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A B S T R A C T

A novel efficient numerical formulation for the analysis of multiple fatigue-driven delamination cracks is
presented. A cohesive zone model is used in combination with an Adaptive Refinement Scheme (ARS) and
an Adaptive Floating Node Method (A-FNM) element that refine the model effectively during the analysis.
Novel techniques are proposed to track the positions of multiple crack tips and calculate the mode decomposed
energy release rates for the individual crack tips using the 𝐽 -integral. The method has been implemented in
a Matlab finite element code and validated with single and multiple delamination cases with varying mode
mixities. Comparisons with theoretically based predictions and available experimental data showcase the high
accuracy of the method. The presented method lowers the computational time compared to standard, fully
refined finite element models by a factor of 4–5.
1. Introduction

Delamination is the predominant damage mode leading to the final
failure of laminated composite structures subjected to fatigue load-
ing [1–3]. More efficient damage-tolerant designs are often disregarded
due to the lack of efficient modelling tools to assess fatigue-driven
delamination propagation in large-scale structures. Therefore, such
predictive efficient delamination modelling tools are of high inter-
est. Such tools would allow for more optimal designs and streamline
maintenance procedures by addressing only delaminations prone to
propagate.

According to [4,5], current methods to model delamination growth
in laminated composite structures subjected to fatigue loading can
broadly be classified into those making use of Linear Elastic Fracture
Mechanics (LEFM) [6,7] and those making use of Cohesive Zone Models
(CZM) [8–23]. Cohesive zone-based models are currently the preferred
option due to their ability to model delamination problems with non-
negligible fracture process zones, which is often the case for commonly
used laminated fibrous composite materials [24–28]. Most CZMs for
delamination growth under fatigue loading [8–23] are based on CZMs
for quasi-static loading [29–33], where a damage mechanics variable is
used to describe the stiffness degradation of the delaminating interface.
Given the complex geometries and loading scenarios often present
in laminated structures, CZMs are generally implemented in a Finite
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Element Analysis (FEA) context as Cohesive Elements (CEs). Models
using CEs can be computationally demanding for large structures since
it is required to have 3 to 10 cohesive elements in the Damage Process
Zone (DPZ) [15,34,35]. The DPZ is only 1 to 30 mm long for most
laminated composite materials [34–39] and thus several orders smaller
than most structures. Furthermore, CEs need to be preallocated at all
potential crack paths, which translates to all the laminate interfaces
susceptible to developing delamination during the analysis [40]. The
implication is that predictive simulation of fatigue-driven delamination
growth in large-scale structures is computationally infeasible.

Several solutions to the mesh size problem have been proposed
in the literature for quasi-static loading cases. For instance, CEs that
can be larger while keeping the same level of accuracy have been
formulated. In [37] this is achieved by lowering the interface strength
in order to enlarge the DPZ artificially and thus allowing larger CEs
to some extent [37,41,42]. However, this technique is only suitable
for relatively long cracks compared to the length of the DPZ. Another
approach is using adaptive integration schemes depending on the el-
ement damage status [42–45], which enables the use of larger CEs.
This, however, does not solve the poor kinematic representation of
the crack opening profile offered by standard CEs, limiting its effect.
In [46–49] methods for enriching the displacement field in low order
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elements are proposed to improve the kinematic representation of the
crack opening profile. Although this increases the allowable CE size,
a limited improvement of the computational time is obtained [50].
The combination of high order structural elements that provide an
accurate representation of the crack opening and adaptive integration
has shown promising results [51]. However, even with larger elements,
the preallocation of CEs at all potential crack paths alone makes delam-
ination analysis infeasible for large multilayered laminated structures.
Dynamic allocation of CEs during the analysis has been studied in
the literature to eliminate the need of defining the cohesive interfaces
before the analysis. This can be achieved by the use of element splitting
methods such as the Phantom Node Method (PNM) [52,53] and the
Extended FEM (X-FEM) method [49,54], but these are difficult to apply
in multiple delamination cases. In the context of explicit dynamic
analysis, modification of layered solid-shell elements to include co-
hesive interfaces using phantom nodes has been pursued in [55,56],
while in [57] inclusion of CEs with rotational degrees of freedom in
models featuring shell elements is presented. Both adaptive refinement
and addition of CEs have been done using remeshing techniques [58–
60] with limited reduction in computational time due to the frequent
changes of the model global connectivity.

The recently developed Floating Node Method (FNM) [61], offers
the possibility of applying an element-level remeshing without chang-
ing the global connectivity of the model by dividing each element
into sub-elements. The FNM uses already available standard finite
element formulations in its core and is simpler for multiple cohesive
cracks than PNM and X-FEM. The FNM has been used to dynamically
add CEs in [62–64] and to refine the area in the vicinity of a crack
front in [65], where analytical DCB expressions are used to calculate
a fixed-length refinement mask that moves with the crack-tip. [66]
presents an adaptive refinement formulation capable of simultaneously
including and refining CEs dynamically during the analysis. This is
achieved by formulating a new Adaptive Refinement Scheme (ARS)
that determines the cohesive zone discretisation needed along each
interface, and an Adaptive FNM (A-FNM) element that can split and
refine itself efficiently. The combination of the ARS and A-FNM element
efficiently models complex quasi-static delamination growth scenarios
in laminated composite structures featuring multiple delaminations and
variable DPZ lengths. Using the FNM for analysis of delamination
propagation under fatigue loading has been pursued in [67–69] using a
combination of the Virtual Crack Closure Technique (VCCT) and Paris’
law with the dynamic splitting of elements without further refinement.

Fatigue models for fatigue-driven delamination may be divided into
hysteresis fatigue models [8–13] where every load cycle is modelled,
and envelope load fatigue models [14–19] where only the maximum
and sometimes minimum load of a cyclically varying load spectra
are modelled. The envelope load models are preferred for high-cycle
fatigue simulation because they are more computationally efficient.
Among the envelope load fatigue models [14–19,19] produces the most
accurate results [70] without the need of fitting parameters. It has also
been recently extended to 3D applications [22,71,72] and validated
against an experimental benchmark test [73,74].

In this paper, a novel 2D method for efficient analysis of high-
cycle fatigue delamination propagation is presented. The formulation
relies on the adaptive refinement tools presented in [66], namely the
ARS and the A-FNM element, which have been coupled with the fa-
tigue model presented in [19,22] to obtain progressive fatigue damage
growth capabilities. Furthermore, the fatigue model has been extended
to handle multiple delaminations simultaneously. This mainly includes
a newly developed algorithm for calculating the mode decomposed
energy release rates of each crack front in the model. This algorithm
circumvents the problem presented in [75] for multiple crack tips
propagating in opposite directions. To the knowledge of the authors,
this is the first CZM based fatigue formulation with adaptive refinement
2

and inclusion of CEs. This combination of methodologies that allows
efficient analysis of complex multiple delamination scenarios in 2D
constitutes the main novelty of the paper.

The article is organised as follows. A brief outline of the ARS and
A-FNM element is presented in Section 2 together with the used fatigue
formulation, the novel crack tracking algorithm, and the 𝐽 -integral
calculation for multiple delamination cracks. In Section 3 simulation
results of single and multiple delamination cases are presented and
discussed. Finally, Section 4 gathers the conclusions drawn from the
presented work.

2. Methods

Three key methodologies are used to achieve efficient high-cycle
fatigue analysis with adaptive refinement capabilities. The adaptive
refinement formulation presented in [66] is used to modify the dis-
cretisation during the analysis efficiently and is briefly outlined in
the following for completeness. The fatigue analysis capabilities of the
A-FNM element are provided by the CZM presented in [19], which
has been further developed to handle complex delamination scenarios
such as multiple delaminations. Finally, new methodologies have been
devised to precisely track the different crack fronts in the event of
multiple delaminations.

2.1. Adaptive refinement method

The adaptive refinement capabilities in the presented formulation
are effectively achieved by the Adaptive Refinement Scheme (ARS)
and the Adaptive FNM based element (A-FNM) presented in [66], and
summarised here for completeness. An initial coarse mesh of A-FNM
elements is used to discretise the structure, as shown in Fig. 1a, with
a single element through the thickness of the laminate. The ARS algo-
rithm identifies the discretisation needs for each crack front associated
traction profile using only the damage state variable 𝐷𝑘 and the coarse
refinement expected distance 𝑙𝑐𝑜𝑟 user input displayed in Fig. 1b. Then,
the ARS provides each A-FNM element interface with a discretisation
state: (1) Full damage state, (2) Refined state, (3) Coarse state and,
(4) Idle state as shown in Fig. 1a. Each interface state corresponds to
a different interface discretisation in the A-FNM element as shown in
Fig. 2. Using the damage state variable 𝐷𝑘, which defines the DPZ,
permits tracking the DPZ length changes, thus varying the refinement
length accordingly without further user input. Remark that the A-FNM
element interface immediately neighbouring the crack tip is set to a
refined state, as seen in Fig. 1. This ensures proper discretisation of the
high gradient zone between the DPZ and the start of 𝑙𝑐𝑜𝑟. As demon-
strated in [66] the 𝑙𝑐𝑜𝑟 user input (shown in Fig. 1a) can be chosen
conservatively large with nearly no impact on the computational time.
In case of doubt, a large value for 𝑙𝑐𝑜𝑟 should be chosen to ensure the
representation of the tractions far from the DPZ.

The A-FNM element is capable of splitting, refining and coarsening
itself following the element interface state information from the ARS
using the FNM [61]. Each A-FNM element is initialised with four real
nodes and a set of FNs which do not have an initial position assigned
following [61], i.e. they are floating. To maintain global connectivity,
the FNs are permanently assigned to specific A-FNM elements at the
beginning of the analysis. As displayed in Fig. 2, internal FNs are
connected to a single A-FNM element and can be positioned at any
place in the element when needed. The Edge FNs are connected to two
neighbouring A-FNM elements and are positioned on the shared edge.
The A-FNM element can be partitioned or refined, creating internal
sub-elements (SEs) by activating and deactivating the necessary FNs,
creating different configurations as shown in Fig. 2. The number of
cohesive sub-elements created along the horizontal direction in the
refined configuration is based on a user-defined cohesive sub-element
length 𝑙𝑐𝑜ℎ. When an FN is activated, position and displacements are
assigned to the FN using linear interpolation between real nodes or

already active FNs [66]. Each newly activated FN is also connected to
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Fig. 1. (a) The discretisation resulting from applying the ARS algorithm to the above traction profile. (b) Representation of a Mode I profile with the DPZ and 𝑙𝑐𝑜𝑟 length
represented.
Fig. 2. The four configurations the A-FNM element can take for a single active interface.
the necessary SEs, creating an element-level connectivity that does not
modify the global connectivity of the model. FNs no longer needed are
deactivated, effectively coarsening the A-FNM element.

Calculation of the A-FNM element tangent stiffness matrix is per-
formed by assembling the SE tangent stiffness matrices calculated
with standard FE subroutines. The solid SEs are 4-node 2D linear
layered plane strain formulation stabilised with Enhanced Assumed
Strains (EAS4) [66] which prevents shear locking and enables the
use of larger elements in unrefined areas. The EAS enhancement is
disabled in refined areas to avoid problems derived from large aspect
ratios. Cohesive SEs use a cohesive formulation that is further devel-
oped from [19,33] to model general delamination scenarios, including
multiple delaminations.

2.2. The fatigue method

The fatigue formulation follows the work from [19] and is sum-
marised here, outlining the necessary modifications to model complex
multiple delamination scenarios. The fatigue model follows an envelope
load approach and discretisation of the number of cycles 𝑁 into cycle
jumps 𝛥𝑁 (Fig. 3). The damage evolution is calculated for each cycle
jump 𝛥𝑁 by integrating the current damage growth rate 𝑑𝐷𝑒∕𝑑𝑁 . 𝐷𝑒

is an energy-based damage variable uniquely related to the stiffness
damage variable 𝐷𝑘. The model introduced in [19] presents a link

𝑒

3

between the local damage growth rate 𝑑𝐷 ∕𝑑𝑁 and the experimentally
obtained crack growth rate 𝑑𝑎∕𝑑𝑁 model without using any additional
fitting parameters.

The fatigue model in [19] takes point of departure on the quasi-
static CZM from [33], which is also used for the quasi-static loading
phase prior to a fatigue loading block shown in Fig. 3b. The kinematics
and damage law used by the CZM are shown in Fig. 4. Displacements
are transformed to a mid-surface local coordinate system and split into
normal (𝛿2) and shearing (𝛿1) components (Fig. 4a). Mode dependency
of the critical energy release rate 𝐺𝑐 and onset traction 𝜇0 is achieved
through the Benzeggagh–Kenane criterion [33,76]. The equations gov-
erning the quasi-static CZM are listed in Table 1 where 𝐺𝐼𝑐 , 𝐺𝐼𝐼𝑐 and 𝜂
are material parameters. One of the onset traction values, 𝜏𝐼0, 𝜏𝐼𝐼0 is a
material parameter while the remaining one is calculated through the
relation 𝜏𝐼𝐼0 = 𝜏𝐼0

√

𝐺𝐼𝐼𝑐∕𝐺𝐼𝑐 for energy consistency [77].
The relation between the crack growth rate 𝑑𝑎∕𝑑𝑁 and the local

damage rate 𝑑𝐷𝑒∕𝑑𝑁 derived in [19] relies on three main assumptions:
(1) The crack growth rate is a function of the load amplitude, mean load
and energy release rate-based mode mixity, (2) The tractions always
follow the quasi-static cohesive law as long as the interface is not fully
damaged, and (3) self-similar crack growth. An example of a pure mode
I analysis is shown in Fig. 3 focusing on the damage evolution of the
points marked with a star and a circle. Firstly, a quasi-static loading
step is applied using the quasi-static CZM formulation [19,33] (Fig. 3b).
The shift to fatigue loading is done conserving the traction profile and
displacement jumps (Fig. 3c). A full damage criterion is used, which
brings the damage value 𝐷𝑒 to a full damage state of 1 when the total
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Fig. 3. Fatigue analysis sequence for a pure mode I crack: (a) Unloaded structure, (b) Quasi-static loading, (c) Fatigue loading following the envelope load approach. Notice that
the traction profile is maintained in the transition between the quasi-static and fatigue loadings.
Fig. 4. (a) Kinematics of the 2D cohesive zone model. (b) Bilinear damage law used in the cohesive zone model [19,33]. (c) Local cohesive element crack tip oriented coordinate
system.
Table 1
Expressions governing the CZM developed in [33] and used in [19], which applies the traction–separation law shown in Fig. 4b.

Separation norm 𝜆 =
√

(𝛿𝐼 )2 + (𝛿𝑠)2 (1) Normal separation 𝛿𝐼 = 1
2
(𝛿2 + |𝛿2|) (2)

Shearing separation 𝛿𝑠 = |𝛿1| (3) Traction norm 𝜇 = (1 −𝐷𝑘)𝐾𝜆 (4)

Local separation-based mode mixity 𝛽 =
𝛿𝑠

𝛿𝐼 + 𝛿𝑠
(5) Onset separation 𝜆0 =

𝜇0

𝐾
(6)

Critical separation norm 𝜆𝑐 =
2𝐺𝑐

𝜇0
(7) Critical energy release rate 𝐺𝑐 = 𝐺𝐼𝑐 + (𝐺𝐼𝐼𝑐 − 𝐺𝐼𝑐 )𝐵𝜂 (8)

Current damage separation 𝜆𝐷 =
𝜆0𝜆𝑐

𝜆𝑐 −𝐷𝑘(𝜆𝑐 − 𝜆0)
(9) Local energy mode mixity ratio 𝐵 =

𝛽2

𝛽2 − 2𝛽 + 1
(10)

Onset traction 𝜇0 =
√

(𝜏𝐼0)2 + [(𝜏𝐼𝐼0)2 − (𝜏𝐼0)2]𝐵𝜂 (11) Damage irreversibility 𝐷𝑘 = min
(

max
(

0,
𝜆𝑐 (𝜆 − 𝜆0)
𝜆(𝜆𝑐 − 𝜆0)

)

, 1
)

(12)
specific work of the cohesive tractions 𝑤𝑡𝑜𝑡 is equal to the energy release
rate 𝐺 [19]:

𝐷𝑒 = 1 if 𝑤𝑡𝑜𝑡 > 𝐺 where 𝑤𝑡𝑜𝑡 =
𝜆𝐷

𝜇𝑑𝜆 (13)
4

∫0
The fatigue damage model makes use of an energy-based damage
variable 𝐷𝑒 that is related to the stiffness damage variable 𝐷𝑘 by:

𝐷𝑒 = 1 −
𝜆𝑐 (1 −𝐷𝑘)𝐾𝜆𝐷 for 𝜆𝐷 ≥ 𝜆0 (14)
2𝐺𝑐
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Table 2
Partial derivatives use to obtain the relation between 𝑑𝑎∕𝑑𝑁 and 𝑑𝐷𝑒∕𝑑𝑁 [19].

𝜕𝐷𝑒

𝜕𝑤𝑟
= − 1

𝐺𝑐

𝜕𝜇0

𝜕𝐵
=

𝜂(𝜏2𝐼𝐼0 − 𝜏2𝐼0)𝐵
𝜂−1

2𝜇0

𝜕𝑤𝑟

𝜕𝜆
=

𝐾𝜆0 − 𝜆𝑐
2(𝜆0 − 𝜆𝑐 )

𝜕𝜆𝑐
𝜕𝐺𝑐

= 2
𝜇0

𝜕𝑤𝑟

𝜕𝜆0
=

𝐾(𝜆𝑐 − 𝜆)𝜆2𝑐
2(𝜆𝑐 − 𝜆0)

𝜕𝐷𝑒

𝜕𝐺𝑐
=

𝑤𝑟

(𝐺𝑐 )2
𝜕𝜆0
𝜕𝜇0

= 1
𝐾

𝜕𝐺𝑐

𝜕𝐵
= 𝜂(𝐺𝐼𝐼𝑐 − 𝐺𝐼𝑐 )𝐵𝜂−1 𝜕𝑤𝑟

𝜕𝜆𝑐
=

𝐾𝜆0(𝜆𝜆0 + 𝜆2𝑐 − 2𝜆𝑐𝜆0)
2(𝜆𝑐 − 𝜆0)

𝜕𝐵
𝜕𝛽

= 2𝐵(𝛽 − 𝐵(2𝛽 − 1))𝛽−2
𝜕𝜆𝑐
𝜕𝜇0

=
−2𝐺𝑐

(𝜇0)2
Fig. 5. A DCB-like specimen with three crack fronts and their respective local coordinate systems for the calculation of the element slopes.
l
T
u

a

he remaining ability to do non-conservative work per area unit 𝜔𝑟 can
be determined as:

𝑤𝑟 =
𝐾𝜆0𝜆𝑐 (𝜆𝑐 − 𝜆)
2(𝜆𝑐 − 𝜆0)

(15)

he damage rate 𝑑𝐷𝑒∕𝑑𝑁 is given as:

𝑑𝐷𝑒

𝑑𝑁
=

([( (

𝜕𝑤𝑟
𝜕𝜆0

𝜕𝜆0
𝜕𝜇0

+
𝜕𝑤𝑟
𝜕𝜆𝑐

𝜕𝜆𝑐
𝜕𝜇0

)

𝜕𝐷𝑒

𝜕𝑤𝑟

𝜕𝜇0
𝜕𝐵

+

(

𝜕𝐷𝑒

𝜕𝑤𝑟

𝜕𝑤𝑟
𝜕𝜆𝑐

𝜕𝜆𝑐
𝜕𝐺𝑐

+ 𝜕𝐷𝑒

𝜕𝐺𝑐

)

𝜕𝐺𝑐
𝜕𝐵

)

𝜕𝐵
𝜕𝛽

]

𝜕𝛽
𝜕𝑎

+

[

𝜕𝐷𝑒

𝜕𝑤𝑟

𝜕𝑤𝑟
𝜕𝜆

]

𝜕𝜆
𝜕𝑎

)

𝑑𝑎
𝑑𝑁

=

(

𝐹𝛽
𝜕𝛽
𝜕𝑎

+ 𝐹𝜆
𝜕𝜆
𝜕𝑎

)

𝑑𝑎
𝑑𝑁

for 𝜆 ∈]𝜆0, 𝜆𝑐 [ and 𝐷𝑒 ∈ [0, 1[

(16)

where the crack growth rate 𝑑𝑎∕𝑑𝑁 is obtained from a Paris’ law like
expression. All the partial derivatives related to the cohesive law are
listed in Table 2.

The derivatives in Table 2 are only dependent on the parameters
of the quasi-static cohesive law that are independent of the crack
propagation direction. Although the derivatives 𝜕𝜆∕𝜕𝑎 and 𝜕𝛽∕𝜕𝑎, are
also independent on the crack growth direction, they are calculated
in [19] using the assumption of self-similar crack growth, leading to
the definition of the slopes 𝜕𝜆∕𝜕𝑥 and 𝜕𝛽∕𝜕𝑥. A dependency on the
crack growth direction is created when using the structural 𝑥 coordinate
instead of the crack growth coordinate 𝑎. In order to address this issue
and obtain a general formulation, a local crack front coordinate system
(𝑥𝑎, 𝑦𝑎) is used:

𝜕𝜆
𝜕𝑎

= 𝜕𝜆
𝜕𝑥𝑎

𝜕𝛽
𝜕𝑎

=
𝜕𝛽
𝜕𝑥𝑎

(17)

The coordinate system (𝑥𝑎, 𝑦𝑎), shown in Fig. 5, is always positioned at
the current crack tip location, defined as the point of damage onset, for
every crack in the structure with the base vectors 𝒗𝒂 and 𝒗𝝀 which are
defined as:

𝒗𝒂 = 𝒗𝟏
𝑑𝐷𝑒∕𝑑𝜉1

‖𝑑𝐷𝑒∕𝑑𝜉1‖
𝒗𝝀 = 𝒗𝟐 (18)

here 𝜉1 is the element isoparametric horizontal coordinate, 𝑣1 and
2 are defined in Fig. 4a, and 𝒗𝒂 can be understood as the Growth
riving Direction(GDD) presented in [71] applied to 2D. Notice that
sing Eq. (18) the vector 𝒗𝒂 is consistently oriented on the opposite
irection of the crack growth. This consistent definition of the (𝑥𝑎, 𝑦𝑎)
oordinate systems is crucial as it defines the sign of 𝑑𝜆∕𝑑𝑎 and 𝑑𝛽∕𝑑𝑎,
nd consequently the signs of 𝐹𝜆 and 𝐹𝛽 in Eq. (16). The combined
5

tatic and fatigue damage formulation are applied to a 4-noded 2D
inear cohesive sub-element and integrated into the A-FNM element.
herefore, 𝜕𝜆∕𝜕𝑥 and 𝜕𝛽∕𝜕𝑎 can be calculated as proposed in [19], but
sing the local crack front coordinate system:

𝜕𝜆
𝜕𝑥𝑎

=

⎧

⎪

⎨

⎪

⎩

𝛿𝐼
𝜆

𝜕𝛿2
𝜕𝑥𝑎

+
𝛿𝑠
𝜆

𝜕𝛿1
𝜕𝑥𝑎

, if 𝛿2 > 0

𝛿𝑠
𝜆

𝜕𝛿1
𝜕𝑥𝑎

, if 𝛿2 ≤ 0
(19)

𝜕𝛽
𝜕𝑥𝑎

=

⎧

⎪

⎨

⎪

⎩

𝛿𝐼
(𝛿𝑠 + 𝛿𝐼 )2

𝜕𝛿1
𝜕𝑥𝑎

− 𝛿
(𝛿𝑠 + 𝛿𝐼 )2

𝜕𝛿2
𝜕𝑥𝑎

, if 𝛿2 > 0

0, if 𝛿2 ≤ 0
(20)

where the partial derivatives 𝜕𝛿2∕𝜕𝑥𝑎 and 𝜕𝛿1∕𝜕𝑥𝑎 can be calculated for
linearly interpolated element as [19]:

𝜕𝛿2
𝜕𝑥𝑎

=
𝛿2𝑝2 − 𝛿2𝑝1

𝐿𝑒

𝜕𝛿1
𝜕𝑥𝑎

=
𝛿1𝑝2 − 𝛿1𝑝1

𝐿𝑒
(21)

where the points 𝑝1 and 𝑝2 are consistently defined in the local (𝑥𝑎, 𝑦𝑎)
coordinate system as shown in Fig. 4c.

Integration of the damage rate 𝑑𝐷𝑒∕𝑑𝑁 obtained using Eq. (16) is
performed for a given cycle jump 𝛥𝑁 to obtain the new damage state
using a trapezoidal integration rule [19]:

𝐷𝑒(𝑁𝑛 + 𝛥𝑁) = 𝐷𝑒(𝑁𝑛) + ∫

𝑁𝑛+𝛥𝑁

𝑁𝑛

𝑑𝐷𝑒
𝑓

𝑑𝑁
𝑑𝑁 + 𝛥𝐷𝑒

𝑠

≈ 𝐷𝑒(𝑁𝑛) +
1
2

(

𝑑𝐷𝑒
𝑓

𝑑𝑁
|

|

|

|𝑁𝑛

+
𝑑𝐷𝑒

𝑓

𝑑𝑁
|

|

|

|𝑁𝑛+𝛥𝑁

)

𝛥𝑁 + 𝛥𝐷𝑒
𝑠

(22)

where the term 𝛥𝐷𝑒
𝑠 is a quasi-static damage growth term, which is

calculated after the application of the fatigue damage growth. This
term may originate from the violation of the self-similar crack-growth
assumption in coarse meshes [19] or, in the case of complex multiple
delamination analysis such as the ones considered in this work, due to
actual quasi-static delamination growth produced by a change in the
local crack loading conditions. It is important to remark, that for single
crack fatigue analysis with a monotonic decrease of the energy release
rate 𝐺, the only source of quasi-static damage is the violation of self-
similar crack growth for coarse meshes, which introduces a difference
between the derivatives 𝜕𝜆∕𝜕𝑎 and 𝜕𝛽∕𝜕𝑎, and the slopes 𝜕𝜆∕𝜕𝑥 and
𝜕𝛽∕𝜕𝑥 used in the fatigue model. For further details on this issue, the
reader is referred to [19]. An Adaptive Cycle Integration (ACI) tech-
nique described in [19] can be used to correct the error produced by
non-self similar crack growth by assuming that the 𝛥𝐷𝑒

𝑠 term is entirely
produced by the violation of the self-similar crack growth assumption.
The ACI corrects the next cycle jump 𝛥𝑁 to compensate for such
error. A 2 point Newton–Cotes integration rule is used to calculate the
cohesive sub-element tangent stiffness matrix with integration points
located at the nodal positions.
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Fig. 6. Mode I traction profile before the filtering (blue) and after the filtering (red).
Fig. 7. Integration paths for a DCB specimen with three simultaneous delaminations. In red and blue, the refinement states determined by the ARS.
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2.3. Implementation of the adaptive framework

The implementation of the cohesive fatigue formulation from Sec-
tion 2.2 within the adaptive formulation requires the development of an
algorithm that tracks the crack fronts accurately providing them with
the correct local crack tip coordinate system, the individual crack front
energy release rate 𝐺, and a crack growth rate 𝑑𝑎∕𝑑𝑁 . The calculation
of the aforementioned quantities is done at each iteration to allow large
changes in the energy release rate and mode mixity at each crack tip
during each of the cycle jumps 𝛥𝑁 , which enables the method for
complex delamination scenarios compared to [19].

The crack front tracking is done based on the damage state of the
structure. In CZM related literature, the crack tip is either defined
as the point of damage onset or the point at which full damage is
achieved. For the calculations presented in this work, the crack tip
is defined as the location of damage onset. The position at which the
transition between full damage state 𝑑 = 1 and undamaged or partial
damage state 1 > 𝑑 ≥ 0 occurs is referred to as the full damage point.
Remark that each crack front will contain a crack tip and a full damage
point. In order to calculate the partial derivatives in Eq. (16) and mode
decomposed energy release rates 𝐺𝐼 and 𝐺𝐼𝐼 , the full damage point
needs to be located. The damage rate 𝑑𝐷𝑒∕𝑑𝑁 in Eq. (16) is based on
an expression containing first-order derivatives of displacement-based
quantities (element slopes), which are element piece-wise constant.
Because of that, the damage evolution is not identical for overlapping
Newton–Cotes integration points creating the zig-zagging traction pro-
file shown in Fig. 6. When applying the full damage criterion in Eq. (13)
to a couple of overlapping integration points, one integration point may
become fully damaged while the other one does not. With the defini-
tion of the full damage point outlined above, a fictitious full damage
point might appear, which needs to be resolved (Fig. 6). In order to
consistently locate the full damage point before applying the ARS, an
averaging of the damage value on the coincident integration points
and elimination of the fictitious full damage points is performed, which
creates a filtered traction profile shown in Fig. 6. The filtered tractions
are only used for identification of the full damage point and crack tip
location without overwriting the true damage values and thus remains
energetically consistent. The calculation of the 𝐽−Integral is performed
using the unmodified original traction profile. Note that the resolution
of the crack tip tracking algorithm is the length of one cohesive sub-
element as the crack tip is always located at a Newton–Cotes integration
point.
6

e

The refining and coarsening of the A-FNM elements constantly cre-
ates and eliminates cohesive sub-elements that need to be linked with a
crack front and its fatigue-related quantities (𝐺, 𝑑𝑎∕𝑑𝑁 and crack front
local coordinate system). The A-FNM element interfaces are assigned
a crack front using the state provided by the ARS algorithm. Each
A-FNM element interface containing a crack tip and its neighbouring
A-FNM element interfaces with a Refined or Coarse state are assigned
to that single crack front (Fig. 1a). This approach is not applicable in
the case of crack coalescence in the same interface, which is also not
covered by the fatigue model from [19], because the mode decomposed
𝐽−Integral cannot decouple the energy release rate 𝐺 associated with
each coalescing crack front [72,78].

The calculation of the crack growth rate 𝑑𝑎∕𝑑𝑁 is done by applying
a Paris’ law-like expression, which requires the calculation of the mode
decomposed energy release rates 𝐺𝐼 and 𝐺𝐼𝐼 as done in [19,22].
The path independent mode decomposed 𝐽−Integral [78] is used to
calculate 𝐺𝐼 and 𝐺𝐼𝐼 for each crack front in the model:

𝐽 𝑖
𝑓𝑟𝑜𝑛𝑡 = 𝐽 𝑖,𝐼

𝑓𝑟𝑜𝑛𝑡 + 𝐽 𝑖,𝐼𝐼
𝑓𝑟𝑜𝑛𝑡 = 𝐺 =

(

−∫𝛤 𝑖
𝑓𝑟𝑜𝑛𝑡

𝜏11
𝜕𝛿2
𝜕𝑥𝑖𝑎

𝑑𝑥𝑖𝑎

)

+

(

−∫𝛤 𝑖
𝑓𝑟𝑜𝑛𝑡

𝜏2
𝜕𝛿1
𝜕𝑥𝑖𝑎

𝑑𝑥𝑖𝑎

) (23)

here the path independence property is used to define the 𝛤 𝑖
𝑓𝑟𝑜𝑛𝑡 path

ontaining only the cohesive interface for each crack front as shown
n Fig. 7. The derivatives 𝜕𝛿1

𝜕𝑥𝑎
and 𝜕𝛿2

𝜕𝑥𝑎
are calculated using Eq. (21).

The calculation of the number of cycles 𝛥𝑁𝑖 for the 𝑖𝑡ℎ cycle jump is
calculated as:

𝛥𝑁 =
𝛥𝑎𝑡

𝑚𝑎𝑥(𝑑𝑎𝑖∕𝑑𝑁)
(24)

here 𝛥𝑎𝑡 is a user-selected crack growth target per cycle jump, and
𝑎𝑥(𝑑𝑎𝑖∕𝑑𝑁) is the maximum crack growth rate of all the crack fronts.
herefore, 𝛥𝑁 is based only on the fastest propagating crack tip. This
pproach is similar to what is proposed in [22] for a 3D delamination
ront with different crack growth rates along a single continuous curved
rack front. As suggested in [19], an adaptive procedure to vary 𝛥𝑁 is
sed in case of non-convergence for a given cycle jump, increasing or
ecreasing its value sequentially until convergence is reached.

ANSYS Mechanical 2020 R2 is used for the definition of the geom-

try, boundary conditions (BCs), material properties, layup and mesh.
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Fig. 8. Specimen and meshes used for the (a) adaptive and (b) standard numerical simulations.
Fig. 9. On the left, boundary conditions to model the moment loaded DCB specimen (right) in the FE analysis.
he adaptive fatigue formulation, including the ARS and the A-FNM
lement incorporating the fatigue model presented in Section 2, has
een implemented in an FEA Matlab code. The addition of pre-cracks,
he adaptive refinement parameters, and fatigue properties is done in
n additional pre-processing step in Matlab.

. Results

Two sets of results are presented in this section. Firstly, the ver-
fication of the implementation for single delamination cases, which
an be easily compared to theoretical obtained solutions, and avail-
ble experimental data is presented. Secondly, multiple delamination
nalyses to validate the model’s capabilities, namely the modelling of
omplex multiple delamination scenarios, are presented. The perfor-
ance of the adaptive fatigue formulation is compared to a Matlab

mplementation using the same underlying formulations (EAS4 and
he cohesive fatigue model) without the adaptive capabilities and an
quivalent fully refined mesh. All the numerical simulations have been
erformed with the same basic specimen and A-FNM element coarse
esh shown in Fig. 8(a) with the material properties shown in Table 3

nd the following Paris’ law:

𝑑𝑎
𝑑𝑁

=

⎧

⎪

⎨

⎪

⎩

𝐶
(

𝐺
𝐺𝑐

)𝑚
for 𝐺𝑡ℎ(𝛷) < 𝐺 < 𝐺𝑐 (𝛷)

0 for 𝐺 ≤ 𝐺𝑡ℎ(𝛷)
(25)

where 𝐺𝑡ℎ is the fatigue crack growth threshold and the parameters 𝑚
and 𝐶 are mode dependent [79]:

𝑚 = 𝛷2(𝑚𝐼𝐼 − 𝑚𝐼 − 𝑚𝑚) +𝛷𝑚𝑚 + 𝑚𝐼 (26)

log𝐶 = 𝛷2log
(

𝐶𝐼𝐼
𝐶𝑚𝐶𝐼

)

+𝛷log(𝐶𝑚) + log(𝐶𝐼 ) (27)

𝛷 =
𝐺𝐼𝐼

𝐺𝐼𝐼 + 𝐺𝐼
(28)

The A-FNM element length, cohesive element length 𝑙𝑐𝑜ℎ, and the length
f the coarse refined zone 𝑙𝑐𝑜𝑟 for each case are listed in Table 4. A
rack growth target (𝛥𝑎𝑡) of 1 cohesive sub-element is used in all the
imulations.

A comparison between the numerical model and the theoretically
redicted crack tip position is presented in the multiple delaminations
esults. The theoretical prediction of the crack length 𝑎𝑚 after 𝑚 cycle

jumps is done by numerical integration of Eq. (25) [19]:

𝑎𝑚 = 𝑎0 +
1
2

𝑚
∑

𝑖

(

𝑑𝑎
𝑑𝑁

|

|

|

|𝑁𝑖

+ 𝑑𝑎
𝑑𝑁

|

|

|

|𝑁𝑖+1

)

𝛥𝑁𝑖 (29)

where 𝑎0 is the initial pre-crack length. Remark that the model crack
tip tracking algorithm has a resolution of the length of a cohesive
7

sub-element.
Table 3
Material properties used for the analyses [15,19,80].

Material properties Interface properties Fatigue properties

𝐸11 120 [GPa] 𝐺𝐼𝑐 260 [N/m] 𝐶𝐼 3.08e−3 [mm/cycle]
𝐸22 = 𝐸33 10.5 [GPa] 𝐺𝐼𝐼𝑐 1002 [N/m] 𝐶𝐼𝐼 1.49e−1 [mm/cycle]
𝐺12 = 𝐺13 5.3 [GPa] 𝜏𝐼0 30 [MPa] 𝐶𝑚 458 087 [mm/cycle]
𝐺23 3.5 [GPa] 𝜏𝐼𝐼0 60 [MPa] 𝑚𝐼 5.4 [–]
𝜈12 = 𝜈13 0.3 [–] 𝜂 2.73 [–] 𝑚𝐼𝐼 4.5 [–]
𝜈23 0.51 [–] 𝐾 30e6 [N/mm3] 𝑚𝑚 4.94 [-]

Table 4
Mesh parameters and ARS 𝑙𝑐𝑜𝑟 parameter used in the DCB, ENF and MMB numerical
simulations.

Parameter [mm] DCB/MMB ENF Mult.

Cohesive elem. length 𝑙𝑐𝑜ℎ 0.119 2.38 0.208
A-FNM elem. length 1.66 1.66 1.66

ARS 𝑙𝑐𝑜𝑟 parameter 6.66 6.66 6.66

3.1. Single delamination verification

A set of moment controlled fatigue numerical simulations are per-
formed with the specimen and BCs shown in Fig. 9, varying 𝑀1 and
𝑀2 to obtain a pure mode I, pure mode II and mixed-mode (𝛷 =
0.5) loading conditions [81]. The moment loaded DCB simulations
feature a constant energy release rate 𝐺 during the fatigue induced
delamination growth allowing for a direct comparison to the theoretical
Paris’ law. A standard Newton–Raphson solver with force control was
used because the sub-critical delamination growth does not feature a
softening response. As shown in Fig. 10 the presented adaptive fatigue
formulation can accurately reproduce the theoretical Paris’ law for a
ratio of 𝐺∕𝐺𝑐 in the range 0.2–0.9. Fig. 11 shows that the energy release
rate is kept at a constant level as the adaptive refinement dictated by
the ARS is applied throughout the analysis.

DCB, ENF and MMB displacement controlled simulations (Fig. 12)
are also simulated to prove the ability of the adaptive refinement
formulation to demonstrate that the method can handle the variation
in the length of the DPZ produced by the decrease in the energy release
rate 𝐺. A standard Newton–Raphson solver with displacement control
is used for the DCB, ENF and MMB analyses. The instantaneous crack
growth rate 𝑑𝑎∕𝑑𝑁𝑛 for a cycle jump 𝑛 is calculated in a post-processing
phase after the analysis as 𝑑𝑎∕𝑑𝑁𝑛 = (𝑎𝑛+1 − 𝑎𝑛−1)∕(𝑁𝑛+1 −𝑁𝑛−1). This
procedure filters out sharp variations on the instantaneous calculation
of 𝑑𝑎∕𝑑𝑁 that appear when the crack front does not propagate an entire
element as expected by the crack growth target value of 1 cohesive sub-
element. Some degree of scattering in the extracted 𝑑𝑎∕𝑑𝑁 from the
model is still expected. Accurate results compared to the theoretical

Paris’ law are obtained in the three cases Fig. 13. Remark that the
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Fig. 10. Comparison between the theoretical Paris’ law, the results in the model for
the moment loaded specimens and the experimental results from [82].

Fig. 11. Values of the energy release rate 𝐺 evolution of selected moment loaded DCB
nalyses.

Table 5
Comparison of the computational performance between the reference and the adaptive
formulation.

CPU time [s] DCB ENF MMB

Reference 4301 1523 10 783
A-FNM 792 311 2545

Speed-up 5.42 4.88 4.23

aforementioned scatter observed in Fig. 13 has also been observed in
the fully refined standard FE model and in [22]. The final deformed
mesh at the end of the analysis displaying the state of the refinement
is shown in Fig. 14.

The computational time improvement when using the adaptive
fatigue formulation is shown in Table 5 where the performance in terms
of computational time is improved by a factor of 4–5 compared to the
reference model. For each presented case, the average of the CPU time
spent for the solution of 5 analyses is computed and reported. The CPU
time is not affected by any Matlab internal parallelisation process. The
fully refined reference model uses the same fatigue formulation and
solid EAS4 elements as the adaptive formulation with the mesh shown
in Fig. 8(b). An increase of the computational gain for larger structures
as the increase in DOFs is higher for a fully refined model than for
the adaptive refinement formulation. For instance, a computational
8

speed-up factor of around 100 is obtained when analysing a specimen
with a length of 1.2 m and having identical conditions as the DCB
displacement controlled simulation.

3.2. Multiple delamination numerical simulations

A double delamination simulation is performed with the specimen
and BCs shown in Fig. 15(a) to validate that the adaptive formulation
can successfully handle complex multiple delamination scenarios. The
analysis is carried out under displacement controlled conditions. The
proposed benchmark analysis metrics in Figs. 16(a) and 16(b) show a
smooth response in the values of the mode mixity 𝛷 and 𝐺∕𝐺𝑐 ratio.

n excellent agreement between the theoretical Paris’ law solution and
he results from the simulation are shown in Fig. 16(c).

The widely used triple delamination benchmark problem proposed
n [83] for quasi-static delamination models is applied under fatigue
oading conditions to challenge the presented adaptive fatigue frame-
ork. The specimen and boundary conditions shown in Fig. 15(b)

eature three delamination fronts growing in different directions. To the
nowledge of the authors, this is the first time that the benchmarking
rom [83] is used under fatigue loading. The material properties for the
imulation are listed in Table 3 and the Paris’ law from Eq. (25) is used.

standard Newton–Raphson solver with displacement control is used.
he applied load spectrum is displayed on Fig. 17. The quasi-static

oad–displacement curve of the fatigue analysis, superposed on top of
he one followed during a quasi-static analysis, is shown in Fig. 18(a),
here the two fatigue loading blocks are marked. The first fatigue load-

ng starts before the unstable propagation of the multiple delaminations
epresented by the abrupt vertical jump in the quasi-static response
urve at a displacement value of 0.0028 m.

The fatigue response curve in Fig. 18(a) shows how the adap-
ive fatigue formulation can capture the propagation of the multiple
elaminations, which is a phase characterised by very rapid crack
rowth and changing local loading conditions. After that, the second
uasi-static ramping is applied, followed by the second fatigue loading
lock. Fig. 18(b)-c show the evolution of 𝐺 and 𝛷 for the three crack
ronts during the analysis visualising the challenging local crack front
onditions that change during the analysis as the crack fronts interact
ith each other. The deformed structure at three instants of the analysis
arked in Fig. 18 as 1⃝, 2⃝ and 3⃝ is shown in Fig. 19.

Comparison with the predicted crack tip positions using the theoret-
cal Paris’ law is provided in Fig. 20 for the three stages of the analysis
arked as A, B and C in Fig. 18(a). The theoretical Paris’ law results

nd the simulation results are in good agreement for the first stage of
he simulation (A), in which crack front interaction is low Fig. 20(a).
owever, minor differences between the Paris’ law prediction and the
odel start just before the crack tip 2 starts propagating at 1500 cycles.
good agreement between the Paris’ law based prediction and the

imulation result is shown in Fig. 20(b)-c for stages B and C until
he end of the analysis with a good degree of accuracy, given the
omplexity of the numerical simulation. Such difference could arise
rom the theoretical solution’s inability to account for changes in the
PZ provoked by the changing load ratio and mode mixity.

. Conclusion

A new formulation for efficient simulation of fatigue-driven prop-
gation of multiple delamination cracks is presented. The formulation
ses the Adaptive Refinement Scheme (ARS) and an Adaptive Floating
ode Method (A-FNM) element presented in [66] to model the propa-
ation of multiple delamination cracks efficiently. The ARS and A-FNM
lement combination effectively refines and coarsens the model without
odifying the global connectivity. The fatigue-driven propagation of
ultiple crack tips is achieved by adapting the cohesive zone formula-

ion and element presented in [19], which has been shown to provide
ccurate results without relying on fitting parameters. In order to model
ultiple delamination fronts, the fatigue model has been extended with
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Fig. 12. Specimens and BCs for the displacement controlled single delamination DCB, ENF and MMB simulations.
Fig. 13. Comparison between the theoretical Paris’ law and the results obtained with the adaptive formulation for (a) DCB, (b) ENF and (c) MMB numerical simulations.
Fig. 14. Final deformed specimen for the DCB, ENF and MMB analyses.
Fig. 15. Double and triple delamination numerical simulation specimens and BCs.
Fig. 16. (a) Energy release rate 𝐺, (b) Energy based mode mixity 𝛷, and (c) Comparison between the theoretical and the adaptive formulation crack growth for the double
delamination numerical simulation.
methodologies that allow crack fronts to propagate simultaneously in

different directions. A methodology to correctly identify each crack
9

front and its growing direction assigning it a local coordinate sys-

tem, has been devised. The energy release rate of each crack front is
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Fig. 17. Load spectra applied to the multiple delamination specimen.
Fig. 18. (a) Load displacement response curves for quasi-static and fatigue loading, evolution of (b) Energy release rate ratio 𝐺∕𝐺𝑐 and (c) Energy based mode mixity 𝛷 for the
triple delamination numerical simulation.
Fig. 19. Triple delamination numerical simulation deformed structure at three different points of the analysis.
Fig. 20. Comparison between the adaptive formulation results and the predicted crack tip position based on the applied Paris-law.
calculated using the 𝐽−Integral using the information provided by the
ARS to determine the extension of the cohesive interface. The only
necessary user inputs for the ARS and the A-FNM element are the coarse
discretisation length 𝑙𝑐𝑜ℎ and cohesive sub-element length 𝑙𝑐𝑜ℎ.

Numerical studies of a moment loaded DCB specimen for mode I,
II, and mixed-mode conditions perfectly agree with the provided Paris’
10
law and available experimental data for a wide range of 𝐺∕𝐺𝑐 ratios.
Moreover, the steady-state constant energy release rate is still achieved
even with the adaptive mesh refinement. A perfect agreement with the
applied Paris’ law is also achieved under displacement loaded DCB,
ENF and MMB simulations with a computational factor between 4 and
5 compared to standard, fully refined FE models. It is also noticed
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that speed-ups of the order of hundreds or even higher for larger FE
models are expected. Two multiple delamination cases showcase the
ability of the framework to capture multiple delamination crack fronts
propagating in different directions with different growth rates. The well
known complex multiple delamination benchmark from [83], featuring
a rapid crack growth critical point, is successfully computed with the
presented framework showing a good level of accuracy when compared
to a theoretical Paris’ law prediction. However, given the high level of
complexity of the triple delamination analysis shown in [83], further
fatigue experimental evidence would be desirable. The presented fa-
tigue methodology can be used for the efficient progressive analysis of
2D multiple delaminations and to further research CZM-based fatigue
propagation formulations.
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