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A smoothed embedded finite-volume modeling (sEFVM) method is presented for faulted 
and fractured heterogeneous poroelastic media. The method casts a fully coupled strategy 
to treat the coupling between fault slip mechanics, deformation mechanics, and fluid flow 
equations. This ensures the stability and consistency of the simulation results, especially, as 
the fault slip is implicitly found through an iterative prediction-correction procedure. The 
computational grid is generated independently for embedded faults and rock matrix. The 
efficiency is further enhanced by extending the finite-volume discrete space by introducing 
only one degree of freedom per fault element. The embedded approach can lead to an 
oscillatory stress field at the fault, which damages the robustness of the implicit slip 
detection strategy. To resolve this challenge, a smoothed embedded strategy is devised, 
in which the stress and slip profiles are post processed within the iterative loops by 
fitting the best curve based on a least-square error criterion. The sEFVM provides locally 
conservative mass flux and stress fields, on staggered grid. Its performance is further 
investigated for several proof-of-the-concept test cases, including a multiple fault system in 
a heterogeneous domain. Results indicate that the method develops a promising approach 
for field-scale relevant simulation of induced seismicity.

© 2022 The Author(s). Published by Elsevier Inc. This is an open access article under the 
CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Computational geomechanics has been a focal point of research in the past decade, due to its critical role in production 
optimization and safety assessments [1,2]. Examples can be found, e.g., in studies related to hydraulic fracking [3], quan-
tification of surface subsidence [4], geothermal energy extraction [5], CO2 sequestration [6], hydrogen energy storage [7–9], 
and, importantly, induced seismicity [10].

Induced seismic events are earthquakes caused by human activity that alter subsurface stresses. It has been shown that 
hydrocarbon gas production correlates with induced tremors, especially in depleting gas fields. The Groningen field in the 
Netherlands is a well known example for induced seismicity [11]. The tremors have remained small on the Richter scale, but 
they pose risks that prevent further utilization of subsurface capacity for energy and climate relevant projects. Production 
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from the field has been throttled back since 2013 and is coming to a full shut-down by mid-2022 to curtail future events 
[12]. But field shut-down does not necessarily guarantee the immediate prevention of future seismic events. In fact, the 
underground stress stabilization occurs through a slow time-dependent process, during which fault activation (perhaps with 
lower magnitudes) can potentially take place. This emphasizes the need to look beyond field shut-down and to develop 
robust strategies to minimize future risks. To achieve this goal, it is essential to understand the mechanisms that lead to 
such unfavorable situations via modeling and simulation.

Numerical models for induced seismicity have evolved over the years. The earliest models for geo-systems proposed 
loosely coupled flow dynamics and mechanics [13,14]. Later, iterative or sequentially coupled [15] and fully coupled methods 
[16] emerged. These incorporate the effects of geomechanical deformation on flow parameters (such as permeability and 
porosity) and vice versa (e.g., the effect of pressure on fault stability). Fully-coupled approaches add to the computational 
costs, but extend the simulation stability compared with their loosely-coupled predecessors [15,17].

Fault stability was initially modeled based on a simple Coulomb failure criterion [18]. This model correlates the normal 
stress on the fault with a maximum threshold, beyond which the fault slips [19]. More realistic quasi-static and dynamic 
friction models were later developed by incorporating more complex physics of fault re-activation. These include slip weak-
ening or strengthening models [20,21], rate and state models [22–24] and more recently the CNS model [25–27]. Dynamic 
frictional fault slip models are used to capture more complex behavior. In these models, parameters such as energy dissi-
pation rate, damage potential, slip velocity, slip duration and thermal weakening effects are considered [28]. These models 
do well in characterizing laboratory friction experiments, but challenges still remain in scaling up the results to make them 
relevant for real-field natural fault systems [29].

The choice of the numerical discretization approach for the faulted poroelastic system, be it finite volumes (FVM) [30–32], 
elements (FEM) [33], or differences (FDM) [34,32], is not an obvious one [35]. Given that each offer problem-specific ad-
vantages, all have been adapted individually, or in combination with each other for flow and mechanics. FDM has been the 
earliest discretization scheme, due to its simplicity and convenience for structured grids. One motivation behind the de-
velopment of newer integral-based discretization techniques (FVM and FEM) is the limitation of FDM in handling complex 
geometries especially in multiple dimensions [36]. FEM was originally developed for static stress analysis but expanded well 
beyond its scope. It remains the most widely used method in computational mechanics. This is in part due to its versatility 
in handling highly heterogeneous, geometrically intricate domains with irregular boundaries [37]. Furthermore, FEM is effi-
cient for the implementation of material and geometric nonlinearities [38]. However FEM is the second best option for flow 
modeling after FVM. This is because FVM is locally conservative at the discrete level [39]. FVM has the combined advantage 
of FDM in being relatively simple to implement, and FEM in having flexibility towards complex geometries.

Initially, the computational mesh used to capturing the geological domain was always a structured mesh, imposed on 
the heterogeneous geological field. Later unstructured meshes were also utilized to capture discontinuities (e.g. faults and 
fractures) by confining them at grid interfaces. However, for complex geometries, this representation often becomes overly 
detailed making subsequent calculations impractical [40–44].

The computational mesh for modeling poroelasticity using FVM can consist of collocated [45] or staggered grids for 
the two unknowns of pressure and displacement. Note that local conservation is guaranteed on the corresponding control 
volumes developed for each term (here, stress and mass flux). As such, using staggered grids allows for strictly conservative 
mass flux and stress field on the overlapping staggered mesh [34,32,46,47].

Embedded methods use appropriate relationships to link the fault network to the matrix with minimal mesh complex-
ities [48–51]. The embedded framework has been used with both FEM (e.g. XFEM [52–54]) and FVM with sequentially-
coupled [55,56] and fully-coupled [57] flow-mechanics simulations. A benchmark study was performed to compare the 
quality of the embedded-structured and conforming-unstructured mesh approaches for single-phase flow in porous media 
[58].

Recently, the embedded FVM (EFVM) method has been successfully proposed for determining pressure and displacements 
in a faulted system under pore pressure variations. Flow and mechanics were loosely coupled using a sequential coupling 
approach based on a fixed-stress scheme [55,56]. Later, the computational efficiency and condition number of EFVM was 
compared to XFEM [59]. This showed EFVM is much faster in terms of CPU time, but has a higher condition number. There 
are two reasons for this. First, for each direction, there is one additional unknown per cell in EFVM, whereas there are at 
least four in XFEM. Second, EFVM integrals are found analytically, while XFEM uses numerical integration.

Despite the recent progress in the EFVM method, major challenges remain for reliable simulation of fault re-activation 
in the context of induced seismicity. The first of these is the incorporation of fault slip as a fully-implicit fully-coupled 
process with direct functionality of pore pressure and deformation. This plays an essential role when the geologic setting 
exhibits a strong physical association of mechanics with flow, such as in the case of production from faulted gas reservoirs 
[60]. A weak or sequential coupling may potentially result in conditionally stable results for multi-physics problems [15] or 
becomes more expensive in terms of CPU performance [61].

The second challenge is the accurate calculation of the stresses affecting faults. These stresses are fundamental in iden-
tifying the stick-slip situation and quantifying the correct value of slip. But an element of nonlinearity arises due to the 
inter-dependence of slip on post-processed stresses. This requires iterations to ensure the estimated fault slip remains in 
agreement with the most recent stress field.

The third challenge concerns the occurrence of oscillations in the stress and slip profiles of the faults, as has been 
observed in previous EFVM results [55,56]. These oscillations arise due to the embedded nature of EFVM, primarily when 
2
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faults are misaligned with the matrix mesh. While the embedded framework is quite convenient for heavily-faulted systems 
[62], these oscillations pose a substantial hindrance to the stability of the implicit EFVM method.

In this study, we resolve these challenges by introducing a fully-implicit fully-coupled smoothed embedded finite volume 
method (sEFVM) for modeling poroelastic deformation and fault slip. The framework supports heterogeneous properties for 
rock and faults. This work contains a series of improvements to an already existing EFVM framework. We report on the 
oscillation in the stress and slip profiles across faults as a side-effect of the embedded fault representation. We evaluate the 
consequences of these oscillations in our study on fault re-activation, and suggest means to handle them. This ensures a 
smooth scheme that we call smoothed EFVM (sEFVM). Furthermore, we introduce an iterative strategy to obtain the fault 
slip implicitly fully-coupled together with the pore pressure and rock deformation. We provide numerical test cases to 
evaluate the order of accuracy of FVM and EFVM methods. We test our poroelastic simulator with analytical solutions and 
compare poroelastic deformation to mechanics-only solutions. A heavily-faulted poroelastic system is studied to investigate 
the capacity of the sEFVM method.

The paper is structured as follows. Next, the governing equations for the sEFVM method are introduced, followed by 
numerical test cases. These test cases include consistency analyses of FVM for poromechanics simulations, for synthetic 
and well-established test cases. Then, faults are introduced which follow Mohr-Coulomb friction law. To this end, numerical 
solutions of sEFVM for faulted media are validated against analytical ones, and then benchmarked against another simulator. 
Furthermore, to demonstrate its applicability, the sEFVM is applied to model deformation and fault slip in a heavily faulted 
heterogeneous medium. We highlight the steps forward made by development of sEFVM compared with the existing EFVM 
approaches, especially on consistent identification of the fault slips and smooth solution fields. Finally, concluding remarks 
are presented.

2. Governing equations

The single-phase mass conservation equations for a slightly-compressible poroelastic domain and flow-conductive frac-
tures and faults based on the embedded discrete fracture modeling (EDFM) approach read [50,48],

b
∂∇ · �u

∂t
+ 1

M

∂ pm

∂t
+ ∇ ·

(
− km

μ
· ∇pm

)
+ �m→ f = Q m, (1)

and

∂ E f

∂t
+ ∇ ·

(
− ak f

μ
· ∇p f

)
+ � f →m = Q f , (2)

where b is the Biot coefficient, �u is matrix deformation, t is time, M is the Biot modulus, p is pressure, k is permeability, μ
is phase viscosity, � is the net flux exchanged between the matrix and fracture/fault, Q is the source term, a is fracture/fault 
aperture and E f is the total accumulation in the fracture/fault. Subscripts m and f stand for the matrix and fault/fracture, 
respectively.

The term E f becomes negligible if the change in the aperture (e.g. dilation) and porosity of flow-conductive faults and 
fractures (φ f ) is neglected, because

∂ E f

∂t
=

[
1

ρ

∂

∂t
(aρφ f )

]
≈ ∂

∂t
(aφ f ). (3)

Note that one can include dilation due to slip to further model the void aperture E f term [63].
The linear momentum balance for a poroelastic domain with faults and fractures can be stated as

∇ · (σ̃ − bp̃I) + �f = 0, (4)

where σ̃ is the effective stress tensor, ̃I is the identity matrix and �f is the body force per unit volume [64]. Assuming linear 
elastic deformation [64], stress is linearly proportional to the displacement gradient, i.e.,

σ̃ = C̃ : ∇s�u, (5)

where ∇s is the symmetric gradient operator and C̃ is the elasticity tensor consisting of elasticity parameters [64].
Fault slip occurs when the tangential stresses on the fault, i.e., τ , surpass the maximum threshold value, i.e., τmax . Here, 

the Coulomb/Byerlee friction law [18] is applied to quantify τmax as

τmax = |μc + μ f · σn|. (6)

Here, μ f is the friction coefficient, μc is the cohesive force of the contact, and σn is the normal stress on the fault. Where 
not mentioned in this study, the value of μc is taken as zero. The governing equations above subject to proper initial and 
boundary conditions for both flow and mechanics form a well-posed system of equations. These conditions in general form 
can be expressed as
3
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Fig. 1. Control volumes and numbering scheme for displacement and matrix pressure (left) and integration surfaces for mechanical control volume (right).

Prescribed boundary displacement: �u = �u∂�u,D (7a)

Prescribed boundary total stress: (̃C : ∇s�u − bp̃I) · �n∂�u,N = �f (7b)

Prescribed boundary pore pressure: p = p∂�p,d (7c)

Prescribed boundary flux: −(
km

μ
· ∇p) · �n∂�p,N = q (7d)

Initial pressure: p�p = p�p (t = 0) (7e)

Initial displacement: �u�u = �u�u (t = 0) (7f)

Here, �n is the unit normal vector to the corresponding boundaries of flow and mechanics. In addition, sub-indices •,D and 
•,N indicate the part of the displacement and pressure domain boundaries (• ∈ {∂�p, ∂�u}) in which Dirichlet (D) and 
Neumann (N) boundary conditions are imposed. Note that the union of the Dirichlet and Neumann boundary interfaces 
form the entire domain boundary, i.e., �p,D ∪ �p,N = �p and �u,D ∪ �u,N = �u .

3. Method

We use the finite volume method (FVM) on staggered structured grids for both flow and mechanics. In this approach, 
the equations are integrated over corresponding control volumes for mechanics (�u ) and flow (�p ) shown in Fig. 1. For 
flow inside a faulted poroelastic rock matrix, Eq. (1) is integrated over the control volume for flow inside the matrix (�p ) 
as

b

∫
∂�p

∂ �u
∂t

· �n dS +
∫
�p

1

M

∂ pm

∂t
dV −

∫
∂�p

km

μ
· ∇pm · �n dS +

∫
�p

�m→ f dV =
∫
�p

Q m dV . (8)

Faults are represented with a lower dimension than the matrix grid. Slip (s) and fault pressure (p f ) unknowns are located 
on the embedded fault. Clearly, the mesh for the reservoir and faults and fractures are completely independent. For flow 
inside the fault, Eq. (2) is integrated over the displacement control volume of the fault, i.e. � f , as∫

� f

∂ E f

∂t
dS −

∫
∂� f

ak f

μ
· ∇p f · �n dl =

∫
� f

� f →m dS +
∫

� f

Q f dS. (9)

In these equations, the net flux leaving the matrix to the fracture/fault domain is identified by �m→ f [50], which is defined 
as

�m→ f = η
km

μ

p f − pm

V
. (10)

Similarly, � f →m indicates the flux leaving fracture/fault to matrix, i.e.,

� f →m = η
km pm − p f

. (11)

μ A

4
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Here, V and A are volume of matrix element and area of the overlapping fault cell. Moreover, η is the connectivity index 
between matrix and fault/fracture. For matrix cell (i, j) and fracture element k, it is defined as

ηi j,k = Aij,k

〈d〉i j,k
, (12)

where Aij,k is the area fraction of the fracture element inside the matrix cell and 〈d〉i j,k is the average distance of point 
inside the cell to the fracture segment. More details on EDFM and its most updated formulations can be found in the 
literature [50,62].

For mechanics, Eq. (4) is integrated over control volume �u as∫
�u

∇ · (C̃ : ∇s�u − bp̃I
)

dV =
∫
�u

�f dV . (13)

According to the divergence theorem [65], this integral is restated as∫
∂�u

(̃C : ∇s�u) · �m�u dS − b

( ∫
∂�u

p dS

)
Ĩ =

∫
�u

�f dV , (14)

where, ∂�u is the boundary of the displacement control volume, which consists of 8 segments for each cell named A1 to 
A8 as shown in Fig. 1).

The effective stress tensor is defined as

σ̃ =
(

σxx σxy

σyx σyy

)
, (15)

and by incorporating this definition into Eq. (14) we obtain∫
∂�u

(σxx − bp) dy +
∫

∂�u

σxy dx +
∫
�u

fx dV = 0, (16a)

∫
∂�u

(σyy − bp) dx +
∫

∂�u

σyx dy +
∫
�u

f y dV = 0, (16b)

for structured grids. Using the linear elasticity theory based on the first (λ) and second (G) Lame parameters, components 
of σ̃ are

σxx = (λ + 2G)
∂ux

∂x
+ λ

∂u y

∂ y
, (17a)

σyy = (λ + 2G)
∂u y

∂ y
+ λ

∂ux

∂x
, (17b)

σxy = σyx = G

(
∂ux

∂ y
+ ∂u y

∂x

)
. (17c)

The elasticity parameters (λ) and (G) are assigned to mechanical control volumes (i.e. �u ). They can constitute a heteroge-
neous map over the domain.

If Eq. (17) is placed in Eq. (16), the momentum balance reads∫
d�u

(
(λ + 2G)

∂ux

∂x
+ λ

∂u y

∂ y
− bpm

)
dy +

∫
d�u

G

(
∂ux

∂ y
+ ∂u y

∂x

)
dx = −

∫
�u

fx dV , (18a)

∫
d�u

(
(λ + 2G)

∂u y

∂ y
+ λ

∂ux

∂x
− bpm

)
dx +

∫
d�u

G

(
∂ux

∂ y
+ ∂u y

∂x

)
dy = −

∫
�u

f y dV . (18b)

These equations can be quantified based on the integrals of derivatives of displacement. The displacement field is dis-
continuous when slip occurs. To capture this discontinuity it was suggested to append the regular, continuous part of 
displacement with a jump [66]. Based on this approach the appended displacement field is

�u ≈
4∑

Ni �ui +
ns∑

si W i�ti, (19)

i=1 i=1

5
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Fig. 2. Illustration of basis functions and the W function used in the EFVM method. (For interpretation of the colors in the figure(s), the reader is referred 
to the web version of this article.)

where s is slip. N are bi-linear FVM basis functions that interpolate displacement at local coordinates of (x, y) inside a block 
of dimensions �x by �y. These are

N1(x, y) =
(

1 − x

�x

)(
1 − y

�y

)
, (20a)

N2(x, y) =
( x

�x

)(
1 − y

�y

)
, (20b)

N3(x, y) =
( x

�x

)(
y

�y

)
, (20c)

N4(x, y) =
(

1 − x

�x

)(
y

�y

)
. (20d)

The numbering from 1 to 4 refers to corners of a square grid counted counter-clockwise beginning from the bottom-left as 
shown in Fig. 1 for displacements.

For cells intersected by faults, the latter part of Eq. (19) is included. This term consists of tangential slip (s), directional 
component of the unit tangent vector to the fault (�t), and function W defined as

W (x, y) =
4∑

i=1

Ni(x, y)

[
H

(
f (x, y)

)
− H

(
f (xi, yi)

)]
, (21)

where H is a modified Heaviside function defined as

H(ζ ) =
{

−1 ζ ≤ 0

+1 ζ > 0
. (22)

In Eq. (21), f (x, y) is the signed distance from the fault. Depending on which side of the fault a point is located, it will be 
positive or negative. The Heaviside value of f (x, y) will be +1 or -1. This introduces the discontinuity into the model which 
is used to calculate the tangential slip. It is noted that the current framework allows for definition of a single fault node per 
matrix grid cell.

Fig. 2 shows a plot of FVM basis functions and W (x, y) over a unit square grid. This image shows that displacement is 
linearly interpolated inside each grid. In the case of a faulted grid, there is a jump at the location of the fault.

The chosen form for Eq. (19) gives the EFVM method advantages. First, the simplicity of the bi-linear basis functions 
allows for analytical determination of the integrals in Eq. (18). Here, the derivatives of the displacement are calculated 
analytically, and then integrated over the control volume surfaces of the structured grid considered in Fig. 1. An example 
of this is given in the Appendix. Second, the total displacement function of Eq. (19) includes the slip. So slip is calculated 
directly as an independent variable at the fault location and is not determined as a post-processed estimate. Furthermore, 
EFVM can be used with embedded fracture/fault models for flow with the least amount of complexity.

Next, the friction law (Eq. (6)) is considered for the fault. Based on the τmax obtained from friction law, the following is 
implemented based on the local shear stress for node i along the fault j (i.e. τi, j):

τi, j =
{

τi, j τi, j < τmax
i, j

τmax τi, j ≥ τmax . (23)

i, j i, j

6
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In Equation (23), the shear stress (τ ) is compared to τmax , which depends on the normal stress (σn). These stresses are 
found by projection of the effective stress tensor onto the fault. This is done via defining the traction vector �T as

�T = σ̃ · �n. (24)

Here, �n = nx�i + ny�j is the unit normal vector to the fault. Then, the normal and tangential stress components on the fault 
can be found via

σn = �T · �n, (25a)

τ = �T · �t (25b)

operations. Here, �t is the unit tangential vector to the fault. Given that this vector is normal to �n, it has components 
�t = ny�i − nx�j. It is noted that the vector form for these stresses is used to represent the vector of scalar values of normal 
and tangential stresses along the nodes of the fault.

Eq. 25 can be used to express the stresses at the fault location as

σn = (λ + 2Gn2
x)

∂ux

∂x
+ (λ + 2Gn2

y)
∂u y

∂ y
+ 2Gnxny(

∂ux

∂ y
+ ∂u y

∂x
), (26a)

τ = 2Gnxny
∂ux

∂x
− 2Gnxny

∂u y

∂ y
+ G(n2

y − n2
x)

∂u y

∂x
+ G(n2

y − n2
x)

∂ux

∂ y
. (26b)

The momentum balance equation for matrix, i.e. Eq. (18), friction law for the fault, i.e. Eq. (26), mass balance equation 
for the matrix, i.e. Eq. (8), and mass balance equation for the flow-conductive fault, i.e. Eq. (9), are solved together fully-
implicitly and fully-coupled for the faulted poroelastic system, i.e.,⎡⎢⎢⎣

Juu Jus Jupm Jup f

J su J ss J spm J sp f

J pmu J pms J pm pm J pm p f

J p f u J p f s J p f pm J p f p f

⎤⎥⎥⎦ ·

⎡⎢⎢⎣
u
s

pm

p f

⎤⎥⎥⎦ =

⎡⎢⎢⎣
fu

cs

Q pm

Q p f

⎤⎥⎥⎦ . (27)

The Jacobian matrix entries are identified by J i, j, ∀{i, j} ∈ {u, s, pm, p f }. Also note that the slip nodes at which the most-
updated estimate of friction is equal or greater than the maximum tolerable friction are included in this system. All other 
slip nodes, i.e. belonging to stick condition, are excluded in the linear system of Eq. (27).

The procedure of sEFVM for each time step is shown in Algorithm 1. In the first time step, the system of equations 
is solved using a continuum model (assuming there are no slipping nodes). This predictor-step solution is used as a first 
estimate for calculating stresses at the faults. The shear stresses along the faults, i.e. τ , are then obtained and compared to 
the maximum tolerable threshold of τmax , as in Eq. (6), for each fault. New degrees of freedom, i.e. �ns , are then appended to 
the system of Eq. (27) only when, and where, the slip criterion is met (i.e. nodes which satisfy τ > τmax). The new system 
is solved, stresses are recalculated, slip-stick conditions are re-identified and the procedure is repeated until convergence is 
reached.

Algorithm 1: Procedure of the sEFVM method at each time step.
Result: [ux, u y , pm, p f , s′]

1 Solve poroelastic continuum model to find [ux, u y , pm, p f ]1 ; // Initialize

2 Calculate stresses τ 1 and σ 1
n ;

3 Determine frictional threshold τmax,1 using Eq. (6);
4 Find slipping nodes �n1

s where τ 1 ≥ τmax,1 ;
5 Set ξ = 1 and κ = 1;
6 while ξ �= 0 do // Begin iterative loop
7 Append system of equations with �nκ

s unknowns for fault slip;
8 Solve poroelastic faulted model to find [ux, u y , pm, p f , s]κ+1 ;
9 Calculate stresses τ κ+1 and σκ+1

n ;
10 Find smooth stress profiles τ ′κ+1 and σ ′κ+1

n ; // Smoothing of stress
11 Determine frictional threshold τmax,κ+1 using Eq. (6);
12 Find new slipping nodes �nκ+1

s where τ ′κ+1 ≥ τmax,κ+1 ;
13 Update ξ , i.e., count of nodes for which stick-slip condition is changed ;
14 Assign (κ + 1) → κ ;
15 end
16 Find smooth slip profile s′ ; // Smoothing of slip

As numerical examples will show later, oscillations can arise in the fault stress (and slip) profiles of EFVM. These os-
cillations are an anticipated consequence of the embedded incorporation of faults in the EFVM method, when faults are 
7
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misaligned with the matrix grid. An oscillatory stress profile will cause problems because it is used for determining stick-
slip conditions. When an oscillatory stress profile is used, the slip-stick condition can fluctuate for a node, preventing the 
convergence to a consistent slip condition. To resolve this challenge, a smoothing procedure is developed in this study. Dur-
ing iterations, the smoothing domain covers the stress profile for each fault. The fault stress profile has no overlap or gaps. 
So, a smooth profile is fitted to the original curve. The method for deriving this fit can vary. It is, however, found that the 
fit to a polynomial works well for all cases studied by the authors. Data fitting to the polynomial is done based on least 
squares method, which minimizes the summed square of residuals [67].

The smoothed stress is used instead of the oscillatory curve, to find �ns again. If the estimates are different, the system 
is solved with new degrees of freedom for fault slip defined by the updated �ns vector. This is repeated until �ns remains 
unchanged. At that point, the procedure moves forward in time. For problems where faults are close to slip, neglecting this 
iterative step can result in incorrect results (as shown in later examples). For cases far from such conditions (e.g. the fault 
will clearly slip or remain stationary), the initial assumption is usually correct. For most problems, a single iteration is suffi-
cient, thus the added computational load for the studied cases is found to be insignificant. The small number of iterations is 
believed to be due to the fact that there is little nonlinearity in the simplified physics of the studied model. The slip profile 
may also demonstrate oscillations. For this reason, it is smoothed at the last time-step for improved interpretation.

In this study the error ε is defined as

ε =
∥∥xref − x

∥∥∞∥∥∥xh
ref

∥∥∥∞
, (28)

where xref is the reference solution and x is the approximate solution.

4. Numerical test cases

In this section numerical examples are provided to demonstrate that the results remain consistent as a result of grid 
refinement and that iterations used for estimating stick-slip conditions converge to the correct solution. These examples 
also show the applicability of the sEFVM for non-faulted continuum media (i.e. FVM) and faulted domains. For non-faulted 
media, sEFVM reduces to FVM. As such, we perform the study for FVM when no faults and fractures are present. For faulted 
domains, comparative studies are also carried out to identify the key strengths of the fully-implicit, fully-coupled sEFVM 
compared with sequentially-coupled, non-iterative and oscillatory EFVM.

4.1. Consistency and order of accuracy verification for pure mechanics in non-faulted/fractured media

Analytical displacement fields (ux, u y) for a 2D homogeneous domain, taken from the literature [57], are given as

ux = 10−5 sin
(πx

L

)
sin

(π y

W

)
,

u y = 10−5 cos

(
π(L − x)

L

)
sin

(π y

W

)
,

(29)

where L and W are model length and width, both taken equal to 1 m here. Moreover, λ and G are, respectively, 10 GPa and 
2.5 GPa. Fig. 3 illustrates the error of the solutions obtained by FVM, i.e. ε , for different mesh sizes �x. Note that �x = �y
at all refinement levels. This test confirms the consistency of the FVM implementation, in the absence of faults. The order 
of accuracy is confirmed to be 2, consistent with the literature [57].

4.2. Benchmark for poromechanics simulations for non-faulted/fractured media: Terzaghi test case

In this test case, complementary to the previously-studied pure mechanics test case, the sEFVM (which again reduces to 
FVM in the absence of faults) is validated for poromechanics deformation. A porous medium is compressed from the top 
and constrained from movement in the normal direction on all other sides. Fluid is allowed to drain from the top, while 
a no-flow sealing condition applies to all other sides. Fig. 4 shows an illustration of this test case, which is named after 
Terzaghi [64].

A 1 × 1 m2 porous medium is considered, for which E = 1e4 Pa, ν = 0.2, km/μ = 1e − 4 m2/Pa.sec, b = 1 and M = 1e100
are assigned. Moreover, F is 100 Pa and the time-step size of �t = 0.001 sec is taken. The initial pressure in the system is 
set to be 100 Pa. The computational grid consists of 100 ×100 cells. Fig. 5 shows the pressure and displacement profiles only 
across the depth of the domain, since there exists no change along the horizontal direction. Pressure declines with time as 
fluid drains from the top of the porous medium. Vertical displacement is negative, indicating contraction of the compressed 
system. The contraction increases with time. It is seen that the numerical and analytical results closely replicate each other. 
More precisely, as an example, the errors of sEFVM (which again turns to FVM in the absence of faults and fractures) 
solution at simulation time 0.9 sec are εu y = 1e − 3 for the vertical displacement and εp = 1.6e − 3 for pressure.
8
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Fig. 3. Second order accuracy of the FVM model.

Fig. 4. Illustration of Terzaghi poromechanics test case.

Fig. 5. Pressure (left) and displacement (right) profiles for Terzaghi test case at times t1 to t6 with values 0, 0.15, 0.3, 0.45, 0.6, 0.75 and 0.9 sec, respectively.

4.3. Benchmark for poromechanics simulations for non-faulted/fractured media: Mandel test case

In this section the sEFVM numerical model, which will be reduced to FVM due to the absence of faults, is compared 
with the analytical solution to the Mandel test case. A poroelastic sponge of length 2a and width 2b is assumed to be open 
to flow at both ends. This sponge is compressed from the top and from below with force F . The analytical solution for 
9
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Fig. 6. Mandel problem illustration.

Fig. 7. Pressure profiles for the Mandel test case at times t0 to t3 with values 0, 5, 15, 30 sec, respectively.

pressure and displacement distributions is given in [64]. Due to its symmetric geometry, only a quarter of the domain needs 
to be modeled as illustrated in Fig. 6.

Model dimensions, computational grid resolution, and values of E , ν , km/μ, b and M are all taken the same as in the 
Terzaghi test case. Moreover, F is 5 Pa and the time-step size is �t = 0.1 sec. The initial pressure in the system is set to 
be 2.5 Pa. Fig. 7 shows the pressure profile along the horizontal center-line of the model at different times. This image 
shows that the pressure drops as fluid flows out of the right side. At smaller times, i.e. t1 = 5 sec, there is a small pressure 
buildup above initial conditions near the center of the system. This occurs due to the contraction of the drained edges [64]. 
Fig. 7 also confirms that the solution of the FVM numerical model is close to the analytical solution. More specifically, with 
the chosen grid resolution and time step size, at t4 = 30 sec, the errors are εp = 6.1e − 3 for pressure, εux = 3.6e − 2 for 
displacement along the x axis, and εu y = 5e − 3 for displacement along the y axis.

4.4. Modeling of plane strain subsidence in a heterogeneous depleting gas field

The goal of this section is to compare the numerical FVM poroelastic model with a purely-mechanical FVM model for 
modeling plane strain subsidence in a heterogeneous setting. It is expected that the solution of the poroelastic model 
asymptotically reaches the mechanical one at long times. The surface subsidence is studied in a gas field in the Adriatic 
basin neighboring Italy. The geometry of Fig. 8 is conceptualized based on published data [68]. Two methods were used for 
studying surface subsidence. In the first, the system is modeled dynamically assuming flow inside the porous reservoir. This 
reservoir is encapsulated by an elastic non-porous medium. In the second approach, the system is entirely impermeable and 
elastic. For this setup, a force equivalent to the pressure depletion of the dynamic model is applied to the outer boundaries 
of the assumed reservoir at each time-step.

The reservoir is stationary (zero displacements) at all boundaries except for the top free surface. The porous region 
has no-flow boundaries. The computational grid consists of 50 × 150 cells, with finer mesh vertically to capture the thin 
reservoir. A single gas producer is considered for depletion. The mobility in the horizontal direction is km,x/μ = 8e − 10
m2/Pa.sec. The vertical to horizontal permeability is km,y/km,x = 0.1. Value of Poison ratio is ν = 0.3 and b = 1. An empirical 
correlation is used for the Young’s modulus (E) in this field as given by [69].

E = (1 − 2ν)(1 + ν)
, (30)
(1 − ν)cM

10
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Fig. 8. Illustration for modeling plane strain subsidence.

Fig. 9. Comparison of evolution of surface subsidence in a depleting gas field as predicted using static and poroelastic FVM models at t1 to t4 corresponding 
to 6, 18, 30 and 90 months.

where cM is the vertical compressibility in bars−1 found as a function of depth (z, in meters) according to [69] as

cM = 0.01241 | 0.1 z − 0.12218 z1.0766 |−1.1342. (31)

Values of E and ν are used for determining Lame constants used in Eq. (17) according to available conversion formulae 
[64]. The Biot modulus (M , which appears in Eq. (1)) is calculated as [70]

1

M
= φ

K f l
+ b − φ

Ks
, (32)

where K f l and Ks are fluid and solid moduli taken as 0.02 and 1e100 GPa, respectively. The φ is porosity (as a fraction) 
calculated as a function of depth (z, in meters) as [71]

φ = −0.005 log(z) + 0.3. (33)

Fig. 9 shows the evolution of surface subsidence for the studied problem. The static and dynamic results are plotted 
at various simulation times. It can be seen that both methods converge to the same solution at late times. This is an 
expected outcome. Errors are quantified according to Eq. (28). At simulation time t = 500tc , the errors are εu y = 1.26e − 2
and εux = 1.53e − 2 for displacement fields. The error for surface subsidence is 5.0e − 3.

4.5. Faulted reservoir in an infinite domain

A finite reservoir is assumed in an infinite domain. A vertical fault with an initial offset is present in the middle of 
the reservoir. The fault is fully permeable but does not transmit fluid pressure above the top or below the bottom of the 
reservoir. The setup is shown in Fig. 10. Analytical solutions for production/injection-induced displacements, stresses and 
strains for this system are given by [72]. Here, we compare our numerical model with the analytical solutions for the shear 
stress along the fault.

Elastic parameters are G = 6.5 GPa and ν = 0.15. The fault surfaces are frictionless. Values of a and b in Fig. 10 are 75 
and 150 meters, respectively. In the analytical solution, the reservoir stretches throughout the entire horizontal extent of the 
system. To approximate such infinite boundaries, the external medium in the numerical set up is assumed 10 times larger 
than the reservoir thickness (i.e. 2250 × 2250 meters). Roller boundary conditions are considered on all external boundaries. 
11
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Fig. 10. Schematic of a faulted reservoir in an infinite domain.

Fig. 11. Shear stress profile across the vertical center-line in an infinite faulted reservoir.

The reservoir boundaries are impermeable. The reservoir is depleted via a single production well placed centrally in the 
reservoir. This well produces at a constant draw down pressure of �P = -25 MPa. The computational grid consists of 
200 × 200 cells. The numerical results were obtained by considering different orders for the time-step (1 minute, 1 hour 
and 1 day).

The shear stress is plotted along the depth of the reservoir at the location of the fault. Fig. 11 shows the results of 
the dynamic FVM model at various time-steps and the analytical solution based on equations in [72]. The stress profile 
shows 2 minima and 2 maxima. These extrema correspond to the 4 edges of the displaced reservoir sections. The numerical 
solution approaches the analytical solution at full depletion, which is seen after approximately 6 days, although the finite 
grid resolution results in smoothed extrema instead of the peaks of infinite magnitude as observed in the analytical solution.

4.6. Elastic faulted model

The analytical solution for the slip profile in the faulted, unbounded and elastic block of Fig. 12 is found as [73]

s (Lx) = 2(1 − ν2) τc

E

√
L2

f − (x − L f )
2, (34)

where Lx is the location along the fault and L f is the fault length. θ is the friction angle defined as [73]

| τ | = − tan θ σn, (35)

and τc is defined as

τc = σ sinα
(

cosα − sinα tan θ
)
, (36)

where α is the angle of the fault with the negative direction of the horizontal axis.
12
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Fig. 12. Illustration for the infinite, elastic faulted system under compression.

Fig. 13. Comparison of analytical solutions with numerical solutions of EFVM for the slip profile in a infinite faulted domain under compression loads of F1

to F3 equal to 50, 100 and 200 MPa.

Fig. 14. Illustration for faulted test case with surface displacements.

A 100 × 100 m2 square is considered. There is a 10 meter fault at the center of the block with θ = 20 degrees. Force 
F compresses the horizontal sides of the block. Top and bottom are constrained from normal displacement to simulate an 
infinite vertical domain. Values of E = 7e10 Pa, ν = 0.2 and α = 30 degrees are assigned to the model. The computational 
grid consists of 100 × 100 cells. The slip profiles from the analytical solution and EFVM are shown in Fig. 13 for three 
different values of F of 50, 100 and 200 MPa. These results show good agreement between EFVM and analytical solutions. 
The slip increases with increased applied force.

4.7. Test case with oscillatory behavior and the use of sEFVM

EFVM method can produce non-smooth profiles for the slip and stress fields. As an example, a 1 × 1 m2 elastic do-
main is considered. The top and the bottom surfaces are subject to a Dirichlet displacement vector (ux, u y) of (0, 0) and 
(0.05, 0.005) meters, respectively. The east and west boundaries are subject to free stress conditions. A fault is defined with 
a length of 0.4 m, located centrally, having an angle of α with respect to the horizontal axis. Lame parameters are both 
chosen equal to 1 Pa. The friction coefficient is set to be 0.85. The setup is shown in Fig. 14.

The slip profile for the case of a horizontal fault (i.e., θ = 0) is shown in Fig. 15a. For this case, the slip profile is smooth 
and in good agreement with results of the Porepy simulator [74]. The order of accuracy for slip is determined by altering 
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Fig. 15. EFVM slip profile (left) and the order of accuracy of slip (right) for a block with surface displacement and a horizontal fault.

Fig. 16. Convergent oscillatory solution of EFVM for the slip profile for a fault inclined at 18 degrees.

the computational grid from 10 × 10 to 160 × 160. The error is calculated using Eq. (28) with respect to the most refined 
mesh (i.e., 160 × 160) and plotted in Fig. 15b. This figure shows that the slip profile converges linearly to the solution.

However, the smoothness of the slip profile is not always guaranteed. The same setup is modeled by rotating the fault 
to an angle of α = 18 degrees. The slip profile is shown in Fig. 16. For this example, the slip profile takes a saddle form, 
and the fully-implicit EFVM results are non-smooth. Note that the EFVM results, even though being non-smooth, are fully 
converged for the state of slip-stick at each fault node.

We elaborate on a few points. First, we see in Fig. 16 that the magnitude of oscillations decays as the mesh gets finer, 
and that the slip function remains convergent in spite of oscillatory behavior. However, oscillations can pose a significant 
challenge as the stress field becomes also non-smooth. Notice that the stress field is used to determine slip-stick conditions 
of the fault. When the fault is critically stressed, the oscillations can potentially result in an incorrect determination of 
slipping nodes. Therefore, it is crucial to systematically resolve the oscillations within the stress field.

To resolve this challenge, and guarantee smoothness of the results, we complement EFVM with a smoothing procedure, 
and refer to it as sEFVM. A polynomial fit to the oscillating curve is used to capture the behavior without oscillations. It is 
found that this fitted polynomial is in close agreement with the expected results. For the studied example, this is shown in 
Fig. 17 for stress and slip. The fit is in good agreement with results of Porepy and the solution of EFVM on a finer mesh.

The smoothed solutions presented in Fig. 17 for the stress and slip profiles are

τ (Lx) = c1L2
x + c2Lx + c3, (37a)

s (Lx) = d1L4
x + d2L3

x + d3L2
x + d4Lx + d5, (37b)

where Lx is the distance from the beginning of the fault in meters (i.e., the tip with minimum x and y values). Values of 
c1 to c3 are found as −0.1508 Pa/m2, 0.06031 Pa/m and 0.02948 Pa, respectively. Values of d1 to d5 are found as −0.1821
m−3, 0.1457 m−2, −0.03589 m−1, 0.002701 and 6.003e − 5 m, respectively. The norm of residuals for stress and slip are 
3.8e − 3 Pa and 1.1e − 4 m, respectively. The small norm values indicate a good fit.
14



S. Shokrollahzadeh Behbahani, H. Hajibeygi, D. Voskov et al. Journal of Computational Physics 459 (2022) 111143
Fig. 17. Post-processing of the stress (left) and slip profile (right) in sEFVM for the example of a fault inclined at 18 degrees.

Fig. 18. Demonstration of the role of the new iterative step in sEFVM for the example of a fault inclined at 18 degrees in the block with surface displace-
ment.

Note that the EFVM oscillations are due to the misaligned faults and the embedded grid cells. This is why for horizontal 
and vertical fractures/faults the oscillations do not occur as shown in Fig. 15b. It is emphasized that the stress at the location 
of the fracture/fault is calculated based on the values of displacement of the hosting structured grid and the value of the slip 
and the location of the fracture/fault node. When following the path of the fracture/fault, the stress values change from grid 
to grid. When plotting the stress along the fracture/fault, these changes can result in oscillatory profiles along the direction 
of the embedded fracture/fault. The magnitude of the oscillations depends entirely on the stress distribution at the location 
of the fracture/fault and how the fracture/fault element is cutting through the matrix grids which in turn depends on the 
resolution as shown in Fig. 16. Depending on the situation, oscillations can be pronounced or visibly undetectable.

For most problems, EFVM is found to be smooth. But when oscillations do arise, the proposed procedure leading to 
sEFVM guarantees smooth solutions for all faults. This is crucial for practical cases which typically involve challenging fault 
geometries and orientations.

As explained in Algorithm 1, another important advancement of the proposed fully-coupled fully-implicit sEFVM is that 
the state of slip-stick is found implicitly based on the updated state of the stress. One can observe severe errors in the 
fault slip predictions, if this important feature is neglected, as, e.g., observed in references [55,56] where the stress from 
the previous time step is used to indicate the slip-stick state of fault nodes. Fig. 18 illustrates this important aspect, by 
presenting the slip profile when no iterations are employed to indicate the slip-stick state.

4.8. Heavily-faulted poroelastic model

A conceptual model is considered with dimensions of 30 × 50 km2. Values of ν = 0.2, b = 1 and φ = 0.2 are assigned 
to the model. The system is heavily-faulted with 29 impermeable faults, some of which can get very close to each other. 
The model consists of a poroelastic saturated reservoir surrounded by an impermeable elastic external medium. A produc-
tion well is placed centrally in the porous reservoir region. The initial reservoir pressure and production well bottom-hole 
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Fig. 19. Schematic (left) and heterogeneous map for the Young modulus (right) of a heavily faulted poroelastic model.

Fig. 20. Horizontal (Fig. 20a) and vertical displacement fields (Fig. 20b) in a heavily faulted poroelastic model.

pressures are 150 MPa and 100 MPa, respectively. Mobility is 1e − 6 m2/Pa.sec. The friction coefficient for all faults is set 
to be 0.6. The computational grid consists of 128 × 128 cells, and the time step size is 1.5 hours. A force per length of 
1 kPa/m is applied at the top boundary. The bottom boundary is stationary. Horizontal boundaries are constrained from 
normal displacement as shown in Fig. 19a.

Fig. 20 shows the displacement field for the test case after 15 hours. Both horizontal and vertical displacements show 
the highest deformation inside and in the vicinity of the porous reservoir domain. The effect of the heterogeneous E field 
is clearly seen in the vertical displacement profile, resulting in heterogeneous displacement patterns.

The Von Mises stress, i.e. σV M , and pressure maps are shown in Fig. 21. According to the stress map, the maximum 
stress is observed inside the poroelastic region. The pressure profile reflects the depletion inside the porous region. One 
fault which intersects with the reservoir at the top right boundary has influenced depletion in that region. It is worth 
mentioning that in this test case, no smoothing was required as the EFVM results were non-oscillatory.

5. Conclusions

The finite volume method was used in this study for modeling poroelastic media in the presence of faults and fractures. 
In the absence of fractures and faults, the method reduces to the fully-coupled fully-implicit FVM, which was confirmed to 
be second order accurate for pure mechanical deformation. Several studies were performed to investigate the consistency 
and accuracy of the method for analytical and well-established test cases such as Mandel and Terzaghi. These also include 
plane strain subsidence, in which a fully-coupled poromechanics model was compared against one-way-coupled pure me-
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Fig. 21. Von Mises stress (left) and pressure map (right) in a heavily faulted poroelastic model.

chanics in which pore-pressure drop was imposed as boundary condition. It was shown that while the steady-state solutions 
of these two approaches match, the transient solutions do not.

In the presence of faults, the developed sEFVM was investigated for several test cases including benchmark studies 
against analytical solutions. It was shown that the fully-implicit and fully-coupled nature of the sEFVM was essential to 
accurately estimate the slip-stick state of fault nodes consistent with the state-of-the-stress. In addition, the possible occur-
rence of fluctuating stress and slip fields within the EFVM method, as observed in the literature, was eliminated by a novel 
smoothed procedure, resulting in a smoothed EFVM method (sEFVM).

It was demonstrated that the sEFVM can effectively cope with test cases in which many faults coexist in a heterogeneous 
domain. The use of independent grids for the discontinuities, i.e. faults and fractures, and their hosting rock cells is an 
advantage of the method for heavily faulted/fractured systems.
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Appendix A

In this section, examples of analytical derivation of the terms in Eq. (18) are provided. The integral in this equation 
contains derivatives of displacement which are also found analytically based on definitions given in Eq. (19). For example

∂ux

∂ y
= ∂N1(x, y)

∂ y
ux,1 + ∂N2(x, y)

∂ y
ux,2 + ∂N3(x, y)

∂ y
ux,3 + ∂N4(x, y)

∂ y
ux,4 + ∂W (x, y)

∂ y
stx. (38)

The numbering scheme is shown in Fig. 1. Next, derivatives in Eq. (38) are calculated. For example
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∂N1(x, y)

∂ y
= (

−1

�y
)(1 − x

�x
), (39)

and for the multiplier of slip

∂W (x, y)

∂x
= ∂N1(x, y)

∂x
[H ( f (x, y)) − H ( f (x1, y1))] + ∂N2(x, y)

∂x
[H ( f (x, y)) − H ( f (x2, y2))]+

∂N3(x, y)

∂x
[H ( f (x, y)) − H ( f (x3, y3))] + ∂N4(x, y)

∂x
[H ( f (x, y)) − H ( f (x4, y4))] ,

where the values of 
[

H ( f (x, y)) − H
(

f
(
xi, y j

))]
are found numerically based on the local coordinates of corner points (xi

and yi ) at any location x and y. For each grid cell, this location is the coordinate of the fault node.
Next, the integral in Eq. (18) is determined. This integral is calculated analytically at boundary segments A1 to A8 shown 

in Fig. 1. The range of integrals are from −�x
2 to �x

2 and −�y
2 to �y

2 for x and y, respectively. One example is provided for 
an integral over section A1 as∫

A1

∂ux

∂ y
dx = [(−ux,1

8
− −3ux,2

8
+ 3ux,3

8
+ ux,4

8
) + (

−H1

8
− −3H2

8
+ 3H3

8
+ 1H4

8
)stx] �x

�y
. (40)

Other integrals are obtained similarly. The multipliers for u1 to u4 are used to find components of Juu in Eq. (27). The 
coefficients for s in above integral give Jus .

For Jupm , the following term from Eq. (18) is integrated as∫
∂�u

−bpmdy = −b�y

2
((pm4 + pm1) − (pm3 + pm2)). (41)

The numbering scheme is shown in Fig. 1. The momentum balance equation is not assumed to be affected by fault pressure, 
therefore Jup f is an array of zeros.
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