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� We present a fully analytical
multiphase flow model of a parallel
plate electrolyzer.

� Validated analytical expressions for
velocity and gas fraction profiles are
provided.

� The maximum allowable height to
avoid significant gas crossover is
quantified.

� Natural convection can be efficiently
used up to several centimeters.

� Higher pressure, forced flow or small
bubbles allow significantly larger
heights.
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a b s t r a c t

Membraneless parallel-plate electrolyzers use electrolyte flow to avoid product crossover. Using a mix-
ture model neglecting inertia, and assuming an exponential gas fraction profile, we derive approximate
analytical expressions for the velocity profile and pressure drop for thin plumes. We verify these expres-
sions using numerical solutions obtained with COMSOL and validate them using experimental data from
the literature. We find that the wall gas fraction increases rapidly at small heights, but becomes fairly
constant at larger heights. These expressions serve as a guiding framework for designing a membraneless
parallel-plate electrolyzer by quantifying the maximum possible height. We find that buoyancy driven
membraneless parallel-plate electrolyzers with a 3 mm gap can be designed with a maximum height
of around 7.6 cm at 1000 A/m2 for operation with 98% product purity at atmospheric pressure. For a
forced flow at Re¼ 1000, the same electrolyzer can be made around 17.6 cm tall at 1000 A/m2. These lim-
its can be further improved with smaller bubbles or higher pressure.

� 2022 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
Introduction

Green hydrogen can be produced by splitting water in elec-
trolyzers using electricity from renewable sources. Traditionally,
a membrane or a separator is used between the cathode and the
anode that allows the transport of ions and separates the gaseous
products. However, these membranes and separators are suscepti-
ble to degradation (O’Neil et al., 2016), gas crossover (Millet et al.,
2011) or blockage in the presence of impurities (Tong et al., 2020)
reducing the durability of the electrolyzer.

Membraneless electrolyzers have been studied as one of the
promising alternatives to existing electrolyzer technologies. Vari-
ous designs for membraneless operation of electrochemical cells
have been studied including flow-through porous electrodes
(O’Neil et al., 2016; Gillespie et al., 2015; Esposito, 2017; Rajaei
et al., 2021; Obata et al., 2021) and flow-by electrodes (Hashemi
et al., 2015; Davis et al., 2018; Suss et al., 2016; Hadikhani et al.,
2021; Holmes-Gentle et al., 2017). Esposito (2017) provides a good
overview of challenges and opportunities for membraneless
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Nomenclature

Dimensionless variables
�d dimensionless plume thickness ¼ d

l
e gas fraction

Greek variables
d e-folding plume thickness, [m]
l liquid dynamic viscosity, [Pa s]
q liquid density, [kg/m3]

Subscripts and other notation
0 properties at x ¼ 0
U superficial velocity vector given by Ux̂ þW ẑ
a anode
c cathode
g gaseous phase
max maximum value of the variable
m mixture
nc properties for flow due to natural convection
x̂ unit vector in horizontal direction
ẑ unit vector in vertical direction
u interstitial velocity vector given by ux̂þwẑ

Symbols
hWi average vertical superficial liquid velocity, [m/s]
A dimensional constant in d ¼ A za

hWib, [m
1+b�a/sb]

x wall normal coordinate
z vertical coordinate
db bubble diameter, [m]
wb � qgl2

12l, characteristic velocity due to buoyancy, [m/s]
Vm molar volume, [m3/mol]
hWgi average vertical superficial gas velocity, [m/s]
g acceleration due to gravity, [m/s2]
h height of the electrode, [m]
j current density, [A/m2]
l inter-electrode gap, [m]
P reduced pressure ¼ pþ qgz, [Pa]
p pressure, [Pa]
T temperature, [K]
Ug horizontal superficial gas velocity, [m/s]
w vertical interstitial velocity, [m/s]
wp � � @P

@z
l2

12l, characteristic velocity due to pressure gradi-
ent, [m/s]

Re Reynolds number

Fig. 1. Configuration of a membraneless parallel plate electrolyzer. The gas bubbles
are generated at the electrode surface and move in a plume of e-folding width d. The
wall gas fraction is denoted by e0. The liquid electrolyte moves vertically with
interstitial velocity wðxÞ.
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electrolyzers. In this paper, we deal with electrolyzers without a
separator, diaphragm or membrane, where the flow is parallel to
the electrodes. Such electrolyzers may offer potential reduction
in costs and ohmic resistance.

Previous experimental studies have focused on demonstrating
the use of flow to mitigate gas crossover (Gillespie et al., 2015;
Hashemi et al., 2015; Davis et al., 2018; Holmes-Gentle et al.,
2017; Pang et al., 2020). Pang et al. (2020) recently made the first
attempt to systematically explore the performance limits and
trade-offs between various parameters such as current density,
efficiency, product purity, and electrode size in membraneless par-
allel plate electrolyzers. In the past, many researchers studied the
gas evolution between vertical electrodes with narrow interelec-
trode gap using experiments (Boissonneau and Byrne, 2000;
Kuroda et al., 2008; Hreiz et al., 2015; Aldas et al., 2008; Riegel
et al., 1998; Lee et al., 2019) and numerical simulations (Obata
et al., 2021; Wedin and Dahlkild, 2001; Schillings et al., 2015; Le
Bideau et al., 2020; Zarghami et al., 2020; Rodríguez and Amores,
2020; Mat and Aldas, 2005) to investigate the two-phase hydrody-
namics. Very few researchers made an attempt to analytically
model the two-phase flow in a membraneless parallel plate elec-
trolyzer (Schillings et al., 2015; Gol’dberg, 2002; Vogt, 1999;
Czarnetzki, 1989; Riviere and Cartellier, 1999).

In this work, we develop an analytical model for a membrane-
less parallel plate electrolyzer without a separator, see Fig. 1. We
first introduce a numerical model to simulate the multiphase flow
under laminar flow conditions in Section 2. Using the insights from
the numerical model and governing equations, we derive approxi-
mate analytical expressions in Section 3 for the velocity profile,
superficial velocity, shear stress, and pressure drop. Finally, we
provide an expression for the maximum height of the electrolyzer
based on interelectrode gap and flow conditions in Section 5.
Mathematical Model

Model Configuration

Fig. 1 shows a configuration of a membraneless parallel plate
electrolyzer. The coordinates z and x represent the vertical and
2

wall-normal directions, respectively. The vertical electrodes have
a height h and are assumed to have a depth much larger than the
interelectrode gap l. This allows us to represent the electrolyzer
in 2D. The bubbles in the electrolyzer move in a plume of e-
folding thickness dðzÞ, which is expected to become thicker with
height as more gas is generated. The wall gas fraction on the elec-
trode surface is denoted by e0. The liquid electrolyte enters with a
vertical interstitial velocity wðxÞ because of forced flow or buoy-
ancy due to the presence of the bubbles. The heights for the
entrance region and the exit region are denoted by hen and hexit.
Numerical Model

We model the two-phase hydrodynamics for laminar flow in
the electrochemical cell with the mixture model formulation
(Ishii, 1975; Wedin and Dahlkild, 2001; Schillings et al., 2015)
using COMSOL Multiphysics v5.6, update 2 (CFD, 2020). The mix-
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ture model formulation is valid when the gaseous phase is in equi-
librium with the liquid phase. This is a reasonable approximation
for small electrochemical bubbles that have a much smaller den-
sity than that of the liquid electrolyte. We assume that the gas bub-
bles are spherical due to their small diameter db and that the
presence of high molarity electrolytes prevents coalescence
(Orvalho et al., 2021; Kreysa and Kuhn, 1985; Lessard and
Zieminski, 1971). The velocities of the liquid phase and the gas
phase are denoted by u and ug, respectively, while the gas fraction
is denoted by e. The mixture dynamic viscosity lm ¼ llr ¼ l

1�e
(Ishii and Zuber, 1979), where l is the dynamic viscosity of the liq-
uid electrolyte and lr ¼ 1

1�e. The mixture density
qm ¼ ð1� eÞqþ eqg where qg and q are the densities of the gas-
eous and the liquid phase, respectively. Note that we do not use
any subscript for the properties corresponding to the liquid phase,
but use subscript ’g’ for the properties corresponding to the gas-
eous phase. The continuity equation for the mixture in steady state
is

r � ðqmUmÞ ¼ 0; ð1Þ
and the momentum equation for the mixture at steady state is

qmUm � rUm ¼ �rpþr � lm rUm þ ðrUmÞT
� �� �

� qmgẑ; ð2Þ

where Um ¼ ð1� eÞuþ eug ¼ uþ eus is the superficial mixture vis-
cosity. The difference between the gas and the liquid interstitial
velocity is the slip velocity us � ug � u. Riviere and Cartellier
(1999) use a different closure relation for shear stress giving l
instead of lm in the second term of Eq. (2). However, past works
show that the effective mixture viscosity increases with an increase
in gas fraction, and even diverges above a certain maximum gas
fraction (Krieger and Dougherty, 1959; Jamshidi et al., 2019; Li
et al., 2022). Nonetheless, In this work we have provided relations
for both cases – a constant mixture viscosity case in the main text
and a gas fraction dependent increasing mixture viscosity in Appen-
dix A.

The continuity equation for the gaseous phase for laminar flow
in steady state assuming constant gas density, using
Us ¼ eð1� eÞus, can be rewritten as

Um � re ¼ �r � Us: ð3Þ
We describe the relative motion of the gas bubbles as the superpo-
sition of relative motion due to various phenomena by writing

us ¼ uSt þ uSa þ uHd þ uSd þ uSm; ð4Þ
In Eq. (4), we expressed the total slip velocity as a superposition of
five different components. We describe below the physical meaning
of each of these slip velocities. The first term uSt arises due to the
balance between buoyancy and drag force and gives a slip velocity

equal to the rise velocity of the bubble in liquid, uSt ¼ f ðeÞ qgd2b18l ẑ.

Here, f ðeÞ ¼ ð1� eÞ4 is a hindrance function for a swarm of particles
(Richardson and Zaki, 1954; Nicolai et al., 1995). Note that we used
a power 4 in the hindrance function to give expressions similar to
Schillings et al., 2015, while Richardson and Zaki, 1954) and
Nicolai et al., 1995 find a slightly higher power of 4.65 and 5,
respectively. However, we checked our simulations with these
slightly higher powers in the hindrance function and find negligible
differences in the numerical results. There have been some other
works which suggest that the bubble swarm velocities may be
higher than for a single isolated bubble (Kellermann et al., 1998;
Kreysa and Kuhn, 1985; Sigrist et al., 1980). The exact expression
for f ðeÞ is, therefore, debatable. Smaller powers of ð1� eÞ in f ðeÞ
would make the gas plumes more exponential in shpae, leading
to a better accuracy of our model. The drag force is assumed to be
3

Stokes’ drag, which is valid for wSt ¼ f ðeÞ q2gd3b
18l2 � 1. For e! 0, this

corresponds to a bubble diameter of approximately 100 lm. How-
ever, with higher gas fractions usually observed in electrolyzers, the
error becomes smaller for larger bubble diameters.

The second term uSa corresponds to the Saffman lift force expe-
rienced by the particles translating and rotating in a velocity gradi-
ent (Saffman, 1965; McLaughlin, 1991; Mei, 1992). The Saffman lift
acts in a direction perpendicular to the vorticity vector and the slip
velocity vector. In a buoyancy driven flow, @w

@x � @u
@z and the slip

velocity due to buoyancy is dominant in the vertical direction.
So, as a simplification, we assume that the Saffman lift force is

given by uSa ¼ �0:17wSt

ffiffiffiffiffiffiffiffiffiffiffiffi
d2b
l

@w
@x

�� ��r
sign @ wj j

@x

� �
x̂ (Saffman, 1965) and

acts only in the wall-normal direction. The Saffman lift force tends
to push the bubbles from a region of high velocity to a region of
low velocity. It should be noted that here we neglected the vertical
component of the Saffman lift force because it is expected to be
much smaller than wSt. The third term uHd is due to collision-like
interaction between bubbles, similar to hydrodynamic self diffu-
sion of suspended particles (Wedin and Dahlkild, 2001; Schillings
et al., 2015; Nicolai et al., 1995; Ham and Homsy, 1988; Harada

and Otomo, 2009), given by uHd ¼ � dbwSt
2

D�re
e . Here, D ¼ 1 0

0 8

� �
is a non-isotropic dimensionless dispersion tensor (Nicolai et al.,
1995). Inserting the expression of uHd in Eq. (3) gives a diffusion

term r � ðDHd � reÞ with dispersion coefficient DHd ¼ D dbwStð1�eÞ
2 .

The expression for DHd differs from the expression provided by
Le Bideau et al., 2020 where the dispersion coefficient is multiplied
by an additional factor e. However, our expression is consistent
with the experimentally observed hydrodynamic diffusivities
(Nicolai et al., 1995; Ham and Homsy, 1988) where the dispersion
coefficient is proportional to dbwSt. The dispersion coefficient used
in the expression of uHd is a consequence of the random path taken
by the liquid in the presence of bubbles similar to hydrodynamic
dispersion in a porous medium (Perkins and Johnston, 1963;
Nguyen and Papavassiliou, 2020) and is not the same as the turbu-
lent eddy viscosity, which we have neglected in this work.

The fourth and the fifth terms, uSd and uSm, are results of
increased bubble–bubble interactions in a sheared flow. This
causes movement of bubbles from regions of high gas fraction to
low gas fraction, called shear induced diffusion given by

uSd ¼ � d2b
4

@w
@x

�� �� e 1þ0:5e8:8eð Þ
3ð1�eÞ re (Leighton and Acrivos, 1987a; Leighton

and Acrivos, 1987b), and from regions of high shear rate to regions
of low shear rate, called shear induced migration given by

uSm ¼ �sign @w
@x

� 	 0:15d2be
1�e r @w

@x

� 	
(Leighton and Acrivos, 1987b). All

expressions of slip velocities assume that the liquid flow is primar-
ily in the vertical direction. In regions where the flow is not verti-
cal, the slip velocity expressions should be modified. However, as
shown later in Fig. 3, we see that for the present configuration,
the flow is primarily in the vertical direction. The validity of these
expressions for high current density where these bubble–bubble
interactions are significant was further established by comparison
with four-way coupled DNS simulations for laminar flows in
Schillings et al., 2017.

For water electrolysis, producing one mole of hydrogen at the
cathode involves transfer of two moles of electrons, while pro-
ducing one mole of oxygen at the anode involves transfer of four
moles of electrons. The volumetric flux, or superficial gas velocity
Ug of the electrogenerated gas in the x-direction can be directly
related to the applied current density using the Faraday’s law
as:

Ug;c ¼ Vm

2F
j; and Ug;a ¼ �Vm

4F
j; ð5Þ
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where Vm is the molar volume of the gas. For an ideal gas,
Vm ¼ RT=p where R is the universal gas constant. For simplicity,
we assume a 100% gas evolution efficiency (Vogt, 2011). It should
be noted that increasing the pressure of the system decreases the
molar volume of the gas, thereby reducing the gas flux.

Analytical Model

In this section, we find an approximate analytical solution for
Eq. (2) and derive expressions for the velocity profile, average
superficial velocity, and pressure drop along the height of the elec-
trode. We will also highlight the assumptions and limits of the ana-
lytical solution.

Volume fraction

We assume that the gas fraction in the interelectrode gap can be
written as

e ¼ e0 e�
x
d þ e�

l�x
d

� �
; ð6Þ

where e0 is the gas fraction at the electrode surface and d is the e-
folding plume thickness. Here, we assume equal gas fraction at both
electrodes, but treat a more general case of different gas fractions in
Appendix A. We also assume that the plume thickness is equal on
the cathode and the anode side. This is approximately valid as long
as the diameter of the oxygen and the hydrogen are similar. We
provide a general solution for different plume thicknesses in Appen-
dix B. Using Eq. (6), the average gas fraction in the electrode gap can
be written as

hei ¼
2e0d 1� e� l

d

� �
l

; ð7Þ

which gives hei ¼ 2e0d
l for d � l and hei ¼ 2e0 for d � l.

Plume thickness

We assume that the plume thickness can be written as

d ¼ Aza

hWib
; ð8Þ

where A is a dimensional constant depending on the current den-
sity, electrolyte, and the electrode. Schillings et al. (2015) conducted
an analytical scaling study for natural recirculation when the bub-
ble diffusion coefficient is much smaller than the liquid kinematic
viscosity so that bubble diffusion is smaller than momentum diffu-

sion, to give d � qgzd6b
llUg

� �1=4
. At high current density, shear-induced

diffusion becomes dominant, and the plume thickness is predicted

to be given by d � ðd2
bzÞ

1=3
(Schillings et al., 2015). Schillings et al.

(2015) also showed analytically the well-known Lévêque approxi-
mation similarity solution result that for a forced flow, b ¼ 1=3.
Krikke, 2021 analyzed the existing experimental data of Weier
and Landgraf, 2013, Baczyzmalski et al., 2015, and Aldas et al.,
2008 and showed that at low current density and heights, a 	 0:5.
Bongenaar-Schlenter et al. (1985) found from both theory and
experiments that a 	 0:3 and b 	 1=3 under forced flow conditions.
Fukunaka et al. (1989) found experimentally that the bubble layer
grows along the vertical height with a 	 0:33 for current densities
ranging from 200 A/m2 to 1000 A/m2, while a 	 0:4 for 100 A/m2.
Lee et al. (2019) experimentally observed in a forced flow that b
ranges from 0.3 to 0.7. Pang et al. (2020) made use of high speed
videography and fitted the plume thickness for the region above
the electrode with a ¼ b ¼ 0:47.
4

Governing equation and boundary conditions

We assume that inertial forces are negligible in comparison to
the sum of pressure forces and buoyancy. It should be noted that
for natural recirculation, this assumption may not hold every-
where, especially near the inlet and in the core region where little
or no gas is present. Therefore, in such cases, we expect a deviation
from the numerical solution. Neglecting the inertial term in the z-
component of the momentum equation from Eq. (2), we can write

0 ¼ � @P
@z

þ @

@x
lm

@w
@x

� �
þ eqg; ð9Þ

where P ¼ pþ qgz is the reduced pressure and e is given by Eq. (6).
We used here the limit qg � q, for which qm ¼ qð1� eÞ. We also
assumed that ws � w for small bubbles, that allows us to write
Wm ¼ wþ ews 	 w. We now introduce the following dimensionless
and characteristic variables:

�d ¼ d
l
; �x ¼ x

l
; wp ¼ � @P

@z
l2

12l
and wb ¼ qgl2

12l
; ð10Þ

and rewrite Eq. (9) as

0 ¼ 12wp þ @

@�x
lr

@w
@�x

� �
þ 12wbe ¼ 0: ð11Þ

To solve Eq. (11), we need two boundary conditions which can be
obtained from the no-slip condition for the liquid electrolyte at
the electrode surface so that w ¼ 0 at �x ¼ 0 and �x ¼ 1.

Electrolyte velocity

In the below analysis, we assume lr ¼ lm
l ¼ 1 to obtain more

transparent equations, but provide a more generally relevant case
of lr ¼ 1

1�e in Appendix A.

Interstitial velocity profile
Solving Eq. 11 with Eq. (6), no-slip boundary conditions and

assuming lm ¼ l, we get

w ¼ 6wp�xð1� �xÞ þ 12wbe0�d2 1� e�
�x
�d

� �
1� e�

1��x
�d

� �
: ð12Þ

The first term is the common pressure driven parabolic profile. For
large �d � 1, Eq. (12) tends to ð6wp þ 12wbe0Þ�xð1� �xÞ so that buoy-
ancy assists the pressure gradient in driving the parabolic flow pro-
file. For thin plumes, in the limit of �d � 1, the second term describes
a plug flow with a constant velocity in the center, decreasing to zero
in very thin boundary layers near �x ¼ 0 and �x ¼ 1. In this limit, it can

be approximated by 12wbe0�d2 1� coshðð2�x�1Þ=2�dÞ
coshð1=2�dÞ

� �
similar to the ana-

lytical solution for Hartmann flow in a magnetic field (Hartmann,
1934; Müller and Bühler, 2001) and the Darcy-Brinkman equation
for flow in a porous medium, in which case d is the square root of
the ratio of permeability and porosity (Vafai and Kim, 1989).

Average superficial velocity

The average superficial velocity, hWi ¼ R 1
0 wð1� eÞd�x using Eq.

(12) gives

hWi ¼ wp þ 12e0�d2ðwb �wpÞ 1� 2�dþ ð1þ 2�dÞe�1
�d

� �
�12e20�d2wb

�d� 2e�
1
�d � �de�

2
�d

� � ð13Þ

For thin plumes (e0�d � 1 and e�1=�d � 1) with respect to interelec-
trode gap, Eq. (13) can be written as

hWi ¼ wp þ 12wbe0�d2ð1� 2�dÞ;
wb � wp or

12e0d
�
2 � 1

 !
ð14Þ
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In the limit of zero gas fraction, e0 ! 0, Eq. (14) reduces to the single
phase Hagen–Poiseuille relation, hWi ¼ wp. For the homogeneous
limit (�d � 1), the gas fraction uniformly becomes 2e0 and Eq. (13)
gives

hwi ¼ hWi
1� 2e0

¼ wp þ 2e0wb; ð15Þ

where hwi is the average interstitial electrolyte velocity. Eq. (15)
clearly shows buoyancy assisting pressure driven flow and the
effect of the liquid fraction through 1� 2e0.

Electrode surface gas fraction

The gas fraction at the electrode surface, e0, is hard to measure
experimentally but is an important quantity. In this section, we
provide an analytical model to estimate it. The average superficial
gas velocity hWg;ci due to gas generated at the cathode is related to
the superficial gas velocity Ug;c in the x-direction by the continuity
equation as

hWg;ci ¼
Z z

0
Ug;cdz=l ¼ jVmz

2Fl
; ð16Þ

where in the final expression, we assumed a constant current den-
sity j. The interstitial liquid velocity is related to superficial gas
velocity hWg;ci as
hWg;ci ¼ hecðwþwsÞi; ð17Þ
where ws is the vertical component of the slip velocity and only the
cathodic part of the gas fraction is used. Usually, it can be neglected.
However, we here provide expressions for electrode surface gas
fraction assuming a constant slip velocity. It should be noted that
the numerical solution includes all the slip velocities mentioned
in Eq. (4). A similar expression can be derived for the superficial
gas velocity hWg;ai at the anode. For �d � 1, we can rewrite Eq.
(17) as

hWg;ci ¼ 2wbe20 þ ðwp þwsÞe0; ð18Þ
which on solving for e0 gives

e0 ¼ e2h
2el

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2el

eh

� �2
s

� 1

0
@

1
A; ð19Þ

with el ¼ hWg;ci
wpþws

and eh ¼
ffiffiffiffiffiffiffiffiffiffi
hWg;ci
2wb

q
, where el and eh are the limiting

expressions for e0 for low and high values, respectively. Eq. (19)

can also be approximated by e0 	 epl þ eph
� 	1=p with a relative maxi-

mum error of less than 4% for p ¼ �1:43 or about 20% for p ¼ �1.
This form manifestly shows that it is the smaller one of el and eh
that primarily determines e0. Using Eq. (12), we can rewrite Eq.
(17) for thin plumes (e�1=�d � 1) with respect to interelectrode gap
and small reduced pressure gradient as

hWg;ci ¼ 6�d3wbe20 þ 6�dwpð1� 2�dÞ þws
� 	

�de0; ð20Þ
and solve Eq. (20) using Eq. (14) for e0 to give Eq. (19), now with

el ¼ hWg;ci
�d 6�dhWið1� 2�dÞ þws
� 	 ; eh

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hWg;ci
6wb

�d3ð1� 12�dð1� 2�dÞ2Þ

s
: ð21Þ

There are very few wall gas fraction measurements. Fukunaka et al.,
1989 calculated the gas fraction using image analysis and Eq. (17)

for low current density and low height to give e0 / j1=2 and

d / j0:26. At low current densities and low heights, it is expected that
el dominates. We note that hWg;ci varies linearly with current den-
5

sity as given by Eq. (16). Using d / j0:26 in the expression for el and
neglecting the slip velocity in Eq. (21) gives e0 / j0:48 similar to
Fukunaka et al., 1989.

For higher heights, e0 	 eh. Fukunaka et al., 1989 measured the
average gas fraction in a bubble dispersion layer, proportional to e0,
to scale as z0:26 and the plume thickness as z0:31 for current densi-
ties above 93 A/m2. We may approximate

ð1� 12�dð1� 2�dÞ2Þ 	 6:5
 10�3�d�1:5 as a power law in Eq. (21) for
0:06 < �d < 0:15, so that with d / z0:31; e0 becomes proportional to
z0:27 very close to the scaling of gas fraction found by Fukunaka
et al., 1989.

Pressure Drop

The scalings discussed at the end of the previous section, show
that the wall gas fraction increases only weakly with height
beyond a certain height. Assuming now a constant e0, we can write
the total pressure drop across the electrode height,

DP � PðhÞ � Pð0Þ ¼ � 12l
l2

R h
0 wpdz by inserting wp from Eq. (14)

and �d ¼ Aza=hWibl as

DP ¼ �12lhhWi
l2

1� hWinc
hWi

� �1þ2b

1� 2�dh
2aþ 1
3aþ 1

� � !
: ð22Þ

where �dh ¼ �djz¼h. In the limit, e0 ! 0, Eq. (22) reduces again to the
familiar Hagen-Poisseuille relation. The negative sign in front of
hWinc shows that buoyancy opposes the pressure drop due to vis-
cous friction. The velocity obtained for DP ¼ 0 in the limit �d � 1
is given by hWi ¼ hWinc where

hWinc ¼
12wbe0
1þ 2a

Aha

l

� �2 ! 1
1þ2b

ð23Þ

The subscript ‘nc’ stands for natural convection. Here, hWinc is the
expected superficial velocity in case friction can be neglected for
the natural convection flow. This may be a good approximation in
the case of electrodes immersed in a large container.

Eq. (23) gives the upper limit for the natural convection velocity
because at high velocity, dynamic pressure losses can not be

neglected so that DP > 0. Eq. (23) gives hWinc / l�3=5 for b ¼ 1=3
as both el and eh are proportional to l when slip can be neglected.
A similar dependence of recirculation velocity on gap width,

l�0:5-l�0:65is reported in Hine and Murakami, 1980. We will use
Eq. (23) in Section 5 to calculate the maximum height for a buoy-
ancy driven electrolyzer.

Wall shear stress

Assuming a constant e0, we can integrate Eq. (11) for thin
plumes over the interelectrode gap to give the combined wall
shear stress at a particular height z as

sw ¼ 2l@w
@x

����
x¼0

¼ 12l
l

wp þ 2wbe0�d
� 	

: ð24Þ

For single phase flow, the shear stress is given by s0 ¼ 12lhWi=l.
Therefore, we can write the ratio of the multiphase shear stress
and single phase shear stress using Eq. (14) and Eq. (24) as

sw
s0

¼ 1þwbe0�d 2� 12�dð1� 2�dÞ� 	
hWi : ð25Þ

For thick plumes, integrating Eq. (11) gives the ratio sw
s0

¼ 1
1�2e0

. Here,

1� 2e0 is the correction for increased interstitial velocity in the
presence of average gas fraction 2e0. Various authors have previ-
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ously studied the pressure drop or shear stress multiplier, defined
as the ratio of multiphase shear stress to single phase shear stress
(Vogt, 1982; Thorpe et al., 1970; Hine et al., 1984; Clark and
Flemmer, 1985; Nakoryakov et al., 1981). Eq. (25) shows that for
forced flow assisting buoyancy, as considered here, the multiphase
shear stress is always larger than the single phase shear stress for
equal superficial liquid velocity. The multiphase shear stress
increases as the average gas fraction increases, but decreases as
the plume thickness increases. It should be noted that the wall
shear stress in Eq. (24) and Eq. (25) varies with height z.
Validation and Discussions

In the first part of this section, we compare our numerical
model with two different experimental measurements: one under
forced flow conditions by Pang et al. (2020) and another under
bubble-induced free convection by Boissonneau and Byrne
(2000). Pang et al. (2020) estimated the gas fraction from images
in the region above the electrodes, while Boissonneau and Byrne
(2000) measured the velocity profiles in the inter-electrode gap
of a small electrolyzer using laser doppler velocimetry (LDV). The
dimensions and operating conditions for the experiments are listed
in Table 1. In the second part of this section, we validate our ana-
lytical expressions for the surface gas fraction and velocity profile.
In the third part, we verify the analytical pressure drop relation of
Eq. (22) against the numerical simulations.
Validation of Numerical Model

We solved the mixture model formulation in COMSOL v5.6, as
described in Section 2.2. At the top, an outlet boundary condition
is used with a pressure of 0 Pa so that both the gas and the liquid
can flow out of the domain. A parabolic velocity inlet boundary
condition is used at the bottom of the channel with zero gas flux
such that the average velocity just below the electrode matches
the average velocity measured in the experiments, as shown in
Fig. 2. This means that the flow enters the electrode as fully devel-
oped, which may not be true if the velocity is high. However, for
the conditions of Boissonneau and Byrne, 2000, hen ¼ 40 mm is
approximately equal to the entrance length for a laminar flow
(Atkinson et al., 1969), 0:625þ 0:044Reð Þl 	 34 mm, at the maxi-
mum velocity hWi ¼ 0:08 m/s observed at 2000 A/m2. Therefore,
we can expect the flow to be parabolic at the bottom of the elec-
trode for the conditions of Boissonneau and Byrne, 2000. At the
electrode wall, we assume a constant current density and associ-
ated superficial gas velocity given by Eq. (5). In our simulations,
Table 1
Dimensions and operating conditions for validation cases

Properties Pang et al. (2020) Boissonneau
and Byrne (2000)

Electrode 2 nm Ti and 50 nm Pt
deposited sequentially
on Ti foil substrate

coated Titanium at
Cathode and DSA�at
Anode

Electrolyte 0:5 M H2SO4 50 g=l Na2SO4

(or 0.35 M)
Inter-electrode gap, l 4 mm 3 mm
Electrode height, h 9 mm 40 mm
Channel height above

electrode, hexit

12 mm 40 mm

Channel height below
electrode, hen

95 mm 40 mm

Temperature, T 60� C 25� C
Pressure 1 atm 1 atm
Electrolyte density, q 1030 kg/m3 1040 kg/m3

Electrolyte viscosity, l 1.1 mPa-s 1.03 mPa-s
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we use a constant bubble diameter at a given current density,
see Table 2. Boissonneau and Byrne (2000) measured up to two
times larger average hydrogen bubble diameter at the top com-
pared to the bottom of the electrode. We used the average bubble
diameter measured at the top of the electrode, as listed in Table 2.
The bubble diameter is assumed to be the same for both hydrogen
and oxygen, as no information about the size of oxygen bubbles
was provided in the two references.

Fig. 3 shows the liquid velocity vector overlaid on the contour
plot of gas fraction. We see that the gas moves in a plume near
the electrode surface and the gas fraction increases along the
height of the electrode. The liquid velocity is initially parabolic at
the bottom of the electrode, but changes its shape due to buoyancy
of the bubbles.

Fig. 4 shows the magnitude of slip velocity near the top of the
electrode (z ¼ 35 mm) for the validation case solved in COMSOL
corresponding to the experiments of Boissonneau and Byrne
(2000) at 2000 A/m2. The properties are listed in Table 1 and
Table 2. It can be seen that the slip velocity due to hydrodynamic
diffusion, Saffman force and shear-induced diffusion are important,
while shear migration can be neglected both in horizontal and ver-
tical direction. The hydrodynamic diffusion slip velocity is larger
where the gas fraction is smaller. This is because the hindrance fac-
tor f ðeÞ reduces its magnitude in the region of high gas fraction and
this slip velocity is inversely proportional to the gas fraction. The
horizontal slip velocity due to Saffman force and shear-induced
diffusion is significant near the electrodes due to high shear rate
in these regions.
Plume Thickness
Here, we compare the plume thickness along the height hexit

above the electrode with the experimental data from Pang et al.
(2020). Fig. 5 shows the contour lines corresponding to the location
where 99% and 60% of the gas is located inside the plume for the
two different Reynolds numbers. We see a good agreement
between the numerical model and the experimental measure-
ments. The analytical expression of Eq. (8) is also shown in Fig. 5.
In order to find the most suitable values of A; a, and b, we per-
formed multiple simulations for the configuration used by
Boissonneau and Byrne (2000) for current densities of 500 A/m2,
1000 A/m2 and 2000 A/m2 at different forced flow conditions such
that hWi ranges between 0.06 m/s and 0.33 m/s. Using the data
from the simulations, we obtained the e-folding plume thickness
d at every 1 mm between h ¼ 0 mm and h ¼ 40 mm by fitting
Fig. 2. Velocity profiles at z ¼ �5 mm slightly below the electrode (see Fig. 1), for
the three current densities: j ¼ 2000 A/m2 (red), j ¼ 1000 A/m2 (green) and j ¼ 500
A/m2 (blue). The circles represent the experimental measurements from
Boissonneau and Byrne (2000), the dashed line represents the numerical solution
and the almost overlapping solid line represents the approximate analytical
solution of Eq. (A.2). The parameters used are listed in Table 1, Table 2 and Table 3
for buoyancy driven conditions. Eq. (A.2) gives a parabola when e0 ¼ 0.



Table 2
Average hydrogen bubble diameter measured experimentally at the top of the
electrode for different validation cases. The Reynolds number is defined as Re¼ qul=l.

Validation Case db [lm] hWiin [m/s]

Forced Flow (Pang et al. (2020))
j ¼ 2000 A/m2, Re¼ 297 157 0.08
j ¼ 2000 A/m2, Re¼ 796 150 0.214

Natural Recirculation (Boissonneau and Byrne (2000))
j ¼ 500 A/m2 62 0.041
j ¼ 1000 A/m2 74 0.056
j ¼ 2000 A/m2 87 0.08

Fig. 3. Liquid velocity vectors overlaid on contour plots for gas fraction. The size of
the arrow vector represents the magnitude of the velocity. The parameters used are
listed in Table 1, Table 2 and Table 3 for buoyancy driven conditions. The velocity
vectors are shown at z ¼ �5 mm, z ¼ 20 m and z ¼ 35 m. It can be seen that the
velocity is initially parabolic as shown in Fig. 2, but changes its shape along the
vertical coordinate as the gas fraction increases.

Fig. 4. Magnitude of slip velocities near the top of the electrode (z ¼ 35 mm) for the
validation case corresponding to the experiments of Boissonneau and Byrne (2000)
at 2000 A/m2. The top figure shows the vertical slip velocities. It can be seen that in
the vertical direction, the Stokes slip velocity due to buoyancy is dominant, while
the shear migration and shear diffusion slip velocities are negligible. In the
horizontal direction, the shear migration slip velocity is always negligible compared
to other slip velocities. The slip velocities due to Saffman lift force and shear-
induced diffusion are dominant near the wall, while hydrodynamic diffusion
becomes important in the bulk region where the gas fraction gradient is large and
gas fraction is small.
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Eq. (6) such that the average gas fraction hei and the electrode gas
fraction e0 are the same as in the numerical solution. Using this
plume thickness data, we performed regression using the least
squares method to obtain the values of A; a and b reported in
Table 3. It can be seen from Fig. 7 that the estimated parameter val-
ues give a reasonable fit for the simulated plume thickness. We
also note from Table 3 that A varies with current density. Since,
in our model, current density is proportional to volumetric flux
Ug;c from Eq. (5), we write, for forced flow

A 	 4:4
 10�2
ffiffiffiffiffiffiffiffi
Ug;c

q
; ð26Þ

as shown in Fig. 6. Eq. (26) should be used with caution, as it is
obtained for forced flow conditions for only three data points. The
effect of experimentally observed increased bubble diameter with
increasing current density is included in Eq. (26). Pang et al., 2020

also found a similar power of j0:47 for forced flow conditions, how-
ever Bongenaar-Schlenter et al., 1985 observed a much smaller

power of j0:1.
In our simulations, we used the bubble sizes in Table 2, inde-

pendent of velocity. Higher velocities result in smaller bubbles
(Pang et al., 2020; Eigeldinger and Vogt, 2000; Landolt et al.,
1970). In addition to the direct effect of flow on the plume width,
this further reduces the plume thickness. This is because a decrease
in bubble size results in smaller lateral dispersion of bubbles as the
slip velocities in the lateral direction are proportional to db, see Eq.
(4). As such, the numerically obtained value of b may be an overes-
timation. Referring to Fig. 9, we solve Eq. (A.4) and Eq. (A.8), using
Table 1 and Table 3, simultaneously to obtain the wall gas fraction.
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Using the obtained wall gas fraction, we use Eq. (A.1) to plot gas
fraction profile. we note that the plumes are not exactly exponen-
tial, especially at higher heights and current densities. Therefore,
we expect deviations from our analytical model, particularly for
these conditions.

Velocity Profile
In Fig. 10, we compare the velocity profiles from the numerical

model against the experiments from Boissonneau and Byrne
(2000) at different electrode heights and current densities. The
model shows good agreement with the experimental data. The
simplification of assuming a constant diameter in the numerical
model is a likely reason for small discrepancies. It should be noted
that the measured velocities in Fig. 10 are always higher than the
velocities from the numerical and semi-analytical model. In part,
this is because laser doppler velocimetry measures the bubble
velocity, which is always slightly higher than the liquid velocity
due to slip. For a bubble diameter of 88 lm, we can estimate wSt

to be approximately 4 mm/s, see also Figure 4. The oxygen bubbles
may be larger, giving larger slip velocities – see Appendix D.

Validation of Analytical Model

Gas fraction at the electrode
For the experimental values of hWi from Boissonneau and Byrne

(2000), we solve Eq. (A.4) and Eq. (A.8) numerically to get the gas
fraction e0 and wp at a certain height. Since different amount of gas



Fig. 5. Contour lines corresponding to the locations where 60% and 99% of the
hydrogen gas is located within the plume. The circles with error bars represent the
experimental measurements from Pang et al. (2020) and the dashed line represents
our numerical solution. The solid line represents the profile using Eq. (8) with
a ¼ 0:5; b ¼ 0:33 and A ¼ 8:4
 10�4 m0.83/s0.33 for the 60% profile. For the 99%
profile, we used A ¼ 2:1
 10�3 m0.83/s0.33.

Fig. 6. Variation ofAwith volumetric gas flux in horizontal direction Ug;c for forced
flow simulations corresponding to the configuration used by Boissonneau and
Byrne (2000). We see that A, shown as solid circles, varies roughly as the square
root of volumetric flux given by Eq. (26) for these simulations. It should be noted
that the current density is proportional to volumetric flux according to Eq. (5).

Table 3
Estimated parameters for plume thickness using a least square fit on simulation
results for the configuration used by Boissonneau and Byrne (2000). While the
electrolyzer used in Boissonneau and Byrne, 2000 operates using buoyancy driven
flow, the forced flow results are obtained by doing multiple numerical simulations
with different inlet velocities. The power of b ¼ 1=3 is also observed by Schillings
et al. (2015) and follows from theoretical scaling arguments.

At buoyancy-driven conditions (Boissonneau and Byrne, 2000)

j (A/m2) a A=hWib
500 0.35 6:6
 10�4

1000 0.39 9:2
 10�4

2000 0.4 1:2
 10�3

Forced flow
j (A/m2) a b A

500 0.44 0.33 3:4
 10�4

1000 0.45 0.33 5
 10�4

2000 0.45 0.32 6:9
 10�4

Fig. 7. Scatter plot for simulated e-folding plume thickness d for different heights,
inlet velocities and current densities for the configuration of Boissonneau and Byrne
(2000) and corresponding properties listed in Table 1. The plot contains data from
40 different heights ranging from 1 mm to 40 mm at different forced flow
conditions, such that hWi ranges between 0.06 m/s and 0.33 m/s. The blue, green
and red dots corresponds to j ¼ 500 A/m2; j ¼ 1000 A/m2 and j ¼ 2000 A/m2,
respectively. It can be seen that the plume thickness can be approximated
reasonably well with Aza

hWib over this range of parameters where A; a and b are listed
in Table 3.

Fig. 8. Log–log plot for e-folding plume thickness d with height z obtained from our
numerical model for the buoyancy driven flow in the configuration used by
Boissonneau and Byrne (2000). The colored dotted lines represent the power law
relation fitted using regression with parameters listed in Table 3. The black dotted
line indicates a slope of 0:4. It can be seen that at low values of d, the power law
underestimates the plume thickness.
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Fig. 9. Gas fraction profiles for the configuration used by Boissonneau and Byrne
(2000). COMSOL simulation results are compared with the solution of Eq. (A.1),
using Eqs. (A.4) and Eq. (A.8) and Table 1 and Table 3 to detemine the wall gas
fraction. It can be seen that at low current density, the gas fraction varies
approximately exponentially with x while at larger current densities, the gas
fraction profiles are not exponential. Due to this, the estimated e-folding plume
thickness using the procedure described in Section 3.2 overestimates the growth of
plume thickness with height. This deviation from an exponential profile will result
in errors at higher heights and larger current densities.

Fig. 10. Velocity profiles for the three current densities: j ¼ 500 A/m2 (blue),
j ¼ 1000 A/m2 (green), and j ¼ 2000 A/m2 (red). The circles represent the exper-
imental measurements from Boissonneau and Byrne (2000), the dashed line
represents the numerical solution and the solid line represents the semi-analytical
solution. Here, we used Eq. (A.2) to capture the asymmetry between anode and
cathode for water electrolysis. For d, we used parameters in Fig. 8. It should be
noted that the experimental velocity profiles are measured using laser Doppler
velocimetry, and hence represent bubble velocities. The liquid velocities are slightly
lower than the bubble velocities due to the slip velocity.
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is generated at the cathode and the anode as described by Eq. (5),
we use an anode wall gas fraction that is Q ¼ 0:8 times that at the
cathode. In Fig. 11, we compare the analytical approximation for
the cathode e0 with that of the numerical model. We see that the
analytical model gives a similar trend for the gas fraction at the
electrode surface as the numerical model. Compared to the numer-
ical model, the analytical gas fraction is lower, especially at larger
heights. This is because we neglected the effect of inertial terms in
our analysis. As such, the analytical profiles have a larger peak
velocity (see Fig. 10). From Eq. (17), this gives a lower gas fraction.

Velocity profile
For calculating the analytical velocity profile, we use the semi-

analytical values of e0 and wp obtained in the previous section at a
particular height to plot the velocity profile in Fig. 10 using Eq.
(A.2). Here, we used the relations from the appendix to reproduce
asymmetric profiles due to different wall gas fractions at the two
electrodes. We see a reasonable agreement of the semi-analytical
model with the numerical model and experimental measurements.
The analytical results do not show the small velocity peak in the
center of the channel that is visible from simulations at z ¼ 20
mm and j ¼ 1000 A/m2 and j ¼ 2000 A/m2. The analytical results
also show a higher velocity peak near the electrode surface. The
Fig. 11. Variation of gas fraction at the cathode surface, e0 with the vertical
z-coordinate, z at different current densities. The solid line represents the
semi-analytical solution of Eq. (A.8), the dotted line represents the semi-analytical
solution for a constant gas fraction plume given by Eq. (C.5) using the values listed
in Table 3 for the buoyancy driven conditions, and the dashed line represents the
solution from the numerical model. We neglected the inertial term in our semi-
analytical solution giving a larger peak velocity than that obtained using COMSOL as
shown in Fig. 10. Because most of the gas is localized near the electrode surface,
the larger velocity results in lower gas fraction according to mass conservation (see
Eq. (17)). A log–log plot is shown in the inset. The solid gray line represents the
solution for small gas fraction given by Eq. (A.9). From Eq. (A.9), el / z1�2a , which
gives z0:3 for j ¼ 500 A/m2 and z0:2 for j ¼ 2000 A/m2 using the value of ‘a’ at
buoyancy driven conditions in Table 3.
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discrepancy arises because we neglected the inertial term, which
lowers the velocity near the peak and increase the velocity in the
bulk. At higher current densities, the deviation from the numerical
model is larger because our assumption of thin exponential plumes
no longer holds.

Pressure Difference
Due to lack of experimental data, we rely on our validated

numerical simulations to verify Eq. (22) for the pressure drop along
the electrode height. We used the configuration from Boissonneau
and Byrne (2000) and carried out various numerical simulations
under forced flow conditions for j ¼ 1000 A/m2 by varying the inlet
velocities. Fig. 12 shows the variation of the reduced pressure dif-
ference, DP with the superficial velocity, hWi. The analytical pres-
sure drop shows a reasonable agreement with the numerical
results. At low velocities, the presence of gas makes the reduced
pressure drop positive, as the effect of buoyancy becomes larger
than that of friction. At high velocity, the plumes become thinner,
while the viscous forces are increased due to the modified viscosity
l

1�e0. Due to this increase, the total pressure drop becomes similar

to that for a single phase flow. We neglected the inertial term in
our model, which results in large deviation, particularly, at high
velocities. At low velocities, buoyancy is dominant and the error
due to inertial terms is small. The deviation at low velocities is pri-
marily because the plume thickness becomes large, and our
assumption �d � 1 is only crudely satisfied.

Design Guidance

We can use our analytical model to guide the design of mem-
braneless parallel plate electrolyzers. To avoid bubble crossover,
thick plumes are not desired. To avoid mixing of hydrogen and
oxygen, at the top of the electrode, a divider to separate the gases
should be present. For safe operation of electrolyzer, the amount of
H2 should not exceed the lower explosion limit of 4% in O2. Since
twice as much hydrogen volume is produced compared to oxygen,
this requires the cross-over rate of hydrogen to stay below 2%. We
will assume that at least 98% of the gas fraction is contained
between x ¼ 0 and x ¼ l=2,R l=2
0 e0e�x=ddxR l
0 e0e�x=ddx

¼ 1
e�l=2d þ 1

> 0:98: ð27Þ
Fig. 12. The predicted reduced pressure difference between the top and the bottom
of the electrode plotted against the superficial velocity for h ¼ 40 mm. The
configuration used is similar to that used by Boissonneau and Byrne (2000), see
Table 1. The hollow diamonds represent results from numerical simulations, the
black dots represent the numerical solution neglecting the inertial terms, the solid
black line represents the result from Eq. (A.11) and the dotted line represents the
Hagen-Poiseuille pressure drop.
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It would be more accurate to multiply the integrands with the gas
velocity uþws. However, to obtain more transparent expressions,
we here take this simpler approach. Solving for l gives

lJ7:8dh ¼ 7:8
Aha

hWib
: ð28Þ

From Eq. (28), requiring the gap to be almost an order of magnitude
larger than the plume thickness may seem like a very conservative
criterion. However, mind that our d is that distance after which the
gas fraction has decreased to a fraction 1/e = 0.37 of its value at the
electrode. Plume thickness decreases with an increase in vertical
velocity of the electrolyte for a laminar flow. However, at large
velocities, the flow may become turbulent leading to a thicker
plume (Pang et al., 2020). Therefore, the maximum velocity is lim-
ited by transition to turbulence. We can rearrange Eq. (28) using
hWi ¼ Rel

ql , to give

hK hWibl
7:8A

 !1=a

¼ l1�b

7:8A
Rel
q

� �b
 !1=a

: ð29Þ

Using Eq. (26) with properties from Table 1 and Table 3, corre-
sponding to Boissonneau and Byrne, 2000, we can express
Eq. (29) as

hK10:8
hWi0:7l2:2

U1:1
g;c

: ð30Þ

We again note that the power 0.5 in Eq. (26) is obtained using forced
flow simulations for the configuration used by Boissonneau and Byrne
(2000), and a more detailed analysis of how the plume thickness var-
ies with current density is warranted. Therefore, Eq. (30) should be
treated as a tentative result. Eq. (29) and Eq. (30) shows that a larger
interelectrode gap l allows a larger electrode height without signifi-
cant gas crossover. However, this also increases the ohmic losses.
Therefore, the maximum possible electrode height will be limited
by the maximum allowable ohmic losses.

We also note that the maximum height increases with decrease
in volumetric flux of the gas in the horizontal direction. In Fig. 13,
we see that for a lower current density, the maximum height of the
electrolyzer increases because a smaller current density corre-
sponds to a lower horizontal volumetric flux of the gas. Similarly,
a higher pressure decreases the molar volume of the gas, thereby
decreasing the volumetric flux. As such, operation at higher pres-
sure will give a larger maximum height for the electrolyzer.

In order to see whether parallel plate electrolyzers without sep-
arators can be a viable alternative to electrolyzers with separators,
we provide design estimates so that the ohmic losses are lower
than those of zero-gap electrolyzers with modern separators. The
most commonly used Zirfon Perl diaphragm has a thickness of only
0.5 mm, but the ohmic losses are usually equivalent to 3.3 mm —
5 mm of KOH in a zero-gap configuration due to geometrical and
gas effects (Haverkort and Rajaei, 2021; de Groot and Vreman,
2021). Therefore, we consider a membraneless parallel plate elec-
trolyzer of 3 mm, giving lower ohmic losses than a zero-gap elec-
trolyzer with Zirfon Perl separator. There will also be additional
ohmic losses due to bubbles, but the multiplier

(	 R 1
0 ð1� eÞ�3=2d�x) using Bruggeman’s relation (Bruggeman,

1935) will be close to 1 for thin plumes.
We first consider the design of the buoyancy driven electrolyzer

used by Boissonneau and Byrne (2000). Inserting hWinc from Eq.
(A.12) in Eq. (28) gives

hmax 	 l
A

6wbe0ð2� e0 þ k2=2Þ
7:8

1þ2b
b ð1þ 2aÞð1þ 6e0�dmax

1þa Þ

0
@

1
A

b
0
B@

1
CA

1
a

: ð31Þ



Fig. 13. Maximum height hmax as a function of Reynolds number for a gap width of
3 mm at atmospheric pressure. The buoyancy driven conditions are represented by
the filled diamond. It can be seen that an increase in Reynolds number significantly
increases the maximum allowable height of the membraneless parallel plate
electrolyzer. The properties used are listed in Table 1 and Table 3.
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where �dmax 	 1=7:8 is the maximum allowable dimensionless
plume thickness given by Eq. (27) and k2 is defined in Appendix
A. For equal gas fraction at both electrodes, k2 ¼ 0. Using Eq. (31)
and values from Table 3, we find that hmax 	 13:6 cm for l ¼ 3
mm at 1000 A/m2, assuming e0 ¼ 0:3, and hmax 	 7:5 cm at 2000
A/m2, assuming e0 ¼ 0:35. These are the upper limits because Eq.
(A.12) overpredicts the natural recirculation velocity. Friction in
the external hydraulic circuit, including the downcomer is not taken
into account. Also, at high velocities dynamic pressure losses will be
important, and therefore the actual recirculation velocity will be
smaller, giving a smaller height.

We can also increase the liquid velocity to increase the height of
the electrolyzer as shown in Fig. 13. However, very high velocities
can give rise to turbulence that enhances mixing, giving thicker
plumes. This has been experimentally observed by Pang et al.
(2020) where turbulence starts increasing the plume thickness at
a Reynolds number, Re J1200. At Re ¼ 1000, Eq. 29, using the val-
ues in Table 3 from Boissonneau and Byrne (2000), gives the max-
imum electrode height hmax without significant crossover as
24.8 cm and 12.4 cm for a current density of 1000 A/m2 and
2000 A/m2, respectively. This shows that using forced flow, the
electrode height can be increased by more than two times.

For the electrode used by Pang et al. (2020), the fit of Fig. 5 gives
for j ¼ 2000 A/cm2, a slightly larger plume thickness than in the
configuration used by Boissonneau and Byrne (2000). This may
be attributed to the larger bubble size in the experiments by
Pang et al. (2020) (�150 lm) compared to those in the experi-
ments of Boissonneau and Byrne (2000) (�88 lm). The plume

thickness crudely scales with d / d2=3
b observed by Schillings

et al. (2015) at high current density, for which shear induced diffu-
sion becomes dominant. Eq. 29, in this case, gives a maximum
height of 10.6 cm at Re ¼ 1000 for j ¼ 2000 A/cm2. It should be
noted that the size of the electrode can still be increased by
increasing the depth of the electrode to increase the total produc-
tion rate. However, to further scale-up the height of the elec-
trolyzer, the electrode should be designed such that the bubble
size remains small. This can be done, for example, by using surfac-
tants (Esposito et al., 2017; Angulo et al., 2020), using a more
hydrophilic surface (Kim et al., 1947), engineering the topology
of the electrode surface with micro-crevices (Groß et al., 2018),
or using magnetic fields (Koza et al., 2011).
Conclusions

In this paper, we provided both numerical and analytical mod-
eling approaches to study the multiphase flows in a membraneless
11
parallel plate electrolyzer. Our numerical model is based on a mix-
ture model approach and is used to find the dependence of plume
thickness on height, velocity and current density. Using the
momentum equation and neglecting inertial terms, analytical rela-
tions for the interstitial velocity (Eq. (12)) and superficial velocity
(Eq. (14)) in the interelectrode gap are derived and verified against
the numerical model and existing experimental results. These
expressions are valid as long as the plumes remain exponential
and thin compared to the gap width. These assumptions will not
hold above a certain height at high current densities and low veloc-
ities. We also derived an expression for the gas fraction at the elec-
trode surface (Eq. (20)) using mass conservation and found that the
gas fraction at the electrode increases rapidly in the first few mil-
limeters of electrode height. Furthermore, we derived an analytical
expression for the pressure drop along the electrode height (Eq.
(22)). At high velocities, the pressure change due to buoyancy is
approximately compensated by the increased viscosity and wall
shear rate.

Finally, analytical expressions for maximum height (Eq. (29))
for safe operation of a membraneless parallel plate electrolyzer
are provided for a given electrode gap. With the help of analytical
results, we calculated this maximum height of the electrolyzer at
buoyancy driven and forced flow conditions. We showed that the
maximum height of the electrode decreases as the current density
increases. We find that for an ohmic loss comparable to that of a
zero-gap electrolyzer, we can design a membraneless parallel plate
electrolyzer operating using natural recirculation with a maximum
height of �7 cm at atmospheric pressure and a current density of
2000 A/m2 and a product purity of 98%. The maximum height of
the electrolyzer scales with the inter-electrode gap width l roughly

as l1=a � l2:2. Thus, a larger gap will allow a significantly taller elec-
trolyzer using only buoyancy driven flow. While the transition to
turbulence limits the potential of using forced flow somewhat,
the maximum height of the electrolyzer can be significantly
increased by using a forced flow, higher pressure, or smaller
bubbles.
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Relations for different anode and cathode surface gas fraction
to lm ¼ l

1�e

In this section, we generalize the results of main text, valid for
lm ¼ l, to lm ¼ l

1�e and different electrode surface gas fractions.
We define Q as the ratio of the gas fraction at the anode surface
and the gas fraction at the cathode surface and rewrite Eq. (6) for
exponential plumes as

e ¼ e0 e�
x
d þ Qe�

l�x
d

� �
: ðA:1Þ

Solving Eq. 11 using Eq. (A.1) with no-slip boundary conditions for
thin plumes (e�1=�d � 1) we get

w ¼ 6wp�xðk1 � �xÞ þ 12ðwp þwbÞe0�d2 1� e�
�x
�d

� �
1� Qe�

1��x
�d

� �
þ6wpe0�d e�

�x
�d � Qe�

1��x
�d

� �
k1 � 2�xð Þ � k1

� �
�6wbe20�d2 1� e�

2�x
�d

� �
1� Q2e�

2�2�x
�d

� �
�6wbe0�d2k2 e0�d e�

�x
d � Qe�

1��x
d � 1

� �
þ �x

� �
;

ðA:2Þ
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where k1 � 1�2�de0 Q�ðQ�1Þ�dð Þ
1��de0ðQþ1Þ and k2 ¼ ðQ�1Þð2�ðQþ1Þe0Þ

1��de0ðQþ1Þ . For Q < 2; e0 < 0:5

and �d < 0:5; k1 	 1 is a reasonable approximation. The shear rate at
the cathode surface is given by

@w
@x

����
x¼0

¼ 6ð1� e0Þ wpk1 þwbe0�dð2þ �dk2Þ
� 	 ðA:3Þ

The average superficial velocity, hWi ¼ R 1
0 wð1� eÞd�x using Eq. (A.2)

for wb � wp, can be written as

hWi ¼ wp 1� 6e0 d
�
ð1� 2 d

�
Þ

� �
þ 3wbe0d

�
2k2 1� 2 d

�
e0ðQ þ 1Þ

� �
þ3wbe0d

�
2 4� 2e0 � ð4ðQ þ 1Þ þ e0ð1� 3Q2 þ 4QÞÞ d

�� �
:

ðA:4Þ
For Q ¼ 1, Eq. (A.4) reduces to

hWi ¼ wp 1� 6e0 d
�
ð1� 2 d

�
Þ

� �
þ 12wbe0d

�
2 1� 2 d

�
� e0ð1þd

�
Þ

2

� �
:

ðA:5Þ
The differences with Eq. 13 are of the order e0 as expected. In the
limit �d � 1, the velocity profile is given by

u ¼ 6�xð1� �xÞ wp þwbe0ðQ þ 1Þ� 	ð1� ðQ þ 1Þe0Þ: ðA:6Þ
The extra ð1� ðQ þ 1Þe0Þ term in Eq, (A.6) is due to lr ¼ 1

1�e, where
the gas fraction becomes a constant given by e ¼ ðQ þ 1Þe0. For
�d � 1, the superficial velocity, hWi ¼ R l

0 uð1� eÞd�x can be written as

hWi ¼ ðwp þ ðQ þ 1Þwbe0Þð1� ðQ þ 1Þe0Þ2: ðA:7Þ
Here again, we see the combined effect of modified viscosity and
the effect of liquid gas fraction on superficial velocity through the

term ð1� ðQ þ 1Þe0Þ2 in a buoyancy assisted pressure driven flow.
Using Eq. (A.2), we can rewrite Eq. (17) for e�1=�d � 1 as

hWg;ci ¼ �ð3k2�dþ 4Þ�d3wbe30 þ 3�d2 2wb
�dð1þ k2�dÞ �wpðk1 � �dÞ� 	

e20
þ6wp

�d2e0ðk1 � 2�dÞ þws
�de0:

ðA:8Þ
Eq. (A.8) can be solved for e0 to give the electrode surface gas frac-
tion. For low values of e0 � 1, we get

el ¼ hWg;ci
�dð6wp

�dðk1 � 2�dÞ þwsÞ
;

eh ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hWg;ci
6wb

�d3ð1þ k2Þ � 3wpðk1 � �dÞ

s
: ðA:9Þ

A semi-analytical solution is obtained by solving Eq. (A.5) and Eq.
(A.8) for e0 and wp. However, an analytical approximation can also
be obtained by using Eq. (B.5) and assuming �dc ¼ �da ¼ �d to give e0
and then solving Eq. (A.5) for wp. The e0 obtained using Eq. (B.5)
gives slightly lower values for e0 than the one obtained by simulta-
neously solving Eq. (A.5) and Eq. (A.8).

Natural Recirculation Velocity

For Q < 2; e0 < 0:5 and �d < 0:5; k1 	 1, so that we can rewrite
Eq. (A.4) for e0�d � 1 and �d � 1 as

wp ¼ 1þ 6e0�d
� 	hWi � 6wbe0�d2 2� e0 þ k2=2ð Þ: ðA:10Þ

We can again integrate wp to get the total pressure drop as

DP ¼ �12lhhWi
l2

1þ 6e0d
�
h

1þ a

 !
1� hWinc

hWi
� �1þ2b

 !
; ðA:11Þ

with
12
hWinc �
6wbe0ð2� e0 þ k2=2Þ

ð1þ 2aÞð1þ 6�de0=ð1þ aÞÞ
Aha

l

� �2 ! 1
1þ2b

: ðA:12Þ

For Q ¼ 1; k2 ¼ 0. We have an addition term, 6
�de0
1þa, in Eq. (A.12) com-

pared to Eq. (23) arising due to the non-constant relative viscosity
lr. For DP ¼ 0, Eq. (A.11) gives the natural recirculation velocity
as hWi ¼ hWinc.

Expressions for different anode and cathode plume thickness

In our model, we have assumed equal plume thickness at the
cathode and the anode. However, this assumption does not always
hold, and the plume thickness can be different on the two sides, if
the bubble diameter or volumetric gas flow rates are significantly
different. In this section, we provide generalized expressions for
different plume thicknesses �da at the anode and �dc at the cathode,
respectively so that Eq. (6) can be rewritten as:

e ¼ e0 e�
x
dc þ Qe�

l�x
da

� �
: ðB:1Þ

Assuming lm 	 l and solving Eq. 11 using Eq. (B.1) with no-slip
boundary conditions for thin plumes compared to interelectrode
gap (e�1=�dc � 1 and e�1=�da � 1), we get

w ¼ 6wp�xð1� �xÞ
þ 12wbe0 �d2c 1� �x� e�

�x
�dc

� �
þ Q�d2a �x� e�

1��x
�da

� �� �
: ðB:2Þ

The average superficial velocity, hWi ¼ R 1
0 wð1� eÞd�x using Eq. (B.2)

for thin plumes with respect to interelectrode gap
(�d2a � 1; e�1=�da � 1; �d2c � 1 and e�1=�dc � 1), can be written as

hWi ¼ wp þ 6wbe0 �d2c ð1� 2�dc � e0�dcÞ þ Q�d2að1� 2�da � Qe0�daÞ
� 	

:

ðB:3Þ
where we assumed wp � wb. For �da ¼ �dc ¼ �d; e0�d � 1 and Q ¼ 1, Eq.
(B.3) reduces to Eq. (14). Using Eq. (B.2), we can rewrite Eq. (17) as

hWg;ci ¼ 6wb
�d2c ð�dc � 2�d2c þ 2Q�d2aÞe20 þ 6�dcð1� 2�dcÞwp þws

� 	
�dce0:
ðB:4Þ

Solving Eq. (B.4) for e0, we again obtain Eq. (21) with

el ¼ hWg;ci
�dcð6wp�dcð1�2�dcÞþwsÞ ;

eh ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hWg;ci
6�d2c ð�dc�2�d2cþ2Q�d2a Þð1�12�dcð1�2�dcÞ2ÞÞwb

r
:

ðB:5Þ

Expressions for a step function gas fraction profile

In Fig. 9, we observed that at high current density, the plume is no
longer exponential and attains more of a block-shape. In this appen-
dix, we provide analytical expressions for velocity profiles and sur-
face gas fraction, assuming a step function gas-fraction profile

e ¼
e0; x < db
0; db 6 x 6 l� db
e0; l� db < x < l;

8><
>: ðC:1Þ

where db is the thickness of the plume. At the interface of the
plume, we assume continuity of flow and shear stress. Using no slip
conditions at the electrode surface and solving Eq. (11) for lr ¼ 1

1�e
using Eq. (C.1) gives
u ¼ 6wp�xð1� �xÞ

�6e0
wp�xð1� 2�dbÞ þwb�xð�x� 2�dbÞ; x < db
wp

�dbð1� 2�dbÞ �wb
�d2b; db 6 x 6 l� db

wpð1� �xÞð1� 2�dbÞ þwbð1� �xÞð1� �x� 2�dbÞ; l� db < x:

8><
>:

ðC:2Þ
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Riviere and Cartellier (1999) took a similar approach for a more
general gas fraction profile with an additional gas free layer near
the electrode and a low gas fraction in the core with a higher gas
fraction region between the two regions. In their analysis, they used
a different closure model for shear stress giving elm instead of lm in
Eq. (2).

The average superficial velocity using hWi ¼ R 1
0 uð1� eÞd�x and

Eq. (C.2) gives

hWi ¼ ð1� 6e0�dbÞwp þ 6wbe0�d2b 1� 2�db
3

� �
: ðC:3Þ

The average superficial gas velocity at the cathode

hWg;ci ¼
R �db
0 ue0d�x can be written as

hWg;ci ¼ e20�d
2
b 4�dbwb � 3wpð1� 2�dbÞ
� 	

þ e0�db wp
�dbð3� 2�dbÞ þws

� 	
: ðC:4Þ

Eq. (C.4) can be solved numerically to give the electrode surface gas
fraction e0. For low values of e0 � 1, we get

el ¼ hWg;ci
�dbðwp�dbð3�2�dbÞþwsÞ ; ðC:5Þ

where wp can be obtained for a given superficial liquid velocity
using Eq. (C.3). Note that the expression for el is equal to that of
Eq. (A.8) for Q ¼ 1 upon replacing 6dð1� 2dÞ with 3dbð1� 2db=3Þ.
It can be seen from the Fig. 11 that for j ¼ 500 A/m2, the exponential
result of Eq. (A.8) gives satisfactory agreement with the numerical
result, while for j ¼ 2000 A/m2 Eq. (C.5) gives a slope similar to
the numerical solution for the initial height of the electrode.
Fig. D.14. Gas phase velocity profiles for the three current densities: j ¼ 500 A/m2

(blue), j ¼ 1000 A/m2 (green), and j ¼ 2000 A/m2 (red). The circles represent the
experimental measurements from Boissonneau and Byrne (2000), the dashed line
represents the numerical solution using the bubble diameter from Table 2 for both
oxygen and hydrogen, and the solid line represents the numerical solution where
the bubble diameters are different on the oxygen and the hydrogen side, and given
by Eq. (D.1). We clearly see that accounting for different bubble sizes for hydrogen
and oxygen gives a better agreement between the experiments and our numerical
simulations.

13
Effect of Bubble Diameter

In Fig. 10, we see that velocities from numerical model shows
deviation from the experimental results, particularly on the oxygen
side because we assumed that oxygen bubbles are of similar size as
the hydrogen bubbles. However, Boissonneau and Byrne (2000)
suggest in their discussion that the plume on the oxygen side is lar-
ger than the plume on the hydrogen side. This may be due to the
larger size of the oxygen bubble than the hydrogen bubble. Here,
we shortly discuss the results with different bubble size for oxygen
and hydrogen. The mixture Model in COMSOL allows only one dis-
persed phase and one continuous phase. In order to simulate dif-
ferent bubble size for oxygen and hydrogen, we use following
distribution of bubble size in the horizontal direction

db;new ¼
db; x 6 l=3

db þ 0:5db
l=3 ðx� l=3Þ; l=3 < x < 2l=3

1:5db; x P 2l=3

8><
>: : ðD:1Þ

Eq. (D.1) assumes that the oxygen bubbles are 50% bigger than the
hydrogen bubbles. In the region l=3 < x < 2l=3 it is assumed that
the diameter of dispersed phase bubbles increases from hydrogen
bubble diameter to that of the oxygen bubble diameter linearly.
As the bubble sizes are not reported for the oxygen side, we have
used the same bubble size for both hydrogen and oxygen in the
main text. Fig. D.14 shows a comparison between the dispersed
phase velocity profiles using this approach to that reported by
Boissonneau and Byrne (2000). We see that accounting for different
bubble sizes for hydrogen and oxygen gives a better agreement
between the experiments and our numerical simulations. This is
because bigger bubbles provide larger buoyancy and terminal rise
velocity.
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