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Abstract

Piecewise deterministic Markov processes (PDMPs) are a class of stochastic processes with appli-
cations in several fields of applied mathematics spanning from mathematical modelling of physical
phenomena to computational methods. A PDMP is specified by three characteristic quantities: the
deterministic motion, the law of the random event times, and the jump kernels. The applicability of
PDMPs to real world scenarios is currently limited by the fact that these processes can be simulated
only when these three characteristics of the process can be simulated exactly. In order to overcome
this problem, we introduce discretisation schemes for PDMPs which make their approximate simulation
possible. In particular, we design both first order and higher order schemes that rely on approximations
of one or more of the three characteristics. For the proposed approximation schemes we study both
pathwise convergence to the continuous PDMP as the step size converges to zero and convergence in
law to the invariant measure of the PDMP in the long time limit. Moreover, we apply our theoretical
results to several PDMPs that arise from the computational statistics and mathematical biology literature.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

MSC: primary 60J25; 65C99; secondary 65C05
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1. Introduction

Piecewise Deterministic Markov Processes (PDMPs) [21,22] are nowadays widely used in
mathematical modelling in fields such as mathematical biology [5,14,42], biochemistry [45], in-
surance risk theory [20,29], materials science [1], neuroscience [40], and neutron transport [32].
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Mathematical properties of PDMPs such as stability and stationarity have been extensively
investigated in the mathematics community, see e.g. [4,16,26]. Moreover, in recent years these
processes have also quickly gained in popularity for purposes of Monte Carlo computation in
statistical physics [38,41,47] and in Bayesian statistics [30,48], for example in the form of the
Bouncy Particle Sampler (BPS) and the Zig-Zag Sampler (ZZS) [7,13]. Several papers have
further investigated the use of PDMPs in this area, e.g. [2,3,6,8,10,25,31,37].

PDMPs are continuous time Markov processes which move along deterministic trajectories
(typically in Euclidean space) on a time interval of random length, after which a (possibly
random) transition occurs to a new state, followed by another deterministic motion, etc. The
deterministic motion is prescribed by the integral curves, ¢, of a vector field @ : RY — R?,
the length of the random time intervals between transitions is governed by a transition rate
A :RY — [0, 00), and the transitions are described by a Markov kernel Q : R? x B(R?) —
[0, 1]. Together the vector field @, transition rate A and transition kernel Q comprise the
characteristics of the PDMP.

These processes are relatively easy to understand from a conceptual point of view and in
some special cases their simulation can be performed exactly. In particular, if (i) the vector field
& is explicitly integrable, (ii) it is possible to generate random times exactly as prescribed by
A, and (iii) it is possible to simulate from the transition kernel Q, then the iterative computation
of trajectories of the associated PDMP is relatively straightforward.

Simulation of trajectories becomes problematic if one or more of these conditions are not
met. Let us discuss possible problems that may arise. Concerning (i), the vector field &, as is
well known in the field of differential equations, explicit solutions to the ODE ¢, = ®(¢;) are
only available in special cases, for example when @ is affine, or when it is has some other
special structure or symmetry. Concerning (ii), the transition rate A, it is easy to simulate when
the rate A is constant or globally bounded. If A is constant, then the random times between
transitions are simply Exponential(})-distributed and thus easily simulated. If A is globally
bounded, say by a constant M, we may use a technique called Poisson thinning [36], which
allows us to first simulate the random times according to an Exponential(M )-distribution and
then accept a proposed transition time as a true transition with a probability governed by the
ratio between A(-) and M. The use of Poisson thinning may be extended to cases with non-
constant bounds M (s) along trajectories under the condition that it is simple to simulate from an
inhomogeneous Poisson process with rate M(s). However, finding a sharp bound M(s) can be
an extremely challenging problem in most practical settings. Moreover, the looser the bound the
greater the computational cost of the simulation of the PDMP. For more extensive descriptions
of Poisson thinning we refer to, e.g., [7,13]. Finally problems with (iii), the simulation of
transitions according to Q, may arise in various ways. For instance it may be interesting to
approximate the transition kernel of the BPS (see Section 2.4 of [44]).

In this paper we propose several schemes to approximate a PDMP in cases that are otherwise
not straightforward to simulate, and we accompany these schemes by a detailed analysis of
the convergence of the approximate process towards its exact, theoretical counterpart as the
parameter governing the numerical precision, §, converges to zero. Moreover, in the setting in
which the PDMP is geometrically ergodic with a specified invariant measure, we investigate
the theoretical convergence of the law of the approximate scheme to the invariant measure of
the PDMP.

We introduce the Fully Discrete PDMP (FD-PDMP) Algorithm, the Partially Discrete
PDMP (PD-PDMP) Algorithm and the Higher Order Partially Discrete PDMP Algorithm
(Algorithms 2, 3 and 5, respectively). The FD-PDMP algorithm (Algorithm 2) defines a Markov
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chain {Z,, tney on a mesh 0 = #) < t; < t, < ... that moves deterministically between time
steps, and a random event may occur at each of the mesh points with suitable probability. The
PD-PDMP algorithm (Algorithm 3) defines a Markov chain that moves deterministically with
exception of at most one random event in each interval of the form [#,_1, #,]. In contrast to the
FD-PDMP the random event does not need to occur at mesh points. This difference motivates
the choice of name of the two algorithms. By allowing at most p random events per time step,
the higher order algorithm (Algorithm 5) constructs an approximation of the PDMP of order
p.

Naturally these algorithms are designed to be straightforward to simulate. Both the FD-
PDMP and the PD-PDMP algorithms rely on first order approximations of the characteristics of
the PDMP. A wide range of approximations for ¢;, A, Q is allowed, see Assumptions 4.4, 4.5,
4.6 for the formal requirements. As a simple yet important example, consider the case in which
we are interested in simulating a PDMP for which the event times are hard to obtain. With an
Euler-type approach, we can use an approximation of A that is constant between mesh points,
based on the state of the process at the initial point of each time step. For such approximation,
the next event time in the case of PD-PDMP is simply exponentially distributed with constant
rate, which is straightforward to simulate. Similarly, in the case of the FD-PDMP a random
event takes place at the end of the time interval according to a Bernoulli distributed random
variable. In comparison to the simulation of the continuous time PDMP, both algorithms do not
require an upper bound to the switching rates, which is required to apply Poisson thinning. In
a similar fashion, simple approximations of ¢, and Q can be employed. We refer to Section 3
for a detailed description of the algorithms.

We study convergence of these algorithms as a function of the step size and of the time
horizon. Under very broad assumptions on the approximation, in particular allowing for
approximations of all three A, ¢;, and Q, in Theorem 4.9 we are able to show convergence
in a Wasserstein distance to the PDMP as the step size tends to zero. In the case in which it is
possible to simulate ¢, and Q exactly, we obtain convergence of the PD-PDMP algorithm in
the stronger metric of total variation (see Theorem 4.17). In this setting weaker assumptions
on the continuous time PDMP are required. For instance we show in Examples 5.2 and 5.5
that BPS satisfies the assumptions of Theorem 4.17 but not those of Theorem 4.9. Moreover,
both Theorems establish convergence of order p as long as the approximations of ¢, A, and
Q are of order p. The proofs of both these theorems rely on couplings of the continuous time
PDMP with its approximation and are described respectively in Couplings 6.1 and 7.1.

In many areas it is important to understand the long time behaviour of the approximation
schemes. In the field of Markov chain Monte Carlo (MCMC) algorithms the goal is to simulate
a process that converges in law to the correct probability measure, which is the posterior
distribution in Bayesian statistics and the Boltzmann—Gibbs distribution in statistical physics.
In this context, such a probability measure is the invariant distribution of the PDMP. In
Theorem 4.24 we prove uniform in time convergence of the weak error between the PDMP
and the approximations given by the FD-PDMP or the PD-PDMP algorithms. In particular, we
obtain convergence in law of the approximation and its time average to the invariant measure
of the PDMP in the joint limit as time tends to infinity and step size tends to zero (see
Corollary 4.27).

We confirm the applicability of our theorems on a variety of examples. ZZS and BPS
are instances of PDMPs for which exact simulation of the random event times is not always
possible. In Example 3.2 we discuss how to approximate the ZZS, and in Examples 5.1, 5.11
we show that our Theorems apply to the proposed approximation. An attractive feature of ZZS
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is that it allows for exact subsampling (see [7]), which means that in a Bayesian statistics
setting for each “iteration” of the algorithm only a subset of the data has to be accessed.
In Example 5.7 we propose an approximation of ZZS with subsampling which also has the
property of accessing a batch of the data over each time step and prove convergence in total
variation as the step size tends to zero. For BPS we construct an approximation and prove
convergence as step size tends to zero and time tends infinity in Examples 3.3, 5.5 and 5.17.
In contrast to ZZS and BPS, randomised Hamiltonian Monte Carlo (RHMC) (see [12]) is an
example of a PDMP in which it is typically not possible to simulate the flow ¢, exactly. In
Examples 3.4, 5.3, and 5.8 we discuss approximations of RHMC and show convergence as the
step size tends to zero and time tends to infinity. We also discuss continuous time approximation
schemes of a PDMP in Examples 5.6 and 5.18.

Related works

Whereas discretisations of stochastic differential equations such as the Langevin equation
have been studied extensively in the literature, see e.g. the book [34] or recent papers [27,28,
43], the same has not been done for PMDPs. Here we give a brief overview of works that are
to some extent related to the present manuscript.

An approximation scheme for PDMPs suitable for a specific setting was proposed in [35].
The authors consider the case in which the ODE describing the deterministic motion can
only be solved numerically, a global upper bound for the switching rates is available, and the
kernels Q can be simulated exactly. Their proposal is to move deterministically according to a
numerical integrator and to draw a proposal for the following event time according to the upper
bound of the switching rates and then accept or reject it by Poisson thinning. The framework
we propose in Algorithms 3 and 5 is more general as approximations of all characteristics
are possible. Moreover, the approximations in this manuscript do not require existence or
knowledge of an upper bound for the switching rates. As discussed in Example 5.4 it is possible
to closely resemble the proposal of [35] using our framework. Moreover, we obtain similar
finite time strong and weak error results as in [35] by applying Theorem 4.9.

In [48] the authors focus on how to design a discrete time PDMP with a specific invariant
measure. This is a fundamentally different approach to the focus of this paper. A related work
is [44], which defines a discrete time chain that resembles a BPS.

The book [15] discusses approximations of PDMP based on finite volume schemes for the
Chapman—Kolmogorov type equations. Such schemes approximate the law of the process and
are thus different in nature compared to this manuscript.

Finally, we discuss papers that deal with continuous time approximations of the ZZS. In [17]
the authors propose an approximation that relies on an integrator and a root finding method to
generate the random event times. The paper [33] discusses the effect of approximate switching
rates {X}flzl on the stationary measure of the ZZS. This approximation relies on the availability
of suitable {X};jzl for which it is possible to (efficiently) simulate the corresponding ZZS. In
Examples 5.6 and 5.18 we discuss applications of our theory to these approximation schemes. A
similar setting is considered in [26, Theorems 11 and 25], where the authors establish bounds in
total variation distance between (the invariant measures of) two PDMPs with same deterministic
dynamics, but different switching rates and jump kernels. The authors prove such bounds by
a coupling of the two continuous time PDMPs that is similar in spirit to our Coupling 7.1.
In this paper, in particular in Section 4.2, we bound the TV distance between a PDMP and a
discrete time approximation. Thus the statements and proofs differ from [26] in this sense.
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Organisation of the paper

The paper is organised as follows. In Section 2 we define notation that we use throughout
the paper. In Section 3 we describe the setting and the proposed algorithms. In particular in
Section 3.1 we discuss first order schemes and in Section 3.3 we consider higher order schemes.
Section 4 contains the main results together with the required assumptions. This section is
divided into three parts. Section 4.1 is devoted to convergence in Wasserstein distance, which
is established in Theorem 4.9. Section 4.2 concerns convergence in total variation as stated in
Theorem 4.17. Section 4.3 gives conditions for uniform in time convergence of the weak error,
as expressed by Theorem 4.24. In Section 5 we gather examples to demonstrate the when the
assumptions of the main theorems are satisfied. The proofs of the three main theorems can
be found respectively in Section 6, Section 7 and Section 8. All other results as well as all
auxiliary lemmas from Sections 4.1, 4.2, and 4.3 can be found respectively in Appendix A,
Appendix B, and Appendix C.

2. Notation

We denote the semigroup of the continuous time PDMP, {Z,},0, as P, which acts on suitable
functions by

Pif(2) = E:[f(Z))].

Here the subscript z denotes that the process Z, has initial position Zy = z. Note that the
semigroup is related to the transition probability of Z;, which is denoted by P;(z, A). These
concepts are related for any function f and measurable set A C E by

sz(Z)Z/f(y)P[(Z,dy), Pi(z, A) = (Pi14)(2).

Similarly we denote the transition probability of the approximation processes {Z,, },cy as 7_Dtn'
Consider a metric d : R x R? — R, and let P, Q be probability measures on R?. Then
we define the Wasserstein distance of order 1 with respect to the metric d as

Wi(P, Q)= inf { / d(x,y>R<dx,dy)}, (1)
R4 x R4

ReII(P,Q)

where I1(P, Q) is the set of couplings of the two probability measures P, Q, that is the set of
probability measures R on R? x R? such that R(A, R?) = P(A) and R(R?, B) = Q(B).

We will denote a norm by || - ||. The maximum between a € R and O is denoted by
(a),+ = max{a, 0}.

Let us define the space C* to be the set of functions f : R — R which are k times
continuously differentiable. C,’j (C* respectively) denotes the subset of C* to functions which
are bounded (resp. have compact support) with bounded and continuous derivatives up to order
k. We endow the space C;, with the supremum norm || - ||, and the space Cl} is endowed with
the norm

d
1£lley = 1 lloo + 3 113: fllos-
i=1
Consider a random variable I with values in {1, ..., m} such that P(/ = i) = w; for
i =1,...,m. Then we say I has a discrete distribution with probabilities w; and we denote
this as / ~ Discrete({w; }IL,).
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Given a measure 7 we define for any f € L}

n(f) = / f (@) (dz).

Similarly for a probability kernel Q(x, dy) we write

Of (x) = / F(MQ(x, dy) @

for f measurable and integrable with respect to Q(x, dy) for all x. Note that (2) allows us to
consider a probability kernel as a map from the space of bounded and measurable functions,
By, to By,.

Let us define the total variation distance between two probability measures ., and v as

i =viiry = sup  |u(f) = v()l.
FeChilflloo=l

Given a vector field ¢ we can view this as a map, ®, which acts on C ! functions as
®(f)(x) = )V f(x), for feC'

Given two maps X, Y : C*® — C* we shall define the commutator of X and Y, [X, Y] to
be the map [X, Y] : C® — C™ by

[X,Y]f = XYf — YXF, for f € C®.

We will use this with the maps ® and Q. If we assume that Q preserves C' and ® is bounded
then we can view [®, Q] : C} — B, defined by

[®, Q1f = B(Qf) — 0B(f), for f €Cj.

Note that although the commutator was defined for smooth vector fields the above definition
makes sense for all C}-functions since ® is a map from C} to C, and we have Q(C}) € C},
Q(Cp) < Cp so both the operations Q(® f) and ®(Qf) are well defined for f € Cbl.

3. Algorithms

Consider a PDMP (Z,),>¢ taking values on a state space E, which is a subset of a finite
dimensional vector space. Examples are E = R x R? or E = R x {—1, +1}¢. The dynamics
of the process are described by the generator £, which applied on a function in the domain of
the extended generator gives

m
Lf(z)=(2(2), V.f(2) + Zki(Z)/E(f(y) — f(@)Qi(z, dy). 3)
i=1
The generator here is understood to be the extended generator, see [22, Theorem 26.14] for
the exact description of the domain of the extended generator. Note, in particular that functions
that are differentiable in the direction @ and bounded are included in the domain. Here @ is a
smooth and globally Lipschitz vector field, A; : E — [0, 0o) are continuous functions and Q;
are probability kernels. Let ¢, denote the integral curve of @, i.e. the solution to the following
ordinary differential equation (ODE)

d
a(ﬂz(Z) = D(¢;(z)), @o(z)=z, forallt>0,z€kE.
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Algorithm 1: Pseudo-code for the simulation of a PDMP
Input : Time horizon 7', initial condition z.

Sett =0, Zg = z;

while 1 < T do

simulate next event time as

T = inf{r >0:1—exp (— /r k((ps(Z,))ds) > U}
0

where U ~ Unif[0, 1] ;
simulate Z; ., = ¢,(Z,) for s € (0, 7);

draw I ~ Discrete({a"((zzt’—j:))}i,);

simulate Z,; ~ Q1(Z;17—,);
sett =t1t+47;

end

Note that ¢, exists since @ is globally Lipschitz. We assume that ¢, leaves E invariant. Define
the total switching rate

M) =) M),
i=1

As shown in [22, Section 26] (3) corresponds to a PDMP where the next event time is
distributed as

Pt <t)=1—exp <—/ k(%(z))ds> , “)
0

and that between two random events the process follows the flow-map ¢, i.e. Z, = ¢,(z). At
event time, T, the process jumps according to probability kernel Q;, where [ is distributed
according to the following discrete distribution

I ~ Discrete <{M}m ) .
Mo (2)

Algorithm | describes the simulation procedure for a PDMP with generator (3).

i=1

Note 3.1. It is possible to rewrite (3) to the form

Lf(2) = (9(2), V- f(2)) +)»(Z)/E(f(y) — [(2)Q(z, dy) (&)

for some continuous function A : E — [0, 00) and probability kernel Q. Indeed this can be
achieved by setting

- " i)
M) =) k). Q.dy)=) ) LG W (6)
i=1 i=1
Therefore there is no loss of generality for the PDMP to take m = 1. However we will see in
Section 4.1 that allowing m > 1 leads to weaker assumptions for our convergence results, in
particular we will see in Example 5.1 a case where the assumptions are satisfied with m > 1
but would not be satisfied when written in the form (5).

97



A. Bertazzi, J. Bierkens and P. Dobson Stochastic Processes and their Applications 154 (2022) 91-153

The focus of this paper is to define and analyse approximations of PDMPs that can be
employed in settings where their simulation cannot be performed exactly. As explained in the
introduction, there are three quantities which characterise a PDMP and may be difficult to
simulate. These are the flow map ¢;, the random event times with rates A;, and the Markov
kernels Q;. The idea is then to introduce pth order approximations of the three characteristics
for some p > 1. Precise conditions on the approximations are given in Assumptions 4.4, 4.5,
4.6, but here we provide a heuristic description. The flow map ¢;(z) can be approximated
with a numerical integrator, which is denoted as @,(z; 8, p). The parameters §, p have the
meaning that for s € [0, 5] we have that ¢,(z; 8, p) is an approximation of order 67 of
¢s(z). Classical examples of numerical integrators from the ODE literature include the Euler
discretisation, the leap frog scheme, and higher order numerical schemes. Then we want to
approximate the switching rates in such a way that the random times (4) can be simulated
easily at the cost of a small error. This can be done by using order 67 approximations of
My (2)), i.e. the switching rate along the deterministic flow. We denote the corresponding
approximation as Mz, 53 8, p) : Ex[0, 00) — [0, 00). The motivation is to ensure the following
as an approximation of order 6” for t < 4§:

t
P.(r <t)~1—exp <—f Mz, 38, p)ds> .
0

Here
m
Mz 558, p) =Y hi(z,8:8, p).
i=1

Let us give some examples with p = 1. A possible choice is to “freeze” the switching rate,
thus taking A;(z, s; 8, 1) = A;(z). This is supported by the intuition that A(¢,(z)) ~ A(z) for
small s. In this case P,(r < ¢) is approximately equal to 1 — exp (—fA(z)), which is the
cumulative distribution function of the exponential distribution with constant rate A(z). We refer
to the A; as frozen switching rates and to the corresponding approximation process as Euler
approximation. Alternatively one could take iz, 5:8,1) = Ai(ps(2)), or the switching rates
along the trajectory given by the numerical integrator A;(z, s; 8, 1) = A;(@,(z; 8, 1)), or more
generally A;(z, s; 8, p) = A:(@,(z; 8, p)). Finally, consider the Markov kernels Q;. We define
a function F; which describes a choice of implementation of Q;. Let F; : E x U4 — E be a
deterministic map such that F;(z, U) is distributed according to Q;(z, -) when U is distributed
according to a probability distribution v;,. We can then approximate each map F; by a map
Fi(-;8,p): ExU — E, where once again 8, p denotes the order of accuracy of our estimate.
To simplify the notation, when we consider first order schemes, i.e. p = 1, we shall suppress
the p-dependence and write @,(z; 8), A;i(z, 5; 8), Fi(z, U; 8).

Now that we have introduced the problem and the various approximations we wish to
exploit, we illustrate how to design first order and higher order approximation schemes for
PDMPs. By an order p scheme we mean an approximation process for which the local error,
i.e. the error between the PDMP and the approximation over a step of size § with identical
initial conditions, is proportional to §7*!. Therefore after n steps of size § the global error is
proportional to £,6” where t, = nd, which motivates the term order p scheme.

3.1. First order schemes

Let us introduce a mesh {t,},en for the time variable where 1, = Z';zl 8¢, and &, are step
sizes. For example if the step size is constant §, = § then ¢, = né for all n € N. In this section
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we introduce two alternative first order schemes: the FD-PDMP algorithm and the PD-PDMP
algorithm. We define the FD-PDMP approximation {Z;,} on the mesh {#,},cn by setting Zy = z
and then following the procedure

Ztn+l = %Hl(?m; Sn+1)s
7’n+l = O‘ﬂ-HfI_,Hl (Zln+1 P UVH—l; (Sn-H) + (1 — a"‘H)ZZnJrl .

Here we have U,;; ~ vy. The value of o, is determined as follows. We simulate T which
has distribution conditional on Z,, given by

t
P.(7 <t|Z,)=1—exp (—/ MZ,,s; 8n+1)ds).
0

Then o, = 1 if and only if 7 < §,;;, otherwise o,4+; = 0. We then draw

[ — m

- X(Z,,T;8

1,1 ~ Discrete y . (7
MZy,, T

5n+l) i=1

The resulting Markov chain Z,, is thus updated by first following the approximate flow map and
then establishing whether a random event takes place at the end of the current time interval.
This procedure is written in pseudo-code form in Algorithm 2. Note that if A(z, s; 8,41) is
independent of s, i.e. X(z, 8; 8pr1) = X(z; 8n+1), then we do not need to simulate 7, ; and we
have that o1 is a Bernoulli random variable with success rate 1 — exp(—SnHX(z; 8n+1)) and

1,11 is distributed as

—_ — m
I, ~ Discrete ({M} ) )
AZis b |,
This is for instance the case of frozen switching rates.
A different approach is shown in Algorithm 3, which describes the PD-PDMP approxima-
tion. Here the idea is to simulate the switching time T with rate X(Zn, S; 8p+1), then if T is
before the end of the current time step set t = t, + 7, draw 7,,+1 as in (7), and follow the

procedure below:
7[ = Fl_n+l(zt’ Un+1; 8n+1), where Zt = af(ftn; 8n+1),
2’)1+l = atn+1—t(7t; Sn-‘r])-

On the other hand, when T > 4, the process is simply moving deterministically according to
the approximate flow map, i.e. Zn = ¢5n+1(zn; 8n+1). Only one random jump per time step
is allowed, and in this case it happens at time 7 instead of at the end of the time step. This
choice comes with advantages and disadvantages if compared to Algorithm 2. As we shall see
in Sections 4.2 and 4.3 it is possible to obtain stronger results under weaker assumptions on
the PDMP in the setting of Algorithm 3 compared to Algorithm 2. However this may come at
a larger computational cost (see e.g. Example 3.3).

3.2. Examples

In this section we introduce several examples, which will be revisited as illustrative
applications of our results. In the first three examples, i.e. Examples 3.2, 3.3, 3.4, we discuss
MCMC samplers which target a probability measure with density m(x) o exp(—y(x)) for
x e RY.
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Algorithm 2: Fully Discrete Approximation of a PDMP

Input : Number of iterations N, initial condition z, step sizes (Sn)nN:O.
Output: Chain (Z,)Y .

Set n =0, Zy = z;

while n < N do

simulate Z = ¢S’l+l(7,,l; 8n+1);

simulate
T = inf{r >0:1—exp (—/ X(Zn, S; 8,,+1)ds> > U}
0

where U ~ Unif[0, 1] ;
if T < 6,4, then

d T s Xi(21;':a7-_'§511+1) " .
raw U, 1 ~ vy and I, ~ Discrete( | =21+ ;
i=1

- _ N X(7% ’f;er»l)
set Z=Fj (Z, Ups1; 8ut1)s

end

set ZH] = Z;

setn=n+1;
end

Algorithm 3: Partially Discrete Approximation of a PDMP

Input : Number of iterations N, initial condition z, step sizes (8,,),]1\':0.
Output: Chain (Z,)Y .

Setn =0, Zy = z;

while n < N do

simulate

T = inf{r >0:1—exp (—/ X(Z,,s; 8,,+1)ds> > U}
0

where U ~ Unif]0, 1] ;
if T < §,41 then
sett=t,+71;
simulate Z, = 0:(Z,; 8011);
draw U,4; ~ vy and I, ~ Discrete({M}m );
: M Ztn T8t )iz
set Z, — FI'”_H(Zt, Un+1; 8n+1);

simulate Z,,,, =@, . (Z:; 8u41);

else
simulate Z, ., = @5, . (Z4,: 8u41);
end
setn=n+1;
end

100



A. Bertazzi, J. Bierkens and P. Dobson Stochastic Processes and their Applications 154 (2022) 91-153

Example 3.2 (Zig-Zag Sampler [7]). Let E = R? x {+1,—1}¢, and for any z € E we
write z = (x,v) for x € RY, v € {+1, —1}%. Set &(x,v) = (v, 07, m = d, Ai(x,v) =
Wi (x)4+ + yi(x,v), and Q;((x,v), (dy,dw)) = b & v(dy,dw), where §. denotes the
Dirac Delta measure and Rijv = (vy...,vi_1, =V, Vit1, ..., Vg). The ZZS is described by
its generator

d
Lfx,v) = (v, Vi f(x)) + Z?»i(x, VLf(x, Riv) — f(x, v)]. ®)
i=1
Simulating the event times with rates of this form is in general a very challenging problem as
the integral in (4) cannot be computed for general potentials .
We can apply Algorithm 2 to the ZZS to obtain (X,,,,, V,,_ ) given the previous state by

21
first simulating the next switching time T with rate A(X,,, V,), s; 8,41) and then

Yt,ﬁ_l = Yt,l + vt,, dnt1

V. - Rin+1 Vi, T < 6,41,
n+l ° X7 p =
Vi if T > 6,41,

where A(z,5; 8) = Y0, %i(z, 53 8), and

1,41 ~ Discrete {X_"((f’"’l/f")’ _t’ Sn+1)
)L((th, Vzn), T; 0pt1) il

The only approximation concerns the switching rates, whereas it is straightforward to simulate

the linear dynamics and the jumps at event times. As mentioned above, a simple choice is

to take A;((x,v),s:8) = A;(x, v), which results in an Euler approximation of the ZZS. An

alternative choice is

_ 1
Ai((x, v),558) = 3 (Y (x + vieid) — ¥ (x), + yilx, v), ©)

which is obtained by a finite difference scheme approximation for 9;1. Here ¢; is the ith vector
of the canonical basis. Observe that with this choice of A; the approximation is gradient free, as
it does not require computing V. An approximation given by Algorithm 3 may be introduced
analogously.

Example 3.3 (Bouncy Particle Sampler [13,41]). Let E = R? x R?, and for any z € E we
write z = (x, v) for x € R?, v € R%. Set &(x, v) = (v, 0), m =2,

01((x, v), (dy, dw)) = 8¢, R (¥, w),  Q2((x, v), (dy, dw)) = 8x(dy)v(dw),

with A;(x, v) = T Vo (x))4, Ay = A, for A, > 0, v is the Gaussian measure, and finally

k) VX
R(x)v = v — 2(’)—‘[’(xl>vx1/f(x).
IV ()l
In this example || - || denotes the Euclidean norm. The BPS has generator

Lfx,v)=(v, Vi f(x))+21(x, v)[f(x, RX)v)— f(x, v)]+kzﬁf(x, w)— f(x, v))v(dw).

For the same reasons as for the ZZS, simulating the event times can be very challenging for
the BPS.
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For this process we introduce an approximation based on Algorithm 3. Let U,;; =
(Z41, Uy11) for 2,4, distributed according to the standard Gaussian distribution v and
U,+1 ~ Unif([0, 1]) is an independent uniform random variable. For n > 0 we define the
next state of the approximation (X, ey th +1) given the previous state by first simulating T
with distribution P,(T > t) = exp(— fo M(X,,, Vi), 85 8,41)ds) and then

Yl;w—l S Yln + ‘L_'th + Gny1 — f)vt,H,] )
— FXy42, Vi) Upgr) i T <8441,
Int1 ° th 5= 5n+1.

Here A((x, v), ; 8,41) = A1((x, V), £; 8,41) + A, Where A;((x, v), £; §,11) approximates A;(x +
vt, v) and

X, )V i - A

FTe e Ty 0y = VR KV i U > g Sos
(( h+Ts t,,)a n+1)— Qf f@/ < Do

n+tl 1l = S Vi tonrn)”

It is thus clear that applying Algorithm 3 rather than Algorithm 2 can be more computationally
expensive in the case of BPS, as when an event takes place Vi has to be evaluated at some
midpoint X,, 7 in order to compute the reflection operator. In contrast, Vi has to be computed
only at gridpoints in Algorithm 2. We shall see in Section 4 that our theoretical results can only
be applied to approximations of the BPS based on Algorithm 3, motivating the need for that
algorithm.

Similarly to the case of the ZZS described in Example 3.2, possible approximations of
A(x + vt, v) are A;((x, v), £; 8) = A(x, v) or

_ 1
Ai((x,v),158) = 3 W (x +vd) —d(x), .

The latter choice is not enough to not make the simulation of X, V) gradient free because
V1 is needed in the computation of the reflection operator.

Example 3.4 (Randomised Hamiltonian Monte Carlo Algorithm). The randomised Hamiltonian
Monte Carlo algorithm (see [12]) is defined on E = R? x R? by the generator

Lf(q,p)=(p.Vef(q,p) — (V¥ (@), V, f(q, p)) +/\r/(f(q,p’) — fg. p))v(dp"),

where v is a Gaussian measure on R?. The Hamiltonian flow cannot be simulated exactly in
most cases, and thus it becomes necessary to approximate it by a numerical integrator ;.
Then accordmg to Algorithm 2 we obtain the next state by first denoting (Q,” e P,n ) =

‘Pa,m( tns15 Sn+1) and thus

(Q,,M, ﬁtn+1) with probability exp(—X,8,+1),

0. . P =%
Qo Pinr) {(Qtn+l’ 2) with probability 1 — exp(—A,8,41),

where 2 ~ v. We remark that the most efficient implementation is to simulate the next
refreshment time and then follow the numerical integrator until then, without drawing a new
refreshment time at each iteration.

Example 3.5 (Modelling the Size of a Cell). Following Section 1.5 in [42], denote the size of
a cell by z € R. The cell grows in time with deterministic flow ¢,, and splits into two daughter
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cells with division rate A(z). Then denote as 7, the time when a cell from the n-generation
splits. The size of a daughter cell is half of the parent cell, and thus Z,, = %Zrn_. We can
characterise the resulting process with its generator:

L@ = (2@ V@) +2 (f(5) - @)

Therefore it may not be possible to simulate such a process if the desired ¢ and A are
complicated functions. An approximation can be obtained applying the ideas above introducing
a numerical integrator ¢ and approximate division rate A.

Example 3.6 (Chemotaxis in Escherichia coli). It was shown in [5] that the bacteria Escherichia
coli have two types of behaviour describing their motion, which are called “runs” and
“twiddles”. When the bacteria is “running” it moves with near uniform speed. However when
“twiddling” the bacteria changes direction very abruptly. We will describe this using the
stochastic model as given in [46]. We describe the bacteria by giving its position x € R3
and velocity v € S? at each time, where S? is the sphere in R®. Then there exists a function
A2 [0, 00) x R3 x §* — (0, 0o) which describes the next time the bacteria twiddles; at such a
twiddle the velocity changes according to some probability measure 1, on S?\ {v} where v is
the velocity before the twiddle. The dynamics of the bacteria are given as a PDMP described
by the backward equation

2—1:0, x,v) + (v, Veu(t, x, v)) + A, x, v)/ [u(t, x, n) —u(t, x, v)]u,(dn) = 0.
SZ

Note if A is independent of ¢ then we can describe this process by writing a generator in
the form (3); otherwise we can extend the space to include a time variable and then write a
corresponding generator in the form (3) which is given by

Lf(t,x,v) =0, f(t, x,v)+(v, Vo f(£, x, ))+A, x, v)/Sz[f(t,x, m—f(t, x, v)]uy(dn).

We can introduce an approximation of this process by using frozen switching rates.

3.3. Higher order schemes

A natural question is how to obtain higher order schemes. The first important observation
is that the probability that a PDMP has more than one jump in a time interval of length § is of
order 2. Therefore in order to construct higher order schemes it is natural to allow multiple
jumps in the same time step. A detailed implementation of a higher order approximation
scheme can be found in Algorithm 5. Let us first describe a second order algorithm. Starting
at state Zn = z, the proposed time for the first event is given by 7 where

P(f > r) =exp (—/ Mz, 83 8t 2)ds> .
0

If T < 8,41, the process moves according to the numerical flow ¢,(z; §,+1, 2) for time 7, and at
time #,+7 the random event takes place according to F ,—(Zﬁf, -3 Sntl, 2), Where [ has discrete
distribution. In this case, a second jump is allowed in the current time step. The simulation
of this event can be made using first order approximations X(~, 38041, 1), @,(-; 8pt1, 1), and
Fi('» 0y 511+la 1)
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Algorithm 4: Second order Partially Discrete Approximation of a PDMP

Input : Number of iterations N, initial condition z, step sizes (Sn)nN:O.
Output: Chain (Z,)Y .

Set n =0, Zy = z;

while n < N do

set Z = Zn;

draw U' ~ Unif[0, 1] and simulate

7 = inf{r >0:1—exp <—f MZ,s; 8n+1,2)ds> > Ul}
0

if 'L_’] < 811+l then
I D JHCAE SN Y
drav&: U, Nvu and ; Dlscrete<{ TN }i:l),
set Z = (23 (Z; 6p41,2);
set Z = Ffl(Za Unl+1; Sn-'rl’ 2)’
draw U? ~ Unif[0, 1] and simulate
-
T = inf{r >0:1—exp <—/ MZ, s 8ps1, l)ds) > U2}
0
if 1, < t,+1 — 7 then
2 3 - M(Z 58 D™ Y.
draw U, , ~ vy and I ~ Discrete( | === ;

Comh MZ.58up1 D) |2y
set Z=Fi(Z,U7 8,41, 1);

n+1°
simulate Z,, .| =@, ., _z,—7,(Z; 8p41, 1);
else
‘ simulate Zn+1 =047 (Z; 81y s
end
else
‘ set Z;, .\ = @(Z; 8p41,2);
end
end

Let us consider as an example how to obtain a second order approximation for smooth
switching rates. For s < § the first order Taylor approximation of A;(¢s(z)) is given by

Xi(z, 85 8p41, 2) = 2i(2) + 5((2), V2Ai(2)).

Because the integral in (4) is with respect to s, this choice of iz, s; Sn+1,2) is such that
computing the corresponding switching time is equivalent to computing the root of a second
order polynomial. The downside is that an evaluation of the gradient of A; is needed and may
be unavailable or expensive to compute. However, we can further approximate the product
(P(z), VAi(z)) with a finite difference scheme to obtain for s < §,4; the expression

N

Xi(z, 858041, 2) = 1i(@) + — Qilgs, (@) — Xi(2), (10)
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Algorithm 5: Order p Partially Discrete Approximation of a PDMP

Input : Number of iterations N, initial condition z, step sizes (Sn)nN:O.
Output: Chain (Z,)Y .

Set n =0, Zy = z;

while n < N do

set g = p, Z =Zn;

set fleft = Snt15

while ¢ > 0 do
simulate

f:inf{r >0:1—exp (—/ X(Z,s;(S,,H,q)ds) > U}

0

where U ~ Unif[0, 1] ;
if T < Heft then

7 (2.5 8.0 |
draw U,.1 ~ vy and I ~ Discrete({ oo ontb D )
atl = MU 2.5 S Jiz1 )’

set Z =0:(Z; 8411, 9);

set Z = F(Z, Upt15 8ns1, 4);
set g =q — 1 and fet = fiest — T
else

set Z =y, (Z: 8041, 9);

set g = 0;

end

end
set7n+1 = Z, n=n+1;

end

which is a second order approximation provided A is sufficiently smooth. The algorithm for
p = 2 is given by Algorithm 4.

Similarly, it is possible to obtain an order p > 2 approximation. The simulation up to and
counting the first event of each time step should be made according to approximations of order
6?7 of the flow map, switching rates, and jump kernels. After the first event it is then possible
to use approximations of order p — 1, then of order p — 2, and so on until one reaches the end
of the current time interval, with the constraint that at most p events take place. Finally, it is
clearly possible to use approximations of order §” for the simulation of all events in the same
time step, although such approximations can be in general more expensive to compute.

4. Main results

4.1. Error bounds in Wasserstein distance

The main result of this section is Theorem 4.9, which shows convergence of the Wasserstein
distance between the approximation and the continuous process as the step size goes to 0. We
consider the Wasserstein distance of order 1 with respect to any normed distance, that is we
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take d(x, y) = ||x — y| in Eq. (1) for any vector norm | - ||. For convenience we assume that
for all n € N we have an upper bound 3, < dy.

Let us now state the assumptions on the process and on the various approximations that are
required to show Theorem 4.9. We start with assumptions on the continuous time PDMP, and
specifically from a condition on the deterministic dynamics. In particular, we require that @ is
Lipschitz.

Assumption 4.1. For the vector field @ there exists a constant C > 0 such that forall z, 7’ € E
it holds that

1) - #E)I = Cliz = 2.
We now shift our focus to the jump part of the process. In particular, we need the kernel
Q(z, -) to satisfy the next conditions.
Assumption 4.2. There exist constants D, D,, D3 > 0 such that for U~ vy the following
conditions hold for all i € {1, ..., m}:
(a) Forany z € E
Elllz - Fiz, O)Il] < Di.
(b) Forall z,7 € E
EllFi(z, U) = F(, DIl < Dallz = 7|l

(c)Forall ze Eand all s <6 <4

E [ llgs—(Fi(@,@), 0) = Fi(gs(@), D] = Dsb.

The first assumption asks that after a random jump the process is in expectation at bounded
distance to its previous state, while condition (b) states that a Lipschitz condition with respect to
the previous state holds for coupled jumps. Finally, condition (c) asks that the error committed
by switching at the end of the time step or at an earlier time is of order § if the two jumps are
coupled. Moreover, the following Lipschitz condition for the switching rates is required.

Assumption 4.3. There exists Dy > 0 such that forall z,z’ €e Eandi =1,...,m
[Ai(z) — 2i(z)| < Dallz — 2.

Let us now focus on the required assumptions on the various approximations employed in
the approximation process. We state the assumptions for a general order of accuracy p > 1,
with p € N. Starting from the deterministic dynamics, we assume that the numerical integrator
for the flow map is an approximation of order p.

Assumption 4.4. There exists C > 0 such that for anyze€ Eandany 0 <s <§ <y
lps () — @z 8, p)ll < CsP*.

In case the flow map can be simulated exactly, one can simply take @, = ¢, and C =0.
Next we focus on the approximate jump kernels F;.
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Assumption 4.5. The approximate jump kernels F; : E x U x [0, 8,] — E, satisfy for any
z € E and § € (0, &o]

EllFi(z U8, p) = Fi(z, D)1 < M5
foralli=1,...,m.

Let us now state the requirement on the approximate switching rates A;.

Assumption 4.6. The following conditions hold:
(a) There exists Mz(z) such that forall 0 <s <§ <y andi € {l,...,m}
%i(z, 838, p) = hi@s(2)] < 8" M (2).
(b) For any n € N there is a function M,(t, z) such that
E, [M2(Z,,)] = Ma(ty, 2) < oo.

As a final assumption, we require that both the continuous time PDMP and the approxi-
mation process have almost surely bounded norm for a finite time horizon. This assumption
is verified for instance if the state space is compact, or if the processes travel with bounded
velocity.

Assumption 4.7. For any 7 > 0 there exists B(7,z) > 0 such that almost surely both
IZ/|l < B(,2) and | Z,| < B(t, 2), where Zy = Zo = z.

Note 4.8. Let us comment on these assumptions:

e It is worth observing that conditions such as Assumption 4.3 can be weakened to forms
such as

A(2) = A& < Dallz = /1A + 11zl + 11219,

for some ¢, g’ € N. This is because by Assumption 4.7 the norms at time ¢ of the two
processes are bounded almost surely and therefore for some M (#) we have

L+ 1Z 7+ 11 Z,1) < M(1) < o0

almost surely. A similar reasoning can be applied to other assumptions that have this
structure. For simplicity we will not consider this set of weakened assumptions in the
proof of Theorem 4.9, but we remark that the extension is straightforward.

e In both Example 3.2 on the ZZS and Example 3.3 on the BPS we can write A of the form

AMx,v) = f(r)

where r = 0;¥(x)v; for ZZS or r = (Vy(x), v) for BPS and f(r) = r,. Note that
it is possible to take a smooth function f for which the process still has the desired
invariant measure, see [3]. We will demonstrate some choices of A for ZZS which satisfy
Assumption 4.6, and analogous choices hold for BPS. For smooth A we can use (10) to
obtain a second order approximation or similarly a pth order finite difference scheme to
have an order p approximation. However if A(x, v) = (v;0; ¥ (x))4 is only Lipschitz then
this approximation is no longer valid; instead we can write

xl‘((-xv U)a 83 67 p) = (W((X, U), S35 87 p) vi)+
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where W((x, v), s; §, p) is a pth order approximation in s of 9;1/(x + sv) and can be
obtained either by a truncated Taylor expansion or using a finite difference scheme. Then
using that ()4 is 1-Lipschitz

A ((x, v), 53 8, p) — Aigs(x, V)| < |3 ((x, v), 538, p) — i (x + sv)| < M7,

For example, for ¢ sufficiently smooth, we can take

p—1
- (sv))?
MERIRCENIE DY) . AL v ]
g=0 7’

+

where Agv p—q ¥ denotes the §779-th order approximation of the gth derivative of ¢ in
the variable x;.

We are ready to state the main result of this section.

Theorem 4.9. Let p > 1. Denote by {P;};>0 the semigroup of a PDMP with generator (3),
which satisfies Assumptions 4.1-4.3. Denote by P, the transition probability of the Markov
chain described by either Algorithms 2 or 3 in the case p = 1, or by Algorithm 5 for p > 1.
Suppose that ¢,(-; 8, q), AC, 38, q), f,-(~; 8, q) satisfy Assumptions 4.4-4.7 for some &y > 0
and for every 1 < q < p with q € N. Then for a fixed T > 0 there exist K, = K(T),
K> = Ky(T) such that for any mesh 0 =ty < t; < --- <ty =T with s, = t, — t,_1 and
Sn < &0 foranyn < N

N N
Wi(Pr(z. ). Prz. ) < K2 y_ 8™ (H(l + 8zK1)> :
k=1 e=k
If the step size is uniform, i.e. §, = & and t, = né, then
_ K
Wi(Pr(z, ), Pr(z, ) < 87 (761 — 1) ?2
1

Proof of Theorem 4.9. The proof of Theorem 4.9 can be found in Section 6. [J

We now give a setting in which Assumption 4.2 simplifies. This is motivated by and includes
the ZZS. Let us now consider a PDMP Z, = (X,, V,) € R” x V, where X, and V; should be
interpreted as the position and velocity at time ¢. Here V' is some subset of Euclidean space.
Consider the case in which the deterministic dynamics with initial condition (x, v) are of the
form

X = P(v),
v=0.

Therefore the deterministic motion is X, = ¢,(x,v) and V; = v if (Xo, Vo) = (x, v). Then
assume that the random events affect only the velocity, and leave the position unchanged,
ie. Fi((x,v),U) = (x, F’((x,v), U)). This is the setting for example of the ZZS and BPS.
Consider the following assumption.

Assumption 4.10. The space V is such that for all v, w € V with v # w it holds that

0< Vmin < ||U —U)” = Vmax < Q.
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Assume also that there exists D > 0 such that for any x,y e R",i € {l,...,m}and v € V
E¢e I F((x, v), U) = F((y, v), U)II] = Dllx = yll.

The next corollary states that in this setting Assumption 4.10 implies Assumption 4.2.

Corollary 4.11. Consider a PDMP of the particular form described above. Suppose
Assumptions 4.1, 4.3-4.6, as well as Assumption 4.10 hold. Then Theorem 4.9 applies.

Proof. The proof can be found in Appendix A.2. [

Finally, we consider the setting in which we have a deterministic upper bound for the switch-
ing rates, but the process is not almost surely bounded as was required by Assumption 4.7. This
is the case for instance of the Randomised HMC algorithm [12]. We shall show that in this case
Theorem 4.9 holds as long as for a finite time horizon the processes are bounded in expectation.
The formal condition is the following.

Assumption 4.12. There exists a constant A,,, > 0 such that A(z) < A, for all z € E.
Moreover there exists L(¢, z) < oo such that

max{E;[[| Z |1 B[ Z; |1} < B(, 2).
Proposition 4.13. Suppose Assumptions 4.1-4.6 and 4.12 hold. Then Theorem 4.9 applies.

Proof. The proof is given in Appendix A.3. [

4.2. Error bounds in total variation distance

In this section we show that a bound of order §” on the total variation distance between the
approximation and the PDMP can be derived for Algorithm 5 assuming it is possible to simulate
exactly the flow ¢; and the Markov kernels Q;. Interestingly, this result can be proved under
considerably weaker assumptions on the PDMP compared to what is considered in Section 4.1.
We remark in particular that no assumption on the maps F; is needed, which was the case
in Assumption 4.2. Moreover the process needs not be bounded almost surely for finite time
horizons, as described in Assumption 4.7. The main result of this section is proved by coupling
the event times of the PDMP and of the approximations via Poisson thinning. It follows that
with a positive probability the processes, which are initialised at the same point, will remain
together during a time step.

Let us state the required assumptions on the switching rates and on the continuous time
process. Recall that for first order approximations of the characteristics we drop the specific
order of accuracy, e.g. for switching rates we have iz, 5:8) =iz, 5;8, Dfori=1,...,m.
We distinguish the assumptions between the setting p = 1 and p > 1. In the case p = 1 we
impose the following assumption.

Assumption 4.14. Each of the approximate switching rates 2i(;8) fori =1, ..., m satisfies
Assumption 4.6(a) with p = 1 for some M,(z). Furthermore for z € E and s > 0 define
Az, 558) = Y Ai(z, 85 8), and Ap(z, 53 8) = A(z) + Az, 5;8) + m. Let T > 0. Then there
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exist Li(T, z), L»(T, z), L3(T, z) < oo such that for any mesh 0 = <t; < --- <ty =T
with ;41 — t; = 8;+1 and N € N the following conditions hold:

sup sup  sup  sup B[ (Fi@r(Z,, ), Uhio(Z,, . 5:8)| < Li(T. 2),

n<Ni=1,...m s€[0,8,] re[s,,]

sup sup E.[Mx(Z,, Ihio(Z;, . 5:8)] < Lo(T, 2),

n=<N s€[0,6,]

sup sup  sup B[ (M@r(Z, )+ R(Z,, 1073 8) ho(Zy, 5 8)| = La(T, 2).
n<N s5€[0,8,] rels,o,]
For the case p > 1 we make the following assumption. Recall in the case p > 1 if in
a single time step there have been g jumps then we use A;(:; 8, p — ¢) to simulate the next
jump time. As the probability of there having been ¢ jumps in a time interval is order §7 the
conditions required on Xi(~; 38, q) are lessened, for this reason there are different requirements
for each q.

Assumption 4.15. Each of the approximate switching rates X,-(-; 8,q)fori =1,...,m and
g = 1,..., p satisfies Assumption 4.6(a) for some M»(z). When g = 1 the approximate
switching rates X;(~; 8,1) fori = 1,...,m satisfy Assumption 4.14. We make the additional
moment bound for any 1 < g < p

sup sup E. [(1+ MoZ,, Whio(Zi, 1,838, 9) + Mat(Zy,_,, 838, 9)'] < La(T, 2).
n<N s€[0,5,]

Note 4.16. The moment bounds in Assumption 4.14 are rather technical, but also general. For
instance Assumption 4.14 holds if Assumptions 4.6 and 4.7 hold, i.e. when the process has
bounded norm for any finite time horizon. Furthermore, as Assumption 4.14 does not depend
on moment bounds for the approximate process {Zn }n>1, one can verify Assumption 4.14
by finding a suitable Lyapunov function for the PDMP. Indeed if there exists a Lyapunov
function which bounds the functions appearing in Assumption 4.14 then Assumption 4.14
holds with L, L,, L3 independent of 7. This is the case for instance of the ZZS and BPS,
see Example 5.5. Alternatively, one can take advantage of Holder’s inequality to reduce the
problem to bounding polynomial moments of the various quantities. In Section 5.2 we show
that the assumption holds for several examples. Finally we remark that in Assumption 4.14 it

is possible to substitute Z; , with an and Theorem 4.17 still holds.

1 1

Theorem 4.17. Denote as P,(z,-) the transition probability of the approximation process
obtained by Algorithm 3 for p = 1 or by Algorithm 5 for p > 1. Denote by {P,};>0 the
semigroup of a PDMP with generator (3) satisfying Assumption 4.1. Let p > 1 and suppose
the approximations A;i(z, s; 8, q) for ¢ < p satisfy Assumption 414 if p = 1 or Assumption 4.15
if p > 1. Suppose the mesh t, =Y i, 8, is such that 8, < 8y for 8 as in Assumption 4.6(a).
Suppose that §, = ¢, and F; = F; for all i = 1, ..., m. Then for any z € E and any mesh
O=tn<ti<---<ty=Twithé, =t, —t,—1 and §, < by foranyn < N

N N
1Pr(z. ) = Pr@z. lirv < _8/7'D(T.2) [] (1 = D(T. 2)80),

i= =i+l
where D(t, 7) is a non-decreasing function of t. If 8, = 6 for all n € N then
IPr(z.) = Pr(z. diry < 1— e PTIT
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Proof. The proof can be found in Section 7. [J

Note 4.18. Let us for simplicity consider the constant step size case. If we fix a time horizon
t, then the theorem shows that ||P;(z, ) — P;(z, )llry — 0as 8 — 0. On the other hand,
the upper bound tends to 1 as T — oo if the step size § is fixed. Moreover, because
1 —exp(—D(t,, 2)t,6) < D(t,, 2)t,6 we have

1P, (z, ) = Pi(z, lry < D(tn, 2)1, 87

and therefore we have convergence of order §” as 6 — 0.

Note 4.19. In a similar fashion to [26], it is possible to obtain a bound as that in Theorem 4.17
also when the jump kernel is approximated. To prove such result it is sufficient to define a
coupled jump kernel that keeps the two processes together with strictly positive probability if
they are together right before the jump.

4.3. Convergence to the invariant measure

In this section we give conditions for the approximation process {Z; },>| to converge to
W, the invariant measure of the PDMP, which we shall assume to exist and be unique. We do
this by showing convergence in law to the PDMP uniformly in time and requiring that the
PDMP converges to its invariant measure. In the following we consider the case of geometric
convergence as it is verified for a range of PDMPs, however convergence with any rate r(t)
which is integrable over [0, co) is sufficient.

The strategy of this proof is inspired by [18], which uses derivative estimates to obtain
uniform in time convergence of an Euler Scheme for an SDE. In that case the authors rely on
having exponential decay of the derivatives of the semigroup for the SDE of interest, for which
conditions are given in [19].

Assumption 4.20. Let {Z,},5>0 be a PDMP with corresponding generator (5). Recall the
definition of Q given by (6). We assume the following:

(a) There exists an invariant measure, p, for the PDMP, {Z;},>0, and p is invariant under
0, that is

m(Qf) = n(f)

for any f measurable and integrable.

(b) The Markov process {Z;},>0 is geometrically ergodic with invariant measure (. Specif-
ically fix G : E — [1, 00) and define G = {measurable g : E — R, |g| < G}. Assume
that E(Z,) is integrable for all + > 0. For some R; > 0, ® > 0

sup|E.[g(Z)] — ()l < Rie™ G (2). (1)
g€9
This Assumption has been shown in a variety of cases, for example for the 1-dimensional
Zig-Zag process this was shown in [9, Theorem 5] and for higher dimensions in [10, Theorem
2]. For BPS this was shown in [23,25]. For RHMC see [12, Theorem 3.9].
The following assumption is required for Algorithm 2, but not for Algorithm 3, for the
reasons explained in Note 4.25. In general, derivative estimates on the semigroup are useful for
proving convergence of approximations as they control the effect of a small error in the initial
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condition of a stochastic process. In this case we are not using explicitly a derivative estimate
but instead the operator [®, Q]. The role of this commutator is to describe the difference in
the direction of the process over an infinitesimal time interval if the process first jumps then
follows the flow map or first follows the flow map and then jumps.

Assumption 4.21.  Let {P;};>o denote the semigroup corresponding to the generator £
given by (5). Recall the notation [®, Q] defined in Section 2. Let G and G be given as in
Assumption 4.20. There exist some R, > 0, w > 0 and set G; C G, such that for all r > 0 we
have
sup  sup  [®, QI(Pig 0 ¢5-5)(¢5(2) < Roe™ ' G(2).
2€G) 5€(0,80),5€[0,5]
In Example 5.11 we show that this assumption is satisfied for ZZS with a non-trivial set G.
Finally, we require the following moment bounds.

Assumption 4.22. Let {Z,},>0 be the process described by Algorithm i where i is either 2
or 3 and suppose Assumption 4.20 holds for the function G. Recall the definition of A and Q
given by (6). Define for i = 2 or 3 (corresponding to Algorithm i)

Gi(z, 1, 8) = Ki(z, 7, 5) + M@ (2) Q(QG + GIM(¢s-1(2))

— _ 12)
+ Mer ()M (NQ G (9s5(2) + G(gs(2)))

where
Kx(z,r,5) = (G()Mz, 5:8) + K3(z. 1, 8))
Ki(z,7,8) = ((QG(95(2)) + G(gs@))(A(z, 55 )A(z, 73 8) + M2(2))) .

For i = 2 or 3 there exists a function H;(z) such that for any mesh 0 = < # < ... with
S =ty — tr—1 < &g for any k

EZ|: sup  Gi(Zy,r, S)i| =< CH;(2).

0<r<s<d

Note 4.23. Observe that since G is a Lyapunov function for the PDMP {Z,} we have that
E, [G(Z,)] is bounded in ¢ for any z. Since {Zn }n>0 18 designed to be a good approximation
of {Z;},>0 we may hope that E, [E(Zn )] is also bounded in n. We confirm this for ZZS and
BPS in 1 dimension in Lemma C.2 and test numerically in a higher dimensional setting.

In each of the references discussed after Assumption 4.20 there is some freedom in the
choice of parameters in the Lyapunov function. By adjusting these parameters we can bound
the terms in G;(z) appearing in Assumption 4.22 by using a different choice of the parameters
of the Lyapunov function. Confirming Assumption 4.22 then reduces to showing that, for a
fixed Lyapunov function G for the PDMP, we have

supE, [E(ZH)] < 0.

Theorem 4.24. Let {Z,};50 be the PDMP with generator given by (5). Let {Z},Zo be
the process described by Algorithm 2 or 3, with ¢ = ¢ and F = F. Suppose that
Assumptions 4.6(a), 4.20, 4.22 hold and that if {Z,},>o is described by Algorithm 2 that
Assumption 4.21 holds also. Let Gy C G be given as in Assumption 4.21 if this assumption
is required and G| = G otherwise.
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Then there exists K > 0 which depends only on Ry, Ry and C such that for any g € G,
neN,zeFE we have

|E.[g(Z,)] — E.[g(Z,)]| < K S, Hi(2). (13)
Here
n—1
Sp= Y 82, e, (14)
k=0

Proof of Theorem 4.24. The proof of this theorem is given in Section 8. [

The choice of the set G| here determines the type of convergence that we obtain. For example
if Gy contains the set of continuous functions with supremum norm bounded by 1 then this
corresponds to convergence in the total variation distance. On the other hand, if G contains the
set of functions with Lipschitz constant less than 1 then we have convergence in the Wasserstein
distance of order 1. Since we do not require Assumption 4.21 to hold when we use Algorithm
3 we can typically take G; = G in that case and hence we have convergence in a metric that
is stronger than total variation. However for Algorithm 2 we need an additional bound on the
derivatives of the function so we have convergence in a weaker metric, see Example 5.11.

Note 4.25. An important estimate in the proof of Theorem 4.24 will be obtaining a bound
between the law of the first jump of the PDMP, t, and of the approximation process, T. This
is done in Lemma C.1. In this lemma we need to treat Algorithm 2 differently to Algorithm 3.
In particular, we show convergence as § — 0 by considering E[k(t)] — E[A(T)] for a class C
of test functions &. In the case of Algorithm 3 we use the set C = C,([0, §]) of test functions
whereas in the case of Algorithm 2 we use the set C = C}([0, 8]). The result of using this
weaker convergence is that we need a form of derivative estimate. The derivative estimate we
require is given by Assumption 4.21 and is needed only if we are considering Algorithm 2.

Note 4.26. To simplify the exposition we have only considered the case when we can simulate
the flow exactly. We can extend this proof to allow also for the use of a numerical integrator
provided we have a suitable derivative bound. More precisely we require that for some R; > 0,
® > 0 and some set G; € G and for any § < 8y, ¢t >0,z € E,i € {1,...,m}

Sugp P g(@5(2)) — Prig(@s(2))] < 8’ Rse™ "G (2), 15)
8€Y]

sup 1QiPg(@5(2) — QiPrgles())| < 8*Rse G (2).
8€Y]

Now using the uniform in time weak error estimate (13) and exponential ergodicity (11) we
can show convergence to the invariant measure of the PDMP.

Corollary 4.27. Suppose that the conclusion of Theorem 4.24 holds. Set §; = § for all k € N.
Then for g € G| we have

‘Ez[g(zrn)] - Ez[g(Z,,)H < C3H(2), (16)
|]Ez[g(7zn)] - /L(g)| <CH(z) +e ™) (17)
1< _ 1
¥ 2 Edds(Z,)] - u(e)| < CHE) (8 + E) . (18)
n=1
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Proof of Corollary 4.27. The proof of this corollary is given in Appendix C.1. O

Corollary 4.28. Suppose that the assumptions of Theorem 4.24 hold. Assume that & — 0 as
k — oo and Y ;2 & = oo. For any g € G we have

lim |/L(g) - Ex,v[g(Yln’ an)]| =0.
n—oQo

Proof of Corollary 4.28. The proof of this corollary is given in Appendix C.1. O

5. Examples

5.1. Examples for Section 4.1

Example 5.1 (Zig-Zag Sampler Continued). We continue Example 3.2 checking that the
conditions of the previous section are satisfied. Let us check that approximations of the ZZS
based on Algorithm 2 or 3 satisfy Corollary 4.11. Assumption 4.1 clearly holds. Assumption 4.7
holds because the process travels with bounded velocity, so we can apply the reasoning in
Note 4.8 to verify Assumption 4.3. In particular, Assumption 4.2 holds as long as ¥ € C*> and
y; is locally Lipschitz for all i € {1, ..., m}. Assumptions 4.4 and 4.5 follow from the fact that
we can simulate exactly the flow and the kernels. Assumption 4.6(a) is satisfied for p = 1 both
for Ai(z, 5;8) = Ai(z) and (9) for ¥ € C2. Assumption 4.6(b) follows from Assumption 4.7.
Finally Assumption 4.10 clearly holds for any D > 0.

Note that we could define the same algorithm with m = 1 according to Note 3.1. However, in
this case neither Assumption 4.2 nor Assumption 4.10 holds as the function F is not Lipschitz.

In Fig. 1(a) we demonstrate numerically the difference between the ZZS with 50-dimens-
ional Gaussian target and the approximation scheme corresponding to Algorithm 2 with
constant step size § and frozen switching rates.' In this plot the two processes have been
coupled according to Coupling 6.1, which is a synchronous coupling that is used in Section 6 to
prove Theorem 4.9. In the figure we see that as § tends to zero that the distance between the two
processes converges to zero. We also observe there is an upper bound on how large the error
can get, which roughly corresponds to the velocities having the opposite sign, i.e. V,n =—-V,.

Example 5.2 (Bouncy Particle Sampler Continued). We continue Example 3.3 and discuss the
assumptions of this section in this context. We show that x — R(x)v need not be Lipschitz.
Indeed, for a Gaussian example with d > 1 fix v € {1, —1}¢ and take y € R? orthogonal to v
then for any s > 0 consider

(v, sv)
[R(sv)v — R(y)v|l =2 H st =2|v].

Letting s tend to zero we see that x = R(x)v is not Lipschitz at zero and hence Assumption 4.2
does not hold.

In Fig. 1(b) we demonstrate numerically the difference between the BPS with 50-dimen-
sional Gaussian target, Gaussian refreshments with rate 1 and the approximation scheme
corresponding to Algorithm 2 with constant step size §, and frozen switching rates when
coupled according to Coupling 6.1. We see that although the assumptions of the theory do

! The codes for all experiments in this paper can be found in a dedicated GitHub repository at https://github.co
m/andreabertazzi/Euler_ PDMC_algorithms.
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(2) Results for the ZZS with y(z,v) =0. (b) Results for the BPS with A\, = 1.

Fig. 1. Plots of the distance between the continuous time PDMPs and their approximations given by Algorithm 2
for several values of the step size. The x-axis shows continuous time units, i.e. the time of ?,n is t, = nd. The
distance is [|x — y||; = Zf’:l |x; — yil. The plots show the average of 50 experiments. The processes are coupled
according to Coupling 6.1. The continuous PDMPs have a 50-dimensional standard Gaussian as stationary measure.

Here we choose A((x, v), 5: 8) = A(x, v).

not hold the error appears to tend to zero as § — 0. Indeed in Section 4.2 we obtain theory
supporting this observation. Moreover, from the plot it appears that the error converges as
8 — 0 uniformly in time. We will investigate this property further in Section 4.3.

Example 5.3 (Randomised Hamiltonian Monte Carlo Algorithm Continued). We continue
Example 3.4. As long as Vi is Lipschitz, Proposition 4.13 can be applied to the approximations
based on Algorithms 2 and 3.

Example 5.4 (PDMP Two-Dimensional Morris—Lecar Model [35]). Let us consider the PDMP

defined on £ = {0, ..., Ng} x R whose characteristics are given by
0
PO =L (1= greav = View) = geaMoa0)0 = Vo) = g4 (0 = Vi) )
MO, v) = (Ng — O)ag(v) + 0Bk (v),
_ Nk = O)ax(v) _ o 2Pr)
o(B,v), O+ 1)) = R (B, v), {0 — 1} = AO.0)’

Moo (v) = (1 + tanh((v — V1)/V2))/2,
ag (V) = Ag(VINoo(V),  Br(v) = Ak (V)1 — Neo(v)),
Noo(v) = (1 4 tanh((v — V3)/4))/2, &g (V) = Ag cosh((v — V3)/2V4).

This model was given in [35] and is a PDMP version of the deterministic Morris—Lecar
model introduced in [39] to explain the dynamics of the barnacle muscle fibre. Here v
denotes the membrane potential, 6 is number of open Potassium channels, gpeak, &ca, £k 18
maximum conductance value for leak, Calcium, and Potassium respectively, C is the membrane
capacitance, Viea, Vica, Vi 1s the equilibrium potential of relevant ion channels, My, (V) (Noo(V)
respectively) is the fraction of open Calcium (Potassium resp.) channels at steady state. V| (V3
respectively) is the potential at which My, = 0.5 (Ny = 0.5 resp.). V, (respectively V,) is the
reciprocal is the slope of the voltage dependence of My, (N resp.).

115



A. Bertazzi, J. Bierkens and P. Dobson Stochastic Processes and their Applications 154 (2022) 91-153

We will consider a PD-PDMP approximation of this PDMP. Note that in this case the flow
does not have an explicit solution so a numerical integrator is required. Therefore we will set
@, to be an Euler approximation of ¢; and A((8, v), t; 8) = A(g, (0, v; 8)) = A((B, v)+1 (6, v)).
Note we can simulate jump times with this approximate rate using Poisson thinning. Since the
kernel Q can be simulated exactly we do not need to approximate this. This algorithm is very
similar to the approximation proposed in [35] and we confirm their results in our framework.
Indeed, one can verify that Assumptions 4.1, 4.3—4.6, as well as Assumption 4.10 hold so by
Theorem 4.9 we have that the approximation converges as § — 0 to the PDMP.

5.2. Examples for Section 4.2

It is straightforward to verify Assumption 4.14 for either ZZS or BPS. Below we give details
for BPS.

Example 5.5 (Bouncy Particle Sampler Continued). We continue Examples 3.3 and 5.2 and
discuss when we may apply Theorem 4.17 in this setting. Recall in Example 5.2 we showed
that we cannot expect BPS to satisfy the assumptions of Theorem 4.9 because the reflection
operator is in general not Lipschitz. However, we do not need any assumption of this type
for Theorem 4.17. Consider for instance a simple example in which A;((x, v), s) = A;(x, v).
Then Assumption Assumption 4.6 (a) follows provided ¥ € CZ?. If in particular v has
bounded Hessian, then Ma(x,v) < ||v||||V2U |ls. It remains to verify the moment bounds
in Assumption 4.14 hold. It is clear that these are satisfied if the velocities are bounded, as
for instance when refreshments are from Z,,; ~ Unif(S?~!) where S?~! is the unit sphere
in R?. On the other hand, for the BPS with Gaussian refreshments we observe that outside
of a compact set one can bound the moments in Assumption 4.14 by the expectation of the
Lyapunov functions derived in [23] or [25]. Therefore we can apply Theorem 4.17 to obtain
convergence as 6 — 0.

Let us derive a rough estimate on the dimensional dependence of Theorem 4.17 in the p = 1
case. In particular we focus on the dependence of D(#,, z) in the dimension. Observe from the
proof of the theorem that D(z, z) depends linearly on L, L,, L3, and thus it is sufficient to
check the dimensional dependence of such constants. By applying Cauchy—Schwarz inequality
the interesting terms are of the form E,[(A;(X,, V,)?]. We approximate this expectation with
its value in stationarity. Let us restrict to the case of Gaussian refreshments and a standard
Gaussian invariant measure. Then in stationarity we obtain

E [(n(X, V)1 = EL[(V, X)2] < d*.

Therefore we expect D(¢, z) to have a quadratic dependence in the dimension of the PDMP.
In order to obtain a fixed error in total variation distance one should then choose § such that
D(t, 7)8 is constant, and thus & of order d—2. Observe that taking refreshments on the unit
sphere the dependence would be linear in d.

Example 5.6 (Continuous Time Approximations of PDMP). So far we have concentrated on
discrete time approximations of PDMP, however it is also possible to apply our results to
approximate a PDMP with a second continuous time PDMP. Similarly to the setting of [33]
suppose we have an approximation A; of A;, i.e. there exists ¢ > 0 such that for all i €
{1, ..., m} we have

|2i(2) — Xi(2)] < M(2)e. (19)
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A possible motivation for this approach is the case of ZZS when we either cannot evaluate 9;y
exactly or it is too expensive to do so. Then we can use an approximation 9;1 to obtain an
approximation of A, i.e. ;; = (v;0;%)+. Now we define a PDMP with approximated rates A;
which moves according to the generator L acting on sufficiently smooth functions by

L@ = 6. V@) + 5@ [(F6) = @itz a2, 20)
i=1

We are interested in comparing this process to the PDMP with generator £ given by (3). In
order to use Theorem 4.17 we introduce a discrete time process which we can use to compare
to both the PDMPs corresponding to £ and L. Set 8§ = ¢ and t, = né, define {Zn }hen to be
given by Algorithm 3 with rates X;(z, 1) = ii(got(z)), and according to the exact flow @, = ¢;
and Markov kernels Q;, i.e. F; = F;. We assume that the moment bounds of Assumption 4.14
are satisfied which is clear for example if the processes move with bounded velocity. We may
apply Theorem 4.17 both when the PDMP is given by £ and by L. Therefore for any t > 0
there exists a constant D(¢, z) > 0 such that

IPi(z,-) — Pi(z, dry < 21 — e PED8) <2D(1, 7)1 e

Here {P;},>0 denotes the semigroup of a PDMP with generator £ and {75t},20 denotes the
semigroup of a PDMP with generator £. We remark that the analysis above could be adapted
to the setting of the Numerical Zig-zag algorithm introduced in [17].

Example 5.7 (ZZS with Subsampling). In Bayesian statistics the posterior distribution 7 (x) o
exp(—¥(x)) is often of the form v (x) = Zy=1 ¥;(x), where ¥;(x) depends only on a subset
of the data. As described in [7], the ZZS allows for exact subsampling, which means that
the simulation of each event time is calculated using ¢, for some J ~ Unif{l,..., N}
instead of the full negative log-density . This is achieved by deﬁmng sw1tch1ng rates
A (x,v) = (v;0;%;(x))+ and computational bounds M;(¢) such that k (x 4+ vt,v) < M;(2).
Then starting at state (x, v) at time ¢, a proposal for the next event tlme is found by taking

7+ = mint;, where t; has rate M;(¢) for i = 1,...,d. Then the proposal is accepted with
probability Ai’* (x + v, v)/ M (1;x) for J ~ Unif{l, ..., N} and in case of acceptance we set
Vipru = Ris V.

Motivated by the fact that the bounds M;(¢) may be unavailable or hard to compute, we can
approximate this process as follows. Here we restrict to the case of frozen switching rates, that
is

(). s5:8) = A (x,v).
We apply the same idea behind Algorithm 3 to obtain (Y,n e th +1) given the previous state

by first drawing J ~_Uniﬁ1, ..., N}, and then simulating the next switching time 7 = T;+ =
min 7; with rates A/ (X,,, V,,). Finally

Ytn-%—l = Y[ﬂ + (8n+1 - ‘E)V{n + ‘L_'th_'_l
7 — Ri*vtn if T = 811+1’
ax V., if 7 > 81,

where the operator R; was defined in Example 3.2.

The fundamental difference with respect to the setting of Algorithm 3 lies in the additional
level of randomness introduced by the random variable J. We can adapt the proof of Theo-
rem 4.17 to also allow this additional randomness. Indeed in each step we use a synchronous
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coupling of the random variable J, then conditional on J we can apply Coupling 7.1 with A;
replaced by ] in (35)—(36), and setting

N N
Mg ((r,0),1:8) =Y Al + vt v) + > A (L v)+ 1
j=1 j=1
Thus provided ¥ € C? for any (x,v) € E and ¢t > 0 there exists D = D(¢, (x, v)) > 0 such
that

1P ((x, 0), ) = Pa((x, ), Miry < 1—e 2%,

where {P;};>0 is the semigroup of ZZS with subsampling and {5,},20 is the transition
probability of the approximation. We remark that a similar reasoning can be applied to the
BPS with subsampling (see [13]).

5.3. Examples for Section 4.3

Example 5.8 (Randomised Hamiltonian Monte Carlo Algorithm Continued). We continue
Example 3.4 by verifying the various assumptions for Theorem 4.24. For this example we
assume that ¢ € C?, is strongly convex and has bounded Hessian, i.e. for some K, L > 0

Kl; < V*¥(q) < Ll,. 1)

When this holds we have that Assumption 4.20 is satisfied by [12, Theorem 3.9] with G = H,
where H is the Hamiltonian function

1
H(q, p)=¥(q)+ Enpnz.

Since we consider the approximation based on Algorithm 3 we do not need Assumption 4.21.
As A is constant in this case Assumption 4.22 is satisfied provided

_ 1 _
supEg,p) I:lﬂ(an) + §||Pt,, ||2:| < 00. 22)
neN

Because ¥ has bounded second order derivative this reduces to showing that the second
moment of the approximation is bounded uniformly in time. This condition depends on the
choice of the numerical integrator and should be checked depending on the specific choice.
As mentioned in Note 4.26 in order to apply Theorem 4.24 with a numerical error we
need to verify (15) holds. It is sufficient to show that the derivative of the semigroup
decays exponentially. In order to prove this we shall rely on two Lipschitz conditions for the
Hamiltonian flow ¢,: there exist v, K, C > 1,y € (0, 1) such that for any ¢, g, p, p € R?

sup lei (g, p) — @ (q, p)Il = Cli(q, p) — (g, p)I (23)

t>0
le:(q, p) — @i, Pl = vllg — gl forv <1 =<Kj. (24)
It is shown in [11] that under (21) the contraction (24) holds for some v, y, K;. Indeed the
authors prove a stronger result under which v = 0, but y depends on ¢. There are also

extensions to non-convex functions v, however here we only consider the convex setting.
On the other hand, (23) is for instance satisfied for linear flows since the flow preserves the
Hamiltonian and the Hamiltonian is equivalent to the norm. To simplify the exposition we will
restrict to the case where (23) and (24) hold.
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Proposition 5.9. Let {P;};>0 denote the semigroup of RHMC. Suppose that (23) and (24)
hold. Moreover assume that

O<k=C(l—("—e*™na—-yc)<1.
Then
IVq.pPef @, ) < C2e™ || fll-

Proof. The proof is deferred to Appendix C.2. [
A case where it is easy to see that ¥ < 1 is the standard Gaussian case, i.e. ¥ (g) = |lg1/>/2,

since in this case we have that C = 1.

Theorem 5.10. Suppose that  satisfies (21), (23), (24), and the numerical integrator satisfies
(22). Then the conclusions of Theorem 4.24 hold.

Example 5.11 (Zig Zag Sampler Continued). Recall the notation of Examples 3.2 and 5.1. Let
us verify the assumptions of Theorem 4.24 for the ZZS.

We will make the following assumptions on . Assume ¥ € C? and
max(1, Vi ¢ ()l) IV @l
im = and lim ————— =0
lx]|— o0 IV (x)]| Ixll>c0  r(x)

Verifying Assumption 4.20:
Geometric ergodicity of the ZZS was established in [10] under (25) with Lyapunov function

(25)

d
Gue(x,v) = exp <aw<x) + Z@(via,-w(x») . (26)

i=1
Here ¢.(s) = sign(s)log(1 + €[s|)/2, @ € (0,1), € > 0, @ > €y, where ¥ upper bounds the
excess switching rate y : E — R,.

Verifying Assumption 4.21:
When dealing with this assumption it is convenient to use a smooth choice of 1;, so for this
section we will set ¢(r) = r(1 +r)~! and

Ai(x, v) = —log (¢ exp(—v; ;¥ (x))) 27)

which was shown in [3] to be a smooth choice of X; for which the ZZS has the correct invariant
measure. Note that for this choice of A; the excess switching rate y takes values between 0
and y = log(2).

Lemma 5.12. Let {P,};>0 denote the semigroup corresponding to the ZZS as described in
Example 3.2. Assume W € C?> and has bounded Hessian. For ); given by (27) there exists a
constant C depending on the Hessian of ¥ and on d such that for any f € C' we have

[®, QI(fops—s)(x +5v,v) <C sup {|f(x+sv+(—s)Fv, Fiv)l
+ 10y, f(x +sv+ (6 — s)Fv, Fiv)l}.

Proof of Lemma 5.12. The proof is deferred to Appendix C.3. [
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We apply this Lemma with f = P,g with g € G; where
Gi={g:E—>R:xr gx,v)eC', u(g) =0,1g| < Ggc, IVegll < Gae (28)

where Y€ < @ < @ < 1. Such an o can always be found by taking € sufficiently small. It
remains to show that V,’P,g converges to zero for g € Gj.

Theorem 5.13. Let {P,},>0 denote the semigroup of the ZZS with generator given by (8) and
with A; such that x — Ai(x,v) € C' for each v and has bounded derivative V. ;(x, v). Fix
€y < a < «a, and let G| be given by (28). Then there exists a constant C such that for any
g€

IV Pig(x, v)ll < C(1 4 1)e” G elx, v).

Proof of Theorem 5.13. The proof is deferred to Appendix C.3. [

Note that by adjusting C, ¥ and o we can show that

sup ||prtg o (pé‘—x(x + sv, v)” = Ceiwtaa,e(xa v)-
8€(0,8),s€[0,8]

Therefore Assumption 4.21 holds by combining Lemma 5.12, Theorem 5.13 and Assump-
tion 4.20.

Verifying Assumption 4.22:

Note that since A grows at most linearly it is sufficient to show that there exists a function
H(x,v) for any mesh 0 =1y <t; <--- with § =, — tx_1 < o for any k

E. [IXy I°Ga.e (X, V)] < H(x, v).

Note that EM is dominated by the ¢*¥ term so we can bound ||x||>Gq.(x, v) by e*1¥ for any
o] > « so it remains to show there exists a function H(x, v) for any mesh 0 =¢ <t < ---
with §; =t — tr—1 < ¢ for any k

E, [eal‘/@k)] < H(x, v). (29)

Then in the 1-dimensional case we prove that the required bound holds.

Lemma 5.14. Suppose (25) hold and d = 1. Then (29) holds for both Algorithms 2 and 3,
hence Assumption 4.22 is satisfied.

This follows from Lemmas C.2 and C.3 which can be found in Appendix C.3. The
generalisation to the d-dimensional setting is challenging and is thus left as a conjecture,
supported by the experiments in Fig. 2(a).

Conjecture 5.15. Suppose  satisfies (25). Then inequality (29) holds for Algorithms 2 and
3.

Theorem 5.16. Let {(X;, V})};>0 be the ZZS. Let {(7,, V,)},Zo be the process described in
Example 3.2. Assume that  satisfies (25) and that Conjecture 5.15 holds. Let G, be given by
(28). Then the conclusions of Theorem 4.24 hold.

In Fig. 3 we show some numerical results in the case of a Gaussian target. We observe that
the error in the estimation of the first component of the mean of the approximations is similar
to that of the continuous ZZS, while the error for the radius statistic, i.e. #(x) = Zf:l x2,

obtained with the approximations decreases to that of the ZZS as § becomes smaller.
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(a) Results for the ZZS and its approximations (b) Results for the BPS and its approximations
given by Algorithm 2. Here (z,v) = 0. given by Algorithm 3. Here A\, = 1.

Fig. 2. Plots of the estimates of E[G(X;,V;)] and E[G(X,,V,)], which are respectively for the continuous
time PDMPs and their approximations for several values of the step size. The plots show the average of 10°
experiments. The continuous PDMPs have a 25-dimensional standard Gaussian as stationary measure. Here we
choose A((x, v), 5; 8) = A(x, v). For each experiment Xg, X are given by an independent realisation of the sum of
a 25-dimensional standard Gaussian and a uniform random variable on [0, 1]%°, while Vg, Vo are drawn from the
stationary distribution of the continuous time PDMP.

Example 5.17 (BPS Continued). Let us discuss the assumptions of Theorem 4.24 for the
approximation of BPS as given in Example 3.3, 5.2, and 5.5. Since this approximation is based
on Algorithm 3 it is sufficient to check Assumptions 4.20 and 4.22. Conditions under which
Assumption 4.20 holds are given in [23,25]. To be concrete we concentrate on [23], in which
the Lyapunov function is given by

o2V )

VA, =)

Here at refreshment times a new velocity vector is drawn from the uniform distribution
on the unit sphere. In Fig. 2(b) we estimate the moments of G for the continuous time
BPS with a 25-dimensional standard Gaussian target and compare it to the approximations
obtained by applying Algorithm 3 for several values of §. We observe that the moments of
the approximations resemble the continuous BPS and E[G(X,, V)] appears to be bounded
uniformly in time. Therefore we conjecture that Theorem 4.24 holds under the assumptions
of [23] for approximations of the BPS according to Algorithm 3.

In Fig. 3 we compare the errors of the BPS and its approximations given by Algorithm 3
in the case of a Gaussian target. We observe that the approximations perform similarly to the
BPS. Note that for this target measure the BPS and the approximation are both rotationally
invariant so they both have mean zero and hence in Fig. 3(c) we do not see the effect of the
bias of the approximation.

G(x,v) =

Example 5.18 (Continuous Time Approximation of a PDMP). We continue our analysis of the
setting introduced in Example 5.6. We wish to extend the conclusions of Theorem 4.24 to the
continuous PDMP with generator £ given by (20).

Theorem 5.19. Suppose both the PDMPs with generators L and L satisfy Assumption 4.20
with Lyapunov functions G and G respectively, and with invariant measures (. and [L. Assume
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(c) Error for the mean for the BPS and its approx- (d) Error for the radius for the BPS and its approx-
imations given by Algorithm 3. imations given by Algorithm 3.

Fig. 3. Errors in the estimation of the first component of the mean and radius statistic in the context of Fig. 2.
For the ZZS we take y(x, v) =0, while for the BPS we have A, = 1.

(19) holds for some ¢ > 0. Moreover, suppose the approximation of the PDMP with generator
L described in Example 5.6 satisfies Assumption 4.22 both for G and G. Set G, = {g € C(E) :
lg(x, v)| < min{G(x, v), G(x, v)}}. Then for all g € G,

E.[8(Z)] = E.[g(Z)]| < CeH(2).
Moreover, letting t — 00 we have

lu(g) — (g)l < De.

Hence, in the case of ZZS we recover the result obtained in Theorem 6.2 of [33].

6. Proof of Theorem 4.9

We shall first prove the case of p = 1 in Section 6.1, and then in Section 6.2 we will use
the p = 1 setting as a base case in a proof by induction to obtain the result for p > 1.
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6.1. The case of p =1

To prove Theorem 4.9 in this setting we define a coupling of Z, and Z,, that satisfies the
bounds in the statement. Then because the Wasserstein distance is defined as an infimum over
all couplings we immediately obtain

Wi(Pr(z, ), Pr(z, ) < E.[lZr — Z7r]]],

where the expectation on the right hand side is with respect to the specific coupling we consider.
Let us now introduce a general framework that contains both Algorithm 2 and Algorithm
3. Denote the approximation process as Z, with initial state Zy = z. Then given the previous
state Z, define

t
f,’;ﬂ = inf{t >0:1—exp <—/ Xi(ftn,s; 8,,+1)ds> > U,iﬂ} ,

(30)
Tyl = rlmn t+1, ) _argmmr+
""" i=l,...m
id
where U Lo U,’I"Jrl (S Unif[0, 1]. Then the switching time of the process is

Tutt = Top1(Tut1s Ont1)s
with the requirement that 7,1 < §,4+ if and only if 7,4+ < §,4+1. In particular Algorithm 2
corresponds to the choice

Tn1 (Dot 15 Ont1) = Sna1 Lz, <8,00) + 001 (5,458,111

while Algorithm 3 corresponds to

T 1 (Tns1s Onr1) = Tng1-

The process can now be defined as follows:

¢5n+1(ztn; 8n+l) if ?IH—I > 8n+19

7l‘n = ol — =3 oo —
Bt F iy @, (Ziys 801)s Ut 80413 8ug1) i Tyt < 8,

where U,,1 ~ vy takes values in U. .
Let us now define the coupling of Z;, and Z,, that we will use to prove Theorem 4.9.

Coupling 6.1. Fix both processes up to time #, and let (Z,, e Zﬂ +1) evolve as follows. Let

U,+1 ~ vy and U! fERTRR U,’ZfH w Unif([0, 1]) be independent of each other and of Z,, and

Z,,~ The coupling evolves as follows:
e Define the next switching time of the continuous process as

t
T = 1nf{t >0:1—exp (—/ x,-(gos(z,n))ds) > 17;‘+1},
, 0 (31)

Then there are two cases:
— if 1,41 < 8441, then set Z, s = ¢5(Z;,) for s € (0, 7,41) and

Ztn+‘L',,+| = FI,H_] (‘pr,,+1(Zt,,)a Un+l)
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where [, = arg min, r,’; +1- Then simulate the process independently of the rest for
the remaining time &, — T,41.
—if 7,41 > 8,41, then set Z, s = ¢5(Z,,) for s € (0, 6,411

e Define 7,4 as in Eq. (30), where U,: TP Ij,:”ﬂ is the same random variable used in

(31). Compute T, = Ty+1(Tu+1, Sn+1)- Then the approximation process evolves as:
- if 7,41 < 8,41, then set
Ly = aanﬂff,ﬁ, (F7n+1 (@?,,H (Z1,5 8n41)s Upe13 8p1); Spt1)

= o
where [, = arg min; Tyt

= if Tyy1 > Sup1, then set Z, = @5, (Z,,: 8u11)-
Therefore the first switching times of the two processes are coupled, and so is the eventual
random jump. Once Z; ., and Z, , have been obtained, repeat the same procedure to obtain
Z,.,and Z, ,.

We remark that the marginal distributions of each process are the correct one, and thus this
is indeed a valid coupling of the two processes.

In the proof that follows we simplify the notation denoting the approximations as ¢_(z),
Xi(z,5), and F;(z, U), instead of @.(z; 8,41), Ai(2, 8 8p41), and Fi(z, U; 8,41).

Proof of Theorem 4.9. We begin by partitioning the space as
EZ[”ZI,,_H - 7tn+l ”] = EZ[”ZI,,_H - 7tn+1 ”(I]-E()() + I]-E“ + ]]'El() + ]]'E()l )]s

where Ej; for i,j = 0,1 denotes the event in which there are i random events for the
approximation process, while j = 0 denotes that no events take place for the continuous
process, and j = 1 that at least one event for the original process happens in the time interval
s € [t,, t,+1). The four events are considered respectively in Lemmas A.4, A.5, A.6, and A.7.
Since the upper bounds in these results are non-decreasing functions of the time #,, we combine
the results of the Lemmas to obtain that there exist constants K; = K;(#,+1) and K, = K»(t,41)
such that

E.[IZ,,,, — Zy,., 11 < (14 8,1 KDENNZ,, — Z,, 11+ 85, Ko

Since the two processes start at the same point this implies, by recursion,

n+1 n+1
EelllZyy,y = Zipy 11 <Y Kab} (H(l + aum) : (32)
k=1 =k

In the setting when 8, = § the right hand side of (32) becomes a geometric series which leads
to the estimate

3 o + 8K — 1

EZ[HZI,H,I - 7tn+l ”] 2

(1+5K1)_}( (33)
<$ (el(l(n+l)6 _ 1) _2' n
= K

6.2. The case of p > 1

In order to simply the notation we shall restrict to the case §, = §. To prove the result we
reason by induction on p. In particular, we consider the following inductive hypothesis. Fix
p>1landn>1.
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Inductive Hypothesis 6.2. Suppose the PDMP satisfies Assumptions 4.1-4.3. Moreover
suppose the approximation given by Algorithm 5 satisfies Assumptions 4.4—4.7 hold for some
§o > 0. Given (Z,H,Z,,) there exists a coupling (Z;, H,Zn +1) with respective marginals
corresponding to Ps(Z,,, ~),55(Zn, -; 8, p) there exist A = A(T), B = B(T) independent
of n such that for any 0 < § < gy

Bl Zi,,, = Ziy 11 < ASPT 4 (1 + BOE[Z,, — Z,,|I]. (34)

It is sufficient to show that the Inductive hypothesis holds and then the statement of
the Theorem follows by recursion in n as done in (33). Observe that the case p = 1,
which corresponds to Algorithm 3, holds by the proof of Section 6.1. Suppose the Inductive
Hypothesis holds for some p > 1, let us consider the case of p+ 1. Let us define the following
coupling of (Z;,,,, Zn+|) given (Z,H,Zn).

Coupling 6.3. Define for 0 <r <§
M@ T 58, p+ D) =G 158, p+ D+ Ai(@(@) + 1.

Then for i = 1, ..., m draw the proposed event times 7; with distribution given by

2
P(T; > 1) = exp (—/ Mot (Ziys Z1y, 738, p + l)dr>-
0

Let T;» = min;—;__, T; and let i* be the argument that minimises 7;. If T;+ > §, then let

Zy, = 05(Z0)s Ziyo, = §5(Z1y3 8, p + 1. B

Consider now the case in which T;x < §. Let U ~ vy and U ~ Unif([0, 1]) independent of
the 7;’s and independent of each other. Then set

— Aix (o1, (Z
., =T« ifU<— i (Z,,)) ,
Mot(Ztys Ziys Tiv; 8, p+ 1)

i.e. the proposed event time is accepted for the continuous time process. Alternatively set
7.(z) = R for some constant R > §. Similarly let

Xi*(ftna T8, p+1)
Mor(Zoy Ziyo T 8, p +1)
and thus conditional on acceptance T, is the next event time for the approximation process. In

case of rejec_tion set T, = R for some constant R > § as done above. Set Z, ., = ¢;(z) and
Ziy+s =@(Z,,; 6, p+1) for s € [0, T;+). We distinguish three scenarios:

-]

(1) The proposed switching time T;+ is accepted by both processes. Then set

Zi 41 = Fir(@r. (Z,,), U),
Ziy1e = Fis@r,(Z,,; 8, p+ 1), U5 8, p+ 1),

To get from time #, + T;+ to t,4; we apply the coupling given by the Inductive
Hypothesis 6.2.

(2) The proposed switching time 7;+ is accepted for one process, but rejected for the other.
To get from time ¢, + T;+ to ¢, we let the two processes evolve independently according
to their marginal distributions.

(3) The proposed switching time T;+ is rejected by both processes. Then set Zr, = ¢r,,(Z,,)
and 7Ti* = ETI_ . (Zn; 8, p+1). To get from time ¢, + T;+ to £, we repeat this procedure
starting at time #, + T;+ and with § replaced with § — T;«.
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Proof of Theorem 4.9. Assume Zy = Z = z. Suppose that (34) holds for some p > 1. We
will show that (34) then follows for p replaced p 4+ 1 by using Coupling 6.3.
Suppose first that 7;+ > §. Then the two processes follow the deterministic flow and by
Assumption 4.4 with order p + 1 and Lemma A.2 we have
E:lZ,,, = Zi,y, 170551 = Ecll95(Z,,) — 95(Z1,3 8, p + DllL1,,55]
< (1 + CCOEMZ,y, = Z,oy 1+ C7F
Let us consider the case (1) in Coupling 6.3 and denote the corresponding event as E;. Then
using the Inductive Hypothesis 6.2
EZ[||an+1 - 7t,,+1 ”]lEl] = ]EZ]EZ[”ZZ,1+1 - 7[,1+1 ” ]]~E1 |Tl*]
< E.[(A8"* + (1 + B Z, 11, — Ziyir D1, ]
=E,[(As""!
+ (1 + BO)|| Fix (91, (Z,,), U)= Fix(@1..(Z,,; 8, p + 1), U3 8, p + DID1E, ]
< E[(A8""! 4+ (1 + BOM 8" + Dallgr,.(Z,,) — @1, (Zy,3 8, p+ DIN1E,]
< E:[(A8""" + (1 + BO)(M18""! + Do(1 + CC'8)|Zy, — Z,, || + D2C87 )1 1.

Here we used Assumption 4.2(b), and Lemma A.2. Then we take advantage of
P.(Tix < &) <1 —exp(=86Q2L(tu41,2, p+1)+m)) <8Q2L(ty11,2, p+ 1) +m)
to get
ElZy,y, = Zipy I1LE,] < A187 4 (14 BIOENZ,, — Z,, ]

for suitable constants Al, él and taking advantage of § < .
Now consider the case (2) in Coupling 6.3 and denote the corresponding event as E,. Note
that

\hix (91,4 (Z3,) = hix(Zy,, Tiv3 8, p + D)
MotZiys Zoy T8, p+1)
Using Assumptions 4.1, 4.3, 4.6, and the triangle inequality we obtain

P.(E»|Z,,, Z,,) = 8QL(ty1, 2, p + 1) +m)

P(E2|Zy,. Z,,) < 8QL(tn41. 2, p + 1) + m)(DsC'\| Z,, — Z,, || + 8" M(Z,,)).
Therefore using Assumption 4.7
Bl Zi ) = Ziyy 15,1 < As8"2 4+ (14 BOENN Zy, — Z,, ]

for some constants A,, B,.

Let us consider the case (3) in Coupling 6.3 and denote the corresponding event as Ej.
Note that since case (3) involves repeating the coupling we may have to repeat this step an
arbitrary number of times. Let g denote the number of times we propose a candidate jumping
time. If ¢ < p + 2 then we must have reached case (1) or (2), so it is sufficient to use the
respective estimate derived above to get the desired result. On the other hand, the probability
that ¢ > p + 2 is bounded by (2L(t,41,z, p + 1) + m)?*287+2 which gives us the correct
order. [
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7. Proof of Theorem 4.17
7.1. The case of p =1

To prove the result we define a coupling of the continuous process with the approximation
process. The intuitive idea is that, assuming the two processes are equal at the beginning of
the current time step, we can use Poisson thinning [24,36] to simulate a proposal for the next
event time that is common to both processes. This is achieved by simulating a Poisson process
with rate given by the sum of the rates of the two processes. The proposal is then accepted or
rejected individually for each process based on the correct switching rates. For this acceptance—
rejection step a common uniform random variable is used. If the proposal is accepted for both
processes, then a coupled event takes place, thus ensuring that the processes are equal after the
event has happened. If the thinning step is successful it follows that the processes are equal
for all s € (¢,, t,+1] unless a second event takes place for the continuous time process in the
current time interval, which is an event with (9(83 +1) probability. Let us now give the formal
definition of the coupling.

Coupling 7.1. Let ¢, be the current time and assume Z,, = Zn = z,. Define kﬁot(z, t; 8py1) =
Ai(z, 15 8p1) +Ai (@0 (2))+ 1. Then for i = 1, ..., m draw the proposed event times 7;(z,) with
distribution

t
P(Ti(z,) <t) =1—exp (—/ Mot (Zns 13 3n+1)dr> .
0

Let Ti+(z) = min;=;,__m T;(z). Now let U,+1 ~ vy and U ~ Unif([0, 1]) independent of the
T;’s and of Z,, . Then set

e A (DT 2 (Zn)
) = Te(e) iU < —p T
)‘-tut(Zna Ti*(Zn); 8n+l)
hence upon acceptance the proposed event time is the next switching time for the continuous
time process. Alternatively set t(z,) = R > 8, for some constant R # T;«(z,). Similarly let

?(Zn) _ Ti*(Zn) if U < )“f:(zrlv Ti*(Zn); 8n+1) ,

)";m‘(zna Ti*(Zn); 8n+1)
and thus conditional on acceptance T(z,) is the next event time for the approximation process.
In case of rejection set T(z,) = R > 8,41 for some constant R # T;«(z,,) as done above.

If T+ > 6,41, then let Z, ; = 7:,,+s = @s(z,) for s € (0,65,.1]. In this case the two
processes are equal at time 7, ;.

Alternatively, we have T;x < &,4; and thus we set Z; ;, = Znﬂ = ¢,(zy) for s €
(0, T;*(z,))- Then the continuous process evolves as follows:

(35)

(36)

o if 7(z,) = T:x(z,), then set

Zthrr(zn) = Fi*(‘pr(Zn)(Zn)» Ups1).

Then let the process evolve independently of the approximation until time ¢, ;.
e if 7(z,) # Ti+(z,), the proposed event time is rejected and we let the process evolves
independently of the approximation until time #,;.
On the other hand, the approximation process evolves as follows:
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o if T(z,) = Ti+(2), set

Zipvtz) = Fir(@z2)(@n)s Ung1),
and finally 7tn+s = (ps(ztn+?(zn)) for s € (T(z,), Spq1].
e if T(z,) # T;x(z,), then repeat this procedure from the beginning starting at time
ty, + Ti=(z,) and with step 8,41 — Ti*(z,).
Lemma 7.2. Under Assumption 4.14, there exists D(t,, z) > 0 such that
P.(Z,, # ZyZ,,_, = Zy,_,) < D(tn, 2)82,
Jor D(ty, z) = (Li(ty, 2)/2 + La(ty, 2) + L3(tn, 2)/2).

Proof. The proof is postponed to Appendix B.1. [

Proof of Theorem 4.17. By the coupling inequality we have

1P (2. ) = Po, @ iz < PuZy, # Zy,)
and thus it is sufficient to bound the right hand side. Apply Lemma 7.2 to obtain
PA(Z, # Zi) = Pu(Zy, # Z4| 21, # Ziy P2, # Zy, )
+P(Z;, # 7’}1 | Zi,_, = 7%71)(1 —PAZ,,_, # 7’}171))
<PAZy_, # Zi,_) + Dt D8;(1 = PZ,,_, # Z,, )
= (1 = D(t, 2)8D)P(Z,, | # Z4, ) + D(t,, 2)82.

(37

Thus by recursion and since Zo = Zo = z it follows that

PAZy, # Z4) < Y Dt 87 [] (1 = D(tn, 2)87).
i=1

e=i+1
In particular if §, = § for all n € N we have that

n—1
P.(Z,, # Z,) < D(ty. )8 Y (1 = D(t,, 2)87)"
=0
<1— (1= D(t,, 2)8%)"
<1-— e_D(ln,Z)fnﬁ‘ O

7.2. The case of p > 1

In order to simplify the notation we shall restrict to the case §, = §. To prove the result
we reason by induction on p similarly to Section 6.2. In particular, we consider the following
inductive hypothesis. Fix p > 1 and n > 1.

Inductive Hypothesis 7.3.  Suppose A satisfies Assumption 4.14 for some & > 0. Given
Z, = Z,, there exist a coupling (Zty i1 Zn +1) with respective marginals corresponding to
Ps(Z,,,-), Ps(Z,,,; 8, p), and constants A = A(T), B = B(T') independent of n such that for
any 0 < 8§ < &
PA(Ziyyy # Zoyi| 20y, = Zy,) < ASPTL.
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It is sufficient to show that the Inductive hypothesis holds and the statement of the Theorem
follows by recursion in n as done in (37). Observe that the case p = 1 holds by the proof of
Section 7.1. To obtain the result we use Coupling 6.3 but with ¢ = ¢, F; = F;, and replacing
Inductive Hypothesis 6.2 with Inductive Hypothesis 7.3. Because the strategy is similar to that
in Section 6.2 we postpone the formal proof to Appendix B.2.

8. Proof of Theorem 4.24

Recall in Section 6.1 we introduced a general framework which includes both Algorithms 2
and 3. We now introduce some further notation. Let pé‘a’i be a probability measure on [0, 0o]
which denotes the law of T for Algorithm i with initial condition at z for a time step of length
8. Note that for Algorithm 2 we have p%‘s’i is a point measure with

PAEY =1 e R, a8)
pé’a’z({+00}) — e f(;s X(zfs;é)ds‘
On the other hand, in the case of Algorithm 3 pé’m admits a density which is given by
N
2P (ds) = Mz, 53 8) exp (— / Mz, rs 6)dr> ds. (39)
0
Proof of Theorem 4.24. Fix g € G;. Then by a telescoping sum we have
n—1
E[8(Z,)] — Eelg(Z)] = Y (BelPy iy, 8(Zy )] — Bl Py 8(Zy)D.
k=0

For each k € {0, ..., n — 1}, set fi(y,s) = P;,—,-s&(y) then we have

n—1

E.[8(Z,)] — E.[g(Z,)] = ZEz[fk(ZkH k1) — fil(Zy,, O]
k=0

By conditioning on Zk it is sufficient to prove that
o[ fi(Zsgy $10] = fu(z O < Re™ ™%V G (2)87 . (40)

Here with an abuse of notation we have denoted as ng ., the approximation process with initial
condition at z and step size ;. Indeed if we have that (40) holds then by Assumption 4.22
we have
n—1
[B[g(Z,)] — E[g(Z,)]l < R e "8 E.[Gi(Zy,)]
k=0
<R CSn H; (Z)

Which gives the desired result. It remains to show that (40) holds.
Using that the approximation process jumps according to Q at a time determined by p
we can evaluate the expectations

E.[fi(Zs,, Sk+)] — [fi(z, 0)] =

= Bl fi(Zsy» S0 = fi(@541 (D), k1) + [l (2, 8kgt) — filz, 0)
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Sk+1
=/0 Q(fel@sy1—s (), Ske)(@s5(2) — Sl (2), Sks1) Py S (ds)

+ fil@s 1 (2), Skv1) — fil(z, 0).

Recall pé"s’z ( pé’“ respectively) is defined in (38) (resp. (39)). Using the fundamental Theorem
of calculus we can rewrite this as

B[ fi(Zsy> See)] = filz, 0) =

Sk 1
= /0 O fi s (s S )@s(2) — fil@sy, (2D, Sr0)p= " (ds)
k1 g
+ f 5 fer(@),
0 s
Sk 1 Y,
= fo O fi@s (s SN Ds(2) — fi(@sy,, (2, Ss )=+ (ds)

Sk+1
+ /0 (P9, (2)), V filor(2), 1)) + (05 fi)le,(2), r)dr.
Note that 9; fx(y,s) = =L fi(y, 5)
B[ fi(Zs,, 1> S4)] — fi(z, 0) =

Sk+1
= fo OS5 B D@u(2) = sy (2): )P+ (ds)

1
+/ (D(0r(2)), V fil@r(2), 1)) — L filg, (), r)dr.
0
Recall £ is given by (5) so we can write the above as
E.[fi(Zs,,  Ske)] — filz, 0) =

Sk+1
— [ QU O B0 = il B )

Sk+1
+ /(; =M@ @NLOSi (-, P9 (2)) — filer(2), r)ldr.
We rewrite this as
E.[fi(Zs,,, 8k+)] — fi(z,0) =

41
/(Q(fk(sask+1 50 B )@ (@) — fi( sy, (2), 8e41)) (P W1 (ds) — Mg (2))ds)
Sk41
—/O Mo @O, ) @r(2)) — O(fi(@sy 1 —r ()s Sk+1))(@r (2))1dr (41)

Skt
- / Mer @ fi(@s 1, (2), k1) — Sielr(2), r)]dr.
0
We will divide the remainder of the proof into 3 steps:
Step (i): For this step we distinguish between Algorithm 2 and 3. Let

hs = Q(fi(@s -5 () Sk DN @5(2)) — Sie(@sy,, (), Seq)-
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Then we will show that there exists a constant R > 0 such that for any h € C bl ([0, 6D
(for Algorithm 3 we only need i € C,([0, §])) we have

Sk+1 .
V o (P22 (ds) — Mgy (2))ds)| < Re™@ %082 | sup  Ki(z,s,7)
0

s,r€[0,80]
(42)
where K; is as in Assumption 4.22.
Step (ii): For any z € E, r € [0, §g+1] we have
[ fi(@syy, ()5 Sk1) — filpr(2), 1) <
S _ _ (43)
<R[ @@ ) + Gl ),
Step (iii): For any z € E, r € [0, §;+1] we have
O (fi(@sy i —r )y Sk 1)N2) — Q(fi (-, P <
(44)

Sk+1 .
<R[ 00T + Gt @),
Eq. (40) follows from Step (i), (ii), (iii) and (41), as this gives

E.[fi(Zs,, $s0] — fi(z, 0) < Re™® =082 | sup  Ki(z, 7, 5)
s,r€[0,80]

Bk+1 S+1 — —
+ / Mo )R, / ) Q0T + Gy (2))dsdr
0 r

Skt 41 _ _
+ / Mer(2) Ry / e~ ) (0, () Q G (94(2)) + Glps(2)]dsdr.
0 r

Recall that G; (z, r,s) is given by (12), then we have

IE.[fi(Zs,ys Sce)] — fi(z, 0)] < Re™ @~ +082 \ sup  Gi(z, 7, 9).
s,r€[0,80]

Proof of Step (i): This step follows from Lemma C.1. It remains to find a bound for |A,|
and |9,h,| for the case of Algorithm 2. By Assumption 4.20

sl = |Qfe(@ss1—s () Ske))@s(2)) — fi(@s,,, (@), 8k41)]
< | Q@841 —sC)s Sk D@5 () — 1 Fe( @5y -5 (), Sk1)))]
+ | 1 fel@spy () 8ka1)) = fic © @55 (@5(2), Si1))|
< Rie " D[0G(g,(2) + Gls(2))]- (45)

For Algorithm 2 we also require to control |ds/,| for which we require a bound on the
derivative of f, for this case we use Assumption 4.21. Note that

dshs = ‘(‘ﬁ(%(Z)), Vo(Q(fi(@sp1—s()s Sk 1))(05(2)))

— QUP, Vo (fi (@515 (), Sk-)))(95(2))
= [®, O1(fi(@s -5 () Skt 1))(@5(2)).-

Recall here we have defined the commutator in Section 2 and we are denoting by ® the
differential operator corresponding to . This term is bounded by Assumption 4.21 and we
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have
|35hs| < Rpe @+ G(2). (46)

Combining Lemma C.1 with (45) and (46) we have that (42) holds.
Proof of Step (ii): Observe that since 9; fi(y, s) + (@(y), V fi (v, 8)) = —A(W[Ofi(y, s) —
fk(y,s)] we have

k1 g
/ d—fk(ws(z), s)ds
, s

[ fi(@ss(2)s Sk1) — filor(2), )| =

1
/ Mes(@QF(ps(2), 5) — filps(2), s)]ds

Sk+1
S/ : Mo Qfie(ps(2), ) — m(Q(fiCs N + |1 fi (5 8)) — files(2), s)I]ds.

We can bound this using Assumption 4.20 we obtain (43).
Proof of Step (iii): Applying (43) with z replaced by ¢_,(y) and applying Q we have
44). O
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Appendix A. Proofs of Section 4.1

A.l. Proof of Theorem 4.9

In this section we prove the lemmas that are used to prove Theorem 4.9 in the case p = 1. In
the proofs that follow we simplify the notation denoting the approximations as @,(z), 1i(z, ),
and fi(z, U), instead of ¢_(z; 8,+1), X[(z, s;8,41), and fi(z, U; 8,+1). Before proving bounds
on the events E;;, let us state three simple lemmas which will be used multiple times in the
proof. The proofs are omitted as they are a straightforward consequence of the assumptions.

Lemma A.1. Assumption 4.1 implies that for any 8y > 0 there exists a constant C' = C'(§y) >
0 such that for any z,7' € E and t € (0, 8y) it holds that

llo:(2) — @)l < C'llz = 2|l 47)
Moreover, for any t € (0, 8y) and any z, 7 € E we have the alternative bound

(@) — @@ < 1+ CC'D)lz — 2|l
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Lemma A.2. Suppose Assumptions 4.1 and 4.4 hold. Then forany p > 1, s > 0and z,7' € E
it holds that

lgs(2) — @, < C'llz = 2|l + CsP .
Moreover, using Lemma A.1 we can replace C' with 1 + CC’S.
Lemma A.3. Under Assumptions 4.3, 4.6, and 4.7, for any t > 0, p > 1 there exists a
positive constant L(t, z, p) such that

sup  max{i(Z,), M(Z,,s; 8us1, p)} < L(t, 2, p) as.
rel0,t],s€[0,80]

where in particular z = Zog = 70. Note if p =1 we write L(t, z, 1) = L(t, 2).

We can now start showing a bound on event Ey, followed by the other events.

Lemma A4. Under Assumptions 4.1 and 4.4, it holds that

E.AZ,,, = Ziy., 11Ep] < (1 +8,51CCHEIIZ, — Z,, |1+ C82,,.

Proof. On E(, we are interested only in the error introduced by the integrator . We have
EelZis = Zagi i) = B [ [03,,1Z0) = B, (7o) | 100

= B [[l05,1(Zi) = 5,1 (Z1)]]

+E. [ |05, Zi) = 83,0 @]

Then one can directly apply to the first term Assumption 4.1 and thus Lemma A.l, together
with the assumption that §, < 8y, and to the second term Assumption 4.4 to obtain the wanted
result for C' = C’'(8y). O

Lemma A.5. Under Assumption 4.1, parts (b) and (c) of Assumption 4.2, as well as
Assumptions 4.3-4.7, it holds that

E.lZ,,,, — Zi,,, 11E,,] < 82, (mKy + m(m — DKy + 2B(tyy1, 2)(L(tar1, 2))°)
+ 81 (mKy +m(m — DKDE. [I1Z,, — Z,, 1]
where L(t,+1,2) was defined in Lemma A.3, while
Ky = Dy(C')*L(ty41. 2),
K> = (D2CC' + L(ty41, 2)(2D3 + M, C')),
Ky = Dy(CY(L(tys1. )
Ky = (D2CC' + (L(ty+1, 2))(2D3 + M C').

Proof. Let us first restrict to the event that Z; has only one event for s € (,, t,,.1] and denote
such event as E. For any i, j € {1,...,m}, let A,;; be the event that Z,, jumps according to F;
and Z,, jumps according to F; and no other jumps occur. Note that {Aij}";=) 1s a partition of
E; N E so we may write

m
EllZiy = Ziyo Mgzl = D BelllZy,,, — Ziyy 114
i,j=1
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Let us first consider event A;;, i.e. the processes have a switch according to kernels F; and

F;. Considering Coupling 6.1, we first observe that A;; is an order §,4; event. This follows
from the fact that in this case we require

~ . Snt1 Sp+1
U, <min {1 — exp <—/ i (Zt ,s)ds) , 1 —exp (—f Ai(ws(Z,n))ds)} .
0 0

Therefore, using that 1 — exp(—z) < z we obtain

- Snt1 Snt1
E, [ﬂA,.,.|z,n,z,n]5min{ f T(Z,y . $)ds, / xiws(z,,l))ds}ssnﬂL(r,,H,z),
0 0
48)

where L(#,+1,2) < oo was defined in Lemma A.3. We can then separate the effects of the
different approximations by the triangle inequality:

E:[1Z1 = Zoy 1a, ] =

=E. ||<P5,l+1 it Fi @ (2,0, Uni) = @ v, (Fi@s, (Z4), Uni )1 L]
e (105, Fi @ty (Z) Uns)) = @yt Fi @ (Z0). Uni DIy ] ()
(19810 i@ (Z2). Uni ) = 03,015, i@, (Za), Uni DL, | 0)

[n%] et i@, Z0) Uni) = 08,1200 (Fi @, (Z), Ui ), |
(***)
+E, [ngoa,m,ml(f,- @z, (Z1), Ui ) = @5, 2, (Fi@,, (Z,), Un+1>>||1A,.i] :
(****)
For term (*) we first compare both terms to F;(gs,,,(Z;,), Un+1), and then we condition on all
random variables apart from U, in order to apply Assumption 4.2(c):

(/) = Ez[”(pénﬂ—rnﬂ (Fi((ﬂznﬂ(zzn), UVH—I)) - E(¢8n+l(zt’1)7 Un+1)||]lAi,~]
EZ [”I:i(wler,l(Ztn)’ Un+1) - (p5n+1—?,,+1 Fi(w?n+1(ztn)7 Un+l)”1A”]
< 2D38,+1P:(Ai)
< 82,,2D5L(tn+1, 2).
In the last inequality we used the inequality derived in (48). Term (**) can be bounded applying
inequality (47), then conditioning on Z,,, Zn, Tp+1 and using Assumption 4.2(b), and finally
applying Lemma A.2 and (48):
() = CB:[IFi@r,  (Z2), Unit) = Fi@s,,, (Zo), Uni) 1, |
< C'D3E. (95,1 (Zi) = B,y Za)l s |
< (CVDENNZ,, = Zi, 114, ] + 87,1, C'D2C

< (C'Y'DyL(tys1, D801 BN Z,, — Z,, 11 + 82,,C'D5C.
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Term (***) is estimated by inequality (47), then again conditioning on Z,n,Zn,?,,H and

applying Assumption 4.5, and finally using (48):

() = CB IR @, ., (Z), Uns) = Fi@e, (Zi), Une) L, |
< C'M8,1P.(A) (50)
<87 C'MiL(ty11, 2).

Term (****) is bounded using Assumption 4.4 and bounding by 1 the probability of A;;:
() < Coy Po(Ai) < C6ry .

Putting together terms (¥), (**), (**%), (**%*) we obtain the following bound on event A;;:

E.[I1Z,,., — Zi 1 1a,] < 8501 Ko+ 81 KiE. [I1Z,, — Z,, |I] (51)

where K, K, are as in the statement of the lemma. Now consider event A;; for i # j. In this
case we take advantage of independence of U}, and U, to conclude that

EZ[HAU |Zl‘n ’ 7!;«,] S

Snt1 Sn+1
< (1 — exp (—/ Xi(%(Zrn))ds» <1 — exp (—/ *(Z,,, S)dS))
0 0

Sn41 Sntl
S/ M(%(Zt,,))ds/ ri(Zy,, s)ds
0 0

< Ss1 (Ltnr1, 20 (52)
Then we can use the decomposition

EZ[”ZI,H,l - 7’n+l ”:[lAlj] =
= Bllgs,1 ey Fi@ry 1y (Zi)s Une ) = B e, B @ Zo)s Unsi Dl g

= Ez[ll(pS,H,l—T,H,l (E((pt,1+l(zln)a Uﬂ+1)) - Fi(‘/’ﬁnﬂ(zt,,)» UVH-])”:HA,'_,‘] (T)
+ EZ[”E(‘ptSnJrl(an)v Ui’l+]) - Fj((pﬁ,ﬂ,l(zln)’ Ul’l-H)”]lA,'j] (i)
+ EZ[||Fj((p8n+1(an)7 UI’H—]) - (/’5,,+1—?n+1(Fj((p?,l+1 (Zln)a UI’H-]))”]lAij] (iT)

+ Elll9s, 1701 (Fi (02,1 (Z4), Uni) = @5, —2 o (F i@z, (Z0), Une )l Tay 1 (5D

To bound (1) and (11) we use Assumption 4.2(c), while for (1) we add and subtract s, ,,(Z;,)
and use Assumption 4.2(a), and for ({I) we use a similar argument to the A;; case. Combining
this with the bound in (52) we obtain

EZi,,, = Ziy 14,1 < (L1, Y (2D5 + Dy) + K)oy
+ 801 KiE: [1Z,, — Z,, ]

where K 1, I%z are as in the statement of the lemma.
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Let us finally consider E’, i.e. the case in which Z, has two or more jumps. The probability

this event is given by

. Spt1 Spg1—t
P(E)=E, |: /(; <1 — exp (—/0 Mes(Fr,, (0 (Zy,), Un+1)))d5))

Mei(Z,)) exp (— fo Mon(Z,, ))dr) dr }

(53)
Sn41 Spp1—1
<E [/ </ Mos(Fy,,, (@ (2), Un+1)))dS> K((/):(Z))dt}
0 0
< o1 (Ltnr1, )
Then we can bound the norms [|Z,, ., || and ||Zn 4111 by Assumption 4.7 to obtain
EZ ["Zln+1 - 7I,H_] ”]]-Ellmfc] =< ZB(tn+17 Z)]Ez [I]-f‘] (54)

<282, B(tug1, D(L(tat1, 2))%.

Combining the bounds on E and E° we obtain the statement of the lemma. [J

Lemma A.6. Under Assumptions 4.1, 4.2(a), 4.3-4.7, it holds that

E. [11Z,,., = Zi,,, ILEy, |< 801 m(CY(Dy Dy + 2Dy L(tys1, D) B [11Z,, — Z,, II]
+ 82 ,(C + C'(D2C + mD  Ma(ty, 2) + 2mM, L(ty 41, 2)))-

Proof. Recall that Eq is the event in which there are no switches for Z; for s € (t,, t,+] and
there is one event for the approximation. Taking advantage of the coupling of the two processes

as described in Coupling 6.1 we find that E( takes place as long as for some i

. S+l Snt1 - —
Uyyi € (1 — exp (—/ )Li(%(Ztn))ds> , 1 —exp (—/ Ari(Zy,, s)ds)].
0 0

Then we can estimate the probability of this event as follows:

Snt1 Sn1 o
exp (—/ Arilos(Z,, ))ds) — exp (—/ Ari(Zy,, s)ds)‘
0 0

n+1

m )
= ZA })"i((ps(zt”)) - Xi(7tny S)| ds
i=1

m

E.llg, 2 Z,] <)

i=1

where we usczl that exp(—z) is 1-Lipschitz for z > 0. Then we find bounds for E[1f ] and
E.[1g,,1Zy,, Z,] respectively. For the first case we use the triangle inequality, followed by

observing that A and ¢, are Lipschitz by the inequality shown in (47) and then Assumption 4.6:
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m 8n+l -
Eellg,) <) E. [ fo |hi(05(Z,,)) — hiles(Z,,))| ds
i=1
8)l+l _ o
+ fo Ai(@s(Z,,)) — Mi(Z,,, 5)| ds ]

m Sn1 _
= E E, [/ D4C/||Zt,, —Z;,lds +/
i=1 0 0

< 8,41mDsC'E[|Z,, — Z,, 11 +m8; | E.[M2(Z,,)]
< 8, imDyC'E[||Z,, — Z,, I + 82,y m M (1, 2),

where in the last inequality we used again Assumption 4.6. Alternatively, we can bound the
switching rates by Lemma A.3:

(55)

Snt1

8n+lﬁ2 (7ln )dsi|

_ m ‘Sn+l o
Bl Z) = Y [ (M2 + Ty 5))ds
2 |, (56)
< 2méy 1 L(tny1, 2),

Let us now focus on bounding the distance between the two processes. On event Ejp we
have Z, ., = ¢s,,,(Z,), wh'ile Z.’"“ = %'EH‘?"H (F(Efnﬁ (Z4,), Upt1)) where T4 i§ the time
of the event for the approximation. By triangle inequality we can decompose the distance in
the following terms

EZ[”Zf,H,l - 7t,,+1 ”:HEI()] =
=B [I95,01(Z0) = @, 5,0, Fly, @,y Zi)s Uni DL |

< B (105,01 (Z0) = 0001200 Fr @1 (Z2): Uni Dy *)

+ B [ 105007001 (Fiy @5t (Z2): Uni) (%)
= Oorr e Fip @, Z) Uni DLy |

+ B [ 19,4170 (F,.,, @,y (Zi), Uni)) (%)
= Pt Fi @, Zi) U D1y |

= (k) + (Gkk) + (k * *).

In order to estimate term (*) we apply inequality (47), then Assumption 4.2(a) by conditioning
on Z; ,T,+1, and then we apply (55):

() = C'Eulllgr,,, (Zy) = Fi,, (97,1 (Z1,), Unt )1 LE, ]
< C'D\E.[1,] (57)
< 8n1mDy(C DiE: (I Zy, = Zy, |1+ 8, ymC' DMty 2).
For term (**) we use the same reasoning of (49) together with the estimate (56):
(%) < 8up1m2L(tn 11, 2)(C'Y DIE[I Z,, — Z,, |1+ C'DyC8, .
Then for term (***) we follow the reasoning in (50) and apply estimate (56) to obtain
() < 83,1 (2 mC' M1 L(t41,2) + C).
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The statement of the lemma follows then by combining estimates (*), (**), (**%), [

Lemma A.7. Under Assumptions 4.1, 4.2(a), 4.3, 4.4, 4.6, 4.7, it holds that
E: [1Z1,sy = Zi,4i 1By, | < 8w mC'(Ltys1, 2) + C'Di Dy) E. 11 Zs, — Zy, II]
+ 6241 (2B(tng1, D)(Ltns1, 2))* +mC' Dy My(ty, 2) + C).
Proof. Recall that Ey is the event in which for s € [¢,, t,4+1) there are no switches for Z,,
while there is at least one event for Z;. Similarly to the proof of Lemma A.5, let us denote as

E the event in which there is exactly one event for Z; in the current time interval. On E  we
can use the bound (54). On E

EZ[”Ztn-H - 7tn+1 ”:[lE()lﬁE] =
=E, [ ]lEOlmF]
= B [ [01-0001 (Fipes 91 (Z2), Une ) = 03,0 (Z0)| Ly | *)

B [ W05,01(Za) = B,y Zo) Ly | (%)

In order to find an estimate for term (*) observe that the probability of Ej; can be estimated
similarly to what done for the probability of E;y. Then following the reasoning in (57) we
obtain

(*) < 8,41m(C"Y* D1 D4E, [ Z,, — Z,, 1 + 82 ymC' Dy My (1, 2).

Pyt =1yt (Flo @r o (Z0). Uns) — @, (Z1,)

Similarly, for term (**) it is sufficient to apply Lemma A.2 and then to bound E[1g,, ] by the
probability that the continuous process has a random event:

(%) < 8,01mC L(tur1, DE, [I1Z,, — Zy, II] + C82,,. O
A.2. Proof of Corollary 4.11

Proof. We only need to show that Assumptions 4.2 and 4.7 are verified in this setting under
Assumption 4.10. Clearly the process moves with bounded velocity, and thus 4.7 holds. Then
let us focus on verifying Assumption 4.2 and consider the £'-norm. For part (a) it is clear that
for z = (x, v)

Elllz — Fi(z, D)1 = Elllv — F*((x, v), DI < Vinas-
Then consider part (b). For z/ = (y, w)

El|Fi(z, U) — @, DI < Ilx — yll + E[IlF¥((x, v), 0) — F*((y, w), D[]
v —wl|

< b = ¥l 4 = Vinar + BIIF ((x, ), ) = F((y, w), D)}
Vmax /
< max V»’1+D llz =2'.

In the second inequality we used the triangle inequality and that ||v — w| > V,,;,, while in the
last inequality we bounded the rightmost term by Assumption 4.10. Let us focus on part (c).
For the position part we have for s € [0, §] and z = (x, v)
Elll@s—s (5 (2), F(95(2), v), U)) — p5(2)|[1 =
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]

s §—s §
=E[[x+ / B(v)ds + / B(F(¢s(2), v), U))dr — x — f B(v)ds
0 0 0
< El[ls &) + (6 — ) BF(95(2), v), U)) — §SW)][]
< E[[|(6 — ) B(F*(,(2). v). U)) — B))|]
< SCE[| FY((¢s(2), v). U) — v][]
< 5C V.

On the other hand, for the velocity part we obtain using Assumptions 4.1 and 4.10

ELIIF (95(2), v), U) = F((95(2), v), D11 < Dllgs(z) — 952l
< DC'|lz — 552l
< 8D(C').
Therefore part (c) of Assumption 4.2 holds with D3 = D(C’)> + CVjae. O

A.3. Proof of Proposition 4.13

Proof. In the proof of Theorem 4.9 boundedness of the PDMP is used only in the case p = 1
to deal with the event in which the PDMP has two or more jumps in the same time step (see
Lemmas A.5 and A.6, in particular Eq. (54)). Then it is sufficient to show that a similar bound
holds also under Assumption 4.12 instead of Assumption 4.7. Let p = 1 and consider the case
of Lemma A.6, i.e. restricting to event Ejp N E, which is the event in which the continuous
time process has two or more jumps, while the approximation has zero jumps. Then we want
to bound

EZ[”Ztn-H - 7tn-%—l ”ILEI()ﬂE] =

=) f E.[llgsoFye, (- Ue-)ops_jo...0Fp1 (- Un)opfZi,) =5, (Zi) Pz, (ds)],
A(/ n n

>2

where sy, ..., s¢_; are the interarrival times of the random jumps of Z,, If 41 denote the index
. . B i

of the £-th jump to occur between time #, and #,,1, S¢ = 8,41 — Zlel si, Up, ..., Uy i Vi,

¢
Ap = {s:(so,...,se):Zs,-:8,,+1,s,- >0},

i=1

and pz, (ds) is the law of the interarrival times,. Then we have

Eoll|Zi1 = Ziy | L goz] <E [ > / E: (g o Fyr ( Us) o094 (Z,)
022 VAL

+1s,.,ZN ) |2 | 2, (ds)}

Now we use (47) to conclude that ¢, has linear growth for some constant L, and so ||¢s(z)]| <
L(||z]| + 1). It follows that

E: [ley 0 Fyr_ (Ui) o g 0 Fyat (o Us2) o+ 0 0y (ZIZ, | <

< LE[(IFe ¢ U)oy, 0 Fat(o Uz o0 0 (Z,)ll +1) 17,
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< LA+ D)+ LE: [ (I, 0 Fymt (. Ur2) 00 04(Zu)N ) 124, ).

In the last inequality we used that E[|| F;(z, U)||] < ||z|| + D; for any i, which is implied by
Assumption 4.2(a). Therefore by recursion we have

2
Ec[I90 0 Fie (U)o 0 0y (Zi)lIZ, | < 30+ DL + L%+ 12, ).
i=1

Moreover we also have that ||¢,(z)| < 8,%“ + L(J|z]l + 1) by Assumption 4.4. It follows that
EZ[”Ztn-H - 7’n+1 ”ILEIQWE] =

4
<) E [ / (Z(l + D)L + L (A +11Z,, 1) + 87,1 + LAUIZ,, Il + 1)) Pz, <ds>}
Ag

2 i=1

=2 \i=1

4
<E. {Z (Z(l + DL+ LN+ 11Z,, 1) + 874y + LAZ,, || + 1)) Pz, (Az):|

< LE, [(1 12 Il +11Z,, DD L pz,, (Ao}

=2

for some constant L which depends only on Dy, L, 8. The function f(£) = £L" is increasing

in the number of jumps and therefore because the switching rates have a global upper bound
Amax W€ obtain

E.Z,,, — 7tn+1 1Lzl =

J 7 — . (8}1 )\max)e
< LE, [(1 2y 4+ 1Z,, 1) 3 e brsvinas OB
£>2 :

< Z(l + 2B(tn Z)) Z ZLle_5n+1)\max (8n+])\-max)[
N S o

where in the last inequality we used Assumption 4.12. It remains to show that the sum is of
order 87 ;. This can be proved as follows

12 12
Z gLZe_6n+l)‘max (8n+1)\'maX) — e(L_l)5n+l}‘max Z e—L5n+1}\max —(L(Sn-'»l)\‘ma)C)
¢ € —1)!
£>2 £>2

L8417 max)"
— e(Lfl)S,,_H)LmaX L5n+l)‘-max Z e*L5n+1)~max ( n+€v max)

>1 ’

— E(L*I)‘Sn-#l)hmax L8n+l)"max(1 — e*Lsn-H)\max)

2 (L—1)30A
< 5n+le 0/Amax L)\max'

In particular we used that §, < §; for all n € N.
The same proof holds on the event E;yN E, and thus we have proved the wanted result. [J

Appendix B. Proofs of Section 4.2
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B.1. Proof of Theorem 4.17: the case of p =1

Proof of Lemma 7.2. Let us take advantage of the construction in Coupling 7.1. First consider
the case in which T;«(Z; ) > §,. In this case there are no random events for either process in
the time interval (#,_;, t,] and therefore Z;, = Zn = @s,(Z;,_,). Now, consider the case where
T;x < 6,. In this scenario, there are three disjoint events:

e The proposed switching time is accepted by both processes. Denote this event as E|.

e The proposed switching time is accepted by one process, and rejected by the other. Denote
this event as Ej.

e The proposed switching time is rejected for both processes. Denote this event as E3.

Therefore we have
3

PAZy, # Zy\Zy =21, ) = Y _PuZy, # Zy EilZy,_, = 7).

i=1
We start with event E;. In this case we have that Z, # Z,, if the continuous time process
has at least one more jump in time interval (t,—1 + Tj=, f,]. Now let A(z) = > i~ A;(z) and
Mor(2, 1 8,) = Z;"Zl )»ﬁat(z, t; 8,). Observe that, conditional on Z; |, the minimum of the m
proposed random times is distributed as P(7;+ < t) = 1 — exp(— fot Aot(Zy, 5 85 8,)ds). Then
bounding by 1 the probability that both proposals are accepted, and conditioning on Z, , we
obtain

_ _ 5)1 1 .
IP)z(Zt,, 7’é Zt,,’ El |Ztn_1 = Zt,,_|) =< Ez [/ )\mt(zt,,_] , 1 Bn)eifo Mot Ly _y5:8n)ds
0

8)1
(1—6XP (—/ Mos(Fie(@i(Zy, ), Un)))ds>>d[i|-

Then using that 1 — exp(—z) < z, that exp(—z) < 1 for z > 0 and by Fubini’s theorem we
obtain the following bound:

P.(Z,, # Z,, E\lZ,,_, = Z,, ) <

én én
<E, |:/ / Aot (Za,_ 1> 85 8)M@s (Fix (01 (Zy,_ ), Un)))det:|
0 t

Su o
= / / E, [)Lrot(zt,,,l 2 1 35 (Fix (9 (Zy,_ ), Un)))] dsdr
0 t
< 8 L1(tn, 2)/2.

Note that in the last inequality the bound L(#,, z) follows from part (a) of Assumption 4.14.
Let us now consider event Ej. As the proposal 7;+(Z,, ) is accepted for one process only,
it must be that

_ < . { s (91, (Zy, ) 2 (Zy o Tie(Zy, ) }
U € | min ,

i*

Moi(Zy, T (Zy, )3 80) Moi(Zy, (. Tin(Z,, )); 80)
. { A (@1, (Zy, ) 7o (Zy s Tee(Zy, ) S0) }]

Mior( Ly, T (Zi, )0 80) Miou(Za, - Tie(Z, )i 80)
Therefore using that U and T}« are independent we obtain
IP)(Zl‘n ;é 7tn’ E2|Ztn—] = 7tn—l) =
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MolZy T Zy, )i 8)

)_"i*(ztn,l ) Ti*(zzn,l )7 Sn) - )\1*(§0Tl* (Zt,,,l ))
=E| Lz, )<t .

By the definition given in Coupling 7.1 we have Aﬁ:t(z,t; 6,) > 1. Using part (b) of
Assumption 4.14 and Fubini’s theorem:

P(Z, # Ziys B2l Ziy = 24y ) < 8B [Ma(Ziy )itz 1= ]

dn
< 5,E, [Mz(zt,,l) / haor(Zy 11 8)e Do W“’nr“‘s")“‘fdr}
0

5n o

<3, f E. [t (Z, . 12 80Wa(Z,, Y] di
0

< 82Ls(ty, 7).

Finally, we focus on E3. On this event, the processes remain equal unless there is (at least)
a switch for either process for ¢t € (t,—1 + T;x(Z,,), t,). Recall Mz, 83 8,) = i iz, 83 8,).
Using this observation together with Assumption 4.14 and the facts that on this event T;=(Z;,) <
8, and that 1 — exp(—z) < z we obtain

Sn Sn
P(Z, # Z,,,Es|Z,,_, = Z,, ) <E, [/ ((1 — exp (—f A((p,(Ztnl))dr>>
0 t
S
+ (1 —exp (—/ X(Z,,H,r; 8,,)dr>>>

t
Aot(Zy, 415 8,) €XP <_ / Aot (Zy,_,» 83 5n)d5>dt]
0
Sn [on B
<E, |:/ / )wot(zt,,_| L 15 8,) ()»(gor(Z,n_l ) + )\'(Zt”_l s T 811)) drdt]
0 t

. _

= [ [ @00 (02, 472, 80 Jara
0 t

< 8Lt 2)/2.

Combining the three bounds on events E;, E,, E3 we obtain the statement. [
B.2. Proof of Theorem 4.17: the case of p > 1

Proof of Theorem 4.17. Observe that if T;+ > § the two processes are equal at time § and thus
the probability that Z, # Zn is 0. We analyse in turn the three events E, E,, E3 which were
defined in Section 7.1 in the proof of Lemma 7.2. Define the event E— = {Z, , = Z,_,}.

On event Ej, the proposal T;= is accepted by both processes. Then we reformulate P,(Z,, #
Z,, E{|E-) in terms of the conditional probability

P.(Z,, # Z,,, E\|[E2) = P(Z;, # Z,,|1Zi, \+70 = Zi, 1470 Tix < 8)PL(E(|E2).

The first term on the right hand side can be bounded by applying Inductive Hypothesis 7.3.
Moreover we can use the bound P,(E||E-) < P,(T;+ < §|E-) for the rightmost term to obtain

B}
P.(Z,, # Z,,, E\|E-) < ASPT'E, [(1 — exp (— / Mot(Zy_ 5158, p+ 1)dr))}
0
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< A8"2 sup E, [ho(Z,,, 558, p+ 1] < ASPLu(t,, 2).
s€[0,8]

In the last inequality we took advantage of the bound 1 —exp(—z) < x which is true for z > 0.
On event E, the proposal T;« is accepted for one process, and rejected for the other. This
happens when

— ( . Aie (@1 (Zy, ) Aiw(Zy,_ T3 8, p+ 1)
U €| min = » T )

)\‘t()t(Ztn_pT‘i*;Svp—i_ l) )\‘t()t(Ztn_l»T‘i*;87p+ l)
i Aiw (@12 (Zy, ) Aiw(Zy,_ T3 8, p+ 1) }
Mot(Zyy s Tis 8, p+ 1) Mo(Zy,_ T3 8, p+ 1) | T

and therefore with probability
Xi*(Ztn,ls 711*7 53 p + 1)_)‘1*(§0Tl* (Zly,,l))
Mor(2, Tie(2): 8, p+ 1)

'S }Xi*(zln,la 711*’ 89 p + 1)_)%*(@7",* (Zln,l))|

< 8" My(z,,_)

where we used that by definition ki; > 1 and then that X[*(~, -;8, p+ 1) is an approximation
of p + 1 order. Thus we have
P.(Zy, # Zi,, E2lE2) < 8"M'E. [M(Z,,_ P(Ti+ < 81Z,,_,, E-)]

= 8P+2 sup ]EZ [MZ(anfl))\'tol(an’ S5 8’ p + 1)]
5€[0,8]

< 872 Ly(ty, 2)

Finally consider event E3. Similarly to the proof of Theorem 4.9 it is sufficient to bound
the event that p 42 proposal times occur before the end of the time interval, which is bounded
by Assumption 4.14. [J

Appendix C. Proofs of Section 4.3

C.1. Proofs of Theorem 4.24 and its corollaries

Lemma C.1. Suppose ) and X satisfy Assumption 4.6(a). We will consider the two algorithms
separately. For Algorithm 2, let p%"‘;’zbe given by (38) then for any h € Cg([O, 8]) we have

8
] hs p2*7(ds) — hy(gs(z))ds
0

< §? sup (|3,h,|X(z,s; 8)
s,r€[0,8]

+ 1| (M2, 55 )A(z, 73 8) + M3(2))).
For Algorithm 3, let pZ"S’3 be given by (39) then for any h € C,([0, §])

T

b S
/ hspZ®(ds) — / Mes(@Dhyds| < 8% sup  (Ih|(lz, 53 )Xz, 73 8) + Ma(2)))
0 0

s,rel0,8]

Proof of Lemma C.1. First consider the case where p%"‘s’z is given by (38), and fix h €
C}([0, 8]). Then

5 s
hs (1 e fo A(Z,x;t‘i)ds) _ / hsA(@g(2))ds
0
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We can rewrite

_ é _
1 — e—f(f,\(z,s;a)ds :/ (@, 5 S)e—f(fx(z,r;s)drds_
0

Therefore we have

P P _ P
' / s p252(ds) — hoh(y(2)ds| = |hs / Tz, 53 8)elo Ferdnrgg _ [ o k(s (2)ds
0 0 0

=

b _
/ (hs — hy)k(z, 53 8)eJo W”‘)d’ds‘
0

+

I - 5—
f hy (Mz, 53 8)e ™ Jo Mariddr _ A(gos(z») ds
0

(58)

We can use Assumption 4.6(a) and that 1 —e™ <y for y > 0 to bound the integrand of the
second term on the right of (58),

A1 8)e” DI 5 (p,@))] = [Riz, 53 9)(1 — e o Heridry
+ |z, 55 8) — Moy ()]

B
<Mz, s; 8)/ Mz, r; 8)dr + SMy(z). (59)
0
For the first term on the right hand side of (58) we use that
lhs — hs| = (8 —s) sup [0,h,. (60)
rel0,3]

Applying (59) and (60) to (58) we have

=

)
‘ / s p252(ds) — hyh(ps (2))ds
0

8 o
<|sup 13,h] | (8= )Rz, s: ) Jo Heridnr g
rel0,8] 0
) _ 5_ .
+ / I, | <A(z,s;5)/ k(z,r;6)dr+8M2(z)) ds
0 0

<8 sup (18,h,1a(z, 53 8) + ] (A(z, 55 OA(z, ) + M2(2))) .
s,rel0,8]

Let us consider the case where pé’“ is given by (39). We use (59) to bound

=<

)
/ hep2®(ds) — hh(ps(2))ds
0

F)
sf |
0

b )
S/ || (X(z,s; 6)/ Mz, r; 8)dr +8Mz(z)> ds
0 0

<8 sup (lh|(h(z, 53 OA(z, 75 8) + Ma(z))). O
s,rel0,8]

ds

Mz, 53 8)exp (-f Mz, re 8)dr> — Mes(2)
0
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Proof of Corollary 4.27. First observe that (16) follows from (13). Then (17) is obtained by
adding (11) and (13). To obtain (18) we use that

=

1 & —
5 2Bl @)l = (o)

n=1

1 & _
5 ;(Ez [¢(Z,)] — E.[g(Z,, )])’

+

1 N
5 2 Eelg(Z,)] = u(g)

n=1

We bound this using (11) and (13)

N
_ — 1
< COGo () + CGaa)y; ) e

n=1

1 & -
5 2 Ele @)l - (o)

n=1

< CGsy(2) <5 + i) .0
In

Proof of Corollary 4.28. It is sufficient to show for S, given by (14) that S, — 0 as n — oo.
Fix n > 0. Then we have

n—1 n—1
2 —o(ty—t 2 —a(ty —1
S, = 8k+le (th—tk+1) + § 8k+le (tn—tgt1)
0 k=n

~
Il

Consider the first term:

—on —wly

Uy ) fn =1 e —e
Z g e i) < sup Sk/ e~ =9)ds = sup &
= k 0 k

Consider the second term:

n—1
Z‘Slgﬂe_w(l"_tk“)i( sup 5k>
k=n

Therefore

In 1 _ e_w(tn_lr])
/ ey = — —— sup 5.
t w kefn,...,n}

. e~ 1
limsup S, < { sup & + — sup 6.

n—00 k>0 w W f>p

Since 7 is arbitrary we let 1 tend to oo which gives that S, — 0 asn — co. [
C.2. Proofs of Example 5.8

Proof of Proposition 5.9. Fix f € C}(R? x R?). Then by the chain rule
IVg,p P f (g, PN = I1EIVy, p(Qrs PO(Vy,p FI( Qs POUI = 11l ) ELNIVg, p(Qrs POII-

Notice that there is a version of (Q;, P;) which is differentiable with respect to the initial
conditions since we can write (Q,, P;) as the composition of smooth operators. Let 7; denote
the ith refreshment time and & ~ N(0Oy4, I;) the corresponding refreshed velocity. Set Ty = 0.
We shall track for which refreshment times we have that v < T; — T;_; < K. Let M; denote
the number of refreshment times before time ¢ which have this property and let N, denote the
total number of refreshment times before time 7. Note that conditional on N,, M; is distributed
according to a Binomial distribution with N, trials and success rate e *" — e =K1,
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To stress the dependence on the initial condition for the remainder of the proof we shall
write (Q7”, P/"") to denote the process at time ¢ with initial condition (g, p). Then by (23)
we have

IQF™, Py = (QFF, I = i1y, (QFF ) - @1y, (OF7 )
< Clofy — 071,

There are now three possible events either N, =0, v < Ty, = Tn,—1 < K or Ty, — Tn,—1 > K.
If v<Ty, — Tn,—1 < K then we use (24), however if Ty, — Ty,—1 > K then we use (23). By
doing this for each refreshment we have

1QF7, PIPy — (QFF, PID)| < N My My gdor — o7,

Then by applying (23) once more we have
Q" PP = (QF . PPN < €M=Yy Mg, p) = @. D).

Dividing by ||(¢g, p) — (¢, p)|| and taking the limit as ||(g, p) — (g, p)|| — O we have that
V4,0 (Q1F7, PP < CHM= My M,

It remains to bound E[CN'—Mry,M:] By conditioning on N, we can use the moment generating
function of a Binomial distribution to find

E[CM My M |N ] = €M (1 — (7 — )1 — yCTYM.
Now N; is a Poisson process with rate A so we have

E[CNMiyM] = exp (A (C(1 = (7™ — e )1 —yC7)) - 1)).
This is decays exponentially provided

C—(™—e*™Ha—-—ycy<1. O
C.3. Proofs of Example 5.11

Proof of Lemma 5.12. Note that for the ZZS
d

Ai
(4. Q]f(x,v)=z<v,Vx<M(x D fex, Fv))> > S, 9 Fro)
i i=1

d
— <v,vx<§((x U))>f(x Fv)+2Z(“x ";) vidy, f(x, Fv).

When we apply this with f = P,;g o 95— and (x, v) replaced by (x + vs, v) we have
d

[®, Q]f(x,v)—z<v v, (A i v))>P,g(x+sv+(8—s)Ev,Ev)

Ax, v)

=

+

1
d
2;: ( M(;C U))) 01y, (Prg)(x + 50 + (8 — ) Fyv, Fiv)

IA

d
S ov (x(x U))>|P[g(x+sv+(5—s)Fiv,Fiv)|

i=1
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+ 2|V (Pig)(x + sv + (8 — s)Fiv, Fiv)|.
Observe that

9 (= log (p(exp(—=r)))) =

then we have

Vx (Ai(x, U)) _ (kai(x, U)) . (Vx)\_(x, v)) (Ai(x, U))
Alx, v) Alx, v) Alx, v)?

B vV, 0, Y (x, v) )_ 4 (vjvxax_,w(x,v>xi(x,v>>
< -

1+e"

(1+ e*vi3xi¢(x))k(x, v) (1+ e*”iaxiw(x))k(x, v)?

Under our assumptions this is bounded. [

Proof of Theorem 5.13. Fix f € G;. We observe that P, f satisfies
8;P[f(.x, U) = E'Ptf(x, U).

We can differentiate this with respect to the ith component of x, denoted as x', to obtain an
equation for 9, P;.

d
0P f(x,v) = LOGPif + Y 0 ;(x, V)P f(x, Rjv) — P f(x, v)l.
j=1
We can solve this equation using the variation of constants formula

d t
0P f(r,v) = Pidyi £, )+ Y / Py (g7) (x, v)ds
j=170

where
g (x, v) = 3 hj(x, V[P f(x, Rjv) — Py f(x, v)].

We can integrate this with respect to p to obtain an expression for p(d,:P; f)
d t
p@u o) = oy £+ 3 [ (i) as
— Jo
j=1
Here we have used that w is an invariant measure for P, to remove P,_; terms. We shall bound

this by comparing to (3,:P; f),
10,i Py f (x, v) — (0 Pr )] < |Prdyi f(x, v) — w(@yi f)

d t o d ' - (61)
+ |Zf Pros (89 (o, ) — Z/ () ds).
j=1"0 j=170

Observe that since A; is globally Lipschitz there exists a constant C;, such that |9,iA| < C;
forany i € {1,...,d},x € R?, v € {£1}?. Therefore we can bound gy’ by

lgs/ (x, V)| = CLPs f(x, Rjv) = p() + [Py fx, v) = m(OD.
Now we can bound gi’j using geometric ergodicity, (11), and that f € G;

lg5/ (x, v)| < CCre ™ (Gg.e(x, Rjv) + Ggc(x, ).
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By (25) there exists a constant K such that
gt/ (x, v)] < Ke ™ Gy, v).

By applying (11) we have
|Z/O P (g;*f)(x,m—Z/o  (g7) ds| < Z/O oy (87 () — o (g1)1ds
j=l1 j=1 j=1

< CKGq.(x,v) f "etds
< CKGy(x, v)teo_’“. (62)
Since f € G; we can also apply (11) for the function 9; f
P f(x, v) = 4@ )] < CGaelx, v)e™ . (63)
Using (62), (63) to bound the right hand side of (61) we obtain
10, P f (2, v) = (@ P )l < C(1 4 KD)e™ G e(x, ). (64)

It remains to consider w(d,:P; f). Note that we have following integration by parts formula for
n

/axkghd,u = — / g0y, hdu + / Oy, Wghdpu. (65)
Setting k =i, g =P, f and h = 1 we have

(@i P f) = (P fo.i)
Observe that 1(d,:v) = 0 (this follows from (65) with g = h = 1 and k = i) then subtracting
U@ ¥In(f) we have
(0, P I = 1118, Pr f — ()]
< w8 Y ONP: f — (D (66)
< Ce™ (18, Y ()G e(x, v)).
By (25) we have |,i%/(x)|Gg.c(x,v) < CGqy. and combining (64) and (66) we obtain a

constant C’ such that

0P f(x,v)] < C'(1+ Kt)e ™ Gye(x,v). O

Lemma C.2. Let {(Y,n , Ytn)},,eN denote the Euler Zig Zag algorithm in 1-d using Algorithm
2 or 3. Let A(x,v;8) = A(x,v) and A(x,v) = (Y (X)) + y(x) for y : R — [0, 7] with
Y < o0o. Assume that € C? is such that (25) is satisfied. Let a € (0, 1), B > 0 be such that
o < 2B and define

exp (ay(x) 4+ B8y (x)v),  if vy/(x) > 0,
exp (aw(x) — ,381#’()6)1)) , ifvy'(x) < 0.

Then there exists a compact set C and k € (0, 1) such that

G p(x,v;8) = (67)

Ex,vga,ﬂ(yzn»vtn; 8) < K"Ea,ﬂ(x, v; §) for all x ¢ C.
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Proof. Let {(Y;, V;)} ({(Y;, V;)} respectively) be given by Algorithm E(Algorithm 3 resp.).
To simplify the notation in this proof suppress the § dependence of G, p. Set B+ = B if
vY'(x) > 0 and B+ = —B otherwise. Observe that

— =3 =3 — —=2 =2
Ex,v[Ga,ﬂ(Xav Vg)] - Ex,v[Ga,ﬂ(X,Sv V,s)] =

P
= / A(x, v)e MEVs (em/’(x""m—(a—s)v)—aﬂiv‘///(X+su—(8—s)v)_em/f(x-&-ﬁv)—ﬁﬂivl//’(x-ﬁ-ﬁv))ds
0

= /8 ACx, v)exp (—A(x, v)s + ayr(x + 8v) — 8BLvY(x + 8v)) (e — 1) ds,
where 0
I(x,v,s;8) :=ay(x +vs — (8 — s)v) — ayP(x + 8v)
— 8BLvy(x + sv — (8 — 5)v) + BLvY (x + Sv).
By Taylor’s theorem we can find &, &
I(x, v, 53 8) = a2(s — S)vy/'(x + 8v) + 2(8 — )Y (&) + 2B+8(s — HvY(&).

By taking x sufficiently large we can ensure that the sign of I(x, v, s; §) is equal to the sign
of —vy'(x). Therefore,

— —3 =3 — =2 =2 .
Ex,v[Ga,,B(X,S’ V(S)] = Ex,v[Ga,ﬂ(Xas Vg)] if U‘ﬁ[/(x) > 07

— -3 =3 — —2 =2 .
Ex,v[Ga,ﬂ(Xav Vg)] > ]Ex,u[Got,ﬁ(Xas va)] if UW/(X) < 0.

In the first case it is sufficient to consider Algorithm 2, while in the latter it is sufficient to
consider Algorithm 3. We shall consider these two cases separately.
Case vy/’(x) > 0: Note that it is sufficient to show that outside of a sufficiently large
compact set
— =2 =2
Ex,v_Ga,ﬁ(Xas Va) <1
Gop(x,v)
We can expand Ex,véa,ﬁ(fﬁ, V?) as
EyvGap(Xs. V) = e VG, 4(x + 08, v) + (1 — e *EN G, 4(x + 8, —v).
Using the definition of G, 4 we can write

Ea,ﬂ(x + vd, v)
Ea,ﬂ(x, v)

Ea,ﬂ(x + vd, —v)
Eo,,ﬁ(x, V)

We can Taylor expand U to find some z;, z2, 73 such that

= exp (a(Y¥ (x + v8) — Y(x)) + BSu(Y'(x + v8) — ¥'(x)),

= exp (a(¥(x + v8) — Y (x)) — BSu(Y'(x + v8) + ¥'(x))) .

Ea,lg(x + v, v)
Ewg(x, v)

G p(x + 08, —v)
G p(x,v)

1
= exp (Ol(t//(X)vcS + 5W(Z1)32) + ﬁSZW(Zz)) ,

1
= exp (a(w'(x)vrs + 51//”(11)82) — B2y (x)v + W”(Z3)5)> :
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Thus we have
— =2 =2
Ex,vGa,ﬂ(Xaa Va) _
Ea.ﬂ(x» U)

1
+ (1 — e yexp (om/f’(x)va + Ew%zl)sz) — By (x)v + w”wm) :

e M0V exp (a(x/x’(x)va + %w”(znsz) + ,3521ﬂ”(22))

Rearranging we can rewrite this as
= =2 =2
Ex,vGa.ﬁ(Xga V&) _
Gop(x,v)
2., ’ "
— exp (—M(x, V)+a v (x)vs + %lﬁ"(z])Sz)(e('% v (zz))_e(fﬂé(w v+ (z3)5))> (68)

1
+ exp ((oz —2B)¥'(x)vs + Eou/f”(m)ﬁz - /3521#’/(23)). (69)
Recall that in this case A(x, v) > v¥/'(x) > 0. Thus for the first term (68)
exp (—8h(x, v) + @ ()08 + %w”(zl)az) (J‘”z‘/’”“z)) - e(—ﬂ5<2vf’(X>v+vf”<zs>6>)) <

< exp (-5)»()6, V) + oy (x)vs + %W”(Z1)52)e(ﬂ52‘/’”(“))
< exp (~(1 — soy/(0) + Syl ).

Now choose 0 < o < min{1, 28} and recall that by assumption v’ diverges to infinity faster
than 1”. It follows that, outside of a large enough compact set, both (68) and (69) can be made
arbitrarily small.

Case v{/'(x) < 0: In this case A(x, v) = y(x). We expand ]Ex,ﬁa,ﬂ(fj, V;) as

—  —2 — —
Ex,vGoz,ﬁ(Xa’ Va) i e_g)t(x,v) Ga,ﬂ(x +vé, v)
a,p(X, V) Gy p(x, v)

s
+/ A(x, v)e MEY)
0

Goplx +v(2s —0), —v)d
— s.
Ga,p(x,v)

Similarly to above, we can use Taylor’s theorem to find z, 2, z3, z4 With

— =2 =2
Ex,vGa,ﬂ(Xaa V(S) _
Go.p(x,v)

8
+ / Ax, v)e MY exp ((x(lﬁ'(x)v(Zs -8+ %W(@)(zs -8 (70)
0

1
e exp (a(w//(x)va + V"8 ~ ,3321//”(Z2)>

+ BSY'(x)v + ¥ (za)(2s — ) ) ds.

Taking advantage of —§ < 2s — § < § we obtain the bound

exp ( a(y' (x)v2s — 8)) + By (x)v) )5 exp ( (=¥ (x)v)(a —2B)8 ) .
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Using this bound together with the assumption that —vy/'(x) diverges to oo faster than ",
we obtain that for 0 < o < 28 the right hand side of (70) can be made arbitrarily small for
sufficiently large values of x.

Combining the two cases above we obtain the statement of the lemma. [

Lemma C.3. Assume that € C? satisfies (25). Let Ea,lg(x, v; 8) be given by (67) and
Gy (x,v) be given by (26). Then for any 0 < o) < @ < ay < 1 there exist positive constants
C,C' > 0 with

Eal,e(xy U) S C/ealk()c) S Caaz,ﬂ(xy U; 8) (71)

Proof of Lemma C.3. Let us first consider Eal,é(x, v), since |P.(s)| < €]s|/2 we have
_ €
Gy, v) < exp (e () + 1901

By (25) there exists R > 0 such that for any |x| > R we have |[{/(x)| < 2¢ '@ — a)¥(x).
Therefore for |x| > R we have

Gy e(x, ) < exp @Y (x)).

Setting C’ = exp(sup,,|<g|¥'(x)|) we have the left hand side of (71).
Similarly, we have

Gy p(x, v;8) = exp (car(x) — Bdol ¥ (x)]) .

Using (25) for x sufficiently large we have that 88y|y'(x)| < (e, —@)¥(x) and hence the right
hand side of (71) follows. [
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