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A B S T R A C T

Detailed simulations of flow around various prolate spheroids are performed using multi-relaxation time lattice
Boltzmann method (LBM). The simulations are performed in the Reynolds numbers range 0.1 ≤ 𝑅𝑒 ≤ 2000 at
different incident angles 0◦ ≤ 𝜙 ≤ 90◦ for various prolate spheroids of aspect ratios 1 ≤ 𝜆 ≤ 8. The 𝑅𝑒
is based on the volume equivalent sphere diameter. From the simulations, accurate correlations for average
drag, lift and torque coefficients (𝐶𝐷, 𝐶𝐿, and 𝐶𝑇 respectively) are proposed. The mean deviations between the
correlations and the simulation data for 𝐶𝐷, 𝐶𝐿, and 𝐶𝑇 are 2%, 6.5%, and 4.7% respectively. Furthermore,
the correlations are fitted with the physics in mind such that they can be extrapolated beyond the regimes
simulated. The fits are designed such that correlations reduce to analytical (𝐶𝐷 and 𝐶𝐿) solutions available
for prolate spheroids in the limit 𝑅𝑒 ≈ 0. At high 𝑅𝑒, the correlations mimic the asymptotic flattening of 𝐶𝐷
as for spheres and therefore, we expect the correlations to be valid until the critical 𝑅𝑒 (≈ 105). Furthermore,
extensive comparison of our correlations with other high-fidelity simulations from literature demonstrate the
accuracy of our work compared to other correlations from literature. This work enables researchers to perform
accurate unresolved Euler-Lagrangian simulations for a wide range of elongated particles.
. Introduction

Flow around various elongated non-spherical shapes occur in dif-
erent natural and artificial processes such as in dynamics of various
icro-organisms, fluidization of milled biomass, fibrous suspensions in
aper–pulp industries, and water treatment by activated carbon [1–3].
uler-Lagrangian simulations of fluid–solid flows often have compu-
ational cells that are larger than the particles and therefore cannot
esolve the flow around the particles. Such simulations are now in-
reasingly moving towards more practical, non-spherical particles as
pposed to the traditional use of spherical particles [4]. Because of the
nresolved nature of these simulations, there is a need for accurate cor-
elations of drag, lift, and torque coefficients for non-spherical particles.
mong the available correlations in literature, a decent estimate of drag
oefficient can be obtained from the work of Hölzer and Sommerfeld
5] which is based on simulation and empirical data from previous
iterature. A large improvement comes due to their use of projected
rea information (along the flow direction and perpendicular to it) as
pposed to the sphericity found in previous literature. Sphericity is
efined as the ratio of the actual surface area of the considered non-
pherical particle and the surface area of a volume-equivalent sphere.

∗ Corresponding author.
E-mail address: j.t.padding@tudelft.nl (J.T. Padding).

The use of sphericity to parametrize drag can be reasonable for isomet-
ric non-spherical shapes such as cubes and irregular spheres. However
for significantly deviant non-spherical shapes, such as elongated or
disk-like particles, it is very much important to consider the particle’s
incident angle, which the sphericity does not consider.

In this work, the Reynolds number is defined as

𝑅𝑒 = |𝒖∞|𝑑𝑒𝑞∕𝜈, (1)

where 𝒖∞ is the undisturbed velocity far away from the particle, 𝑑𝑒𝑞 is
the diameter of the volume-equivalent sphere given by 𝑑𝑒𝑞 = (6𝑉𝑝∕𝜋)1∕3

with 𝑉𝑝 the particle volume, and 𝜈 is the kinematic viscosity of the fluid.
The drag, lift and torque coefficients respectively are defined as

𝐶𝐷 =
|𝑭𝐷|

1
2𝜌|𝒖∞|

2 𝜋
4 𝑑

2
𝑒𝑞

, (2)

𝐶𝐿 =
|𝑭𝐿|

1
2𝜌|𝒖∞|

2 𝜋
4 𝑑

2
𝑒𝑞

, and (3)

𝐶𝑇 =
|𝑻 |

1
2𝜌|𝒖∞|

2 𝜋
8 𝑑

3
𝑒𝑞

. (4)
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Fig. 1. Simulation domain, the forces and torque acting on the particle and the boundary conditions.
Fig. 2. The particles simulated in this work with different aspect ratios 𝜆. The aspect ratios 𝜆 = 1, 2, 4, and 8 are simulated for 0.1 ≤ 𝑅𝑒 ≤ 2000 and 𝜆 = 16 particle is simulated
for a limited 𝑅𝑒 regime of 0.1 ≤ 𝑅𝑒 ≤ 300.
Here, 𝑭𝐷,𝑭𝐿 and 𝑻 are drag, lift, and pitching torque acting on the
particle (see Fig. 1), and 𝜌 is the fluid density. 𝑭𝐿 is computed on
the plane containing 𝒖∞ and the axis of symmetry of the prolate
spheroid under investigation. Similarly, 𝑻 is measured along the axis
perpendicular to the above mentioned plane. The different prolate
spheroids of aspect ratios 𝜆 = 1, 2, 4, 8, and 16 are shown in Fig. 2. The
aspect ratios 𝜆 = 1, 2, 4, and 8 are simulated for 0.1 ≤ 𝑅𝑒 ≤ 2000 and
𝜆 = 16 particle is simulated for a limited 𝑅𝑒 regime of 0.1 ≤ 𝑅𝑒 ≤ 300.

The use of high-fidelity computer simulations to compute forces
and torques on various non-spherical particles is becoming increas-
ingly popular. Hölzer and Sommerfeld [6] used the lattice Boltzmann
method (LBM) to investigate, predominantly isometric, non-spherical
particles such as cube, spheroids, cuboids, and cylinders upto aspect
ratio (𝜆) of 1.5. Subsequently, Zastawny et al. [7] proposed correlations
for the drag, lift and torque coefficients for different non-spherical
particles using the immersed boundary method (IBM). Around the
same time, Richter and Nikrityuk [8,9] studied the drag, lift, torque
and as well as heat transfer properties of various non-spherical parti-
cles. Ouchene et al. [10] investigated drag, lift, and torque coefficients
and compared their simulation results with previous literature. After-
wards, Ouchene et al. [11] proposed a unified correlation for prolate
spheroids for a wide range of aspect ratios (𝜆 ≤ 32) with Reynolds
number 𝑅𝑒 ≤ 240. Their work has been the first of its kind to propose
correlations for drag, lift, and torque coefficients applicable for a family
of prolate spheroids for predominantly steady-flow regimes. Bagheri
and Bonadonna [12] proposed a model for predicting the drag coef-
ficient of non-spherical particles of regular and irregular shapes by
conducting a series of experiments.

More recently, Ke et al. [13,14] used LBM to study drag and heat
transfer of various ellipsoids such as prolate, oblate, as well as tri-
axial prolate ellipsoids. They explored aspect ratios up to 6 at different
Reynolds numbers (𝑅𝑒 ≤ 200) and different incident angles (0◦ ≤ 𝜙 ≤
90◦). Based on the obtained results, the authors proposed correlations
for drag coefficients 𝐶𝐷 and Nusselt numbers 𝑁𝑢. Chen et al. [15]
proposed correlations for 𝐶 for prolate spheroids until aspect ratio
2

𝐷

5 and 𝑅𝑒 = 2000 from their simulations in the range 10 ≤ 𝑅𝑒 ≤ 500
and from literature data [16] until 𝑅𝑒 = 2000. Their observed relative
deviation between the fit and simulation data is about 9.4%. Pierson
et al. [17] performed detailed flow simulations around a cylinder of
aspect ratio 3 for moderate 𝑅𝑒 (25 ≤ 𝑅𝑒 ≤ 250) at different incident
angle 𝜙. For the explored parameter space, they have provided a regime
map containing the different observed wake patterns. Kharrouba et al.
[18] simulated flow around various cylinders for aspect ratios upto
10 until moderate incident angles (𝜙 ≤ 30◦) in the inertial regime
up to 𝑅𝑒𝑑 = 300, where 𝑅𝑒𝑑 is based on the cylinder diameter.
The authors propose correlations for force and torque based on the
numerical simulations. An interesting study to predict hydrodynamic
drag, lift, and torque for an aspect ratio 10 oblate spheroid is performed
by Tajfirooz et al. [19]. Rather than conventional correlations, the
authors utilize a deep neural network (DNN) to compute the force
and torque coefficients as a function of 𝑅𝑒 and 𝜙. Jiang et al. [20]
performed simulations of prolate and oblate spheroids settling in a
quiescent fluid. They report a qualitative agreement of the angular
dependence of torque between simulations and low 𝑅𝑒 theory up to
𝑅𝑒 ≈ 10.

The force, torque, and wake structure of an aspect ratio 6 prolate
spheroid inclined at 45◦ incident angle was investigated in detail at
different 𝑅𝑒 by Jiang et al. [21,22,23] and Andersson and Jiang [24].
They also report an interesting finding of a highly asymmetric wake
for an aspect ratio 6 prolate spheroid at higher 𝑅𝑒 [23,25]. We will
compare our results with their findings in later parts of this work. Most
recently, Fröhlich et al. [26] proposed drag, lift, and torque correlations
for prolate spheroids using accurate Cartesian cut-cell simulations. The
explored regime is for 1 ≤ 𝑅𝑒 ≤ 100 at different incident angles 0◦ ≤
𝜙 ≤ 90◦ for different aspect ratios 1 ≤ 𝜆 ≤ 8. A total of 4400 simulations
were performed to explore this three-dimensional parameter space. One
major limitation is that the maximum 𝑅𝑒 explored (𝑅𝑒 = 100) in their
work is not large in view of many gas–solid flow applications. Even
though the parameter resolution (increments) is fine along 𝑅𝑒, the
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Fig. 3. D3Q19 lattice configuration with directions 𝛼.

ccuracy of their correlations beyond the maximum 𝑅𝑒 (𝑅𝑒 = 100)
simulated is not certain.

The open-source Multiphase Flow with Interphase eXchanges
(MFiX) code from National Energy Technology Laboratory (NETL) has
recently been implemented with discrete element method (DEM) capa-
bilities to handle super-quadric shapes [27–29]. Prolate spheroids are a
subset of super-quadric shapes and therefore, accurate force and torque
correlations are needed to perform unresolved Euler-Lagrangian (CFD-
DEM) simulations of gas–solid flows. Likewise, there is growing interest
in simulating elongated non-spherical particles as in fluidization of
biomass-like particles [4,30]. Note that the correlations in this work are
derived for the case of a single particle facing a flat fluid flow. In most
applications, the fluid flow is perturbed by the presence of neighboring
particles. Also, turbulent flow structures may occur at higher 𝑅𝑒, caused
by interaction of the flow with particles or with confining walls. All
these effects lead to fluctuations in the instantaneous hydrodynamic
forces experienced by a particle. In general, it is difficult to quantify
and parametrize these fluctuating forces as they are dependent on
multiple factors. For instance, the fluctuating forces will depend on
the particle Stokes number and the ratio of particle to Kolmogorov
length scale. In such a case, the only real solution would be to perform
a fully resolved Direct Numerical Simulation with multiple moving
particles. Fortunately, for relatively large particles corresponding to
large Stokes numbers (such as Geldart D particles in fluidization),
the effects of such flow perturbations can be assumed to be time-
averaged out. Moreover, for unresolved CFD–DEM simulations, such
as for dense fluidized beds, only the average hydrodynamic force on a
set of particles is of interest, in which case multi-particle effects can be
captured through a local voidage-dependent enhancement factor as we
have shown recently [31].

All previous literature proposing force and torque correlations ex-
plored primarily upto steady-state flows or just at the onset of transient
behavior (𝑅𝑒 < 300). Higher 𝑅𝑒 simulations require better numerical
stability of the solver and increased computational power to deal with
finer grids. In this work, we are able to achieve both by a combination
of very robust interpolated immersed boundary conditions and mas-
sively parallel (multi-core) simulations on a supercomputer, allowing
us to perform high 𝑅𝑒 simulations (𝑅𝑒 ≤ 2000). Until now, to the best
of the authors’ knowledge, there exist no literature correlations for the
average drag, lift, and torque coefficients for 𝑅𝑒 well into the unsteady
flow regime. Given the importance for many applications, we propose
accurate drag, lift, and torque correlations for prolate spheroids for a
wide range of aspect ratios (1 ≤ 𝜆 ≤ 8) from the Stokes regime to high
3

r

Reynolds numbers (0 < 𝑅𝑒 ≤ 2000) and at different incident angles
(0◦ ≤ 𝜙 ≤ 90◦). The simulations have also been performed for 𝜆 = 16
but only until 𝑅𝑒 ≤ 300 and this data have also been utilized in the
formulation of the correlations. We have also shown in Section 4 that
our correlations can be extended safely to higher aspect ratio particles
(𝜆 = 20) until the steady flow regime of 𝑅𝑒 ≤ 300. This work is the first-
of-its-kind to propose correlations for all prolate spheroids from 𝑅𝑒 ≈ 0
until high Re of 𝑅𝑒 = 2000. We have taken into account that 𝐶𝐷 reaches
an asymptotic value at high 𝑅𝑒 (typically 𝑅𝑒 > 1000) and therefore
it is expected (but not proven) that the fits can be extended beyond
the tested regimes, say until the critical Reynolds number (similar to
𝑅𝑒 ≈ 105 for spheres).

2. Numerical method

The numerical method used in our work is a multi-relaxation
time [32] lattice Boltzmann method (MRT-LBM). For brevity, the
implementation of the numerical method is not elaborated here as
the same is discussed in detail in our earlier work [16]. The MRT-
LBM scheme solves the incompressible Navier–Stokes equation by
computing the evolution of the particle distribution function |𝑓 ⟩ as

|𝑓 (𝒓 + 𝒆𝛼𝛥𝑡, 𝑡 + 𝛥𝑡)⟩ = |𝑓 (𝒓, 𝑡)⟩ −𝗠−1�̂�(|𝑚(𝒓, 𝑡)⟩ − |𝑚(𝑒𝑞)(𝒓, 𝑡)⟩), (5)

at position 𝒓 with discrete velocities 𝒆𝛼 . A D3Q19 scheme is used
with directions 𝛼 ranging 𝛼 = 1, 2..., 19 as shown in Fig. 3. 𝗠 is a
19 × 19 transformation matrix used to transform |𝑓 ⟩ from velocity
space to moment space |𝑚⟩ with |𝑚⟩ = 𝗠 ⋅ |𝑓 ⟩. Here, the ket vector
⋅⟩ implies a column vector. The relaxation matrix �̂� = 𝗠 ⋅ 𝗦 ⋅ 𝗠−1 is

19 × 19 diagonal matrix and are listed in our earlier work [16].
he LBM simulations are performed in lattice units and the unit of
elocity is 𝑐 = 𝛥𝑥∕𝛥𝑡 with 𝛥𝑥 = 1 and 𝛥𝑡 = 1. The lattice speed of
ound is 𝑐𝑠 = 𝑐∕

√

3. The kinematic viscosity of the fluid is related to
the relaxation time 𝜏 by 𝜈 = 𝑐2𝑠 (𝜏 − 1∕2)𝛥𝑡, and pressure 𝑝 is related to
ensity by 𝑝 = 𝜌𝑐2𝑠 .

.1. Boundary conditions

An interpolated bounce-back scheme [33] is used to accurately
epresent wall boundaries of the particle as opposed to stair-case ap-
roximation in the traditional LBM schemes. A linear interpolation
cheme is used since it results in good accuracy provided adequate
rid resolution is used [34,35]. A schematic geometry of the domain is
escribed in Fig. 1. Here, 𝑙𝑢 and 𝑙𝑑 are the distances from the particle
enter to the domain boundaries in the upstream and downstream
irection respectively. The clearance between the particle and the side
alls is denoted by ℎ𝑐 . The inlet is prescribed with uniform inflow
elocity based on Hecht and Harting [36]. The inclined non-spherical
article can cause the flow to deflect flow sideways and influence
eriodic counter-parts [6]. Therefore, the side walls are prescribed
ith free-slip boundary conditions as opposed to periodic boundary

onditions. The downstream (outlet) is specified by an axial-stress-free
oundary condition with 𝜕𝑢𝑧∕𝜕𝑧 = 0. All simulations are initialized
ith uniform inlet velocity in the domain. The momentum contribution
long a single fluid–solid link exerted on the particle by the fluid is
omputed using the momentum exchange method [33]. The valida-
ion studies for our LBM code are extensively done in our previous
orks [16,31,35].

.2. Creeping flow simulations

Simulating a true Stokes flow regime for non-spherical particles
ould require a significantly large domain since the flow perturbation
ecays very slowly with distance (in particular in the direction perpen-
icular to the flow) for low 𝑅𝑒. Since our LBM code is with uniform
efinement, the large domain requirement would also put a fine mesh
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Table 1
The particle resolution in lattice cells and the domain size used for various aspect ratios
𝜆 and different 𝑅𝑒.
𝑅𝑒 𝑑𝑚𝑖𝑛 (𝑑𝑒𝑞 ) ℎ𝑐∕𝑑𝑒𝑞 𝑙𝑢∕𝑑𝑒𝑞 𝑙𝑑∕𝑑𝑒𝑞

𝜆 = 2 𝜆 = 4 𝜆 = 8 𝜆 = 16

10 ≤ 𝑅𝑒 ≤ 100 20 (25.2) 20 (31.7) 20 (40) 20 (50.4) 7 7.5 7.5
300 30 (37.8) 20 (31.7) 20 (40) 20 (50.4) 5 5 10
1000,2000 40 (50.0) 30 (47.6) 30 (60) – 4.5 5 10

far away from the particle unnecessarily and increase the computa-
tional expense significantly. Furthermore, the inherent transient nature
of LBM means the simulations would be expensive spatially and tem-
porally at low 𝑅𝑒 for non-spherical particles. Therefore, for cases at
𝑅𝑒 = 0.1 and 𝑅𝑒 = 1, we used the commercial FEM solver COMSOL
o take advantage of body-fitted unstructured meshes as well as the
teady flow condition. This enabled us to refine the mesh much closer
o the particle and have large elements far-away from the particles. The
ize of the domain for low 𝑅𝑒 simulations is 50𝑑𝑒𝑞 × 50𝑑𝑒𝑞 × 80𝑑𝑒𝑞 . The
article is located at the geometric center of the domain. Each low 𝑅𝑒
imulation consists of about 3.1 million elements, much higher than
he recommended 0.65 million elements from prior grid refinement
tudies [10].

.3. Grid resolution and domain information

The grid resolution and confinement effects for various 𝑅𝑒 for
ur LBM code are studied in detail in our earlier work [16]. This
nformation is utilized in this work to setup simulation for various
articles at different 𝑅𝑒. Generally, grid resolution is not a concern
or low 𝑅𝑒 simulations. Only for high 𝑅𝑒 and high aspect ratio 𝜆,
he resolution of the particle is an important concern. From the grid
efinement studies for flow around a sphere, a particle thickness 𝑑𝑚𝑖𝑛
f 30 cells is needed to produce accurate results at high 𝑅𝑒 = 1000 [16].
ased on this information, we have maintained a minimum thickness
f 30 cells for the prolate spheroids in our simulations for high 𝑅𝑒
imulations. Due to its elongated nature, the resolution is significantly
igher along the lengthwise direction, depending on the aspect ratio.
or example, an aspect ratio 8 particle has 240 cells along the length-
ise direction for 𝑅𝑒 = 1000 and 2000 simulations. The grid resolution
sed in our simulations along with the other dimensions are given in
able 1.

Regarding the lateral confinement effects, they tend to become
eaker for increasing 𝑅𝑒. For 𝑅𝑒 > 100, it is already established that
𝑐∕𝑑𝑒𝑞 > 4.5 is more than sufficient to generate accurate results [16].
t higher 𝑅𝑒, lateral confinement effects becomes even weaker because
f the thin boundary layer around the particle.

. Results

In this section, we present the correlations of average drag, lift, and
orque coefficients obtained from the detailed flow simulations around
arious prolate spheroids of different aspect ratios. The simulated range
f Reynolds number is 0.1 ≤ 𝑅𝑒 ≤ 2000 for prolate spheroids with aspect
atios 1 ≤ 𝜆 ≤ 8 at different incident angles of 0◦ ≤ 𝜙 ≤ 90◦. The actual
imulations are done for 𝑅𝑒 = [0.1, 1, 10, 30, 100, 300, 1000, 2000],
= [1, 2, 4, 8], and 𝜙 = [0, 10, 30, 45, 60, 80, 90] degrees. The aspect

atio 16 particle alone is simulated until 𝑅𝑒 ≤ 300 due to stability issues
t high 𝑅𝑒. The simulations are run up to 𝑡∗ = 𝑡𝑢∞∕𝑑𝑒𝑞 of 100 for steady
ases. The unsteady cases are run up to 𝑡∗ = 200. We measure time
veraged forces in blocks of 10 𝑑𝑒𝑞∕𝑢∞ and confirm that near the end of
he simulations the relative differences between five subsequent blocks
iffer by less than 10−3 for the steady cases and less than 10−2 for the
nsteady cases. To increase accuracy, for the unsteady simulations, the
nterval of 𝑡∗ between 150 to 200 is considered for the averaging of
4

he force and torque measurements. The high aspect ratio particles will
nly be few cells thick near the particle tip. This, combined with the
ow viscosity, results in stability issues for high 𝑅𝑒 simulations.

As indicated above, at high 𝑅𝑒, the flow field is unsteady and
therefore the observed 𝐶𝐷, 𝐶𝐿, and 𝐶𝑇 are time dependent. Though we
can measure the fluctuations from the simulations, here we only report
the time-averaged coefficients, for two reasons. First, for most cases
the fluctuation magnitudes of the coefficients are low compared to the
time-averaged coefficients (typically below 5%). This can be observed
from several literature on flow around elongated non-spherical particles
such as Zastawny et al. [7], Sanjeevi et al. [16], and Wang et al.
[37]. Considering the low relative magnitudes of the fluctuations, they
will have a very weak effect on particle trajectories, especially when
considering high Stokes number particles. Second, to meaningfully
include such fluctuations in unresolved CFD simulations, one would not
only need to specify the magnitudes but also need to characterize and
model the time dependency of the fluctuations, which would warrant
a full paper of its own.

In the following, we report the entire 𝐶𝐷, 𝐶𝐿, and 𝐶𝑇 data (time-
veraged for unsteady cases) for the explored parameter space through
ultiple plots. The complexity in developing unified correlations that

re applicable to a wide range of particle aspect ratios is more challeng-
ng than generating the data through a large number of simulations.
onsidering the wide range of particle aspect ratios, the present work
akes use of analytical solutions by Happel and Brenner [38] for the

tokes flow regime and simulation results for the high 𝑅𝑒 (as opposed
o simulation results for both Stokes flow and high 𝑅𝑒 in our previous
ork). The use of analytical solutions enables our fit forms for 𝐶𝐷 and
𝐿 to be valid for 𝑅𝑒 ≈ 0 as well. The fits are performed using curve_fit

unction belonging to the SciPy library in Python.

.1. Drag coefficient

As shown in Sanjeevi and Padding [35], the scaling behavior of
he 𝐶𝐷 against 𝜙 for prolate spheroids in the inertial flow regime is
ine-squared, like it is in Stokes flow regime [38]. However, it should
e noted that the actual reason behind the identical scaling law is
ompletely different in the Stokes and inertial regimes. In the Stokes
low regime, the scaling behavior is due to the flow linearity whereas
n the inertial flow regime, it is due to an interesting pattern of pressure
istribution on the particle, which itself is a function of the particle
eometry [35]. In this respect, it is important to mention that the sine-
quared scaling is only approximately true for elongated objects with
harp edges, such as flat-ended cylinders, which show small deviations
ear 0 and 90 degrees [35]. Since we are focusing on smooth elongated
llipsoids in this work, we can use sine-squared as a scaling law for 𝐶𝐷
gainst 𝜙. In other words, 𝐶𝐷 at any incident angle 𝜙 is given by

𝐷,𝜙 = 𝐶𝐷,𝜙=0◦ + (𝐶𝐷,𝜙=90◦ − 𝐶𝐷,𝜙=0◦ ) sin
2 𝜙. (6)

he 𝐶𝐷 for 𝜙 = 0◦ and 𝜙 = 90◦ is given by

𝐷,𝜙=0◦ ,90◦ =
( 𝑎1
𝑅𝑒

+
𝑎2
𝑅𝑒𝑎3

)

 + 𝑎5(1 −) (7)

with

 = 𝑒−𝑎4𝑅𝑒. (8)

The form of Eq. (7) is inspired by the drag correlation of Schiller and
Naumann [39]. The only addition is an extra term ( = 𝑒−𝑎4𝑅𝑒) to act
as a smooth switch between 𝐶𝐷 at intermediate and high 𝑅𝑒, while in
he Schiller–Naumann correlation it is assumed the 𝐶𝐷 instantaneously
witches to a constant value of 0.44 at 𝑅𝑒 = 1000. The behavior of each
erm is described in detail subsequently.

In Eq. (7), the term 𝑎1∕𝑅𝑒 corresponds to the Stokes flow 𝐶𝐷 for
rolate spheroids [38] which approaches 24∕𝑅𝑒 in the limit 𝜆 ≈ 1
sphere). For 𝜆 > 1, the term 𝑎1 for 𝜙 = 0◦ is

1,𝜙=0◦ = 64
𝜆1∕3

1
[

− 2𝜆
𝜆2 − 1

+ 2𝜆2 − 1
(

2
)3∕2

ln

(

𝜆 +
√

𝜆2 − 1
√

)] (9)
𝜆 − 1 𝜆 − 𝜆2 − 1
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Fig. 4. 𝐶𝐷 vs. 𝜙 for prolate spheroids of various aspect ratios 𝜆 at different 𝑅𝑒. Symbols represent simulation data and lines represent the 𝐶𝐷 correlation (Eq. (6)).
A
f

and for 𝜙 = 90◦ it is

𝑎1,𝜙=90◦ = 64
𝜆1∕3

1
[

𝜆
𝜆2 − 1

+ 2𝜆2 − 3
(

𝜆2 − 1
)3∕2

ln
(

𝜆 +
√

𝜆2 − 1
)

] . (10)

his fixes the value of 𝑎1 in Eq. (7) for all aspect ratios.
For the coefficients 𝑎2 to 𝑎5 in Eq. (7) we need to consider finite

𝑒 results. The 𝑎2∕𝑅𝑒𝑎3 term is necessary to describe the evolution of
𝐷 at intermediate 𝑅𝑒. Finally, 𝑎5 is the constant that 𝐶𝐷 approaches

at high 𝑅𝑒 (typically for 𝑅𝑒 > 1000). The 𝑎4 in the exponential term
controls the location of the smooth switch between intermediate and
high 𝑅𝑒. We found that the aspect ratio 𝜆 dependency of the 𝐶𝐷 for all
on-Stokes terms 𝑎2 to 𝑎5 is achieved through

𝑖 =𝑎𝑖1 + 𝑎𝑖2(𝜆 − 1)𝑎𝑖3 for 𝑖 = 2, 3, 4 and (11)

𝑖 =𝑎𝑖1 + 𝑎𝑖2𝜆𝑎𝑖3 for 𝑖 = 5. (12)

summary of 𝑎𝑖1, 𝑎𝑖2, and 𝑎𝑖3 is given in Table 2. The 𝐶𝐷 obtained
rom different simulations for particles of various aspect ratios 𝜆 are
lotted in Fig. 4. As can be observed, very good agreement between
he simulations and the correlation is observed. The mean, median, and
aximum deviation of the 𝐶𝐷 fit against the simulation data are 2%,
.7%, and 7.8%, respectively.

Our 𝐶𝐷 fit form is designed such that it reduces to established fit
orms for specific limits of 𝑅𝑒 and 𝜆. In the Stokes regime (𝑅𝑒 ≈ 0), the
it approaches the established analytical solution for prolate spheroids
5

f different aspect ratios [38]. In the limit of 𝜆 = 1, the fit form
Table 2
Summary of fit coefficients 𝑎𝑖𝑗 for the 𝐶𝐷 correlation, used in Eqs. (11) and (12).

𝑖 𝜙 = 0◦ 𝜙 = 90◦

𝑎𝑖1 𝑎𝑖2 𝑎𝑖3 𝑎𝑖1 𝑎𝑖2 𝑎𝑖3
2 3.6 0.14 1.15 3.6 0.72 0.95
3 0.313 7.55 × 10−2 0.41 0.313 −4.80 × 10−2 0.325
4 7 × 10−4 −3 × 10−4 0.3 7 × 10−4 7 × 10−4 0.75
5 0.10 0.34 −2.0 −0.31 0.75 0.45

approaches the popular Schiller–Naumann drag correlation [39] for
spheres (but with a more smoothened transition around 𝑅𝑒 = 1000).

t first glance, it might appear a lot more terms are introduced in the
its in this work. There are 12 coefficients (𝑎𝑖1, 𝑎𝑖2, and 𝑎𝑖3 for 𝑖 = 2,

3, 4, and 5) for one particular 𝐶𝐷 (say for 𝜙 = 0◦) compared to just 4
constants (𝑎𝑖 for 𝑖 = 2, 3, 4, and 5) in our earlier work [16]. However,
the terms 𝑎21 and 𝑎31 are purely from the Schiller–Naumann correlation
for spheres, and 𝑎51+𝑎52 = 0.44 because 𝐶𝐷 should approach 0.44 for a
sphere in the large 𝑅𝑒 limit. Therefore, 𝑎41 is the only parameter which
is added relative to the Schiller–Naumann correlation, and it controls
the location of the transition (around 𝑅𝑒 = 1000) from intermediate to
high 𝑅𝑒 behavior. In summary, effectively we have 9 free parameters
in this work compared to 4 in our previous work for a given 𝐶𝐷 (𝜙 = 0◦

or 𝜙 = 90◦). However, it should be noted that the current correlations
are valid for almost all aspect ratios of prolate spheroids compared to

only a specific aspect ratio in our earlier work.
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Fig. 5. Comparison of 𝐶𝐷 for different 𝜆 at low 𝑅𝑒: (𝑎) 𝜙 = 0◦, and (𝑏) 𝜙 = 90◦. The simulation results (symbols) have been obtained for 𝑅𝑒 = 0.1, while the theoretical correlations
f Happel and Brenner [38] are strictly valid in the Stokes regime, i.e. for 𝑅𝑒 = 0. It should be noted that our current 𝐶𝐷 correlations are designed to converge exactly to Happel

and Brenner [38] for 𝑅𝑒 → 0.
Fig. 6. 𝐶𝐷 vs. 𝜆 for prolate spheroids for various 𝑅𝑒. Symbols represent simulation data, solid lines represent 𝐶𝐷 correlation for 𝜙 = 0◦, and dashed lines represent 𝐶𝐷 correlation
for 𝜙 = 90◦.
c
𝐶

𝐶

The 𝐶𝐷 predicted for Stokes flow for different aspect ratios 𝜆 at
= 0◦ and 𝜙 = 90◦ are plotted in Fig. 5. The observed deviations

ith respect to the analytical solution are not only due to the finite
nertia (𝑅𝑒 = 0.1) but also due to confinement effects in our simulations.
or the latter reason, we can observe an increasing deviation with
ncreasing aspect ratio 𝜆. In the Stokes flow regime, an interesting
ehavior of 𝐶𝐷 for 𝜙 = 0◦ can be observed. With increasing 𝜆, the 𝐶𝐷
ecreases first, reaches a minimum at an aspect ratio of approximately
= 1.95, and subsequently increases. An increasing 𝜆 at 𝜙 = 0◦ implies
more stream-lined object. Due to this, the pressure drag decreases,

hereby causing the initial drop in 𝐶𝐷. However with further increase in
, the viscous drag contribution increases due to the increasing surface
rea, leading to the ultimate increase in 𝐶𝐷.

Eq. (7) for different 𝜆 at different 𝑅𝑒 is plotted in Fig. 6. As
expected, the 𝐶𝐷,𝜙=0◦ and 𝐶𝐷,𝜙=90◦ collapse to the same value for 𝜆 =
1, corresponding to the Schiller–Naumann correlation for spheres. To
show the behavior of the fits beyond the 𝑅𝑒 regimes simulated, the fits
along with simulation data for different 𝜆 are shown in Fig. 7. As can be
observed, 𝐶𝐷 approaches a constant value at high 𝑅𝑒. As known from
established results for spheres, its 𝐶𝐷 value remains constant at about
0.44 for 𝑅𝑒 > 1000 and it remains roughly the same until a critical
𝑅𝑒 ≈ 105, beyond which the spheres experience a drag crisis. Based on
similar reasoning, we expect our 𝐶𝐷 correlations for prolate spheroids
to be valid until a critical 𝑅𝑒. However, additional investigations with
higher 𝑅𝑒 simulations (i.e. 𝑅𝑒 > 2000) are needed to validate this
6

hypothesis.
3.2. Lift coefficient

In this work, the 𝐶𝐿 fit form is slightly different compared to
our earlier work [16] due to the increased complexity of the multi-
dimensional data. Furthermore, the incident angle 𝜙 dependence (or
skewness) of 𝐶𝐿 is itself a function of both 𝑅𝑒 and 𝜆 which is not the
ase for 𝐶𝐷 (i.e. sine-squared scaling law). The proposed fit form for
𝐿 is given by

𝐿,𝜙 = 𝐶𝐿,𝑚𝑎𝑔 sin𝜓𝜙 cos𝜓𝜙. (13)

Here, 𝐶𝐿,𝑚𝑎𝑔 is given by

𝐶𝐿,𝑚𝑎𝑔 =
(

𝑏1
𝑅𝑒

+
𝑏2
𝑅𝑒𝑏3

+ 𝑏4

)

(1 − ) + 𝑏5, (14)

𝑏1 = 𝑎1,𝜙=90◦ − 𝑎1,𝜙=0◦ , (15)

𝑏2 = 𝑏21(𝜆 − 1), (16)

𝑏𝑖 = 𝑏𝑖1(ln 𝜆)𝑏𝑖2 for 𝑖 = 3, 4, 5. (17)

 is a logistic function given by

 = 1
1 + 𝑒−0.01(𝑅𝑒−600)

. (18)

The skewness term 𝜓𝜙 is similar to Fröhlich et al. [26] and is given by

𝜓𝜙 = 90
(

𝜙
)𝑓𝐿,𝑠ℎ𝑖𝑓 𝑡

(19)

90
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Fig. 7. 𝐶𝐷 vs. 𝑅𝑒 for prolate spheroids of various 𝜆 with 𝑅𝑒 in (a) linear and (b) log scale. The corresponding 𝐶𝐷 correlations fit at 𝜙 = 0◦ (solid lines) and 𝜙 = 90◦ (dotted lines)
re also shown. The behavior of the 𝐶𝐷 fit beyond the simulation region until the transition 𝑅𝑒 (≈ 105) is shown.
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Here, 𝜙 is in degrees and 𝑓𝐿,𝑠ℎ𝑖𝑓 𝑡 is given by

𝑓𝐿,𝑠ℎ𝑖𝑓 𝑡 =

{

1 + 0.012(ln 𝜆)(ln𝑅𝑒)1.42, 𝑅𝑒 > 1
1, otherwise.

(20)

The fit coefficients 𝑏𝑖𝑗 for above equations are given in Table 3. The 𝐶𝐿
for various 𝜆 and 𝑅𝑒 from simulations along with Eq. (13) are plotted
in Fig. 8. The mean, median, and maximum relative deviation between
the 𝐶𝐿 correlation and the simulation data are 6.5%, 4%, and 34%
respectively.

Because of the linearity of solutions in the Stokes flow regime for
𝑅𝑒 = 0, 𝐶𝐿 is given by

𝐶𝐿 = (𝐶𝐷,𝜙=90◦ − 𝐶𝐷,𝜙=0◦ ) sin𝜙 cos𝜙, 𝑅𝑒 = 0. (21)

In Eq. (14), the term 𝑏1∕𝑅𝑒 (similar to 𝑎1∕𝑅𝑒 in 𝐶𝐷) corresponds
to the Stokes flow regime and from Eq. (21), we can infer that 𝑏1 =
𝑎1,𝜙=90◦ −𝑎1,𝜙=0◦ (i.e. Eq. (15)). The 𝐶𝐿 predicted for the Stokes flow for
different aspect ratios 𝜆 at 𝜙 = 45◦ are plotted in Fig. 9. With increasing
𝜆 from the limits 𝜆 = 1 (sphere), we observe a rapid increase in 𝐶𝐿 first
and a subsequent decrease in the slope of the 𝐶𝐿 curve at higher 𝜆. Due
to confinement and finite 𝑅𝑒 effects, we observe increased deviations
between the simulations and analytical solution [38] for higher 𝜆 in the
Stokes flow regime. In the Stokes flow regime, we observe a symmetric
𝐶𝐿 distribution against 𝜙 for different aspect ratios 𝜆 from Fig. 8. With
increasing 𝑅𝑒, we observe that the 𝐶𝐿 distribution is skewed to the
right for increasing aspect ratio 𝜆. The 𝑓𝐿,𝑠ℎ𝑖𝑓 𝑡 term in Eq. (20) takes
care of the 𝐶𝐿 skewness against 𝜙 at various 𝜆 and 𝑅𝑒. A thorough
investigation of the wake structure can provide physical insight into
the reason for this observed skewness, but that is beyond the scope of
this work.

The major advantage of our work is the availability of simulation
data at high 𝑅𝑒 of 2000. Similar to 𝐶𝐷, we expect the behavior of 𝐶𝐿
to be roughly 𝑅𝑒-independent at high 𝑅𝑒 (𝑅𝑒 ≥ 1000). We can observe
similar behavior upon comparing the 𝐶𝐿 distribution for different 𝜆 at
𝑅𝑒 = 1000 and 2000 in Fig. 8. Our 𝐶𝐿 correlation (Eq. (13)) is carefully
designed to make use of this information such that it becomes nearly
𝑅𝑒-independent at high 𝑅𝑒. We demonstrate this by plotting the 𝐶𝐿 at
𝜙 = 45◦ from the correlation against 𝑅𝑒 for various 𝜆 in Fig. 10. As it
can be observed, the 𝐶𝐿,𝜙=45◦ reduces with increasing 𝑅𝑒 and reaches
a near constant value at high 𝑅𝑒. The 𝐶𝐿 magnitude term (Eq. (14))
is designed to become 𝑅𝑒-independent at high 𝑅𝑒 > 1000 and the
skewness term (Eq. (20)) is weakly-dependent of 𝑅𝑒 at high 𝑅𝑒.

Overall, developing fits for 𝐶𝐿 for a wide range of 𝑅𝑒, 𝜆 and 𝜙 is
much more complex than for 𝐶𝐷. The 𝐶𝐿 magnitudes are smaller than
𝐶𝐷 and roughly start and end at 0 against varying 𝜙. These factors
result in difficulties in generating lift correlations with low relative
deviations. Despite the difficulties, our 𝐶𝐿 correlation achieves good
7

accuracy. a
Table 3
Summary of fit coefficients 𝑏𝑖𝑗 for the 𝐶𝐿 correlation, used in Eqs. (16) and (17).

𝑖 𝑏𝑖1 𝑏𝑖2
2 0.65 –
3 0.4 0.43
4 0.64 0.74
5 0.71 1.055

Table 4
Summary of fit coefficients 𝑐𝑖𝑗 for the 𝐶𝑇 correlation, used in Eqs. (24) and (25).

𝑖 𝑐𝑖1 𝑐𝑖2
1 1.655 –
2 0.364 0.756
3 0.641 1.471

3.3. Torque coefficient

In the Stokes flow regime (𝑅𝑒 ≈ 0), there exists no torque acting on
spheroid and therefore the proposed 𝐶𝑇 correlation is applicable for
𝑒 ≥ 1. The proposed fit form for 𝐶𝑇 for different 𝜆 and 𝑅𝑒 is given by

see Table 4).

𝑇 ,𝜙 = 𝐶𝑇 ,𝑚𝑎𝑔 sin𝜓𝜙 cos𝜓𝜙 𝑅𝑒 ≥ 1. (22)

ere, 𝐶𝑇 ,𝑚𝑎𝑔 is given by

𝑇 ,𝑚𝑎𝑔 =
( 𝑐1
𝑅𝑒𝑐2

+ 𝑐3
)

, (23)

𝑐1 = 𝑐11(𝜆 − 1), (24)

𝑐𝑖 = 𝑐𝑖1(ln 𝜆)𝑐𝑖2 for 𝑖 = 2, 3. (25)

The skewness term 𝜓𝜙 is given by

𝜓𝜙 = 90
(

𝜙
90

)𝑓𝑇 ,𝑠ℎ𝑖𝑓 𝑡
(26)

ere, 𝜙 is in degrees and 𝑓𝑇 ,𝑠ℎ𝑖𝑓 𝑡 is given by

𝑇 ,𝑠ℎ𝑖𝑓 𝑡 = 1 − 𝑓𝑇 ,𝜆 ⋅ 𝑓𝑇 ,𝑅𝑒 (27)

𝑓𝑇 ,𝜆 = 0.1 − 0.5
1 + 𝑒−(𝜆−7)

(28)

𝑓𝑇 ,𝑅𝑒 =
1

1 + 𝑒−0.02(𝑅𝑒−200)
(29)

Unlike 𝐶𝐷 and 𝐶𝐿, there exists no torque on a spheroidal particle in the
tokes regime and therefore, there exists no 1∕𝑅𝑒 term in Eq. (22). The
imulation 𝐶𝑇 data along with the correlation is plotted in Fig. 11. The
ean, median, and maximum deviation between the simulation data

nd the 𝐶 correlation are 4.7%, 3.3%, and 20.2% respectively.
𝑇
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Fig. 8. 𝐶𝐿 vs. 𝜙 for prolate spheroids of various aspect ratios at different 𝑅𝑒. Symbols represent simulation data and lines represent the 𝐶𝐿 correlation (Eq. (13)).
Fig. 9. Comparison of 𝐶𝐿 at 𝜙 = 45◦ for different 𝜆 and low 𝑅𝑒. The simulation results
(symbols) have been obtained for 𝑅𝑒 = 0.1 while the theoretical solution of Happel and

renner [38] is strictly valid in the Stokes regime, i.e. for 𝑅𝑒 = 0.
8

Similar to 𝐶𝐿, the 𝐶𝑇 data against incident angle 𝜙 demonstrate
skewness at high 𝑅𝑒 for various 𝜆. However, the 𝐶𝑇 skewness against 𝜙
is not one-sided for various 𝜆. At first, we observe the 𝐶𝑇 (against 𝜙) to
be skewed to the left with increasing 𝜆 and then to the right at higher 𝜆.
This behavior is appropriately captured in our 𝐶𝑇 correlation through
the 𝑓𝑇 ,𝑠ℎ𝑖𝑓 𝑡 term. Similar to 𝐶𝐿, we observe the 𝐶𝑇 simulation data to be
𝑅𝑒-independent for 𝑅𝑒 ≥ 1000 as can be seen in Fig. 11. Therefore, the
𝐶𝑇 correlation, similar to 𝐶𝐿, is designed to reach asymptotic behavior
at high 𝑅𝑒 (i.e. for 𝑅𝑒 > 1000).

4. Comparison with other literature

In this section, we extensively compare our correlations with lit-
erature correlations and simulation data. Here, we have intentionally
chosen aspect ratios (𝜆 = 2.5 and 6) for which we have not performed
the simulations, thereby measuring the performance of the fit. For
𝜆 = 2.5, we have utilized the work of Zastawny et al. [7], Ouchene et al.
[11], and Fröhlich et al. [26] for comparison. Recently, Wang et al. [37]
performed detailed numerical simulations for aspect ratio 2.5 prolate
spheroid in the interval 300 ≤ 𝑅𝑒 ≤ 1000. They also report a very good
agreement of the observed results with our previous work [16]. For
𝜆 = 6, a good amount of data is available from Jiang et al. [21,22].
They have extensively investigated this aspect ratio at 𝜙 = 45◦ for
various 𝑅𝑒 using direct numerical simulations. Their explored Reynolds

numbers (𝑅𝑒𝑑) based on the minor axis diameter 𝑑 are 50, 200, 1000,
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Fig. 10. 𝐶𝐿 at 𝜙 = 45◦ against 𝑅𝑒 for prolate spheroids of various 𝜆 with 𝑅𝑒 in (a) linear and (b) log scale. Symbols indicate the simulation data and solid line indicates the
orrelation. The behavior of the 𝐶𝐿 correlation beyond the simulation region until the transition 𝑅𝑒 (≈ 105) is shown.
Fig. 11. 𝐶𝑇 vs. 𝜙 for prolate spheroids of various aspect ratios at different 𝑅𝑒. Symbols represent simulation data and lines represent the 𝐶𝑇 correlation (Eq. (22)).
and 1200. This corresponds to 𝑅𝑒 (based on the equivalent-volume
sphere diameter) as 91, 363, 1817, and 2180, respectively. It should
be noted that the literature correlations are predominantly limited
to moderate 𝑅𝑒 i.e. 𝑅𝑒 ≤ 300 for Zastawny et al. [7], 𝑅𝑒 ≤ 240
9

for Ouchene et al. [11], and 𝑅𝑒 ≤ 100 for Fröhlich et al. [26]. Although
it is a bad habit, it is common practice in the gas–solid simulation
community to use, for lack of a better alternative, literature correlations
for particle 𝑅𝑒 outside their originally intended range of validity. If the
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Fig. 12. Comparison of 𝐶𝐷 against 𝜙 for 𝜆 = 2.5 at different 𝑅𝑒. The literature correlations are compared with in their respective 𝑅𝑒 limits.
Fig. 13. Comparison of 𝐶𝐷 for a particle of 𝜆 = 6 at 𝜙 = 45◦ from different correlations
with the DNS data of Jiang et al. [21,22]. The literature correlations are plotted until
their respective 𝑅𝑒 limits i.e. 𝑅𝑒 = 100 for Fröhlich et al. [26] and 𝑅𝑒 = 240 for Ouchene
et al. [11].

functional form of the correlation decays properly, the correlation can
be extrapolated beyond the simulated 𝑅𝑒, but this is not always the
case. In the following we will therefore compare our correlations with
literature correlations also at higher 𝑅𝑒. We warn the reader that this
should not be interpreted as criticism of the original works, all of which
clearly stated their respective ranges of validity.

4.1. Drag coefficient

The 𝐶𝐷 correlation from present work is compared with various
literature for 𝜆 = 2.5 in Fig. 12. A very good match with the simulation
data [16] and that of Fröhlich et al. [26] is observed for 𝑅𝑒 = 10 and
𝑅𝑒 = 100. A decent agreement can be observed for Zastawny et al. [7]
and Ouchene et al. [11] at 𝑅𝑒 = 100.

A comparison of our 𝐶𝐷 correlation with literature correlations for
𝜆 = 6 at 𝜙 = 45◦ is shown in Fig. 13. A very good match is observed
between our correlation and the DNS results of Jiang et al. [21,22].
Among the other literature correlations, a similar very good match can
be observed for Fröhlich et al. [26] until 𝑅𝑒 = 100. Likewise, a decent
match can be observed for Ouchene et al. [11] at low 𝑅𝑒. However with
increasing 𝑅𝑒, the deviations are significant. Therefore from the above
comparisons, we can conclude that our 𝐶𝐷 correlations are accurate for
a wide range of particle aspect ratios 𝜆 and a wide range of 𝑅𝑒.
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Table 5
Comparison of COMSOL results with our correlations for aspect ratios 𝜆 = 10 and 20
for 𝑅𝑒 = 250 at incident angle 𝜙 = 45◦.
𝜆 𝐶𝐷 𝐶𝐿 𝐶𝑇

10
COMSOL 1.38 0.736 1.20
Our correlation 1.34 0.712 1.22
Deviation (%) 2.90 3.26 1.67

20
COMSOL 1.83 0.903 1.53
Our correlation 1.80 0.875 1.69
Deviation (%) 1.64 3.10 10.45

4.2. Lift coefficient

Fig. 14 compares the 𝐶𝐿 correlation from present work with various
literature correlations for 𝜆 = 2.5. For both 𝑅𝑒 = 10 and 100, we observe
a very good agreement with Fröhlich et al. [26] and Zastawny et al. [7].
However, Ouchene et al. [11] predicts 𝐶𝐿 only with decent accuracy
until 𝑅𝑒 = 100.

The comparison of 𝐶𝐿 fit from present work and literature for an
aspect ratio 6 particle at 𝜙 = 45◦ is plotted in Fig. 15. We observe
a very good match of our 𝐶𝐿 correlation with the DNS data of Jiang
et al. [21,22] particularly at 𝑅𝑒 = 91. At higher 𝑅𝑒, our correlation
is found to have decent agreement with their DNS data. Similarly, we
observe very good agreement of 𝐶𝐿 correlation from Fröhlich et al. [26]
until about 𝑅𝑒 = 100 . We observe a larger deviation of 𝐶𝐿 correlation
from Ouchene et al. [11] with the DNS data of Jiang et al. [21,22].

4.3. Torque coefficient

The comparison of 𝐶𝑇 for 𝜆 = 2.5 at different 𝑅𝑒 is plotted in Fig. 16.
For 𝑅𝑒 = 10 and 100, a very good agreement of our 𝐶𝑇 correlation
with that of Fröhlich et al. [26] and our earlier simulations [16] is
observed. Some deviations are observed with that of Zastawny et al.
[7] and Ouchene et al. [11] for both 𝑅𝑒 = 10 and 100. For 𝑅𝑒 = 2000,
good agreement is observed between the present 𝐶𝑇 correlation with
that of our earlier simulations [16].

The comparison of 𝐶𝑇 for 𝜆 = 6 at 𝜙 = 45◦ is plotted in Fig. 17.
Among the available correlations, the present 𝐶𝑇 correlation is found
to be in good agreement with the DNS data of Jiang et al. [21,22].
Likewise, a good agreement is observed from Fröhlich et al. [26] until
𝑅𝑒 = 100 with our correlations. Again, we observe a larger deviation
of 𝐶𝑇 correlation from Ouchene et al. [11] with the DNS data of Jiang
et al. [21,22].

4.4. High aspect ratio particles

Given the lack of accurate DNS data for high aspect ratio particles
(i.e. 𝜆 > 6), we have performed accurate simulations using COMSOL
for further validation. For this case, we have tested aspect ratios 𝜆 =
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Fig. 14. Comparison of 𝐶𝐿 against 𝜙 for 𝜆 = 2.5 at different 𝑅𝑒. The literature correlations are compared with in their respective 𝑅𝑒 limits.
Fig. 15. Comparison of 𝐶𝐿 for a particle of 𝜆 = 6 at 𝜙 = 45◦ from different correlations
with the DNS data of Jiang et al. [21,22]. The literature correlations are plotted until
their respective 𝑅𝑒 limits i.e. 𝑅𝑒 = 100 for Fröhlich et al. [26] and 𝑅𝑒 = 240 for Ouchene
et al. [11].

10 and 20 for 𝑅𝑒 = 250 at 𝜙 = 45◦. We have intentionally chosen
𝜆 = 20 to show the performance of our correlations beyond the
maximum of 𝜆 = 16 of our LBM simulations. The COMSOL simulations
involve 6 million elements which is much higher than the minimum
recommended number of elements of about 0.65 million elements for
such non-spherical particle simulations [11]. The COMSOL results are
compared with our correlations in Table 5. Good agreement is observed
for 𝐶𝐷, 𝐶𝐿, and 𝐶𝑇 for nearly all compared cases. The above results
serve as a validation of our correlations for very high aspect ratio
particles.

5. Some remarks on optimization

Flexibility often comes with increased complexity and cost. Like-
wise, the wider suitability of our correlations results in additional
terms which can result in increased computational costs for evaluating
the hydrodynamic drag, lift and torque coefficients. While it may be
inexpensive to compute the 𝐶𝐷 (or 𝐶𝐿 or 𝐶𝑇 ) of a single non-spherical
particle at a given 𝑅𝑒 and 𝜙, the overhead can be significant for Euler-
Lagrangian simulations of non-spherical particles, where there is a need
for computing 𝐶𝐷 for millions of particles at every timestep at locally
different 𝑅𝑒. In particular, much of the computational overhead in
our 𝐶𝐷 correlation comes from the Stokes flow drag component [38]
i.e. 𝑎1 for 𝜙 = 0◦ and 𝜙 = 90◦. In many cases, users deal with
mono-disperse systems of non-spherical particles in Euler-Lagrangian
simulations. In such cases, users can pre-compute the aspect ratio 𝜆
dependent parameters at the beginning of the simulation and keep
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only the 𝑅𝑒 dependent terms active in the computation of 𝐶𝐷, 𝐶𝐿, and
𝐶𝑇 throughout the Euler-Lagrangian simulations. In other words, users
should compute the values of 𝑎𝑖, 𝑏𝑖, and 𝑐𝑖 at the start of the simulations
since they are purely 𝜆-dependent. If the system is polydisperse but with
a discrete set of particle aspect ratios, then users can still introduce an
array of parameters, pre-compute and save pre-computed values at the
start of the simulations. The saved array can subsequently be used for
faster computations of 𝐶𝐷, 𝐶𝐿, and 𝐶𝑇 .

6. Conclusion

Accurate flows around various prolate spheroids have been sim-
ulated using multi-relaxation time lattice Boltzmann method (MRT-
LBM). The simulations were performed for prolate spheroids of various
aspect ratios (1 ≤ 𝜆 ≤ 8) at different particle Reynolds numbers
(0.1 ≤ 𝑅𝑒 ≤ 2000) and incident angles (0◦ ≤ 𝜙 ≤ 90◦). Accordingly,
correlations for 𝐶𝐷, 𝐶𝐿, and 𝐶𝑇 were proposed for the regimes ex-
plored from the simulations. Previous works on unified correlations as
a function of aspect ratio 𝜆 for prolate spheroids are predominantly
limited to steady flow regimes (𝑅𝑒 < 240). This work pushes the 𝑅𝑒
limits of correlations roughly an order higher, by simulating complex
unsteady flows upto 𝑅𝑒 = 2000. The functional forms of our correlations
are carefully chosen such that they are valid beyond the 𝑅𝑒 regimes
simulated. In the limits 𝑅𝑒 ≈ 0, the 𝐶𝐷 and 𝐶𝐿 correlations are
designed to reduce to the established analytical solutions for prolate
spheroids [38]. At high 𝑅𝑒, our correlations reach an asymptotic value
as observed in 𝐶𝐷 for spheres. For spheres, the 𝐶𝐷 value remains
approximately constant at high 𝑅𝑒 (> 1000) until the critical 𝑅𝑒 (≈ 105).
Therefore, we expect our 𝐶𝐷 (also 𝐶𝐿 and 𝐶𝑇 ) correlation to be valid
until the critical 𝑅𝑒. However, we recommend further validation studies
at higher particle 𝑅𝑒 (> 2000) to confirm this hypothesis. We note that
in many applications the oncoming flow itself will exhibit turbulent
flow structures, leading to additional fluctuating hydrodynamic forces
on the particle which have been ignored in this work. The challenging
next step is therefore to parametrize (e.g. through the particle Stokes
number and ratio of particle size to Kolmogorov length scale) and
quantify the effect of incoming flow turbulence on the fluctuating
hydrodynamic forces on the particle.

Overall, a good agreement between the correlations and the simu-
lation data is observed. The mean deviations between the simulation
data and the correlations for 𝐶𝐷, 𝐶𝐿, and 𝐶𝑇 are 2%, 6.5%, and
4.7% respectively. Apart from developing the correlations, the 𝐶𝐷,
𝐶𝐿, and 𝐶𝑇 correlations are extensively compared with literature for
different particle aspect ratios 𝜆. While some of the available litera-
ture correlations provide good agreement in the steady flow regime
(𝑅𝑒 < 250), significantly larger deviations are observed at higher 𝑅𝑒.
The present work provides robust 𝐶𝐷, 𝐶𝐿, and 𝐶𝑇 correlations with
good accuracy for a wide range of 𝑅𝑒, 𝜆 and 𝜙. This would help
the research community exploring flow around non-spherical shapes
and enable high-fidelity Euler-Lagrangian fluidization simulations of
gas–solid flows.
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Fig. 16. Comparison of 𝐶𝑇 for 𝜆 = 2.5 at different 𝑅𝑒. The literature correlations are compared with in their respective 𝑅𝑒 limits.
Fig. 17. Comparison of 𝐶𝑇 for a particle of 𝜆 = 6 at 𝜙 = 45◦ from different correlations
with the DNS data of Jiang et al. [21,22]. The literature correlations are plotted until
their respective 𝑅𝑒 limits i.e. 𝑅𝑒 = 100 for Fröhlich et al. [26] and 𝑅𝑒 = 240 for Ouchene
et al. [11].
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