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A B S T R A C T   

Folding compliant mechanisms have the potential to be used for innovative designs tailored for 
specific applications such as energy absorption, shape morphing, or stress relief. This tailorability 
relies on multiple variables that define the geometric and material behavior. The combined effort 
of the geometric and material nonlinearity can emphasize certain features in the design that, 
individually, would not be possible. Folding as a concept is very important in origami engineering 
and requires careful choice in the design variables when it comes to dimensions and material 
properties. Finite element analyses for folding at the level of a unit cell, as well as the overall 
structural design, can be cumbersome and computationally expensive. Therefore, in this work, a 
segmented pseudo rigid body model that captures a high level of flexibility is developed for both a 
superelastic material, which is characterized using a shape memory alloy, and a hyperelastic, 
rubber-like material. By increasing the number of segments, the model allows the structure to 
undergo large deformations. The results from the segmented model are compared with FEA for 
the folding compliant mechanism. 3D-printing and experimental testing of the compliant mech-
anism is also explored.   

1. Introduction 

Compliant Mechanisms (CMs) use the elastic deformation of flexible members to transform force, motion, and energy. Contact- 
aided compliant mechanisms are a special class of CMs that incorporate contact surface(s) for non-smooth path generation or 
tailoring nonlinear structural stiffness [1–5]. Our research group has developed metamaterial-like arrays of contact-aided compliant 
mechanisms called cellular contact-aided compliant mechanisms (C3Ms). C3Ms have been shown to provide improvements over their 
non-contact counterparts for applications like stress relief [6–8] and energy absorption [9,10]. We have also demonstrated the benefits 
of using superelastic and functionally graded materials in C3Ms in terms of energy absorption [10,11]. By optimizing the geometry of 
C3Ms with angled compliant joints (ACJs), tailoring of bidirectional nonlinear stiffness has been demonstrated, allowing for both 
in-plane and out-of-plane bending in bend and sweep CMs [12]. Other researchers have also examined the potential of C3Ms through 
adding contact in cross-axis flexural pivots to tune rotational stiffness [13]. There is great interest in the use of C3Ms in bio-mimetic 
design to model the behavior of joints, such as those in the human finger [14,15]. 

In the literature, various methods have been proposed to model and design CMs under large deformations. Recent developments in 
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topology optimization have used hyperelastic or non-Hookean materials to model the geometric nonlinearity of CMs through finite 
element analysis (FEA) [16–18]. Prior to these developments, topology optimization for synthesis of compliant mechanisms has 
involved the use of nonlinear beam elements to account for large deformations in preexisting, linear finite element methods [19]. The 
topology optimization approach has been applied to micro-CMs with geometrically nonlinear structural behavior [20]. Nonlinear 
stress and strain measures replace linear Cauchy stress assumptions for these CMs, but they still remain under the assumption of a 
linear elastic material model [21]. Cellular structures comprised of CM unit cells have been optimized for a desired compliance with 
the assumption of a linear displacement profile [22]. There are also FEA models that simulate the nonlinear deflection of compliant 
beam elements, considering Hookean material behavior [23]. In general, these FEA-based CM design methods consider large defor-
mation behavior through geometric nonlinearity, but are limited to linear material behavior. 

Pseudo rigid body models (PRBMs) approximate a compliant mechanism with rigid links and torsional springs and are widely used 
to account for large deformations in compliant mechanisms, cf. [24]. However, a limitation of PRBMs is that they have been developed 
only for linear materials. PRBMs have been used to model contact-aided compliant mechanisms with nonlinear deflection via 
contact-aided linear-elastic beams [25]. Compliant parallel mechanisms used in bicycle brakes have been designed using the large 
deflection theory of the PRBM [24], but using Hookean relationships for anisotropic materials, such as fiberglass [26]. PRBMs have 
been developed to model large deflection of flexural beams with an inflection point for linear elastic materials [27]. Using beam 
theory, analytical and FEA models have demonstrated the selective compliance of curved flexure hinges [28]. However, this approach 
considered linear elastic behavior and small deformations. Design of compliant mechanisms incorporating both geometric and ma-
terial nonlinearity, using FEA-based models or PRBMs, has yet to be explored. 

In this paper, we propose a method to account for geometric and material nonlinearity in the PRBM for two case studies: 
superelastic NiTi and hyperelastic thermoplastic polyurethane (TPU). To the authors’ knowledge, there has not been prior work ac-
counting for both sources of nonlinearity in the PRBM, specifically for CMs. The CM used for the PRBM was introduced by our group 
and investigated for large scale shape change applications [29]. In our previous work, the design is called a “folding C3M” due to its 
similarity to a compliant hinge and its ability to experience large folding-like deformations and stress relief through self-contact. While 
the design consists of a contact surface to simulate stress-relief in a C3M, self-contact is not investigated in this paper and is addressed 
in the future work section. As a result, the design will be referred to as a “folding CM” since only the unconstrained, flexible direction of 
the CM without self-contact is modeled. The following section discusses the development of the PRBM for this nonlinear, folding CM. 

2. Methods 

2.1. Pseudo rigid body model (PRBM) 

The PRBM is an analytical method for simplifying the analysis of CMs by using rigid links and springs to model flexible segments, 
which are then used to predict the relationship between the applied loads and the deflection. The folding CM is represented by a 
semicircular arc connected to frames on each end, where loads and constraints can be applied [29]. The arc is assumed to be the most 
flexible region of the CM, while the rest of the mechanism is assumed to be rigid. In this section, a segmented PRBM of solely the arc is 
developed for large deflections, and then extended to include nonlinear material behavior in the next section. 

In the literature, a PRBM for a semicircular arc CM with linear material behavior was developed [30]. This model is used as a 
starting point for analyzing the deformation of the folding CM and is summarized briefly here. The PRBM shown in Fig. 1 consists of 
two rigid links with lengths (γ1 and γ2), and two torsional springs with stiffnesses (K1 and K2). The angle (ψ) is a constant value of 180◦

Fig. 1. PRBM for a semicircular arc loaded with a moment on the tip using two links and two torsional springs.  
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for a semicircular arc. As the arc is being deformed due to the applied moment (Mo), the angles of displacement (θ1 and θ2) increase. 
The PRBM parameters were estimated in [30] for different angles (ψ) with the objective of decreasing the error between the PRBM and 
the beam theory model. 

By using the estimated values of the PRBM parameters (ζ, η, γ1, γ2, K1, K2), for ψ = 180◦, the deformation of the tip can be estimated 
as shown in Fig. 1. The relationship between the link rotations (θ1 and θ2) and the external moment (Mo) is given by Eq. (1): 

[
K1θ1
K2θ2

]

=

[
1
1

]

[Mo] (1) 

From Eq. (1), the angular displacements can be calculated as: 

Fig. 2. Global coordinate system of the semicircular arc segmented into n number of segments and the corresponding tip locations for each segment.  

Fig. 3. PRBM representation of each segment of the semicircular arc with sector angle ψ i.  
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Fig. 4. Comparison of the segmented PRBM tip deflection for n = 1 to 12 segments with FEA (a) and a zoomed in view of the increasing accuracy of 
the PRBM for a higher number of segments and a rotation of 2π rad (b). 

B. Hargrove et al.                                                                                                                                                                                                      



Mechanism and Machine Theory 176 (2022) 105017

5

θi =
Mo

Ki
i = 1, 2 (2) 

The torsional stiffnesses (Ki) are a function of the nondimensional stiffness coefficients kθi, where: 

Ki = kθi
EI
L

i = 1, 2 (3) 

In Eq. (3), the material and geometric parameters are defined as the elastic modulus of the material (E), the area moment of inertia 
of the cross-section (I), and the beam length (L) or the perimeter of a semicircle with radius (R). By combining Eq. (2) and Eq. (3), the 
angular deformations become: 

θi =
MoL
kθiEI

i = 1, 2 (4) 

It was found that the accuracy of this model is not sufficient for large deformations since the behavior of the entire semicircular arc 
is captured using only one PRBM with two torsional springs to tailor the stiffness. Therefore, we have developed a segmented model 
where the semicircular arc is divided into a number of continuously connected segments. The arc is divided into n segments, each 
defined by the angle ψ i as shown in Fig. 2. The segments are assumed to be geometrically identical, and the angle of each sector is ψ i =

ψ = π/n. Each segment is represented by a PRBM with two torsional springs and two rigid links as shown in Fig. 3. The angles ζi and ηi 
depend on the angle ψ i and the number of segments (n). 

The coordinates of the end of each segment are calculated locally as: 

xlocal,i = [γ1isinζi + γ2isin(ζi + ηi + θ1i)] ⋅
L
n

i = 1, 2, ..., n (6)  

ylocal,i = [ − γ1icosζi − γ2icos(ζi + ηi + θ1i)] ⋅
L
n

i = 1, 2, ..., n (7) 

The angles θ1i and θ2i are the angular deformations of the two torsional springs from Eq. (2). The torsional stiffnesses of the two 
springs (K1i and K2i) are defined using the nondimensional stiffness coefficients in Eq. (3). Coordinate transformation is used to relate 
the local and global measures of the position of each segment, the details of which can be found in Appendix A. 

The effect of the number of segments (n) on the tip displacement was explored with a 2D FEA model in COMSOL Multiphysics. The 
structural mechanics module was used with the fully coupled approach with an automatic physics-controlled mesh (maximum element 
size of 3.8E-4 m and minimum element size of 7.6E-7 m). The FEA model has a 4 mm in-plane thickness, 30 mm inner diameter, and 
assumes a 1 m out-of-plane thickness. Geometric nonlinearity is included, but the material behavior is chosen to be linear with an 
elastic modulus (E) of 70 GPa. The arc is subjected to a prescribed rotation at the free end varying from 0 to 2π radians. The corre-
sponding reaction moments serve as inputs to the PRBM in MATLAB for the purposes of comparison, and are applicable only for the 
material and geometry defined for this specific model. 

In Fig. 4, the tip position of the segmented PRBM for a different number of segments is presented, along with the FEA prediction for 
each chosen value of n. Physically, the maximum possible rotation of the tip is π radians. However, for the purpose of analysis, the 
model is deformed until 2π radians and self-collision is not considered. It is evident that the PRBM using one segment, marked in 
orange in Fig. 4(a), overestimates the tip deflection predicted by the FEA model. For a higher number of segments (n), the estimation of 
the tip deflection by the segmented PRBM becomes more accurate. The impact of the number of segments on the accuracy of the model 
depends on the level of deformation. For smaller amounts of deformation, even the model with one segment agrees well with the FEA 
results. As the deformation increases beyond π/2 radians, the distinction between the PRBMs for a single segment and for multiple 
segments increases. Although a higher number of segments is more accurate in predicting the position of the tip of the arc overall, there 
is not much of a difference between the curves until the rotation goes beyond the physical maximum deformation of π radians. 

As the deformation approaches 2π radians, Fig. 4(b) shows that increasing the number of segments increases the accuracy of the 
model as well. This means that for the rotation needed for full folding (the maximal physical deformation of π radians), the segmented 
model with 2 segments is a good enough approximation of the tip deflection. The accuracy of the segmented PRBM is quantified by the 
mean-squared error (MSE) of the tip deflection up to 2π radians, as shown in Table 1. The MSE is one order lower for the model with 2 
segments compared to one. Additionally, the error decreases as the number of segments increases. 

Table 1 
MSE between FEA and PRBM tip deflection for a linear- 
elastic material and a different number of segments  

Number of segments MSE (m2) 

1 5.11e-04 
2 1.40e-05 
3 3.03e-06 
4 2.58e-06 
6 2.49e-06 
12 2.48e-06  
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2.2. Modeling nonlinear stiffness 

The segmented PRBM predicts the tip position, or the x and y coordinates, of the CM after it is loaded (Eq. (A.6) and Eq. (A.7) in 
Appendix A). In these equations, the only variables that depend on the load are the angles of deformation of the two torsional springs 
(θ1i and θ2i). To calculate these angles, Eq. (4) is used where the nondimensional stiffness coefficient (kθi), the area moment of inertia 
(I), and the circumference of the arc (L) are related only to the geometry. Therefore, only the elastic modulus (E) can be changed to 
introduce material nonlinearity into the PRBM. To achieve this, we propose a method for the elastic modulus to be defined as a function 
of the applied moment. 

In Fig. 5, a nonlinear material can be approximated using a multilinear model with m number of linear sections. Each section has a 
different slope representing the elastic modulus, which changes once a critical stress is reached. The nonlinear material can be 
symmetric or asymmetric in tension and compression, and can have any number of linear sections (m), in each direction. 

Since the effective elastic modulus of a nonlinear material is a function of the stresses, the spatial distribution of this property also 
depends on the spatial distribution of the stresses, and is not uniform as a result. Therefore, an average modulus is used in the PRBM. 
This effective modulus, denoted by En, is a function of the input load and depends on both the material and the geometry. En can be 
calculated using Eq. (8) by substituting the bending moment (Mo), the angle of rotation (θ), the circumference of the arc (L), and the 
moment of inertia (I). This equation can be derived using Castigliano’s Method or from beam deflection theory for pure bending. The 
bending moment and angle of rotation can be extracted either from experimental measurements or from an FEA model of the 
mechanism. 

En =
M0

θ
⋅

L
I

(8) 

Similar to the approximation of the material model itself, this function is approximated as a multilinear model of the effective 
modulus (Eeff ) shown in Eq. (9), where M is the applied moment. This multilinear approximation provides the opportunity to relate En 

to the moduli of the material model (E1 to Em). The multilinear model consists of m linear equations, where the coefficients a1 to am and 
b1 to bm depend on the moduli (E1 to Em) shown in Fig. 5. The critical moments, Mcr1 to Mcrm depend on the critical stresses of the 
material model. 

Eeff= {

a1 ⋅ M + b1; for M ≤ Mcr1

a2 ⋅ M + b2; for Mcr1 > M > Mcr2

…
am ⋅ M + bm; for M ≥ Mcrm

(9) 

By substituting the elastic modulus (E) in Eq. (3) of the PRBM with the expressions of the effective modulus (Eeff ) in Eq. (9), the 
nonlinearity of the material is taken into consideration. In other words, the stiffnesses of the torsional springs (Ki) include the modulus 
as a nonlinear function of the applied moment. 

Fig. 5. General multilinear model of a nonlinear material with m number of sections, with each section having a slope equal to the elastic moduli 
(E1 to Em). 
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3. Case studies 

3.1. Superelastic NiTi 

Nickel-titanium (Nitinol or NiTi) is a “smart” material that exhibits shape memory behavior and superelasticity. In this case study, 
only the stress-induced phase transformation experienced by shape memory alloys (SMAs), known as superelasticity, is considered. It is 
assumed that there is no temperature-induced phase transformation or shape memory behavior. The superelastic behavior of NiTi is 
attractive for CM design, allowing for up to 10% recoverable elastic deformation [32]. 

3.1.1. Material model 
The multilinear material model for NiTi developed in [31] is shown in Fig. 6(a), where is it noticeable that once the critical 

transformational stress σAS
s is achieved, the slope of the modulus of elasticity Elin decreases to ESE. The spatial distribution of the 

effective modulus of a semicircular arc comprised of superelastic NiTi can be seen in Fig. 6(b) for a rotation of π radians, as predicted by 
COMSOL Multiphysics. 

The effective modulus for NiTi is represented by three linear sections, corresponding to the superelastic material model in Fig. 6(a). 
The generalized equations in Eq. (9) are reduced to Eq. (10) by using prescribed rotation (θ) and the corresponding reaction moment 
(Mo) from FEA to determine En in Eq. (8). Then, the critical moments are used to define the expressions for the effective modulus (Eeff )

as a multilinear function. In the first section, the effective modulus is Elin until critical moment, Mcr, is reached. Then, it is followed by a 
linearly decreasing modulus h ⋅ Elin. This decrease reaches a minimum at MSE, after which the modulus is Elin − ESE. 

Eeff= {

Elin; for M ≤ Mcr
h ⋅ Elin; for MSE > M > Mcr

Elin − ESE ; for M ≥ MSE

(10) 

The linear function is defined as: 

h =

(

1 −
1

Elin − ESE

)

(11) 

The moments (Mcr and MSE) mark the start and end of the phase transition region for NiTi, and are related to the critical stresses σAS
s 

and σAS
f of the NiTi material model respectively. The values for these moments are dependent on both the material model as well as the 

geometry of the CM. The effective modulus functions for two different superelastic materials are shown in Fig. 7(a), while the material 
models are shown in Fig. 7(b). Material A uses the properties of NiTi from internal measurements made by our collaborators, while 
Material B is a variation of Material A. Material B could be achieved by adjusting the composition of Ni and Ti within the NiTi alloy, or 
through heat treatment of the material. The materials have the same transformation stresses, but different elastic moduli and thus 
different critical moments. Note that only loading of NiTi is considered. The hysteresis that is present upon unloading is not accounted 
for in this case study. 

Fig. 6. NiTi material model derived as a multilinear function with tension-compression symmetry (a) and the spatial distribution of the effective 
modulus in GPa for a rotation of π rad (b). 
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3.1.2. Segmented PRBM 
To evaluate the CM in COMSOL using NiTi, a semicircular arc with a 4 mm in-plane thickness, 30 mm inner diameter, and 1 m out- 

of-plane thickness was used in the FEA model. The material models given in Fig. 7(b) are used as inputs to the FEA models in order to 
capture the nonlinearity of the two materials A and B. The results of the PRBM are compared to the results of the FEA model, where the 
maximum deformation is π radians. Fig. 8(a) and (b) show the results of the segmented PRBM for Material A and Material B 

Fig. 7. Plots of the nonlinear effective modulus of elasticity for two different material models, Material A and Material B, of NiTi (a) and the 
material models of the two variations of NiTi (b). 
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respectively, where the position of the tip of the arc for an increasing moment is presented. The plots show that the single segment 
PRBM is a poor approximation and the model overpredicts the deflection. The trend is the same as the linear case in that a higher 
number of segments (n) results in a lower MSE between the PRBM and the FEA predictions of the tip deflection. 

In this case, however, both the 2 and 12 segment PRBM agree well with FEA compared to the model with one segment. As the color 
legends in the plots suggest, the arc modeled with Material B experiences higher maximum stresses than the arc with Material A for the 
same deformation of π radians. For both materials, the transformational stress (σAS

s ) is the same and equal to 600 MPa. However, as 

Fig. 8. Plots of the tip deflection of the segmented PRBM for 1, 2, and 12 segments using material models of Material A (a) and Material B (b) 
respectively with the corresponding stress distribution in MPa from FEA. 
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Fig. 9. Nonlinear material model of TPU with tension-compression asymmetry. Adapted from [33].  

Table 2 
R-squared values based on the number of sections in 
the multilinear approximation  

Number of Sections R2 

3 0.23 
4 0.89 
5 0.99 
6 0.99 
7 0.99  

Fig. 10. Multilinear approximation of the behavior of TPU with critical stresses for tension and compression (a) and critical strains for m = 5 
sections (b). 
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Fig. 7(a) shows, the elastic modulus in the linear part of the curve (Elin) is equal to 50 GPa for Material A and 70 GPa for Material B. For 
this reason, the stress distributions in Fig. 8 indicate that the outer circumference of the arc, which is the location of the highest 
stresses, transitions into the phase transformation region for different levels of deformation. The transformational stress of 600 MPa is 
reached for deformation of 0.31 radians for Material A and 0.19 for Material B respectively. 

3.2. Hyperelastic TPU 

A second case study explores the effect of material nonlinearity on the folding CM’s behavior, using TPU. TPU is commercially 
available in filament form for use in fused deposition modeling (FDM) printers or material extrusion (MEX) technology, and can 
undergo large, nonlinear elastic deformations. The material is assumed to be hyperelastic, which is a property of rubber-like materials. 
Near incompressibility of a hyperelastic material provides the additional benefit of large shape changes when subject to large strains. 
For the analytical, FEA, and experimental studies of the folding CM, nonlinearities due to hysteresis, creep, and stress relaxation are not 
considered. 

3.2.1. Material model 
Published data by Platek et al [33] was used as the nonlinear material model for TPU. The open-source tool, WebPlotDigitizer [34], 

was used to extract the data from the uniaxial tensile and compression tests performed on 3D-printed dog-bone specimens. As shown in 
Fig. 9, the behavior of TPU becomes nonlinear after approximately 10% strain, and the maximum strain that was measured in the 
uniaxial test is around 380%. This illustrates the highly elastic behavior of TPU. Unlike the multilinear model for NiTi in Fig. 7(a), TPU 
exhibits asymmetric material behavior in tension and compression. 

The material model for TPU is approximated as a multilinear model with m number of sections, as presented previously for the 
general approximation in Fig. 6. A threshold on the first derivative of the material model curve was used to determine the critical 
strains and stresses. The largest percent difference in the derivative, or the largest change in slope, was compared to a target percentage 
of 50%. Once the percent difference exceeded 50%, this represented the location of a transition point. The R-squared of the multilinear 
approximation was calculated based on the number of sections, from 3 to 7 sections, as shown in Table 2. The best approximation was 
one with a R-squared value equal to or greater than 0.99 and that also minimized the number of sections. An approximation with 5 
sections, as shown in Fig. 10, satisfies this criterion. 

3.2.2. Segmented PRBM 
Using the material model for TPU, a semicircular arc with a 4 mm in-plane thickness, 52 mm inner diameter, and 4 mm out-of-plane 

thickness was modeled in COMSOL for an applied moment at the tip. The spatial distribution of the effective modulus in the arc when 
deformed up to 2π and up to 4π is shown in Figs. 11(a) and (b). Although the maximum physical deformation of the arc is π radians, the 
model was deformed beyond this point for a better depiction of the large deformations. As a result, self-collision is not taken into 
consideration. Since the material model is asymmetric in tension and compression, the effective modulus is also asymmetric. 

The effective modulus, En, versus the applied moment, M, is shown in Fig. 12, where the dashed lines represent the corresponding 
angles of rotation for the applied moment. This nonlinear relationship is defined with three sections. All of the three sections that 
illustrate the nonlinearity of the effective modulus are located within a deformation range up to π radians, marked by the red rectangle. 

Fig. 11. Spatial distribution of the effective modulus in MPa measured in COMSOL for deformation of 2π rad (a) and 4π rad (b) highlighting the 
tension-compression asymmetry of TPU. 
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The local minimum and maximum points (P1 and P2) are estimated using a linear fit for the three sections of the curve, and are 
marked with red dots. The coefficients of the functions were estimated as -5.14e07, 4.63e07, 42.89e07, 4.34e07, -22.56e07, 5.15e07, 
while the critical moments Mcr1 and Mcr2 are 5.63e-03 Nm and 1.34e-02 Nm respectively. The results of the approximation are shown in 
Fig. 13. Eeff is then derived, as shown in Eq. (11), and serves as an input to the PRBM for calculating the stiffnesses and angular 
deformations of the torsional springs of the model 

Eeff= {

a1 ⋅ M + b1; for M ≤ Mcr1

a2 ⋅ M + b2; for Mcr1 > M > Mcr2

a3 ⋅ M + b3; for M ≥ Mcr2

(11) 

Fig. 12. The effective modulus (En) vs the moment (M) depicting the nonlinearity of the effective modulus and the location of the critical moments 
marked by red dots. 
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In Fig. 14, the position of the tip of the arc for an increasing prescribed rotation is presented. The model is deformed until 4π 
radians. In the plots, the measurements of the tip position from FEA are marked with circles. The model with the lowest number of 
segments (2 segments) largely overpredicts the deformation, as shown in Fig. 14(a), whereas the models with three or more segments 
give a better approximation of the deformation. The MSE for the different number of segments is given in Table 3. Similar to the NiTi 
model, a higher number of segments (n) results in a lower error between the PRBM and FEA. This is the most significant when 
comparing the PRBM with 2 and 12 segments, where the MSE is 9.91e-04 m2 and 2.04 e-07 m2 respectively. 

In Fig. 14(b), the case with 12 segments is presented, which similar to the calculated error, shows a good prediction of the arc tip 
deformation. This means that the PRBM incorporating material nonlinearity can approximate both symmetric and asymmetric ma-
terial curves for large deformations. 

3.2.3. Experimental testing 
To further study material nonlinearity, the folding CM was 3D-printed using TPU and the deflection was measured under applied 

load. The printing parameters that were used are presented in Appendix B. The CM was designed to have a hook feature for loading 
hanging masses, while the opposite side is fixed. Each specimen was marked with three dots to track the deflection as the load was 
increased (Fig. 15). These dots are labeled A, B, and C, such that A is a fixed point where the specimen is clamped, and the deflection of 
points B and C are measured. 

To minimize the likelihood of error, and to verify the repeatability of the experiment, each specimen was tested individually 
through a complete loading cycle. The masses used in the experiment ranged from 0 to 200.3 grams, corresponding to forces of 0 to 
1.962 N. The CM was fixed in a vise grip near point A, while the rest of the CM was free to deform. A digital photo was taken after each 
load was applied, and this resulted in 81 images for each specimen. The initial and final position of one specimen is highlighted in 
Figs. 16(a) and (b). There is some deformation that is evident before the CM is loaded that must be accounted for when the experi-
mental data is compared with FEA later in this work. After the load is removed, there is a time-dependent recovery of strain in Fig. 16 
(c) that is not considered but can be attributed to the viscoelastic property of hyperelastic materials. 

After the three specimens were tested, the image processing software, Fiji (ImageJ) [35], was used to track the deflection 
throughout the experiment. The TrackMate plugin [36,37] was then used to capture the deflection path of points A, B, and C. A 
differences of gaussian (DoG) algorithm was selected to automatically detect the location of these three points after the image was 
converted to grayscale. 

Fig. 17 shows the deflection path of points A, B, and C, which are at the centroids of the respective tracking circles, from its 
unloaded position to its final loaded position. Ideally, the path shown at point A should be single point, since the CM is clamped at that 
location. However, due to small shifts in the camera position while the pictures were being taken, the images were translated slightly 
relative to each other. To account for this error in the experimental results, the shift in x and y at point A were subtracted from the x and 
y coordinates of points B and C for each load. 

Fig. 13. Comparison between En and its multilinear approximation Eeff , which is used to define the torsional spring stiffnesses and angular 
deformations. 
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To validate the results of the experiment, the CM deflection at points A, B, and C was compared with a 2D model in COMSOL. The 
out of-plane thickness of the model is 4 mm, which is the thickness of the arc of the 3D-printed model. The boundary and loading 
conditions are shown in Fig. 18. The applied load remains in the positive y-direction throughout the motion to represent the weight, or 
the force due to gravity acting on the hanging masses. The model is loaded from 0 to 1.96 N with 100 steps and with geometric 
nonlinearity enabled. Material nonlinearity is included by using the uniaxial data shown in Fig. 9 for TPU 95A. A fully-coupled, 
constant Newton solver with the Anderson acceleration stabilization method is used. 

Fig. 14. Comparison of the segmented PRBM tip deflection for n = 2 to 12 segments with FEA (a) and a zoomed in view of the PRBM tip deflection 
for a higher number of segments and a rotation of 4π rad (b). 
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3.2.4. Results of experiment and discussion 
The measured deflections of points A, B, and C on the three printed specimens were averaged and plotted against the FEA model. 

Fig. 19 shows the plot of the average (+/- one standard deviation) experimental results and the FEA results, where the data points from 
the FEA model were adjusted to account for the initial deformation of the folding CM in the experiment. It can be seen that there is good 
agreement between FEA and the experiment for the points along path C in that these points lie within the standard deviation band. The 
points along path B do show some deviation from the experimental average as the applied load is increased; however, the overall shape 
of the two curves is similar. The mean-squared error for paths B and C were calculated to evaluate the level of agreement. The FEA data 
was interpolated at the x-coordinates measured in the experiment. The MSE for paths B and C are 8.63e-05 m2 and 2.91e-06 m2 

respectively. 
While the results shown in Fig. 19 show good agreement between the experimental and FEA curves, there are some sources of error 

Table 3 
MSE between FEA and PRBM tip deflection for a hypere-
lastic material (TPU) and a different number of segments  

Number of segments MSE (m2) 

2 9.91e-04 
3 4.84e-05 
4 3.22e-06 
6 4.10 e-07 
12 2.04 e-07  

Fig. 15. 3D-printed CM with an applied load, F, and deflection points A, B, and C.  

Fig. 16. Deflection of specimen at the initial position (a), the final position for a load of 1.962 N (b), and post-testing position representing strain 
recovery after load removal (c). 
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that can explain the differences between the two results. First, there could be human error during the experiment itself in that the 
camera shifted slightly between pictures. Even though this is accounted for in the final measurements, the images themselves could be 
distorted if the camera rotated slightly. Another factor could be that, since the CM is not completely rigid in the thicker section where it 
is clamped, the CM could experience some local deformations where it is not fully constrained in the vise grip. As mentioned in the 
previous section, the modeling of the CM in FEA does not account for any time-dependent behavior such as creep, stress-relaxation, and 
hysteresis. Fig. 16(c) demonstrates that there is some amount of permanent deformation in the CM after the final mass is removed. The 
error caused by the elastic recovery of the material, when the masses are loaded and unloaded, could be compounded throughout the 
experiment. Lastly, the 3D-printing process can introduce both geometric and material changes in the CM that affect its final per-
formance. There could be differences in the internal structure of the parts due to the printing process, such as porosity and density, that 
may influence the mechanical behavior of the CM. 

4. Summary and conclusions 

CMs have showed great potential in several applications such as energy absorption and shape morphing. To build on research in 
this area, a novel design of folding CM is modeled using nonlinear materials and considering large deformations. In this paper, a 
segmented PRBM for a folding CM is developed by segmenting the semicircular arc and developing a PRBM for each arc, which 

Fig. 17. Deflection path of points A, B, and C using TrackMate.  

Fig. 18. CM model with a fixed boundary condition and load in the positive y-direction.  
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increases the overall accuracy of the model. The PRBM is compared to FEA for a different number of segments, from 1 to 12 segments. 
The results show that the error for the PRBM decreases when more segments are introduced. The addition of nonlinearity in the model 
augments the error between the PRBM and FEA for a smaller number of segments, since both material and geometric nonlinearity is 
involved. Thus, to accurately model a CM that deforms beyond the maximum expected physical deformation of π radians, or for large 
deformations, a higher number of segments may be chosen to provide a better approximation of the tip position. However, the results 
presented for the number of segments studied are dependent on the geometry, material properties, and the loading conditions. 

The segmented PRBM is then modified to account for material nonlinearity. Since the effective elastic modulus depends on the 
stress, the spatial distribution of this property is not uniform. By approximating the effective modulus with a multilinear function, the 
nonlinearity can be adequately captured. Two case studies are presented, one with superelastic NiTi and one with hyperelastic TPU. 
For both models, an increase in the number of segments decreased the error between the PRBM and the FEA results for the deflection of 
the mechanism. Additionally, this means that the proposed method for modeling of nonlinear materials with PRB models can work for 
both symmetric and asymmetric material models. 

Experimental testing of a 3D-printed CM of TPU shows that the deflection of the folding CM under an applied load is in good 
agreement FEA. Future work aims to look at how the current PRBM could be extended to include a tip force, such that the analytical 
approach could also be used to validate the experimental results. The PRBM, using the equations defined in this work, is limited to 

Fig. 19. Comparison of the deflection path of points A, B, and C for the experiment and FEA model, with +/- one standard deviation band.  

Fig. 20. Application of a CM as a compliant joint in an origami structure showing its undeformed position and deformed position for a full fold of 
π rad. 
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solely tip moments. However, redefining the current PRBM to be suitable for both a moment and a force, which has been studied in 
literature for initially curved beams and linear-elastic material [38], would make our approach even more robust as we would 
additionally consider both material and geometric nonlinearity. 

Compliant mechanisms with complex geometry and nonlinear materials require a high amount of computational time if the designs 
rely only on FEA analysis with parametric analysis or optimization. Introducing the segmented PRBM into a formal design optimization 
routine and considering self-contact of the “folding C3M” are the next steps in this research. To capture the effect of the contact 

Fig. A.1. Rotation of axes of the local coordinate system to the global coordinate system (a) and translation and deformation of the connected 
segments (b). 

Fig. A.2. Definition of rotation angle between the local and global coordinate systems that define the orientation of each segment and the final 
tip locations. 
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Fig. B.1. Dimensions of CM model in CAD.  

Fig. B.2. Build plate orientation and location of support material (a) and the three 3D-printed CM specimens (b).  

Table B.1 
3D-printing process parameters used for CM  

Print Speed Extruder Temp. Bed Temp. Infill Density Layer Height Retraction Speed Retraction Distance 

30 mm/s 210◦C 60◦C 100% 0.1 mm 15 mm/s 1.5 mm  
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member, an additional nonlinear translational spring could be added to the PRBM. Future research will also be focused on design 
optimization of the CM for other applications such as energy absorption, shape morphing, origami engineering, and soft grasping. 
Fig. 20 illustrates a potential application of the folding CM for a full folding compliant joint in an origami structure is shown. Since the 
CM analyzed in this paper can attain high deformations, it would be useful for allowing an origami structure to achieve a complete fold 
from 3D to a 2D structure and vice versa. Additionally, the shape memory effect of the nonlinear NiTi material implemented in these 
joints could introduce thermal actuation to allow for self-folding origami. 
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Appendix A. Coordinate transformation of PRBM tip deflection 

The coordinates of the tip point of the arc are the coordinates of the end point of the nth segment in the global coordinate system (X,
Y) as shown in Fig. A.1(a). The deformation of each segment is calculated in its local coordinate system (xlocal,i, ylocal,i). Then each 

segment is rotated with respect to the previous one in the global coordinate system. The local coordinate system of the first segment is 
the same as the global one, and the local coordinate systems of the other segments are rotated with respect to this coordinate system as 
shown in Fig. A.1(a). Additional to the rotation, the local tip deformation of each segment is also translated to the end point of the 
previous segment after the deformation in the global coordinate system, as shown in Fig. A.1(b). 

The rotation of the ith segment to the global coordinate system can be calculated using Eq. (A.1), where it is rotated in the clockwise 
direction by the angle αi− 1. 

αi− 1 = −
π
2
− φi− 1 i = 1, 2, ..., n (A.1) 

The angle φi− 1 is defined as the tangent angle of the segment curvature at the point Pi− 1. 

φi− 1 = tan− 1
(

df
dx
|xi− 1

)

i = 1, 2, ..., n (A.2) 

The curvature function f(x) is defined as a semicircle with radius, R, and center at the point (R,0). 

f (x) = −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

R2 − (x − R)2
√

(A.3) 

The orientation of the segments dictates the contribution to the final tip displacement as shown in Fig. A.2. 
The coordinates of the end point are a sum of the positions of all the other end points in the global coordinate system. 

xtip =
∑n

i=1
xglobal,i i = 1, 2, ..., n (A.4)  

ytip =
∑n

i=1
yglobal,i i = 1, 2, ..., n (A.5)  

which means that the tip final equations are: 

Table B.2 
Dimensional and material properties of printed specimens   

Specimen 1 Specimen 2 Specimen 3 

Mass 14.80 g 15.10 g 15.00 g 
In plane-thickness 3.95 mm 3.97 mm 3.99 mm 
Out of plane-thickness 4.21 mm 4.10 mm 4.23 mm  
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xtip = xlocal,1 +
∑n

i=2
xlocal,i ⋅ cos(αi− 1 +(i − 1) ⋅ ( − θ1i − θ2i)) + ylocal,i ⋅ sin(αi− 1 +(i − 1) ⋅ ( − θ1i − θ2i)) (A.6)  

ytip = ylocal,1 +
∑n

i=2
− xlocal,i ⋅ sin(αi− 1 +(i − 1) ⋅ ( − θ1i − θ2i)) + ylocal,i ⋅ cos(αi− 1 +(i − 1) ⋅ ( − θ1i − θ2i)) (A.7) 

Since the (xi, yi) values are dimensionless, they need be scaled by the length of the arc, L, which is the circumference of the half- 
circle defined by its radius R, where (L = Rπ). The difference in the results for the baseline PRBM with one segment and the segmented 
model are described further in this paper. 

Appendix B. 3D-Printing of CM specimens using TPU 

To further study material nonlinearity, the CM model presented in Fig. B.1 was 3D-printed and tested under an applied load. 
Support material was added under the semicircular arc as shown in Fig. B.2(a). Three specimens as shown in Fig. B.2(b) were printed 
with TECBEARS TPU 95A filament on a FlashForge Creator Max 2 printer. Due to the viscous nature of TPU, parts printed using this 
material commonly have issues with stringing or oozing of filament that can affect the quality, dimensional accuracy, and mechanical 
behavior of the final part. To reduce this problem, the specimens were printed one at a time with the process parameters shown in 
Table B.1. The CM was modeled in SolidWorks and sliced using the FlashPrint software provided by FlashForge. 

Although the specimens were printed on the same printer, there were some differences in their final dimensions and mass as shown 
in Table B.2. This could be due to external factors such as temperature, humidity, or slight variations in the printing process itself. The 
as-designed in-plane and out-of-plane thicknesses are both 4 mm, and the specimens are very close to this value. However, it should be 
noted that the deviation of these measurements from the as-designed CAD part may play a role in the final mechanical behavior of each 
CM specimen. 
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