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On the Near-Field Spherical Wave Formation in
Resonant Leaky-Wave Antennas: Application

to Small Lens Design
Sjoerd Bosma , Graduate Student Member, IEEE, Andrea Neto , Fellow, IEEE,

and Nuria Llombart , Fellow, IEEE

Abstract— In this work, we show that the near field of
leaky-wave resonant antennas (LWAs) radiating into a dense
medium can be locally represented as a spherical wave in a
certain solid angle around broadside using an accurate definition
of the phase center. The near field in this solid angle can
be efficiently evaluated through the integration of the spectral
Green’s function along the steepest descent path (SDP). Beyond
this solid angle, defined as the shadow boundary angle, a residual
contribution due to the leaky-wave pole must also be added
to fully describe the near field. It is found that this shadow
boundary angle can be used to define the phase center and
geometry of a truncated lens that couples well to leaky-wave
antennas, even in electrically small-to-medium sized lenses and
low-contrast cases. To demonstrate the applicability of the pro-
posed study, we combine the SDP field calculation with a Fourier
optics (FO) methodology to evaluate the aperture efficiency and
radiation patterns of small-to-medium sized lenses in reception.
A truncated silicon lens with a diameter of only four free-space
wavelengths is presented with almost 80% aperture efficiency.
Excellent agreement with full-wave simulations is achieved, which
demonstrates the accuracy of the proposed design and analysis
methodology.

Index Terms— Leaky-wave antennas, lens antennas, near fields,
phase center, spherical wave.

I. INTRODUCTION

LEAKY-WAVE resonant antennas (LWAs), also called
Fabry Pérot antennas, have been widely studied in the

literature to increase the directivity from a small source by
using a planar stratification consisting of a dielectric [1]
or metallic [2] superstrate. Multiple demonstrations of these
antennas have been shown at various frequencies up to the
submillimeter wave spectral region [3]–[7]. A fundamental
trade-off between the directivity and bandwidth of these
antennas exists, which depends on the level of reflection
between the cavity and superstrate [8], [9]. In the literature,
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shielded cavities [10] and the addition of lenses [11], [12]
or phase-correcting geometries [13], [14] have been proposed
to increase the directivity of these classic geometries without
compromising the bandwidth.

At mm- and sub-mm wave frequencies, when scanning
to limited angles is required, there is an interest of devel-
oping sparse arrays to reduce the integration complex-
ity [15]–[18]. Leaky-wave antennas with overlapped feeds
have been proposed for improving the performances of sparse
arrays [8], [19]–[21] where sparse arrays with periodicities in
the order of a free-space wavelength (λ0), bandwidths smaller
than 10%, and scanning angles of at most 10◦ have been
demonstrated. Larger periodicities will only come at the cost
of even smaller bandwidths in such geometries. For example,
sparse leaky-wave phased arrays with a period of 2λ0 will have
less than 5% bandwidth as shown in [21]. In [16] and [17],
the use of leaky wave antennas with dielectric lenses was
proposed to enable sparse arrays with large periodicity (>2λ0),
wide bandwidth (35%), and larger scanning angles up to ±25◦.
One of the difficulties that arises in the design of such small
size lenses or phase-correcting structures in combination with
resonant leaky-wave feeds is the efficient evaluation of the
leaky-wave near-field [17].

Most of the works in the literature on leaky-wave or
Fabry–Pérot antennas consider only the far-field radiation
patterns of the feed [1], [8], [9], [11], [22] and often make
approximations on the solutions of the potentials in stratified
media [1], [22]. For lenses that are small to medium in
diameter (i.e., smaller than ≈15λ0, where λ0 is the free-space
wavelength) fed by leaky-wave feeds, as in the lens-phased
array application [16], [17], the lens surface is in the near
field of the feed. The design of such lenses has previously
been approached as a parametric optimization by combining
Physical Optics with full-wave simulations [23] or full-wave
simulations with optimization algorithms [12] for other phase-
correcting geometries.

In this article, we describe a way to design such lenses
without the need for time-consuming full-wave simulations.
To achieve this, we derive the shape of the lenses directly from
the propagation constants of the leaky-wave modes. For that
purpose, we use a spectral-domain method to efficiently and
accurately compute the near-field radiation patterns, which,
additionally, brings the needed physical insight. The spectral
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analysis decomposes the near field of these antennas into
the summation of a branch contribution or space wave that
can be evaluated by an integration over the steepest descent
path (SDP) when a proper phase center is introduced, and
multiple leaky-wave modal fields, associated with poles that
are captured in the deformation into the SDP [24, p. 468].

The asymptotic decomposition of the near field in leaky-
wave antennas was previously investigated in a differ-
ent configuration, based on a single-mode leaky-wave slot
antenna [25], where the phase center is stable and coin-
cident with the feeding point of the antenna. It has also
been applied to a very high contrast resonant leaky-wave
antenna in [26] (equivalent to an air cavity with an infinite
medium of εr = 100) as well as to other resonant leaky-wave
antennas [27]–[29]. For a resonant LWA, the phase center is
not coincident with the feeding point [30]. Moreover, in these
later works no explicit link has been made between the space-
wave near-field evaluation and the phase center of the LWAs.
Here, we will extend this analysis to the understanding of
the formation of a clean spherical wave in the near field by
making this link, also for low contrast cases, where the leaky
wave poles lie far away from the real axis.

We show that the near field in resonant LW antennas is well
modeled by a spherical wave in a solid angle �SB around
broadside emanating from the phase center located far below
the ground plane. We find that, also for points close to the
source, the space–wave contribution to the total field can be
calculated by integration over the SDP when the reference
system is chosen to coincide with the phase center of the
antenna, located at �z. Both the solid angle, �SB , of the
spherical-wave representation and the phase center can be
defined with the knowledge of the shadow boundary angle
defined by the SDP deformation angle.

The spectral analysis gives a physical insight into the
formation of the local spherical wave and leads to the deriva-
tion of an analytical geometry of an ideal lens, with high
aperture efficiency, which is defined using only the propagation
constants of the main leaky-wave poles. Moreover, the SDP
integration can then be efficiently combined with a Fourier
optics (FO) approach to calculate the aperture efficiency and
radiation patterns of the lens-coupled leaky-wave antenna in
reception [11], [31]. The combined method is computationally
very fast and shows excellent agreement with full-wave lens
simulations, removing the need for time-consuming parametric
analyses as in [12] and [23].

The rest of this article is structured as follows. Section II
describes the geometry under consideration and introduces the
near-field spectral approach. In Section III, the near field is
decomposed into the sum of an SDP contribution and (mul-
tiple) LW contributions. In Section IV, the phase center of
resonant LWAs is discussed, which brings physical insight into
the decomposition of Section III. In Section V, we show that
the near field can be considered a local spherical wave in the
solid angle �SB around broadside. The near-field spherical
wave representation is combined with an FO approach in
reception in Section VI to evaluate the lens efficiency and
radiation patterns of electrically small lenses. Conclusions are
drawn in Section VII.

Fig. 1. Cross section of the geometry considered in this contribution with a
semi-infinite dielectric separated from a ground plane (containing the source)
by a h = λ0/2 air cavity. The origin of the reference system is �z below
the source. The shaded blue regions are separated by the shadow boundary
associated with the leaky-wave modes. The solid and dashed semicircles and
associated arrows are centered at O and the source, respectively.

II. PROBLEM STATEMENT

The physical phenomenon exploited in a standard resonant
LWA is the excitation of a pair of nearly degenerate TM1/TE1

leaky-wave modes inside a resonant dielectric cavity [1],
such as air, placed between a ground plane and a partially
reflecting surface. These modes propagate radially by means of
multiple reflections along the cavity, leaking at the same time
energy into the infinite air medium. This effect increases the
antenna’s effective area and thus its directivity. In [7], it was
shown that an enhancement in the bandwidth × directivi ty
performance of a resonant LWA can be achieved by using
a resonant air cavity below a semi-infinite dense medium
(the lens), as displayed in Fig. 1. When comparing the
radiation of a LWA into a semi-infinite medium with a dense
permittivity εr to a standard LWA with a partially reflecting
surface radiating into free space, both antennas present the
same propagation constants and therefore the same effective
area, Ae. However, the LWA radiating into a dense medium
achieves a εr -times higher directivity since the directivity
is 4π Aeεr/λ

2
0, where λ0 is the wavelength at the center

frequency f0. One of the implications of this enhanced direc-
tivity is that the far-field region will be at a much further
distance.

To illustrate this effect, we analyze the near field of the
geometry shown in Fig. 1, consisting of a source located in
an infinitely extended ground plane and a lossless semi-infinite
dielectric medium with relative permittivity εr = 11.9 (silicon)
separated by a h = λ0/2 air cavity. The origin of the reference
system is taken at a distance �z below the ground plane, since
it is known that these kinds of leaky-wave antennas have the
phase center below the ground plane [30]. The electric field
at observation point �r(ρ, φ, z), located in the semi-infinite
silicon, can be evaluated by resorting to a spectral Green’s
function representation [32]. The electric field radiated in the
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infinite medium by a magnetic current source located in the
ground plane and, without loss of generality, oriented along ŷ
can be expressed as

�e(�r) = 1

4π2

∫ ∞

0

∫ 2π

0
G̃em

(
kρ, α

)
M

(
kρ, α

)
ŷ

· e− jkρρ cos(α−φ)e− jkzzkρdαdkρ (1)

with G̃em(kρ, α) being the dyadic spectral Green’s function for
stratified media that gives the electric field at the top of the
air cavity due to a magnetic current source, kz = (k2

d − k2
ρ)

1/2

with kd = k0
√

εr the wavenumber in the infinite medium and
M(kρ, α) the Fourier transform of the equivalent magnetic
current of the source. The cylindrical spectral coordinates
are given from the cartesian spectral coordinates by the
transformation kx = kρ cos α and ky = kρ sin α and the
cylindrical spatial coordinates are given by the transformation
x = ρ cos φ, y = ρ sin φ, respectively. The spectral Green’s
function can be expressed as a function of the forward voltage
V +

T M/T E solution in the infinite medium at the air–dielectric
interface of the corresponding transmission line problem as
follows [32]:

G̃em
(
kρ, α

) = V +
T E α̂k̂ρ − V +

T M k̂ρα̂ + kρ

kz
V +

T M ẑα̂ (2)

where k̂ρ = (kx x̂ + ky ŷ)/kρ and α̂ = (kx ŷ − ky x̂)/kρ .
To make the dependence of the phase center explicit, one can
consider the spectrum of the electric field assuming the origin
of the reference system centered at the ground plane wherein
the source is located, V +

T M/T E (kρ,�z = 0), and construct the
following auxiliary functions:

Ṽ +
T M/T E

(
kρ,�z

) = V +
T M/T E

(
kρ,�z = 0

)
e− jkz�z (3)

so that integrand in (1) now contains G̃em(kρ, α)e− jkρρe− jkzz�
,

where z� = z + �z.
For an elementary source, the α-integral can be closed

analytically into Hankel functions, where H (2)
n are Hankel

functions of the second kind with order n, such that only
the kρ-integrals remain [24]–[26]. For a distributed source,
similar steps can be taken for observation points far from the
source when the spectral current M(kρ, α) can be assumed to
be slowly varying in α compared to G̃em and can therefore be
evaluated in the α-saddle point, i.e., M(kρ, φ). The complete
�e(�r) and �h(�r) expressions given in Appendix A are then of
the form∫ ∞

−∞
V +

T M/T E H (2)
n (kρρ)M

(
kρ, φ

)
e− jkzzkρdkρ (4a)

with n = {0, 2} or∫ ∞

−∞
I +
T M H (2)

1

(
kρρ

)
M

(
kρ, φ

)
e− jkzzk2

ρdkρ. (4b)

When the observation point is in the far-field of the LWA,
an asymptotic evaluation in both saddle points for kρ =
kd sin θ and α = φ can be done arriving to the following
expression:
�e(�r∞) ≈ jkd

(−θ̂V +
T M cos φ + φ̂V +

T E cos θ sin φ
)

× M
(
kρ, α

) e− jkr

4πr
. (5)

Fig. 2. Electric fields in the (a) E-plane (θ̂ component) and (b) H-plane
(φ̂ component) radiated by a ŷ-oriented elementary magnetic current source
evaluated over a spherical region with radius R from the source (i.e., �z = 0).
Solid lines: (5), crosses: CST.

As a first example, let us consider an elementary magnetic
current source with the reference system located in the source
as most cases in the literature [26], [27]. The θ̂-component
of the electric field in the E-plane radiated by this source
into the semi-infinite (silicon) medium is shown in Fig. 2(a).
The electric field has been calculated using (1) over several
spherical cuts in the E-plane with radii R between 0.75λ0 and
120λ0 centered at the origin (the spheres are shown as dashed
lines in Fig. 1). For reference, the far-field approximation
of (5) is also shown. We can observe that the shape of the
near fields shown in Fig. 2 is strongly dependent on R and
converges to the far field only at very large distances from the
source. This is due to the TM0 modal field that dominates the
field in the angular region close to the complex pole location
even for very large R. Furthermore, the radiation patterns are
asymmetric in φ, since the TM0 mode does not radiate in the
H-plane. Therefore, to efficiently feed electrically small silicon
lenses, it is clear that the TM0 mode must be suppressed, for
example, by using a double-slot iris [7], [11], [33], [34] or
dipole source configurations [35]. To illustrate the accuracy
of (1), the obtained fields are compared to those obtained
from the time-domain solver of CST [36], a commercial
full-wave solver. Open boundary conditions were applied to
an elementary source or a double-slot iris radiating into
a semi-infinite structure made of the considered dielectric
materials.

The fields radiated into the same stratification as above but
now for the double-slot iris source with the same dimensions
as in [7] are shown in Fig. 3(a) and (b), taking again the coor-
dinate reference system located at the center of the double slot.
The inset of Fig. 3(b) shows the geometry of the double-slot
iris and the dimensions are given as αi = 100◦, ρi = 0.55λ0

and wi = 0.15λ0 [7]. The near field is calculated over the same
spherical regions as for the elementary source in Fig. 2, again
using (1) (solid lines) and full-wave simulations (crosses)
to validate the fields. The small discrepancy at the closest
distances comes from the approximation of the spectral current
M(kρ, α) ≈ M(kρ, φ). At distances smaller than λ0 from
the double-slot source, the approximation on the α-integral is
not accurate anymore. The use of a double-slot source leads
to much faster convergence of the near field to the far field
compared to the elementary source due to the suppression of
the TM0 mode.
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Fig. 3. Electric fields radiated by the double-slot iris of [6], evaluated
over a spherical region with several radii calculated using (4): (a) E-plane
(θ̂ -component) and (b) H-plane (φ̂-component) amplitude seen from the slots
(�z = 0) and (c) E-plane (θ̂ -component) and (d) H-plane (φ̂-component)
amplitude seen from the phase center according to [30] (�z = −5.6λ0).
Dashes: r̂-component, crosses and circles: CST.

It is well known that the phase center in LWAs lies below
the ground plane in the far field. In [30], the following
approximate formula for the phase center, dependent only on
the normalized attenuation constant of the leaky-wave pole
α̂LWi , was given:

�zi

λ0
≈ − 1

2πα̂2
LWi

√
εr

(6)

where, in case of a LW radiating into a dense medium α̂LWi =
Im{kLWi

ρ /kd} and the term
√

εr appears in the denominator.
We can now plot the near fields of the same source consid-

ered in Fig. 3(a) and (b), but evaluated at spheres centered at
this approximated phase center, which is �z = −5.6λ0 for a
silicon semi-infinite medium (the spheres are shown as solid
lines in Fig. 1). We can see that the amplitude converges even
faster to the far-field approximation indicating that the field
may be considered, also very close to the source, as a spherical
wave but with a more accurate phase center evaluation. In [30],
other phase-minimization formulas were also considered to
improve the accuracy of (6); however, these were not closed-
form and were given as a function of a generic solid angle.

To properly understand the properties of the field radiated
by this kind of LWA close to the source, we will employ a
spectral analysis that decomposes the total field in terms of a
space wave, calculated by integration over the SDP from the
phase center, and multiple leaky-wave modal fields, associated
with poles that are captured by the SDP path deformation [24,
p. 468] in Section III.

III. SPECTRAL FIELD DECOMPOSITION OF THE NEAR

FIELD IN RESONANT LEAKY-WAVE ANTENNAS

In this section, we apply a spectral-domain field decomposi-
tion to the near field radiated by resonant leaky-wave antennas

Fig. 4. SDPs βS DP in the complex β-plane for observation points θ = 0◦
and θ = 20◦ . The choice of Riemann sheet for the βS DP -integral is indicated
in the legend.

into a semi-infinite medium. This near field is expressed as the
summation of (multiple) leaky-wave modal fields plus a space
wave contribution. This latter one can be evaluated with an
integration path over the branch point close-by the source as
in [28] or using the SDP for larger distances [24, p. 467].
Here, in contrast to [26] and [28], we apply this SDP directly
for the near-field evaluation in resonant LWAs, provided that
the reference system is located in the phase center and that
the near field is evaluated at a distance from the source such
that the asymptotic decomposition holds (i.e., the observation
point is outside the region that includes the phase center and
source points).

To evaluate the SDP field contribution, a change of spectral
variables kρ = kd sin β, kz = kd cos β suggests using a spher-
ical coordinate system for the observation point �r(θ, φ, R)
in (4a) and (4b) with origin in the antenna phase center, �z.
The resulting integrals are then of the form∫

C
V +

T M/T E H (2)
n (kdρ sin β) × M(kd sin β, φ)

× e− jkd z cos βk2
d sin β cos βdβ (7a)

with n = {0, 2} or∫
C

I +
T M H (2)

1 (kdρ sin β)M(kd sin β, φ)

· e− jkd z cos βk3
d sin2 β cos βdβ (7b)

with the integration path C shown in the complex β-plane
in Fig. 4. The odd- and even-numbered regions indicate
Re{kz} > 0 and Re{kz} < 0 and the red and green regions
indicate the top and bottom Riemann sheets (i.e., Im{kz} <
0 and Im{kz > 0}), respectively [24, p. 463].

When the original path C is deformed and no singularities
are crossed, the total field �e(r) is given by the integration
over the deformed path. When the deformation leaves a pole
between the original and the new path, the residue contribution
corresponding to the pole encountered must be summed to the
new path integral to obtain the total field.

It can be shown using the method in [25] that for large
observation distances, i.e., where the large-argument approx-
imation of the Hankel functions [24, p. 467] is valid, the
parameterization of the SDP in (7) is achieved with a change of

Authorized licensed use limited to: TU Delft Library. Downloaded on February 11,2022 at 12:59:33 UTC from IEEE Xplore.  Restrictions apply. 



BOSMA et al.: ON THE NEAR-FIELD SPHERICAL WAVE FORMATION IN RESONANT LEAKY-WAVE ANTENNAS 805

Fig. 5. Leaky-wave poles kT M/T E
ρ,LW = kd (sin θ

T M/T E
LW + jαT M/T E

LW ) that
propagate in the stratification of Fig. 1 with semi-infinite dielectric permittivity
εr = 11.9 (silicon). The shadow boundary angle [see (9)] is also shown.

variable β → τ with τ ∈ [−∞,∞] and τ given by inverting

βSDP = θ + 2 asin
(
τe j π

4

/√
2
)
. (8)

Accordingly, this contribution, when evaluated asymptotically,
will give rise to a dominant spherical wave emerging from
the phase center. From Fig. 4, one can note that the path of
the SDP includes portions in the bottom Riemann sheet, and
thus the poles encountered are leaky-wave poles and we call
the residue contribution of these poles the leaky-wave modal
field �eLW (�r).

The leaky-wave poles kT M/T E
ρ,LW arise from the denomina-

tor of V +
T M/T E in (4). They may be found by solving the

appropriate dispersion equation (or by using approximated
analytical expressions [37]). They are conveniently represented

as kT M/T E
ρ,LW = kd(sin θ

T M/T E
LW + jαT M/T E

LW ): θ
T M/T E
LW is the leaky-

wave pointing angle and α
T M/T E
LW is the leakage rate [1] of the

TM or TE pole. The stratification of Fig. 1 supports three
leaky-wave modes: TM0, TM1, and TE1, with their propaga-
tion constants shown in Fig. 5 as a function of frequency.

The SDP crosses a TE or TM leaky-wave pole when
θ ≥ θ

T M/T E
SB , i.e., when the observation point lies below

the corresponding shadow boundary, see Fig. 1. The shadow
boundary angle is a function of the pole’s complex propagation
constant as follows [24, p. 468, 25]:

θ
T M/T E
SB =Re

{
β

T M/T E
LW

}
+ acos

(
sech

(
Im

{
β

T M/T E
LW

}))
(9)

in which β
T M/T E
LW = asin(kLW

ρ /kd). This shadow boundary
angle is also shown as a function of frequency in Fig. 5 for
each of the leaky wave poles present. It is clear that θ

T M/T E
SB

is not close to the corresponding θ
T M/T E
LW , except for the TM0

mode, which does not enhance the broadside directivity of the
antenna, as explained in Section II.

If multiple leaky-wave poles are crossed, the total field is
given by adding the modal fields associated with each crossed
pole to the contribution from the SDP

�e(�r) = �eSDP (�r) +
m∑

i=1

�eT M/T E
LW (�r)

∣∣∣
θ≥θ

T M/T E
S B

(10)

as long as the observation point is outside the elliptical
transition region [25] and the LW poles are not close together.

Fig. 6. Three-dimensional view of the considered LWA. (a) In the spherical
cone region �S B as seen from the phase center at �z below the ground plane,
the total field is given by �eS DP (solid arrows). (b) Outside this cone, the LW
modal field �eLW (dotted arrows) must be added to the SDP contribution to
obtain the total field.

Expressions for �eT M/T E
LW (�r) may be found in Appendix B.

The LW modal field is a cylindrical wave that propagates
in the θ

T M/T E
LW -direction (see Fig. 5) in the infinite medium.

Therefore, this field decomposition indicates that the total field
could only be represented by a spherical wave until the shadow
boundary when �eSDP dominates. The field representation
of (10) in terms of an SDP contribution and LW modal field
contribution is shown in Fig. 6. The origin of this spherical
wave will be at the phase center of the antenna, �z, which
will be evaluated in Section IV.

IV. PHASE CENTER EVALUATION

The phase center in the considered resonant LWAs can
be defined for the near field, similar to the far field, as the
apparent origin of radiation such that the phase of the integrals
in (4) is minimized over a certain solid angle. Based on the
understanding that the near field could only be a spherical
wave when θ < θSB (see Section III), the solid angle over
which to minimize this can be given as �SB(θ, φ) such that
θ ∈ [0, θSB] and φ ∈ [0, 2π], instead of a generic angle as
in [30]. Since the considered LW antennas are nearly rotation-
ally symmetric (with similar TE1/TM1 modes), the location
of the phase center will be along the z-axis. The phase in
(4) is dominated by the phase of the transmission-line voltage
solutions, V +

T M/T E . In [30], an approximated expression of this
phase is given using only the LW propagation constant.

To find the most appropriate value �z that guarantees the
path deformations in Fig. 4 correspond to the SDP, one can
consider a nonuniform asymptotic evaluation of the integral in
(4). The integral can be deformed into an SDP and recognized
as a spherical wave, if the kernel, now (3), separated from the
exponential oscillating phase associated with the observation
point in (2) is slowly varying. Expressing kρ = kd sin β, the
normalized phase of Ṽ +

T M/T E (kρ,�z) can be expressed as a
function of β as [30]

̃(β,�z) = atan
(
sin2 β

/
2α2

LW

)−kd�z cos β. (11)

In Fig. 7(a), ̃(β,�z) is shown for a silicon medium
and �z = 0 together with the phase of e jkz�z when �z =
−3.2λ0. It can be seen from the figure that the two phases are
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Fig. 7. (a) Phase (θ,�z = 0) of (3) along with its approximation (blue).
The corrected phase for the phase center of (13) (θ,�z = −3.2λ0) is also
shown (black). The shadow boundary angle is indicated. (b) Phase of the
E-plane near field radiated by the LWA with a double-slot iris, evaluated at
different radii from the phase center �z = −3.2λ0.

very similar until the shadow boundary angle θSB . Therefore,
we can evaluate the phase center �zT M/T E associated with
the TM and TE poles by imposing that the two functions are
equal at the shadow boundary for each of the poles


(
θ

T M/T E
SB ,�z = 0

)
= kT M/T E

z,SB �zT M/T E (12)

where kT M/T E
ρ,SB = kd sin θ

T M/T E
SB . Solving this equation, a good

evaluation of the phase center per pole can be given by

�zT M/T E

λ0
= −

atan

(
sin2 θ

T M/T E
SB

/
2
(
α

T M/T E
LW

)2
)

√
εr 2π

(
1 − cos θ

T M/T E
SB

) (13)

in which a negative �zT M/T E refers to a phase center position
below the ground plane. In general, the TM pole will give the
E-plane phase center and the TE pole will give the H-plane
phase center. For high dielectric contrast cases, kT M

ρ,LW ≈
kT E

ρ,LW [30] leads to nearly overlapping E- and H-plane phase
centers at �z. For example, the phase center of the silicon
LWA described previously is �z = −3.2λ0 when the TE and
TM solutions are averaged. The validity of this equation is
shown in Fig. 7(b) where the E-plane phase radiated by the
LWA fed by a double-slot iris is indeed nearly constant for
θ < θSB when the reference system is taken to coincide with
the phase center given by (13).

With the phase center definition of (13), a uniform asymp-
totic expansion of the integral in (4) over the SDP can be
derived using the approach in [25]. Such a uniform asymp-
totic expansion results in a contribution from a Fresnel-type
transition function in an elliptical region around the phase
center. The equality of the phase of the space wave and the
leaky-wave modal fields, which have spherical and cylindrical
spreading, respectively, at the shadow boundary imposed by
the phase center definition in (13), leads to the smallest
possible dimension of the elliptical transition region.

V. SPHERICAL WAVE NEAR-FIELD REPRESENTATION FOR

RESONANT LWAs

In this section, the formation of a spherical wave in a certain
solid angle around broadside in the near field of resonant
LWAs is investigated based on the previous spectral field
decomposition. In Section V-A the analysis is performed for

Fig. 8. Electric fields in the (a) E-plane (θ̂ component and r̂ component)
and (b) H-plane (φ̂ component) radiated by the double-slot iris of [7],
evaluated over a spherical region with several radii taken from �z = −3.2λ0,
i.e., below the ground plane. The shadow boundary angle of (9) is indicated.
The decomposition into the SDP contribution (solid lines) and LW modal
fields (dashes: main modes, dots: TM0 mode) are shown in (c) E-plane and
(d) H-plane.

high-permittivity (silicon) lenses and in Section V-B the analy-
sis is performed for low-permittivity (plastic) lenses. Finally,
in Section V-C, the leaky-wave poles, shadow boundary angle,
and phase center are presented as a function of the permittivity
of the infinite medium (2 ≤ εr ≤ 12).

A. High Dielectric Contrast: Silicon Lenses

The fields of the double-slot iris-fed LWA are calculated
using (10) over spheres centered at the phase center, as defined
by (13) with the aim of understanding the behavior of the field
amplitude, polarization, and propagation direction. The radius
of the spheres is chosen between 1.5λ0 −�z and 120λ0 −�z
so that the spheres have coincident observation points at
broadside with those of Fig. 3. The resulting E- and H-plane
near fields are shown in Fig. 8(a) and (b). The near field,
when evaluated from the phase center, is almost independent
of the distance from the source in the region θ < θSB .
In Fig. 8(c) and (d) we show the field decomposition into
the space wave evaluated using the SDP and the leaky-wave
terms. The influence of the TM1 and TE1 leaky-wave modal
fields is observed when θ > θSB , at which point the field
level is already below −10 dB. The radial field component
diminishes very rapidly with R and is already below −25 dB
at R = 1.5λ0 − �z.

Since the phase over the SDP is nearly constant, the space-
wave evaluation can be approximated using a nonuniform
asymptotic expansion of the SDP integral, which corresponds
to the far-field given in (5)

�eSDP (�r)|θ<θS B
≈ �e(�r∞,�z)|θ<θS B

(14)

where it is highlighted that this applies only with a proper
phase center definition. The far-field is also shown in Fig. 8.
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This nonuniform asymptotic evaluation can be considered suf-
ficiently accurate to describe the SDP field until θSB because
the field level at the shadow boundary is already very low
(i.e., about −10 dB in Fig. 8). This is due to the fact that the
geometry considered in this article supports two ±kρLW leaky
waves that cumulatively provide a maximum at broadside, and
a decreasing total field already for observation points close to
the shadow boundaries. For other configurations where the
shadow boundary would correspond to higher field levels,
a uniform asymptotic evaluation as in [25] would be needed
to maintain useful accuracy. The phase in Fig. 7(b) varies by
less than 10◦ in the region θ < θSB for any R and can thus
the near field can be considered a spherical wave. Since this
angle also corresponds to the −10 dB point of the radiation
pattern, the lens’ subtended solid angle, seen from the phase
center, can be approximated by �SB . This solid angle in (9)
and phase center in (13), which are only a function of the
propagation constant of the LW mode, fully define the shape
of the lens needed to enhance the directivity in this kind of
antennas as shown in the next section.

To illustrate that the field close to the LW source can be
well represented by a spherical wave, a 2-D cut of the real
part of the electric field in the E-plane is shown in Fig. 9(a),
which has been obtained from a full-wave simulation. It is
clear from this figure that there is a spherical wavefront in
the semi-infinite medium, even very close to the air-dielectric
interface. Next, the direction of time-averaged power flow has
been calculated from the Poynting vector �S = Re{�e × �h∗}/2 in
the E-plane seen from the phase center. This direction is shown
in Fig. 9(c) and is compared to the geometrical radial vector.
Indeed, when the near field is evaluated from the phase center,
the Poynting vector is almost along �r , which confirms that the
near field may be considered a local spherical wave in the
region θ < θSB and that it will couple well to an elliptical
lens, even for electrically small lenses.

We can also evaluate the fraction of power in the space
wave by integrating the Poynting vector over the solid
angle �SB

Prad(R) =
∫∫

�S B

1

2
Re

{
�eSDP × �h∗

SDP

}
· r̂ R2d�. (15)

The ratio of this power to the total radiated power by
the LWA, i.e., Prad(R)/Ptot , will correspond to the spillover
efficiency of the truncated lens. In Fig. 10, this spillover
efficiency is shown as a function of the lens diameter D =
2R sin θSB . From this result, we can see that the spillover
efficiency is higher than 85% for lenses larger than D = 2λ0.
Thus, depending on the specific requirements, silicon lenses
as small as Dl = 2.5λ0 can be used. When the double-slot
iris is omitted, and thus the TM0 mode is present, the lens
size must be significantly larger in order to achieve the same
efficiency.

B. Low Dielectric Contrast: Plastic Lenses

The use of low-permittivity lenses, which have LW poles
that are much further from the real axis, has recently been
proposed to achieve a very wide bandwidth of 40% [11].

Fig. 9. Two-dimensional E-plane cut of the field radiated by the double-slot
iris source into an (a) silicon and (b) plastic semi-infinite medium. Poynting
vector angle (solid: E-plane, dashes: H-plane) for the fields in (c) silicon
(see Fig. 8) and (d) plastic (see Fig. 12). The black dotted line indicates the
geometrical angle seen from the phase center.

Fig. 10. Spillover efficiency as a function of the lens diameter.

The stratification is the same as considered before (see Fig. 1),
except the semi-infinite silicon is replaced with HDPE (εr =
2.5, considered lossless here), a low-cost plastic commonly
used in mm-wave applications. The proposed lens feed is a
waveguide-fed double-slot iris, similar to [11], with dimen-
sions αi = 120◦, ρi = 0.6λ0 and wi = 0.2λ0, designed
to suppress the TM0 mode. The leaky-wave propagation
constants are shown in Fig. 11 as a function of frequency,
along with the resulting shadow boundary angle. Note again
that θSB is very far from θLW for the main TM1/TE1 modes and
that they are nearly equal for both modes. Since the main LW
poles are not as close together as in the silicon case, the phase
center �z = −0.64λ0 has been calculated by averaging (13).

The field radiated by this source into the semi-infinite
medium, �e, has been calculated using (10) over several spher-
ical cuts in the E-plane with radii R between 1.5λ0 − �z and
12λ0 −�z, centered at the phase center. For reference, the far
field is also shown. The result is shown in Fig. 12(a) and (b)
(solid lines). The field is again not strongly dependent on
R. In Fig. 12(c) and (d) the field is decomposed into the
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Fig. 11. Leaky-wave poles k LW P
ρ = kd (sin θLW + jαLW ) that propagate in

the stratification of Fig. 1with semi-infinite dielectric permittivity εr = 2.5
(plastic). The shadow boundary angle [see (9)] is also shown.

Fig. 12. Electric fields in the (a) E-plane (θ̂ component and r̂ component)
and (b) H-plane (φ̂ component) radiated by the double-slot iris of [11],
evaluated over a spherical region with several radii taken from �z = −0.64λ0,
i.e., below the ground plane. The shadow boundary angle of (9) is indicated.
The decomposition into the SDP contribution (solid lines) and LW modal
fields (dashes: main modes, dots: TM0 mode) are shown in (c) E-plane and
(d) H-plane.

contributions from �eSDP (solid lines) and �eLW (dashes and
dots), which sum to �e [see Fig. 12(a) and (b)]. The disconti-
nuity in �eSDP is due to the SDP crossing the LW pole.

To illustrate that the near field can be considered a local
spherical wave, a 2-D cut of the near field is shown in the
E-plane in Fig. 9(b). Furthermore, the angle between the time-
averaged Poynting vector �S and the radial direction, seen from
the phase center, is shown in Fig. 9(d). It is clear that the field
can be considered a local spherical wave for θ < θSB even
for observation points close to the source. Thus, the approach
can be used for stratifications that are less resonant than in
Section V-A and much less resonant than previously described
in the literature [26].

VI. APPLICATION TO SMALL ELLIPTICAL LENSES

In this section, the geometry of the elliptical lens fed
by the resonant leaky-wave feed with a double-slot iris is
given analytically, based on the SDP field decomposition,

Fig. 13. Leaky-wave pointing angles θLWi and normalized attenuation
constants α̂LWi at the central frequency as a function of the permittivity of
the infinite medium.

Fig. 14. Shadow boundary angle θS B and phase center �z corresponding to
the main modes as a function of the permittivity of the infinite medium.

for arbitrary lens permittivity. The formulas provided can be
used to design the lens geometry even in the near field with
high aperture efficiency. We apply an FO methodology in
reception [11], [31] to calculate the aperture efficiency and the
radiation patterns of a small silicon lens, which are verified
using full-wave simulations. The aperture efficiency is then
calculated as a function of the lens diameter Dl .

A. Spherical-Wave Parameters for Arbitrary Dielectric
Contrast

To define the geometry of an elliptical lens antenna, we must
know θSB and �z for the desired lens permittivity. Therefore,
we present here the LW poles as a function of the permittivity
of the semi-infinite dielectric medium, εr . These are then used
to derive θSB and �z as a function of εr .

The leaky-wave pointing angle θLW and leakage rate α̂LW

are shown in Fig. 13 as a function of the relative permittivity
of the semi-infinite medium. The LW angle decreases and
the leakage is slower as the permittivity increases, which is
in line with the results for the classical Fabry–Pérot antenna
geometry [1], [37].

The shadow boundary angle θSB and phase center loca-
tion for the main TM1 and TE1 modes, calculated using
(9) and (13), are shown in Fig. 14 as a function of the
relative permittivity of the semi-infinite medium. The shadow
boundary angles are almost equal for both modes and decrease
with an increasing εr . The phase center is further below the
ground plane as εr increases. Together, the shadow boundary
angle and phase center location fully define the elliptical
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Fig. 15. (a) Cross section of an elliptical lens fed by the stratification of
Fig. 1 with the foci and dimensions of the ellipse and lens. (b) Aperture
efficiency of the analytical lens geometry of (a) based on the leaky modes as
a function of the lens diameter.

lens geometry to which the LWA couples well, as will be
demonstrated next.

B. Elliptical Lens Geometry

The analytical elliptical lens geometry that provides high
aperture efficiency [see Fig. 15(a)] is as follows. The lower
focus of the ellipsoid, F2, coincides with the phase center
�z of the feed given by (13) and the lens is truncated at
an angle θSB , given by (9), seen from this focus since the
shadow boundary angle corresponds roughly to the −10 dB
field taper angle. The values for �z and θSB can be found in
Fig. 14. The distance from F2 (i.e., the phase center) to the
rim of the lens is RF O = Dl/(2 sin θSB). The sphere centered
at F2 with radius RF O is the FO sphere. The semi-major axis
of the ellipsoid is given by

a = RF O(1 − e cos θSB)
/(

1 − e2) (16)

and the inter-focal distance is given by c = a · e, where e =
1/

√
εr is the eccentricity of the lens.

C. Lens Analysis in Reception

To calculate the aperture efficiency of the lens, we use the
FO method in reception [31], which we briefly summarize
here. In the FO approach, a plane wave incident on the lens in
the k̂i = −ẑ direction is propagated into the lens and onto the
FO sphere (SF O with normal n̂ = −r̂ pointing inward) using
geometrical optics (GO). The equivalent electric and magnetic
currents on the FO sphere �J eq

SF O
= n̂ × �hG O

SF O
and �Meq

SF O
=

−n̂ × �eG O
SF O

are then correlated with the SDP contribution to
the near field of the leaky-wave feed, �eSDP (�r) and �hSDP (�r),
as follows:

PL
(
k̂i

) = R4
F O

16Ptot

·
∣∣∣∣
∫∫

�S B

(�hSDP · �Meq
SF O

(
k̂i

)−�eSDP · �J eq
SF O

(
k̂i

))
d A

∣∣∣∣
2

(17)

and the aperture efficiency is given as ηap = PL/PPW , where
PPW = |EPW |2π D2

l /(8ζ0) and |EPW | is the amplitude of the
incident plane wave. Since we know from Section V that

the field can be modeled by a local spherical wave until
the lens angle, the magnetic field is given by �hSDP (�r) =
r̂ × �eSDP (�r)/ζd and we can simplify the correlation integral
in (17) to 2

∫∫
�S B

(�eSDP · �eG O
SF O

(k̂i))d A, which is the integral
given in [11]. However, we emphasize that this approximation
is only valid when the lower focus F2 coincides with the phase
center of the feed. The main novelty here is that the FO sphere
is in the near field of the LW feed, where only the SDP field
contribution is needed to evaluate the radiation properties of
the lens-coupled LWA. Combining the FO approach with this
spectral field decomposition is computationally very fast.

D. Leaky-Wave Antenna Performance

The aperture efficiency of silicon lenses has been calculated
for lens diameters between D = 1.5λ0 and D = 15λ0 with
a truncation angle θSB and phase center �z given by (9)
and (13), respectively. The rest of the lens dimensions are
derived as described above. The lenses are fed by the double-
slot iris of [7] and have a quarter-wave anti-reflection coating
with a permittivity of εAR = 3.45. The resulting aperture effi-
ciency is shown in Fig. 15(b). The highest aperture efficiency
is obtained when D = 4λ0 and is almost 80%. For comparison,
the field over the FO sphere has also been calculated using the
far-field approximation of (14), which corresponds to making
a uniform asymptotic evaluation of the SDP integral. It can be
seen that the aperture efficiency of the proposed lens geometry
varies less than 5% as a function of the diameter with respect
to the numerical evaluation of the SDP integral.

The bandwidth achieved by such silicon LW lens antennas
is in the order of 15% [7]. A larger bandwidth, around 40%,
can be achieved by using a lower permittivity lens [11].
The aperture efficiency of a plastic (εr = 2.5) lens at the
central frequency is shown in Fig. 15(b), where the elliptical
lens’ geometry has been obtained from the phase center and
shadow boundary angle as described as above. The aperture
efficiency of a LW-fed plastic lens is above 80% when the
lens diameter is larger than 2.5λ0. The plastic lens achieves a
higher aperture efficiency than the silicon lens because there
is a better matching of the leaky-wave feed far-field to the
incident GO field [11].

Depending on the source and lens diameter, a fine tuning of
the lens parameters could lead to a slight increase of aperture
efficiency. However, compared to the full-wave approach to
the optimization of the phase correcting structure that have
been presented in the literature [12], the fine tuning of the
lens parameters here could also be achieved by using the
SDP and FO approach, significantly decreasing the required
optimization time.

The radiation patterns of the Dl = 4λ0 silicon lens fed
by the LW feed have been calculated using the same FO
method in the near field described above, by varying k̂i as
explained in [17]. The radiation patterns of this lens are
shown in Fig. 16, along with a full-wave simulation of
the lens. The match between the patterns obtained with the
FO methodology (black) and CST results (red) is excellent,
especially in the main beam. The sidelobe level differs at
most by 1 dB. The directivity of this lens antenna is 21 dBi.
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Fig. 16. Radiation pattern from a silicon lens with diameter of Dl = 4λ0
fed by the LW stratification of Fig. 1 and double-slot iris from [7]. Black:
SDP-FO method, red: full-wave simulations.

The performance of this single lens indicates we can effi-
ciently feed lenses as small as 4λ0, which is very relevant for
communication [17], [35], [38] and space [10], [16] arrays that
are not fully sampled. Moreover, the achieved performances of
a lens design based only on the complex propagation constant
provides higher aperture efficiency than other numerically
optimized phase correcting structures or shielded cavity-based
LWAs [10], [12]–[14].

VII. CONCLUSION

In this work, we have shown that the near field of resonant
LWAs radiating into a semi-infinite dielectric medium can be
locally represented as a spherical wave in a certain solid angle
around broadside from the phase center far below the ground
plane. The near field in this solid angle can be efficiently
evaluated using the integration of the spectral Green’s function
along the SDP, which can be approximated by a nonuniform
evaluation, even very close to the LW cavity. Beyond this solid
angle, defined as the shadow boundary angle, a contribution
due to the leaky-wave pole must also be considered to fully
describe the near field. It is shown that the complex LW
propagation constants and the shadow boundary angle can be
used to define the properties of the spherical wave formation
accurately even in low-contrast LW cases. Therefore, the phys-
ical insight gained in this analysis can be extended to other
resonant LWAs made with different kinds of stratifications
such as FSS-based cases.

To demonstrate the applicability of the proposed study,
we apply the understanding of the near-field spherical wave
formation to the design and analysis of small- to medium-sized
lenses. It is shown that the LW complex propagation constants
can be used to define a truncated lens geometry that couples
well to the leaky-wave antennas and achieves a high aperture
efficiency for any diameter. Moreover, we have combined
the SDP calculation with an FO methodology in reception
to efficiently calculate the aperture efficiency and radiation
patterns of such lenses. A truncated silicon lens design with
a diameter of only 4 free-space wavelengths is presented that
achieves almost 80% aperture efficiency. Excellent agreement
with full-wave simulations is achieved, which demonstrates
the accuracy of the SDP-FO methodology.

APPENDIX A
The field expressions for the electric and magnetic field

components along ρ̂, φ̂, ẑ after closing the α-integral in (1)
for a magnetic current source along ŷ are

eρ(�r) = −cos φ

8π

∫ ∞

−∞
[VT M(H0 − H2) + VT E (H0 + H2)]

× M̃ye− jkzzkρdkρ

eφ(�r) = sin φ

8π

∫ ∞

−∞
[VT M (H0 + H2) + VT E (H0 − H2)]

× M̃ye− jkzzkρdkρ

ez(�r) = − jζd cos φ

4πkd

∫ ∞

−∞
IT M H1M̃ye− jkzzk2

ρdkρ

hρ(�r) = − sin φ

8π

∫ ∞

−∞
[IT E (H0 − H2) + IT M(H0 + H2)]

× M̃ye− jkzzkρdkρ

hφ(�r) = −cos φ

8π

∫ ∞

−∞
[IT E (H0 + H2) + IT M (H0 − H2)]

× M̃ye− jkzzkρdkρ

hz(�r) = − j sin φ

4πζdkd

∫ ∞

−∞
VT E H1M̃ye− jkzzk2

ρdkρ

in which the arguments VT M/T E = VT M/T E (kρ), IT M/T E =
IT M/T E (kρ), H0 = H (2)

0 (kρρ), H1 = H (2)
1 (kρρ), H2 =

H (2)
2 (kρρ) and M̃y = M̃y(kρ, φ) have been suppressed.

APPENDIX B

The leaky-wave modal electric and magnetic field compo-
nents ρ̂, φ̂, ẑ due to a leaky-wave pole kLW P

ρ are given by

eLW P
ρ (�r) = − j cos φ

4
kLW P

ρ [Res(VT M)(H0 − H2)

+ Res(VT E )(H0 + H2)]M̃y

eLW P
φ (�r) = j sin φ

4
kLW P

ρ [Res(VT M )(H0 + H2)

+ Res(VT E )(H0 − H2)]M̃y

eLW P
z (�r) = ζd cos φ

2kd

(
kLW P

ρ

)2
Res(IT M)H1M̃y

hLW P
ρ (�r) = − j sin φ

4
kLW P

ρ [Res(IT M)(H0 + H2)

+ Res(IT E )(H0 − H2)]M̃y

hLW P
φ (�r) = − j cos φ

4
kLW P

ρ [Res(IT M )(H0 − H2)

+ Res(IT E )(H0 + H2)]M̃y

hLW P
z (�r) = sin φ

2ζdkd

(
kLW P

ρ

)2
Res(VT E)H1M̃y

where Res(·) indicates the evaluation of the residue at the
pole and the arguments VT M/T E = VT M/T E (kLW P

ρ ), IT M/T E =
IT M/T E (kLW P

ρ ), H0 = H (2)
0 (kLW P

ρ ρ), H1 = H (2)
1 (kLW P

ρ ρ),
H2 = H (2)

2 (kLW P
ρ ρ) and M̃y = M̃y(kLW P

ρ , φ) have been
suppressed. Note that these expressions are only valid when
θ > θSB as described in Section III.
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