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1. Introduction
While a large portion of the offshore wave energy is composed of sea and swell (>0.04 Hz, SS waves hereafter), 
long wave components (0.005–0.04 Hz) often referred to as infragravity (IG) waves are known to develop in 
shallow water (Bertin et al., 2018). IG waves are excited as “bound waves” in the shoaling zone, which propagate 
being bound to incident wave groups (Biésel, 1952; Longuet-Higgins & Stewart, 1962). Depending on the near-
shore characteristics and wave conditions (e.g., steep vs. mild sloping beaches, stormy vs. calm), they may lose a 
portion of their energy in the surf-zone (Bertin et al., 2020; de Bakker et al., 2014; Henderson et al., 2006; Inch 
et al., 2017; van Dongeren et al., 2007). After (partial) reflection at the shoreline, free IG waves (no longer bound 
to their forcing) radiate seaward (Herbers et al., 1995). Free IG waves are also known to be excited by dynamic 
setup and setdown owing to varying breakpoint of incident wave groups (Symonds et al., 1982). IG waves are 
known to enhance coastal damage during extreme conditions (Roeber & Bricker, 2015), cause seiches in harbors 
(Okihiro et al., 1993), and change beach topography (McCall et al., 2010; Roelvink et al., 2009). Therefore, it 

Abstract Understanding directional spectra of infragravity (IG) waves composed of free and bound
components is required due to their impacts on various coastal processes (e.g., coastal inundation and 
morphological change). However, conventional reconstruction methods of directional spectra relying on linear 
wave theory are not applicable to IG waves in intermediate water depths (20–30 m) due to the presence of 
bound waves. Herein, a novel method is proposed to reconstruct directional spectra of IG waves in intermediate 
depth based on weakly nonlinear wave theory. This method corrects cross-spectra among observed wave signals 
by taking account of the nonlinearity of bound waves in order to reconstruct directional spectra of free IG 
waves. Numerical experiments using synthetic data representing various directional distributions show that the 
proposed method reconstructs free IG wave directional spectra more accurately than the conventional method. 
The method is subsequently applied to observations of severe sea-states at two field sites. At these sites, free IG 
waves are not isotropic and have clear peak directions. Numerical modeling of the wave fields shows that these 
peak directions correspond to the reflection of IG waves from the shore and/or coastal structures. Additionally, 
the validity of the underlying weakly nonlinear wave theory of the present method is assessed by a newly 
proposed method employing bispectral analysis. The bound wave response generally agrees with the theory at 
the field sites but deviates slightly for energetic sea states. The applicability of the present method on a sloping 
bottom is further discussed by an analytical solution.

Plain Language Summary Infragravity (IG) waves, long waves whose wave period is much
longer than sea and swells, are known to play important roles in coastal inundation and beach topographic 
change during high wave conditions. However, the magnitude of IG waves propagating to beaches is not 
well understood. This is because conventional methods to estimate directional distributions (wave energy 
propagating to each direction) of sea and swells are not applicable to IG waves that are composed of “free” 
and “bound” components. In this study, a novel method to estimate directional distributions of IG waves is 
proposed. The method estimates directional distributions of free IG waves by considering bound IG waves in 
observed wave data based on their theoretical solution. This method is tested in numerical experiments using 
synthetic wave data, and the results demonstrate its high applicability and superiority over the conventional 
method. Applying this method to field measurement data reveals that free IG waves are directionally focused 
owing to the reflection from the shore and coastal structures. These findings violate the assumption of uniform 
directional distributions of free IG waves implemented in recent numerical models. The new method will help 
future studies to elucidate the magnitude of IG waves propagating to beaches.
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is important to understand the evolution of IG waves. In particular, free and bound IG waves (hereafter FIG and 
BIG waves) behave differently because FIG waves are the first-order waves while BIG waves are the second-order 
waves.

The characteristics of FIG waves can be described with linear wave theory. The amplification of FIG waves 
follows Green's law, but their magnitude is highly affected by wave refraction due to their long wavelengths. Most 
of the reflected FIG waves are expected to be trapped due to wave refraction and residuals leak to offshore as 
leaky waves (Herbers et al., 1995; Okihiro et al., 1992). The trapped waves can generate an alongshore standing 
wave structure, which intensifies the local magnitude of IG waves (Thomson et al., 2007; Winter et al., 2017). The 
leaky waves are known to be able to cross ocean basins and reach distant coastlines (Ardhuin et al., 2014; Rawat 
et al., 2014). In contrast, BIG waves cannot be described by linear theory due to their nonlinearity. An equilibrium 
solution of BIG waves in uniform depth was derived based on weakly nonlinear wave theory (Hasselmann, 1962). 
Recent studies have found that their characteristics deviate from this homogenous solution on a sloping bottom 
(e.g., Battjes et al., 2004; Contardo et al., 2021; Janssen et al., 2003; Nielsen & Baldock, 2010). These locally 
forced IG waves are bound to their forcing, and they are amplified as water depth decreases with an amplification 
factor that exceeds Green's law. Therefore, locally amplified BIG waves are generally expected to be the dominant 
contributor to nearshore IG waves.

Recently developed numerical models such as SWASH (Zijlema et al., 2011) or XBeach (Roelvink et al., 2009) 
are inherently able to predict propagations of locally generated IG waves accurately (e.g., Bertin et al., 2020; 
Rijnsdorp et al., 2015). In general, predicted or observed directional spectra of SS waves are given at the offshore 
boundary in the models. BIG waves are implemented at the model boundary (Fiedler et al., 2019; Rijnsdorp 
et al., 2014, 2015) based on weakly nonlinear wave theory of Hasselmann (1962). In contrast, shoreward prop-
agating FIG waves from the outside of the model domain are often neglected because of the huge uncertainty 
of their magnitude and directions. However, recent studies have found that incident FIG waves originating from 
remote beaches were not negligible during intensive storms (Matsuba et al., 2021a; Rijnsdorp et al., 2021). This 
suggests that including FIG waves at the model boundary, which can be generated from their directional spectra, 
may further improve local modeling of nearshore IG waves and their impact on coastal processes.

Conventional reconstruction methods of directional spectra assume that every wave component follows the 
first-order (linear) wave theory and neglect the influence of (nonlinear) higher-order waves (e.g., Isobe & 
Kondo, 1985). Nevertheless, recent advancement of the reconstruction methods of directional spectra has enabled 
us to obtain sufficiently accurate estimates of SS directional spectra in particular around the peak frequency 
(Barstow et  al.,  2005; Donelan et  al.,  2015; Hashimoto et  al.,  1995; Hashimoto & Kobune,  1988; Plant & 
Donelan, 2020), because SS wave components around the peak frequency follow the first-order wave theory 
outside the surf zone (e.g., Herbers et al., 2002; Martins et al., 2021). However, these conventional methods are 
not applicable to nearshore IG waves in particular during stormy conditions, because BIG waves are comparable 
or larger than FIG waves. Therefore, previous studies discussed directional spectra of IG waves only in shallow 
water around 10 m depth (𝐴𝐴 𝐴𝐴𝐴 𝐴 1 ), where the behavior of BIG waves gets close to that of FIG waves (Herbers 
et al., 1995; Mahmoudof & Siadatmousavi, 2020; Nose et al., 2017). As a result, we lack the ability to estimate 
IG wave directional spectra accurately at intermediate water depth (∼25 m, 𝐴𝐴 𝐴𝐴𝐴 𝐴 1 ) where both BIG and FIG 
waves are present.

To reveal magnitude and directions of IG waves consisting of BIG and FIG waves, we propose a new method to 
reconstruct IG directional spectra at intermediate water depths. The method enables us to obtain FIG wave direc-
tional spectra by considering the differences between BIG and FIG waves based on the weakly nonlinear wave 
theory by Hasselmann (1962). The validity of the new method and its superiority over conventional methods 
relying on linear wave theory were demonstrated by numerical experiments using synthetic data. Subsequently 
the method was applied to in-situ data during energetic conditions, which highlighted the diverse directional 
distributions of FIG waves. In the next section, the theoretical background of the new reconstruction method 
of directional spectra is introduced. Section 3 describes the in-situ data and the numerical experiments using 
synthetic data. Results of the numerical experiments and field application are shown in Section 4. The observed 
diverse directional distributions of FIG waves and validity of the weakly nonlinear wave theory are discussed in 
Section 5. The main findings of this study are summarized in Section 6.
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2. Derivation of a New Reconstruction Method
2.1. Theory

To discuss a new approach to reconstruct directional spectra of IG waves, theoretical background is introduced 
basically following Hasselmann (1962) and Hasselmann et al. (1963). Hasselmann (1962) applied perturbation 
analysis to describe multi-directional irregular waves in uniform water depth and derived a solution at each 
order of the wave slope (𝐴𝐴 𝐴𝐴 ). Hereafter Hasselmann  (1962)'s theory is referred to as H62. Here, we consider 
the wave-related variable 𝐴𝐴 𝐴𝐴𝑛𝑛 , which can be water level change 𝐴𝐴 𝐴𝐴 , horizontal and vertical water velocities 𝐴𝐴 𝐴𝐴 

and 𝐴𝐴 𝐴𝐴 , bottom pressure 𝐴𝐴 𝐴𝐴 , and others. In the perturbation expansion, 𝐴𝐴 𝐴𝐴𝑛𝑛 can be given by 𝐴𝐴 𝐴𝐴𝑛𝑛 =
∑

𝑗𝑗
𝐴𝐴
(𝑗𝑗)

𝑛𝑛  , with the 
superscript with parenthesis 𝐴𝐴 (𝑗𝑗) indicating 𝐴𝐴 𝐴𝐴-th order waves (𝐴𝐴 ∼ 𝑂𝑂

(

𝜇𝜇
𝑗𝑗
)

 ). Using the Stieltjes integral to describe 

multi-directional irregular wave fields (Hasselmann, 1962; Herbers et al., 1994), 𝐴𝐴 𝐴𝐴
(𝑗𝑗)

𝑛𝑛  can be given by

𝜉𝜉
(𝑗𝑗)

𝑛𝑛 =

∞

∫
𝑓𝑓=0

𝑑𝑑𝜉𝜉
(𝑗𝑗)

𝑛𝑛𝑛𝑓𝑓
. (1)

Here, the subscript 𝐴𝐴 𝐴𝐴 means 𝐴𝐴 𝐴𝐴-Hz component.

For the first-order waves, the 𝐴𝐴 𝐴𝐴-Hz component of 𝐴𝐴 𝐴𝐴𝑛𝑛 can be defined as

𝑑𝑑𝑑𝑑
(1)

𝑛𝑛𝑛𝑛𝑛
= ∫

𝜃𝜃

𝐻𝐻
(1)

𝑛𝑛𝑛𝑛𝑛
(𝜃𝜃)𝑑𝑑𝑑𝑑

(1)

𝑛𝑛
(𝜃𝜃)exp[𝑖𝑖(𝒌𝒌 ⋅ 𝒙𝒙 − 𝜔𝜔𝜔𝜔)] + CC. (2)

𝐴𝐴 𝐴𝐴𝐴𝐴
(1)

𝑓𝑓
(𝜃𝜃) indicates the amplitude of a wave with frequency 𝐴𝐴 𝐴𝐴 and wave direction 𝐴𝐴 𝐴𝐴 , 𝐴𝐴 𝒌𝒌 is the wavenumber vector 

(� cos �, � sin �) , 𝐴𝐴 𝐴𝐴 is the angular frequency, 𝐴𝐴 𝒙𝒙 and 𝐴𝐴 𝐴𝐴 are space and time, respectively, and 𝐴𝐴 CC indicates the 
complex conjugate. 𝐴𝐴 𝐴𝐴

(1)

𝑛𝑛𝑛𝑛𝑛
(𝜃𝜃) represents a transfer function that relates 𝐴𝐴 𝐴𝐴 to 𝐴𝐴 𝐴𝐴𝑛𝑛 for the 𝐴𝐴 (𝑓𝑓𝑓 𝑓𝑓) component. Following 

these definitions, the one-sided cross-spectrum 𝐴𝐴 Φ𝑚𝑚𝑚𝑚(𝑓𝑓 ) between 𝐴𝐴 𝐴𝐴𝑚𝑚 and 𝐴𝐴 𝐴𝐴𝑛𝑛 can be defined as,

Φ��(� )df = 2
⟨

∫
�
� (1)∗

�,� dA(1)∗
� (�)exp(−�� ⋅ ��) ∫

�′
� (1)

�,�dA(1)
� (�′)exp

(

��′ ⋅ ��
)

⟩

. (3)

Here, 𝐴𝐴 ⟨⟩ indicates the ensemble average, the asterisk superscript indicates the complex conjugate, and 𝐴𝐴 𝒙𝒙𝒏𝒏 is the 
coordinate where 𝐴𝐴 𝐴𝐴𝑛𝑛 is observed.

If the wave field is Gaussian, ⟨dA(1)∗
� (�)dA(1)

� (�′)⟩ = 0 when 𝐴𝐴 𝐴𝐴 ≠ 𝐴𝐴
′ and it becomes 𝐴𝐴

1

2
𝑆𝑆

(1)
(𝑓𝑓𝑓 𝑓𝑓)𝑑𝑑𝑓𝑓𝑑𝑑𝑓𝑓 when 𝐴𝐴 𝐴𝐴 = 𝐴𝐴

′ , 
where 𝐴𝐴 𝐴𝐴

(1)
(𝑓𝑓𝑓 𝑓𝑓) is the 𝐴𝐴 (𝑓𝑓𝑓 𝑓𝑓) component of the directional spectrum, and 𝐴𝐴 𝐴𝐴𝐴𝐴 and 𝐴𝐴 𝐴𝐴𝐴𝐴 are infinitely small bin widths 

of frequency and direction. By using this relationship, 𝐴𝐴 Φ𝑚𝑚𝑚𝑚(𝑓𝑓 ) can be simplified as

Φ��(� ) = ∫ � (1)∗
�,� �

(1)
�,� exp[�� ⋅ (�� − ��)]� (1)(�, �)��. (4)

Based on this relationship, which provides the theoretical background of conventional methods, the directional 
spectrum 𝐴𝐴 𝐴𝐴

(1)
(𝑓𝑓𝑓 𝑓𝑓) can be computed from cross-spectra among all pairs of observed wave-related variables. To 

compute directional spectra accurately from measured wave data, several methods that solve Equation 4 have 
been proposed (see Benoit et al. (1997) for a review).

For IG waves, however, this relationship does not hold owing to the presence of BIG waves which can be explained 
by the second-order wave theory. According to H62, a pair of two components of first-order waves 𝐴𝐴 (𝑓𝑓𝑗𝑗, 𝜃𝜃𝑗𝑗) excites 
a wave at the subharmonic frequency 𝐴𝐴 𝐴𝐴 = |𝐴𝐴2 − 𝐴𝐴1| . Note that superharmonic components will be neglected in 
this study because we focus on IG frequencies. In uniform water depth, the amplitude of a BIG wave component 
is given by

𝑑𝑑𝑑𝑑
(2)

𝑓𝑓
(𝑓𝑓1, 𝜃𝜃1, 𝜃𝜃2) = 2𝑑𝑑𝑑𝑑

(1)∗

𝑓𝑓
1

(𝜃𝜃1) 𝑑𝑑𝑑𝑑
(1)

𝑓𝑓
2

(𝜃𝜃2) Ω. (5)

Here, 𝐴𝐴 Ω is a nonlinear coupling coefficient given by the following equations,

Ω = −

𝑔𝑔𝑔𝑔1𝑔𝑔2 cosΔ𝜃𝜃

2𝜔𝜔1𝜔𝜔2

−

𝜔𝜔1𝜔𝜔2

2𝑔𝑔
+

(

𝜔𝜔
2

1

+ 𝜔𝜔
2

2

)

2𝑔𝑔
+ Γ, (6a)
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Γ = −
��

[

�Δ� tanh(Δ�ℎ) − �2
]

�1�2

{

�

[

(

�1�2

�

)2

+ �1�2 cosΔ�

]

−1
2

[

�1�2
2

cosh2 (�2ℎ)
−

�2�2
1

cosh2 (�1ℎ)

]}

. 

(6b)

Here, 𝐴𝐴 𝐴𝐴 is the gravitational acceleration, 𝐴𝐴 𝐴 is the still water depth, and 𝐴𝐴 Δ𝜃𝜃 = 𝜃𝜃2 − 𝜃𝜃1 . 𝐴𝐴 𝐴𝐴𝑗𝑗 and 𝐴𝐴 𝐴𝐴𝑗𝑗 indicate the wave-
number and angular frequency of 𝐴𝐴 (𝑓𝑓𝑗𝑗, 𝜃𝜃𝑗𝑗) component satisfying 𝐴𝐴 𝐴𝐴

2

𝑗𝑗
= 𝑔𝑔𝑔𝑔𝑗𝑗 tanh𝑔𝑔𝑗𝑗ℎ . The difference wavenumber 

vector 𝐴𝐴 Δ𝒌𝒌 is 𝐴𝐴 𝒌𝒌2 − 𝒌𝒌1 , with modulus 𝐴𝐴 Δ𝑘𝑘 =

√

𝑘𝑘
2

1

+ 𝑘𝑘
2

2

− 2𝑘𝑘1𝑘𝑘2 cosΔ𝜃𝜃 . The 𝐴𝐴 𝐴𝐴-Hz components of 𝐴𝐴 𝐴𝐴
(2)

𝑛𝑛  are given as the 
integration of every pair satisfying 𝐴𝐴 𝐴𝐴 = 𝐴𝐴2 − 𝐴𝐴1 as follow:

��(2)�,� =
∞

∫
�1=0

∫
�1

∫
�2

� (2)
�,� (�1, �1, �2)dA(2)

� exp[�(Δ� ⋅ � − ��)] + CC. (7)

Therefore, when second-order waves are not negligible and 𝐴𝐴 𝐴𝐴𝑛𝑛 is represented as 𝐴𝐴 𝐴𝐴
(1)

𝑛𝑛 + 𝐴𝐴
(2)

𝑛𝑛  , the cross-spectrum 
between 𝐴𝐴 𝐴𝐴𝑚𝑚 and 𝐴𝐴 𝐴𝐴𝑛𝑛 is given by

Φ��(� )df = 2

⟨

⎡

⎢

⎢

⎣

∫
�

� (1)
�,�

∗
dA(1)

�
∗
(�)exp(−�� ⋅ ��) +

∞

∫
�1=0

∫
�1
∫
�2

� (2)
�,�

∗
(�1, �1, �2) dA(2)

�
∗
exp(−�Δ� ⋅ ��)

⎤

⎥

⎥

⎦

⋅

⎡

⎢

⎢

⎢

⎣

∫
�′

� (1)
�,�dA(1)

�

(

�′
)

exp
(

��′ ⋅ ��
)

+

∞

∫
� ′
1=0

∫
�′1

∫
�′2

� (2)
�,�

(

�1
′, �′1, �

′
2

)

dA(2)
� exp

(

�Δ�′ ⋅ ��
)

⎤

⎥

⎥

⎥

⎦

⟩

.

 (8)

For a Gaussian wave field, 𝐴𝐴 ⟨𝑑𝑑𝐴𝐴
(1)∗

𝑓𝑓
𝑑𝑑𝐴𝐴

(2)

𝑓𝑓
⟩ is expected to vanish for every pair of wave components, and 

𝐴𝐴 ⟨𝑑𝑑𝐴𝐴
(2)∗

𝑓𝑓
𝑑𝑑𝐴𝐴

(2)

𝑓𝑓
⟩ also becomes zero unless 𝐴𝐴 (𝑓𝑓1, 𝜃𝜃1, 𝜃𝜃2) =

(

𝑓𝑓
′

1

, 𝜃𝜃
′

1

, 𝜃𝜃
′

2

)

 . When 𝐴𝐴 (𝑓𝑓1, 𝜃𝜃1, 𝜃𝜃2) =
(

𝑓𝑓
′

1

, 𝜃𝜃
′

1

, 𝜃𝜃
′

2

)

 , 𝐴𝐴 ⟨𝑑𝑑𝐴𝐴
(2)∗

𝑓𝑓
𝑑𝑑𝐴𝐴

(2)

𝑓𝑓
⟩ 

becomes 𝐴𝐴 𝐴𝐴
(1)

(𝑓𝑓1, 𝜃𝜃1)𝐴𝐴
(1)

(𝑓𝑓2, 𝜃𝜃2) Ω
2

𝑑𝑑𝑓𝑓
2

𝑑𝑑𝜃𝜃
2 . Therefore, considering the second-order waves results in the follow-

ing equation:

Φ��(� ) = ∫ � (1)
�

∗
� (1)

� exp[�� ⋅ (�� − ��)]� (1)(�, �)��

+ 2∫ ∫ ∫ � (2)
�, �

∗
� (2)

�, � exp[�Δ� ⋅ (�� − ��)]� (1) (�1, �1)� (1) (�2, �2) Ω2��1��1��2. 
(9)

Here, for IG frequency components, the first term is related to FIG waves (here defined as 𝐴𝐴 Φ
𝐹𝐹
𝑚𝑚𝑚𝑚(𝑓𝑓 ) ) and the second 

term (𝐴𝐴 Φ
𝐵𝐵
𝑚𝑚𝑚𝑚(𝑓𝑓 ) ) arises due to the presence of BIG waves.

If 𝐴𝐴 𝐴𝐴
(2)

𝑛𝑛𝑛𝑛𝑛
≅ 𝐴𝐴

(1)

𝑛𝑛𝑛𝑛𝑛
 and 𝐴𝐴 Δ𝑘𝑘 ≅ 𝑘𝑘 , Equation  9 can be simplified as Φ��(� ) = ∫ � (1)

�
∗
� (1)

� exp[�� ⋅ (�� − ��)]
[

� (1)(�, �) +

��(� ) = ∫ � (1)
�

∗
� (1)

� exp[�� ⋅ (�� − ��)]
[

� (1)(�, �) + � (2)(�, �)
]

�� in the similar form of Equation  4 and thus 𝐴𝐴 𝐴𝐴
(1)
(𝑓𝑓𝑓 𝑓𝑓) + 𝐴𝐴

(2)
(𝑓𝑓𝑓 𝑓𝑓) can be obtained by 

conventional methods solving Equation  4. However, in general, 𝐴𝐴 𝐴𝐴
(2)

𝑛𝑛𝑛𝑛𝑛
 and 𝐴𝐴 Δ𝑘𝑘 are functions of 𝐴𝐴 (𝑓𝑓1, 𝜃𝜃1, 𝜃𝜃2) and 

deviate from 𝐴𝐴 𝐴𝐴
(1)

𝑛𝑛𝑛𝑛𝑛
 and 𝐴𝐴 𝐴𝐴 . The velocity potential 𝐴𝐴 𝐴𝐴𝐴𝐴

(2)
(𝑓𝑓1, 𝜃𝜃1, 𝜃𝜃2) at the height of 𝐴𝐴 𝐴 + 𝑧𝑧 from the seabed is given as

��(2) (�1, �1, �2) =
�ΓcoshΔ�(ℎ + �)
�Ω� coshΔ�ℎ

dA(2)
� (�1, �1, �2) exp[�(Δ� ⋅ � − ��)] + CC. (10)

� (2)
�, � can be derived from 𝐴𝐴 𝐴𝐴𝐴𝐴

(2)

𝑓𝑓
 (see Supporting Information S2). Figure 1 shows � (2)

�, �∕�
(1)
�, � of 𝐴𝐴 𝐴𝐴 , 𝐴𝐴 𝐴𝐴 , and 𝐴𝐴 𝐴𝐴 , and 

𝐴𝐴 Δ𝑘𝑘∕𝑘𝑘 in colinear coupling cases 𝐴𝐴 (𝜃𝜃1 = 𝜃𝜃2) . The left panels correspond to the case where h = 25 m for 𝐴𝐴 𝐴𝐴 and 𝐴𝐴 𝐴𝐴 
taken at 15 m from the bottom and 𝐴𝐴 𝐴𝐴 at the bottom. These parameters are representative for the values of in-situ 
measurement devices used in this study. As seen here, 𝐴𝐴 𝐴𝐴

(2)

𝑝𝑝 ∕𝐴𝐴
(1)

𝑝𝑝  is close to unity when both 𝐴𝐴 𝐴𝐴 and 𝐴𝐴 𝐴𝐴1 are low, 
but it deviates for larger 𝐴𝐴 𝐴𝐴 . Significant deviations can be observed for 𝐴𝐴 𝐴𝐴 and 𝐴𝐴 𝐴𝐴 . 𝐴𝐴 𝐴𝐴

(2)

𝑤𝑤 ∕𝐴𝐴
(1)

𝑤𝑤  is more than two for 
𝐴𝐴 𝐴𝐴1 = 0.10 Hz. Moreover, 𝐴𝐴 Δ𝑘𝑘∕𝑘𝑘 deviates from unity. Therefore, the conventional methods that rely on first-order 

wave theory are not applicable to IG waves in intermediate water depths (∼25 m) when second-order BIG waves 
are present. The right panels in Figure 1 show the case where 𝐴𝐴 𝐴𝐴1 = 0.10 Hz and 𝐴𝐴 𝐴 varies. The height for 𝐴𝐴 𝐴𝐴 and 𝐴𝐴 𝐴𝐴 
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is set to be 𝐴𝐴 𝐴∕2 . The ratio gets close to unity following the decrease in 𝐴𝐴 𝐴 except 𝐴𝐴 𝐴𝐴
(2)

𝑤𝑤 ∕𝐴𝐴
(1)

𝑤𝑤  . However, 𝐴𝐴 𝐴𝐴
(2)

𝑢𝑢 ∕𝐴𝐴
(1)

𝑢𝑢  
and 𝐴𝐴 Δ𝑘𝑘∕𝑘𝑘 are still larger than 1.2 at 15 m depth. This indicates that, when BIG waves are not negligible, the 
conventional reconstruction method of directional spectra relying on linear wave theory is applicable only in 
shallow water (<∼10 m).

2.2. Proposed Method

To reconstruct directional spectra of IG waves, it is necessary to consider the presence of BIG waves which have 
different transfer functions and wavenumber than (linear) FIG waves. In general, the main driver of BIG waves 
in the shoaling zone is incident SS waves, especially around the peak frequency 𝐴𝐴 𝐴𝐴𝑝𝑝 (e.g., de Bakker et al., 2015). 
For example, interactions among components within 𝐴𝐴 0.5 < 𝑓𝑓∕𝑓𝑓𝑝𝑝 < 1.5 account for more than 90% of BIG wave 
energy during representative wave conditions at any depths ranging 15–30 m (Supporting Information S1). Rela-
tively high SS-frequency components may be composed of first-order waves and second-order waves (result-
ing from sum-interactions), but most of incident SS components around the peak frequency can be assumed to 
be first-order waves (e.g., Martins et al., 2021). Therefore, directional spectra of SS waves are expected to be 

Figure 1. � (2)
�,�∕�

(1)
�,� for horizontal velocity (a, e), vertical velocity (b, f), and bottom pressure (c, g) and 𝐴𝐴 Δ𝑘𝑘∕𝑘𝑘 (d, h). Left panels correspond to when 𝐴𝐴 𝐴 is fixed (25 m), 

and right to when 𝐴𝐴 𝐴𝐴1 is fixed (0.10 Hz).
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successfully reconstructed by the conventional methods. As long as an accurate directional spectrum of SS waves 
around the peak frequency is available and nonlinear couplings between FIG waves are negligible, the second 
term in Equation 9, 𝐴𝐴 Φ

𝐵𝐵
𝑚𝑚𝑚𝑚 , can be estimated theoretically.

Based on the abovementioned background, IG wave directional spectra can be reconstructed with the following 
steps:

1.  Compute 𝐴𝐴 Φ𝑚𝑚𝑚𝑚 for all pairs of 𝐴𝐴 𝐴𝐴𝑚𝑚 and 𝐴𝐴 𝐴𝐴𝑛𝑛 .
2.  Estimate a directional spectrum of SS waves 𝐴𝐴 𝐴𝐴SS(𝑓𝑓𝑓 𝑓𝑓) by solving Equation 4 using a conventional method.
3.  Compute 𝐴𝐴 Φ

𝐵𝐵
𝑚𝑚𝑚𝑚 based on 𝐴𝐴 𝐴𝐴SS(𝑓𝑓𝑓 𝑓𝑓) from Equation 9.

4.  Obtain 𝐴𝐴 Φ
𝐹𝐹
𝑚𝑚𝑚𝑚 as 𝐴𝐴 Φ

𝐹𝐹
𝑚𝑚𝑚𝑚 = Φ𝑚𝑚𝑚𝑚 − Φ

𝐵𝐵
𝑚𝑚𝑚𝑚 .

5.  Estimate a directional spectrum of FIG waves 𝐴𝐴 𝐴𝐴
𝐹𝐹

IG
(𝑓𝑓𝑓 𝑓𝑓) by replacing 𝐴𝐴 Φ𝑚𝑚𝑚𝑚 with 𝐴𝐴 Φ

𝐹𝐹
𝑚𝑚𝑚𝑚 in Equation 4 and solving it.

6.  Obtain a directional spectrum of BIG waves 𝐴𝐴 𝐴𝐴
𝐵𝐵

IG
(𝑓𝑓𝑓 𝑓𝑓) by summing up all possible couplings between SS 

components following H62.

Any conventional method to solve Equation  4 can be applied in Step 2 and 5. Bayesian Directional Method 
(BDM) is employed in this study (e.g., Hashimoto & Kobune, 1988; Fujiki et al., 2017), which solves discretized 
Equation 4 considering smoothness of the directional distribution.

Theoretically, the present method requires a data set of three or more wave signals, and the requirement is not 
different from the one for conventional methods. At least one of the signals needs to be 𝐴𝐴 𝐴𝐴 or 𝐴𝐴 𝐴𝐴 (𝐴𝐴 𝐴𝐴 is preferred to 
obtain accurate wave energy), and each pair of the different signals is required to satisfy 𝐴𝐴 𝐴𝐴

(1)∗

𝑚𝑚𝑚𝑚𝑚
(𝜃𝜃)𝐴𝐴

(1)

𝑛𝑛𝑚𝑚𝑚
(𝜃𝜃) ≠ const. 

or 𝐴𝐴 𝒙𝒙𝒏𝒏 ≠ 𝒙𝒙𝒎𝒎 (e.g., multiple 𝐴𝐴 𝐴𝐴 or 𝐴𝐴 𝐴𝐴 measured by an array of wave gauges, a set of 𝐴𝐴 𝐴𝐴 or 𝑝𝑝 and 𝐴𝐴 𝐴𝐴 in different directions 
measured by a pair of wave gauge and current meter).

In addition to the general assumptions in the conventional methods (uniform water depth, Gaussian wave field, 
and so on), the proposed method relies on the following additional assumptions:

1.  IG waves are composed of first-order FIG waves and second-order BIG waves.
2.  BIG waves are dominantly excited by SS waves following H62.
3.  Edge waves can be neglected.

The last assumption is required because edge waves have a different dispersion relation than Airy waves (Ursell, 1952). 
Due to their exponentially decaying cross-shore structure, edge waves can be generally neglected when the site is 
located at intermediate depths that is located sufficiently far from the shore (i.e., several IG wavelengths).

Additionally, we stress again that equilibrium solution of H62 is derived for uniform water depth and is thus 
formally not valid on a sloping bottom. Indeed, BIG wave heights are known to be overestimated by the equi-
librium solution. Battjes et al. (2004) reported that the amplification factor of lower frequency BIG waves gets 
close to Green's law in shallow water. Another potential source of inaccuracy is related to the phase difference 
between IG waves and wave groups. According to H62, 𝐴𝐴 Ω is a negative real number when 𝐴𝐴 Δ𝜃𝜃 is small, that is, 
BIG waves are 𝐴𝐴 180

◦ out of phase with the wave groups. However, previous studies found that the phase difference 
deviates from 𝐴𝐴 180

◦ and IG waves lag behind the wave groups following a decrease in water depth (e.g., Contardo 
et  al.,  2021; Guérin et  al.,  2019; Janssen et  al.,  2003; Nielsen & Baldock,  2010 and many more). For these 
reasons, 𝐴𝐴 Φ

𝐵𝐵
𝑚𝑚𝑚𝑚 estimated by H62 may increase the estimation errors of 𝐴𝐴 𝐴𝐴

𝐹𝐹

IG
 . We will discuss the validity of H62 for 

the field sites considered in this study in Section 5.2.

3. Methods
3.1. In-Situ Observation by Directional Wave Meters

In this study, we use measurements from NOWPHAS (Nationwide Ocean Wave information network for Ports 
and Harbors) observatories in Japan. In the NOWPHAS system, more than 70 observatories are located near 
major ports and harbors around Japan at depth of around 20–50 m, and continuous wave observations are carried 
out using submerged Doppler-type directional wave meters (DWM hereafter, USW series by SONIC CORPO-
RATION). A DWM uses ultrasonic beams to measure water surface elevation 𝐴𝐴 𝐴𝐴 . Moreover, it radiates ultrasonic 
beams to three different directions (𝐴𝐴 𝐴𝐴𝑀𝑀 with 𝐴𝐴 𝐴𝐴 = 1, 2, 3 ) to measure water velocity profiles along the beams at 
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three vertical layers (their heights from the device are defined as 𝐴𝐴 𝐴𝐴𝑁𝑁 with 𝐴𝐴 𝐴𝐴 = 1, 2, 3 ). The water velocity profiles 
are defined as 𝐴𝐴 𝐴𝐴𝑀𝑀𝑀𝑀𝑀 . Additionally, the device measures the water pressure 𝐴𝐴 𝐴𝐴 . Detailed measurement settings 
are shown in Figure 2d. In this figure, 𝐴𝐴 𝐴𝐴0 is a height of a DWM from the seabed, 𝐴𝐴 𝐴𝐴 is the inclination of the 
beams for velocity measurements from the vertical axis (𝐴𝐴 𝐴𝐴 = 30

◦

) . 𝐴𝐴 𝐴𝐴𝑀𝑀 is positive in anticlockwise from the east 
(𝐴𝐴 𝐴𝐴𝑀𝑀 = 90

◦

, 210
◦

, 330
◦ ). In total, 11 wave variables are continuously measured at a sampling rate of 2 Hz.

Two NOWPHAS observatories (207 and 106) were selected in this study because they face the open ocean 
and are in intermediate water depths (𝐴𝐴 𝐴 = 24.6 and 21.1 m, respectively) that is sufficiently deep to prevent 
depth-induced wave breaking of energetic waves. The maximum ratio of individual wave height to still water 
depth (𝐴𝐴 𝐴𝐴max∕ℎ) during the observation (0.60) was less than the value of breaking onset (>0.7 in most cases in this 
study) by Battjes and Stive (1985). The measurement setting 𝐴𝐴 (𝑍𝑍0, 𝑙𝑙1, 𝑙𝑙2, 𝑙𝑙3) is (0.9, 13.7, 8.7, and 3.7 m) at 207 and 
(1.2, 12.4, 9.9, and 4.9 m) at 106, respectively. Their locations are shown in Figure 2a. 207 faces the Pacific Ocean 
and 106 faces the Sea of Japan. Both observatories are located near coastal structures. A 4-km long breakwater is 
located toward the north of 207 which protects the entrance of a large harbor, and the landward side of this obser-
vatory is also protected by a straight seawall (Figure 2b). In the south, a straight sandy coast extends. Similarly, 
a 2.5-km long breakwater is located at the east of 106, and the south coast is composed of straight sandy beaches 
(Figure 2c). Additionally, a small river mouth is located at the landward side of this observatory. In Figure 2a, 
the 5-year wave climates at both observatories are shown. Mean significant wave heights during the period are 
1.3 and 1.1 m, but energetic waves (>5 m) are observed sometimes owing to passages of low-pressure systems 
and typhoons. The in-situ data during stormy conditions were utilized to test the present reconstruction method.

3.2. Numerical Experiments

In order to test the performance of the new method which can be deteriorated by several factors (e.g., errors 
from cross-spectral estimation and measurement noise) and demonstrate the improved accuracy of the present 
method over the conventional method, numerical experiments were conducted using synthetic data. Using ideal-
ized synthetic data is useful to compare performance of different reconstruction methods (e.g., Fujiki et al., 2017; 
Lin et al., 2022). We created synthetic data with settings that are representative for the measurement setting of 
the NOWPHAS observation (h = 25 m, and (Z0, l1, l2, l3) = (1, 15, 10, and 5 m)). Each variable is assumed to 
be a summation of the first-order SS components, the first-order IG components (FIG), and the second-order IG 
components (BIG) as given by

𝜉𝜉𝑛𝑛 = 𝜉𝜉
(1)

𝑛𝑛𝑛SS
+ 𝜉𝜉

(1)

𝑛𝑛𝑛IG
+ 𝜉𝜉

(2)

𝑛𝑛𝑛IG
+ 𝜖𝜖𝜖 (11)

Here, 𝐴𝐴 𝐴𝐴 indicates white noise representing the observation error. Its magnitude was determined as 2% of the 
incident wave height referring to an average change rate of hourly observed significant wave heights at the 

Figure 2. Overview of the field observation by NOWPHAS. (a) Locations of observatories and the wave climates. The dashed black lines indicate alongshore direction.  
(b, c) Bathymetry at 207 and 106. The dashed pink rectangles are computational domains for XBeach. (d) Observation by DWMs. Blue indicates measured wave properties.
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observatories. 𝐴𝐴 𝐴𝐴
(1)

𝑛𝑛𝑛SS
 and 𝐴𝐴 𝐴𝐴

(1)

𝑛𝑛𝑛IG
 were computed numerically based on linear wave theory following Equation  2. 

𝐴𝐴 |𝑑𝑑𝐴𝐴
(1)

𝑓𝑓
(𝜃𝜃)| was obtained from given directional spectra 𝐴𝐴 𝐴𝐴SS(𝑓𝑓𝑓 𝑓𝑓) and 𝐴𝐴 𝐴𝐴

𝐹𝐹

IG
(𝑓𝑓𝑓 𝑓𝑓) , and the argument of 𝐴𝐴 𝐴𝐴𝐴𝐴

(1)

𝑓𝑓
(𝜃𝜃) was 

given randomly from −� to 𝐴𝐴 𝐴𝐴 . 𝐴𝐴 𝐴𝐴
(2)

𝑛𝑛𝑛IG
 was computed based on Equation 7 assuming that the second-order IG waves 

are generated only by coupling of two SS components. Therefore, synthetic data were generated solely from given 
𝐴𝐴 𝐴𝐴SS(𝑓𝑓𝑓 𝑓𝑓) and 𝐴𝐴 𝐴𝐴

𝐹𝐹

IG
(𝑓𝑓𝑓 𝑓𝑓) .

𝐴𝐴 𝐴𝐴SS(𝑓𝑓𝑓 𝑓𝑓) was determined as 𝐴𝐴 𝐴𝐴SS(𝑓𝑓 )𝐷𝐷SS(𝜃𝜃) : Here, 𝐴𝐴 𝐴𝐴SS(𝑓𝑓 ) was given by JONSWAP spectra with different signifi-
cant wave height 𝐴𝐴 𝐴𝐴𝑆𝑆 and peak frequency 𝐴𝐴 𝐴𝐴𝑝𝑝 , and 𝐴𝐴 𝐴𝐴SS(𝜃𝜃) was represented by 𝐴𝐴 𝐴𝐴0cos

30

(

𝜃𝜃

2

)

 with a peak direction of 
𝐴𝐴 0

◦ . 𝐴𝐴 𝐴𝐴0 is a normalizing factor to satisfy 𝐴𝐴 ∫ 𝐷𝐷SS𝑑𝑑𝑑𝑑 = 1. Similarly, 𝐴𝐴 𝐴𝐴
𝐹𝐹

IG
 was given by 𝐴𝐴 𝐴𝐴

𝐹𝐹

IG
(𝑓𝑓 )𝐷𝐷

𝐹𝐹

IG
(𝜃𝜃) . Here, 𝐴𝐴 𝐴𝐴

𝐹𝐹

IG
(𝑓𝑓 ) was 

determined by the following empirical formula by Ardhuin et al. (2014), which was designed to give an empirical 
source of FIG waves to spectral wave models:

��
IG(� ) = 1.2�2

1
��2

���

(1
4
��0� 2

�0,−2

)2 1
Δ�

min(1, 0.015∕� )1.5. (12)

in which 𝐴𝐴 𝐴𝐴𝑔𝑔 is the group velocity, 𝐴𝐴 𝐴𝐴𝑚𝑚0 is the significant wave height, 𝐴𝐴 𝐴𝐴𝑚𝑚0,−2 is the mean wave period, and 𝐴𝐴 Δ𝑓𝑓 
is controlled such that the integral of 𝐴𝐴 min(1, 0.015∕𝑓𝑓 )

1.5
∕Δ𝑓𝑓 becomes unity. The coefficient 𝐴𝐴 𝐴𝐴1 was set to be 

8 × 10 −4 s −1 based on our in-situ data shown later.

Three types of numerical experiments were carried out by changing 𝐴𝐴 𝐴𝐴
𝐹𝐹

IG
(𝜃𝜃) : (a) Unimodal case, (b) Bimodal case, 

and (c) Isotropic case. Table 1 summarizes the cases. In the unimodal case, 𝐴𝐴 𝐴𝐴
𝐹𝐹

IG
(𝜃𝜃) was represented by

𝐷𝐷
𝐹𝐹

IG
(𝜃𝜃) = 𝐷𝐷0cos

𝑚𝑚IG

(

𝜃𝜃 − 𝜃𝜃𝑝𝑝𝑝IG

2

)

 (13)

in which 𝐴𝐴 𝐴𝐴𝑝𝑝𝑝IG indicates the peak direction of FIG waves and 𝐴𝐴 𝐴𝐴IG controls the width of the directional distribution. 
For this case, 𝐴𝐴 𝐴𝐴𝑆𝑆, 𝜃𝜃𝑝𝑝,IG, 𝑚𝑚IG were changed. In the bimodal case, 𝐴𝐴 𝐴𝐴

𝐹𝐹

IG
(𝜃𝜃) was given by a summation of primary and 

secondary unimodal directional distributions as

𝐷𝐷
𝐹𝐹

IG
(𝜃𝜃) = 𝐷𝐷0

[

cos
𝑚𝑚IG

(

𝜃𝜃 − 𝜃𝜃𝑝𝑝1,IG

2

)

+

1

2

cos
𝑚𝑚IG

(

𝜃𝜃 − 𝜃𝜃𝑝𝑝2,IG

2

)]

. (14)

In the bimodal case, different pairs of 𝐴𝐴 𝐴𝐴𝑝𝑝1,IG and 𝐴𝐴 𝐴𝐴𝑝𝑝2,IG were tested for different 𝐴𝐴 𝐴𝐴IG . Finally, the isotropic case 
assumes a constant energy distribution over all directions and gives 𝐴𝐴 𝐴𝐴

𝐹𝐹

IG
(𝜃𝜃) as

𝐷𝐷
𝐹𝐹

IG
(𝜃𝜃) =

1

2𝜋𝜋
. (15)

This is the assumption made by Ardhuin et  al.  (2014) and implemented in wave hindcasting models such as 
WAVEWATCH III (The WAVEWATCH III Development Group, 2016) or SWAN (Booij et al., 1999).

In all cases, the resolution of given spectra was set to be 0.0002 Hz in frequency and 𝐴𝐴 5
◦ in direction. In this 

method, two components of same frequencies and different directions always have a fixed phase difference in a 
single synthetic data set. The phase difference is determined by the initially given arguments of 𝐴𝐴 𝐴𝐴𝐴𝐴

(1)

𝑓𝑓
(𝜃𝜃) , and as 

a result 𝐴𝐴 ⟨𝑑𝑑𝐴𝐴
(1)∗

𝑓𝑓
(𝜃𝜃

′

) 𝑑𝑑𝐴𝐴
(1)

𝑓𝑓
(𝜃𝜃)⟩  = 0 is not satisfied (Miles & Funke, 1989). Therefore, the assumption of Gaussian 

wave fields does not hold, and cross-spectra will be contaminated. In order to prevent this undesired coherence, 

𝐴𝐴 𝐴𝐴𝑆𝑆 (m) 𝐴𝐴 𝐴𝐴𝑝𝑝 (Hz) 𝐴𝐴 𝐴𝐴𝑝𝑝1,IG (deg.) 𝐴𝐴 𝐴𝐴𝑝𝑝2,IG − 𝐴𝐴𝑝𝑝1,IG (deg.)𝐴𝐴 𝐴𝐴IG 

Unimodal 2, 4, 6 0.08 0, 45, 90, 135, 180 – 4, 10

Bimodal 5 0.08 90, 135, 180 135, 180, 225 4, 10

Isotropic 2, 4, 6 0.08, 0.10, 0.14 – – –

Table 1 
Tested Parameters in the Numerical Experiments
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averaged cross-spectra were computed from 10 different signals with a length of 2048 s, which were generated by 
giving random initial arguments to 𝐴𝐴 𝐴𝐴𝐴𝐴

(1)

𝑓𝑓
(𝜃𝜃) in every case.

4. Results
4.1. Numerical Experiments

In the numerical experiments, cross-spectra among wave data (𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝑀𝑀𝐴𝑀𝑀 𝐴 𝑝𝑝 ) were estimated with 50% overlap-
ping Hanning windows of 256 s. The directional resolution was 𝐴𝐴 5

◦ . In order to demonstrate that 𝐴𝐴 𝐴𝐴
𝐹𝐹

IG
(𝑓𝑓𝑓 𝑓𝑓) can 

be reconstructed by 𝐴𝐴 Φ
𝐹𝐹
𝑚𝑚𝑚𝑚

(

= Φ𝑚𝑚𝑚𝑚 − Φ
𝐵𝐵
𝑚𝑚𝑚𝑚

)

 , 𝐴𝐴 Φ
𝐵𝐵
𝑚𝑚𝑚𝑚 was computed from given 𝐴𝐴 𝐴𝐴SS(𝑓𝑓𝑓 𝑓𝑓) . Note that we also applied 

𝐴𝐴 𝐴𝐴SS(𝑓𝑓𝑓 𝑓𝑓) estimated from synthetic wave signals, but similar results were obtained owing to the good performance 
of the reconstruction method, as previously confirmed by Fujiki et al. (2017). The effects of estimation error of 

𝐴𝐴 𝐴𝐴SS(𝑓𝑓𝑓 𝑓𝑓) can be found in Supporting Information S1. To demonstrate the performance quantitatively, an accuracy 
indicator named 𝐴𝐴 WAPE was computed following Oltman-Shay and Guza (1984) from given and estimated direc-
tional distributions of FIG waves, 𝐴𝐴 𝐴𝐴

𝐺𝐺

IG
 and 𝐴𝐴 𝐴𝐴

𝐹𝐹

IG
 , as

WAPE = 100 × ∫ |𝐷𝐷
𝐺𝐺

IG
−𝐷𝐷

𝐹𝐹

IG
|𝑑𝑑𝑑𝑑 (16)

Normalized directional distributions 𝐴𝐴 𝐴𝐴
′

(𝜃𝜃) , defined as 𝐴𝐴 ∫ 𝑆𝑆(𝑓𝑓𝑓 𝑓𝑓)𝑑𝑑𝑓𝑓∕ ∫ 𝐸𝐸IG(𝑓𝑓 )𝑑𝑑𝑓𝑓 , of the unimodal cases (𝐴𝐴 𝐴𝐴IG = 4) 
are shown in Figure 3. Here, 𝐴𝐴 𝐴𝐴IG is total IG wave energy. As seen in this figure, very good agreement between 
the given and estimated FIG wave spectra can be confirmed in every case (𝐴𝐴 WAPE < 15% ), including cases of 

𝐴𝐴 𝐴𝐴𝑠𝑠 = 2 m where BIG wave energy is small and extreme cases (𝐴𝐴 𝐴𝐴𝑠𝑠 = 6 m) where BIG wave energy is comparable 
with FIG wave energy. In particular, the present method precisely captured the magnitude and location of the 

Figure 3. Results of numerical experiments: Unimodal cases (𝐴𝐴 𝐴𝐴IG = 4 ). The light blue lines indicate results computed by the conventional method relying on linear 
wave theory. The red, blue, and green lines correspond to 𝐴𝐴 𝐴𝐴

𝐹𝐹

IG
(𝑓𝑓𝑓 𝑓𝑓) , 𝐴𝐴 𝐴𝐴

𝐵𝐵

IG
(𝑓𝑓𝑓 𝑓𝑓) , and 𝐴𝐴 𝐴𝐴

𝐹𝐹

IG
+ 𝐴𝐴

𝐵𝐵

IG
 computed by the present method, respectively.
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directional peaks of FIG waves, whereas the conventional method failed to detect directional peaks of both BIG 
and FIG waves in some extreme cases.

The superiority of the present method is more apparent in the bimodal cases (𝐴𝐴 𝐴𝐴IG = 10 ) shown in Figure 4. 
The conventional method could not detect the secondary spectral peaks due to the composition with the BIG 
wave spectra. Furthermore, it could not reproduce the primary peaks precisely in some cases (e.g., cases of 
(��1, ��2) = (90◦,−90◦), (135◦,−90◦) ). In contrast, the present method succeeded in reproducing the given spectral 
shape including the secondary peaks of FIG waves in all cases, though some deviations occurred (𝐴𝐴 WAPE < 20% ). 
Similar results were obtained in the cases with other 𝐴𝐴 𝐴𝐴IG (see Supporting Information S1), confirming the good 
estimation skill of the present method for all considered directional widths.

Finally, Figure 5 shows the results of the isotropic cases. As seen in this figure, the conventional method produced 
false spectral peaks at 𝐴𝐴 𝐴𝐴 = ±180

◦ in some cases, in particular in energetic conditions, because of the different 
transfer functions of FIG and BIG waves. Therefore, the isotropic directional distributions could not be repro-
duced at all. In contrast, the present method successfully reproduced an almost uniform spectral shape, in particu-
lar in the cases of 𝐴𝐴 𝐴𝐴𝑝𝑝 = 0.08 Hz (𝐴𝐴 WAPE < 10% ). Errors were largest for 𝐴𝐴 𝐴𝐴𝑝𝑝 = 0.14 Hz, possibly because 𝐴𝐴 𝐴𝐴

𝐹𝐹

IG
∕𝐴𝐴IG 

decreases following an increase in 𝐴𝐴 𝐴𝐴𝑝𝑝 in the present settings. The estimation error of 𝐴𝐴 Φ
𝐹𝐹
𝑚𝑚𝑚𝑚 , which are equal to that 

of 𝐴𝐴 Φ𝑚𝑚𝑚𝑚 here, could be relatively large.

The numerical experiments using synthetic data showed that the proposed method was generally able to accu-
rately reproduce the directional distributions of FIG waves. They also confirmed the superiority of the present 
method over the conventional method. Even though the current numerical experiments were conducted under 
idealized conditions and thus the reliability of this method in the field cannot be asserted solely from these results, 

Figure 4. Results of numerical experiments: Bimodal cases (𝐴𝐴 𝐴𝐴IG = 10 ).
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it was demonstrated that the present method is applicable to discuss directional distributions of FIG waves in 
the  intermediate depth as long as the magnitude, direction, and phase of BIG waves follow H62.

4.2. Observed Bound/Free IG Wave Directional Spectra

Here, results of field application of the present method to the in-situ data at 207 and 106 are described. In this 
study, the top 10 stormy days were selected from the in-situ data during six years from 2015 to 2020 at each point, 
and the present method was applied to 2-hr wave data (𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝑀𝑀𝐴𝑀𝑀 𝐴 𝑝𝑝 ) around a peak of observed wave heights within 
each day. The spectral estimation was conducted with the same settings as in the numerical experiments.

At first, frequency distributions of the observed FIG waves 𝐴𝐴 𝐴𝐴
𝐹𝐹

IG
(𝑓𝑓 ) = ∫ 𝑆𝑆𝐹𝐹

IG
(𝑓𝑓𝑓 𝑓𝑓)𝑑𝑑𝑓𝑓 are discussed. The empirical 

formula by Ardhuin et al.  (2014), Equation 12, can be divided into two parts: 1.2�2
1
�g2

���

(

1
4
��0� 2

�0,−2

)2
 which 

determines the magnitude of each frequency component, and 𝐴𝐴
1

Δ𝑓𝑓

min(1, 0.015∕𝑓𝑓 )
1.5 which gives the universal 

frequency distribution of IG waves. Based on this formula, Figure 6 shows observed 𝐴𝐴 𝐴𝐴
𝐹𝐹

IG
(𝑓𝑓 ) normalized by the 

former term, and the universal frequency distribution is shown by the black solid line. Here, 𝐴𝐴 𝐴𝐴1 was given as 
8 × 10 −4 s −1 which gave the best agreement at both observatories. Note that �g2

���
 is a frequency-dependent param-

eter, but it does not significantly differ within the IG frequency band (less than 10% in these cases) and the 
normalization does not modify the original spectral shape.

At both stations, the observed frequency distribution showed significant scatter around the mean (in particular 
at 106), but the mean shows similar tendency with the empirical formula (Figure 6). Low frequency components 
around 0.01 Hz were dominant. The present result suggests that the equation is somehow applicable to predict 

Figure 5. Results of numerical experiments: Isotropic cases.
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frequency distributions of FIG waves, though the determination of 𝐴𝐴 𝐴𝐴1 requires 
local tuning.

Next, Figures 7 and 8 show estimated directional distributions of FIG/BIG 
waves of the 10 stormy cases at 207 and 106, respectively. Here, the wave 
direction in the geographical coordinates 𝐴𝐴 𝐴𝐴 is converted to that in the local 
coordinates 𝐴𝐴 𝐴𝐴

′ : 𝐴𝐴 0
◦

< 𝜃𝜃
′

< 180
◦ corresponds to seaward components and 

−180◦ < �′ < 0◦ to shoreward components. The angle increases in the anti-
clockwise direction.

At 207, nearly isotropic directional distributions were estimated by the 
conventional method in some cases (e.g., Case 1, 2, 6) (Figure 7). However, 
the present method yielded clear directional peaks of BIG waves at around 
−90◦ corresponding to the shore-normal direction and ones of FIG waves at 
around 𝐴𝐴 90

◦ corresponding to the seaward direction. White dots in the lower 
panels indicate estimated directional peaks of FIG wave energy originated 
from the reflection of incident BIG waves at the shore (see Herbers, Elgar, 
and Guza (1995) for the method). As seen here, each observed directional 
peak of each frequency component roughly agreed well with the estimation, 
though the observed peaks occurred at slightly larger 𝐴𝐴 𝐴𝐴

′ . These results suggest 
that FIG waves observed at 207 seemed to be dominated by the reflection 
from the alongshore seawall, not by the reflection from the breakwater nor 
incoming components from the remote sources. The secondary peaks appear-
ing at 𝐴𝐴 0

◦ in some cases seemed to be generated by the reflection from the 
breakwater.

At 106, different characteristics were found. As seen in Figure 8, while spectral 
peaks corresponding to the reflection from the shore could not be confirmed 
in most cases, clear spectral peaks were generated near 𝐴𝐴 𝐴𝐴

′

= ±180
◦ , which 

correspond to alongshore propagating components from right to left facing the sea. On the right of the observa-
tory, a long breakwater is located and the alongshore components seemed to be the reflected IG waves from the 
breakwater. Additionally, secondary spectral peaks were confirmed around 𝐴𝐴 𝐴𝐴

′

= 0
◦ in some cases. The directional 

distributions estimated by the conventional method yielded similar spectral shapes with the ones of total IG waves 
given by the present method, but the spectral peaks of FIG waves were estimated to be smaller by the former and 
it missed the secondary spectral peaks (e.g., Case 5, 9).

At both observatories, FIG wave energy accounted for more than the half of the total IG energy in all cases. The 
empirical formula Equation 12 represented the frequency distributions of FIG waves well, but it was found that 
the assumption of the isotropic directional distribution is not valid, at least, at the present observatories. Although 
the directional distributions of FIG waves were more gradual than the ones of BIG waves, the present method 
showed clear directional peaks in the FIG directional distributions. The conventional method was not always able 
to recover these peaks, illustrating that BIG waves can have significant effects on the estimations by the conven-
tional method. Although true FIG wave spectra are not available prohibiting a direct validation of the proposed 
method, the FIG directional distributions appear largely consistent with reflection of FIG waves from nearshore 
coasts and structures (which will be discussed in more detail in Section 5.1).

5. Discussion
5.1. Reflection From Shore and Coastal Structures

In the previous section, seaward propagating waves were found to dominate the FIG directional distribution at 
207 whereas alongshore propagating components dominated at 106. We conducted additional numerical simu-
lations employing XBeach in surfbeat mode (Roelvink et al., 2009) to understand these FIG directional distribu-
tions. XBeach solves the spatial and temporal evolution of IG waves using nonlinear shallow water equations with 
SS-wave forcing from wave-action balance equations. In this analysis, the wave fields in Case 6 were computed 
by XBeach as FIG directional distributions were markedly different at both observatories (see Figures 7 and 8).

Figure 6. Normalized frequency distributions of FIG waves at (a) 207 and 
(b)106. Colored lines correspond to each case, and the black dashed line 
shows their mean. The black solid line is 1

Δ�
min(1, 0.015∕� )1.5 following the 

empirical formula.
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The model domain was set around each observatory and its offshore boundary was located in a relatively mildly 
sloping area deeper than 40  m (see Figures  2b and  2c for the entire domain and Figures  9a and  9d for the 
enlarged view around each observatory). The domain was discretized with a uniform grid in the alongshore 
direction (20 m) and varying grid in the cross-shore direction (∼20 m at offshore to ∼3 m in shallow water). 
The grids resolve a wavelength of the dominant IG frequency component (<0.02 Hz) by more than 50 points in 
the  cross-shore direction and 25 points in the alongshore direction (at the observatory). The time step of about 
0.1 s was internally determined. The model was forced at the offshore boundary with observed SS directional 
spectra with similar mean directions in both cases (−91◦ at 207 and −85◦ at 106). The radiation condition was 
applied at the lateral boundary. The propagation of SS wave energy was computed along the mean wave direction 
following Roelvink et al. (2018) to avoid a non-realistic decrease in wave groupiness of refracted incident SS 
waves. Default values were used for other model settings. Simulations were run for a duration of 140 min includ-
ing 20 min spin-up time, which provides 120 min of model output for further analysis of the IG wave fields. To 
understand the influence of the breakwaters on FIG wave directional distributions, we ran an additional simula-
tion at both sites for a domain excluding the breakwaters.

From the model results, directional wavenumber spectra 𝐴𝐴 𝐴𝐴 (𝑓𝑓𝑓 𝑓𝑓𝑓 𝑓𝑓) were estimated following Capon  (1969). 
The method does not assume a unique dispersion relation, and thus directional distributions of IG waves can 
be computed without distinguishing between FIG and BIG waves from water level changes at multiple points. 

𝐴𝐴 𝐴𝐴 (𝑓𝑓𝑓 𝑓𝑓𝑓 𝑓𝑓) was computed from the modeled water level signals at the observatory and 16 surrounding grid points 
located at a distance of about 𝐴𝐴 0.2𝜆𝜆𝐿𝐿 from the observatory (𝐴𝐴 𝐴𝐴𝐿𝐿 is a wavelength of FIG waves with frequency of f 
Hz using linear wave theory). Note that this method requires a dedicated coherent spatial instrument array in the 
field that is typically not feasible.

Figures 9b and 9e show the directional wavenumber spectra at 0.012 Hz (the closest bin to the observed peak IG 
frequency) in which the wavenumber axes are normalized by 𝐴𝐴 𝐴𝐴𝐿𝐿 = 2𝜋𝜋∕𝜆𝜆𝐿𝐿 . In the figure, circles corresponding 

Figure 7. Directional spectra of infragravity (IG) waves at 207. (Upper panels) Normalized directional distributions 𝐴𝐴 𝐴𝐴
′

(𝜃𝜃
′

) . 
Black dotted lines show the directional distributions of total IG waves obtained by the conventional method. The black solid 
lines show the ones by the present method computed as 𝐴𝐴 𝐴𝐴

𝐵𝐵

IG
(𝑓𝑓𝑓 𝑓𝑓

′

) + 𝐴𝐴
𝐹𝐹

IG
(𝑓𝑓𝑓 𝑓𝑓

′

) . (Lower panels) Directional spectra of FIG 
waves. Each directional spectrum is normalized by the maximum value within the domain. White dots show predicted peak 
wave directions of outgoing IG waves reflected at the shore following Herbers, Elgar, and Guza (1995).
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to 𝐴𝐴 𝐴𝐴 = 𝐴𝐴𝐿𝐿 and � = �NL are shown. �NL is an estimated wavenumber of BIG waves given as 𝐴𝐴 2𝜋𝜋𝜋𝜋∕𝑐𝑐𝑔𝑔 with the group 
velocity of the peak SS frequency component 𝐴𝐴 𝐴𝐴𝑔𝑔 and 𝐴𝐴 𝐴𝐴 = 0.012 Hz. At both observatories, spectral peaks of shore-
ward components can be confirmed at (��, ��) ≅ (0,−�NL) corresponding to incident BIG waves. On the other 
hand, spectral peaks of FIG waves (𝐴𝐴 𝐴𝐴 ≅ 𝐴𝐴𝐿𝐿 ) appear at different (𝐴𝐴 𝐴𝐴𝑥𝑥, 𝐴𝐴𝑦𝑦) at both observatories. The primary direc-
tional peak of FIG waves around 𝐴𝐴 (0, 𝑘𝑘𝐿𝐿) is offshore directed at 207, whereas the primary peak around 𝐴𝐴 (−𝑘𝑘𝐿𝐿, 0) at 
106 is alongshore as also discussed before (Section 4.2).

The different directional peaks are evident in the directional distributions of IG waves. Modeled directional distri-
butions computed as 𝐴𝐴 ∫

𝑓𝑓
∫
𝑘𝑘
𝐹𝐹 (𝑓𝑓𝑓 𝑘𝑘𝑓 𝑓𝑓)𝑑𝑑𝑘𝑘𝑑𝑑𝑓𝑓 are compared with the observed ones computed by the present method, 

𝐴𝐴 ∫
𝑓𝑓
𝑆𝑆

𝐹𝐹

IG
+ 𝑆𝑆

𝐵𝐵

IG
𝑑𝑑𝑓𝑓 , in Figures 9c and 9f. Even though the total IG wave energy was underestimated by the model, 

the modeled directional distributions agree with the observed distributions; shoreward propagating BIG waves 
(𝐴𝐴 𝐴𝐴

′

= −90
◦ ) at both sites, offshore directed FIG waves (𝐴𝐴 𝐴𝐴

′

= 90
◦ ) at 207, and alongshore propagating FIG waves 

(𝐴𝐴 𝐴𝐴
′

= ±180
◦ ) at 106. Spectral peaks of shoreward propagating BIG waves were overestimated possibly because 

𝐴𝐴 𝐴𝐴 (𝑓𝑓𝑓 𝑓𝑓𝑓 𝑓𝑓) was estimated from a set of points where still water depth differs by a few meters.

Furthermore, XBeach simulations excluding the breakwaters provided additional insight into the influence of 
these coastal structures on the IG wave field. Excluding the breakwater did not affect the directional distribution 
significantly at 207, whereas the exclusion resulted in a clear decrease of the alongshore IG components at 106. 
These results indicate that FIG waves reflected at the shore are dominant at 207 whereas the FIG waves are domi-
nated by reflected components from the breakwater at 106.

Finally, spatially different contributions of the breakwaters are shown in Figures 9a and 9d. Here, spectral wave 
heights of IG waves in the case with/without the breakwaters are computed as 𝐴𝐴 𝐴𝐴IG and 𝐴𝐴 𝐴𝐴IG,0 respectively, and 

𝐴𝐴
𝐻𝐻IG

𝐻𝐻IG,0

− 1 is shown. The increase in IG wave heights owing to the breakwater is more evident at 106 than 207, and 
it reaches up to 20% at the seaward of the breakwater including the observatory location. The increase is negli-
gibly small in shallow water (<10 m), possibly because incident BIG waves are dominant, except at the foot of 
the breakwater at 106 where alongshore propagating FIG waves locally increase IG wave heights by about 20%.

Figure 8. Directional spectra of infragravity (IG) waves at 106. Details are same with Figure 7.
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Overall, these results suggest that local intensity of FIG waves and their directional distributions are highly 
affected by the regional coastal topography and the presence of coastal structures which control the dominant 
directions of reflected IG waves.

5.2. Validity of H62 and Applicability of the Present Method

The fundamental premise of the present method is that the magnitude and the transfer functions of BIG waves 
follow H62. However, H62 is formally not valid on a sloping bottom. Therefore, deviations of the coupling coef-
ficient 𝐴𝐴 Ω and the transfer function 𝐴𝐴 𝐴𝐴

(2)

𝑛𝑛𝑛𝑛𝑛
 from H62 will increase the estimation error of this method. To understand 

the validity of the underlying coupling coefficient 𝐴𝐴 Ω and transfer functions 𝐴𝐴 𝐴𝐴
(2)

𝑛𝑛𝑛𝑛𝑛
 of the proposed reconstruction 

method, we apply bispectral analysis following a similar approach to Herbers et al. (1994).

A cross-bispectrum is computed from the coupling of a triad of waves with different frequencies, 

𝐵𝐵𝑋𝑋𝑋𝑋𝑋 𝑋𝑋𝑋 (𝑓𝑓𝑋 𝑓𝑓1) = ⟨

𝑑𝑑𝑋𝑋𝑓𝑓𝑑𝑑𝑋𝑋𝑓𝑓
1

𝑑𝑑𝑋𝑋
∗

𝑓𝑓
2

𝑑𝑑𝑓𝑓 2

⟩𝑋 (17)

where dX� indicates the Fourier amplitude of the 𝐴𝐴 𝐴𝐴- Hz component of signal 𝐴𝐴 𝐴𝐴 and 𝐴𝐴 𝐴𝐴2 = 𝐴𝐴 + 𝐴𝐴1 . If the second-order 
SS waves are negligible, the cross-bispectrum of 𝐴𝐴 (𝜉𝜉𝑛𝑛, 𝜂𝜂, 𝜂𝜂) with 𝐴𝐴 𝐴𝐴 in the IG frequency range can be computed as

𝐵𝐵𝜉𝜉𝑛𝑛,𝜂𝜂,𝜂𝜂
(𝑓𝑓, 𝑓𝑓1) = ⟨

∫
∞

𝑓𝑓
1
=0

∫
𝜃𝜃
1

∫
𝜃𝜃
2

𝐻𝐻
(2)

𝑛𝑛,𝑓𝑓
exp (𝑖𝑖Δ𝒌𝒌 ⋅ 𝒙𝒙𝒏𝒏) 𝑑𝑑𝑑𝑑

(2)

𝑓𝑓
(𝑓𝑓1, 𝜃𝜃1, 𝜃𝜃2) ∫

𝜃𝜃
1

𝑑𝑑𝑑𝑑
(1)

𝑓𝑓
1

∫
𝜃𝜃
2

𝑑𝑑𝑑𝑑
(1)∗

𝑓𝑓
2

𝑑𝑑𝑓𝑓 2

⟩. (18)

Figure 9. Results of numerical modeling using XBeach. (Left) Enlarged map around observatory and the rate of increase in infragravity (IG) wave heights owing to the 
presence of the breakwater (shown in green). The black arrow shows the mean direction of incident SS wave 𝐴𝐴 𝐴𝐴𝑚𝑚 . (Middle) Normalized directional wavenumber spectrum 
for 0.012 Hz estimated at the observatory. The black/red circles show wavenumbers of FIG/BIG waves, respectively. (Right) Modeled/observed directional distributions 
of IG waves. The dotted line indicates 𝐴𝐴 𝐴𝐴𝑚𝑚 . (a–c) At 207. (d–f) At 106.
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Here, the first-order term for IG waves is neglected because the cross-bispectrum among 𝐴𝐴
(

𝜉𝜉
(1)

𝑛𝑛 , 𝜂𝜂, 𝜂𝜂
)

 vanishes. 
Considering a Gaussian wave field in a similar manner to the derivation of Equation 9 results in the following 
equation:

2���,�,� (�, �1) = ∫
�1

∫
�2

�̂ (2)
�,� exp

(

�Δ̂� ⋅ ��

)

� (1) (�1, �1)� (1) (�2, �2) Ω̂��1��2. (19)

Here, ̂  on 𝐴𝐴 Δ𝒌𝒌 , 𝐴𝐴 Ω , and � (2)
�,� is added to highlight that they are true values in the field which may deviate from H62. 

The right hand of the equation can be estimated from measured 𝐴𝐴 𝐴𝐴SS(𝑓𝑓𝑓 𝑓𝑓) with 𝐴𝐴 Ω and � (2)
�,� based on H62. There-

fore, the validity of 𝐴𝐴 Ω and � (2)
�,� can be evaluated indirectly by comparing the cross-bispectrum computed from the 

measured wave signals 𝐴𝐴 𝐴𝐴𝜉𝜉𝑛𝑛,𝜂𝜂,𝜂𝜂
 and the one estimated from the measured SS directional spectrum with 𝐴𝐴 Ω and � (2)

�,� 
from H62. We test 𝐴𝐴 𝐴𝐴𝜂𝜂𝜂𝜂𝜂𝜂𝜂𝜂 (𝑓𝑓𝜂 𝑓𝑓1) for the evaluation of 𝐴𝐴 Ω as � (2)

�,� = 1 and 𝐴𝐴 𝐴𝐴𝑈𝑈𝑀𝑀𝑀𝑀𝑀 𝑀𝜂𝜂𝑀𝜂𝜂 (𝑓𝑓𝑀 𝑓𝑓1) for the transfer functions 
of 𝐴𝐴 𝐴𝐴

(2)

𝑀𝑀𝑀𝑀𝑀
 . Here, 𝐴𝐴 Δ𝒌𝒌 ⋅ 𝒙𝒙𝒏𝒏 is negligibly small because of the long IG wavelengths relative to the small distances 𝐴𝐴 |𝒙𝒙𝒏𝒏| 

between the DWM beams𝐴𝐴 𝐴 At water depth of 25 m for example, 𝐴𝐴 Δ𝒌𝒌 ⋅ 𝒙𝒙𝒏𝒏 is about 𝐴𝐴 0.03𝜋𝜋 for the velocity meas-
urement at the upper layer (15 m from the bottom) when considering the colinear interaction between 0.08 and 
0.10 Hz wave components. Furthermore, 𝐴𝐴 𝐴𝐴

(2)

𝑈𝑈𝑀𝑀𝑀𝑀𝑀 𝑀𝑓𝑓
 is given by 𝐴𝐴 𝐴𝐴

(2)

𝑢𝑢𝑢𝑢𝑢
sin𝛼𝛼 cos (𝜃𝜃𝑏𝑏 − 𝛽𝛽𝑀𝑀 ) +𝐴𝐴

(2)

𝑤𝑤𝑢𝑢𝑢
cos𝛼𝛼 , in which 𝐴𝐴 𝐴𝐴𝑏𝑏 

is the wave direction of BIG waves. Therefore, the real and imaginary parts of 𝐴𝐴 𝐴𝐴𝑈𝑈𝑀𝑀𝑀𝑀𝑀 𝑀𝜂𝜂𝑀𝜂𝜂 (𝑓𝑓𝑀 𝑓𝑓1) are dominantly 
determined by 𝐴𝐴 �̂�𝐻

(2)

𝑢𝑢𝑢𝑢𝑢
 and 𝐴𝐴 �̂�𝐻

(2)

𝑤𝑤𝑤𝑤𝑤
 respectively, considering that the former is a real number and the latter is a pure 

imaginary number (see Supporting Information S2). As a result, the real and imaginary parts of 𝐴𝐴 𝐴𝐴𝑈𝑈𝑀𝑀𝑀𝑀𝑀 𝑀𝜂𝜂𝑀𝜂𝜂 (𝑓𝑓𝑀 𝑓𝑓1) 
can be used for the evaluation of 𝐴𝐴 𝐴𝐴

(2)

𝑢𝑢𝑢𝑢𝑢
 and 𝐴𝐴 𝐴𝐴

(2)

𝑤𝑤𝑤𝑤𝑤
 , respectively.

To achieve quantitative evaluation of the coupling coefficient and transfer functions, we integrated bispectra as 
follows:

𝐼𝐼𝐵𝐵 = ∫ ∫ 2𝐵𝐵𝜉𝜉𝑛𝑛,𝜂𝜂,𝜂𝜂
(𝑓𝑓, 𝑓𝑓1) 𝑑𝑑𝑓𝑓1𝑑𝑑𝑓𝑓 , (20a)

𝐼𝐼𝑆𝑆 = ∫ ∫ ∫ ∫ 𝐻𝐻
(2)

𝑛𝑛𝑛𝑛𝑛
𝑆𝑆

(1)

(𝑛𝑛1𝑛 𝜃𝜃1)𝑆𝑆
(1)

(𝑛𝑛2𝑛 𝜃𝜃1) Ω𝑑𝑑𝜃𝜃1𝑑𝑑𝜃𝜃2𝑑𝑑𝑛𝑛1𝑑𝑑𝑛𝑛 𝑑 (20b)

Bispectra were integrated to reduce the scattering owing to errors in their estimation (e.g., Herbers et al., 1994). 
At both observatories 207 and 106, 3h-segments from the top 100 stormy days were chosen for the analysis. A 
data set was considered unreliable and discarded when the occasional missing of measurement signals reduced 
the degrees of freedom for the bispectral estimation to less than 250, at which the 95% significant bicoherence 
is less than 0.15.

Figures 10a and 10b show the results of 𝐴𝐴 𝐴𝐴𝜂𝜂𝜂𝜂𝜂𝜂𝜂𝜂 (𝑓𝑓𝜂 𝑓𝑓1) to evaluate the validity of 𝐴𝐴 Ω . The theoretical prediction 𝐴𝐴 𝐴𝐴𝑆𝑆 
agreed well with the real part of 𝐴𝐴 𝐴𝐴𝐵𝐵 , 𝐴𝐴 ℜ [𝐼𝐼𝐵𝐵] (Figure 10a). The slight underestimation of 𝐴𝐴 ℜ [𝐼𝐼𝐵𝐵] can be explained 
by the argument of 𝐴𝐴 𝐴𝐴𝐵𝐵 that is shown in Figure 10b. When the directional spreading of incident waves is narrow, 𝐴𝐴 Ω 
is a negative real number. In that case, the biphase (the argument of 𝐴𝐴 𝐴𝐴𝜂𝜂𝜂𝜂𝜂𝜂𝜂𝜂 (𝑓𝑓𝜂 𝑓𝑓1) ) is ±� , and thus the argument of 

𝐴𝐴 𝐴𝐴𝐵𝐵 is expected to be ±� . Most instances agreed with this ±� biphase, but the slight deviations from ±� in the third 
quadrant can be observed, in particular for larger 𝐴𝐴 |𝐼𝐼𝐵𝐵| . The deviations indicate that the BIG waves were slightly 
delayed compared to H62's equilibrium response. Such a phase lag has been previously observed for waves 
propagating over a sloping bottom (e.g., Janssen et al., 2003; Matsuba et al., 2021b; Moura & Baldock, 2017). 
Deviations from the equilibrium response occurred for energetic conditions, but are relatively small (𝐴𝐴 ∼ 0.1𝜋𝜋) 
compared with the previous studies which showed deviations exceeding 𝐴𝐴 0.25𝜋𝜋 (e.g., Battjes et al., 2004). Overall, 
the observed bispectral quantities were well predicted by Equation 19, which demonstrates the validity of 𝐴𝐴 Ω from 
H62 for the conditions of waves and topography considered in this study.

Next, the results of 𝐴𝐴 𝐴𝐴𝑈𝑈𝑀𝑀𝑀1 𝑀𝜂𝜂𝑀𝜂𝜂
(𝑓𝑓𝑀 𝑓𝑓1) are shown in Figures 10c and 10d to evaluate the validity of 𝐴𝐴 𝐴𝐴

(2)

𝑈𝑈𝑀𝑀𝑀1 𝑀𝑓𝑓
 from H62. 

Here, real and imaginary parts of 𝐴𝐴 𝐴𝐴𝐵𝐵 and 𝐴𝐴 𝐴𝐴𝑆𝑆 are compared, which are dominated by � (2)
�,� and � (2)

�,� respectively. 𝐴𝐴 𝐴𝐴𝑆𝑆 
showed good agreement with 𝐴𝐴 𝐴𝐴𝐵𝐵 regardless of measurement angles and observation points (Figures 10c and 10d). 
Slight overestimation of the imaginary part of 𝐴𝐴 𝐴𝐴𝐵𝐵 , 𝐴𝐴 ℑ [𝐼𝐼𝐵𝐵] , possibly occurred owing to the forementioned delay of 
BIG waves. This could also be related to a coupling among higher frequency components, for whom � (2)

�,� is rela-
tively large (see Figure 1), whereas their interactions might be weaker as they might not have reached equilibrium 
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conditions yet due to their limited wave age. Nonetheless, 𝐴𝐴 𝐴𝐴𝑆𝑆 agreed well with 𝐴𝐴 𝐴𝐴𝐵𝐵 , which suggests that the transfer 
functions derived from H62 were valid for the wave conditions of the present data set.

The bispectral analysis confirmed that the hydrodynamics of BIG waves at the present observatories (located at 
the depth of ∼25 m) can be well represented by H62. However, as also suggested by numerous previous stud-
ies, H62 will not be applicable to nearshore waves on a sloping bottom. To further discuss the deviations from 
H62 and the applicability of the present method in other situations, we employed a semi-analytical solution of 
wave-group forced IG waves proposed by Guérin et al. (2019) based on Schäffer (1993). The solution is derived 
from linear shallow water equations with the forcing term due to radiation stress on a uniform sloping bottom. 
Based on the solution, the magnitude and phases of IG waves were computed. By comparing them with the 
equilibrium solution of H62 for each depth, the deviation of IG wave height (𝐴𝐴 Ω̂∕Ω ) and the phase lag (𝐴𝐴 Δ𝜙𝜙) from 
H62 was predicted for various IG frequencies 𝐴𝐴 𝐴𝐴IG (0.01, 0.02, and 0.03 Hz) and bottom slopes 𝐴𝐴 𝐴𝑥𝑥 (1/50, 1/100, 
1/200, and 1/300). The peak SS frequency (0.08 Hz) and the wave height (5 m) were not varied. The deviation 
is minor up to 20 m depth (𝐴𝐴 Ω̂∕Ω > 0.9 and 𝐴𝐴 Δ𝜙𝜙 𝜙 0.1𝜋𝜋) on the mildly sloping bottoms (1/200, 1/300), but it is 
pronounced on the relatively steep bottom (1/50) in particular at lower frequency (Figure 11). The results could 
not be simplified by a non-dimensional parameter 𝐴𝐴 𝐴𝐴𝑠𝑠 =

ℎ𝑥𝑥

2𝜋𝜋𝜋𝜋IG

√

𝑔𝑔

ℎ
 (not shown), but the present results agree well 

with the findings based on laboratory experiments by Battjes et al. (2004). Even though the local bottom slope 
at 106 is about 1/100 and the dominant IG frequency was 0.01 Hz in the present cases, relatively small deviation 
(𝐴𝐴 Δ𝜙𝜙 𝜙 0.1𝜋𝜋) was observed possibly because the seaward bottom profile is much milder (<1/200). The results 

Figure 10. Results of bispectral analysis. (a), (b) Evaluation of 𝐴𝐴 Ω focusing on 𝐴𝐴 𝐴𝐴𝜂𝜂𝜂𝜂𝜂𝜂𝜂𝜂 . (a) 𝐴𝐴 𝐴𝐴𝑆𝑆 versus 𝐴𝐴 ℜ [𝐼𝐼𝐵𝐵] . Note that 𝐴𝐴 𝐴𝐴𝑆𝑆 is a 
real number. (b) 𝐴𝐴 ℜ [𝐼𝐼𝐵𝐵] versus 𝐴𝐴 ℑ [𝐼𝐼𝐵𝐵] . (c), (d) Evaluation of 𝐴𝐴 𝐴𝐴

(2)

𝑢𝑢𝑢𝑢𝑢
 and 𝐴𝐴 𝐴𝐴

(2)

𝑤𝑤𝑤𝑤𝑤
 focusing on 𝐴𝐴 𝐴𝐴𝑈𝑈𝑀𝑀𝑀1 𝑀𝜂𝜂𝑀𝜂𝜂

 . (c) 𝐴𝐴 ℜ [𝐼𝐼𝑆𝑆 ] versus 𝐴𝐴 ℜ [𝐼𝐼𝐵𝐵] . (d) 
𝐴𝐴 ℑ [𝐼𝐼𝑆𝑆 ] versus 𝐴𝐴 ℑ [𝐼𝐼𝐵𝐵] . The dashed black lines show agreement of observation with H62.
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suggest that the present reconstruction method based on H62 may fail to estimate the directions of FIG waves 
(particular for low frequency IG waves) on relatively steep (>1/100) and/or shallow (<20 m) points where H62 
underestimates/overestimates magnitude of FIG/BIG waves. Conventional methods may be applicable in such 
conditions because � (2)

�, �∕�
(1)
�, � gets close to unity in shallow water. Careful consideration is thus required to select 

the appropriate method to accurately reconstruct the IG wave directional spectra in the field.

6. Summary and Conclusions
Directional spectra of IG waves are generally estimated in the same way as SS waves, which inherently assumes 
that every wave component behaves as a (linear) first-order wave. However, this approach is problematic in 
intermediate water depths where the IG wave field is composed of free and bound wave components. This study 
proposed a new method to reconstruct the directional spectra of both FIG and BIG waves based on weakly nonlin-
ear wave theory (H62). This method computes cross-spectra among BIG waves from the directional spectrum 
of SS waves based on H62, and they are used to obtain the cross-spectra among FIG waves, which is subse-
quently used to reconstruct the directional spectrum of FIG waves. The method was tested using synthetic data 
representing diverse directional distributions of FIG waves (ranging from unimodal to isotropic distributions). 
The proposed reconstruction method that accounts for the presence of (nonlinear) BIG waves was superior over 
conventional methods which rely on linear wave theory.

The new reconstruction method was applied to field data of energetic sea states in intermediate water depths. FIG 
wave directional distributions during stormy conditions were found to have clear directional peaks that could be 
explained by reflection of incoming IG waves at the shore and/or coastal structures. Furthermore, the validity of 
a nonlinear coupling coefficient and transfer functions of the underlying theory was confirmed using bispectral 
analysis for the intermediate water depths that were considered in this study. However, an analysis employing a 
semi-analytical solution of IG waves suggested that errors in the reconstruction increase in shallow water for low 
frequency IG waves on a steep profile, as the underlying theory breaks down for shoaling BIG waves.

Through this study, it was confirmed that the new reconstruction method significantly improves the reconstruc-
tion of IG wave directional spectra at the intermediate depth compared to conventional methods. In particular, 
the proposed method gives good estimation regardless of the shape of the directional distributions. The proposed 
method will help future studies to elucidate both magnitude and directions of FIG waves at intermediate depths. 
This will likely benefit further improvements of the boundary conditions of numerical models by including inci-
dent FIG waves in order to achieve accurate predictions of coastal disaster and morphological change.

Data Availability Statement
The measurement data at NOWPHAS observatories are provided by Ministry of Land, Infrastructure, Trans-
port and Tourism, Japan (https://www.mlit.go.jp/kowan/nowphas/index_eng.html). The bathymetry data used 
in the numerical computations were generated from the M7000 series of seabed topography provided by Japan 

Figure 11. Deviation from H62 predicted by the analytical solution. (a–d) Relative IG wave heights to the equilibrium 
solution. (e–h) Phase lag of IG waves from wave groups.

https://www.mlit.go.jp/kowan/nowphas/index_eng.html
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Hydrographic Association (https://www.jha.or.jp/en/jha/business/b07.html). XBeach is available freely at https://
oss.deltares.nl/web/xbeach/release-and-source. The other presented data and the source codes to reconstruct 
directional spectra of IG waves can be downloaded at https://doi.org/10.6084/m9.figshare.17157902.v1.
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