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A B S T R A C T

This work aims to improve the flexural behaviour of unidirectional fibre-reinforced laminates by means
of coupling an optimization procedure for quasi-isotropic configurations with the design space opened by
dispersed-ply orientations. The design approach consists of finding suitable alternatives to traditional laminates
(with fibre orientations limited to 0◦, ±45◦, and 90◦), while maintaining their stiffness characteristics. This
strategy isolates the interlaminar response as the objective function that is optimized to improve their
flexural behaviour. To this end, a modified Ant Colony Optimization was implemented and geared towards
optimizing the interlaminar stress profile, allowing plies at every possible 5◦ orientation, with the ultimate
goal of delaying delamination. To validate the approach, a traditional reference laminate and derived fully
dispersed designs were experimentally tested. The correlated responses show that it was not possible to improve
flexural resistance. However, the typical flexural brittleness of laminates can be modified into a pseudo-ductile
behaviour.
1. Introduction

Advanced fibre-reinforced polymers (FRP) are nowadays widely
employed in all engineering sectors due to their high specific stiffness,
strength and high fatigue resistance. One interesting fact is that most
aeronautical composite structures are made out of laminates with
layups composed of 0◦, 90◦, and ±45◦ unidirectional FRP plies [1].
Notwithstanding, it has been demonstrated that these structures can be
further optimized when non-conventional fibre orientations are used,
since they can be more freely tailored for a specific structural applica-
tion [2]. Dispersed-ply orientations and continuous fibre-steering are
two main fabrication techniques that are enabled by additive man-
ufacturing equipment such as Automated Fibre-Placement (AFP) [3].
The precision of AFP systems allows the production of highly complex
composite parts and the repeatability of laminates with non-traditional
stacking sequences. In variable-stiffness laminates, introduced by Hyer
and Charette [4] in 1989, fibres are placed along curvilinear paths.

This work focuses on the promising concept of dispersed-ply lam-
inates. In dispersed-ply laminates, plies are not limited to 0◦, 90◦,

∗ Corresponding author.
E-mail address: D.M.J.Peeters@tudelft.nl (D. Peeters).

and ±45◦ orientations and can be placed in any direction with the
only limitation being the precision of the manufacturing equipment, for
example at every 5◦. It has been demonstrated that depending on the
loading conditions, the direction of the fibres can be selected such that
laminates withstand the required loads with fewer plies [5,6], meaning
that the widening of the design space given by ply dispersion allows for
further weight optimization. Moreover, the dispersion of ply angles can
lead to increased margins for the improvement of damage resistance
and damage tolerance of laminates while delivering the stiffness char-
acteristics of traditional configurations [7,8]. Dost et al. [9] also found
that the Compression After Impact (CAI) response of unidirectional
laminates is strongly influenced by their stacking sequence.

Because of the vast solution space, the design of dispersed-ply lami-
nates requires the use of modern multi-objective optimization methods,
such as metaheuristic approaches [10–12], to a larger extent than
for traditional laminates. Lopes et al. [7,8] and Gyan et al. [13] ap-
proached the optimization of damage-tolerant dispersed-ply composites
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by means of Genetic Algorithms (GA). Ant Colony Optimization (ACO),
another metaheuristic searching process introduced in the early 1990s
by Dorigo et al. [14], is arguably even better suited for this type of prob-
lems [15,16]. Sebaey et al. [17–23] used a modified ‘two-pheromone’
ACO algorithm to design fully dispersed laminates to increase strength
under in-plane biaxial loading, as well as to improve the damage
resistance against low-velocity impact and the corresponding damage
tolerance.

The current paper explores the application of the ACO approach
developed by Sebaey et al. [17–22] to design dispersed-ply laminates
with improved response under bending loads. Although less addressed
than the subject of structural optimization against in-plane loading, op-
timization of composites under flexural loads is relevant in aeronautics
since these structures are likely to be subjected to differential pressure,
casual indentation loads or can undergo postbuckling deformation. As
in the case of in-plane loading, the flexural response of unidirectional
FRP laminates is usually brittle and governed by interlaminar fracture
resistance and propagation. Hence, this study is directed towards the
improvement of the overall interlaminar behaviour of laminates by
means of ply dispersion.

Even though during the current work, the focus is on the inter-
laminar behaviour, this is an assumption: during testing more complex
stress states occur, which may make the experimental validation more
difficult [24]. When using finite element modelling, taking the rollers
into account for load introduction provided more accurate results, but
also increased computation times significantly [25]. Finally, also the
lay-up has been shown to be an important factor, a factor that will be
varied in the current work [26].

In similar fashion to previous works [7,8,18–22], the objective of
the optimization is to attempt the improvement of failure behaviour
while keeping reference stiffness characteristics which might have been
imposed to comply with main structural load-carrying requirements.
First, the optimization strategy will be presented which is geared
towards optimizing the interlaminar stress profile, while allowing plies
at every possible 5◦ orientation, with the ultimate goal of delaying
delamination throughout the thickness of the laminates. A validation
of the approach will follow consisting of experimental flexural testing,
using a four-point bending test, of a traditional quasi-isotropic refer-
ence laminate and optimized dispersed-ply designs. The analysis and
discussion of results will be followed by concluding remarks.

2. Optimization approach

The optimization procedure presented in this paper can be viewed
as the second step of a two-step optimization approach, as in previous
works [7,8,18–22]. It is assumed that in the first step, which is not
discussed herein, a conventional configuration (which will be used as
a reference) has been designed to cope with the expected static loads
on the structure. This means the overall in-plane (A-matrix) and out-
of-plane (D-matrix) behaviour of the laminate have been decided by
the structural requirement, for example buckling or maximum displace-
ment. The second step, which is the focus of this work, consists of
redesigning this laminate by dispersing its stacking sequence to obtain
a dispersed laminate. This is done without compromising the stiffness
characteristics, meaning the A- and D-matrix of the reference laminate,
found in step one of the optimization. This strategy isolates the in-
terlaminar response of each of these laminates as the single objective
function that is optimized to improve their flexural failure behaviour.
This approach avoids cumbersome multi-objective optimization, for
both stiffness and strength, and allows for an objective evaluation of
the effects of ply dispersion. Otherwise, the results could be easily
misinterpreted because the elastic behaviour of a laminate, by itself,
plays an important role on the way interlaminar damage initiates and
develops.
2

Fig. 1. Laminated beam under quasi-static loading.

2.1. Problem formulation

A two-dimensional laminated beam with the reference configuration
is considered to be loaded using a three-point bend test, as represented
in Fig. 1. Specifically, the so-called Short Beam Shear (SBS) test, as
defined by the American Society for Testing and Materials (ASTM) is
analysed [27]. This test configuration was designed in such a way that
the critical specimen failure mode is interlaminar shear failure. Hence
it is commonly used to measure the Interlaminar Shear Strength (ILSS)
of laminated composites.

The goal of the optimization is to find an alternative dispersed-
ply laminate with the highest interlaminar damage resistance possible
while having similar stiffness characteristics to the reference laminate.
Hence, the objective function is the minimization of the maximum
value of the interlaminar stress function (𝑓𝐼𝑆 ) that calculates the pos-
sibility of delamination initiation of each layer through the thickness:

Minimize (𝑓 𝑖
𝐼𝑆 )𝑚𝑎𝑥, 𝑖 = 1...𝑛 (1)

with 𝑛 equal to the number of plies. To evaluate the initiation of inter-
laminar damage, the well-known quadratic stress interactive criterion
is used [28–30]:

𝑓𝐼𝑆 ≥ 1 ⇔

(

⟨𝜎33⟩
𝑆𝑛

)2
+
(

𝜏13
𝑆𝑡

)2
+
(

𝜏23
𝑆𝑡

)2
≥ 1 (2)

wherein 𝜎 and 𝜏 represent normal and shear stresses, and 𝑆𝑛 and 𝑆𝑡
are interlaminar normal and shear strengths (indices 1, 2, and 3 define
the directions of fibre directions, transverse direction and through-
thickness, respectively). The symbol ⟨⟩ represents the Macaulay bracket
(⟨𝑥⟩ = max(0, 𝑥)). The calculation of interlaminar stresses is presented
in Section 2.2.

The requirement of stiffness similarity between the reference con-
figuration and the ones resulting from the optimization procedure is
imposed by means of design constraints. To this end the in-plane
(𝐴) and bending (𝐷) stiffness matrices of the dispersed-ply solution
are compared to the 𝐴 and 𝐷 matrices of the reference laminate. To
expedite these comparisons, distance functions are used [31]:

𝑑(𝐴𝑟, 𝐴𝑑𝑝) = 𝐴−1
𝑟 ∶ 𝐴𝑑𝑝 + 𝐴𝑟 ∶ 𝐴−1

𝑑𝑝 − 6 (3)

𝑑(𝐷𝑟, 𝐷𝑑𝑝) = 𝐷−1
𝑟 ∶ 𝐷𝑑𝑝 +𝐷𝑟 ∶ 𝐷−1

𝑑𝑝 − 6 (4)

wherein the subscripts 𝑟 and 𝑑𝑝 identify ‘reference’ and ‘dispersed-ply’
laminate matrices, and ‘∶’ denotes the Frobenius inner product defined
as the sum of the products of the corresponding components of two
matrices with the same size (i.e., 𝐴 ∶ 𝐵 =

∑

𝑖,𝑗 𝐴𝑖𝑗𝐵𝑖𝑗 = 𝑡𝑟𝑎𝑐𝑒(𝐴⋅𝐵)). The
distance function is defined such that it equals zero when its arguments,
e.g. 𝐴𝑟 and 𝐴𝑑𝑝, are component-by-component the same.

The stiffness constraints are included in the optimization objective
function by means of the distance functions (3) and (4) affected by
penalty factors, 𝑃 and 𝑊 respectively. Hence, the optimization problem
is defined by the minimization of the objective function as:

Minimize Obj = 𝑚𝑖𝑛[(𝑓 𝑖
𝐼𝑆 )𝑚𝑎𝑥 +𝑃 ⋅ 𝑑(𝐴𝑟, 𝐴𝑑𝑝) +𝑊 ⋅ 𝑑(𝐷𝑟, 𝐷𝑑𝑝)], 𝑖 = 1...𝑛

(5)

The values of 𝑃 and 𝑊 need to be chosen appropriately considering
that the order of the distance functions is one, similar to the interlami-
nar stress function (𝑓 ). Assigning too large values renders max(𝑓 )𝑖
𝐼𝑆 𝐼𝑆
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a trivial parameter in the objective function while too small values
will not impose the stiffness constraints effectively. In other words,
the optimization procedure might solve only for constraints without
minimizing the criterion, or disregard the constraints while finding
alternative dispersed-ply configurations. In this work, the values of 𝑃
and 𝑊 were optimized by trial and error to 10 and 0.5, respectively.

2.2. Interlaminar stresses

During the SBS test, the specimen is subjected to shear loads except
for the small regions under the load introduction point and above
the supports, where out-of-plane compressive stresses are generated.
Hence, the value of 𝜎33 in Eq. (2) is assumed to be zero everywhere
(i.e., neglecting the load introduction point and supports) in the spec-
imen, and the problem is simplified to determining the interlaminar
shear stresses 𝜏13 and 𝜏23.

The shear stresses throughout the thickness of the beam (𝜏𝑘𝑥𝑧), where
𝑘 denotes layer 𝑘, can be derived from the equilibrium equation of the
beam as follows [32]:
𝜕𝜎𝑘𝑥
𝜕𝑥

+
𝜕𝜏𝑘𝑥𝑧
𝜕𝑧

= 0 (6)

⇔ 𝜏𝑘𝑥𝑧(𝑥, 𝑧) = −∫

ℎ

0

𝜕𝜎𝑘𝑥
𝜕𝑥

𝑑𝑧 (7)

where 𝜎𝑘𝑥 is the normal stress, along the length of the beam and ℎ
denotes the thickness of the laminate. This stress component can be
found using

𝜎𝑘𝑥 (𝑥, 𝑧) =
_
𝑄

𝑘
11(𝜃) ⋅ 𝜖

𝑘
𝑥(𝑥, 𝑧) (8)

where
_
𝑄

𝑘
11 is the first component of the reduced stiffness matrices of

ply k. The strain in ply k, 𝜖𝑘𝑥 , is the sum of the mid-plane strain, 𝜖𝑥0,
and curvature, 𝜅𝑥 times the distance from the mid-plane:

𝜖𝑘𝑥(𝑥, 𝑧) =�
�7
0

𝜖𝑘𝑥0 + 𝑧𝑘 ⋅ 𝜅𝑥 (9)

where 𝑧𝑘 is the through-the-thickness coordinate of the ply, with the
mid-plane as origin. Assuming a pure bending loading, the first term
of Eq. (9) becomes zero. The curvature 𝜅𝑥 can be expressed as:

𝑥(𝑥) = −
𝜕2𝑤(𝑥)
𝜕𝑥2

(10)

where 𝑤(𝑥) is the out-of-plane displacement of the beam under the
applied loading.

To find the displacement of a laminated beam under an out-of-plane
load, the governing equation for a laminated plate [32] is used:

𝐷11
𝜕4𝑤
𝜕𝑥4

+ 2(𝐷12 + 2𝐷66)
�
�
�>

0
𝜕4𝑤

𝜕𝑥2𝜕𝑦2
+𝐷22

�
�
�7
0

𝜕4𝑤
𝜕𝑦4

= 𝑝𝑧(𝑥) (11)

where 𝐷𝑖𝑗 are the components of the bending stiffness matrix of the
aminate. Simplifications for a 2D beam are applied to Eq. (11): the
isplacement along the width is assumed to be constant, meaning the
artial derivatives w.r.t. 𝑦 are zero. The out-of-plane point load, 𝑝𝑧(𝑥),
an be expressed using a delta (𝛿) function:

𝑧(𝑥) = 𝐹 ⋅ 𝛿
(

𝑥 − 𝑙
2

)

(12)

herein 𝐹 is the load magnitude and 𝑙
2 is the load application point

along the length 𝑙 of the beam.
Using the Ritz method, with a sine-shaped assumed displacement

or the beam, the displacement is expressed as

(𝑥) =
∑

𝑚
𝐴𝑚 sin

(𝑚𝜋𝑥
𝑙

)

(13)

where 𝐴𝑚 are unknown coefficients. By using Fourier series 𝑝𝑧(𝑥) can
also be expressed as a summation of sine terms:

𝐹𝛿
(

𝑥 − 𝑙 ) =
∑

𝐵𝑚 sin
(𝑚𝜋𝑥) (14)
3

2 𝑚 𝑙
here the unknown coefficients 𝐵𝑚 can be calculated by multiplying
both sides of Eq. (14) by sin 𝑚𝑝𝑥

𝑙 and integrating:

∫

𝑙

0
𝐹𝛿

(

𝑥 − 𝑙
2

)

sin
(𝑚𝑝𝑥

𝑙

)

𝑑𝑥 = ∫

𝑙

0
𝐵𝑚 sin

(𝑚𝑝𝑥
𝑙

)

sin
(𝑚𝜋𝑥

𝑙

)

𝑑𝑥 (15)

⇔ 𝐵𝑚 = 2𝐹
𝑙

sin
(𝑚𝜋

2

)

(16)

Consequently, 𝑝𝑧(𝑥) can be written as:

𝑧(𝑥) =
∑

𝑚

2𝐹
𝑙

sin
(𝑚𝜋

2

)

sin
(𝑚𝜋𝑥

𝑙

)

(17)

while this expression is not a perfect match for the point load, in the
remainder of this work we always use a constant number of terms in the
expression and always compare to a reference case. Hence the absolute
value of F is not important as long as the same number of terms is used
in the summation.

By replacing (17) and (13) in the beam governing Eq. (11), 𝐴𝑚 can
be determined to be

𝐴𝑚 =
2𝐹
𝑙 sin(𝑚𝜋2 )

𝐷11

(

𝑚𝜋
𝑙

)4
(18)

Hence, the beam displacement is given by

𝑤(𝑥) =
∑

𝑚

2𝐹
𝑙 sin(𝑚𝜋2 ) sin(𝑚𝜋𝑥𝑙 )

𝐷11

(

𝑚𝜋
𝑙

)4
(19)

Using Eq. (10), the beam curvature is found to be

𝜅𝑥(𝑥) =
∑

𝑚

2𝐹
𝑙 sin(𝑚𝜋2 ) sin(𝑚𝜋𝑥𝑙 )

𝐷11

(

𝑚𝜋
𝑙

)2
(20)

Finally, the in-plane longitudinal stress for each layer is found to be

𝜎𝑘𝑥 (𝑥, 𝑧) = 𝑧 ⋅
_
𝑄

𝑘
11(𝜃) ⋅

2𝐹
𝑙

∑

𝑚

sin(𝑚𝜋2 ) sin(𝑚𝜋𝑥𝑙 )

𝐷11

(

𝑚𝜋
𝑙

)2

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝜆

(21)

Using these stresses in Eq. (7), the interlaminar shear stresses through
the thickness of the beam is expressed as

𝜏𝑘𝑥𝑧(𝑥, 𝑧) = −1
2
⋅ 𝑧2 ⋅

_
𝑄

𝑘
11(𝜃) ⋅ 𝜆

′ + 𝐹 𝑘
0 (22)

here 𝜆′ is the derivative of 𝜆 defined in (21)

′ = 𝑑𝜆
𝑑𝑥

= 2𝐹
𝑙

∑

𝑚

sin(𝑚𝜋2 ) cos(𝑚𝜋𝑥𝑙 )

𝐷11(
𝑚𝜋
𝑙 )

(23)

where 𝐹 𝑘
0 are constants equal to the difference between the shear stress

at the top and the bottom of a single layer. Eq. (22) can be solved
considering the following boundary conditions: (i) the shear stress at
the laminate beam top and bottom are zero; and (ii) the shear stress
at the bottom of each layer 𝑘 equals the shear stress at the top of the
layer underneath (𝑘 − 1).

2.3. Ant Colony Optimization algorithm

The Ant Colony Optimization (ACO) algorithm proposed by Dorigo
et al. [14] is used for the design of dispersed-ply laminates. This meta-
heuristic procedure mimics, through an iterative process, the natural
behaviour of ants finding the shortest path between their nest and the
food source. Every ant that finds food marks its way back to the nest by
depositing pheromone on its path. The concentration of pheromone on
a path increases every time an ant walks over it. The paths with higher
pheromone concentration are more likely to be chosen in subsequent
travels. The pheromones are volatile chemicals, allowing bad paths
to disappear. The shortest paths will have the highest pheromone
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concentration at each given time and will be more likely to be chosen
in future trips to the food source. When all the ants end up choosing
the same path in repeated travels, that is considered to be the shortest
way possible between the nest and the food source [14].

In the current work, instead of a path with the shortest length,
the objective of the optimization is a dispersed layup that minimizes
the interlaminar stress function under bending, given by Eq. (5). An
artificial ant represents a specific ply within the laminate. Therefore,
several ants are needed to optimize the full layup which could be
understood as the equivalent to the optimal path network to several
food sources around the ant nest. In this work, ten ants are employed
(𝑁𝑎 = 10).

In the first step (i.e., the first iteration), when the ants leave the
nest to find food, all paths (i.e., ply angles) have an equal probability
to be chosen. Therefore the dispersed layups are picked randomly in
the first iteration. Afterwards, the paths chosen by the ants (the results
for the layups evaluated in the first iteration) are compared with each
other and ranked according to performance. The shortest paths (layup
with best performance) get the highest amount of pheromone whilst
the longest ones receive the smallest amount. In the following steps,
the paths with the lowest amounts of pheromones are less likely to be
chosen by the ants. Similarly, the layups with the lowest performance
are more likely to be discarded from the solution pool. This procedure
continues until the ants chose the same paths, the shortest ones, on
every trip to the food sources (i.e., the algorithm converges). The ACO
algorithm is explained in more detail in [33].

The probability 𝑃𝑖𝑗 of ant 𝑘 to select a certain ply angle is defined
as

𝑃 𝑘
𝑖𝑗 =

𝛽𝑖𝑗
∑𝑚

𝑖=1 𝛽𝑖𝑗
(24)

here 𝛽𝑖𝑗 are the components of the pheromone matrix (𝛽), and 𝑚
epresents the number of possible ply orientations. In this case, 𝑖 ranges
rom 1 to 𝑚, and 𝑗 from 1 to 𝑁𝑎. At each step, the new pheromone
atrix (𝛽𝑛𝑒𝑤) can be calculated as:

𝑛𝑒𝑤 = 𝛽𝑜𝑙𝑑 +𝑁𝜃
𝑓𝑏𝑒𝑠𝑡
𝑓𝑤𝑜𝑟𝑠𝑡

(25)

where 𝑓𝑏𝑒𝑠𝑡 and 𝑓𝑤𝑜𝑟𝑠𝑡 are, respectively, the shortest and longest paths
ased on the objective function evaluation. 𝑁𝜃 is the number of

ants that selected an orientation for a specific layer. Notice that
the pheromone evaporation is not implemented since the amount of
pheromone on each path is set in hindsight through Eq. (25).

2.4. Two-pheromone ACO algorithm

In this work, dispersed-ply laminates are designed with possible ply
orientations at any multiple of 5◦. In addition, and in accordance with
raditional aeronautical laminate design, the reference configuration
s considered to be symmetric and balanced. Hence, the optimization
rocedure must guarantee that the alternative dispersed-ply laminates
ust also have these characteristics.

To obtain a symmetric laminate, the problem is actually simplified:
nly half the stacking sequence needs to be determined. Designing a
alanced laminate (𝐴16 = 𝐴26 = 0), on the other hand, introduces com-
lexity since the number of unbalanced laminates is much higher than
he number of balanced ones. A wide search for balanced laminates
sing all possible ply angles, in total 36 possible fibre directions, is pro-
ibitive from a computational point of view. One simplifying approach
o automatically design balanced laminates [16,34], is placing a −𝜃 ply
ext to every 𝜃. However, since the goal of this research is to investigate
he effect of full layup dispersion, adopting a ±𝜃 approach severely
imits the design space. To tackle this problem, Sebaey et al. [19–22]
evised a modified ‘two-pheromone’ ACO method.

In the two-pheromone ACO approach, the number of design vari-
bles (𝑁𝑣) is only one quarter of the total number of plies. The
4

heromone matrix 𝛽 defined previously (25) ranks the layups with
Table 1
Hexcel AS4/8552 properties [23].
𝐸1
[GPa]

𝐸2
[GPa]

𝐺12
[GPa]

𝜈12
[–]

𝑋𝑇

[MPa]
𝑌 𝑇

[MPa]
𝑆𝐿

[MPa]
𝑡𝑝𝑙𝑦

[mm]

ine 129.0 7.6 5.03 0.32 2240 26 83.78 0.184

𝑁𝑣 plies. This matrix has the dimension of 𝑁𝑣 × 𝑚. Next, the number
f plies is duplicated by adding −𝜃 layers to the existing 𝜃 ones,
nd the 2 ×𝑁𝑣 layers are shuffled in different permutations. Another
heromone matrix, 𝜋, is responsible for ranking the shuffled layup
olutions using [19–22]

𝑛𝑒𝑤 = 𝜋𝑜𝑙𝑑 + 1
𝑓𝑏𝑒𝑠𝑡

(26)

The full details of the two-pheromone ACO algorithm are explained
in [19].

3. Optimization results

As a demonstration, the proposed optimization approach is ap-
plied to the 16-layer quasi-isotropic (QI) laminate [45/0/−45/90]2𝑠
made from Hexcel AS4/8552 carbon/epoxy unidirectional prepreg plies
whose relevant properties are given in Table 1. In this table the tensile
properties are used, since it is expected the laminate will fail on this
side during the experiments.

3.1. Optimization without constraints

To observe how the optimal interlaminar stresses tend to be dis-
tributed through the thickness of a dispersed-ply laminate, an optimiza-
tion without constraints is performed first (i.e. without enforcing any
stiffness requirements). In this case, the objective function is simplified
to

𝑀𝑖𝑛.[(𝑓 𝑖
𝐼𝑆 )𝑚𝑎𝑥], 𝑖 = 1...𝑛 (27)

The optimum stacking sequence is found to be [0/0/85/−85/90/
90/90/90]𝑠. The through-thickness distributions of interlaminar shear
stresses (𝜏13 and 𝜏23) and of the interlaminar stress function 𝑓𝐼𝑆
(Eq. (2)) are shown in Fig. 2. It is observed that the optimal con-
figuration tends to have the largest possible fibre angles close to
the mid-plane of the laminate and the smallest close to the surface.
This arrangement guarantees that the largest 𝑓𝐼𝑆 is minimal and 𝑓𝐼𝑆
(almost) uniform through the thickness of the laminate. The 0◦ plies on
the surface ensure enough laminate bending stiffness (𝐷11) such that 𝜏23
in the inner 90◦ plies is maintained at reasonably lower levels while 𝜏13
does not rise excessively.

If the beam loaded in bending would be made of an isotropic
homogeneous material, the interlaminar shear stress profile through
the thickness would be quadratic with the maximum value at the
mid-plane, where a shear failure would likely occur at relatively low
bending loads. This analysis reveals that laminated composites offer
the possibility to divert the failure location away from the laminate
mid-plane, and possibly increase the failure load.

3.2. Optimization with constraints

A fully constrained optimization is performed using Eq. (5) as
the objective function, hence taking stiffness constraints into account.
The laminates are compared based on their in-plane (𝐸11 and 𝐸22),
stiffness which are the reciprocal 𝐴11 and 𝐴22 terms respectively, and
bending stiffness (𝐸11𝑏 ), which is the reciprocal of the 𝐷11 stiffness
term. Laminates with characteristics within 10% from the reference
laminate are accepted. In Table 2, the five best solutions are ranked by
minimum value of 𝑚𝑎𝑥(𝑓 ). Their in-plane and bending (𝑏) stiffness
𝐼𝑆
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Fig. 2. Characteristics of the optimal non-constrained laminate. Through-thickness distributions of interlaminar stresses 𝜏13 (left), 𝜏23 (middle), interlaminar stress function 𝑓𝐼𝑆
(right).

Fig. 3. Through the thickness distribution of 𝑓𝐼𝑆 in several laminates: (a) reference laminate, [45/0/−45/90]2𝑠, (𝑚𝑎𝑥(𝑓𝐼𝑆 ) = 2.05); (b) best optimum dispersed-ply laminate,
B1: [−5/−35/−65/−70/70/65/35/5]𝑠, (𝑚𝑎𝑥(𝑓𝐼𝑆 ) = 1.47); (c) non-optimal dispersed-ply laminate with lower performance than the reference, [80/−80/10/−10/30/−30/55/−55]𝑠,
(𝑚𝑎𝑥(𝑓𝐼𝑆 ) = 2.89).

Fig. 4. Three-point bending Short-Beam Shear (SBS) test configuration ASTM D7264 [35] (left) vs. four-point bending (4PB) test configuration ASTM D2344 [27] (right).
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Fig. 5. Results of the four-point bending test on one of the reference configurations ([45/0/−45/90]2𝑠).
Table 2
Optimum laminates for damage resistance.

No. 𝑚𝑎𝑥(𝑓𝐼𝑆 ) 𝐸11𝑛𝑜𝑟𝑚
[–]

𝐸22𝑛𝑜𝑟𝑚
[–]

𝐸𝑏
11𝑛𝑜𝑟𝑚

[–]
Layup

ine B1 1.477 1 1.04 1 [−5/−35/−65/−70/70/65/35/5]𝑠
B2 1.511 1.04 1.02 0.93 [−10/−30/−65/−70/70/65/30/10]𝑠
B3 1.531 0.99 1 0.96 [−5/−45/−45/90/90/45/45/5]𝑠
B4 1.626 1 0.96 1.01 [5/−70/35/−60/60/−35/70/−5]𝑠
B5 1.639 0.98 1.02 0.91 [10/−75/35/−60/60/−35/75/−10]𝑠

values, normalized with respect to the reference laminate, are shown
as well:

𝐸11𝑛𝑜𝑟𝑚 = 𝐸11𝑑𝑝∕𝐸11𝑟 (28)

𝐸22𝑛𝑜𝑟𝑚 = 𝐸22𝑑𝑝∕𝐸22𝑟 (29)

𝐸𝑏
11𝑛𝑜𝑟𝑚

= 𝐸𝑏
11𝑑𝑝

∕𝐸𝑏
11𝑟

(30)

where the subscript 𝑑𝑝 denotes dispersed-ply and 𝑟 the reference lami-
nate.

Analysing the results in Table 2, it is observed that the optimal
dispersed-ply configurations tend to use higher fibre orientations near
the laminate mid-plane, in similar fashion to the non-constrained
optimal laminate. However, the enforcement of stiffness constraints
causes small ply angles to be placed close to the mid-plane in order
to deliver the reference stiffness. As a result, a completely uniform
through-thickness 𝑓𝐼𝑆 profile is not achieved for the optimized lam-
inate, although it becomes much more uniform than for the refer-
ence configuration (Figs. 3(a) and 3(b)). The result for a non-optimal
dispersed-ply laminate with lower performance than the reference,
[80/−80/10/−10/30/−30/55/−55] , is also plotted in Fig. 3(c) for
6

𝑠

comparison. In this laminate higher ply angles are placed near the
surface and lower ones close to the mid-plane. Stiffness characteristics
within 10% of the reference are still achieved. However the interlam-
inar stress function indicator is much worse than for the reference
configuration, as shown by the higher peak at the laminate mid-plane.

4. Experimental validation

Experimental validation of the constrained optimization results
was carried out by performing four-point bending (4PB) tests (ASTM
D7264 [35]), with a span-to-thickness ratio of 20:1, instead of the
SBS tests (ASTM D2344 [27]) modelled in the optimization exercise.
This choice was made after initial SBS tests where the outermost plies
were crushed, invalidating the results. Pictures of the test equipment
for both tests are shown in Fig. 4. Although of slightly higher com-
plexity, the 4PB test is preferred over three-point bending SBS test
because the vertical downward load, in the same way as the upward
load, is split between two application members. Another advantage of
the 4PB configuration is that between two vertical load application
members the bending moment is constant which leads to uniform
flexural stresses, hence uniform interlaminar stresses, between those
two loading points. Since the interlaminar shear stresses are constant
over a wide section, the progressive failure of the specimen is not
only driven by interlaminar shear strength but also interface fracture
toughness. These different effects were however not quantified in the
current work.

A preliminary study was performed to evaluate the sensitivity to
specimen width and to determine a dimension that removes edge effects
from the experimental results. This exercise was considered pertinent
since the specimen dimensions were different than specified by the
test standard ASTM D7264 [35]. Towards this end, specimen widths of
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Fig. 6. Four-point bending test for ‘‘B2’’ laminate [−10/−30/−65/−70/70/65/30/10]𝑠.
6 mm, 25 mm, 40 mm and 60 mm were tested. As expected, strong
edge effects on the dispersed-ply configurations were found for the
smallest width, while such effects were not observed for the baseline
QI configuration. These results were obtained using the Digital Image
Correlation method. The usage of high resolution cameras and images
taken with multiple frames every millisecond helped us to observe the
edge effect and in-depth failure mechanisms. The results were found
to be independent of specimen width for 25 mm and above. Hence, a
specimen width of 25 mm was adopted.

Two of the highest-ranked dispersed-ply laminates from the op-
timization exercise, named B2 and B3 from Table 2, were selected
for experimental verification along with the reference configuration.
Since B1 and B2 are very similar in terms of performance and stacking
sequence, configuration B1 was discarded in favour of B2. For each
configuration, three test repetitions were performed.

The 4PB tests on the reference QI configuration [45/0/−45/90/
45/0/−45/90]𝑠 reveal a linear elastic behaviour up to peak load with-
out any indication of damage prior to breaking, see Fig. 5, insets (a) and
(b). In this figure, the flexural stress is calculated according to ASTM
standard 7264: [35]

𝜎 = 3𝑃𝐿
4𝑏ℎ2

(31)

where P is the appled load, L the length between the supports, b is the
width of the specimen and h the thickness of the specimen. According
7

to the same standard, the flexural strain is calculated using

𝜖 = 4.368𝛿ℎ
𝐿2

(32)

where 𝛿 is the mid-span deflection.
In Fig. 5, it is observed that once the maximum load was reached,

the specimens rapidly failed. The linear behaviour of the graph in
Fig. 5 suggests negligible damage before specimen collapse. The av-
erage flexural failure load was 700 MPa, whilst the average flexu-
ral strain was 0.112. Post-failure specimen evaluation reveals a sin-
gle propagated delamination at the lowermost inner 0/−45 interface
([45/0/−45/90/45/𝟎∕− 𝟒𝟓/90]𝑠), followed by breakage of the delami-
nated sublaminate at the tensile loaded side of the specimens, see insets
(c) and (d) of Fig. 5. The ‘explosive’ collapse of this sublaminate can
be attained to the tensile breakage of the two 0◦ plies contained in it
([45/0/−45/90/45/0/−45/90]𝑠). The remaining plies in the sublami-
nate fail by matrix cracking. Relatively minor damage accumulation, in
the form of matrix cracking and delamination, is also observed towards
the upper side of the specimen, though that sublaminate did not break.

In contrast to the reference configuration, the specimens of con-
figuration B2 did show progressive failure behaviour when subjected
to 4PB tests, see Fig. 6. At relatively low loads it was observed that
the lower outermost plies, oriented at shallow −10◦ angles, started to
develop matrix cracks through the width of the specimen and peeling
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Fig. 7. Four-point bending test for ‘‘B3’’ laminate [−5/−45/−45/90/90/45/45/5]𝑠.
off (inset (a)). With increased loading, around 50% of the peak load,
the second outermost ply (−30◦) also cracks and the delamination then
jumps to the −30/−65 interface (inset (b)). This matrix cracking and
delamination jump process continues towards the inner laminate plies
as the load increases (inset (c)). From a certain stage in the process,
the specimen was unable to sustain higher flexural stresses, while the
flexural strain could still be increased to open more cracks (insets (d–
f)). The average flexural failure stress was 700 MPa, whilst the average
flexural failure strain was 0.12.

Configuration B3 also showed progressive damage. At around 75%
of the peak load, excessive matrix cracking was found on the basis
of experimental observations as can be seen in figure 7(d). Visual
observations during the tests for this specimen showed that the matrix
cracking started on both sides of the specimen width much earlier than
shown in figure 7. These figures are omitted for brevity.

Observing the three configurations tested, the first general observa-
tion is that the constraints on the stiffness did work out as expected: the
flexural modulus of all tests is between 65 and 70 GPa on average, so
within the 10% difference that was set as constraint. When observing
the delamination phenomenon some unexpected results were observed:
the dispersed ply laminates delaminated at a lower load than the
reference laminate. To accurately capture the delamination and failure
of these parts, a complete non-linear analysis would be necessary,
which is not possible to combine with the current optimization method-
ology without significantly increasing the computational time. Another
option is to take the intralaminar failure into account, which requires
a layerwise model, and thus would also increase the computational
cost significantly [36–38]. This methodology has been shown to give
a better agreement between experimental and analytical solutions, and
is one of the possible points of improvement of the current work.
8

However, the failure was not abrupt as in the reference laminate,
but the laminate kept a significant part of its stiffness and was able
to sustain more load. This damage-tolerant behaviour is a big advan-
tage compared to the reference laminate and is often not observed
in thermoset composite materials. Even though the damage-tolerant
behaviour is a big advantage, the initial delamination should not be
at such a low load as observed in these tests. Ideally, the onset of
damage would be at about 80%–90% of the final failure load, giving
enough warning and chance to be observed, but not causing premature
stiffness degradation. This may be the topic of future research, to find
laminates that have a good compromise between first sign of failure and
still a high failure load. Hence, even though the failure load is not well
captured by the objective function used during the optimization, it does
lead to a damage tolerant design. This is a novel feature of dispersed-ply
laminates that had not been observed so far, to the best of the authors’
knowledge.

5. Conclusion

In the present study, a two-pheromone ant colony optimization
(ACO) algorithm is employed to design a fully dispersed ply lami-
nate. Using the quadratic initiation criterion (QIC), delamination onset
through the stacking sequence is optimized. Applying this analytical
model in the modified ACO, optimum dispersed ply laminates can be
designed minimizing the maximum value of the QIC.

The optimization results showed that there is a lot of scope to in-
crease the delamination initiation, but the experiments did not confirm
these findings, indicating other criteria need to be taken into account.
Furthermore, it is observed in the numerical results that without consid-
ering any constraints the laminates tend to have large fibre angles in the
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middle and some small angles in the outsides to maintain the bending
stiffness. This way, the QIC is distributed rather uniformly through the
thickness of the laminate. On the other hand, considering the in-plane
and bending stiffness constraints, some of the fibres with small fibre
orientation were placed near the middle of the layup in order to retain
the stiffness in the desired range.

The tests did not confirm the higher delamination onset of the
dispersed ply laminates, but did show they are more damage tolerant.
The damage tolerant behaviour was unexpected but provides a big
advantage: the damage is not sudden but can be detected well in
advance of final failure. This behaviour has, to the best of the authors’
knowledge, not been observed before and could prove being very useful
by giving an early warning for failure.
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