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Nonlinear Semianalytical Model for Axial Flux
Permanent-Magnet Machine

Baocheng Guo , Member, IEEE, Yunlu Du , Zakarya Djelloul-Khedda , Fei Peng , Member, IEEE,
Jianning Dong , Member, IEEE, Yunkai Huang , Frédéric Dubas , and Kamel Boughrara

Abstract—In this article, we propose a novel nonlinear
semianalytical model (AM) for the magnetic field calculation
of electric machines. The nonlinear properties and local
saturation effect of the iron part are taken into consid-
eration in Cartesian coordinates, which is the main con-
tribution of the proposed model. Thus, high accuracy of
electromagnetic field results can be obtained with the low
computational time cost. The model is developed based
on the harmonic modeling technique by solving Maxwell’s
equations. The detailed theoretical derivations, which use
the complex Fourier series and the Cauchy product, are
presented. To verify the proposed model, an axial flux
permanent-magnet (PM) machine is selected to be inves-
tigated. Both finite-element model and experimental results
agree well with that of the proposed model. Moreover, the
nonlinear AM has potential application for other types of
PM electrical motor in Cartesian coordinates, such as flat
PM linear machines.

Index Terms—Axial flux permanent-magnet machine (AF-
PMM), Cartesian coordinates, harmonic model, saturation
effect.

I. INTRODUCTION

COMPARED with radial flux permanent-magnet (PM)
machines, axial flux permanent-magnet machines (AFP-

MMs) have attracted lots of engineering researchers’ attention
due to their higher power density, torque density, and efficiency
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[1]–[3]. Thanks to these features, they have been successfully
applied to industrial fields, for instance, electric vehicle traction
motor, cooling fan, aircraft drive, and submarine drive [4]. It is
worthy to point out that the magnetic structure of the AFPMM
has a strong three-dimensional (3-D) effect, viz., the magnetic
dimension along the radial direction is different at each radius,
which brings challenges for the motor design.

In the field of machine modeling, numerical simulation, viz.,
finite-element model (FEM), is applied widely in academia
and industry due to its excellent accuracy. As for AFPMMs,
3-D FEM can obtain the magnetic flux density precisely, and
the computational time for 3-D FEM is long, which is often
measured by hours or days. Instead of obtaining data from 3-D
FEM, designers can use the quasi 3-D–2-D method to reduce
the computational time. However, this method still takes three
or five times longer than the traditional radial flux PM machines
[5]. Hence, FEM is not a good choice for the initial design of
AFPMM.

Alternative approaches are analytical or hybrid methods [6].
The magnetic equivalent circuit or the reluctance/permeance
network is commonly used [7]–[9]. This type of modeling has
good tradeoff between simplicity and accuracy. However, as for
some magnetic qualities, such as cogging torque waveforms and
force waveforms, it is highly dependent on the number of nodes
and solution strategy [10].

The analytical method uses mathematical expression and
solves Maxwell’s equations to achieve the magnetic field in the
air gap. In such a way, the computational time is less. Until
now, several analytical models (AMs) have been developed
and proposed, such as Schwarz–Christoffel (SC) mapping [11]
and subdomain model (SDM) [12]. The relative permanence
in the air gap could be obtained by SC mapping, which can
reflect the slotting effect in the magnetic field distribution
[13], [14]. The SDM uses the separation of variables method
to obtain the general expression of each domain [15], [16].
However, most of the AMs are developed based on one main
assumption, which is that iron materials have infinite perme-
ance; this means that the saturation effect in a ferromagnetic
material is ignored. Hence, the calculation accuracy of elec-
tromagnetic performance is reduced under heavy load working
conditions.

To solve the aforementioned problems, two calculation ap-
proaches are brought. One is the exact SDM proposed by Dubas
and Boughrara [17], which introduces the global magnetic sat-
uration of the iron core in the analytical solution by using the
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Fig. 1. Prototype model of AFPMM. (a) 3D model. (b) Multi-slices
model. (c) 2D calculation section.

principle of superposition in both directions. These techniques
have been extended and applied to rotary and linear electrical
machines [18], [19]. The local magnetic saturation effect with
the B(H) curve has also been introduced in the analytical solu-
tion [20] by dividing the stator and/or rotor regions with(out)
electrical conductivities into elementary subdomains. Another
approach is the harmonic modeling (HM) technique developed
by Sprangers et al. [21], [22]. Different from exact or elementary
SDM, the HM technique considers the permeance of the iron
part and embeds it into the complex general solutions. Djelloul-
Khedda et al. [23] consider the local magnetic saturation in the
iron parts and calculate the electromagnetic performance of the
switched reluctance machine. Further work is carried out by
Zhao et al. [24] in the magnetic performance prediction and op-
timize the magnetic gear. From the literature survey, we can learn
that the HM technique can consider the nonlinear properties of
materials. However, all previous studies analyzed the radial flux
motors in polar coordinates, not in Cartesian coordinates. As for
the AFPMMs and PM linear machines, which are modeled in
Cartesian coordinates, there are no solutions yet.

In this article, the nonlinear semi-AM based on the HM ap-
proach, which is modeled in Cartesian coordinates, is developed
and presented. The proposed model divides the iron into several
parts, and the nonlinear and local magnetic saturation effect of
stator iron is considered by iterative strategy. The quality of the
results obtained from the proposed HM technique is compared
with that of the FEM, and it is shown that the proposed model has
high accuracy as the FEM and much lower computational time
than the FEM. Moreover, the proposed model has significant
value for the design and the optimization of other types of electric
motors modeled in Cartesian coordinates.

The rest of this article is organized as follows. Section II
provides the geometry parameters and magnetic calculation sim-
plification of the AFPMM. The detailed derivation for the HM
approach in Cartesian coordinates is presented in Sections III and
IV. In Section V, the results of the proposed model are compared
with the FEM. Meanwhile, the prototype is tested to verify the
model further. Finally, Section VI concludes this article.

II. STUDIED AFPMM

Fig. 1(a) shows the 3-D model of the studied AFPMM.
Normally, to reduce the computational time, the quasi-3-D

TABLE I
MAIN DIMENSIONS AND PARAMETERS OF THE STUDIED MACHINE

method is used to convert a 3-D model to a 2-D model. The
annular calculation section along the axial circumference of the
AFPMM is made for dimensionality reduction. Then, expanding
the annular calculation section, the 3-D AFPMM is equivalent
to a combination of ns 2-D PM linear motors without the end
effect. The schematic of dimensionality reduction is shown in
Fig. 1(b) and (c).

The average radius Ri
av of the ith layer is given by

Ri
av = Ri +

Ro −Ri

ns
(i− 0.5) , i = 1, 2, . . . , ns (1)

tcp =
Ro −Ri

ns
(2)

where ns is the number of the slices, and tcp is the width of the
slices.

For the number of slices ns, 6–8 are usually chosen. When
the pole arc coefficient is consistent in the radial direction, the
center of the radius Rm is taken as the calculation section to meet
the accuracy requirements [25]. Thus, one slice is chosen in this
article, and the average radius Rm is

Rm =
Ro +Ri

2
(3)

where Ro and Ri are the outer and inner radius, respectively.
In this article, a 10-pole/12-slot AFPMM is introduced to

validate the proposed nonlinear semi-AM. The parameters of
AFPMM are given in Table I.

III. HARMONIC MODEL DEVELOPMENT

The model is formulated in the 2-D Cartesian coordinate
system with the following assumptions.

1) In the 2-D model, the end effect of the motor is neglected.
2) The magnetic permeability in the stator slots and teeth

is invariant in the radial direction and variant in the
tangential direction.

3) Rotor backplates and stator yoke have infinite magnetic
permeability.

4) The magnetic material has uniform magnetization, and
the relative recoil permeability μrec is constant.

5) The current density has only one component along the
y-axis.

6) Eddy-current effects are neglected.
7) The magnetic hysteresis phenomenon is neglected (i.e.,

only the initial magnetization curve was relied upon).
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Fig. 2. Simplified model of AFPMM.

Fig. 3. Position of the ith stator slot opening and kth N-pole PM at
ϕ = 0.

A. Investigation Model

The model is divided into simple types of regions, as shown
in Fig. 2. Region I represents the PMs, region II is the air gap,
region III is the stator teeth, and region IV is the stator slots.

Take a certain stator tooth center line as the initial position,
the angular position of the ith stator slot opening and kth N-pole
PM (see Fig. 3) is defined, respectively, by [23]

α
i
=

2π

Qs
i− π

Qs
(4)

γk =
2π

p/2
(k − 1) + ϕ (5)

where 1 ≤ i ≤ Qs, 1 ≤ k ≤ p/2, and ϕ is the angle between a
certain N-pole PM and the initial position.

B. Magnetic Field Derivation

According to Gauss’s law of magnetism, the magnetic flux
density vector B is divergence free, i.e., �·B = 0. In addition,
according to Ampere’s law of magnetism [26]

∇×H = J. (6)

The constitutive relation between B and H, given by

B = μ0μrecH + μ0M (7)

where M is the magnetization vector, μ0 is the free space
permeability, and μrec is the relative permeability of the PM.

Then, using the definition of A

B = ∇×A. (8)

Poisson’s equation is obtained by choosing Coulomb gauge

−∇2A = μ0J + μ0(∇×M). (9)

The magnetic field equation in Cartesian coordinates is

∂2A

∂x2
+
∂2A

∂z2
= −μ0

(
∂Mz

∂x
− ∂Mx

∂z

)
− μ0J (10)

where Mz and Mx are, respectively, the normal and tangential
components of M, and J is the current density in the stator slots.

By using the following adaptation [27]:

x = θRm. (11)

Then, (10) can be rewritten as [16]

∂2A

∂z2
+

1

R2
m

∂2A

∂θ2
= −μ0

(
1

Rm

∂Mz

∂θ
− ∂Mx

∂z

)
− μ0J. (12)

The matrix equation of fields Bz and Bθ in the different regions
is given by [22]

Bz =
1

Rm

∂A

∂θ
= −j 1

Rm
KθA, and Bθ = −∂A

∂z
(13)

where Bz and Bθ are the normal and tangential components of
magnetic flux density, respectively, and Kθ is the diagonal matrix
of harmonic order n, given by

Kθ =

⎡
⎢⎣
−N · · · 0

...
. . .

...
0 · · · N

⎤
⎥⎦ (14)

where N represents the highest spatial harmonic taken into
account in the magnetic field solution.

Then, substituting (13) into (7), the expression for magnetic
field strength in normal direction Hz and tangential direction Hθ

are obtained as

Hz = −j 1

Rm
μ−1
c,zKθA, and Hθ = −μ−1

c,θ

∂A

∂z
(15)

where μc,z, and μc,θ are the normal and tangential relative
permeability matrices, respectively.

Thus, ∇×H = J can be rewritten in matrix form as

∂Hθ

∂z
+ j

1

Rm
KθHz = J. (16)

After substituting (15) into (16), the magnetic field equation
for the inhomogeneous region is obtained as

∂2A

∂z2
− 1

R2
m

V 2Az = −μ0
1

Rm
Mθ − jμ0

1

Rm
SMz − μc,θJ

(17)

where V = (μc,θKθμ
−1
c,zKθ)

1/2 and S = μc,θKθμ
−1
c,z .

Thus, A can be solved by using the separated variables method
as

A = ane
z

Rm + bne
− z

Rm +R2
mF1 +RmF2 (18)

where

F1 = −jμ0V
−2μc,θKθμ

−1
c,zMz (19)

F2 = V −2μc,θJ. (20)

It has to be noted that the contribution of field sources is quite
different from that in the polar coordinates system.
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Fig. 4. Magnetic permeability distribution in region III.

IV. ANALYTICAL CALCULATION

A. Permeability Convolution Matrix

Take region III as an example. The permeability distribution
in region III is shown in Fig. 4 and is defined mathematically as
[23]

μ (θ) =

{
μ0 θ ∈ [αi − θss

2 , αi +
θss
2

]
μiron θ ∈

[
αi − θss

2 − θst, αi − θss
2

] (21)

where μiron is the permeability of ferromagnetic material in the
stator teeth, which can be expressed as a truncated complex
Fourier series, viz.,

μ (θ) =

n=N∑
n=−N

μ̂ne
−jnθ (22)

where

μ̂n =

⎧⎪⎨
⎪⎩
∑Qs

i=1
1

2πjn

[
μirone

−jn θss
2

(
1− e−jnθst

)
+2jμ0 sin

(
nθss
2

)]
ejnαi n �= 0∑Qs

i=1
1
2π (μironθst+μ0θss) n = 0.

(23)

The normal and tangential relative magnetic permeability
matrices μc,z and μc,θ are defined by

μc,z =

⎡
⎢⎣
μ̂0 · · · μ̂−2N

...
. . .

...
μ̂2N · · · μ̂0

⎤
⎥⎦ , μc,θ =

⎡
⎢⎣
μ̂rec
0 · · · μ̂rec

−2N
...

. . .
...

μ̂rec
2N · · · μ̂rec

0

⎤
⎥⎦
−1

.

(24)
According to the fast Fourier series decomposition principle,

(μ0, μiron) can be replaced by (1/μ0, 1/μiron) to get μ̂rec
n [22].

B. Magnetization Source

It is assumed that magnetization is uniform throughout the
PMs, as shown in Fig. 5.

In this article, the residual magnetization M is purely normal.
Therefore, the tangential component Mθ = 0, and the normal
component of Mz can be expressed as a truncated complex
Fourier series [28], viz.,

Mz(θ) =

n=N∑
n=−N

M̂zne
−jnθ (25)

Fig. 5. Schematic of magnetization.

where

M̂zn =
2pBrem

nπμ0
sin

(
nπ

2p
αp

)
. (26)

where Brem is the remanence flux density of PM.

C. Solution of the Poisson Equation

For the sake of clarity of the general solutions in different
domains, the following notation is adopted in this article:

Pω (α, β, χ) = α
(
e

β−χ
α

)ω
. (27)

The general solution of (17) for each region is formulated by
using the separation of variables method in z and θ, viz.,

AI |z = aIPVI
(Rm, z, z1) + bIPVI

(Rm, z0, z)+RmF1

(28)

AII |z = aIIPVII
(Rm, z, z2) + bIIPVII

(Rm, z1, z) (29)

AIII |z = aIIIPVIII
(Rm, z, z3) + bIIIPVIII

(Rm, z2, z)
(30)

AIV |z = aIV PVIV
(Rm, z, z4)

+ bIV PVIV
(Rm, z3, z)+R

2
mF2. (31)

On the premise of deriving the basic general solution, the
magnetic field of each region can be obtained according to the
boundary conditions.

Boundary conditions between two adjacent media are

AI (z, θ) = AII (z, θ) = 0, HI
θ (z, θ) = HII

θ (z, θ) |z=z1

(32)

AII (z, θ) = AIII (z, θ) , H
II
θ (z, θ) = HIII

θ (z, θ) |z=z2

(33)

AIII (z, θ) = AIII (z, θ) , H
III
θ (z, θ) = HIV

θ (z, θ) |z=z3 .
(34)

The Neumann boundary conditions are applied to the inner
boundary of region I and the outer boundary of region IV

HI
θ |z=z0 (z, θ) = 0, and HIV

θ |z=z4 (z, θ) = 0. (35)

According to the above boundary conditions, the magnetic
vector potential Ak of each region can be obtained.
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Fig. 6. Four calculation regions of stator teeth.

Fig. 7. Nonlinear modeling of ferromagnetic materials.

Then, the normal and tangential components of magnetic flux
density Bz and Bθ of each region can be deduced from Ak

Bk
z |z = −j 1

Rm
KθA

k, Bk
θ |z = −∂A

k

∂z
. (36)

D. Saturation Consideration

With regard to the PM machines, the tooth body is always
designed at a nonsaturation region, while the teeth tip region
would have high magnetic flux density. Therefore, the influence
of stator tooth tip saturation is considered in this article. The
stator tooth tip is divided into four calculation regions, as shown
in Fig. 6 [24]. The maximum magnetic flux density point in each
calculation region is used as the test point.

To consider the effect of local saturation of stator teeth in the
saturated region, the permeability is calculated numerically by
fitting the B–μ curve. The fitting equation is [29]

μr (B) =

(
k1
μ0k2

)(
1

1 + (B/k1)
k3−1

)
(37)

where k1, k2, and k3 are the constants that depend on the
iron type. In this article, the silicon steel sheet is 35CS300
(0.35 mm silicon steel sheets) and the laminated factor is 95%.
The parameters k1, k2, and k3 are 1.3844, 137.8334, and 17.4920,
respectively.

Fig. 7 shows the original B–H curve and the comparison of
the curve fitting waveform. It can be seen that this method
has an error in the region when the magnetic flux density is
small. However, in the unsaturated region, there is no significant
difference between the results of μr = 8000 and μr = 2000. In

Fig. 8. Relative magnetic permeability update of stator teeth.

TABLE II
MESH INFORMATION OF FEM

the saturated region, B > 1.7 T, the curve agrees well with the
original B–μ curve. Hence, the calculation accuracy is satisfied
in this article.

Fig. 8 shows the iterative calculation flowchart of the stator
tooth permeability. In the first step, the relative permeability of
stator teeth is equal to the maximum value given by the curve
fitting. The magnetic flux density of stator teeth Bt is obtained
by the analytical calculation of the magnetic field, and the
relative permeability μr is obtained according to the following
equation:

Δm
j =

|μm
r,j − μm

r,j,test|
μm
r,j,test

. (38)

The relative permeability error �j
m of stator teeth is calcu-

lated, and the relative permeability of stator teeth is updated
according to the error. When �j

m meets the error requirement,
the calculation is finished, where j represents the jth stator tooth,
m represents the mth calculation area, and 1≤j≤Qs, 1≤m≤4.

V. VALIDATION

To verify the effectiveness of the proposed model, the AM
results of air gap magnetic flux density components and elec-
tromagnetic performances are compared with those obtained by
the FEM and experimental results.

A. Finite-Element Model

The studied AFPMM, in this article, is a single stator and
a double rotor, and the FEM is established in commercial
finite-element software JMAG. To simplify the calculation, a
one-fourth model is established. Fig. 9(a) shows the no-load
magnetic field distribution of the 3-D model, and Fig. 9(b)

Authorized licensed use limited to: TU Delft Library. Downloaded on June 14,2022 at 12:11:48 UTC from IEEE Xplore.  Restrictions apply. 
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Fig. 9. FEM. (a) Three-dimensional model. (b) Two-dimensional slice
model.

shows the no-load magnetic field and flux line distribution of the
calculated section. The mesh information of the FEM is shown in
Table II.

B. Comparison of Magnetic Field Distribution

The root-mean-square (RMS) error is used to evaluate the
calculation accuracy of the AM proposed in this article [22]

σ =

√∑Npc

i=1

(
ΩFEA

i − ΩHM
i

)2
Npc

(39)

where Npc is the number of test data, and Ω can, respectively,
stand for the magnetic flux density {Bz; Bθ}, the back electro-
motive force (EMF), the cogging torque, and the output torque.

Fig. 10 shows the comparison of the normal and tangential
components in the middle of the air gap between the FEM and
the proposed AM. The RMS error of the normal and tangential
components for the air gap magnetic flux density is 8 mT and
7 mT, respectively. It can be seen that very good agreement is
achieved, which validates the high accuracy of the proposed
model.

To verify the armature calculation, the PM sources
are set as 0 T, the currents of coils are ia = 0,
ib= 5.196 A, and ic=−5.196 A. The magnetic field results from
the armature are shown in Fig. 11. It can be seen that the results
obtained by the proposed model match well with the FEM. The
RMS error of the normal and tangential components for the air
gap magnetic flux density is 11 mT and 9 mT, respectively.

It should be pointed out that the iron material is unsaturated
in the previous study; to consider the local saturation further,
the load condition is calculated, and the load current at a certain
time is ia = 6 A, ib = −3 A, and ic = −3 A. The magnetic flux
densities and Fourier series of these components are shown in
Figs. 12 and 13. Moreover, the traditional analytical calculation
method is also compared.

From the comparison, it can be seen that the waveforms and
harmonic values of the proposed model are close to those of
the FEM. The saturation effect appears clearly in the results of
the normal and tangential components of magnetic flux density.
Taking the normal component as an example, the RMS error of

Fig. 10. Components of no-load magnetic flux density in the air gap
(i.e., region II). (a) Normal. (b) Tangential.

Fig. 11. Components of magnetic flux density caused by armature
winding in the air gap (i.e., region II). (a) Normal. (b) Tangential.

the AM proposed in this article is 25 mT, while the traditional SD
model is 31 mT. The magnetic saturation effect of ferromagnetic
materials is taken into account in the model proposed in this
article, so the RMS error is reduced by 19.4% compared with
the traditional SD model (with μ→+�), and the calculation
accuracy is improved.
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Fig. 12. Normal components of the on-load magnetic flux density in
the air gap (i.e., region II). (a) Waveforms. (b) Harmonic spectrum.

Fig. 13. Tangential components of the on-load magnetic flux density
in the air gap (i.e., region II). (a) Waveforms. (b) Harmonic spectrum.

C. Spatial Harmonics Selection

To reduce the computational time of the nonlinear AM, the
number of spatial harmonics N can be reduced. To assess the
influence of N on the accuracy of the magnetic field calculation,

Fig. 14. Influence of the harmonics number on the calculation time.

Fig. 15. Error for the normal and tangential components of the mag-
netic flux density in the air gap.

the RMS error between the results of nonlinear analytical cal-
culations and the FEM is computed for various N, ranging from
20 to 200 in steps of 20.

In Fig. 14, the calculation time of the semi-AM is shown as
a function of N. It can be seen that, for large N, the calculation
time grows significantly with N. In Fig. 15, the error already
starts to converge around N = 140, and the calculation time
can be significantly decreased if a small increase in error is
acceptable. Within the allowable range of error, selecting a
reasonable harmonic number can speed up the solution and
reduce the time in the initial design stage of the motor.

D. Iron Loss Computation

For the iron loss, the calculation of iron core loss is defined
by the basic Steinmetz method. The iron core is expressed as
[28]

Piron = khf
αBβ + kef

2B2 (40)

where kh, ke, α, and β are, respectively, the coefficient of
hysteresis loss, excess loss, and constants of steel material. For
the material 35CS300, by using the curve fitting technique,
the coefficients are calculated as 0.009, 0.0001, 1.171, and 2,
respectively. f is the frequency and B is the iron core magnetic
flux density.

In the no-load conditions, the normal and tangential magnetic
flux density waveforms in the stator tooth of the proposed
method [see Fig. 16(a) and (b)] have a similar shape to that of
FEM. In Fig. 16(c) and (d), the iron loss evolutions in the stator
teeth according to rotor speed under different current excitations
are illustrated, respectively. As expected, in the side part of stator
teeth, the iron losses have relatively large errors (10% under 8 A).
This may be caused by the large magnetic fluctuations, and this
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Fig. 16. Loci of the magnetic flux density at no load for a point on the (a) side of teeth, (b) middle of teeth; the iron loss evolution of (c) side of
teeth, (d) middle of teeth.

Fig. 17. Back EMF of phase A at 3600 r/min.

can be reduced by dividing the stator teeth into a large number.
In the second part of stator teeth, we can observe that the iron
losses are matched well. The comparison between the proposed
model and FEM shows good agreement in both no-load and
on-load conditions.

E. Comparison of Magnetic Performance

The phase back EMF can be calculated by magnetic theory;
take phase A as an example [25]

Ea = Nc
dψa

dt
(41)

where Nc is the number of coil turns, and Ψa is the magnetic
flux linkage defined by

ψa = lstk
Nc

S

Qs∑
i=1

∫ αi+
θss
2

αi+
θss
2 −d

∫ z4

z3

AIV
z (z, θ) dzdθ. (42)

In this article, the output torque of the motor is calculated by
the Maxwell stress tensor method, the intermediate position of
the air gap is selected as the integral path, and the output torque
can be calculated by [25]

T =
tcpR

2
calc

μ0

∫ 2π

0

BnBθ dθ. (43)
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Fig. 18. Cogging and output (viz., electromagnetic) torque waveform.

Fig. 19. Test platform of AFPMM.

In the no-load condition, the ferromagnetic material has no
obvious saturation phenomenon, so the back EMF waveform
obtained by the traditional SDM is in good agreement with the
results obtained by the nonlinear AM and the FEM, as shown in
Fig. 17. The RMS errors of the traditional SDM and the nonlinear
AM are 1.68% and 0.83%, respectively. Fig. 18 shows the results
of the electromagnetic and cogging torque, which are in good
agreement with those obtained from the FEM model.

F. Experimental Validation

According to the AFPMM parameters, as given in Table I, an
experimental prototype is manufactured to verify the correctness
of the proposed nonlinear AM. The AFPMM experimental
platform is shown in Fig. 19.

The back EMF, cogging torque, and output torque of the pro-
totype were measured. The experimental results were compared
with the AM.

The line back EMFs of the AFPMM prototype were tested
at 1000 r/min. Fig. 20 shows the comparison of line back EMF
between the AM and experimental results of the back EMF. It
can be seen from the figure that the nonlinear semi-AM agrees
well with the experimental result, and the RMS error is only
0.57 V. The experimental results show that the AM proposed

Fig. 20. Comparison of the line back EMFs between analytical results
and experimental results at 1000 r/min.

Fig. 21. Cogging torque between AM and experimental results.

TABLE III
CURRENT AND TORQUE DATA AT 3600 R/MIN

in this article has high accuracy and meets the requirements of
engineering calculation.

The cogging torque of the prototype was measured by the
leverage measurement method. The experimental results are
shown in Fig. 21. The results show that the numerical value is in
good agreement with the waveform and conforms to the law of
change. Due to the small cogging torque fluctuation, assembly
precision, and bearing friction of the prototype, the error of the
maximum deviation point between analytical results and test
data is up to 30%.

As for the electromagnetic torque of the proposed model
and experiment, we tested the output torque at 1800 r/min and
3600 r/min, respectively, and the current versus torque curve is
shown in Fig. 22. Table III lists the detailed data of the current
RMS and output torque at 3600 r/min.

In Table III, the maximum error between the proposed model
and experimental results is less than 5%, i.e., when the current
is 135.3% of the rated current, the relative error is 1.73%. The
difference between the predicted and the experimental results is
due to the experimental errors and the assumptions presented in
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Fig. 22. Output (i.e., electromagnetic) torque. (a) 1800 r/min. (b)
3600 r/min.

Section III, the most important of which is the neglect of eddy-
current effects and magnetic hysteresis phenomenon. Overall,
the error is within reasonable limits.

VI. CONCLUSION

In this article, we presented the first reported HM technique
in Cartesian coordinates. The calculation equations and strategy
were given in this article; the results showed that the proposed
model can consider the local magnetic saturation and have high
accuracy for calculating both the magnetic flux density and the
electromagnetic performances. More accurate predictions may
be obtained by dividing the iron part into more small pieces with
reasonable harmonic orders.

Moreover, the proposed model in this article was not limited to
AFPMMs, and it can also be applied to other types of machines,
for instance, the flat PM linear machines. This will be done in
the following research.

APPENDIX

The following notation is adopted:

P (λ, α, β, χ) =

(
e

β
α

e
χ
α

)λ

(44)

P I
a = P (VI , Rm, z, z1) (45)

P I
b = P (VI , Rm, z0, z) (46)

P II
a = P (VII , Rm, z, z2) (47)

P II
b = P (VII , Rm, z1, z) (48)

P III
a = P (VIII , Rm, z, z3) (49)

P III
b = P (VIII , Rm, z2, z) (50)

P IV
a = P (VIV , Rm, z, z4) (51)

P IV
b = P (VIV , Rm, z3, z) (52)

Bn
I |z = −Kθ[

P I
a aI + P I

b bI − jμ0V
−2μI

c,θKθ

(
μI
c,z

)−1
Mz1

]
(53)

BI
θ |z = −VI

[
P I
a aI − P I

b bI
]

(54)

BII
n |z = −Kθ

[
P II
a aII + P II

b bII
]

(55)

BII
θ |z = −VII

[
P II
a aII − P II

b bII
]

(56)

BIII
n |z = −Kθ

[
P III
a aIII + P III

b bIII
]

(57)

BIII
θ |z = −VIII

[
P III
a aIII − P III

b bIII
]

(58)

BIV
n |z = −Kθ

[
P IV
a aIV + P IV

b bIV +RmV
−1
IV μ

IV
c,θJz

]
(59)

BIV
θ |z = −VIV

[
P IV
a aIV − P IV

b bIV
]

(60)

HI,II,III,IV
n =

[
μI,II,III,IV
c,z

]−1
BI,II,III,IV

n (61)

HI,II,III,IV
θ =

[
μI,II,III,IV
c,θ

]−1

BI,II,III,IV
θ . (62)

Representing all the matrix equations obtained by interface
condition in matrix-form yields

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

aI
bI
aII
bII
aIII
bIII
aIV
bIV

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M11 M12 0 0 0 0 0 0
M21 M22 M23 M24 0 0 0 0
M31 M32 M33 M34 0 0 0 0
0 0 M43 M44 M45 M46 0 0
0 0 M53 M54 M55 M56 0 0
0 0 0 0 M65 M66 M67 M68

0 0 0 0 M75 M76 M77 M78

0 0 0 0 0 0 M87 M88

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−1

·

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
Y1
0
0
0
Y2
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(63)

P (λ, α, β, χ) =

(
e

β
α

e
χ
α

)λ

(64)

PI = P (VI , Rm, z0, z1) (65)

PII = P (VII , Rm, z1, z2) (66)

PIII = P (VIII , Rm, z2, z3) (67)
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PIV = P (VIV , Rm, z3, z4) . (68)

The entries of the matrix form of the submatrices are repre-
sented as follows:

M11 = PI (69)

M12 = −I (70)

M21 = I (71)

M22 = PI (72)

M23 = −PII (73)

M24 = −I (74)

M31 =
(
μI
c,θ

)−1 · VI (75)

M34 =
(
μII
c,θ

)−1 · VII (76)

M32 = −(μI
c,θ

)−1 · VI · PI (77)

M33 = −(μII
c,θ

)−1 · VII · PII (78)

M34 =
(
μII
c,θ

)−1 · VII (79)

M43 = I (80)

M44 = PII (81)

M45 = −PIII (82)

M46 = −I (83)

M53 =
(
μII
c,θ

)−1 · VII (84)

M54 = −(μII
c,θ

)−1 · VII · PII (85)

M55 = −(μIII
c,θ

)−1 · VIII · PIII (86)

M56 =
(
μIII
c,θ

)−1 · VIII (87)

M65 = I (88)

M66 = PIII (89)

M67 = −PIV (90)

M68 = −I (91)

M75 =
(
μIII
c,θ

)−1 · VIII (92)

M76 = −(μIII
c,θ

)−1 · VIII · PIII (93)

M77 = −(μIV
c,θ

)−1 · VIV · PIV (94)

M78 =
(
μIV
c,θ

)−1 · VIV (95)

M87 = I (96)

M88 = −PIV (97)

Y1 = −jμ0V
−2
I μI

c,θKθ

(
μI
c,z

)−1
Mz (98)

Y2 = RmV
−2
IV μ

IV
c,θJz. (99)
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