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For a family of two-dimensional predator–prey models of Gause type, we investigate the simul-
taneous occurrence of a center singularity and a limit cycle. The family is characterized by the
fact that the functional response is nonanalytical and exhibits group defense. We prove the
existence and uniqueness of the limit cycle using a new theorem for Liénard systems. The new
theorem gives conditions for the uniqueness of a limit cycle which surrounds a period annulus.
The results of this paper provide a mechanism for studying the global behavior of solutions to
Gause systems through bifurcation of an integrable system which contains a center and a limit
cycle.

Keywords : Generalized Gause model; functional response; limit cycle; bifurcation.

1. Introduction

The main difficulty in studying the global asymp-
totic behavior of solutions to two-dimensional
predator–prey models is detecting and proving the
existence and number of periodic solutions. One of
the first examples of a biological system modeling
the interaction between prey and predators was for-
mulated by Lotka [1925] and Volterra [1927]:

dx

dt
= αx − βxy,

dy

dt
= −δy + γxy. (1)

In system (1) x(t) ≥ 0 and y(t) ≥ 0 denote prey
and predator densities respectively, as functions of
time. Here all parameters are positive: α > 0 is the
growth rate of the prey in the absence of the preda-
tor; β > 0 is the predation rate coefficient; δ > 0 is

the death rate of the predator in the absence of the
prey; γ > 0 is the rate of conversion of consumed
prey to predator. It is well-known that system (1)
contains an unbounded family of periodic orbits sur-
rounding a singularity of center type.

Several generalizations of system (1) have been
proposed, such as the generalized Gause model (see
[Gause, 1934]):

dx

dt
= αx

(
1 − x

k

)
− p(x)y,

dy

dt
= −δy + γp(x)y.

(2)

Here k > 0 is the carrying capacity of the prey.
The function p(x) is the capture rate of prey
per predator or functional response of a predator.
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The most commonly chosen functional response
function is given by

p(x) =
ax

1 + ahx
, (3)

where a, h are positive constants representing
predator attack rate and prey handling rate, respec-
tively. The function p(x) is referred to as a func-
tional response of Holling type II, see [Holling,
1959b]. For p(x) = ax2

1+ahx2 , the functional response
is called Holling type III. The global dynamics of
system (2) with these two functional response func-
tions have been well studied, in particular, it has
been proved that these systems can have at most
one isolated periodic orbit in the phase plane, i.e. a
unique limit cycle, see [Cheng, 1981; Rosenzweig &
McArthur, 1963; Yang & Freedman, 1988].

The functional response function which satis-
fies p(x) = ax for 0 ≤ x ≤ x0 and p(x) = ax0

for x > x0, is referred to as a functional response
of Holling type I. In contrast to the analytical
Holling II and III functions, this function is con-
tinuous but not differentiable. The three types
of Holling functional response were introduced in
[Holling, 1959a, 1965]. System (2) with functional
response of Holling type I was studied by Liu [1988],
who proved that for certain parameter values sys-
tem (2) can have at least two limit cycles. This
implies that for a suitable choice of the parameters,
system (2) exhibits coexistence of a stable equilib-
rium and a stable limit cycle, whereas in [Zegeling &
Kooij, 2020] it was proved that two is an exact
upper bound for the number of limit cycles for Liu’s
parameter set.

Recently Kooij and Zegeling [2019] studied the
periodic orbits for system (2) for other nonana-
lytical functional responses. They found that the
behavior for the generalized Gause model with a
functional response that is nonanalytical, is more
complicated than for the generalized Gause model
with a functional response that is analytical (e.g.
Holling type II or III). As examples of this more
complicated behavior we mention: the coexistence
of a stable equilibrium with a stable limit cycle and
the existence of a bounded period annulus.

The nonanalytical functional responses consid-
ered in [Kooij & Zegeling, 2019] were nondecreasing.
However, some authors also consider nonmonotonic,
unimodal functional responses, see [Freedman &
Wolkowicz, 1986; Ruan & Xiao, 2001; Wolkowicz,
1988]. This type of function is assumed to model

group defense. Initially the function grows with x,
but as the prey density gets larger, the prey can
defend themselves successfully against the preda-
tors. It is known that system (2), with p(x)
nonmonotonic, can have two limit cycles, see
[Rothe & Shafer, 1992]. The nonmonotonic func-
tional response satisfying p(x) = mx

a+bx+x2 , origi-
nally dubbed Monod–Haldane functional response,
see [Andrews, 1968], is sometimes referred to as
Holling type IV, see [Huang & Xiao, 2004].

In this paper, we will show that system (2) with
a nonanalytical functional response which exhibits
group defense, can have a bounded period annu-
lus, surrounded by a stable limit cycle. To the
best of our knowledge, this type of behavior has
never before been described for two-dimensional
predator–prey systems. To prove the uniqueness of
the limit cycle surrounding the period annulus, we
first derive a new theorem for Liénard systems. The
new theorem gives conditions for the uniqueness of
a limit cycle which surrounds a period annulus.

2. Coexistence of a Limit Cycle and
a Family of Closed Orbits

2.1. An example of a predator–prey
system with a bounded family
of periodic orbits

Starting point for our analysis is a predator–prey
system with a nonanalytical, nondecreasing func-
tional response introduced in [Kooij & Zegeling,
2019], that has a bounded family of periodic orbits.
Consider the following system:

dx

dt
=

φ

k
x(k − x) − p(x)y,

dy

dt
= −δy + p(x)y,

(4)

with p(x) = x(2 − x), for 0 ≤ x ≤ 1 and p(x) = 1,
for x > 1, and φ > 0, k > 0, δ > 0.

Note that the functional response p is differ-
entiable but nonanalytical. It has been proved in
[Kooij & Zegeling, 2019] that for k = 2, if 0 < δ < 1,
then system (4) has a unique positive equilibrium,
which is surrounded by a bounded family of peri-
odic orbits. In that case there exists an oval Γ such
that all trajectories starting on or inside Γ are closed
whereas trajectories starting outside this oval have
Γ as their ω-limit set.

2150154-2
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2.2. The predator–prey system with
group defense

We keep the logistical growth rate in the general
form φ

k x(k − x) of system (4) without assuming
that the parameter k is equal to 2. We will adjust
p(x) such that the bounded family of periodic orbits
remains, yet also group defense is introduced in the
functional response, which we will denote by p(x).
It is assumed that p(x) is piecewise continuously
differentiable, and therefore implies that the Lips-
chitz condition holds, see [Sohrab, 2003]. We take
p(x) = x(k−x) for 0 ≤ x ≤ 1, while we denote p(x)
for x ≥ 1 by the function ξ(x). We assume ξ(x)
is continuously differentiable for x > 1 and further
satisfies the following conditions

ξ(1) = k − 1, (5)

ξ′(x) ≤ 0 for x ≥ 1, (6)

lim
x↓1

|ξ′(x)| < ∞, (7)

ξ′′(x) ≥ 0 for x ≥ 1, (8)

lim
x→∞ ξ(x) = μ > 0. (9)

Equation (5) ascertains the continuity of p(x)
at x = 1, while in addition, the Lipschitz condi-
tion at x = 1 is satisfied according to Eq. (7).
Equation (6) reflects that from x = 1 onwards, the
functional response is decreasing, while Eq. (8) cor-
responds with the assumption that ξ(x) is concave
up. Finally, through Eq. (9) it is assumed that for
sufficiently large x the functional response saturates
at a positive value μ. By combining Eqs. (5)–(9) we
obtain

μ < k − 1. (10)

The resulting predator–prey system is as
follows:

dx

dt
=

φ

k
x(k − x) − p(x)y,

dy

dt
= −δy + p(x)y,

(11)

where p(x) satisfies:

(1) p(x) ≡ pI(x) = x(k − x), for 0 ≤ x ≤ 1,
(2) p(x) ≡ pII (x) = ξ(x), for x ≥ 1,

where ξ(x) satisfies the conditions (5)–(9).
The resulting functional response is depicted in

Fig. 1, which corresponds to the case k > 2.

Fig. 1. The functional response p(x) of system (11).

The parameters of the system have the follow-
ing meaning and restrictions:

• k represents the carrying capacity of the prey, i.e.
the saturation level of prey density in the absence
of predators. Since we chose (after an appropri-
ate scaling of the x-variable) the interval where
the system is integrable, to end at x = 1, the sys-
tem would become simple to analyze for k ≤ 1.
Therefore we impose k > 1 in the following.

• μ is the saturation value of the functional
response function p(x).

• δ represents the death rate of the predator in the
absence of prey and is positive. If μ < δ < 1,
the system would contain two finite singularities
in the positive first quadrant and the dynamics
would change completely. For our analysis, we
therefore impose that δ < μ.

• φ is a positive parameter representing the rate of
birth of the prey.

System (11) contains four parameters. We will
refer to the subset of the four-dimensional parame-
ters subspace, where all conditions on the parame-
ters are satisfied, as C1:

C1 = {k, φ, μ, δ |φ > 0, 0 < δ < μ < k − 1, k > 1}.
(12)

Because p(x) is defined on two intervals for x,
we are considering two different systems of differen-
tial equations, each one defined on one of the two
strips. For strip I, defined as {(x, y) | 0 ≤ x ≤ 1 ∧
y ≥ 0}, the corresponding system is

dx

dt
=

φ

k
x(k − x) − x(k − x)y,

dy

dt
= −δy + x(k − x)y.

(13)
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For strip II, given by {(x, y) |x ≥ 1 ∧ y ≥ 0}, we
obtain

dx

dt
=

φ

k
x(k − x) − ξ(x)y,

dy

dt
= −δy + ξ(x)y.

(14)

With this specific choice of the functional response
function in the two strips, the following properties
of the solution set in the phase plane are easily
proved:

Lemma 1. For the parameter set C1 of (12) sys-
tem (11) has two singularities O(0, 0), K(k, 0) on
the coordinate axes. Both are saddles. The separa-
trices of the saddle at O are along the coordinate
axes, while for K the stable separatrices are along
the x-axis and one unstable separatrix enters the
first quadrant. See Fig. 3.

Lemma 2. For the parameter set C1 of (12) sys-
tem (11) has a unique positive singularity E(x∗, y∗)
in the first quadrant of the phase plane x > 0, y >
0, with coordinates (x∗, y∗) satisfying pI(x∗) = δ,

y∗ = φ
k , lying in strip I, {(x, y) | 0 ≤ x ≤ 1∧ y ≥ 0}.

It is a center surrounded by a period annulus
with solutions defined by:

Z(x, y) =
φ

k
ln(y) − y +

δ

k
ln(x)

− δ

k
ln(k − x) − x = h, (15)

with h ∈ (hΓ, h∗), h∗ = φ
k ln(φ

k ) − φ
k + δ

k ln(x∗) −
δ
k ln(k−x∗)−x∗, hΓ = φ

k ln(φ
k )− δ

k ln(k− 1)− φ
k − 1

lying in strip I bounded by the oval Γ = {x > 0,
y > 0 |Z(x, y) = hΓ}, i.e. the periodic solution of
system (11) in strip I, tangent to x = 1. The energy
level h∗ represents the inner boundary of the period
annulus, i.e. the center E.

Proof. Singularities of the system in the positive
first quadrant need to satisfy dy

dt = 0, i.e. p(x) = δ if
y > 0. According to Eqs. (6)–(9) p(x) is monoton-
ically decreasing for x > 1 while also p(x) > μ for
x > 1. Therefore under the condition δ < μ the only
possibility for a positive singularity is a solution to
pI(xg) = δ defined in strip I. It is easy to check
that there is a unique solution x∗ to this equation
for 0 < x∗ < 1. See Fig. 1.

The equilibrium E(x∗, y∗) is a center because
it is an anti-saddle and in strip I system (11) [see

system (13)] has an integrating factor I(x, y) =
1

x(k−x)y from which the first integral can be found.
Because E(x∗, y∗) is a center, all trajectories start-
ing on or inside Γ are closed, i.e. there is a period
annulus of closed orbits surrounding the singularity
E bounded by Γ.

Of importance for the following is that hΓ < h∗,
i.e. the energy levels of the periodic orbits decrease
for growing periodic orbits. In particular, the peri-
odic orbit Γ has the lowest energy level h in the
period annulus. �

The next lemma provides the outer stability of
the periodic orbit Γ. For convenience, we introduce
the following notation for two sets of parameters of
which the union is C1 of (12):

C1 = Ca
1 ∪ Cb

1,

Ca
1 = C1 ∩ {k | ξ′(1) − k + 2 < 0},

Cb
1 = C1 ∩ {k | ξ′(1) − k + 2 ≥ 0}.

(16)

Lemma 3. The periodic orbit Γ of Lemma 2 sur-
rounding the period annulus in strip I is unstable
(stable) on its exterior side for the parameter set
Ca

1 (Cb
1) of (16) i.e. any trajectory starting out-

side Γ, but sufficiently close to it, moves away from
(approaches) Γ.

Proof. We will prove this by comparing the tra-
jectories of system (11) with those of the auxiliary
system:

dx

dt
=

(
φ

k
− y

)
p(x),

dy

dt
= (−δ + p(x))y. (17)

Note that for strip I system (17) is identical
to system (13), hence it also has a center at
E(x∗, y∗). In fact, all trajectories of system (17) are
closed because the system has an integrating factor
I(x, y) = 1

p(x)y , from which a first integral can be
deduced:

M(x, y) =
φ

k
ln(y) − y −

∫ x

x∗

−δ + p(u)
p(u)

du. (18)

Using (18) and (11) we obtain
(

dM

dt

)
(14)

=
φ

k

(−δ + p(x))
p(x)

(p(x) − x(k − x)).

(19)

2150154-4
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To evaluate (19) in the strip II, we substitute p(x) =
pII (x) into the equation, which yields(

dM

dt

)
(14)

=
φ

k

(−δ + ξ(x))
ξ(x)

(ξ(x) − x(k − x)).

(20)

It is clear that in strip II the sign of the right-hand
side of (20) is determined by the function

S(x) = ξ(x) − x(k − x). (21)

It follows from Eq. (5) that S(1) = 0 and S′(1) =
ξ′(1) − k + 2.

Now assume, x = 1 + ε, with 0 < ε 
 1, then
using ξ(1 + ε) = k − 1 + ξ′(1)ε + 1

2ξ′′(1)ε2 + O(ε3),
we obtain

S(1 + ε) = (ξ′(1) − k + 2)ε +
(

1
2
ξ′′(1) + 1

)
ε2

+ O(ε3). (22)

Therefore, for x > 1, but sufficiently close to x = 1,
for the parameter set Ca

1, it holds that S(x) < 0.
Because in the strip II −δ+p(x) > 0 and p(x) >

0, it follows that for x > 1, but sufficiently close to
x = 1: (

dM

dt

)
(14)

< 0, (23)

for the parameter set Ca
1.

Since the energy levels of the periodic orbits
defined by (18) are decreasing for increasing orbits,
for x > 1 trajectories of system (14) sufficiently
close to A(1, φ

k ) (the right-most point on the oval Γ)
intersect those of system (17) from the left to the
right (right to left) if (dM

dt )(14) < 0 ((dM
dt )(14) > 0).

Because the trajectories of system (17) are closed,
this shows that trajectories starting sufficiently

close, but outside Γ, have Γ as their α-limit set for
the parameter set Ca

1 of (16), see Fig. 2(a).
For the parameter set Cb

1 the same argument
can be used to prove that S(x) > 0 when ξ′(1) −
k + 2 < 0. For the case ξ′(1) − k + 2 = 0 the
second order term in the expansion (22) shows that
S(x) > 0 as well, as a result of condition (8). There-
fore, for the parameter set Cb

1, it holds that(
dM

dt

)
(14)

> 0. (24)

Hence, trajectories starting sufficiently close,
but outside Γ, have Γ as their ω-limit set for the
parameter set Cb

1 of (16), see Fig. 2(b). �

Corollary 1. For the parameter sets Ca
1 and Cb

1

the closed orbits of system (17) will play the role
of a Lyapunov function on the intervals (xS, xS)
and (xk, k) respectively, where for the case Ca

1 xS

denotes the unique zero of S(x) = ξ(x) − x(k − x)
on the interval (1, k), xS is the minimum value of
the x-coordinate for the solution of system (17) tan-
gent to x = xS , while for the case Cb

1 xk is the min-
imum value of the x-coordinate for the solution of
system (17) tangent to x = k.

Proof. We have S(1) = 0, S(k) = ξ(k) > 0, while
S′(1) = ξ′(1) − k + 2. Therefore, for the parameter
set Ca

1 (Cb
1) it holds that S′(1) < 0 (S′(1) ≥ 0). By

the continuity of S(x), it follows that for Ca
1 there

exists a zero xS on (1, k). The zeros of S(x) are
given by the solutions of pI(x) = x(k − x) = ξ(x).
Because on the interval [1, k], it holds that p′′I (x) <
0 and ξ′′(x) > 0, it follows that S′′(x) > 0 and
hence S(x) has exactly two zeros on [1, k], namely
x = 1 and x = xS . Therefore, we have established

(a) (b)

Fig. 2. The oval Γ and its stability under conditions Ca
1 and Cb

1 of (16) as described in Lemma 3.
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that S(x) < 0 for x ∈ (1, xS) and the closed orbits
of (17) will play the role of a Lyapunov function and
the solutions of (14) will flow outward. Therefore,
for the case Ca

1, any limit cycle has to cross the
line x = xS. Similarly, it follows for case Cb

1 that
S(x) > 0 for x ∈ (1, k) and the solutions of (14)
will flow inward. Because limit cycles of system (11)
cannot intersect x = k, it follows that for case Cb

1,
there are no limit cycles. �

The previous lemma shows that all solutions
near the outside of Γ flow outward under condition
Ca

1 of (16). Next we show that system (11) is a
bounded system with all solutions flowing inward
for a sufficiently large region in the positive first
quadrant:

Lemma 4. For the parameter set C1 of (12) there
exists a line lλ : y − λ(k − x) = 0, with λ > 0,
such that all solutions starting on the line will flow
inward into the triangle defined by the lines lλ, x =
0, y = 0.

Proof. Consider the flow of the vector field (11)
defined on lλ. We get:(

dlλ
dt

)
(11)

=
dy

dt
+ λ

dx

dt

= λ(k − x)
(
−(λ − 1)p(x) − δ +

φ

k
x

)
.

(25)

Note that we consider the line only on the finite
interval x ∈ (0, k). We rewrite the last factor in
Eq. (25) as −(λ− 1)p(x) + h(x), with h(x) = −δ +
φ
k x. Then h(0) < 0 while h(k) = −δ + φ. We will
now distinguish two cases.

Case 1. φ ≤ δ. For this case we choose λ = 1 and
as a result (dlλ

dt )(11) ≤ 0 proving the lemma.

Case 2. φ > δ. For this case we choose λ = 1+ φ−δ
ξ(k)

and as a result y = (λ − 1)p(x) and y = h(x) only
intersect at x = k. Therefore, also for this case it
holds that (dlλ

dt )(11) ≤ 0.

The line lλ is a line without contact passing
through the saddle K at (k, 0). The unstable sepa-
ratrix leaving K is easily seen to enter the triangle
defined by lλ, x = 0, y = 0. See Fig. 3. �

With these lemmas in hand we have the tools to
prove the existence of a limit cycle in system (11).

Fig. 3. Phase plane of system (11).

Theorem 1. For the parameter set C1 of (12) sys-
tem (11) has a unique positive equilibrium, which
is a center. There exists an oval Γ such that all
trajectories starting on or inside Γ are closed. Γ is
unstable on the outside for the parameter set Ca

1
of (16). Under these conditions, system (11) has at
least one stable limit cycle, which contains Γ in its
interior.

Proof. Lemma 2 showed the existence of the cen-
ter and a period annulus surrounding it bounded
by the periodic orbit Γ. Lemmas 3 and 4 show the
existence of an annular region with inflow on the
outside boundary (Lemma 4) and outflow on the
inside boundary for the parameter set Ca

1 of (16)
(Lemma 3). Since there is no singularity lying in
this annular region, the Poincaré–Bendixson theo-
rem shows that there must exist at least one stable
limit cycle. �

3. Uniqueness of the Limit Cycle

3.1. Uniqueness of the limit cycle
for a Liénard system

In the previous section we have shown the exis-
tence of a limit cycle surrounding the oval Γ for
system (11) for the parameter set Ca

1 of (16). In
this section we will prove the uniqueness of the limit
cycle.

The standard procedure is to transform the sys-
tem under consideration to a (generalized) Liénard
system:

dx

dt
= F (x) − Ψ(y),

dy

dt
= g(x) (26)

and then apply a theorem which guarantees unique-
ness of the limit cycle, see for instance the work

2150154-6



August 10, 2021 10:51 WSPC/S0218-1274 2150154

Co-existence of a Period Annulus and a Limit Cycle

of Zhang [1958, 1986] and Cherkas and Zhilevich
[1970]. These theorems heavily rely on the prop-
erties of the divergence of the system (26), i.e.
f(x) ≡ dF (x)

dx . Typically theorems in the literature
assume that f(x) only has isolated zeros. However,
in our case f(x) has a continuum of zeros, corre-
sponding to the bounded period annulus. Therefore,
we will state and prove a new uniqueness theorem
which incorporates this condition on f(x).

Proposition 1. Consider the generalized Liénard
system (26) and let F (x), g(x) be continuous, piece-
wise differentiable functions on the open interval
(r1, r2), and let Ψ(y) be a continuously differentiable
function on R such that

(i) there exists xg ∈ (r1, r2) such that
(x − xg)g(x) > 0 for x �= xg,

(ii) Ψ(y) is monotonically increasing, and there
exists a yg such that Ψ(yg) = 0,

(iii) F (x) ≡ 0 for r1 ≤ x ≤ x0, where x0 > xg,
(iv) there exists an xF > x0 such that F (xF ) = 0,
(v) F (x) > 0 for x0 < x < xF ,
(vi) f(x) < 0 for xF ≤ x ≤ r2 where the function

f(x) is defined by dF (x)
dx ,

then in the strip r1 < x < r2 system (26) has at
most one limit cycle, which is stable and hyperbolic
if it exists.

For the proof of Proposition 1 we need two more
lemmas. Instrumental in the proof is the so-called
characteristic exponent of a periodic orbit. Let γ
be a periodic orbit for a continuously differentiable
vector field X in R

2. Then the expression
∮

γ
div(X)dt (27)

is called the characteristic exponent of γ, see
[Andronov et al., 1973]. If the characteristic expo-
nent is negative (positive) then γ is a stable (unsta-
ble) hyperbolic limit cycle. The following lemma
states that (27) can also be used to determine the
stability of limit cycles, in the case of continuous,
piecewise differentiable systems.

Lemma 5. Consider the generalized Liénard sys-
tem (26) and let F (x), g(x) be continuous, piece-
wise differentiable functions, Ψ(y) a continuously
differentiable function and f(x) ≡ dF (x)

dx . Then the
stability of a periodic orbit γ is determined by the

characteristic exponent :∮
γ
f(x)dt. (28)

The proof of Lemma 5 is given in [Zegeling &
Kooij, 2020].

Finally, we will also need the following lemma
by Zeng et al. [1994] which apparently was men-
tioned for the first time by Ding [1982]:

Lemma 6. Let γ be an arc of an orbit of the sys-
tem (26), described by y = z(x), a ≤ x ≤ b. Then∫

γ
f(x)dt

= sgn(F (a) − Ψ(z(a)))
(

ln
∣∣∣∣F (b) − Ψ((z(a))
F (a) − Ψ(z(a))

∣∣∣∣

+
∫ b

a

(F (b)−F (x))Ψ′(z(x))g(x)
(F (b)−Ψ(z(x)))(F (x)−Ψ(z(x)))2

dx

)
.

(29)

We are now in a position to prove Proposition 1.

Proof. First, we show that limit cycles that inter-
sect x = x0 also have to intersect the line x = xF .
Consider the function

H(x, y) =
∫ x

g(u)du +
∫ y

Ψ(s)ds. (30)

Then, the level curves of H(x, y) are closed curves
under the conditions (i) and (ii) of the proposition.
Using (26) and (30) we obtain(

dH

dt

)
(26)

= F (x)g(x). (31)

It follows from conditions (i)–(iii), (v), that for x ∈
(0, xF ] (

dH

dt

)
(26)

≥ 0. (32)

Therefore for x ∈ (0, xF ] all trajectories of sys-
tem (11) are either tangent to the level curves of
the function H(x, y) or are crossing them from the
inside to the outside, because the level of H(x, y)
is increasing for bigger cycles defined by (30). As a
result, any limit cycle intersecting x = x0 must also
intersect x = xF . Now assume this limit cycle exists,
denote it by γ and let V denote the characteristic
exponent of this cycle. We denote the intersection
of the periodic orbit for x > x0 with the ∞-isocline
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Fig. 4. The solution curve for x > x0.

dx
dt = F (x) − Ψ(y) = 0 by x = xZ , y = yZ , where
we have just shown that xZ > xF , see Fig. 4. In our
case we have f(x) ≡ 0 for x < x0, by condition (i),
therefore, for x < x0 the contribution to V is zero.

We denote the part of γ lying to the right of
the vertical line x = xF by γF . The part of γ lying
in the strip x0 < x < xF and above (below) the
∞-isocline, we denote by γ+ (γ−). Therefore, the
characteristic exponent V can be written as V =
V+ + V− + VF , where

V+ =
∫

γ+:xF→x0

f(x)dt,

V− =
∫

γ−:x0→xF

f(x)dt,

VF =
∫

γF :xF→xF

f(x)dt.

(33)

By assumption VF < 0 because f(x) < 0 for x > xF

according to condition (iv).
Next we consider the two integrals V+ and V−

and prove that they are negative as well.
To determine V− we apply Lemma 6 with a =

x0, b = xF and parameterize γ− through y = z−(x).
Then (29) leads to

∫
γ−

f(x)dt

=
∫ xF

x0

F (x)Ψ′(z−(x))g(x)
Ψ(z−(x))(F (x) − Ψ(z−(x)))2

dx,

where we used

sgn(F (x0) − Ψ(z−(x0))) = sgn(−Ψ(z−(x0))) = 1.

It follows from the conditions of Proposition 1 that
V− < 0, because for γ− we have Ψ(z−(x)) < 0. In
a similar way, we can establish V+ < 0. Hence we
have proved that V = V− + V+ + VF < 0. Therefore
it follows that, under conditions of Proposition 1, if
system (26) has a limit cycle, then it is stable and
hyperbolic. Hyperbolicity means that for any arbi-
trarily small C1 perturbation of system (26) there
are no other limit cycles in a sufficiently small neigh-
borhood of the perturbed stable limit cycle. This
completes the proof. �

Corollary 2. In the proof of the theorem it was
observed that limit cycles need to cross the vertical
line x = xF . It follows that if F (x) does not have a
zero for x > x0, then no limit cycles can occur for
system (26).

3.2. Uniqueness of the limit cycle
for the predator–prey
system (11)

We will now prove that the limit cycle of Theorem 1
is stable and hyperbolic, by transforming the system
to a generalized Liénard system and showing that
all the conditions in Proposition 1 are satisfied.

Theorem 2. For the parameter set Ca
1 of (16) sys-

tem (11) has a unique limit cycle. The limit cycle
is stable and hyperbolic and has the oval Γ in its
interior.

Proof. Applying the rescaling of time t = t
p(x) and

the nonlinear transformation y ≡ ey to system (11)
we get, after dropping the bars,

dx

dt
=

φ

k
x(k − x)

p(x)
− ey,

dy

dt
=

−δ + p(x)
p(x)

.

(34)

Now rewrite dx
dt as

φ

k
x(k−x)

p(x)
−

φ

k
x∗(k−x∗)

p(x∗)
−

⎛
⎝

ey −
φ

k
x∗(k−x∗)

p(x∗)

⎞
⎠,

where x∗ is the unique zero of −δ + p(x) = 0.
Because x∗ < 1 it follows that p(x∗) = x∗(k − x∗).
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This shows that system (34) is a generalized Liénard
system of the form (26), with

F (x) =

φ

k
x(k − x)

p(x)
− φ

k

=
φ

kp(x)
(x(k − x) − p(x)), (35)

g(x) =
−δ + p(x)

p(x)
, (36)

Ψ(y) = ey − φ

k
, (37)

where p(x) = x(k−x) for 0 ≤ x ≤ 1 and p(x) = ξ(x)
for x ≥ 1.

For all x ≥ k, dx
dt ≤ 0 in system (11), from which

it follows that any cycle of system (11) should be
located in the strip 0 < x < k. Therefore we can
take r1 = 0, r2 = k.

Because for δ < μ, p(x) = δ has a unique solu-
tion x∗ < 1, see also Fig. 1, condition (i) is satisfied
with xg = x∗. From (37) it follows that condition
(ii) is also satisfied, with yg = ln(φ

k ).
We will now study the functions F (x), g(x) and

f(x) ≡ dF (x)
dx in strip I (0 ≤ x ≤ 1) and strip II

(x ≥ 1). The function F (x) is split into the follow-
ing two functions, where the subscript denotes the
corresponding strip:

FI(x) = 0, (38)

FII (x) =
φ(x(k − x) − ξ(x))

kξ(x)
. (39)

As a result, the function f(x) is split as follows:

fI(x) = 0, (40)

fII (x) =
φ((k − 2x)ξ(x) − x(k − x)ξ′(x))

kξ2(x)
. (41)

Finally, g(x) is given by:

gI(x) =
x(k − x) − δ

x(k − x)
, (42)

gII (x) =
ξ(x) − δ

ξ(x)
. (43)

It follows from (38) that condition (iii) is satisfied
with x0 = 1. Note that xg = x∗ < 1, hence we
also have xg < x0. To validate the remaining condi-
tions (iv)–(vi), we need to establish that there exists
an xF such that F (xF ) = 0 with 1 < xF < k,

F (x) > 0 for 1 < x < xF and f(x) < 0 for
xF < x < k.

From Eq. (39) we have

FII (x) =
φ(x(k − x) − ξ(x))

kξ(x)
=

−φS(x)
kξ(x)

, (44)

where S(x) is defined in Eq. (21). It follows from
the proof of Corollary (1), that for the parameter
set Ca

1, S(x) has a unique zero xS, with 1 < xS < k
and S(x) < 0 for x ∈ (1, xS). Therefore conditions
(iv) and (v) hold, with xF = xS . Finally, we will
show that condition (vi) also holds, by considering
f(x) on [1, k]. From Eq. (41) we have

f(1) =
φ(k − 2 − ξ′(1))

k(k − 1)
> 0 (45)

and

f(k) = − φ

ξ(k)
< 0. (46)

Therefore, on the interval (1, k) the function f(x)
has at least one zero x = xf . Taking the derivative
of Eq. (41), and evaluating this function at x = xf ,
we obtain

f ′(xf ) = −φ(2ξ(xf ) + xf (k − xf )ξ′′(xf ))
kξ2(xf )

< 0,

(47)

due to Eqs. (6)–(8). As a result, the zero xf of f(x)
is unique on the interval (1, k). Because F (1) =
F (xS) = 0 and f(x) = F ′(x), it also follows that
xf < xS . Therefore, we have shown that f(x) <
0 for xS < x < k, hence we have shown that
condition (vi) is also satisfied. This completes the
proof. �

To construct a numerical example, we will con-
sider the following function for ξ(x):

ξ(x) =
μx

x +
μ

k − 1
− 1

, (48)

with μ < k − 1, which satisfies all conditions listed
in Eqs. (5)–(9).

For the parameter choice φ = 0.8, δ = 0.6, k =
2.1 and μ = 0.75, Fig. 5 depicts the resulting F (x),
while Fig. 6 shows the resulting phase portait.

The periodic orbits, including the limit cycle,
are depicted in blue.

Corollary 3. Theorem 2 addresses the existence
and uniqueness of the limit cycle surrounding the
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Fig. 5. The function F (x) where ξ(x) satisfies Eq. (48) and
φ = 0.8, δ = 0.6, k = 2.1 and μ = 0.75.

Fig. 6. Period annulus and stable limit cycle for system (11),
where ξ(x) satisfies Eq. (48) and φ = 0.8, δ = 0.6, k = 2.1
and μ = 0.75.

period annulus for the parameter set Ca
1 of (16). For

the remaining case, the parameter set Cb
1 of (16), it

is not difficult to show that no limit cycles occur. In
this case F (x) does not change sign on the interval
(1, k) and according to Corollary 2 the correspond-
ing Liénard system does not have any limit cyles.

It is interesting to observe that for 1 < k < 2,
ξ′(1) = k − 2 − ε, with 0 < ε 
 1, a limit cycle
exists according to Theorem 2. The limit cycle is
created from the boundary orbit Γ, upon increasing
ε slightly from ε = 0.

4. Discussion

As mentioned in the introduction the main motiva-
tion for studying this family of Gause systems (2)
with nonanalytical functional response is that in
general the study of Andronov–Hopf bifurcations
does not provide sufficient information about the
global behavior of solutions, i.e. for estimating the
number of limit cycles. We introduced a limit-
ing case of Gause systems where we analyzed the
global solutions in detail. This raises the following

questions:

(1) Perturbation
System (11) is structurally unstable, because it con-
tains a period annulus filled with periodic orbits.
Any perturbation within the class of Gause systems
could lead to the creation of limit cycles coming of
the period annulus. Therefore, a natural question
is: is it possible to show that under generic pertur-
bations within the family of Gause systems at most
two limit cycles can occur?

The focus of our current research is on general-
izing the features of system (11) and studying the
creation of limit cycles after generic perturbations.
In most cases we would expect at most two limit
cycles to occur.

(2) More than one finite singularity
The condition δ < μ in system (11) was essential
to guarantee that a unique singularity exists in the
positive first quadrant. Dropping this condition in
the case of group defense will lead to another sin-
gularity E2, with x-coordinate x∗∗ satisfying x∗ <
x∗∗ < k. The problem in this case becomes showing
the existence of a limit cycle. The construction of
a Poincaré–Bendixson annular region in the proof
of Theorem 1 does not hold true anymore because
of the existence of another singularity. For example:
a saddle loop surrounding the singularity E could
in principle occur complicating the analysis of the
system. It remains unclear what the exact conclu-
sions would be in this case, although we suspect that
still at most one limit cycle can occur surrounding
the period annulus. The exact parameter range for
which the limit cycle exists will be much more dif-
ficult to find.

(3) Group defense
In the literature a typical observation was made
that the introduction of group defense into the
functional response of system (2) can lead to two
limit cycles. This paper confirms this since if we
perturb system (14) in such a way that the cen-
ter E becomes a stable focus, then an additional
limit cycle appears. This can be achieved by assum-
ing p(x) = x(k + ε − x) for 0 ≤ x ≤ 1 and
p(x) = μx

x+ μ
k+ε−1

−1
for x ≥ 1, where 0 < ε 
 1. For

φ = 0.8, δ = 0.6, k = 2.1, μ = 0.75 and ε = 0.05,
the resulting phase portrait is depicted in Fig. 7,
where the stable (unstable) limit cycle is drawn in
blue (red), while the black curves denote forward
trajectories.
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Fig. 7. Existence of two limit cycles after perturbation of
system (11) such that E becomes a stable focus.

(4) Global analysis of predator–prey systems
Even though this paper looked at a structurally
unstable system, the techniques for proving the
uniqueness of the limit cycle surrounding the period
annulus using Liénard systems hopefully can be
extended to study structurally stable systems with
two limit cycles. This is a difficult problem (related
to the Hilbert 16th problem) but our hope is that
Proposition 1 can be extended in the future to cover
cases with two limit cycles.
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