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A B S T R A C T

Compliant mechanisms (CM) with adaptive stiffness have been widely used in robotics and machine design
applications. This paper proposes adapting the endpoint stiffness of a spatially curved compliant beam using a
movable torsional stiffener and a new graphical characterization method for the resulting anisotropic stiffness
of the endpoint for large deflections. A slender clamped-free cruciform beam with a predetermined spatial
shape was utilized as the main compliant part, and a shorter sliding bellow was served as the torsional
stiffener. The beam’s endpoint displacements are mainly determined by its bending and torsional deformations.
Therefore, the relocation of a bellow stiffener with high torsion and low bending stiffness along the described
beam with relatively low torsion and high bending stiffness led to notable changes in the kinetostatic behavior
at the endpoint. The share of bending and torsional stiffness of elements along the beam to endpoint stiffness
varies depending on the direction. Experiments with arbitrarily chosen parameters of the current design reveal
an anisotropically adaptive stiffness with 21.5 times more stiffness variations in one direction compared to the
other. Effective characteristics for this behavior, such as the length and position of the bellow, were explored
in an effort to improve it. To capture the effect of these parameters, the Isoforce Displacement Closed Surface
(IDCS) was introduced as a new characterization method to visualize the nonlinear kinetostatic behavior of a
CM throughout its three-dimensional range of motion. The IDCS was further used to elucidate how individual
components of the current mechanism contribute to the system’s overall kinetostatic behavior. Experiments
were done on prototypes to confirm the changes in endpoint stiffness that were predicted by simulations.
1. Introduction

Variable stiffness is a topic of interest in a wide variety of research
fields. There are numerous examples in aerospace engineering, soft
robotics, medical devices, smart materials, and wearable robotics. De-
spite the fact that these applications are different, the shared desired
characteristic is that the designed devices must be able to alter their
stiffness in a specified direction on demand.

In aerospace engineering, variable stiffness structures can be found
in shape morphing applications [1–4]. Through shape morphing, wings
can change their shape to become more efficient across various flight
conditions. Kuder et al. [5] reviewed concepts for variable stiffness with
a focus on shape morphing for aerospace applications, and Sun et al. [6]
reviewed the same concept based on smart materials and structures.

Variable stiffness solutions were also explored in the field of soft
robotics. Manti et al. [7] reviewed concepts for variable stiffness for
application in this field. In soft robotics, the focus is mainly on using
variable stiffness parts for the different phases of the interaction of
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soft robots with natural environments [8–10]. There are a handful of
examples in soft robotics grippers which change the stiffness during
different phases of grasping and handling the material using differ-
ent techniques such as granular jamming, which can be defined as
transition of granular media from fluid like to solid like state [11–
13]. or layer jamming [14–16] and hybrid jamming which includes a
combination of both techniques [17]

In medical applications, variable stiffness is a topic of interest
mainly in surgical equipment where the stiff mode is used for cutting,
grasping, or supporting other equipment while the soft mode is needed
for traveling inside the body [18–20]. Blanc et al. [21] reviewed
variable stiffness mechanisms for the application of medical devices.

In smart materials, taking advantage of variable stiffness can be
the functionality basis of several proposed designs, where the effect of
temperature or input voltage causes different stiffness characteristics of
the structure [22,23].
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Adjusting stiffness can also be used in wearable robotics, where
changing the stiffness of slender and lightweight structures is demanded
to support different phases of human motion, e.g., different states of the
upper body or limbs in their range of motion [24–26].

Numerous techniques for altering the stiffness of a system and
characterizing these variations have been developed for a variety of
applications. [27–30]. However, the majority of these techniques are
designed in a complex and obtrusive manner. Still, in some appli-
cations, e.g., aerospace or wearable robotics, slenderness and being
lightweight are key requirements. For instance, morphing aircraft wings
using traditional mechanical actuators and mechanisms is often not
viable due to the additional weight of these mechanisms [31,32]. Sim-
ilarly, the weight of wearable robots should be kept as low as possible
to minimize the load that the user must bear [33–35]. On the other
hand, these applications mostly need to perform relatively complex
motion or support in three-dimensional space, which would commonly
result in a complex assembly of several parts [36,37]. However, adding
complexities can wipe out the core functionality of the mechanism for
these specific applications.

A spatial Compliant Mechanism (CM) could be used to address
these types of intricate requirements for a relatively simple and slender
system [38–41]. These mechanisms gain their motion as well as support
the force from the elastic deformation of spatially curved parts [42,43].
This type of CMs is still underexplored. A notable example of this type
of topology is a clamped-free slender beam, in which the elements of
the curved beam affect endpoint behavior [44], similar to an open
chain robotic arm, in which the entire system contributes to end-
effector behavior. Here, mainly the bending and torsional stiffness
of elements along the beam contribute to the endpoint kinetostatic
behavior. Hence, it is possible to use these parameters to adapt the
endpoint stiffness. There are several examples in the literature, mainly
focusing on changing the local bending stiffness of elements to adapt
the overall stiffness of the system. Methods like layer coupling have
been widely used [45–47], in these examples, a mechanism locally
decouples layers to reduce the bending stiffness of the endpoint.

The majority of research cited thus far has focused exclusively
on adapting a system’s bending stiffness in order to design a planar
mechanism. In spatial mechanisms, the endpoint behavior is not only
dependent on the bending stiffness of elements along the shape but also
strongly influenced by the torsional stiffness of these elements [48].
There is no doubt that by utilizing torsion as a primary stiffness
tailoring tool in spatial mechanisms, higher and more sophisticated
stiffness change ratios are achievable. However, implementing torsional
stiffness changes has received little attention [49,50].

In this article, adapting the endpoint stiffness of a spatially curved
compliant clamped-free beam using a sliding torsional stiffener is in-
vestigated, and a new graphical characterization is proposed for the
characterization of the resulting anisotropic stiffness of the endpoint for
large deflections. It is shown that the endpoint secant stiffness under
large deflections can notably change when the stiffener length and
position on the beam alter. Two key compliant parts with contrasting
mechanical behavior were used: a bellow as a torsional stiffener and
a spatially curved prismatic beam with a cruciform cross-section as
the base part. It is shown that the changes in the beam’s endpoint
stiffness are highly anisotropic. These changes in endpoint kinetostatic
behavior were determined by different bellow configurations and then
captured by the definition of a graphical characterization method, Iso-
force Displacement Closed Surface (IDCS), and a metric, Displacement
Change (DC). The IDCS was defined to visualize the nonlinear spatial
kinetostatic behavior of the CM for large deflections. The definition of
IDCS is not only beneficial for this work, but also it enables spatial
CMs to be characterized, and the major effective design parameters
of a spatial system to be identified. It can also be used to quantify
the comparison of alternate solutions. The metric (DC) was defined
as a quantitative measure for the change of stiffnesses in different
2

Fig. 1. The top figures show the forming process of an L-shaped cantilever beam’s
Isoforce Displacement Closed Line (IDCL) from a tip force circle in the 𝑋𝑌 plane. The
bottom figures show the forming process of the same beam’s Isoforce Displacement Closed
Surface (IDCS) from a tip force sphere in 3D. Three IDCLs are shown as closed curves
on the IDCS. These IDCLs result from the force circles of the same color in the 𝑋𝑌 , 𝑋𝑍,
and 𝑌 𝑍 planes. A force vector 𝐹 is shown in solid black and its curved representative
displacement path as a result of gradually increasing force 𝐹 is also shown with dashed
black.

configurations of an adaptive CM. Finally, experiments on prototypes
were conducted to validate the simulation-based behavior.

The paper is structured as follows. In Section 2, the concept for
visualization of endpoint kinetostatic behavior is introduced. The defi-
nition of the problem and effective parameters together with the finite
element solver are elaborated in Section 3. Additionally, the context
of experimental verification procedures is discussed. In Section 4 the
resulting behavior from different conditions is shown. A discussion on
the validity of the results and possible other applications and future
improvements are given in Section 5, and the conclusion is given in
Section 6.

2. Preliminaries

In this section, we present a concept for the visualization of the non-
linear kinetostatic behavior of a CM for large deflections by introducing
Isoforce Displacement Closed Line (IDCL), and Isoforce Displacement Closed
Surface (IDCS). An IDCL is obtained by loading a point of interest,
typically the endpoint, of a CM by a force circle (see Fig. 1), meaning
that a force (𝐹 ) of a constant magnitude is applied in a 360◦ sweep,
and interconnecting all of the endpoint’s displaced positions makes the
IDCL. We have introduced this closed curve shape previously in [51].

With the same logic, an IDCS is the interconnection of all of the
point of interest’s deflected positions when it is loaded by a force
sphere. It is worth noting that, an IDCL is a closed curve on the IDCS
surface. Fig. 1 shows the IDCS and three IDCLs of an ‘‘L’’ shaped beam
with a circular cross section. The IDCLs are the results of force circles
on the 𝑋𝑌 , 𝑋𝑍, and 𝑌 𝑍 planes.

As is suggested in Fig. 1, the nonlinear displacement as a result of a
force vector in a specific direction is not by definition in the direction
of the force itself. Therefore, it is not valid to assume each point of IDCL
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and IDCS as a direct representation of the endpoint compliance in that
direction. However, these graphical characterizations can clearly show
the nonlinear kinetostatic behavior of a point of interest on a CM.

A similar concept for the characterization of the kinetostatic be-
havior of compliant building blocks was previously introduced by Kim
et al. [52] as ‘‘compliance ellipsoids’’. The presented method in that
work is analytical and easier to derive for simpler typologies, however,
it only illustrates three main compliance vectors of a point of interest
of a mechanism in each instance. Additionally, it only indicates the
linear tangent stiffness. Thus, it is mainly effective for small deflections
and it is not dependent on the magnitude of the force. In contrast, by
employing IDCS, nonlinearities can be demonstrated; as a consequence,
a change in force magnitude may result in a different IDCS.

In this study, the proposed graphical characterization method is
used to demonstrate the spatial kinetostatic behavior of the beams’
endpoints, as well as to elucidate variations in this behavior caused
by different bellow configurations. This method of visualization can
clarify the influence of torsional stiffening in the suggested combined
design of the existing compliant mechanism. Noting that, as stated, we
are proposing a method for changing stiffness and are not interested in
a particular application for this method, it is essential to demonstrate
changes in overall behavior that are not dependent on a particular
application or direction; therefore, proposing this visualization is more
important.

3. Methods

A slender cruciform clamped-free beam with a predetermined shape
was used as the main compliant part, and a shorter bellow was em-
ployed as the torsional stiffener, as shown in Fig. 2(a). The bellow
was sixty times stiffer in torsion than the beam, and its bending
stiffness was approximately one-tenth of the beam bending stiffness.
The bellow is only connected to the main beam with its side clamps. We
hypothesized that altering the configuration of the bellows would result
in significant changes in endpoint stiffness. To aid in the investigation
of this mechanical behavior, various steps are detailed in this section.

The mechanism’s topology and detailed parameters of the cruciform
beam and bellow are discussed in the first step. The defined graphi-
cal characterization method for facilitating comprehension of changes
in the beam’s endpoint behavior in various bellow configurations is
then elaborated. The details of implementing a geometrically nonlinear
finite element beam model are discussed. Finally, the details of exper-
imental beam prototyping and the test setup for verifying simulated
results are elaborated.

3.1. Definition of topology

The cruciform beam was designed to be in a 1m cube design space
and have a spatial form. To make the shape of the beam extreme, the
beam is set to move along all three principal axes. Therefore, the beam
shape was formed in a way to travel the internal diagonal of a 1m cube
via its edges. However, following the cube corners could lead to sharp
changes in the beam shape, which might lead to discontinuities in the
finite element model, also stopping prismatic movement of the bellow
along the beam. Therefore, to have a smooth shape for the beam, it
was chosen to be formed based on a degree-two B-spline in which four
corners of a 1m cube were used as control points. The B-spline was
chosen to have an open uniform knot vector of [0, 0, 0, 0.5, 1, 1, 1]. The
position of the grounding point was assumed to be at the origin of the
Cartesian coordinate system, and the beam endpoint was located at
[1, 1, 1]. There were six different possibilities for the beam shape. The
resultant shapes are shown in Fig. 3. A guide curve was determined
to define the orientation of the cross-section in each point. Each beam
section was set to be normal to the B-spline and the upper flange of
the cruciform was designed to always point to the guide curve, which
is shown in Fig. 3 with a red line. By defining this shape, we ensure
3

Fig. 2. (a) The cantilever cruciform beam and its movable torsional stiffener. The
length of the sliding bellow is defined as 𝐿𝑠 and its starting position on the beam
named as 𝑃𝑠. The bellow is only connected to the beam with two thin clamps on the
sides. (b) The Isoforce Displacement Closed Surface (IDCS) of the mechanism endpoint
in two configurations of the bellow stiffener (red and blue).

that the beam is smooth enough for the bellow movement, and that it
has parts oriented in the main Cartesian directions.

In the end, we selected only one beam out of all six possibilities,
because the aim here was to capture the endpoint spatial behavior in
different configurations of stiffener. After preliminary simulations, we
discovered that the endpoint behavior of all six beam shapes follows
the same pattern, meaning that all six beams show the same IDCS shape
in a rotated or mirrored situation. Hence, we continued with only one
beam out of six. The selected beam is shown in solid yellow in Fig. 3.

The bellow and cruciform cross-sectional dimensions, where the
bellow length 𝐿𝑠 was defined as a fraction of the main beam length
𝐿𝑏, are shown in Fig. 2(a). This figure also shows how the bellow
was assembled on the beam by partially covering it. The bellow and
beam connections, i.e. the side clamps in Fig. 2(a) were only on the
sides of the bellow, where two circular parts with 2mm thickness and
a cruciform section cut were connected to the bellow sides. The bellow
starting position from the beam base was labeled as 𝑃𝑠 and it can slide
on the beam. The value of 𝑃𝑠 was expressed as a fraction of the main
beam length and cannot be greater than 1−𝐿𝑠 in order to accommodate
the bellow on the beam. Fig. 2(b) depicts two different positions of a
bellow (red and blue) and the resulting IDCSs.

3.2. Cruciform beam and bellow stiffener dimensions

As shown in Fig. 2(a), the dimensions of the cruciform section were
𝐻 = 𝑊 = 0.06m in height and width and 𝑡 = 0.009m in thickness.

For the bellow there were two diameters 𝐷𝑜𝑢𝑡 = 0.15m, 𝐷𝑖𝑛 = 0.12m
and a uniform thickness 𝑡 = 0.0018m.
𝑏
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Fig. 3. All possible shapes for the spatial cantilever beam traveling from [0, 0, 0] to
[1, 1, 1] according to the defined B-spline and control points on the edges of a virtual
1*1*1 cube are shown with blue lines. The selected beam’s shape from six possible
shapes and its control points are demonstrated. The guide curve specifying cross-
sectional orientation is shown with the red line. Also, a local spherical coordinate
system is set up at the end of the beam to make it easier to show the direction of the
tip force.

3.3. Isoforce Displacement Closed Surface (IDCS)

It is essential to have an understanding of the endpoint spatial
kinetostatic behavior to realize changes determined by different bellow
configurations. For this reason, we used IDCS for different bellow
positions and lengths. To implement the tip force sphere, a spherical
coordinate system was defined on the endpoint, as shown in Fig. 3.
The in-plane angle 𝜃 of 𝐹 was changed in 10◦ steps from 0◦ to 350◦ to
form IDCLs. This procedure was repeated in planes with 36 different
𝜑 from 0◦ to 175◦ to make an IDCS from 36*36 displaced states for
each bellow configuration. The resulted IDCS of these points are shown
in Fig. 7. The magnitude of force was chosen to be three Newton
(‖𝐹‖ = 3N), this led to the maximum equivalent (von Mises) stress
of 32.8MPa, which is below 68% of the yield stress (48MPa) of the
prototype material (PA-12). This force magnitude can be different for
other materials and possibly lead to a bigger or smaller volume of IDCS.

3.4. Displacement Change (DC)

To have a clear quantified estimation of changes in the endpoint’s
stiffness, a metric was defined as Displacement Change (DC). This value
was defined as the absolute magnitude of the displacement difference
between two bellow configurations as a result of the same force vector
(𝐹 ). To make this number dimensionless, we divided it by the base
beam length (𝐿𝑏). The formulation for so-called DC is:

𝐷𝐶 =

‖

‖

‖

‖

→
𝑑 𝑖(𝜃, 𝜑) −

→
𝑑 𝑒(𝜃, 𝜑)

‖

‖

‖

‖

𝐿𝑏
(1)

where 𝑑𝑖 and 𝑑𝑒 are displacement vectors as a result of the initial and
the end configurations of the bellow, and 𝜑, 𝜃 are respectively polar
and azimuthal angle of the exerted tip force (see Fig. 4).

Finding the directions of the maximum and the minimum DC could
be an intriguing aspect of the kinetostatic change. For this reason, a
search function was used to find the force direction (𝜃, 𝜑) among all
36*36 deformed states, which led to the Highest Displacement Change
(HDC) and the Lowest Displacement Change (LDC).
4

Fig. 4. The figure shows two Isoforce Displacement Closed Lines (IDCLs) for two
bellow configurations (red and blue lines), and the displacement paths as a result
of gradually increasing force 𝐹 for each bellow configuration with dashed red and
blue. Displacement Change (DC) is the magnitude of the difference between these two
displacement vectors.

To find DC, we always compared two different positions of the same
bellow. As the bellows had the lowest effect when they were placed at
the top end of the beam, we always calculated HDC and LDC between
the highest possible position of the bellows (𝑃𝑠𝑒 ) as the benchmark and
other positions (𝑃𝑠𝑖 ). It is important to mention that the bellow was
designed to always remain on the beam, hence, 𝑃𝑠𝑖 could only range
from 0 to 1−𝐿𝑠 while 𝑃𝑠𝑒 (benchmark configuration) was always equal
to 1 − 𝐿𝑠.

The HDC direction can be interpreted as the direction where the
endpoint behavior is affected most by changes in bellow position, and
with the same logic, the LDC direction is the direction where changes
in bellow have the least kinetostatic effect.

3.5. Finite element modeling

To simplify the model in finite element analysis, the parts of the
beam covered by the torsional stiffener have been replaced by elements
with the combined stiffness of the beam and stiffener. To obtain the
IDCS, we needed to find the combined beam’s endpoint displacements
under 36*36 different loading vectors, and do this for each bellow
configuration. Also, most of these loadings lead to large deformations.
Hence, a relatively fast self-developed beam model was implemented.
The solver uses geometrically nonlinear co-rotational beam elements,
which were introduced by Battini [53], this model has been further
explained in detail in [51].

A mesh converged solution with 30 elements for the beam length
was used. As it mentioned the bellow stiffening effect were modeled
by multiplying the 𝐼𝑦𝑦, 𝐼𝑧𝑧 of bellow covered elements by 1.13 and
their 𝐽 by 60.8 regarding the data in Table 1. For different lengths
of the bellows the number of covered elements was changed. 15, 10
and 5 elements respectively for long, medium, and short bellows, and
for different heights of the bellow on the beam, the starting stiffened
element was changed.

It is important to note that, we are employing the described finite
element model as a tool in our work, as it is a well-established gold
standard model and performs sufficiently for this application. It is clear



International Journal of Mechanical Sciences 234 (2022) 107687A.A. Nobaveh et al.
Table 1
The parameters for the bellow and the beam.

Beam Bellow

𝐴𝑟𝑒𝑎 (m2) 9.99e−4 4.48e−4
𝐼𝑦𝑦 (m4) 1.65e−7 2.23e−8
𝐼𝑧𝑧 (m4) 1.65e−7 2.23e−8
𝐽 (m4) 2.64e−8 1.56e−6

Fig. 5. The experimental setup with a suspended-weight represents the constant
magnitude of the tip force and a universal joint at clamping to represent the changes
in load direction. The spatial displacement of the endpoint was measured using image
processing of unloaded and loaded states from two perpendicular angles.

that alternative more advanced models can also be used with the same
visualization and layout as those described in this study.

Both the bellow and the cruciform beam were modeled as 3D Euler–
Bernoulli beam. Therefore, all dimensions were ultimately reduced into
four main beam parameters: area, second moment of inertia in the two
main directions, and torsional constant. Based on the dimensions and
the preliminary experiments, the parameters for modeling these two
components are mentioned in Table 1.

For finding the Young’s modulus (𝐸), we conducted preliminary
experiments on the bellow and beam prototypes. These tests resulted
in 𝐸 = 1.17GPa. By using the Poisson’s ratio of PA-12 [54], the shear
modulus was calculated as 𝐺 = 0.41GPa for both the beam and the
bellow.

3.6. Experiments

To validate modeling results, an experimental setup was devel-
oped. The prototypes for the experiments were 3D-printed using the
multi-jet fusion method with PA-12 as the material. The beams were
down-scaled six times to fit within the printing volume.

The experiments included loading the endpoint in LDC and HDC di-
rections obtained from simulations (see Table 2), with 𝐹 = 3N∕𝑠𝑐𝑎𝑙𝑒 =
0.5N, and capturing the undeformed and deformed states to find the
experimental HDC and LDC (see Fig. 6).
5

Fig. 6. Displacement Change (DC) as a result of the same magnitude of force in the
Lowest DC (LDC, solid lines) and the Highest DC (HDC, dashed lines) directions upon
different bellow positions (𝑃𝑠). Figures (a), (b), (c) are respectively for short, medium,
and long bellows.

Here, we used suspended weight as the load. This load was always
pointing vertically downward. Therefore, to implement the load’s dif-
ferent directions, the whole mechanism was clamped onto a universal
rotational stage where the rotation of the beam’s global coordinates
in 𝜃 and 𝜑 represented the changes in endpoint load direction. The
experimental setup is shown in Fig. 5.

The three-dimensional displacement in the loaded and unloaded
states were obtained by tracking the displacement of the endpoint
marker in images that were taken from two perpendicularly located
cameras.

4. Results

To understand the effect of torsional stiffener length, three different
bellows were chosen with their length (𝐿𝑠) indicated as a fraction of
the main beam length (𝐿𝑏). The bellow lengths were selected to be 1/2
(long), 1/3 (medium), and 1/6 (short) of 𝐿𝑏. Besides the length of the
bellow, the effect of its starting position (𝑃𝑠) was also investigated.

The resultant HDC and LDC of these different positions are shown
in Fig. 6 with thick dashed lines for HDC and thick solid lines for LDC.
The directions of the forces for LDC and HDC in different configurations
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Table 2
The directions of the force to obtain the Lowest Displacement Change (LDC) and the Highest Displacement Change (HDC) in different positions of the bellow (𝑃𝑠 = 0 − 0.7). 𝜃 and
𝜑 are resulted from modeling and used for the experiments. The resulted HDC, LDC, and HDC/LDC from experiments are also shown for all bellow lengths (long, medium and,
short).
𝑃𝑠 (position) Long Medium Short

LDC HDC HDC/LDC LDC HDC HDC/LDC LDC HDC HDC/LDC

Direction LDCe-2 Direction HDCe-2 Direction LDCe-2 Direction HDCe-2 Direction LDCe-2 Direction HDCe-2

𝜃 𝜑 𝜃 𝜑 𝜃 𝜑 𝜃 𝜑 𝜃 𝜑 𝜃 𝜑

0 40 50 5.8 110 150 30.9 5.3 50 45 1.2 120 160 25.4 21.5 50 40 2.3 90 160 11.1 4.7
0.1 70 30 7.5 130 155 21.6 2.9 70 30 3.7 150 160 19.5 5.2 50 40 1.8 130 165 7.4 4.1
0.2 70 30 6.0 150 160 6.9 1.2 90 20 2.0 160 145 7.8 3.9 70 30 0.3 150 160 2.0 7.5
0.3 90 20 2.0 160 145 3.7 1.8 90 20 3.3 170 130 8.4 2.5 90 20 0.7 180 140 6.0 8.3
0.4 80 30 1.3 170 130 1.5 1.2 90 20 0.9 180 115 5.3 6.1 90 10 1.7 180 120 3.1 1.8
0.5 280 30 1.4 180 110 1.4 1 90 20 0.7 180 110 1.9 2.6
0.6 280 30 0.2 180 115 0.7 4.7
0.7 280 30 0.2 180 120 1.7 8.5
Table 3
The Normalized Root Mean Square Error (NRMSE) for different sets of experimental
results compared to finite element results. The errors for long, medium, and short
bellows, in the Lowest Displacement Change (LDC) and the Highest Displacement
Change (HDC) are shown.

Long Medium Short

LDC HDC LDC HDC LDC HDC

NRMSE 16.2% 8.2% 8.6% 7.7% 5.5% 27.9%

are shown in Table 2. It is clear that with a longer bellow, the range of
motion for the bellow becomes shorter. Hence, in Fig. 6 the horizontal
axis (𝑃𝑠) for longer bellow is shorter.

In addition, for each of the three bellow lengths in Fig. 7 (a, c,
e), we have also shown the IDCS of the two most extreme positions
(𝑃𝑠 = 1 −𝐿𝑠, 0). In the same figure, the displacement path of the beam
in two configurations with HDC (dashed lines) and LDC (solid lines)
are also shown (b,d,f). The blue and red lines and surfaces are for the
blue and red configurations of the bellows.

4.1. Experimental results

Experiments were used to determine the displacements of the mech-
anism with various bellow configurations. The mechanism displace-
ments were found in discrete positions and normalized based on the
length of the prototype beam to be comparable with modeling results.
The resultant DCs from experiments are shown with an asterisk (*) in
Fig. 6. To make the experimental results trend comparable with the
simulation results, the data points are connected with the thin dashed
(HDC) and thin solid (LDC) lines.

A Normalized Root Mean Square Error (NRMSE) is used for each
set of experimental results to show the difference with finite element
results. For normalization of the RMSE, each set of results is divided
by its ‘‘max value - min value’’. Table 3 shows the NRMSE for different
sets.

5. Discussion

The results highlighted the effect of torsional stiffening on the
endpoint behavior of the CM and the anisotropically adaptive stiffness
that was achieved with this technique. It was shown that meaningful
trends in the nonlinear kinetostatic behavior of the mechanism can
be achieved by changing configurations of the bellow. These changes
are further analyzed by the graphical characterization method and the
metric, IDCSs and HDC, which were specifically defined to understand
the behavior of spatial CM.

In Fig. 7, the difference between the IDCSs of the two configurations
of the bellow, blue and red, becomes more significant as the length
of the bellow increases. Also, from Fig. 6 it can be revealed that
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with longer bellows, we can achieve higher HDC. However, a shorter
bellow has a greater travel range than a longer bellow, and it is more
appropriate for having a fine control on the endpoint behavior. Hence,
there is a trade off between having a higher stiffness change (longer
bellow) or a wider range of adjustment (shorter bellow) when choosing
the bellow length.

Fig. 6 also shows that the effect of the change in bellow position
is higher near the grounding of the beam. This nonlinear decrease in
HDC is due to the fact that with the current topology of the clamped-
free beam, the base elements are subjected to higher deformation due
to larger moment arms, and their deformations have a larger effect on
the endpoint displacement.

As anticipated, both Figs. 6 and 7 confirm that the changes in
endpoint behavior are not isotropic. The reason behind this behavior
can be explained by an example. If we imagine a tip force in the Y
direction in Fig. 3 on the beam, it will cause bending of the Z and Y-
oriented parts of the beam and torsion of the X-oriented part. Regarding
the fact that the deformation of the endpoint is heavily dependent
on the beam base and that the moments are higher in the base part.
Therefore, the torsion in the X-oriented part of the beam plays the
major role. Hence, by torsionally stiffening this part, we can expect
higher overall stiffness of the endpoint in the Y direction.

If we imagine the same situation for a tip force in the X direction, it
will cause bending in the Z-oriented and X-oriented parts of the beam
and torsion in the Y-oriented part. However, we mentioned that the
effect of the beam base (the X-oriented part) is much more impor-
tant. Therefore, torsional stiffening of the beam base will not cause a
significant change in stiffness for the endpoint in the X direction.

Regarding this explanation, we can state that, by torsional stiffening
of the beam, the endpoint stiffness behavior changes significantly in the
directions wherein the torsion of the base elements is dominant, namely
the Y direction in Fig. 3 which causes the HDC direction, and it almost
remains the same in directions where the bending of the base part is
dominating, namely the X direction, which causes the LDC direction.

In Fig. 6, the solid LDC lines are representative of bending-
dominated directions, where the overall stiffness of the structure re-
mains almost the same, and therefore, the DC remains almost zero
regardless of the length and position of the bellow. With the same
logic, the dashed HDC lines are representative of torsion-dominated
directions where the endpoint stiffness is affected significantly by the
torsional stiffening caused by the bellow.

The experimental results arguably match the anticipated results
from finite element modeling, and the highest achievable HDCs in two
cases are comparable. The reason behind some mismatches can be
found in different assumptions:

Firstly, in the finite element modeling, we assumed that the stiffened
beam parts, i.e. beam parts that are covered by the bellow, can be
replaced by beam elements with the combined stiffness of the beam and
bellow, whereas in reality, the bellow is only connected to the beam
on two side clamps. The modeling of this stiffening could be captured

better by taking the bellow and beam as parallel elements between
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Fig. 7. The left figures show the resulting Isoforce Displacement Closed Surfaces (IDCSs) for two positions of the bellow, on top and bottom of the beam. Blue IDCS is for the
bottom blue position, and red IDCS is for the top red position of the bellow. The right figures show the displacement path of the endpoint for the same two positions of the
bellow on the top and bottom, where the blue lines are for the bottom position and the red lines are for the top position of the bellow. The displacement paths are shown for
two different directions of the load in each of the two bellow position, HDC load direction (dashed lines) and LDC load direction (solid lines). The displacement paths are the
result of gradually increasing loads in that direction. Figures (a, b), (c, d), (e, f) are respectively for short, medium, and long bellows.
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clamping points and constraining them only on the side clamps of the
bellow.

Secondly, here we have used Bernoulli’s beam model, which is a
gold standard for this type of structure, but it cannot capture some
forms of deformation, e.g., section deformation. Using a more advanced
finite element model can lead to a lower mismatch between exper-
iments and modeling. Furthermore, in the current model, increasing
the number of simulations per each configuration of the bellow can
improve the resolution of 𝜃 and 𝜑 for HDC and LDC directions.

Thirdly, there were sources of error in the measurement setup,
e.g., the torsion of the beam curve and the bellow were not matched in
all configurations. Moreover, with the current bellow-beam connection,
there is still room for under-bending of the bellow and over-torsion of
the covered part of the beam, which makes the model less valid and
shows its effect mainly on the most extreme cases, i.e., LDC of the long
bellow and HDC of the short bellow (Fig. 6(a) dashed line and Fig. 6(c)
solid line).

Another source of error can be considered in the bending stiffness
of the bellow, which was assumed to be linear. However, initial inves-
tigations have shown that in large deformations, the bellow exhibits
bending stiffening and it shows nonlinear behavior.

Eliminating these major causes of errors can result in a better match
between modeling and experiments. However, the current data already
demonstrate the desired behavior, and the conclusion regarding the
change of kinetostatic behavior remains sound.

Attention must be paid to the definition of what we are achieving in
terms of changes in endpoint kinetostatic behavior as the displacement
vectors are not in the same direction as the forces due to the coupled
parameters in the endpoint stiffness matrix (see Fig. 1). Also, in most
cases, as it is shown in Fig. 7(b,d,f), we observed a curved path and non-
linear deformation of the endpoint due to the large magnitude of the
force. Hence, the arbitrarily selected magnitude of the endpoint force
has an effect on the maximum achievable HDC/LDC, but the overall
anisotropic adaptive stiffness behavior due to torsional stiffening of the
spatial mechanism is present regardless of the force amplitude.

Here, torsional stiffening was selected as the primary way to achieve
anisotropically variable behavior. It is possible to achieve this behavior
for other types of spatial structures as well, e.g., thin-walled shells. Also,
changing the torsional stiffness is possible with other methods.

The resulting anisotropic change in the displacement domain is an
interesting effect that can be used in many ways, such as in exoskele-
tons or morphing wings, where the stiffness needs to be reduced in one
direction but stay more or less the same in other directions.

The optimization of several arbitrarily selected parameters like the
shape and cross section of the beam and its torsion to bending stiffness
ratio can notably change the behavior of the mechanism and further
enhance the DC and anisotropy of the system. Hence, it is possible to
use this simple, effective technique to design and modify the endpoint
characterization of other spatial compliant systems, specifically for
applications where weight and slenderness are key requirements.

6. Conclusion

We have presented a method which allows for anisotropic changes
of end point stiffness of a spatial CM. This is done by a novel combina-
tion of two contrasting parts: a clamped-free curved cruciform beam
with relatively high bending and low torsional stiffness as the base
structure, and a short bellow with low bending and high torsional
stiffness as a prismatic torsional stiffener of the main beam.

A graphical characterization method has been introduced to in-
vestigate the three dimensional nonlinear changes of the mechanism’s
endpoint’s behavior due to the variation of the length and position of
the bellow. This visualization can further be used to characterize the
kinetostatic behavior of other types of spatial CM.

21.5 times higher stiffness changes in one direction compared to
the other was achieved in the experiments using this method. The
8

simulated behavior was also verified by observing similar trend of
changes with experiments with an averaged normalized RMS error of
12.5%.

This type of anisotropic adaptive stiffness can have several appli-
cations where changes only in one direction’s stiffness are required
while the other direction’s stiffness should remain almost the same. A
similar combination of contrasting elements can be used for other types
of structures like thin-walled shells. It is also possible to implement
optimization on effective parameters of the current design to further
enhance the presented feature.
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