compared to the initial bore height. Furthermore, Madsen et al. [8]
how that bore-shaped waves are the most realistic representation to tsunami waves at the shore. They point out that
he geophysical scales of ocean basins and continental shelfs are too short to allow soliton separation from the bore
ront before tsunamis reach the shoreline. On the other hand, field observations in very shallow water conditions such as
bove fringing reefs show that the disintegration of the initial bore into trains of solitons can occur (e.g. Tissier et al. [9]).
hus, there exist geophysical scales that provide sufficient propagation distance for significant amplification of undular
ores, leading to the emergence of solitons. An analysis method for reliably determining the number and amplitudes of
he far-field solitons based on the initial near-field bore shape would improve the risk assessment for possibly affected
oastal locations.
Parallel to the research advancement in bore generation and propagation, significant improvements have been made in

he field of nonlinear wave analysis in recent years. The so-called nonlinear Fourier transform (NFT) or inverse scattering
ransform (IST) has been enhanced from a rather theoretical mathematical procedure to practical applications in ocean
ngineering (Osborne [10]). For coastal-engineering applications within shallow waters, the NFT based on the Korteweg–
e Vries (KdV) equation, the so-called KdV-NFT, can be applied (Osborne [10], Brühl [11]). The KdV-NFT method is
ased on the Lax pair of the KdV equation (Gardner et al. [12], Lax [13]) and assumes that the KdV equation governs
he propagation of waves in shallow water with kh < 1.36 (or h/L < 0.22) with wavenumber k, water depth h and
ave length L (Osborne and Petti [14, p. 1731], Osborne [15, p. 2629]). The key feature of the periodic KdV-NFT is the
onlinear spectral decomposition of a given periodic free-surface elevation as function of time, η(x0, t) (time series), or

position η(x, t0) (space series) into cnoidal waves. Since cnoidal waves are the solutions of the KdV equation for periodic
travelling-wave boundary conditions (Korteweg and De Vries [16]), the periodic KdV-NFT separates the underlying cnoidal
waves ηcn,i(x, t) within the original data from other signal representing their nonlinear wave–wave interactions ηint,j(x, t).
Therefore, the KdV-NFT determines the amplitudes of all solitons within the bore, not just the maximum amplitude of
the leading soliton that can be obtained from the theory or empirical equations as given in Section 2.4, Eqs. (14) and (15).

Since cnoidal waves are turning into solitons as their modulus approaches the value of one, the nonlinear spectrum
can also explicitly identify soliton-like components that are already present in the initial bore-shaped wave, but currently
hidden behind the nonlinear interactions. Since the free surface evolves according to the KdV equation, the nonlinear
spectrum evolves according to simple rules (for the vanishing case: Gardner et al. [12]; for the periodic case: Dubrovin
[17], Dubrovin and Novikov [18]).

In coastal engineering, the periodic KdV-NFT has been successfully applied for the analysis of long-period wave
propagation (Brühl [11], Brühl and Oumeraci [19]), of land-slide generated impulse waves (Brühl and Becker [20], Brühl
et al. [21]), and of soliton fission over submerged reefs (Brühl and Oumeraci [22], Brühl and Oumeraci [23], Gossel et al.
[24]). Recently, Brühl et al. [3] presented preliminary qualitative and quantitative results of a larger number of initial
free-surface elevations of non-breaking undular bores propagating in constant depth.

The disintegration of bores into solitons has been shown in several experiments and numerical simulations. A
comparison of soliton amplitudes obtained by inspection of experimental far-field data with soliton amplitudes obtained
with KdV-NFTs from near-field data is shown by Hammack and Segur [5] and Osborne [6]. As shown in Table 1, their
analyses are limited to short bores showing first emerging solitons within the flume length. In all available experimental
studies, the propagation length is limited by the flume length. Furthermore, experimental tests usually provide only time
series data so that a comparative analysis of time and space series is not available.

In this study, experimental results were used to calibrate a numerical simulation. Using the simulation results, we
can observe the bore dynamics over distances that are much longer than those used in previous studies and allow the
complete emergence of all solitons from the initial bore. As indicated in Table 1, the physical flumes of these existing
studies have a length of up to 440 times the water depth. We extend the flume length numerically to 3061 times the water
depth. Therefore, the numerical simulations extend the analysed data range about seven times the experimental flume
length. This allows the complete disintegration of a 16m long initially trapezoidal-shaped bore into solitons. Furthermore,
also for the first time, we compare the accuracy of the soliton parameters extracted from initial time series with those
from initial space series. For comparison, we also analyse all data with the conventional linear Fourier transform (FT). The
spectrogram representations of the results allow easy understanding of the advantages of the nonlinear approach over the
conventional FT analysis. Unlike empirical experimental results or theoretical approaches, the algorithm of the periodic
KdV-NFT can decompose any periodic wave form in shallow water (i.e. within the KdV regime) into their underlying basic
components. It is not limited to specific shapes such as rectangular waves (e.g. as in El [1] or Hammack and Segur [5])
or pre-defined wave theories. Nevertheless, the dynamics underlying the analysed data must approximately satisfy the
KdV that requires low directional spread, no dissipation, and no surface tension. Our 1D simulations use the numerical
Boussinesq-type solver COULWAVE (Lynett et al. [25]) which considers dissipation within the selected wave breaking
model and neglects surface tension (see Section 4).

The main objectives of this study are i) to demonstrate the capabilities of the nonlinear periodic KdV-NFT for analysing
the far-field bore data over long distances using experimentally-validated long-distance numerical simulation results, and
(ii) to verify if the KdV-NFT analyses of time and space series provide similar results. The goal of this study is to establish
2
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Table 1
Experimental parameters and range of analysed bore data in the given references and within this study (with
(x/h)max the maximum relative gauge position for the analysis, (t c0/h)max the maximum relative length of the
analysed time series, and c0 =

√
g h the shallow-water wave celerity). Maximum relative values within this

studies apply to the numerical data.
Parameter Hammack and Segur [5] Osborne [6] This study

Experimental flume length 31.6m 55m 28.7m
Wave maker vertical piston piston-type piston-type
Water depth h 0.05m 0.10m 0.098m
Bore length 0.61m 1.5m, 5m 16m
Bore height 0.05m 0.018m, 0.025m 0.021m
Effective num. flume length n/a 10m 300m
max (x/h) 400 (exp.) 440 (exp.) 3061 (num.)
max (t c0/h) 540 (exp.) 595 (exp.) 4045 (num.)

the nonlinear KdV-NFT as standard tool for the analysis of bore data. In terms of risk assessment, the results will show
that the KdV-NFT can reliably predict the far-field structure of the bore from analysis of initial near-field data.

The paper is structured as follows. The theoretical background is established in Section 2. We give short introductions
o the KdV-NFT (Section 2.1), to the generation (Section 2.2) and classification (Section 2.3) of bore waves, and to solitons
Section 2.4). For the exemplary analysis within this study, we selected a test from physical experiments that were
arried out and analysed preliminary at NUS Hydraulics Laboratory, Singapore (Ujvary [26]). The experimental set-up,
he programme and the pre-processing of the experimental data are presented respectively in Sections 3.1–3.3. Section 4
escribes the numerical simulations with COULWAVE. The obtained far-field space and time series are comparatively
nalysed using the conventional fast Fourier transform (FFT) (Section 5) and KdV-NFT (Section 6). Before discussing the
onlinear analysis results in Section 6.2, we introduce the nonlinear spectrum (Section 6.1). The results are presented as
pectrograms showing the spectral evolution in time and space, respectively. For the validation of the analysis results,
e first investigate the variations within the nonlinear spectra in time and space (Section 7.1). Second, we compare
he spectral-domain and time-domain analysis results (Section 7.2) before we, finally, reconstruct the original data by
nonlinear superposition’1 of the individual solitons within the inverse transform (Section 7.3). Finally, we compare and
iscuss the obtained results and give a summary (Section 8).

. Theoretical background

.1. Nonlinear Fourier transform based on the Korteweg–de Vries equation

The KdV equation was proposed by Korteweg and De Vries [16] to describe the evolution of the free surface η(x, t) of
ong, unidirectional surface waves in shallow-water (with h/L < 0.22) in space and time. For the analysis of space
eries (measured at a fixed timestep t0) and the Cauchy problem (initial value problem) η(x, t0), the space-like KdV
(sKdV) equation is applied. The dimensional form of the periodic sKdV is given as (Miles [27, Eq. (3.1)], Osborne [10,
Eq. (1.4)], Whitham [28, Eq. (13.99)]):

ηt + c0ηx + αηηx + βηxxx = 0, η(x, t) = η(x + Lw, t), (1)

where η(x, t) is the free surface elevation as a function of space x and time t , ηt = ∂η/∂t the vertical velocity of η(x, t),
ηx = ∂η/∂x the partial derivative of η(x, t) in wave direction x, ηxxx the third-order partial derivative in space x of η(x, t),
αηηx the nonlinear convective term and βηxxx the dispersive term. Since periodic travelling-wave conditions are assumed,
η(x, t) = η(x+ Lw, t), the variable x is considered within the interval 0 ≤ x ≤ Lw . The wave celerity or linear phase speed
in shallow-water c0, the coefficients α for nonlinearity, β for dispersion and the relation λ between nonlinearity and
dispersion are constant parameters that depend on the particular physical application (Osborne [10, Sect. 10.1, p. 219]).
For progressive surface waves modelled by the sKdV, these coefficients depend on the water depth h0 and the acceleration
due to gravity g as follows.

c0 =

√
gh0, α =

3c0
2h0

, β =
c0h2

0

6
, λ =

α

6β
=

3
2h3

0
. (2)

For the analysis of periodic time series (measured at a fixed position x0) and the boundary value problem η(x0, t),
the time-like KdV equation (tKdV) is applied, which is obtained from the sKdV equation by changing the space and time
variables: x → t and t → x, k → ω and ω → k (Osborne [29], Karpman [30]):

ηx + c ′

0ηt + α′ηηt + β ′ηttt = 0, η(x, t) = η(x, t + Tw), (3)

1 ’Nonlinear superposition’ within the context of KdV-NFT means the linear superposition of the nonlinear cnoidal waves and their nonlinear
wave–wave interactions within the inverse KdV-NFT. The nonlinear superposition of the spectral results as obtained from direct KdV-NFT returns
the original data. The linear superposition of only the spectral components (cnoidal waves) without their interactions will not provide the initial
data.
3
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ith the modified time-domain coefficients from Eq. (2)

c ′

0 =
1
c0

=
1

√
gh0

, α′
= −

α

c20
, β ′

= −
β

c40
, λ′

=
α′

6β ′
=

3c20
2h3

0
. (4)

For the solution of the tKdV equation with periodic boundary conditions the signal is considered to be periodic with
period Tw . Despite the similar notation and the change of the variable, the space-like KdV is only approximately equivalent
to the time-like KdV (see Karpman [30, p. 64], Osborne [6, p. 251]).

The KdV equation is a partial differential equation that can be solved by various methods, depending on the desired
purpose and application. Solitary wave solutions as discussed in Antonova and Biswas [31] or Girgis and Biswas [32]
provide translatory solitons as solutions. By application of a mathematical procedure called inverse scattering transform
(IST) (IST in general: Gardner et al. [12], periodic IST: Novikov [33]), the KdV equation can be solved also for periodic
travelling-wave boundary conditions in terms of so-called cnoidal waves. Due to the analogy of this method compared
to the application of conventional Fourier transform (FT), the solution of the KdV equation by application of the IST is
called KdV-based nonlinear Fourier transform (KdV-NFT). In engineering terminology, the IST of the KdV equation might
be considered as an extension or as a substitute of the conventional linear FT by a generalization of the linear Fourier
transform for shallow-water waves (Osborne [10, p. xxiii]). For initial conditions η(t, x0) in the linear regime (the small-
amplitude limit), the nonlinear KdV reduces to a linear PDE. In this case, the KdV-NFT provides approximately the same
results as the conventional FT.

Since the KdV-NFT is based on the KdV equation, it provides physically meaningful results only for free-surface waves
that satisfy kh ≤ 1.0, which describes the range of validity of the KdV equation. With regard to the nonlinear interactions,
for practical applications this value can be extended to kh < 1.36 (h/L < 0.22) (Osborne and Petti [14, p. 1731], Osborne
[15, p. 2629]). Larger than these values, the nonlinear wave–wave interactions are governed by the nonlinear Schroedinger
equation and no longer by KdV equation (Osborne [10]).

The most important and fascinating feature of the KdV-NFT is the following: With the help of the KdV-NFT we can
obtain a representation of the whole wave field given only one time series η(x0, t) or one space series η(x, t0). For periodic
travelling-wave solutions, this approach represents the free surface η(x, t) as a linear superposition of N constitutive
nonlinear cnoidal wave components η cn,i(x, t) plus their nonlinear wave–wave interactions η int(x, t) (after Osborne [34,
Eq. (2.4)], Osborne [10, Eq. (1.8)]):

η(x, t) =

N∑
i=1

η cn,i(x, t)  
linear superposition
of N cnoidal waves

+ ηint(x, t)

  
all nonlinear interactions

between the N cnoidal waves

. (5)

The decomposition process of finding the wave parameters for each of the N cnoidal waves η cn,i(x, t) from the free
surface η(x, t) is called the direct KdV-NFT (dKdV-NFT). The nonlinear superposition of these cnoidal waves in the inverse
nonlinear Fourier transform (iKdV-NFT), including the calculation of the nonlinear interactions according to (5), returns
the original signal η(x, t). The interaction term η int(x, t) in (5) is not provided by the dKdV-NFT, but is calculated within
the iKdV-NFT (see Brühl and Oumeraci [35]).

Due to the nonlinear interactions, the underlying spectral structure of this set of cnoidal-wave basic components cannot
be obtained from the free surface elevation η(x, t) by time-domain analysis (except for N = 1). By application of the
KdV-NFT the following parameters can be obtained: The number N of the determined cnoidal waves, their moduli mi,
amplitudes ai, wave numbers ki or frequencies ωi or fi, and phases ϕi. For details see Osborne [10] and Brühl [11]. Based
on the determined values of mi, the cnoidal waves can be classified as oscillatory waves (for mi ≤ 0.99) with the values ak,
kk, ωk or fk (with fk = ωk/2π ) and ϕk, or solitons2 (for mi > 0.99) with Aj, Kj, Ωj or Fj (with Fj = Ωj/2π ) and Φj. In order
to better distinguish between oscillatory waves and solitary waves (solitons), the parameters of the solitary waves are
denoted by capital letters. The definitions of the wave parameters are given in the Appendix. An example of a nonlinear
spectrum is given in Fig. 11 and described in Section 6.1. Further details on the mathematical and numerical background
of the methods are given in Osborne [10], Brühl [11] and Brühl and Oumeraci [36].

Note that the KdV-NFT is very versatile since cnoidal waves incorporate all classic wave theories (Airy, Stokes and
solitary waves). Hence, it can be applied to various types of free-surface wave data in coastal engineering.

In addition to the cnoidal-wave representation given above, the general spectral solution to the periodic sKdV can also
be written as a linear superposition of so-called hyperelliptic functions µi(x, t) (Osborne [10, p. 220, Eq. (10.6)]):

λη(x, t) = −E1 +

i=1∑
N

[2µi(x, t) − E2i − E2i+1] , (6)

2 By definition, a soliton is a translatory wave of permanent shape. Within the context of the periodic KdV-NFT, highly nonlinear cnoidal waves
with modulus m > 0.99 are similar to solitons. They are periodic, but within the analysed time or space window they provide the typical soliton
haracteristics with only one crest and no trough. This crest has nearly the same shape, size and celerity as a soliton of the sKdV or tKdV, respectively,
ith the same amplitude A (see Eqs. (10) and (12)). For brevity, we also refer to cnoidal waves with modulus m ≥ 0.99 as solitons from here on.
4
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Fig. 1. Definition of key parameters for bore accumulation during constant velocity of the paddle.

with λ as in Eq. (2). The Ei (1 ≤ i ≤ 2N + 1) are constant eigenvalues that are derived by the KdV-NFT algorithm. The
hyperelliptic functions can be considered as a less complicated intermediate step towards the cnoidal-wave representation
in Eq. (5). The µ-functions already provide the information about the solitons in the wave field (Osborne [10, Ch. 17.7,
p. 446]).

2.2. Generation of bores in wave flumes

Bores in wave flumes can be generated by pushing a still-water body by a wave paddle with velocity vp, as shown
in Fig. 1. The horizontal flow velocity ub under the bore is assumed to be constant over the vertical plane (Stoker [37,
p. 316]) and equal to the wave-paddle velocity (ub = vp). For the generation of trapezoidal-shaped bores, the paddle is
linearly accelerated from vp = 0 to vp = ub (with ub according to the target Froude number Frb,nom in Eq. (8)), then moves
with constant velocity, and finally is decelerated back to vp = 0. During the acceleration and deceleration phase of the
paddle, the sloped bore front and back are generated, and the constant motion generates the bore plateau. The length of
the bore corresponds to the length of the bore plateau. The initial bore (or discontinuity) with height ηb propagates in
still-water with initial depth h0 with constant bore-front celerity Ub (Stoker [37, Sect. 10.6]). The relation between the
bore height hb over the bottom and the bore height ηb over SWL is hb = (ηb + h0) (see Fig. 1).

Within this study, the propagation of the free surface is characterized by the strength of the bore in terms of the
dimensionless bore Froude number Frb (Stoker [37], Liggett [38, Sect. 8.4.2])

Frb =
Ub − u0
√
gh0

, (7)

with g the acceleration due to gravity, Ub the bore-front celerity, and u0 the initial fluid velocity at initial depth h0. Note
hat a Froude number Frb > 1 is required for the formation of a bore.

The required paddle velocity vp = ub for the target Froude number Frb,nom is (Liggett [38, Eq. (8.124)])

ub

c0
= Frb,nom

√
1 + 8 Fr2b,nom − 3√
1 + 8 Fr2b,nom − 1

. (8)

With the measured depths in front of and under the bore, h0 and hb, the actual bore Froude number Frb can be
alculated employing the bore relations from the measured and simulated data as (after Liggett [38, Eq. (8.123)])

Frb =

√
1
2

(
hb

h0
+

1
2

)2

−
1
8
. (9)

While Eq. (9) is derived under the assumption that the bore front is breaking, Barranco and Liu [39] showed that the
bore relations also provide good estimations for undulating bores.

2.3. Classification of bores

The properties of propagating bores can be characterized based on the bore relation hb/h0 or the bore Froude number
Frb in Eq. (7). In literature, usually Frb is used to define three different types of bore waves as described by Miller [40,
p. 4506]: (i) Undulating bores, also called waves of translation or Favre waves3, show values Frb ≤ 1.25 to 1.27. (ii) Fully
developed or breaking bores are described for values Frb ≥ 1.55. (iii) Undulating-breaking bores are obtained when bores

3 Favre [41, Ch. 7] was the first to show the phenomenon of undular bores in experimental tests.
5
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tart to break but still have undulations (1.25 ≤ Frb ≤ 1.55). Similar limits were observed recently by Barranco and Liu
39]. Analytical definitions of limits for the bore regimes require further research.

In this study, experimental and numerical data from an undulating non-breaking bore with nominal bore Froude
umber Frb,nom = 1.20 are analysed in order to validate the ability of the KdV-NFT to determine the far-field solitons
rom near-field data.

.4. Solitary waves and their connection to undular bores

The solitary wave (or soliton) is a translatory wave (Russell [42, Tab. 1]) of permanent shape with only one crest and
o trough. The solitons we consider in this paper are solutions to the KdV equation. The soliton solution of the sKdV,
ritten as a function of the soliton amplitude A4 above SWL and the phase Φ , with the constants h0 and g for water
epth and acceleration due to gravity, respectively, is (after Dean and Dalrymple [43, Eqs. (11.84) and (11.81)], Osborne
10, Ch. 1.2.2])

η(x, t) = A sech2

[√
3A
4h3

0
x −

√
3Ag
4h2

0

(
1 +

A
2h0

)
t − Φ

]
. (10)

he wave number and the angular frequency as obtained from Eq. (10) for the sKdV are K =

√
3A/(4h3

0) and Ω =√
3Ag/(4h2

0) (1 + A/(2h0)), respectively. x and t are the variables for position and time.
The nonlinear wave celerity C of a soliton in the sKdV is (after Dean and Dalrymple [43, Eq. (11.81)], Osborne [10,

h. 1.2])

C =
Ω

K
= c0

(
1 +

A
2 h0

)
, (11)

here c0 =
√
gh0 is the wave celerity in shallow water.

For the tKdV, the soliton solution as a function of the wave parameters A and Φ , and the constants h0 and g is

η(x, t) = A sech2

[√
3A
4h3

0

(
1 −

A
2h0

)
x −

√
3Ag
4h2

0
t − Φ

]
. (12)

ere, the wave number and the angular frequency as obtained from Eq. (12) for the tKdV are K =

√
3A/(4h3

0) (1 − A/(2h0))

nd Ω =

√
3Ag/(4h2

0), respectively.
After interactions with other wave packets, solitons regain their old shapes once the interactions have ceased (Ablowitz

nd Kodama [44]). Thus, if an initial bore-shaped free-surface near-field signal contains Nsol hidden solitons, then in the
ar field and after a particular time, these solitons emerge from the undulating non-breaking bore and form a train of
olitons with different amplitudes (Lamb [45, p. 52]) (e.g. as in Hammack and Segur [5, Fig. 3] and Osborne [6, Fig. 3]).
ue to the amplitude dispersion of the solitons (see Eq. (11)), the wave celerity increases with their height, and the larger
olitons leave the bore behind earlier than the lower ones and become visible as discrete rank-ordered solitons without
ignificant interactions (see e.g. Figs. 5 and 6). That is, after a sufficiently long time t , the resulting free surface from the
sol separated solitons can be written for the tKdV as (after Prins and Wahls [46, Eq. (4)], Schuur [47]):

η(x, t) ≈

Nsol∑
j=1

Aj sech2

[√
3Aj

4h3
0

(
1 −

Aj

2h0

)
x −

√
3Ajg
4h2

0
t − Φj

]
. (13)

For the asymptotic solution in the far field (without the oscillatory tail), the amplitude A1 of the leading soliton cannot
exceed twice the maximum initial free surface elevation η(x, t0) at any timestep t0 (El [1, Eq. (70)], Segur [48, p. 732]):

A1 < 2max(η(x, t0)). (14)

n case of sufficiently long and high bores with initial bore height ηb, the final far-field amplitude A1 of the leading, largest
oliton can be expected to be (El [1, Sect. 3.8], Galindo and Pascual [49, Sect. 4.3], Giovanangeli et al. [50, Sect. II.B], Osborne
51, Sect. 8], Prins and Wahls [52, Sect. 5.3]):

A1 ≈ 2 ηb = 2 (hb − h0), (15)

here A1 is the amplitude of the first, leading soliton in the far field that has already completely emerged from the bore
ront, ηb the height of the initial trapezoidal-shaped bore before the undulations start to develop, hb is the depth under
he bore, and h0 is the initial depth in front of the bore (see Fig. 1).

4 Note that for solitary waves that have no wave trough the wave amplitude A is identical with the wave height H , thus A = H .
6
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Fig. 2. Experimental set-up in the wave flume at NUS with wave gauges CG1 to CG4 at positions x =5.193m, 9.887m, 14.882m, and 18.869m.

3. Experimental set-up, programme and data pre-processing

3.1. Experimental set-up

We conducted a set of bore experiments with different strengths and different water depths in the wave flume at
the Hydraulic Engineering Laboratory at National University of Singapore (NUS) (see Fig. 2). The wave flume has a length
of 36m, and both width and height are 0.9m. The flume is equipped with a piston-type wave maker with a stroke of
smax = 5m, maximum velocity of vmax = 2.5 m/s, and maximum acceleration of amax = 3.5 m/s2 that allows the
generation of long-period waves and bores (Barranco [53, Sect. 3.3]).

The bores are generated by accelerating the piston-type paddle from the initial position xi at rest with a constant
acceleration a to the desired paddle velocity vp, then moving the paddle with the constant velocity over a period of time,
and finally decelerating the paddle with a deceleration d = −a until it stops. Thus, a trapezoidal shape of the initial free
surface is generated. We measured the generated surface displacement of the propagating bore with four capacity gauges
CG1 to CG4 at positions x =5.193m, 9.887m, 14.882m, and 18.869m (see Fig. 2), with CG1 being located 0.193m behind
the maximum-stroke position of the wave paddle. Since the focus of this study is the investigation of the propagation and
fission of an incident non-breaking bore, the gauge positions and the time frame for the data analysis are selected such
that only the incident bore without reflection from the end of the flume is considered.

3.2. Experimental programme

The experiments generated a total of 44 different bores. A first systematic analysis of the 19 bores with acceleration
a nom = 0.1 m/s2 using KdV-NFT has been presented in Brühl et al. [3]. In that study, we have analysed the leading-bore
amplitudes for non-breaking and breaking bores with different strengths in different water depths in order to validate
the KdV-NFT results for non-breaking bores, and to show the limitations of wave breaking on the spectral results.

In the present study, we selected experiment No. 20 with a non-breaking undular bore for the exemplary and detailed
discussion of the application of KdV-NFT to the bore data. The nominal values of the selected experiment are: Frb,nom =

1.20, s nom = 4m, vp,nom = 0.249 m/s, h0,nom = 0.1m, a nom = 0.1 m/s2, d nom = −0.1 m/s2. The wave-paddle velocity
p,nom has been calculated by Eq. (8) based on the nominal bore Froude number Frb,nom and the nominal water depth
0,nom.

.3. Data pre-processing

Before applying the analysis algorithms, we shifted the zero-level of the test data to the mean elevation of the first
wo seconds of each signal (’zero correction’, see Fig. 3) in order to let the elevations start at SWL. Then we applied the
o-called time-domain Savitzky–Golay filter (Orfanidis [54]) in order to remove possible temporary high-frequency noise
e.g. by occasional vibration of the wave gauge). Since the KdV-NFT algorithm turned out to be sensitive to small variations
n the calibration factors of neighbouring gauges during our analysis, we scaled all data to compensate for these variations.
n detail, we assumed that the volume of the bore that passed the four close-by gauges is a constant and integrated the
ositive bore elevations over time. We then determined the two gauges with the least deviation and defined the mean
alue at these two gauges as the target value. Finally, we scaled the elevations at all four gauges with respect to the
arget value. The integration results for the selected experiment No. 20 show a difference of about −2.5% between the
owest value at CG4 compared to the maximum value at CG3. Finally, we scaled the elevations at CG1 to CG4 by factors
.0137, 1.0009, 0.9991 and 1.0252, respectively. Thus, scaling in experiment No. 20 provides only relatively small changes
n the data. Nevertheless, we apply scaling to all data as part of the standard pre-processing for the bore data before
pplying linear and nonlinear frequency domain analyses. Note that the still water level below the threshold value (here:
≥ 0.0005m) before the bore front and after the bore tail is excluded from the scaling. Finally, we used the filtered and
caled data as basis for further pre-processing and the subsequent analyses within this study.
In the next step, we first defined time frames to eliminate reflected and re-reflected waves from the incident bore

see Fig. 3) and truncated the data after the bore tails. Furthermore, for the comparative analysis within this study, we
7
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Fig. 3. Imported free-surface data of experiment No. 20 (with nominal values h0,nom = 0.10m, s nom = 4m, a nom = 0.1 m/s2 , d nom = −0.1 m/s2 ,
nd v nom = 0.249 m/s), recorded at wave gauges CG1 to CG4, after zero correction of the data by mean of time interval 0 ≤ t ≤ 2 s. For t ≲ 33 s,
he plot shows the incident bores, followed by waves that are reflected at the end of the flume and, finally, re-reflections from the paddle. Green
eft-pointing arrows indicate bore propagation down the flume, red right-pointing arrows show bores propagating back to the wave maker. (For
nterpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

eglect the negative depression behind the bore since it is caused by the sudden stop of the wave maker, and concentrate
n the propagation and evolution of the positive elevations of the bore (η > 0). After replacing the truncated sections
y zeros and rounding off the generated sharp edges by a spline interpolation, we adjust the number of zeros to ensure
hat all four gauge data within one experiment are given the same duration Tw and number of samples. Fig. 4 shows the
inal results after pre-processing for experiment No. 20: The blue curves show the pre-processed original data after zero
orrection, filtering and scaling, the red curves represent the sections where negative elevations have been truncated and
eplaced by zeros. Note that in this approach we ignore the effect of the trough on bore propagation and soliton fission.
umerical simulations of these experiments with and without trough had shown that the presence of the trough does
ot affect the leading undulations and large solitons at the bore front. At the bore back, the trough affects the soliton
volution and leads to smaller soliton amplitudes than without trough. Therefore, we can assure that the consideration
f only the positive elevation of the bore does not affect the results for the leading, hazardous solitons at the bore front.

. Numerical simulations of far-field bore propagation

The experimental results in Fig. 3 clearly show that the propagating bore undulates from gauges CG1 to CG4, and that
lear peaks are observed at the bore front. Unfortunately, due to the limited length of the wave flume the separation of
iscrete solitons at the bore front cannot be observed experimentally before the bore is reflected at the slope at the end of
he flume. Therefore, we used the numerical model COULWAVE (Lynett et al. [25]) to numerically propagate the incident
ore. The numerical model uses a finite-volume scheme for spatial discretization and a 4th-order iterative predictor–
orrector scheme for the time integration. By introducing the pre-processed experimental data from gauge CG1 as input
ime series at the left boundary, we numerically reproduced the experiment (see Fig. 4a).5 For the numerical simulation,
e introduce a new reference frame with time t ′ and shifted space x′. The definitions of the different variables are given

n Table 2. In order to obtain complete separation of the initial bore into solitons, the bore is propagated numerically up to
distance of x′

= 500m to allow the complete far-field train of solitons to pass the position x′
= 300m (effective flume

ength, relative distance x′

0/h = 3061, with depth h = 0.098m and x′

0 the gauge position in the numerical simulation,
here x′

= 0 corresponds to the location of CG1). The time-series data are obtained at 206 numerical gauges in the
OULWAVE simulation of experiment No. 20 in the interval x′

= [0.01m, 400m]6 with sampling rate ∆t ′ = 0.0075 s
(with t ′ the time in the numerical simulation). The space-series data are calculated within COULWAVE at 1001 timesteps
within the interval t ′ = [0 s, 500 s] with sampling rate ∆t ′ = 0.5 s. The spatial resolution is ∆x′

= 0.0098m. In this

5 The numerical simulations as presented in Figs. 5 and 6 are conducted with the following internal settings: (i) using the one-layer model
that is referred to as the ’fully nonlinear, extended Boussinesq equation’, (ii) fully nonlinear simulation, (iii) weakly rotational model, (iv) finite
volume solver with, (v) wave generation using the pre-processed free-surface time-series data of gauge CG1 from Fig. 4a as the input data, (vi)
wave-modification factor remaining at the value 1, (vii) the number of grid points per wavelength set as 100, and the Courant number set as 0.25,
(viii) the length of the numerical flume is set to 500m in order to provide sufficient propagation length, (xi) transport-based wave breaking model
is used, (x) friction is neglected, and (xi) we iterated the input data based on the simulation results for x′

= 0.01m until the target data were met
t this position.
6 The numerical gauges are located at x′

= 0.01m (called CG1’), 0.05m, from 0.5m to 4.5m in steps of ∆x′
= 0.5m, at locations CG2’ to CG4’

t 4.694m, 9.689m and 13.676m, respectively, at 15.0m and from 20.0m to 400.0m in steps of ∆x′
= 2.0m.
8
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Fig. 4. Pre-processed free surface at CG1 to CG4 from experiment No. 20 after cutting and replacing the negative elevations: Original samples after
zero correction, filtering and scaling (blue lines) extended by zeros (red lines) in order to eliminate negative elevations at the back of the bore and
to provide identical sample numbers in the data. (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)

section, we give a short description of the numerical results. For further details on COULWAVE and the internal settings
see Lynett et al. [25].

Since we used the data at gauge CG1 (measured at x = 5.193m in the wave flume) as input for the wave generation
at position x′

= 0 in the numerical model, all numerical gauges are shifted by 5.193m. Thus, the locations of the three
umerical gauges CG2’, CG3’ and CG4’ are x′

= 4.694m, 9.689m and 13.676m, respectively. An additional numerical
auge, denoted as CG1’, is placed at x′

= 0.01m to allow comparison of the generated surface elevation with the target
nput data. The small difference in position of CG1 and CG1’ is neglected in the following. The down-wave propagation
f the bore is captured by additional numerical wave gauges that are placed in the far field starting at x′

= 20m until
′
= 400m with spacing ∆x′

= 2m.
The comparison in Fig. 5 presents the pre-processed experimental gauge data for CG1 to CG4 (blue curves) from Fig. 3

nd the numerical data (red curves) for the gauges CG1’ to CG4’, respectively. The simulation results clearly show that
OULWAVE reliably simulates the behaviour of the bore in the near field as measured at the experimental wave gauges.
he only deviations we observed are small time shifts and decreased peak elevations of the leading undulations at gauges
G2’ and CG3’. At CG4’, these deviations are not present anymore. Therefore, we consider these small variations to be
egligible for the following analyses and assume that COULWAVE is reliably simulating the bore propagation from near
ield to far-field locations.

After we have seen the development of undulations from gauges CG1 to CG4 in the previous figures, Fig. 6 presents
he simulation results of experiment No. 20 at selected far-field gauges at positions x′

= 100m, 200m and 300m. The
ar-field simulations clearly show that the undulations at the bore front in the near-field data evolve into discrete solitons
ntil the initial bore is completely consumed. In Fig. 6a at position x′

= 100m, the solitons have not completely separated
et and the troughs between successive solitons still show elevations significantly larger than zero. At position x′

= 200m
n Fig. 6b, the solitons 2 to 8 have not completely separated yet. Finally, in Fig. 6c at x′

= 300m all solitons have
ompletely evolved out of bore and propagate individually without being significantly affected by mutual interactions.
ue to amplitude dispersion of the propagating solitons, the width of the soliton train is further increasing and the trough
levations are close to zero, as can be seen by from Fig. 6a to Fig. 6c.
The time- and frequency-domain analyses that we will discuss in the next sections are obtained by applying the

ifferent methods on the numerical COULWAVE simulation data of experiment No. 20.

. Linear frequency-domain analysis of the bore data

In this section we apply the fast Fourier transform (FFT) as a linear frequency-domain analysis method on both time

nd space series from the numerical simulation data. Selected numerical time-series data were already presented in Figs. 5

9
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Fig. 5. Comparison of pre-processed near-field data η(x0, t) for experiment No. 20 obtained from gauges CG1 to CG4 (filtered and scaled data with
zero extension, blue lines) and η(x′

0, t ′) from numerical simulation gauges CG1’ to CG4’ (red lines) at numerical flume positions x′
= 0.01m, 4.694m,

9.689m and 13.676m. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 6. Numerical far-field simulation data for experiment No. 20 at numerical locations x′
= 100m, 200m and 300m, showing 23 solitons evolving

out of the initial bore from Fig. 5.

and 6. In Section 6, we will compare the results obtained in this section with the results from nonlinear frequency-domain
analysis with the periodic KdV-NFT.

For the frequency-domain analyses we define a new reference frame with time t̃ and space x̃, respectively, that moves
with the initial bore-front celerity Ub (see Figs. 7 and 8).7 The definitions of the different variables are given in Table 2.

7 In KdV analysis, usually ‘retarded’ time and space frames are used that move with c0 =
√
gh0 because then the second component of the KdV

quation vanishes. As a result, all solitons propagate faster than the retarded frame. In contrast, the selection of Ub as reference celerity within this
tudy allows (more descriptive) positive and negative relative celerities of the solitons compared to Ub . Nevertheless, the selection of the reference
elerity will not affect the KdV-NFT analysis results.
10
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Table 2
Definition of time and space variables in the experimental data, the numerical simulations, and
the moving analysis windows.
Name Symbol Definition

Absolute position x Zero at paddle

Absolute time t Zero 3.77 s before bore arrives at
CG1.

Simulation frame position x′ x′
= x − 5.193m

Simulation frame time t ′ t ′ = t

Position at which the nth time
series is taken (position of the
numerical gauge).

x′

0 The time series is η(t ′, x′

0). Value
depends on the time series!

Time point at which the nth
space series is taken.

t ′0 The space series is η(t ′0, x
′). Value

depends on the space series!

Moving frame position of the
nth space series

x̃ x̃ = x′
− t ′0Ub + 80.18m

Moving frame time of the nth
time series

t̃ t̃ = t ′ + 6.23 s − x′

0/Ub , Ub = 1.136 m
s

Fig. 7. Spatio-temporal evolution of the free surface time-series η(x′

0, t̃) of the initial bore of experiment No. 20 from COULWAVE simulation, plotted
over moving relative time (t̃ Ub)/h at relative positions x′

0/h = 46.94 to 3061. Data at CG1’ to CG4’ are used for validation of the numerical results.
Data at x′

0/h = 1020, 2041 and 3061 are used within the following analyses and, therefore, plotted in red. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

The size of the moving frames are Tw = 76 s and Lw = 90m, respectively. These windows are large enough such that both
the larger and faster as well as the lower and slower solitons stay within these windows during the whole simulation.

The initial depth and the mean depth under the bore in test No. 20 were h0 = 0.098m and hb = h0 + ηb =

0.098 m + 0.0196 m = 0.1176 m, respectively. The Froude number (9) is thus Frb =1.149 (with Frb,nom = 1.20) and
Ub follows from Eq. (7) as Ub = 1.136 m/s (with u0 = 0). As can be seen in Figs. 7 and 8, the emerging solitons with
A>ηb propagate faster than Ub and, thus, the moving time frame. In contrast, the backside-solitons with A<ηb propagate
slower than Ub.

In Figs. 7 and 8, the data are plotted over relative time and position. For clarity of the figures, not all time and space
data are plotted here. Nevertheless, all data up to x′

0/h = 3061 and (t ′0 Ub)/h = 4501, respectively, are used for the spectral
analysis. Selected gauge data that will be discussed in more detail below are plotted in red.

As can be seen in the figures, the free-surface shape of the bore changes continually and significantly as the bore
propagates in time and space. Finally, a train of solitons emerges from the initial trapezoidal-shaped bore. Thus, the
conventional linear FFT spectra of the different time and space series also are expected to change with time and space.
11
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Fig. 8. Spatio-temporal evolution of the free surface space-series η(x̃, t ′0) of the initial bore of experiment No. 20 from COULWAVE simulation, plotted
over moving relative position x̃/h at relative timesteps (t ′0 Ub)/h = 209 to 4640. Data at (t ′0 Ub)/h = 209, 1502, 3004 and 4501 are used within the
following analyses and, therefore, plotted in red. (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)

The results of the linear FFT are plotted as amplitude–frequency and amplitude–wavenumber spectrograms over relative
position and timestep in Figs. 9 and 10, respectively. The FFT amplitudes are given in Figs. 9 and 10a as colour contours
for frequencies and wavenumbers in the range f = [0, 2 Hz] and k = [0, 2 Hz/Ub], respectively. In Figs. 9b–d and 10b–d,
he FFT amplitude–frequency and amplitude–wavenumber spectra of the time series at the selected relative positions and
imesteps are presented. The according time and space series are highlighted in Figs. 7 and 8 as red lines.

The spectrograms clearly show that the obtained amplitude–frequency spectra are depending on the relative position of
he wave gauge or the timestep. These spectra show that, for example, after a relative propagation distance of x′/h > 500
suddenly frequency components around f = 1.25 Hz appear that then are shifted downwards with increasing propagation
distance. The plots also show that for increasing propagation distance the amplitudes of the FFT components with
f < 0.25Hz decrease significantly. Thus, in the FFT spectrograms energy is transferred from low-frequency components to
higher frequencies as the solitons emerge from the propagating bore. Similar results are obtained for the FFT spectrogram
of the space series in Fig. 10. In the latter spectrogram, the maximum low-frequency amplitude does not decrease, but the
energy shift is provided by a decreasing width of the low-frequency peak. In general, in the example spectra the number of
peaks increases and their frequencies, initially shifted to higher frequencies as the undulations start to develop, now shift
to lower frequencies as the bore propagates over a long distance. Therefore, the analysis results confirm the expectation
that the linear spectra of the propagating bore are functions of space and time.

The final conclusion is that the conventional linear FFT does not seem to simplify the analysis of the propagation and
transformation of the initial bore. The spectral results strongly depend on the position of the wave gauge, and the detection
of the higher frequency components and their frequency shifts requires quite large propagation lengths. Furthermore, even
if the FFT spectra show frequency shifts, the soliton structure is not evident in the FFT plots.

6. Nonlinear frequency-domain analysis of the bore data using KdV-based nonlinear Fourier transform (KdV-NFT)

Within this section, the numerical data obtained from COULWAVE simulations are analysed using the KdV-based
periodic nonlinear Fourier transform (Osborne [10], Brühl [11]) in order to separate the underlying nonlinear cnoidal
waves (including discrete solitons) from their nonlinear interactions. First, an example for the nonlinear KdV-NFT
spectrum is presented and explained (Section 6.1). Second, the numerical time and space series obtained from COULWAVE
simulation of experiment No. 20 are analysed using the periodic KdV-NFT 6.2. Finally, the results of the KdV-NFT analysis
of the bore data are summarized 7.4.

6.1. The nonlinear KdV-NFT spectrum

We start the discussion of the nonlinear analysis results with the exemplary KdV-NFT amplitude–frequency spectrum
in Fig. 11. This so-called ’nonlinear spectrum’ is obtained by applying the periodic KdV-NFT to the numerical COULWAVE
12
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C

Fig. 9. Amplitude–frequency spectrogram of conventional linear FFT applied to the 206 time series at relative positions x′

0/h from COULWAVE
simulations. The FFT amplitudes are given as colour contour in a). For the selected positions x′

0/h = 0.1 (CG1’), 1020, 2041 and 3061 (marked with
white dashed lines) the amplitude–frequency spectra are also given explicitly in b) to d). (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

Fig. 10. Amplitude–wavenumber spectrogram of conventional linear FFT applied to the 850 space series at relative timesteps (t ′0 Ub)/h from
OULWAVE simulations. The FFT amplitudes are given as colour contour in a). For the selected timesteps (t ′0 Ub)/h = 209 (first timestep that

shows complete initial bore), 1502, 3004 and 4501 (marked with white dashed lines) the amplitude–wavenumber spectra are also given explicitly
in b) to d). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
13
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Fig. 11. Periodic KdV-NFT spectrum of the time series at numerical wave gauge CG1’ in experiment No. 20 (see upper-right plot within the figure),
with the amplitudes Aj of the solitons (red bars), the amplitudes ak of the oscillatory waves (blue triangles, both on upper left axis), and the moduli

i (green-dashed curve, upper right axis). (For interpretation of the references to colour in this figure legend, the reader is referred to the web
ersion of this article.)

ime-series data η(t ′) obtained at gauge CG1’. The nonlinear spectrum can be read in analogy to the spectra provided
y the conventional linear FFT. The wave amplitudes ak (blue triangles) of the nonlinear spectral radiation components
oscillatory waves) are plotted on the upper left axis as function of the frequencies fk on the right axis.8 The main
dvantage of KdV-NFT is the decomposition of the given data into nonlinear cnoidal waves or hyperelliptic µ-functions
nstead of linear cosine waves as in FFT. Since the µ-function representation already contains the number and the
mplitudes of the determined solitons, we use the parameters obtained from the easier-to-access hyperelliptic functions
n the following discussion. Therefore, each combination of frequency (or wavenumber), amplitude and modulus (fk or
k, ak and mi < 0.99 for oscillatory components, and Fj or Kj, Aj and mi ≥ 0.99 for solitons (see Brühl [11, Eqs. (3.8) to
3.12)]) represents one hyperelliptic function µi from Eq. (6).

In order to clearly distinguish in the plotted spectrum between oscillatory components (’radiation’) and solitons,
he latter are presented with negative frequencies Fj or wave numbers Kj. This allows to sort the amplitudes within
he spectrum according to their height and avoids the overlay of solitons and radiation components. Nevertheless,
ndependent of the negative wavenumber the soliton-like components have only one crest within the analysed time
r space window. Every amplitude Aj (red bars) represents one soliton that is identified by the KdV-NFT within the
nalysed data. Thus, the nonlinear spectrum consists of the soliton spectrum (left part), and the radiation spectrum with
he oscillatory waves (right part), see Fig. 11. The reference-level values that separate the two parts are Fref = 0 and
ref = 0. For a given combination of water depth and amplitude, the nonlinearity, and thus the modulus mi, typically
ncreases with decreasing kk or fk. The latter implies that the relative water depth h/Lk decreases with increasing period
k or wave length Lk. If the relative water depth is sufficiently small, then the determined cnoidal waves are solitons
nstead of low-frequency oscillatory waves. The reference-level frequency of fref = 0 Hz in Fig. 11 defines the threshold
etween oscillatory waves (radiation) and solitons.
The soliton spectrum for gauge CG1’ of experiment No. 20 shows the presence of 23 solitons that are plotted as red

ars, exactly as expected from the simulation results in Figs. 6–8. The phase spectrum is not presented here, but would
e required for the exact reconstruction of the given original data, just as in the inverse FFT. In case of space series η(x),
he values of ak, Aj and mi are obtained for each wave number kk and Kj, respectively.

Similar to the results for the radiation within this example spectrum, in all analysed time and space series the radiation
mplitudes are very small. Thus, we consider the propagating bores to be dominated by the identified solitons. Radiation
s of minor importance for the evolution of the free surface. Therefore, in the following discussions of KdV-NFT results
e focus on the soliton spectra.

.2. Nonlinear KdV-NFT analysis of data from numerical simulation

In analogy to the procedure we applied in Section 5, the numerical time and space series are also analysed using
eriodic KdV-NFT. The resulting nonlinear spectrograms for the soliton spectra are presented in Fig. 12a and Fig. 13a. The
oliton amplitudes, Aj, are plotted as colour contour over relative gauge position x′

0/h and relative timestep (t ′0 Ub)/h. For
he relative positions x′

0/h = 0.1, 1020, 2041 and 3061 and the relative timesteps (t ′0 Ub)/h = 209, 1502, 3004 and 4501,
espectively, as marked by the dashed lines, the nonlinear spectra are plotted in subfigures b) to d).

8 The radiation amplitudes ak and the moduli mi are determined as discrete values for each value within the frequency vector. For better clarity,
the moduli are plotted here in line representation without markers.
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Fig. 12. Nonlinear amplitude–frequency spectrogram of KdV-based periodic time-like nonlinear Fourier transform (tKdV-NFT) applied to the 206
time series at relative positions x′

0/h from COULWAVE simulations. The soliton amplitudes are given as colour contour in a). The radiation spectrum
s not presented in the plot. For the selected positions x′

0/h = 0.01, 1020, 2041 and 3061 (marked with white dashed lines) the amplitude–frequency
spectra are also given explicitly in b) to d). (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

The most important difference between the linear FFT spectra in Fig. 9 and the nonlinear KdV-NFT spectra in Fig. 12
is (i) the visibility of discrete solitons in the nonlinear spectra instead of the large low-frequency components in the
linear FFT spectra, and (ii) the permanence of the number and amplitudes of the solitons along the spatial and temporal
propagation of the bore. The soliton amplitude–frequency spectra do not change significantly over propagation distance.
They are independent of the gauge position, but provide reliable results right from the near-field gauges. The nonlinear
spectrogram for the space-series analysis in Fig. 13 confirms the results obtained from the time-series analyses. Again,
the nonlinear soliton-amplitude spectra remain nearly constant as the bore propagates and develops undulations, and the
solitons emerge out of the bore front.

In general, the results of the space-series analyses obtained within this study confirm the results previously obtained
from application of KdV-NFT on the time series. This is not self-evident since, as mentioned above, the space-like KdV is
only approximately equivalent to the time-like KdV (see Karpman [30, p. 64], Osborne [6, p. 251]).

7. Validation of the KdV-NFT analysis results

In this section, we validate the KdV-NFT results by different approaches: (i) We show that the amplitudes that are
determined from time and space series at different positions and timesteps are constant and do not depend on gauge
position or simulation timestep and, furthermore, meet the expected values for the maximum amplitude from literature
(see Section 7.1). (ii) We show that the soliton amplitudes determined from the nonlinear spectra agree with the far-field
peak elevations obtained from time-domain analyses of the simulated data 7.2. (iii) We show that the soliton amplitudes
for the four gauges CG1’ to CG4’ determined with the periodic KdV-NFT as described herein are nearly identical with
the amplitudes obtained from an alternative approach, and that the nonlinear superposition of the solitons, including the
nonlinear wave–wave interactions, returns the initial data 7.3.

7.1. Stability of the KdV-NFT analysis results in time and space

The expected amplitude A1 of the leading far-field soliton according to Eq. (15) is twice of the initial bore height ηb.
he plot of the bore at CG1 in Fig. 5a shows that the plateau of the bore is not perfectly flat. Thus, for the analyses within
his study we decided to calculate the mean bore plateau height for the whole plateau length (here from t ′ = 4.725 s to
′
= 15.590 s) and to set it to the initial bore height, η = η = 0.0196m.
b b
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Fig. 13. Nonlinear amplitude–frequency spectrogram of KdV-based periodic space-like nonlinear Fourier transform (sKdV-NFT) applied to 814 space
eries at relative timesteps (t ′0 Ub)/h from COULWAVE simulations. The soliton amplitudes are given as colour contour in a). The radiation spectrum
s not presented in the plot. For the selected timesteps (t ′0 Ub)/h = 209 (first timestep that shows complete initial bore), 1502, 3004 and 4501
marked with white dashed lines) the amplitude–wavenumber spectra are also given explicitly in b) to d). (For interpretation of the references to
olour in this figure legend, the reader is referred to the web version of this article.)

Fig. 14 compares the results for the leading amplitudes from time-domain analysis and nonlinear Fourier transform.
he maximum elevations ηmax(x′

0) and ηmax(t ′0)
9 are plotted as black and blue lines in function of relative position and

timestep, respectively. The upper plot in a) shows the dimensional values and the lower plot in b) uses non-dimensional
amplitudes, normalized by the (here: mean) bore height ηb. The amplitudes A1 of the leading solitons as obtained from
he KdV-NFT of the time and space series are given as dot-dashed lines.

The initial trapezoidal shape of the bore shows a maximum elevation of ηb,max = 0.0209m. Thus, the black curve in
Fig. 14b, obtained from COULWAVE simulation time series, starts at relative value ηmax(x′

0)/ηb = 1.07. The blue curve,
btained from COULWAVE simulation space series, starts at t ′ = 17.99 s (relative value (t ′0 Ub)/h = 209) after the bore

emerged completely out of the left boundary of the generation domain. At this timestep, the maximum elevation is
ηmax(t ′0) = 0.038m and the relative elevation is ηmax(t ′0)/ηb = 1.916. As expected, the time-domain analysis results
of the COULWAVE time and space series show the same results. When the bore propagates, the undulations and thus the
maximum elevations grow. After about x′/h = 1000 the maximum peak elevation is achieved and, starting from here,
the values of ηmax(x′

0) and ηmax(t ′0) decrease slightly as the bore propagation continues.
In contrast, the soliton amplitudes A1(x′

0) (black dash-dotted line) obtained by KdV-NFT analysis10 of the time series
η(x′

0, t ′) already show relative values of around twice of the bore height right from the beginning. This means that
even before the undulations have developed and transformed into separate solitons, the far-field soliton is already

9 We denote the absolute maximum of a time series η(x′

0, t ′) measured at a fixed position x′

0 by ηmax(x′

0). Similarly, we denote the absolute
maximum of a space series η(x′, t ′0) measured at a fixed timestep t ′0 by ηmax(t ′0). By ηmax,i(x′

0) we denote the value of the ith largest local maximum in
the time series. Similarly, by ηmax,i(t ′0) we denote the value of the ith largest local maximum in the space series. Furthermore, we denote the absolute
maximum value of the ith local maximum as obtained from all analysed wave gauges as ηmax,i(x′) = max(ηmax,i(x′

0)) for all x′

0 , 0 ≤ x′

0 ≤ max(x′).
10 We denote the soliton amplitudes calculated by KdV-NFT from a time series η(x′

0, t ′) as Ai(x′

0). Similarly, we denote the soliton amplitudes
calculated by KdV-NFT from a space series η(x′, t ′0) as Ai(t ′0). The i, 1 ≤ i ≤ N , denote the rank-ordered solitons with A1(x′

0), i = 1, representing the
largest, leading soliton obtained from a numerical time series at gauge position x′ .
0
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Fig. 14. Comparison of maximum peak elevations ηmax(x′

0) and ηmax(t ′0) from COULWAVE wave gauge time series η(x0, t ′) and space series η(x′, t ′0)
and leading solitons A1(x′

0) and A1(t ′0) from KdV-NFT analysis of the time and space series, respectively. a) Dimensional elevations and amplitudes as
function of the relative position x′/h and relative time (t ′ Ub)/h. b) Relative elevations ηmax/ηb and relative amplitudes A1/ηb as function of relative
position and relative time. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)

identified within the KdV-NFT from the initial bore and the near-field data. Nevertheless, the expected relative values
of A1(x′

0)/ηb = 2 from Eq. (15) are met (see Fig. 14b), but the maximum peak elevation as observed in the numerical
simulation data is underestimated by about 3%.

The nonlinear analyses of the space series η(x′, t ′0) also provide quite constant values for A1(t ′0) and, therefore, A1(t ′0)/ηb,
but here the spectral results overestimate the simulated soliton amplitude by about 10%. Anyway, based on the existing
results we can clearly present and discuss the methodology, the results and the interpretation of the application of
KdV-NFT on propagating bores.

In Hammack and Segur [5], a comparison is given of experimental observations of emerging solitons with analytical
results for these data obtained from the KdV equation. Since they used a vertical piston for the generation of the waves
and generated different wave types, they did not analyse long bores as within this study. Furthermore, their flume was
too short to allow complete separation of the emerging solitons. They also pointed out that the viscosity affected the
experimental results. Since the KdV does not include viscous effects, we must be careful with quantitative comparisons of
the respective results. Furthermore, they used the space-like KdV from Eq. (1) for the calculation of the theoretical values
of A1(t ′0) and compared these results with the observations for A1(x′

0) from experimental time series. They found the
deviations between observed and calculated values to be between 2% and 21% (Hammack and Segur [5, Tab. 1]). Based on
equations by Keulegan [55, Eqs. (44), (45)], they estimate the effect of viscous dissipation to be responsible for about 12%
of the amplitude decay of the solitons if A1/h ≤ 0.5. In our example case A1/h ≈ 0.4, but bottom friction is not activated
in the numerical simulation. But a wave breaking model is used that might introduce some eddy viscosity in the numerical
simulation, leading to lower dissipation than expected from explicit consideration of bottom friction. Nevertheless, the
deviations observed within the present study (3% and 10%) are within the range observed by Hammack and Segur [5],

According to Osborne [6, p. 251], the different dispersion relations that apply to the space-like and the time-like
KdV cause a physical difference between the two forms of the KdV equation. Therefore, different spectral results are
to be expected when applying both sKdV and tKdV to the space-series and time-series data, respectively, from the same
simulation. Furthermore, Osborne [6, p. 251] states that ’in this context it is unclear whether one form of KdV is preferred
over the other’. The results in Fig. 14 show that for the one experiment analysed in the present study, the results of
tKdV are closer to the maximum soliton amplitudes observed in the simulations. Nevertheless, they underestimate the
numerical values by about 3%. In contrast, the results of the sKdV overestimate the numerical results by about 10%.

In Fig. 15, we quantitatively compare the soliton amplitudes obtained by the tKdV-NFT from the time series at all
gauges. The initial results are based on wave-gauge recordings, and the results of the space-series analysis requires further
investigations. Therefore, the following analyses are applied to the time-series data. For each of the 23 largest solitons
17
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Fig. 15. Comparison of the tKdV-NFT results from the different 206 time series of experiment No. 20: a) Relative values of mean amplitude Aj(x′

0)/ηb ,
inimum and maximum amplitudes Amin,j(x′

0) and Amax,j(x′

0) for each of the largest 23 solitons, 1 ≤ j ≤ 23, calculated at the 206 gauge positions.
) Deviations between mean and minimum value and between mean and maximum value for each soliton.

j = 1, . . . , 23),11 we used the results from all 206 gauges to calculate the mean value Aj(x′

0) (blue circles in Fig. 15a, the
aximum and the minimum amplitudes, Amax,j(x′

0) (black ’+’) and Amin,j(x′

0) (black ‘x’). All values are given as relative values
ith respect to ηb. The plot in Fig. 15b shows the relative deviations (Amax,j(x′

0) − Aj(x′

0))/ηb and |(Amin,j(x′

0) − Aj(x′

0))|/ηb.
he results show that for the larger solitons 1 to 17 the determined amplitudes vary less than 3% from the mean values.
or solitons 18 to 23 the maximum values are about 1% to 1.5% above mean, whereas the minimum value shows larger
eviations up to 7% for soliton 23. Nevertheless, in this example the maximum amplitudes vary between 1.1% and 2.6%
rom the mean, and the minimum values for solitons 1 to 17 differ between 1.3% and 2.7% from the mean amplitude. The
mplitudes of the leading solitons with amplitudes larger than the initial bore height, A1(x′

0) ≤ ηb, are determined within
% deviation from the observed far-field amplitude.

.2. Comparison of simulation data and KdV-NFT analysis results

In order to visualize the development of the peak elevations from the initial bore over an undulating bore up to the
iscrete far-field solitons, Fig. 16 shows the evolution of the 23 relative peak elevations ηmax,i(x′

0)/ηb obtained from the
COULWAVE time series as a function of the 206 relative wave-gauge positions x′

0/h from near to far field up to relative
position x′

0/h = 400m/0.098m= 4082. Here, ηmax,i(x′

0) is the peak elevation of the ith undulation (local maximum) or
soliton that has already evolved from the bore, x′

0 its position in the numerical domain, h = 0.098m the water depth, and
ηb = ηb = 0.0196m the (mean) plateau elevation of the incident bore at the gauge CG1’ at x′

0 = 0.01m. The expected
ar-field amplitude of the leading soliton according to Eq. (15) with η01,exp ≈ 2 ηb = 0.0392m is plotted in Fig. 16 as
ed-dashed line at the relative value η01,exp/ηb = 2.0. The elevations of the 23 largest peaks are plotted as coloured
raphs from top to bottom, starting with the first undulation and leading soliton 01 at the top and ending with peak 23
t the bottom. The graphs are labelled with the number [i] of the respective peak. The larger peaks are identified within
he propagating bore very soon, whereas the lower peaks need certain distances to separate from the back of the bore.
hus, their graphs start at larger propagation distances. The peak values at positions x′

0 = 100m, 200m and 300m can be
ound in the numerical gauge data in Fig. 6. For comparison, the positions of the near-field gauges CG2’ to CG4’ from Fig. 5
at about x′

0 = 47 h, 97 h and 137 h) and the far-field gauge locations from Fig. 6 are indicated as vertical grey dash-dotted

11 In the periodic tKdV-NFT analysis a total of 24 to 32 solitons have been determined, depending on the gauge position. The amplitudes A24(x′

0)
obtained from the different gauge data show values in the range A24(x′

0) = 0.000018m to 0.000412m. The amplitudes A32(x′

0) lie in the range
A32(x′

0) = 0.000068m to 0.000076m. For comparison: the amplitudes A23(x′

0) have values in the range A23(x′

0) = 0.000401m to 0.002017m. Due to
he small values and for better comparison with the observation of the simulation results in Fig. 6, in the following discussion we limit the number
f solitons to N = 23.
sol
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Fig. 16. Evolution of the relative elevations ηmax,i(x′

0)/ηb over relative position x′/h, with ηmax,i(x′

0) the value of the ith largest local maximum in the
ime series. The expected amplitude of the leading soliton according to Eq. (15) is plotted as red-dashed line at η01,exp/ηb = 2. For the solitons with
aximum relative amplitudes ηmax,i(x′)/ηb > 1 the maximum relative peak elevations are marked with ’△’. The positions where 95% and 99% of the
aximum values are reached are denoted with ‘x’ and ’◦’, respectively. For the peaks with maximum elevation lower than the initial bore height,

he elevations obtained at x′

0 = 400m (x′

0/h =4082) marked by ’▽’. For comparison, the relative positions of the gauges CG2’ to CG4’ (see Fig. 5)
nd gauge positions x′

0 = 100m, 200m, 300m and 400m (see Fig. 6) are given by vertical dash-dotted lines. (For interpretation of the references
o colour in this figure legend, the reader is referred to the web version of this article.)

ines in the figure. Furthermore, in addition to the space-series results in the coloured graphs the figure also shows the
oliton amplitudes as determined by periodic tKdV-NFT as grey-dashed lines from top (leading soliton 01) to bottom
lowest soliton 23). The results show that for the larger solitons the periodic tKdV-NFT underestimates the amplitudes
ompared to the time-domain analysis of the simulation data. This is in agreement with the results presented in Fig. 14.
or the lower solitons, the KdV-NFT results fit better with the observed peak elevations. We give a more detailed view
n and a description of the nonlinear results later below in Fig. 17.
The plot of the peak development in Fig. 16 shows that the leading soliton 01 (topmost green curve) evolves out of

he bore front quite fast and reaches its relative maximum value ηmax,01(x′)/ηb = 2.063 (black upward-pointing triangle)
fter about 1125 times the water depth. But after a propagation length of about 200 and 470 times the relative water
epth, 95% (black square) and 99% (black circle), respectively, of the maximum relative elevation are already reached.
n the plot, the values for the 95%, 99% and the maximum elevations are marked for all solitons 01 to 15, which have
aximum amplitudes above the initial bore height, ηmax,i(x′) > ηb. After having reached the maximum peak elevation, the
levations of these solitons slightly decrease as they propagate further downwave. Since the evolution of the amplitudes
round the maximum values is nearly horizontal, numerical noise, friction or other effects might significantly affect the
etermined position of the maximum peak elevation. Therefore, we consider the 99% values to be more robust and will
se these values for further discussion. For solitons 16 to 23, the evolution plot shows peak amplitudes smaller than the
nitial bore height, ηmax,i(x′) < ηb. Some of these elevation graphs show local minima before they increase again and
each their far-field amplitudes. Therefore, for further proceeding we consider the final elevations ηmax,i(x′

0 = 400m)
black downward-pointing triangles) as observed at relative position x′

0/h = 4082. The detailed values for all solitons are
iven in Tables 3 and 4.
In general, the time-domain results of the numerical simulation data in Fig. 16 confirm Eq. (15) whereupon the

xpected amplitude of the leading soliton is η01,exp ≈ 2 ηb. In the selected simulation, we obtain a maximum factor of
max,01(x′)/ηb = 2.063, which is slightly above the expected value. Note that due to the uneven plateau height of the initial
ore alternative approaches might be chosen for the calculation of the bore height that would lead to different results
or the relative soliton amplitudes. In this example, using the maximum bore height, instead of the mean value, would
rovide a value of ηmax,01(x′)/ηb,max = 0.0404m/0.0209m= 1.935. With increasing downstream position, the maximum
ore elevation is increasing due to the emerging first undulation, and the quotient of final and current bore height is
ecreasing further until the leading soliton has emerged and the quotient reduces to 1 (in accordance with Eq. (14)).
herefore, twice the bore height only gives a good estimate of the leading far-field soliton amplitude in the early stages
hen the plateau is still horizontal and the undulations have not yet developed.
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Table 3
Maximum absolute and relative peak elevations ηmax,i(x′) and ηmax,i(x′)/ηb and their relative positions x′

max,i/h, x
′

95%,i/h
and x′

99%,i/h were the maximum value, 95% and 99% of the maximum elevation, respectively, are reached for solitons
with maximum elevations ηmax,i(x′) ≥ ηb . All data are obtained from the COULWAVE time series. Furthermore, the
absolute and relative soliton amplitudes Aj(CG2’) and Aj(CG2’)ηb from periodic KdV-NFT of the time series at gauge
CG2’ are listed.
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01 0.0404 2.063 1124 202 468 0.0386 1.971
02 0.0396 2.022 1736 327 804 0.0380 1.939
03 0.0390 1.988 2311 457 898 0.0375 1.913
04 0.0386 1.968 1897 570 1244 0.0369 1.884
05 0.0378 1.928 1473 636 1069 0.0361 1.843
06 0.0368 1.876 1327 632 912 0.0352 1.795
07 0.0357 1.821 1059 606 838 0.0340 1.735
08 0.0343 1.748 910 574 730 0.0327 1.669
09 0.0326 1.664 848 531 658 0.0312 1.593
10 0.0307 1.568 740 489 597 0.0296 1.509
11 0.0287 1.463 856 453 566 0.0278 1.416
12 0.0266 1.356 1296 418 603 0.0258 1.317
13 0.0244 1.245 1471 405 717 0.0237 1.211
14 0.0221 1.131 1609 436 795 0.0216 1.101
15 0.0199 0.986 1776 134 872 0.0194 0.989

Table 4
Absolute and relative final elevations ηmax,i(x′

0 = 400m) and ηmax,i(x′

0 =

400m)/ηb at relative position x′

0/h = 4082 ’(x′

0 = 400m) for solitons
with maximum elevation ηmax,i(x′) < ηb . The data are obtained from the
COULWAVE time series. Furthermore, the absolute and relative soliton
amplitudes Aj(CG2’) and Aj(CG2’)/ηb from periodic KdV-NFT of the time
series at gauge CG2’ are listed.
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16 0.0177 0.901 0.0172 0.875
17 0.0154 0.787 0.0149 0.760
18 0.0131 0.670 0.0125 0.640
19 0.0108 0.551 0.0101 0.515
20 0.0084 0.429 0.0076 0.338
21 0.0060 0.308 0.0051 0.260
22 0.0037 0.190 0.0004 0.022
23 0.0015 0.078 0.00002 0.001

Furthermore, the results show that in this example case the leading soliton amplitude increases quite fast and reaches
95% of the final peak elevation after a propagation length of about 200 times the water depth or ∆x′

= 20m, and 99%
maximum peak elevation after about x′

= 470 h or ∆x′
= 46m. After that, the peak amplitude reaches its maximum at

relative position 1124 which means the propagation of ∆x′
= 110m in a water depth of 0.098m. Finally, the amplitude

shows a slight decrease while the soliton propagates further downstream. Disregarding the slight decrease, this is the
expected behaviour of a soliton that evolves completely out of the propagating bore front and then propagates as stable
wave form with double bore height and without changes in shape. The same applies accordingly to the succeeding solitons
that show lower amplitudes and need longer propagation lengths to fully develop, as can be seen in Fig. 16 and Tables 3
and 4.

In addition to the time-domain analysis results discussed above, in Tables 3 and 4 we also present the absolute and
relative soliton amplitudes Aj(CG2’) and Aj(CG2’)/ηb obtained by periodic KdV-NFT on the time series from near-field
gauge CG2’. The comparison of the results for the maximum elevations and the KdV-NFT results shows that the maximum
elevations are predicted by the periodic KdV-NFT up to 5% precision for the solitons 01 to 18. Note that within the
numerical simulation relative propagation distances between 740 and 2311 times the water depth are required to reach
the maximum elevations. In contrast, by application of the periodic KdV-NFT the future elevations of the propagating bore
can be predicted from the near-field data at x′ /h = 48.
0
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Fig. 17. Detail of the evolution of the relative elevations ηi/ηb,max over relative position x′

0/h during the propagation of the initial bore-shaped wave,
with ηi the peak elevation of the ith undulation or soliton. The expected amplitude of the leading soliton of 2 η01,max/ηb,max according to Eq. (15)
is plotted as red-dashed line. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)

7.3. Reconstruction of the free surface by nonlinear superposition of the identified solitons

The bores that we analyse here are not periodic oscillations but localized wave packages. Therefore, we can also use
KdV-NFT algorithms that are developed for vanishing boundary conditions12 for the analysis. Similarly to periodic KdV-
NFT, the vanishing KdV-NFT is also able to extract solitons from shallow-water data, with the number and the amplitudes
of the solitons depending on the relative water depth. In this section, we will use results obtained from the vanishing
KdV-NFT to verify the above results from the periodic KdV-NFT. We will furthermore use the ’nonlinear superposition’ for
the vanishing case to illustrate how the individual solitons from the nonlinear decomposition step-by-step add up to the
original bore. The nonlinear superposition requires the phase information of the solitons that have not been necessary
for the previous discussions related to the soliton numbers and amplitudes. The calculation of the soliton phases, which
is not trivial from a numerical point of view, is provided by the algorithm by Prins and Wahls [46]. For the nonlinear
superposition of the large number of solitons, which is also not trivial from a numerical point of view, we will use the
algorithm in Prins and Wahls [52] to generate the signals corresponding to the Nsol largest solitons, for increasing values
of Nsol.

In Fig. 17, we show a zoomed in portion of Fig. 16 including the relative soliton amplitudes Aj(x′

0/h)/ηb as obtained
by the vanishing KdV-NFT (red crosses). Furthermore, we extended the grey-dashed lines of the periodic KdV-NFT results
with the discrete data at the gauges CG’1 to CG’4 (grey squares). The results for these data (see Fig. 5) clearly show
that both results, although obtained for different boundary conditions, provide the same spectral decomposition at the
four near-field gauges. The results in Fig. 17 verify that the periodic KdV-NFT provides the same results as the vanishing
KdV-NFT for the exemplary bore data. Therefore, the periodic KdV-NFT algorithm presented within this study can be
assumed to provide reliable results for the analysis of the propagating bore. This confirms the results in Osborne [6] who
successfully applied the periodic NFT for the analysis of localized wave data.

In the next step, we show that the application of the algorithm in Prins and Wahls [52] for the nonlinear superposition
of the Nsol = 23 solitons returns the initial bore signal at gauge CG1’ (see Figs. 18, 19). From the phase information that
is returned by the vanishing KdV-NFT, we can predict the phase offsets Φj of the separated solitons in the far field (see
Eq. (13)), Prins and Wahls [46]. These are listed in Table 5. More generally, the inverse KdV-NFT algorithm transforms the
spectrum into a time signal that includes the nonlinear interactions. For visualization of the significant influence of the
nonlinear interactions within the bore, Fig. 18 shows the stepwise nonlinear superposition of the first twelve solitons for
the vanishing case. In the upper left plot, for j = 1, the largest soliton is plotted as red-dashed line. For each soliton, the
so-called norming constant (see Prins and Wahls [46]) has the same magnitude in every plot in Figs. 18 and 19 in which

12 For a signal with vanishing boundary condition, the elevations vanish at infinity (sufficiently fast). Thus, for vanishing space series applies
lim η(x, t ) = lim η(x, t ) = 0. Similarly, for vanishing time series applies lim η(x , t) = lim η(x , t) = 0.
x→−∞
0

x→+∞
0

t→−∞
0

t→+∞
0
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Table 5
Spectral parameters of the data at CG1’: For each of the 23 solitons the
amplitude Aj and the phase Φj with respect to t ′ and x′

0 = 0.01m of the
discrete emerged far-field soliton are given.
Soliton j Aj [m] Φj [−]

01 0.0394 26.61
02 0.0387 31.97
03 0.0382 36.90
04 0.0377 41.06
05 0.0369 44.00
06 0.0359 46.51
07 0.0347 48.28
08 0.0334 49.88
09 0.0319 50.88
10 0.0302 51.53
11 0.0284 51.75
12 0.0265 51.66
13 0.0244 51.20
14 0.0221 50.40
15 0.0200 49.35
16 0.0177 47.98
17 0.0154 46.28
18 0.0130 44.03
19 0.0106 41.03
20 0.0080 37.08
21 0.0055 31.88
22 0.0030 24.81
23 0.0007 13.30

that solitons appears. This determines the positions of each of the waves in Figs. 18 and 19. For comparison, the initial
bore data is also plotted (black-dashed curve).

Since only one soliton is added in the case j=1, no wave–wave interactions occur and the nonlinear superposition
(blue curve) is identical with this first soliton. The red dashed line in the plot for j=2 shows the soliton that is
nonlinearly superposed with the previous soliton (blue line for j=1). The blue line in the plot for j=2 shows the time
eries corresponding to a spectrum that consists of the amplitude and phase information of the tallest two solitons. With
ncreasing number of added solitons, we see that the time series that correspond to the partial spectra show a number
f crests that equals the number of solitons in the spectrum. Note that the elevations of these crests clearly differ from
he amplitudes of the superposed solitons. Furthermore, when we include the lower solitons, the troughs do not return
o zero anymore and the peaks become flatter. Obviously, these results are significantly different from a simple linear
uperposition of the individual solitons.
The lower-right plot in Fig. 18 shows the inverse KdV-NFT of the twelve largest solitons from the nonlinear spectrum.

he result is a long undulating bore with smaller maximum elevation than the largest soliton. The data show that the
ransformation from the single solitons to the desired bore shape has started, but is still far from being complete since
ot all solitons have been added yet. Thus, the remaining eleven solitons with 13 ≤ j ≤ 23 are added one by one in the
lots in Fig. 19. As can be seen in Eq. (12) and especially in Fig. 19, the width of a soliton increases as its amplitudes
ecreases. As a consequence, the inclusion of the lower-amplitude solitons in the spectrum has an effect over the whole
ore width. Furthermore, the results clearly show that all 23 solitons are required to return the initial signal. Especially
he inclusion of the two smallest solitons significantly reduces the remaining ripples in the nonlinear superposition. After
ll 23 solitons have been included in the reconstructed spectrum, small differences to the original signal remain. These
ifferences occur because the radiation part of the nonlinear spectrum was not considered in the reconstruction.
Finally, the nonlinear superposition of only the solitons including their interactions returns the initial signal with

ood accuracy. This confirms that the bore data indeed are soliton-dominated. The remaining variations are, as already
entioned above, due to the absence of the radiation components. The addition of the rank-ordered solitons causes phase
hifts and widens the bore while preserving an approximately symmetric shape of the nonlinear superposition. These
ffects, and especially the reduction of the peak elevations by the newly added solitons from A1 = 2ηb in the case j = 1
own to ηb for j = 23 cannot be explained by simple linear superposition.

.4. Conclusion of KdV-NFT analysis results

The nonlinear spectra obtained from the time- and space-series analyses clearly prove that the evolution of the initial
rapezoidal-shaped bore (see Fig. 5a) into a train of 23 solitons (see Fig. 6c) can already be predicted from the measurement
t the first gauge CG1. The constant colours of the soliton amplitudes in Figs. 12 and 13 and the more detailed analyses in
ection 7.1 show that after some initial changes, the number and the respective amplitudes of the emerging solitons in the
onlinear spectra are approximately constant in time and space. The changes in the soliton frequencies that are observed
22
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Fig. 18. The inverse KdV-NFT of a stepwise completed spectrum for the data at CG1’ (part 1): The solitons are added one by one to the spectrum
in order of amplitude, starting from the tallest (j = 1). The blue lines show the inverse KdV-NFT of the first twelve of these spectra. Those of the
remaining spectra are presented in Fig. 19. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

in the near field (up to x′/h ≈ 500, (t ′ Ub)/h ≈ 500) are due to the evolution of the emerging solitons. According to
qs. (10) and (12), the wavenumbers and frequencies of the solitons are a function of their amplitudes. Thus, increasing
mplitudes lead to increasing (absolute) wave numbers and frequencies. Decreasing amplitudes compared th the initial
ore height lead to decreasing (absolute) values. Once the solitons have reached their final amplitudes, their wavenumbers
nd frequencies remain constant. Harmonic generation, as observed in the FFT spectrograms (Figs. 9 and 10), cannot occur
n the periodic or vanishing KdV-NFT (Figs. 12 and 13) as long as the waves propagate in constant depth. Hence, the
mplitudes in the KdV-NFT spectrum are independent of the gauge position or the selected timestep. Thus, the KdV-NFT
eliably reveals the inner nonlinear soliton structure of the propagating bore and allows to predict the far-field solitons
lready from near-field bore data.

. Summary

In this study, the periodic KdV-based nonlinear Fourier transform (KdV-NFT) was used to analyse the propagation of an
ndular bore in constant depth over long distances. First, the basics of the periodic KdV-NFT, the theoretical background
f bore generation in flumes, the classification of bore waves, and the relation of solitary waves to the KdV equation were
riefly given. Then, the experimental set-up and the programme were described that provided the experimental data basis
or the analyses in this study. Due to the limited length of the experimental flume, we conducted numerical simulations
ith COULWAVE in order to significantly extend the bore propagation distance up to relative length x′/h =3061 and

relative time (t ′ Ub)/h =4501 (according to dimensional values x′
= 300m and t ′ = 388.3 s, respectively). We validated

he numerical results with the data from the flume experiments.
The selected propagation distance is much larger than in previous studies and, thus, allows the complete emergence

f all far-field solitons from the initial trapezoidal-shaped bore. Therefore for the first time, comparative analyses using
oth time-like and space-like periodic KdV-NFT could be performed for the whole propagation process from the initial
ore to the far-field train of solitons. For the exemplary case selected in this study, the simulations show the development
f 23 solitons in the far field, with the amplitude of the leading soliton being, as expected, about twice of the initial bore
eight.
23
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s

Fig. 19. The inverse KdV-NFT of a stepwise completed spectrum for the data at CG1’ (part 2): The solitons are added one by one to the spectrum
in order of amplitude, starting from the tallest (j = 1). The inverse KdV-NFT of the first twelve spectra is presented in Fig. 18. The blue lines here
show those of the remaining spectra. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version
of this article.)

We started the analyses of the numerical data with the conventional linear fast Fourier transform (FFT). The results
show, as expected, that the linear FFT fails to capture the solitons forming the initial bore and its fission. The spectral
results strongly depend on the position of the wave gauge. The FFT spectra of the propagating bore are not invariant but
functions of the gauge position. The soliton structure of the bore is not evident in the FFT plots, neither in the far-field
results nor in the near-field analysis.

The nonlinear analyses with the periodic KdV-NFT started with the introduction of the nonlinear spectrum as a
graphical representation of the results of the analysis. The nonlinear spectrum shows the amplitudes A of the identified
olitons as discrete values, and contains the modulus m of the hyperelliptic functions as a measure for the nonlinear
character of each spectral component in the spectrum. The KdV-NFT spectrum of the bore is dominated by solitons and
matches the number of solitons and the soliton amplitudes that are obtained by visual inspection of the far-field data.
The nonlinear analysis of the time series at different locations shows that – in contrast to the FFT results – the amplitudes
of the nonlinear spectra obtained by KdV-NFT are (nearly) invariant to the gauge position even though the propagation
of the bore is only approximated by the KdV. Since the nonlinear amplitude spectrum is invariant, the soliton structure
including number and amplitudes of the far-field solitons can be predicted based on one single wave gauge measurement
anywhere in the propagation path of the undular bore, including the near-field gauge data. Thus, the observed free surface
of the initial trapezoidal-shaped bore, the undulated bore as well as the discrete solitons in the far field are modelled by
the same nonlinear spectral components. The completely different free-surface elevations are caused primarily by the
nonlinear interactions between the basic components that initially overlap and are later separated in the far field.

The analyses of the space series with the space-like KdV-NFT confirm the results obtained from the time series analysis.
Also here the nonlinear amplitude spectra are almost invariant in time and the far-field solitons can be predicted from
any timestep of the bore propagation. Nevertheless, the analysis of time series underestimates the observed maximum
soliton amplitude by about 5% whereas the analysis of the space series overestimates the maximum solitons amplitude by
about 7%. Based on the exemplary analysis of one single experiment within this study, no final conclusion can be drawn
if this applies in general. Further investigations with a larger number of bores will be performed in order to answer this
question.

We determined the evolution of the peaks of the undular bore and the solitons from the simulation space series. The
results show that the leading soliton in the considered case requires relative propagation lengths of about 200 and 470
24
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imes the water depth to reach 95% and 99% of its maximum amplitude, respectively. For all solitons within the considered
ase, the 95% amplitudes are reached between about 135 and 635 times the water depth, the 99% amplitudes are observed
etween about 470 and 1245 times the water depth. These latter results could only be obtained by the investigation of
uch longer time series than in the current literature.
As final evidence that the initial trapezoidal-shaped bore in fact can be generated by nonlinearly interacting solitons,

e showed how the free surface looks for a series of partial spectra. The obtained results impressively show how the
haracteristic shapes of the individual solitons slowly disappear as more and more solitons are added to the spectrum.
inally, the initial trapezoidal shape reappears. This is another evidence that the solitons do not appear out of the blue or
re ‘generated’ as the bore propagates. The dispersion effects due to the different celerities of the solitons with different
mplitude cause the solitons to emerge rank-ordered out of the bore front in the far field.
In conclusion, we have demonstrated for the first time that the KdV-NFT is able to reliably predict the hidden solitons

ithin non-breaking undulating bores in constant depth from both time and space series, respectively, even when very
ong propagation distances and durations are required. Predictions from initial near-field time series thereby proved to be
lightly more accurate than predictions based on initial near-field space series. Finally, we can conclude that the periodic
dV-NFT reliably reveals the inner nonlinear soliton structure of a propagating bore and allows to predict the far-field
olitons from the near-field bore time or space series.
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ppendix

The definition for the amplitudes Aj of the solitons is given as (Osborne and Petti [14, Eq. (17)])

Aj =
2
λ

(
Eref − E2j

)
, 1 ≤ j ≤ Nsol, E ≤ Eref. (A.1)

he calculation of the soliton wave numbers Kj is based on Osborne et al. [56, Eq. (2.12)], but modified in analogy to the
quation for kk in Osborne and Segre [57, Eq. (2.10)] in order to consider the shift by the reference level Eref:

Kj =
(
E
)1/2

=
[
0.5

(
E2j+1 + E2j − 2Eref

)]1/2
. (A.2)

urthermore, for separation of soliton and radiation spectra in the nonlinear spectra, the imaginary soliton wave numbers
re plotted as

Kj = −ℑ

{[
0.5

(
E2j+1 + E2j − 2Eref

)]1/2}
. (A.3)

n case of time series as input, the equations for the wavenumbers provide the frequencies Ωj instead. The modulus for
oth soliton and radiation components is calculated as (Osborne [10, p. 445)])

mi =
E2i+1 − E2i

E2i+1 − E2i−1
, for all i. (A.4)

The soliton phases Φ used within this paper are calculated after Prins and Wahls [46, Eq. (15)].
j
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The variables En in Eqs. (A.1) to (A.4) refer to the eigenvalues of the nth ±1-crossings of the so-called Floquet
iscriminant ∆(E) which is the result of the application of the Schrödinger eigenvalue problem to the analysed free-surface
ata. The value Eref defines the threshold between the soliton and the radiation spectrum in the Floquet discriminant
epresentation. For further details, see Osborne et al. [56, sect. 2] or, for further reading, Osborne [10, sect. 17].

Since this paper focuses on the soliton spectrum, the radiation wave parameters are not calculated here. They are given
n Osborne [58, Eq. (3.22)] for the wave amplitude ak, and in Osborne and Segre [57, Eq. (2.10)] for the wavenumber kk.
he calculation of the radiation phases ϕk is described in Osborne [10, Ch. 14].
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