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RESEARCH ARTICLE

Effect of uncertainties in geometry, inter-layer boundary and shear strength
properties on the probabilistic stability of a 3D embankment slope
Divya Varkey, Michael A. Hicks and Philip J. Vardon

Section of Geo-Engineering, Faculty of Civil Engineering and Geosciences, Delft University of Technology, The Netherlands

ABSTRACT
This paper investigates the influence of three forms of uncertainty on the probabilistic stability of
an idealised 3D embankment slope. These are: 1D spatial variability in the external geometry of the
slope along its length, 2D spatial variability in the depth of the boundary between the
embankment material and the foundation layer, and 3D spatial variability in the shear strength
properties of the slope and foundation materials. The relative influence of each uncertainty has
been investigated using the random finite element method, based on statistics consistent with
a Dutch regional dyke. The results indicate that, for such a structure, the soil spatial variability
has a much greater influence than uncertainties relating to embankment geometry and inter-
layer boundary. In particular, it is demonstrated that the spatial correlation of material
properties along the length of the embankment has a greater influence on the probabilistic
characteristics of the embankment slope stability and failure consequence than the spatial
correlation of properties perpendicular to it. A worst case scale of fluctuation for the material
properties is identified.
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1. Introduction

A numerical model is an idealised representation of the
complex reality of a problem and hence uncertainties
are always present. There are three main sources of
uncertainty in the material parameters: measurement
uncertainty, transformation uncertainty and inherent
spatial variability of the properties arising due to a com-
bination of physical, chemical and depositional pro-
cesses (Phoon and Kulhawy 1999). Much research,
especially in 2D, has been done on the influence of
spatial variability of the material properties by utilising
various modelling techniques, including the random
finite element method (RFEM) (Fenton and Griffiths
2008) which combines random fields of soil properties
with finite elements. For example, Hicks and Samy
(2002, 2004), Griffiths and Fenton (2004), Hicks and
Onisiphorou (2005), Griffiths, Huang, and Fenton
(2009a), Huang et al. (2010) and Javankhoshdel, Luo,
and Bathurst (2017) used RFEM to investigate the influ-
ence of heterogeneity in soil shear strength on the stab-
ility of 2D slopes; Vardon, Liu, and Hicks (2016) used
inverse analysis to reduce the spatial uncertainty in
hydraulic conductivity and shear strength parameters
in the RFEM analysis of a 2D slope; and Johari and

Gholampour (2018) used conditional random fields
for the reliability-based stability assessment of slopes
in unsaturated soils.

A challenging task in the uncertainty modelling is
estimating the scale of fluctuation of the material prop-
erties (i.e. the length over which the property values are
significantly correlated) as it often requires a large num-
ber of CPTs to be placed strategically (Lloret-Cabot,
Fenton, and Hicks 2014; Ching et al. 2018; de Gast, Var-
don, and Hicks 2021). Therefore, it is rarely possible to
obtain reliable estimates of the scales of fluctuation in
practice, although values typically in the range of 0.3–
3 m in the vertical direction and 10–40 m in the hori-
zontal direction are suggested in the literature. El-
Ramly, Morgenstern, and Cruden (2003) carried out a
detailed literature review of the scales of fluctuation
reported for different soil types, properties and testing
methods and found that the reported values were not
very different from each other.

Hicks et al. (2019) illustrated the advantage of incor-
porating spatial variability of soil properties, by using
RFEM for the reliability-based stability assessment of a
regional dyke in the Netherlands and comparing the
results with those from a much simpler approach
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based on characteristic soil properties. For the same
dyke cross-section, Varkey et al. (2020) compared fac-
tors of safety obtained using characteristic values
derived using various analytical equations with the fac-
tors of safety computed directly using RFEM, and
thereby demonstrated the reduction in over-conserva-
tism possible when using RFEM. However, only a lim-
ited amount of research (Griffiths, Huang, and Fenton
2009b; Hicks and Spencer 2010; Huang et al. 2013;
Hicks, Nuttall, and Chen 2014; Ji and Chan 2014;
Hicks and Li 2018; Varkey, Hicks, and Vardon 2019)
has been done on the influence of 3D spatial variability
of soil properties in the reliability-based assessment of
slopes, especially using RFEM, owing to the large com-
putational requirements. Moreover, researchers have
previously conducted 3D reliability-based assessments
assuming the same scale of fluctuation of the shear
strength properties for all directions in the horizontal
plane. However, a detailed investigation of horizontal
scales of fluctuation below a Dutch regional dyke (de
Gast, Vardon, and Hicks 2019, 2021) revealed the
scale of fluctuation along the dyke to be higher than
across the dyke.

An additional idealisation typical in 3D embankment
analyses has been to consider the slope geometry to be
deterministic for assumed ‘uniform’ sections in the
longitudinal direction, although it is observed in prac-
tice that variations in geometry do occur along the
length of a dyke. However, Juang et al. (2019) recently
looked at variations in the height of an infinite slope
combined with variations in the shear strength proper-
ties and observed that the variations in geometry had a
less significant impact on slope reliability than the latter
for the problem they analysed.

In recent years, the uncertainty arising due to strati-
graphic heterogeneity of materials layers, i.e. the uncer-
tainty in determining the exact location of different
layers at unsampled locations, has received increasing
attention. For modelling stratigraphic uncertainty, two
approaches have been widely adopted: (i) a boundary-
based model (Li, Zhang, and Li 2016) which assumes
a continuous function to define the spatial correlation
in the location (i.e. depth) of the boundary separating
two materials; and (ii) a category-based model (Qi
et al. 2016) which predicts finite and discrete material
categories using a coupled Markov chain method (Elfeki
and Dekking 2001). Xiao et al. (2017) compared the
pros and cons of the two approaches and developed a
2D heuristic approach combining both models. They
observed that the category-based model was a better
approach to model the natural weathering process and
complicated anisotropic material transitions in 2D,
whereas the boundary-based model was suggested to

be more suitable for uniformly stratified cases. It was
also observed that the boundary-based model can incor-
porate material spatial variability and can easily be
extended to the modelling of 3D stratigraphic uncer-
tainty (Li et al. 2016), whereas extending the category-
based model to 3D stratigraphic uncertainty modelling
is rather difficult (Liang, Wang, and Guo 2014). Deng
et al. (2017) evaluated the reliability of a slope consider-
ing 2D soil spatial variability and stratigraphic uncer-
tainty using the category-based model. They observed
that the location, layout and number of boreholes had
a significant influence on the reliability of the slope.
Recently, Wang et al. (2019) introduced a clustering-
based approach to identify subsurface stratification
using CPT and borehole data. Meanwhile, Zhao and
Wang (2020) proposed an interpolation technique for
characterising multilayer soil property profiles from
sparse measurements, in conjunction with the cluster-
ing-based approach for soil stratification.

In this paper, the authors investigate the influence of
three forms of uncertainty on the probabilistic stability
of a 3D embankment slope, based on statistics consist-
ent with a Dutch regional dyke (Hicks et al. 2019; de
Gast et al. 2021; de Gast, Vardon, and Hicks 2021).
These are due to anisotropic spatial variability of the
shear strength parameters, spatial variability in the geo-
metry of the slope along its length, and spatial variability
in the depth of the boundary separating the slope and
foundation materials. These uncertainties have been
modelled by random fields, as they are assumed to be
stationary stochastic processes which can be defined
by a trend and a variation with zero mean (Rackwitz
2000), and linked with the finite element method within
a Monte-Carlo framework.

2. Description of the example problem

Figure 1 shows an idealised 45° slope, 5 m high (H )
and 50 m long (L), resting on a 4 m deep foundation

Figure 1. Geometry of the problem
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layer, which has been used in this paper as an
example. A foundation settlement of 0.5 m has been
assumed under the crest of the slope to account for
compression of the subsoil due to the weight of the
embankment, and this reduces linearly under the slop-
ing face of the embankment to 0 m at the toe. The
slope and foundation layer were meshed with a total
of 8800, 20-node, regular hexahedral elements of
approximate size 0.5 m in depth and 1 m×1 m in
plan, and using a 2×2×2 Gaussian integration scheme.
This discretisation was chosen to ensure adequate
characterisation of the spatial variability for the smal-
lest scale of fluctuation considered (Spencer 2007).
The mesh was fixed at the base, whereas 2D rollers
on the y-z faces prevented movement in the x direc-
tion and 1D rollers on the x-z faces allowed move-
ment only in the z direction (see Spencer (2007)
and Hicks and Li (2018) for an explanation and vali-
dation of these boundary conditions, which were
implemented to prevent a tendency for failure mech-
anisms to be attracted to the mesh ends). The soil par-
ameters are summarised in Table 1. A coefficient of
variation (COV) of 0.2 was used for the shear strength
parameters (cohesion c´ and friction angle w´) of both
the slope and foundation, which is within the typical
range of values (Phoon and Kulhawy 1999; Cherubini
2000), and the other parameters were considered to be
deterministic. A vertical scale of fluctuation of 1 m
(see, for example, Hicks et al. (2019), de Gast et al.
(2021) and de Gast, Vardon, and Hicks 2021) and a
range of values for the horizontal scale of fluctuation
of c´ and w´ have been considered to generate the
random fields. In this study, c´ and w´ were assumed
to be uncorrelated.

3. Modelling strategy

The spatial variability of properties is mathematically
represented using random fields, with an ensemble of
random fields being used to represent the uncertainty
in the spatial distribution. Each realisation (random
field) is based on the same underlying statistics, but
each will be different with respect to the spatial distri-
bution of property values. In this paper, the continuous
random fields have been discretised as spatial averages

using the Local Average Subdivision (LAS) method
(Fenton and Vanmarcke 1990). Following generation
over a large cuboidal domain and transformation to
the physical space, the random field (cell) values from
a randomly selected section of the larger domain are
mapped to the finite elements at the Gauss point level
and the boundary-value problem then analysed within
a Monte Carlo framework using RFEM. The generation
of random fields and the finite element slope stability
analyses have been carried out using an in-house com-
puter code incorporating a direct (global) solver (see,
for example, Spencer (2007), Hicks and Spencer
(2010), Hicks, Nuttall, and Chen (2014) and Hicks
and Li (2018)). The strength reduction method has
here been used to compute the factor of safety of the
slope in each realisation of the Monte Carlo simulation.
In this method, gravity loading is applied to generate the
in-situ stresses. The resulting shear stresses are checked
against the Mohr-Coulomb failure criterion and excess
stresses are iteratively redistributed throughout the
model. If equilibrium is achieved within 500 iterations,
the shear strength parameters are reduced in a sub-
sequent step and the whole process is repeated. The low-
est strength reduction factor to trigger failure (as
indicated by no equilibrium convergence) is the factor
of safety F of the slope for that realisation. A total of
500 Monte Carlo simulations have been carried out
for each RFEM analysis presented in this paper, which
was found to be sufficient to ensure convergence of
the output statistics (i.e. mean and standard deviation
of F) for the problem analysed (see Spencer (2007), Li,
Hicks, and Nuttall (2015), Li (2017) and Hicks and Li
(2018) for illustrations of the convergence of the mean
and standard deviation of F for similar slope stability
problems). However, for those applications in which
small probabilities of failure need to be accurately com-
puted, more advanced techniques such as subset simu-
lation may be employed to keep the required number
of simulations to an acceptable level (van den Eijnden
and Hicks 2017).

The point and spatial statistics of the various par-
ameters considered below are listed in Tables 1 and 2.
Because of the relatively low values assumed for the
COVs of the parameters in the tables, normal distri-
butions have been considered adequate for modelling

Table 1. Soil parameter values
Parameter Mean value COV uz ux and uy

Cohesion (c´) 10 kPa for slope and 8 kPa for foundation 0.2 1 m 1–2000 m
Friction angle (w´) 25° for slope and 20° for foundation 0.2 1 m 1–2000 m
Dilation angle 0° 0.0 – –
Young’s modulus 105 kPa 0.0 – –
Poisson’s ratio 0.3 0.0 – –
Unit weight 20 kN/m3 0.0 – –
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parameter uncertainty, since, for COV < 0.33, there is
negligible influence of truncating distributions to pre-
vent negative values.

3.1. Modelling of geometric uncertainty

Uncertainty in the form of different cross-sectional geo-
metries along the slope length are considered in this
paper. Specifically, uncertainty in the various cross-sec-
tional parameters of the slope, that is, height H, crest
width C and toe width T, have been modelled as 1D ran-
dom fields using the correlation function:

r(ty) = exp − 2ty
uy

( )
(1)

where ty is the lag distance and uy is the scale of fluctu-
ation in the y direction.

Depending on the generated field values, in each
realisation the nodes of the finite element mesh are
moved in the x-z plane to generate different cross-sec-
tional geometries in the slope length (y) direction. As
illustrated in Figure 2, based on the generated field
value for H at a certain location y, all nodes (of the
slope, but not the foundation layer) in the x-z plane cor-
responding to the y-location are moved in the z direc-
tion. Similarly, based on the generated field values for
the crest and toe widths at each location y, all nodes
in the x-z plane (in the slope and foundation layer)
are translated in the x direction.

Table 2. Statistics of geometric and boundary parameters: (a) geometric uncertainty; (b) inter-layer boundary uncertainty
(a)

Parameter Mean (m) COV uy (m) Resulting range of values (m)

Slope height H 5 0.03 10 4.55–5.45
Toe width T 10 0.03 10 9.10–10.90
Crest width C 5 0.03 10 4.55–5.45

(b)

Location (relative to toe) Mean (m) COV ux (m) uy (m) Resulting range of values (m)

Under the crest (linearly decreasing to 0 m at the toe) 5 0.03 10 10 4.55–5.45

Figure 2. Generation of different cross-sections along the slope length: (a) original (reference) cross-section; (b) typical 1D random
fields for slope height (H ), toe width (T ) and crest width (C ) along the slope length; (c) cross-section generated at y = y1 (shown by
solid lines); (d) cross-section generated at y = y2 (shown by solid lines)
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The point statistics of the normal distributions
defining the uncertainties in the geometric parameters
were chosen to give a range of possible values up to
around 10% (i.e. ± 3 standard deviations) either side of
the mean (see Table 2a), which is on the conservative
side based on the fluctuations generally found for
Dutch regional dykes. The variations in the crest and
toe widths were correlated using the following equation:

j = LZ (2)

LLT = R =
1 rz1z2 · · · rz1zn

rz2z1 1 · · · rz2zn· · · · · · · · · · · ·
rznz1 rznz2 · · · 1

⎡
⎢⎢⎣

⎤
⎥⎥⎦ (3)

where L is the lower triangular matrix obtained by the
decomposition of the correlation matrix R (Equation
(3)), rzizj is the Pearson cross-correlation coefficient
between the random variables Zi and Zj, and j and Z
are the vectors of correlated and uncorrelated standard
normal random variables of size n. A value of 0.75 has
been adopted for the cross-correlation coefficient
between the crest and toe widths, to reflect that a
wider crest is likely to be associated with an embank-
ment that is wider at the base, whereas variations in H
have been taken as uncorrelated with respect to these
quantities. Note that, as a result of the variations in H,
crest width and toe width, variations of up to +/- 5° in
the slope angle have been generated, which are likely
to be on the conservative side based on ground surface
measurements of a regional dyke in the Netherlands (de
Gast 2020). Figure 3 illustrates the meshes generated in
two realisations.

3.2. Modelling of inter-layer boundary
uncertainty

To model the uncertainty in the location of the bound-
ary between the embankment and the underlying foun-
dation layer (which may, for example, have arisen due to

the spatially variable compression of underlying soft
soils), a 2D random field has been used with the follow-
ing correlation function:

r(tx, ty) = exp −





















2tx
ux

( )2

+ 2ty
uy

( )2
√⎛

⎝
⎞
⎠ (4)

where tx and ty are the lag distances and ux and uy are
the scales of fluctuation in the x and y directions,
respectively.

The point statistics of the normal distribution
defining this uncertainty are listed in Table 2b. An iso-
tropic horizontal correlation length of 10 m has been
assumed for the boundary uncertainty, unless stated
otherwise. Based on the field value at an x-y location
corresponding to a column of nodes in the finite
element mesh, the locations of all nodes of the finite
element mesh, above and below the boundary, are
adjusted vertically. Figure 4 illustrates the depth profiles
of the boundary generated in two realisations. When
considering this form of uncertainty alone, the external
geometry remains constant; that is, although the effec-
tive height of the embankment varies with respect to
the inter-layer boundary, the external height is
unaffected (as is indicated in Figure 4).

3.3. Modelling of anisotropic material
uncertainty

The spatial uncertainty in material properties is mod-
elled using 3D random fields generated using the follow-
ing 3D separable Gauss Markov correlation function:

r(tx, ty, tz) = exp − 2tz
uz

−





















2tx
ux

( )2

+ 2ty
uy

( )2
√⎛

⎝
⎞
⎠
(5)

where tx, ty and tz are the lag distances and ux, uy and uz
are the scales of fluctuation in the respective directions.
The separation of the vertical (z) correlation structure

Figure 3. Typical mesh realisations considering geometric uncertainty
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from the two horizontal (x and y) directions was done to
model the long-term depositional characteristic in the
soil.

The method of random field generation follows
Hicks and Spencer (2010) and Li (2017). It begins
with generating isotropic standard normal fields, i.e.
with ux = uy = uz in Equation (5), followed by transform-
ation to anisotropic standard normal fields. This is car-
ried out by squashing and/or stretching the isotropic
fields in the required directions. The generated standard
normal fields are then transformed to their physical
space and mapped to the Gauss points of the finite
element mesh. Figure 5 illustrates typical random
fields of c´ mapped to an idealised 3D slope.

4. Results and discussions

A deterministic analysis of the slope using the mean
parameters listed in Tables 1 and 2 resulted in a factor
of safety of F = 1.395. Figure 6 shows the histogram of
F obtained by analysing the slope accounting only for
uncertainties in the material parameters, and using
ux = uy = 10 m and uz = 1 m. As shown in the figure,
the mean F from the stochastic analysis is lower than
the deterministic F (shown as a dashed line), due to
the greater influence of weaker zones on slope failure
in a heterogeneous soil. The results obtained by analys-
ing the slope with uncertainties in the material proper-
ties, as well as with uncertainties in the geometry and/

Figure 4. Typical realisations of inter-layer boundary depth profiles (variations scaled-up by a factor of 5 for better visualisation)

Figure 5. Typical realisations of c´ generated from isotropic 3D random fields with θ = 10 m, by: (a) squashing in the z direction, (b)
squashing in the x and z directions, and (c) stretching in the y and squashing in the z directions
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or boundary between the slope and foundation layer,
are discussed below. The histograms of F, obtained
by considering the uncertainties in the various input
variables, were approximated by normal distributions
in order to obtain cumulative distributions (cdfs) of F.

4.1. Influence of 1D geometric uncertainty

The cdf of F obtained by analysing the slope with uncer-
tainty only in the external geometry, as defined by the

point statistics and uy in Table 2a, is shown in Figure
7. Also shown in the figure are the cdf of F obtained
by considering uncertainty only in the material proper-
ties with ux = uy = 10 m and uz = 1 m, and that obtained
by considering the geometric and material uncertainties
together. The distribution of F obtained by considering
only the geometric uncertainty is centred near the deter-
ministic F = 1.395 based on the mean parameter values,
whereas those which include uncertainty in the material
properties are shifted to the left due to the presence of
weaker zones attracting failure.

Figure 8 illustrates the relative impact of each uncer-
tainty on the performance of the slope. Figure 8a com-
pares the F obtained by considering the two
uncertainties together, with the F obtained for the
same realisation by considering only the geometric
uncertainty. Similarly, Figure 8b compares the F
obtained by considering the two uncertainties with the
F obtained in the same realisation by considering only

F = 1.395

Figure 6. Histogram of F obtained based on material uncer-
tainty, compared with the deterministic solution

Figure 7. Cdfs of F obtained with geometric and material
uncertainties

Figure 8. Comparing F obtained based on the material and geo-
metric uncertainties, with F obtained in the same realisations
based only on (a) geometric and (b) material uncertainties
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the material uncertainty. The points are aligned along
the dashed 1:1 line in Figure 8b, whereas no definite cor-
relation can be derived from the points in Figure 8a.
Figures 7 and 8 clearly indicate the relatively small influ-
ence of the geometric uncertainty compared to the
material uncertainty.

Thus, for the COVs of parameters considered in this
paper, which are within the range reported in literature
for material uncertainty and consistent with the maxi-
mum variations generally expected in geometry for a
regional dyke, the results indicate the larger relative
influence of the spatial variability in the material prop-
erties. However, this inference may be restricted to the
specific (simplified) problem considered in this paper
and further research may be warranted to arrive at a
firm conclusion regarding the relative importance of
the two uncertainties. For that purpose, remote sensing
data could be used to provide more information on the
variation in external geometry. However, the frequency
of the fluctuations in external geometric parameters
considered in this paper is likely to be on the high
side (i.e. uy = 10 m is probably an underestimate,
based on the visual inspection of Dutch regional
dykes), thereby resulting in a conservative influence
on the distribution of F.

4.2. Influence of 2D boundary uncertainty

The cdfs of F obtained by analysing the slope with
uncertainty in the location of the boundary between
the layers (i.e. between the slope material and the foun-
dation layer) are shown in Figure 9. A range of values
for the isotropic spatial variability (ux = uy) of the uncer-
tainty in the boundary location have been considered in

the analyses. As shown in the figure, a very small corre-
lation length results in a narrower distribution of F
compared with larger correlation lengths, although the
means of the distributions are the same as the determi-
nistic F ( = 1.395). Moreover, a comparison of the range
of responses in Figure 9 to those in Figure 7 indicates
the very small influence of the boundary uncertainty
on the probabilistic characteristics of the slope stability
with respect to influences due to the geometric and/or
material uncertainties.

To illustrate the above, Figure 10a compares the F
obtained by considering all three uncertainties
(material, geometric and boundary) with those obtained
in the same realisations considering only uncertainties
in the geometric and material properties. Similarly,
Figure 10b compares the F obtained by considering all
three uncertainties together with those obtained in the
same realisations with only the material uncertainty.

x = y = 1 m

x = y = 10 m

x = y = 500 m

Deterministic

Figure 9. Cdfs of F obtained with various scales of fluctuation in
the inter-layer boundary uncertainty, compared with the deter-
ministic solution

Figure 10. Comparing F obtained based on the material, geo-
metric and inter-layer boundary uncertainties, with F obtained
in the same realisations based on (a) material and geometric
uncertainties, and (b) only material uncertainty
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These plots are based on the spatial statistics given in
Table 2 for the geometric and boundary uncertainties,
and on ux = uy = 10 m and uz = 1 m for the material
uncertainty. Figure 10 shows that the points are aligned
along the 1:1 line (with the points in Figure 10a having
far less scatter than those in Figure 10b). These results
further demonstrate the significant influence of the
material uncertainty on F, as well as the negligible influ-
ence of the boundary uncertainty.

However, the above inference could be dependent
on the relative shear strength properties in the two
layers and on the geometry of the problem itself.
Hence, further analyses were carried out with differ-
ent slope geometries and with different mean c´
and mean w´ for the foundation material. The cdfs
of F obtained in the various cases are shown in
Figure 11. It is clear that the responses of the slopes
are significantly influenced by the material uncer-
tainty, whereas the inter-layer boundary uncertainty
has a minor or negligible influence. For the various
cases considered here, the point statistics defining
the uncertainty in the slope material and the bound-
ary between the layers are the same as in Table 1 and
Table 2b, respectively, and the COV of the shear
strength parameters for the foundation material is
fixed at 0.20.

Note that, since the geometric and boundary
uncertainties have been modelled by distorting the
elements in the finite element mesh (see Sections
3.1 and 3.2), this modelling approach will also distort

(to some extent) the spatial correlation structure of
the material properties, as the material correlation
structure is modelled relative to an undistorted
mesh. Figure 12 shows covariances of the standard
normal random fields of the material properties aver-
aged over 500 realisations, as well as the exact covari-
ances in the respective directions. For each realisation,
the covariance (C) was calculated using the following
equation:

C j, k = 1
n− 1

∑n−j

i=1

(Zi × Zi+j) (6)

where n is the number of cell values considered in
the k direction, and Zi and Zi+j are the standard nor-
mal values at cell locations i and i + j in the k direc-
tion. The exact covariance in each direction was
calculated using Equation (5), by using only the
associated terms in that direction. Figure 12 shows
that the calculated covariances agree well with the
expected covariances in the respective directions,
illustrating that the spatial correlation structures of
the material properties were preserved despite the
distorted mesh.

Figure 11. Cdfs of F obtained with various values of H and var-
ious mean shear strength properties for the foundation material;
solid curves are based only on material uncertainty and dashed
curves are based only on inter-layer boundary uncertainty

Figure 12. Covariances back-calculated from the standard nor-
mal 3D random fields of material properties, in (a) the vertical (z)
direction (with uz = 1 m), and (b) the horizontal (x) direction
(with ux = 10 m)
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4.3. Influence of 3D anisotropic material
uncertainty

Varkey, Hicks, and Vardon (2017, 2019) analysed a
slope with the same cross-sectional geometry and the
same soil property point statistics as in this paper, but
without considering a foundation layer. They observed
that the results obtained by assuming isotropic spatial
variability in the two horizontal directions (i.e. uh
= ux = uy) were consistent with the three categories of
failure mode proposed by Hicks and Spencer (2010)
and Hicks, Nuttall, and Chen (2014). Specifically, for
a small θh relative to H there is much averaging of
soil properties. This leads to a narrow range of sol-
utions, a mean factor of safety that approaches the
deterministic solution based on the mean soil property
value, and a long (i.e. 2D) failure referred to as Mode
1. Conversely, for large values of θh relative to L the
soil has a layered appearance. This can also lead to a
long (2D) failure mechanism (Mode 3) and a mean fac-
tor of safety approaching the deterministic solution,
although the range of solutions is now large because
it is influenced by the relative distribution of weak
and strong layers. However, Hicks and Spencer (2010)

and Hicks, Nuttall, and Chen (2014) demonstrated
that Mode 2 failure was the most likely (by far) and
the most critical mode of failure. This is generally
associated with an intermediate value of θh relative to
H and L, and is characterised by a discrete three-dimen-
sional failure that tends to pass through semi-continu-
ous weaker zones, thereby resulting in a relatively
lower mean factor of safety.

Recently, a detailed investigation of the horizontal
scale of fluctuation derived from CPT data, for a
Dutch regional dyke (de Gast, Vardon, and Hicks
2019, 2021), has shown that the horizontal scales of
fluctuation may be quite different parallel to the dyke
and perpendicular to it. This may be due, for example,
to the method of construction of the dyke, as well as
to dykes often being located along ancient river chan-
nels, so that the correlation length along the dyke (and
foundation layer) is higher than that across the dyke
(i.e. uy > ux). Therefore, different scales of fluctuation
in the two horizontal directions have been modelled
and, due to a general lack of measured field data for
horizontal correlation lengths, a wide range of values
has been considered. For this investigation, only

Figure 13. Mean and standard deviation of F as a function of ux and uy : (a) for fixed ux ; and (b) for fixed uy . Dashed line is the deter-
ministic value and the filled circles are for isotropic horizontal spatial variability

10 D. VARKEY ET AL.



uncertainty in the shear strength properties has been
accounted for. Moreover, the slope in Figure 1 without
the foundation layer has first been analysed, to enable a
consistent comparison with previous findings (Hicks
and Spencer 2010; Hicks, Nuttall, and Chen 2014;
Hicks and Li 2018; Varkey, Hicks, and Vardon 2019).

The mean and standard deviation of F obtained for
various values of the horizontal scales of fluctuation
are plotted in Figure 13, and these show similar trends
to those found previously when using uh = ux = uy
(Hicks and Spencer 2010; Hicks, Nuttall, and Chen
2014; Varkey, Hicks, and Vardon 2019). These results
have been obtained by carrying out 500 Monte Carlo
realisations for each combination of ux and uy. Figure
13a shows the influence of uy on the computed values
of F (for different values of ux), whereas Figure 13b
shows the influence of ux on F (for different values of
uy). The dashed line in the figure indicates the determi-
nistic value of F ( = 1.417) obtained for the slope with-
out a foundation layer. The results obtained for
isotropic horizontal spatial variability (ux = uy) in each
case have been highlighted as filled circles. As shown
in the figure, with an increase in the value of uy the
range of possible solutions increases, as reflected by
the higher standard deviation of F, and this increase
in the range of solutions is greater than that due to a
similar increase in ux.

Indeed, Figure 13 shows that the responses for both
the mean and standard deviation of F are, in general,
more influenced (with respect to the isotropic case) by
a change in uy than a change in ux. Figure 13a shows
that, for a given ux, there is a worst case uy with respect
to the mean F, i.e. a value of uy for which there is a
greater tendency for failure to be attracted to weaker
zones, which, for this example, seems to range between
approximately 10 m ( = 2H ) and 30 m ( = 6H ). Over
the whole range of ux considered, the worst case uy is
around 16 m (i.e. ≈ 3H ). Conversely, Figure 13b
shows that, for a given uy, the most conservative
approach is to assume a large ux, there not being an
intermediate value of ux constituting a worst case. Over-
all, Figure 13 demonstrates that uy is the most influential
scale of fluctuation and that, for uy > H, it is sufficient
(and generally conservative) to take ux = uy.

For very small and very large values of uy with
respect to L, continuous long failures were observed
in many realisations, corresponding to failure mode
categories Mode 1 and Mode 3, respectively (Hicks
and Spencer 2010; Hicks, Nuttall, and Chen 2014). In
contrast, for intermediate values of uy, smaller discrete
failures were generally observed due to failure through
semi-continuous weaker zones (i.e. Mode 2 (Hicks and
Spencer 2010; Hicks, Nuttall, and Chen 2014)), and

sometimes multiple discrete failures, although these
occurred in relatively few realisations. This is because
of the relatively short length of the slope, compared
to that analysed by Hicks and Li (2018), making it
difficult for multiple failure mechanisms to fully
develop without interaction from the mesh ends. In
order to give a general impression of trends, the failure
lengths in each realisation have here been calculated as
the number of continuously linked elements along the
slope toe having an average out-of-face displacement
greater than a certain threshold value. This threshold
value was calibrated using the procedure described in
Hicks, Nuttall, and Chen (2014) and, for the slope ana-
lysed here, it was calibrated as 37% of the maximum
out-face-displacement in that realisation. Although
the failure lengths computed using this threshold-cross-
ing method are only approximate, they are a good indi-
cation of trends.

Figure 14.Mean failure lengths as a function of ux and uy : (a) for
fixed ux ; and (b) for fixed uy . Filled circles are for isotropic hori-
zontal spatial variability
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The mean failure lengths obtained over all realis-
ations for various values of ux and uy are plotted in
Figure 14. The mean failure lengths for the isotropic
horizontal spatial variability in each case have also
been highlighted as filled circles in the figure, and are
in good agreement with the relationship for the mean
discrete failure length ( = 2H + uh/2) proposed by Var-
key, Hicks, and Vardon (2019) (based on Hicks and Li
(2018)) for intermediate values of isotropic horizontal
spatial variability. Figure 14 shows that, as for the
mean and standard deviation of F in Figure 13, the
mean failure lengths are more influenced by a change
in uy than a change in ux.

Based on the results in Figures 13 and 14, the
responses obtained with anisotropic horizontal spatial
variability may be significantly different compared to
those based on isotropic horizontal spatial variability.
However, the results suggest that it would be reasonable
(and conservative) to assume isotropic spatial variability
in the horizontal plane based on the value of uy, and
that, in the absence of detailed knowledge of the site,

to assume a worst case value of uy. In this investigation,
the worst case value of uy was found to be around 4H ±
2H.

Since this worst case value of uy is based on the
responses obtained for slopes with the specific cross-sec-
tional geometry shown in Figure 1, further analyses
have been carried out to test the applicability of this
hypothesis on a wider range of problems. In particular,
three additional cases have been considered: one of the
slope in Figure 1 with the foundation layer, and two
cases of slopes without a foundation layer but with a
different height and slope angle. These further analyses
have been based on slopes that are 50 m long in the third
dimension, the soil parameters listed in Table 1, a verti-
cal scale of fluctuation of 1 m and a wide range of values
of the anisotropic horizontal spatial variability. The
mean values of F obtained for the various cases by car-
rying out 500 Monte Carlo realisations for each combi-
nation of ux and uy are plotted in Figure 15. For the
various cases considered in the figure, the deterministic
values of F have been shown by dashed lines and the

Figure 15. Mean F as a function of uy obtained for: (a) slope with a foundation layer as in Figure 1; (b) and (c) slopes without a foun-
dation layer but with a different height and slope angle, respectively. For each slope the dashed line is the deterministic F, the filled
circles are for isotropic horizontal spatial variability, and the shaded grey area represents uy in the range 4H ± 2H.
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mean values of F obtained for isotropic horizontal
spatial variability have been highlighted as filled circles.
The figure demonstrates (once again) the significant
influence of uy on the responses and that, for H < uy
<< L, it may be sufficient to assume ux = uy. The results
also indicate that in the absence of a detailed site inves-
tigation, it may be reasonably conservative to assume
isotropic spatial variability in the horizontal plane
based on a worst case value of uy, which falls well within
the range uy = 4H ± 2H indicated by shaded grey area in
Figure 15.

5. Conclusions

RFEM has been used to study the influence of three
forms of uncertainty on the probabilistic characteristics
of the stability of an idealised 3D embankment slope:
these were due to 1D spatial variability in the external
geometry of the slope along its length, 2D spatial varia-
bility in the depth of the boundary between the embank-
ment material and the foundation layer, and 3D spatial
variability in the shear strength properties of the slope
and foundation materials. The uncertainties in external
geometry were modelled as variations in the slope
height, crest width and toe width along the slope length.

It was observed that uncertainties relating to the
external geometry and inter-layer boundary had little
to negligible influence on the probabilistic character-
istics of the slope stability compared to spatial variability
in the shear strength properties of the slope and foun-
dation materials, based on typical statistics for a
Dutch regional dyke. It was also observed that the
resulting distribution of the factor of safety F consider-
ing the geometric or inter-layer boundary uncertainty
was centred near the deterministic F based on the
mean parameter values, whereas it was centred at a
smaller value of F when uncertainty in the material
properties was included due to the presence of weaker
zones attracting failure. Additional analyses carried
out with different slope geometries and with different
strength parameters for the foundation material further
demonstrated the significant influence of the material
characteristics and the negligible influence of inter-
layer boundary uncertainty on the slope response.

It was demonstrated that anisotropy of soil spatial
variability in the horizontal plane can have a significant
influence on embankment reliability and failure conse-
quence, with the spatial correlation of properties along
the embankment length (uy) having a much greater
influence than the spatial correlation of properties per-
pendicular to it (ux). Furthermore, for very small and
very large values of uy relative to the embankment
length, continuous long failures were observed, whereas

for intermediate values of uy, smaller discrete failures
were generally observed due to failure through semi-
continuous weaker zones.

The results indicated that assuming isotropic spatial
variability in the horizontal plane could give either con-
servative or unconservative solutions. However, a con-
servative solution is generally obtained by assuming
isotropic variability based only on the scale of fluctu-
ation along the embankment. For those cases in which
an accurate knowledge of uy is not available, a worst
case value of uy ≈ 4H ± 2H was found for the range of
embankments analysed.
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