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The energy dissipation during fatigue crack growth in 
metallic materials 

H. Quan *, R.C. Alderliesten 
Structural Integrity & Composites, Faculty of Aerospace Engineering, TU Delft, Netherlands   

A R T I C L E  I N F O   
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A B S T R A C T   

An energy equation for fatigue crack growth was proposed. It equates the total external work per 
cycle (dW/dN) to the sum of plastic dissipation (dUpl/dN), change in strain energy stored (dUe/ 
dN) and the energy dissipated in new crack surface formation (dUa/dN). Fatigue crack growth 
experiment of 7075-T6 was used to derive the relation between fatigue crack growth rate (da/dN) 
and variables in this equation. The result shows dUpl/dN and dUe/dN are not straightforwardly 
related to da/dN. The dUa/dN, whose value cannot be obtained sufficiently precise experimen-
tally, can be the variable straightforwardly related to da/dN within the range of test.   

1. Introduction 

The phenomenon of fatigue crack growth has been studied for years, for the purposes of life prediction and avoiding failure in real 
engineering structures. At present, most of the research describes the fatigue crack growth with a Paris’ equation, which is both an 
empirical and phenomenological approach. Nonetheless, the Paris’ equation based on stress intensity factor range ΔK, which relates 
with crack length and stress, does not clarify straightforwardly the physical nature underlying the fatigue crack growth. Significantly 
less literature approaches fatigue crack growth from the perspective of physics, which arguably could better illustrate the nature of 
fatigue crack growth. For example, fatigue crack growth could be studied using an energy approach for its universality among various 
materials. The energy, as a common physics variable, could account for different mechanisms during fatigue crack growth, and could 
help to find out the mechanism straightforwardly related to fatigue crack growth. Based on this, the energy approach could possibly 
clarify straightforwardly the physical nature underlying the fatigue crack growth. 

Fortunately, there is some literature focusing on energy approaches to study fatigue crack propagation. Ranganathan et al [1–2] 
have performed an experimental study on the relation between da/dN and the total energy dissipation. The total energy dissipation 
was obtained by integrating the load–displacement hysteresis loops. From the experiment, a nonlinear relation between da/dN and 
total energy dissipation was obtained. Meanwhile, Smith [3] has performed a numerical study on the total plastic dissipation during 
fatigue crack growth. He proposed a linear relation between da/dN and the total plastic energy dissipated per cycle to simulate the 
fatigue crack growth of 304 stainless steel with finite element analysis. Klingbeil et al[4–8] have proposed that the plastic energy 
dissipation in the reversed plastic zone ahead of the crack tip, expressed per unit fatigue crack growth (dW/da), is a material parameter 
and its value is equal to the static critical strain energy release rate Gc. Moreover, Karlsson et al [9–15] argued that fatigue crack 
propagation is the result of degradation in a process zone ahead of the crack tip, accompanied in this area by the large plastic 
deformation of ductile materials. Therefore, they linked the da/dN with the plastic dissipation in the process zone, which is represented 

* Corresponding author. 
E-mail address: h.quan@tudelft.nl (H. Quan).  

Contents lists available at ScienceDirect 

Engineering Fracture Mechanics 

journal homepage: www.elsevier.com/locate/engfracmech 

https://doi.org/10.1016/j.engfracmech.2022.108567 
Received 28 February 2022; Received in revised form 13 May 2022; Accepted 20 May 2022   

mailto:h.quan@tudelft.nl
www.sciencedirect.com/science/journal/00137944
https://www.elsevier.com/locate/engfracmech
https://doi.org/10.1016/j.engfracmech.2022.108567
https://doi.org/10.1016/j.engfracmech.2022.108567
http://crossmark.crossref.org/dialog/?doi=10.1016/j.engfracmech.2022.108567&domain=pdf
https://doi.org/10.1016/j.engfracmech.2022.108567
http://creativecommons.org/licenses/by/4.0/


Engineering Fracture Mechanics 269 (2022) 108567

2

by the reverse plastic zone ahead of the crack. Both Klingbeil et al and Karlsson et al suggested that the dW/da should be a material 
property, although Karlsson et al did not suggest the value of dW/da to be necessarily equal to Gc. 

Similarly, Pandey and Chand [16] related fatigue crack growth with low cycle fatigue phenomena and built an analytical model to 
predict da/dN based on low cycle fatigue data. They assumed that the energy absorbed during fatigue crack growth determined by the 
cyclic stress–strain curve, is equal to the plastic energy dissipated within the process zone. Besel and Breitbarth [17–18] proposed a 
method correlating DIC and finite element analysis, to measure the plastic energy dissipation during the fatigue crack growth. From all 
the work described above, it could be concluded that although most of the researchers have tried to find a relation between da/dN and 
plastic energy dissipation, they do not explicitly explain what exactly the role of plasticity is during fatigue crack propagation. 
Moreover, previous work does not fully explain what components of energy (dissipation) are involved during fatigue crack growth, and 
which part of energy contributes to the fatigue crack growth straightforwardly. 

Besides, methods with thermography and infrared cameras are also popular for the research of the energy dissipation during fatigue 
crack propagation [19–25]. However, the assumption that almost all of the deformation energy dissipation transferred into heat is not 
always correct [19]. Therefore, the quantitative relation between thermography variables and the plastic dissipation is not always 
clear. 

However, assuming the research field is not limited to metallic materials only, there is some similar research focusing on the fatigue 
damage growth in other material systems using an energy approach. Pascoe [26–29] studied the fatigue disbond growth in adhesively 
bonded joints, and correlated the disbonding growth rate da/dN with the release of elastic strain energy. Similarly, Yao [30–33] 
studied the Mode I fatigue delamination growth in composites and Amaral [34–36] studied the interlaminar ply delamination growth 
under mode II and mixed-mode loading. They both related the delamination growth rate da/dN to the elastic strain energy dissipation 
and demonstrated that the relation between elastic strain energy dissipation per cycle and da/dN is almost linear. Based on the work of 
Pascoe, Yao and Amaral, Alderliesten [37] used the term Ua to represent the energy dissipated to create new fracture surfaces, which 
constitutes most of the dissipated elastic strain energy in brittle materials. He claimed that Ua is one part of the dissipated elastic strain 
energy and it is straightforwardly related to crack extension only. 

All three phenomena: fatigue crack growth in metals, fatigue disbond growth in adhesive joints and fatigue delamination growth in 
composites, could be regarded as fatigue damage growth in structures. Therefore, they are in fact the same phenomenon but in 
different material systems. Hence, considered from the perspective of energy, they could be described with the same governing 
relationship. So the research on adhesive bonds and composites could also provide inspiration for studying fatigue crack growth in 
metals, where besides plastic dissipation, the strain energy release or Ua also plays a role during fatigue crack growth and is related to 
da/dN. 

It could be hypothesized that the plastic dissipation and strain energy release both should be involved in fatigue crack growth. 
However, it doesn’t provide a full picture on what kinds of energy exactly are involved, and what their relationship quantitatively is. 
What is more, which energy exactly contributes to da/dN remains unclear. Therefore, the basic questions addressed in this paper are:  

1. What energy components are involved during fatigue crack growth and which part is straightforwardly related to da/dN?  
2. How do all these energy variables relate with da/dN quantitatively? 

2. The energy balance equation during fatigue crack growth 

Here, fatigue crack growth is analyzed fundamentally from the view of physics using an energy approach. The analysis could first 
start with the static crack growth, which could be regarded as an analogy to the fatigue crack growth. 

According to the study on static crack growth by Irwin and Orowan [38], it could be concluded that crack growth resistance is equal 
to the sum of plastic strain energy and surface energy during the crack growth. In a similar approach, if static crack growth is 
considered in a way of energy conservation, then the external work done to the cracked body by the applied force could be treated as an 
energy input. The input energy is partly stored within the cracked body in the form of elastic strain energy, while the rest of the input 
energy is dissipated by the mechanism of crack growth resistance during crack propagation. For metallic materials, the rest of the input 
energy is dissipated by the surface energy for creating new crack surface and plastic dissipation. Therefore, the energy conservation 
equation for static crack growth is: 

Ẇ = U̇a + U̇pl + U̇e (1) 

The differential form of the equation explains that: the external work differential Ẇ is equal to the sum of the surface energy 
differential U̇a dissipated through new crack surface formation, the plastic dissipation differential U̇pl and the elastic strain energy 
stored differential U̇e. Here, Ẇ represents the energy input rate from external by the external force (such as tensile force from tensile 
test machine) applied on the cracked body. While the energy terms of U̇a, U̇pl and U̇e represent the rates of energy stored and dissipated 
by the intrinsic mechanics of the cracked body. Similarly, Xiao [39] claimed that the surface forming energy release is equal to the 
external force power minus the rate of elastic strain energy stored and plastic dissipation rate. The surface forming energy is considered 
as the driving force for fracture in [39], so it is logical to assume here U̇a is straightforwardly related to crack growth. Moreover, it is 
reasonable to assume that the variables left in the equation proposed above, the plastic dissipation and elastic energy stored are only 
the consequences accompanying crack growth, which is indirectly related to crack growth. 

In a similar approach, the equation above could be extended to the fatigue crack growth. If the equation is integrated over one 
fatigue cycle, then it becomes: 
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dW
dN

=
dUa

dN
+

dUpl

dN
+

dUe

dN
(2)  

Here, the external work done over a full cycle dW/dN on the left side of the equation effectively constitutes the work done to the 
specimen from external, for example from the fatigue machine during fatigue experiment, while the surface energy dUa/dN dissipated 
by the formation of new fatigue crack surface, the plastic dissipation per cycle dUpl/dN and the elastic strain energy stored variation 
throughout one full cycle dUe/dN all together on the right side of the equation represents the energy dissipated and stored internally 
during the fatigue crack propagation. Eq. (2) shows that the work done to the specimen per cycle from external is equal to the sum of 
energy dissipated and energy stored variation. Similar equation has been reported in [40] for coating crack propagation. Eq. (2) is in 
the framework of fracture mechanics by Irwin and Orowan, so it may not be complete to consider all the mechanics during fatigue crack 
growth. Other dissipation mechanisms, such as microstructural transformation (like martensitic transformation) [41] and crack 
surface contact shielding (like sliding between crack surfaces) [42] may also be added to the equation. Here to start with a first step, 
this paper remains still within the framework of fracture mechanics by Irwin and Orowan. 

It is assumed here that the surface energy dUa/dN is straightforwardly and uniquely linked to fatigue crack area growth dA/dN, 
while the plastic dissipation and change in elastic strain energy stored throughout one full cycle are only the phenomenon accom-
panying fatigue crack growth. The crack surface area A is the true fracture surface area considering the rough crack surface rather than 
the projection planar area which is the crack length multiplied by the thickness. However, the true crack surface area is not easy to 
measure, so the fatigue crack length is used correlated with the energy variables. For metallic materials, the values of dUpl/dN are far 

higher than the values of 
(

dUa
dN + dUe

dN

)
, so dW/dN is approximately equivalent to dUpl/dN (dW/dN ≈ dUpl/dN) and the trend of dW/dN 

should be similar to the trend of dUpl/dN. 
If an energy variable is straightforwardly linked to fatigue crack growth da/dN, the quantitative relation between this energy 

variable and da/dN should be independent of the stress ratio, which is an external fatigue loading condition. Thus the energy variable 
straightforwardly linked to fatigue crack growth should have a one-to-one relationship with da/dN, regardless of the stress ratio. In this 
way, if the assumption of dUa/dN straightforwardly linked to da/dN is correct, the relation between dUa/dN and da/dN should have no 
stress ratio effect, but the relation between dUpl/dN and da/dN and the relation between dUe/dN and da/dN could be dependent on the 
stress ratio. 

Since dUa/dN is negligible compared with plastic dissipation for ductile materials, it is impossible to measure dUa/dN experi-
mentally. That is why most of the researchers still focus on plastic dissipation. However, we cannot just focus on plastic dissipation, 
ignoring the effect of dUa/dN and Eq. (2), because only with plastic dissipation it is still difficult to explain and solve the stress ratio 
correction, as the dUpl/dN -da/dN data with stress ratio dependence reported in [43]. 

Fig. 1. Fatigue specimen dimensions (left) and experimental set-up (right).  
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3. The relation between energy variables and da/dN 

In order to validate the previous assumption of dUa/dN straightforwardly linked to da/dN, fatigue experiments were carried out to 
measure the energy variables in correlation with the fatigue crack growth rate da/dN. The fatigue experiment and the method to obtain 
the plastic dissipation are reported in detail in [44]. Here, the fatigue experiment procedure (3.1) and the method to obtain the plastic 
dissipation (3.2.1) are introduced briefly to aid the reader in understanding the context of this paper. With more information, refer to 
[44] for further details. 

3.1. Fatigue experiments description 

Centre crack tension (CCT) fatigue crack growth tests were performed on 7075-T6 specimens, made from 2 different aluminium 
sheets (batches), as shown in Fig. 1. The thickness of the specimens is 3.2 mm. The fatigue test matrix is shown in Table 1. The load 
applied by the fatigue machine to the specimen is equal to the remote gross stress multiplied by both the width and thickness (160 mm 
× 3.2 mm) of the specimen. 

At Side A, the strain and displacement fields around crack were measured with DIC. The Correlated Solutions Vic-3D DIC system 
with a pair of 80 mm lenses 5Mpix DIC cameras were used to observe the deformation of the specimens to obtain the plastic dissipation 
per cycle in further steps. The area for measuring was around 35 mm × 28 mm, so the resolution was around 71 pixel/mm. At Side B for 
Specimen 1–2, a single 4 Mpix camera was used to measure the crack length with the full crack (on both left and right sides) in the 
center. At Side B for Specimen 3–9, a pair of 50 mm lenses 5Mpix DIC cameras with the Correlated Solutions Vic-3D DIC system were 
used for measuring both the crack length (on both left and right sides) and the far field displacement to obtain the elastic strain energy 
in further steps. The area for DIC measuring was around 175 mm × 140 mm, so the resolution was around 14 pixel/mm. During fatigue 
test the crack length on left and right sides were closely the same. 

In the fatigue experiments, a mix of 1000–3000 baseline load cycles at 10 Hz were alternated with 6 slow cycles for performing 
measurements. During the slow cycles, the camera system captured photos at every maximum and minimum loading point. The ex-
periments were force-controlled with an MTS 250kN fatigue machine. 

3.2. Method to obtain the energy variables 

3.2.1. Obtaining the plastic dissipation dUpl/dN 
For the aluminium material 7075-T6, most of the energy dissipated during fatigue crack growth is through plastic dissipation. Here, 

the plastic energy dissipation was obtained by applying the displacement field near crack tip measured by DIC to a finite element 
analysis (FEA) model as the boundary condition. This method is similar to the method to obtain plastic dissipation in [17,18]. The 
concept for this method essentially is similar to Global-to-Local modelling, where the “global model” is the experimental specimens 
and the “local model” is the FEA model. The experimental measured displacement is the boundary between “global model” and “local 
model”. The FEA model is a local modelling of the experimental specimens based on the DIC measurement. The simulation was 
performed in ABAQUS standard. 

A 2D plane stress model was used because the specimen thickness is small compared with length and width, so the effect of 
thickness was neglected. This finite element model is illustrated in Fig. 2. In the FEA model, only a small stripe near the crack region 
was simulated. A half model was used, utilizing symmetrical conditions in case of Mode I crack growth. At the bottom side of the FEA 
model, the crack surface was simulated with a free surface, while the remaining part of that side had symmetrical boundary conditions. 
The displacement measured by DIC is based on the speckle pattern in a small neighbourhood area. However, the propagating crack 
destroys the original speckle pattern of the reference, making the crack surface image correlation with the original reference without 
crack impossible. Therefore, the accurate displacement measurement of the crack surface is impossible for DIC, and the free crack 
surface boundary condition was used for alternative. At the top, left and right sides of the model, the displacement fields measured with 
DIC during the slow cycles in the fatigue experiments were applied as the boundary condition to the FEA model. For each fatigue cycle 
in the simulation, the displacement fields at maximum load and minimum load obtained experimentally from DIC were applied 
alternatively. There was a rigid line at the position of the crack surface in the model to account for the crack surface contact. The 

Table 1 
Test matrix.  

Specimen 
number 

R Max remote gross stress 
(MPa) 

Aluminum Sheet 
Number 

Side A Side B 

1  0.1  48.83 1 A pair of 80 mm lenses DIC 
cameras 

A single 4Mpix camera 
2  0.5  70.31 
3  0.1  48.83 2 A pair of 50 mm lenses DIC 

cameras 4  0.1  70.31 
5  0.3  48.83 
6  0.3  48.83 
7  0.3  70.31 
8  0.5  70.31 
9  0.5  78.13  
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contact properties between the rigid line and the crack surface are frictionless in tangential direction and hard contact in normal 
direction, considering the symmetry in Mode I crack. 

The elasto-plastic model with nonlinear kinematic hardening in ABAQUS was used in simulation. The elastic modulus of 7075-T6 is 
E = 69200 MPa and the Poisson ratio is 0.33. The yield strength is σy = 508.9 MPa. The Chaboche nonlinear kinematic hardening 
model was used as the plastic hardening model, because this model with two back stresses can well describe the 7075-T6 experimental 
stress–strain relationship reported in [44]. Meanwhile, its commonality in multiple FEA software makes it easy for future usage for 
other purposes. The hardening parameters are: C1 = 2517.568 MPa, γ1 = 22.24, C2 = 334134 MPa and γ2 = 9770. The 7075-T6 
stress–strain data in simulation is shown in Fig. 3. In the FEA model, a similar simulation method was used as in [1,4–8] to obtain 
the plastic dissipation per cycle. Hence, the crack was simulated as a stationary crack assuming da/dN to be very small and its influence 
negligible. Six fatigue cycles were applied in the simulation, in which the first cycle generated an initial plastic field and the plastic 
dissipation per cycle was obtained by averaging the plastic dissipation of the subsequent 5 cycles, as illustrated in Fig. 4. 

3.2.2. Obtaining the elastic strain energy stored variation throughout one full cycle dUe/dN 
The variation in elastic strain energy stored throughout one full cycle was obtained from both experimental results and simulation 

data. During the fatigue experiments on the Side B, the relative displacement of two points in the middle symmetrical line in a 
relatively far field was recorded as in Fig. 5(a), so the “effective stiffness” k of the plate in the experiment was obtained with: 

k =
ΔFexp

Δdexp
(3)  

Here ΔFexp is the maximum force minus minimum force in experiments, and Δdexp is the maximum relative displacement minus 
minimum relative displacement between two measurement points in experiments. The distance between the two points is 160 mm. 

However, relative displacement of two points is not the real far field displacement of the specimen, which represents the total 
deformation of the specimen during fatigue tests. So the value of k is not the real stiffness of the specimen k. Then the ratio of k to k was 
obtained numerically with the 2D plane stress FEA simulation of the tested specimens with different crack length, as shown in Fig. 5(b). 

Fig. 2. Illustration of the FEA model and its boundary conditions to obtain dUpl/dN.  

Fig. 3. 7075-T6 stress–strain data.  
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The simulation was performed in ABAQUS standard. The simulation model is a ¼ model of the whole specimen, with the symmetrical 
boundary conditions in both X and Y directions for Mode I crack. An MPC (Multi-point constraints) constraint was used between the top 
of the specimen and a reference point to keep the same displacement in Y direction. The simulation is force-controlled and the fatigue 
loading in experiments is applied on the reference point. The force on the reference point is transmitted to the specimens in FEA by 
MPC constraint. Six fatigue cycles were applied in the simulation and the crack was simulated as a stationary crack. One rigid line was 
placed at the position of the crack surface to account for the crack surface contact. The contact properties between the rigid line and the 
crack surface are frictionless in tangential direction and hard contact in normal direction, considering the symmetry in Mode I crack. 
The ratio of k to k was obtained by Eq. (4): 

k
k
=

Δδsim

Δdsim
(4)  

where Δδsim is the maximum displacement minus minimum displacement on the top in simulation, and Δdsim is the maximum 
displacement minus minimum displacement at the position of experimental measurement point in simulation. The estimated real 
stiffness of the specimen k in experiments was therefore calculated with “effective stiffness” k and the ratio of Δδsim to Δdsim. 

The elastic energy stored Ue at different numbers of fatigue cycles N was then obtained from the estimated real stiffness of the 
specimen at different numbers of fatigue cycles N and the corresponding force F: Ue = F2/2k, as illustrated in Fig. 6. Finally the value of 
the elastic strain energy stored variation throughout one full cycle dUe/dN was calculated by the 7 point incremental polynomial 
method, which is introduced in detail in ASTM test standard E647. 

Fig. 4. Six fatigue cycles to obtain plastic dissipation.  

Fig. 5. Experimental measurement and FEA model to obtain dUe/dN.  
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3.2.3. Obtaining the surface energy dUa/dN 
The surface energy dUa/dN is significantly smaller than the plastic energy dissipation per cycle, which makes obtaining its value 

with experimental data impossible. Therefore the value of dUa/dN was determined through both FEA simulation and analytical strip 
yield model approximately. 

Fig. 6. Obtain dUe/dN from the stiffness of the specimen.  

Fig. 7. FEA model to obtain dUa/dN.  
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The FEA simulation was performed in ABAQUS standard. The FEA model to obtain dUa/dN is similar to the FEA model to obtain 
dUe/dN in 3.2.2, except that the FEA model to obtain dUa/dN simulates the fatigue crack propagation with node release technique. The 
simulation model is a ¼ model of the whole specimen, with the symmetrical boundary conditions in both X and Y directions for Mode I 
crack, as in Fig. 7. An MPC constraint was used between the top of the specimen and a reference point to keep the same displacement in 
Y direction. One rigid line was placed at the position of the crack surface to account for the crack surface contact. The contact 
properties between the rigid line and the crack surface are frictionless in tangential direction and hard contact in normal direction, 
considering the symmetry in Mode I crack. Very fine mesh was applied near crack tip region while a coarser mesh was used in the far 
field away from the crack region. The element is 4-node reduced integration element with hourglass control. The value of dUa/dN was 
obtained in simulation after the crack propagating through the initial plastic zone generated in the first cycle at the maximum load, 
considering the effect of the initial plastic field. It is unnecessary to perform several fatigue cycles prior to releasing, since the da/dN 
used in the simulation is far smaller than the initial plastic zone size, thus the influence of several fatigue cycles prior to releasing is 
negligible. The purpose of the simulation is to obtain the theoretical dUa/dN at a given da/dN for every fatigue cycle, so for the 
simulation it is important to control the da/dN keeping a constant given value in every cycle. For this purpose, one fatigue cycle was 
simulated in 3 steps: the first step to the maximum load, the second step with nodes ahead of the crack tip released at the maximum 
load, and the third step to the minimum load. Thus the da/dN in simulation depends on the element size around crack tip. The nu-
merical value of dUa/dN depends highly on the newly formed crack surface created during crack extension in simulation, so during 
each crack extension the newly formed crack surface should contain enough elements, thus for every cycle the simulation model should 
release enough nodes for good simulation of newly formed crack surface. A convergence study has been made and it shows that 6 
elements for simulation crack extension gives good convergence, when the simulation result is within 5% difference for doubling the 
number of elements. Therefore, in simulation for each fatigue cycle 6 nodes are released to simulate da/dN. 

Fortunately, there is no energy dissipation mechanics other than new crack surface formation, plastic dissipation and elastic strain 
energy storage variation in FEA simulation, so the dUa/dN value could be obtained from the difference between the external work of 
fatigue loading and the internal energy (including plastic dissipation and elastic strain energy) of the specimen simulated. 

According to Abaqus manual, the total energy balance of the FEA model of Mode I crack with contact and without crack propa-
gation can be written as: 

˙ETOTAL = ˙ALLIE+ ˙ALLCCE − Fdδ − ˙ALLCCDW (5)  

where, Fdδ is the theoretical external work defined by the total force F and the far field displacement on the top δ. ALLIE is the internal 
energy output in ABAQUS. ETOTAL is the energy balance in ABAQUS, representing the error from the solver. ALLCCDW is the contact 
constraint discontinuity work output and ALLCCE is the contact constraint energy output in ABAQUS, both representing the numerical 
error caused by contact (In the continuous reality, the contact surfaces should have zero-penetration and the contact pressure should 
vanish immediately when contact surfaces separate. However, in the discrete simulation, both conditions cannot be satisfied). For the 
FEA simulation of fatigue crack growth during one cycle, the total energy balance can be written as: 

d(ETOTAL)
dN

=
d(ALLIE)

dN
+

d(ALLCCE)
dN

+
dUa

dN
−

∫

Fdδ −
d(ALLCCDW)

dN
(6)  

where 
∫

Fdδ is the theoretical external work of one fatigue cycle defined by the hysteresis of the total force F and the far field 
displacement on the top δ. The dUa/dN was calculated with simulation results as in Eq. (7): 

dUa

dN
=

∫

Fdδ −
d(ALLIE)

dN
+

[
d(ETOTAL)

dN
+

d(ALLCCDW)

dN
−

d(ALLCCE)
dN

]

(7) 

Fig. 8. Extrapolation to obtain dUa/dN at experimental da/dN (R = 0.1, max stress 70.31 MPa, a = 50 mm).  
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The numerical error 
[

d(ETOTAL)
dN +

d(ALLCCDW)

dN −
d(ALLCCE)

dN

]
in simulation was considered, because the dUa/dN value is very small and 

eliminating the numerical error would provide more accurate results. 
Meanwhile, the da/dN in simulation cannot be as small as experimental da/dN, because this will cause the numerical problem of an 

excessively disordered mesh around the crack tip, and too many elements to perform simulations within reasonable time. Simulations 
were performed with different element sizes around the crack tip, for the dependence of dUa/dN values on the da/dN used in simu-
lation. To obtain the dUa/dN value corresponding to the experimental da/dN, an extrapolation method is used as in Fig. 8. 

The simulation dUa/dN values with different da/dN in simulation can be fitted in a power law accurately. Therefore, the dUa/dN 
value corresponding to the experimental da/dN was calculated by applying the experimental da/dN into this power law equation fitted 
from simulation data. 

The analytical method to obtain dUa/dN is based on the strip yield model. The detailed governing equations of the strip yield model 
is reported in [45]. One fatigue cycle was simulated in 3 steps: the first step to the maximum load, the second step for crack growth at 
the maximum load, and the third step to the minimum load, similar to the procedure of previous FEA simulation. The value of dUa/dN 
was obtained after the crack propagating through the initial plastic zone generated in the first cycle at the the maximum load, 
considering the effect of the initial plastic field. 

The fatigue crack extension in the analytical model is illustrated as Fig. 9. Following the same concept of the virtual crack closure 
technique (VCCT), the value of dUa/dN was obtained by: 

dUa

dN
= 2t

∫ a+da/dN

a
σysv(x)dx (8)  

where t is the thickness of specimen, v(x) is the vertical displacement of the crack surface, and σys is the stress in the plastic zone which 
is the average of yield stress and ultimate tensile strength as in [45]. Fortunately, the da/dN in analytical model can be as small as the 
experimental da/dN, without using extrapolation. A convergence study has been made and it shows that crack propagates 6 elements 
for each cycle in the strip yield model gives good convergence of the values of dUa/dN. The analytical strip yield model was performed 
in Matlab. 

3.3. Result and discussion 

The test data was processed following the ASTM test standard E647. After the fatigue experiments, the fatigue crack growth rate da/ 
dN was calculated using the 7 point incremental polynomial method, which is introduced in detail in ASTM test standard E647. The da/ 
dN is plotted against ΔK in Fig. 10. 

The next step is to plot each energy variable in Eq. (2) together with da/dN to study their relation at different stress ratios. 

3.3.1. The relation between dUpl/dN and da/dN 
The relation between dUpl/dN and da/dN for 7075-T6 is illustrated in Fig. 11(a). This figure shows that the relation between dUpl/

dN and da/dN exhibits a stress ratio effect. Therefore, the dUpl/dN is not straightforwardly related to da/dN as previously assumed. 
An explanation can be given with Fig. 11(b). Fig. 11(b) shows that the dUpl/dN-ΔK relation has negligible stress ratio effect. This 

trend agrees with the experimental results with thermograph measurement in [21] and the experimental results with 
load–displacement hysteresis in [1] (dW/dN ≈ dUpl/dN as previously discussed). Therefore, the plastic dissipation can be regarded as 
an equivalent similitude parameter to ΔK. However, the da/dN-ΔK relation has a strong stress ratio effect, and that explains why 
dUpl/dN-da/dN relation has stress ratio effect as well. A comparison between current dUpl/dN results and dUpl/dN experimental results 
of 7050 alloy in [46] is given in Table 2. Current results are on the same amount of magnitude with reference results, making the results 
in this paper more trustworthy and the conclusion in this paper more reliable. 

A more detailed presentation of 7075-T6 dUpl/dN and dUpl/da (dUpl
da =

dUpl
dN /da

dN) can be found in [44]. It is reported in [44] that dUpl/da 
is not constant for R = 0.1, 0.3, and 0.5, while dUpl/da is constant for R = 0.7. Similarly, constant dUpl/da for 7175 alloy is reported in 

Fig. 9. The fatigue crack extension in analytical model.  
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[43]. In [44], the different dUpl/da trends among different R for 7075-T6 is explained by the different fatigue crack growth mechanisms 
causing different slopes of da/dN-ΔK relationship on log–log scale, while the slope of dUpl/dN-ΔK relationship on log–log scale remains 
constant among different R. 

3.3.2. The relation between dUe/dN and da/dN 
The values of dUe/dN depend strongly on the definition of the fatigue cycle. For example, at R = 0.1, two values of dUe/dN could be 

obtained for the conditions that the fatigue cycle is defined as from the minimum load to next minimum load (min-min) and the fatigue 
cycle is defined as from the maximum load to next maximum load (max-max). The values of dUe/dN of max-max condition are 
significantly larger than the values of min-min condition. Here in this paper, values of both min-min condition and max-max condition 
are given. Only the dUe/dN data of Specimen 3–9 are given here, because the dUe/dN measurement relies on the DIC measurement on 
Side B, which is not available for Specimen 1–2. 

Then the values of dUe/dN are plotted against da/dN in Figs. 12–13. Considering both max-max and min-min can define a cycle, it 
can be concluded that the relation between dUe/dN and da/dN depends on the stress ratio. Therefore dUe/dN is not straightforwardly 
related to da/dN as previously assumed. Moreover, theoretically the starting point of one fatigue cycle can be defined at any load level 
between the maximum load and minimum load, resulting in different dUe/dN values for the same fatigue cycle. Conversely, the values 
of dUpl/dN are independent of the starting point location of one fatigue cycle. The ambiguity of starting point definition resulting in 
different dUe/dN for the same fatigue cycle makes dUe/dN improper to be used as a similitude to predict fatigue crack growth rate. 

To make the current dUe/dN results more trustworthy and the conclusion in this paper more reliable, current dUe/dN results are 
compared with analytical dUe/dN estimation. First, the analytical dUe/dN estimation is derived as follows. For static load, the energy 
release rate G for the CCT specimen is: 

G =
dUe

2tda
=

d
(

F2

2k

)

2tda
(9) 

Then it could be derived from Eq. (9) that: 

dUe

da
= 2tG (10) 

Similarly, in fatigue loading at the maximum load: 

dUe

da
=

dUe/dN
da/dN

= 2tGmax (11) 

Therefore, from Eq. (11), theoretically for max-max condition we have: 

dUe

dN
= 2tGmax

da
dN

(12) 

Similarly, theoretically for min-min condition we have: 

dUe

dN
= 2tGmin

da
dN

(13) 

The Eq. (12) and Eq. (13) can explain why the values of dUe/dN of max-max condition are significantly larger than the values of 
min-min condition, because for the same fatigue cycle, Gmax is much larger than Gmin. A simple illustration of the difference between the 
values of dUe/dN of max-max condition and the values of dUe/dN of min-min condition is given as Fig. 14. 

Then, the comparison between current experimental dUe/dN results and analytical dUe/dN estimation is shown in Fig. 15. Good 
agreement is observed, making the results in this paper more trustworthy and the conclusion in this paper more reliable. 

Fig. 10. Fatigue crack growth rate against ΔK for three stress ratios.  
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The stress ratio effect on dUe/dN-da/dN relation can be explained with Eq. (12). The Gmax values for the same da/dN at different 
stress ratios are different, so as in Eq. (12) the dUe/dN values for the same da/dN at different stress ratios should be different as well. 

3.3.3. The value of dUa/dN 
Then the values of dUa/dN are plotted against da/dN in Fig. 16. It could be observed that the relation between dUa/dN and da/dN 

from both FEA simulation and analytical strip yield model have no stress ratio effect. Therefore, unlike dUpl/dN and dUe/dN, dUa/dN 
should be considered as the variable which is straightforwardly related to da/dN. Meanwhile, the FEA simulation and analytical results 
agree with each other, making the current results more trustworthy and the conclusion here more reliable. 

However, it should be mentioned that the value of dUa/dN shown here is a first step approximation to reveal the trend, and the 
value obtained may deviate from the actual value of dUa/dN in the test for two reasons. Firstly, the crack propagation is simulated by 
extension at the maximum load of one fatigue cycle only. However, in reality, the fatigue crack growth likely happens during a portion 
of the loading and unloading phase, not necessarily at the maximum load only. Secondly, the measured dUa/dN relates to the true area 
of new crack surfaces. In reality, the fatigue crack surface has a roughness making the true area A differ from the projected flat area 
assumed in simulations. 

Fig. 11. dUpl/dN results for three stress ratios.  

Table 2 
Comparison between results in [46] and results in this paper.   

Data in [46] Data in this paper 

ΔK (MPa√m) Material R dUpl/dN[mJ/(mm*cycle)] Material R dUpl/dN[mJ/(mm*cycle)]  

15.5 7050-T76  0.05  0.0189 7075-T6 0.1  0.05211  
12.4 7050-T4  0.05  0.0162  0.021216  
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4. Conclusion 

In this paper, a physics-based equation for fatigue crack growth was proposed, derived from an energy balance. The explanation of 
the proposed equation is that the external work throughout the whole cycle dW/dN is equal to the sum of surface energy dissipated 
dUa/dN, the plastic dissipation per cycle dUpl/dN and the change in elastic strain energy stored throughout one full cycle dUe/dN. 

Fatigue crack growth tests on 7075-T6 were performed to reveal the relation between the energy variables in the equation and da/ 
dN. From the result it was demonstrated that, for the tested range in 5 × 10-5 mm/cycle < da/dN < 10-2 mm/cycle and 0.1 < R < 0.5, 
only the surface forming energy dUa/dN straightforwardly links to fatigue crack growth, which is independent of stress ratio, while 

Fig. 12. dUe/dN against da/dN for three stress ratios for max-max condition.  

Fig. 13. dUe/dN against da/dN for three stress ratios for min-min condition.  

Fig. 14. Difference of dUe/dN between max-max condition and min-min condition.  
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dUpl/dN and dUe/dN are only phenomena that accompany fatigue crack growth. Although this paper is not aimed for engineering 
practice such as using dUa/dN to predict da/dN similar to Paris’ equation, it interprets the stress ratio correction needed in Paris’ 
equation for engineering practice from a physics perspective:dUpl/dN, as an equivalent similitude parameter to ΔK, does not have 
straightforwardly relationship with da/dN. 

Of course, there are a lot of limitations of current research. First, in this paper, the values of dUpl/dN and dUe/dN were obtained 
based on the combination of experimental measurements and FEA simulation, instead of directly measured from the experiments. This 
undoubtedly introduces numerical errors from simulations, originating from assumptions on 2D plane stress and flat crack surface. 
Moreover, since the value of dUa

dN is very small, in simulation the value of dUa
dN was obtained through extrapolating the simulation results 

without any direct connection with the experimental data, and the simulation ignores how the fatigue crack increments during one 
cycle and the effect of fracture surface roughness. 

For more concise capturing dUa/dN in the future, multi-scale simulation methods, such as molecular dynamics [47–51], could be 
promising. Despite the future work needed, it can be concluded that dUa/da is not a function of the stress ratio and that it is more likely 
straightforwardly linked to fatigue crack growth, while dUe/da and dUpl/da are dependent on the stress ratio. Moreover, in simulation 
when using the parameters derived from the plastic dissipation or elastic strain energy to predict da/dN, one should be aware that the 
relationship between the parameters derived and da/dN can be different among various cases, because scientifically the dUe/dN- da/ 
dN relationship and the dUpl/dN- da/dN relationship are both indirect. 

Fig. 15. The comparison between experimental dUe/dN and analytical estimation.  
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