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be small. This problem may be regarded as a model describing the lateral vibrations of an
elevator cable excited at its boundaries by the wind-induced building sway. Slow variation
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of the cable length leads to a singular perturbation problem which is expressed in slowly
changing, time-dependent coefficients in the governing differential equation. By providing an
interior layer analysis, infinitely many resonance manifolds are detected. Further, the initial-
boundary value problem is studied in detail using a three-timescales perturbation method.
The constructed formal approximations of the solutions are in agreement with the numerical
results.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Within the last decade, high-rise buildings have entered a new era of “megatall” buildings, which are over 600 m in height.
The construction of such tall buildings has many practical limitations due to various issues. The higher buildings rise, the more
vulnerable they become to wind influence. This wind-force can lead to building sway, which can initiate the motion of elevator
cables. Resonances in elevator cables can damage shaft devices or cause entanglements in the shaft. In fact, internal transporta-
tion systems play a crucial role in the building functionality. That is why considerable attention should be paid to improvement
of elevator technologies to prevent any damage, and consequently downtime of elevators. However, the increasing complex-
ity of the engineering structures increases the complexity of their analysis. Therefore, it is also important to develop advanced
analytical models in order to tackle this complexity; one of which is presented in this paper.

This work is an extension of the study by Sandilo and van Horssen [ 1], where the lateral vibrations of an elevator cable system
with a small sinusoidal excitation at its upper end was studied. The results showed that ©O(e) excitation at the upper end of the
cable resulted in O(\/E) autoresonance responses. In contrast to that work, a mathematical model developed in the current
paper is made closer to reality. One of the reasons is that the formulation of the problem includes bending stiffness of the cable
allowing to obtain more accurate results for higher-order frequencies. The other reason is that both boundaries of the cable are
excited by a harmonic function representing wind-induced sway of the building. In reality, when the building is acted upon by
high velocity winds, it tends to sway in the lateral direction. This lateral motion translates into lateral motion of the cable. Note
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Fig. 1. Schematic of a vertically moving cable with an attached elevator car at the lower end in a swaying building.

that in our mathematical model the sway related harmonic function changes with the travel height of the elevator.

A lot of other research has been conducted on similar types of problems. Kaczmarczyk [2] analyzed resonance in a catenary-
vertical cable with slowly varying length under a periodic external excitation. Zhu and Ni [3] investigated a class of axially
moving continua with arbitrarily varying length. Zhu and Xu [4] studied the dynamics of elevator cables with small bending
stiffness. Zhu and Teppo [5] developed a new scaled model describing the lateral vibrations of an elevator cable with a variable
length for a high-rise, high-speed elevator. Kaczmarczyk and Ostachowicz derived a mathematical model [6] and provided
a numerical simulation of the dynamic response [7] for transient vibrations in deep mine hoisting cables. Zhu and Chen [8]
presented a control method to dissipate the vibratory energy of the cable. Moreover, the authors introduced a new experimental
method to validate the theoretical results for the (un) controlled lateral vibrations. Kimura et al. [9] studied forced vibrations
of an elevator rope with both ends excited by wind-induced displacement sway of the building. Kaczmarczyk [10] developed a
model describing the lateral dynamics of long vertically moving ropes for high-rise transportation. Crespo et al. [11] investigated
nonlinear responses of an elevator rope system coupled with the elevator car sheave motion. Bao et al. [12] studied the nonlinear
response of a flexible hoisting rope with time-varying length. Gaiko and van Horssen [13] considered lateral vibrations of a
vertically moving string with in time harmonically varying length.

In this paper we study, in particular, the lateral vibrations of a vertically moving beam (with linearly in time vary-
ing length) excited at both boundaries by a harmonic function in the horizontal direction (see Fig. 1). From the physical
point of view, the motivation of this work is described as follows. When the fundamental frequency of the building sway
matches one of the natural frequencies of elevator cable oscillations, then resonance emerges. This match happens due to a
slow variation of the cable’s length. In order to describe this phenomenon, an analytical methodology is developed in this
paper. First, an internal layer analysis is provided to study the behavior of the solution in the neighborhood of resonance.
To perform this analysis we introduce local variables in the vicinity of resonance and shift out of it on a value which fol-
lows from a certain balancing principle. Note that this value determines the size of the resonance interior layer. Next we
proceed with a detailed three-timescales perturbation method. The crucial step in the construction of an approximation by
this method is removing unbounded terms by providing the so-called secularity conditions. So, in order to obtain asymp-
totically valid approximations of the solution, one should distinguish between the behavior outside and inside resonance
zones.

This paper is organized as follows. In Section 2 we make some assumptions and present an initial-boundary value problem
describing the motion of the cable. Next, some transformations are introduced in order to simplify the construction of the
approximation of the solution in Section 3. Further, we proceed with an internal layer analysis to study resonance in Section 4.
Then, in Section 5 three-timescales are introduced to construct an accurate approximation of the solution on long timescales.
Section 6 summarizes the results and provides some numerical experiments for the cable with small bending stiffness. Finally,
in Section 7 we draw some conclusions based on both analytical and numerical results and also discuss future work.

2. Assumptions and mathematical model

In order to restrict the complexity of the analysis of the problem, it is necessary to make some assumptions:
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- the mass of the cable is small compared to the mass of the elevator car (otherwise, oscillations of the building have to be
coupled with the lateral motion of the elevator car);

- the elevator car is assumed to be a point mass;

- the cable is modeled as a uniform Euler-Bernoulli beam with small bending stiffness compared to its tension;

- the length of the cable is varying linearly in time, that is, | = Iy + et, where |, is a constant, pretensioned length of the cable,
€ is a small parameter, and ¢ is time;

- the motion of both ends of the cable in lateral direction is defined by the fundamental frequency of the building sway;

- the speed of the elevator car is smaller than the velocity of the wave propagation in the cable;

- the acceleration of the elevator car is smaller than the gravitational acceleration.

The lateral displacement, u, of the elevator cable modeled as a beam is governed by Ref. [3].
p(Ug + 2vu,, + vzuxx +vu,) — [P(x, tu, ]y + Eluy,,, =0, (1)
where the overdot notation means differentiation with respect to time, and the axial loading, comprised of the car’s and the
cable’s weights and the longitudinal acceleration, is given by
P(x,t) := (m + p[l — x])(g — V),

where v = v(t) is the axial velocity of the cable, p is the mass-density of the cable material, m is the mass of the car, g is the
gravitational acceleration, EI is the flexural rigidity, where E is Young’s modulus and I is the second moment of inertia of the
cable section. The governing equation (1) can be rewritten as

Pty + 2ViLyy + V) + pgily — P(X, )ity + Eltlyyy, = 0. (2)

In order to nondimensionalize (2), we will use the following dimensionless quantities

e N R .= (3)
L L L m L p mg 12 mg

We also introduce the sway related term as follows (see Appendix A):

s(x, t) := A (sin(Ax) — sinh(Ax) — a[cos(Ax) — cosh(Ax)]) sin(42t), (4)

% A= % is the fundamental frequency of the building sway, and H is the elevator travel height (or a
height of the building). In summary, we obtain the following initial-boundary value problem describing the vibratory dynamics
of the elevator cable pinned (i.e., the rotary inertia is zero) at its boundaries. By substituting (3) into (1), omitting the asterisk

notation, the dimensionless governing partial differential equation (PDE) is considered for 0 < x < I(t), and t > 0 as follows:

where o =

Upg + 2Vl + V21l — (0 — V) (l -Xx+ %) Uyy + Uy + Pllyyyy = 0, (5a)

subject to the boundary conditions (BCs):

u(0,t) =s(H,t), and u,,(0,t)=0,

(5b)
u(l,t)=s(H-1¢t), and uy(l,t)=0,
for t > 0, and with the initial conditions (ICs):
u(x,0) = f(x),
(5¢)

ue(x,0) = g(x),

for 0 < x < l. Note that according to the stated assumptions, the following orders of smallness (for the dimensionalized system
parameters) will be used further in the analysis of the problem

Hi=€ly, D=¢€py, A=€Ay, v=0(), v=0().

Note that yy = ”?* Po = ‘e—’ and A, follow from (3) and are of O(1). Initial displacement and velocity are also assumed to be small,
that is

f=0(@), g=0).
3. Problem transformation
For the sake of convenience, we slightly modify the initial-boundary value problem (5a)-(5c) in this section. First, we will

introduce a space coordinate transformation in order to be able to expand the solution in a Fourier series. Then, the WKBJ
method will be applied to remove the variable coefficients from the higher order terms in the initial value problem.
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3.1. Notation

This work contains lengthy computations and sometimes some cumbersome expressions. Some of these terms are used
repeatedly through out this paper. That is why we introduce the most frequent notations here. First of all, we denote the sway
related terms as

A
0= TOAZ (BI1 = lp] + D(Aly)) , (6)
0
Ao 2
S1(t) = (211 = 1] + ®(AD) sin(A°t), (7)
ApA? 2
S(t) = —T (2B + ©(AD) cos(A°D), (8)
where
= sin(AH) cosh(AH) — cos(AH) sinh(AH) 9)
. cos(AH) + cosh(AH) ’
D(t) == —plcosh(t) + cos(t)] — y; sinh(t) + y, sin(t), (10)
and where
_ l . .
= cos(AH) cosh(AH) + (=1)" sin(AH) sinh(AH) + 1 fori=1,2. (11)
cos(AH) + cosh(AH)
Related to (7) and (8) the following functions are defined:
S (D) = AgA*fI1 211 — ] + @(AD) sin(A%D), (12)
2f[2]
Sip(®) = — (2P + ®(AD) cos(A%1), (13)
which depend on the mode number k, and terms which will follow from orthogonality properties:
[, (=1k 21— (=¥ 3] . 2nk
S kzr A e T Sy (14)
41, ntk _ nk(n2 +K2) s (=D™Enk
1 = 15
f =[=D (nz — k2)2 ’ nk (nz — k2) ’ ( )
where the superscripts are solely meant for notational purposes. In addition,
k?
Lo = po T 1 Hoy (16)

3.2. A transformation to homogeneous boundary conditions on a fixed domain

The initial-boundary value problem with inhomogeneous boundary conditions can be put into a simpler form with homoge-
neous boundary conditions by introducing a transformation for the dependent variable. Moreover, the method of eigenfunction
expansion which will be used further needs homogeneous boundary conditions. Let us use the following transformation

8%, 1) = u(x, t) — SCH, 1) — wx 17)

where s is given by (4). Next, we substitute (17) into (5a)-(5c), and change the spatial coordinate by & = x/I. Hence U(x, t; €)
becomes a new function u(é, t; €), and the initial conditions change as follows f(x) = f(&) and g(x) = g(£). So, the initial-boundary
value problem for 0 < £ < 1 and t > 0 becomes

1o 2
Ty — g = (‘;4 Uegzs — (1 — E)lig, + 0(1 - &)z + ”Tué +EIS, +52) +O(e?), (18a)

subject to the BCs:

u(0,t;e) = Ugé(O, t;e) =0
_ _ (18b)
U1, 66) = e (1,5€) = 0
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for t > 0, and subject to the ICs:
U, 05 €) = ef (€) + Oe?),
_ _ £ (18c)
U (&, 0;e) =€ (g(é’) +So + FUE0; e)) +0(e%),
0

for0 < ¢ <.

3.3. The Fourier series expansion

In accordance with the homogeneous boundary conditions, we expand all functions in (18a)-(18c) in a Fourier sine series
[Se]
U, t;e) = ) uy(t; €) sin(nzé). (19)
n=1

Substituting (19) into (18a)—(18c), multiplying the so-obtained equations by sin(kz§), integrating with respect to £ from 0 to 1,
and using the orthogonality of the sin-functions on 0 < £ < 1, we obtain the following ordinary differential equations (ODEs)
fork=1,2,3,...,and t > 0:

. kKr? 1. . kKx? 2% [0 41 2
U + 2 U =—¢€ 7uk + ITLkuk + zskl + 25k2 + 7 ; [fnk u, + ﬂ(lfnk un] +0O(e%), (20a)
n#k
subject to the ICs:

u(0; €) = 2€F, + O(e?),
; (2] 13 51 2 (200)
i(0: €) = 2€| G +£,71So + - Y Bl 0:6) [+ O,
0 n=
ik

where | = I(t), and the Fourier coefficients are given by

1_ 1
Fos= /0 @ sinkne)de, Gy = /O E(&) sin(kne) de. (21)

3.4. The Liouville-Green transformation

The homogeneous equation for (20a),

2.2
iy + "I—fuk =0, (22)
can be interpreted as a linear oscillator (spring) with a slowly varying restoring force. Recall that | = [ + et. Equation (22) has
an infinite sequence of large eigenvalues corresponding to rapid oscillations. The high oscillatory behavior implies that the
variable coefficients in (22) may be approximated by constant ones over a few periods. Note that the periods are small due
to large frequencies. Thus, let us approximate equation (20a) by one with constant coefficients by using the Liouville-Green

transformation following from the WKBJ] method [14,15]:

~ . ffds 1 et
t(t)—/om—gln<1+g>. (23)

In accordance with a new time variable, u,(t; €) becomes a new function Hk(?; €). The initial-value problem (20a)-(20b) becomes

&1 Py I e [ 1314 (417~ 2
S+ Um i = —e|ea L + 2] [sk] +sk2] +2n§ S+ ol T | [+ 0, (24a)

n#k
with the ICs:

1,0 €) = 2eF, + O(e?),
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du < 5]~

d—?k(o; e) = 2¢|lyGy + [2pSo + Y N, (05 €) | + O(e?), (24b)
n=1
n#k

where T = T(€D) s= e, T, = LD = L0, Si1 = Sia® = S (0).and Sy =5 = Sy (1), where ¢() = (efT— 1).
4. Internal layer analysis

In this section, we determine the resonance manifolds and their corresponding timescales. Beforehand, one should observe
that the terms under the summation sign in the right-hand side of (24a) are nonsecular and can be omitted. At the same time,
the rest of the terms require a thorough analysis. Continuing with the analysis of the secular terms, we consider

2~
d uk
dr?

- ~ 2 =
+ (k)2 = —¢ (k2752Lkuk +20 [s,d + sk2]> , (25)
instead of (24a).

4.1. Variation of constants

When ¢ = 0, the solution for (25) is well known, and it is given by a linear combination of sin(kxt) and cos(kzt). For € # 0,
according to the Lagrange variation of constants method [16], we assume that the general solution to equation (25) has a similar
form

T, (6) = A (D) cos(krt) + B, () sin(krt), (26)
where Ay, and Bj, are arbitrary functions. Further we need the following derivative

%(?) = —kzA(b) sin(kzt) + kB, () cos(kxt), (27)
where without loss of generality were assumed that

A, cos(kzt) + By, sin(kzt) = 0. (28)
Then, substituting (26) and (27) into (25), we obtain

~2
Ay sin(kzt) — By cos(kxt) = € (kﬁfk [Ax cos(kzt) + By SiI‘l(kﬂ'?)] + % [Ekl +§k2]> . (29)
T

Equations (28) and (29) constitute a system of two algebraic equations with respect to A, and B,. By solving this system and
using trigonometric identities, we find

~ ~ ~2
A, =€ <k7;Lk A sin(2kzt) — By cos(2k7r?)] + M#Bk + % [gm +§k2] sin(k;r?)) ,
- - (30)
. - - 2~ .
B, = —¢ (k”sz [A cos(2krD) + By sin(2kxD)] + k’%Ak + % [s,d + skz] cos(knt)) .

In (30) one should observe that the terms <§k1 +§k2) sin(kzt) and <§k1 +§k2) cos(kxt) contain products of trigonometric func-

tions which lead to secular terms in ﬂk(?).

4.2. Resonance manifold detection

To study resonances in the system, we introduce the following time-like variables
A2l
To(e’ —1), and 6 := Alye”.

Note that these time-like variables monotonically increase with time. Accordingly, we rewrite system (30) as

T = G,E d)k = kﬂ"E [I/ =

~ )
kL 21 e . ¢ .
TkBk + H |:sk1 sy + Skz cos l[/] sin d)k) .

A =€ (kgL" [A, sin 2¢p, — B, cos 2¢py ] +
(31)

B, =—¢ (kzrsz [A cos2¢py + By sin2¢p ] + k’;L"Ak + % [§k1 siny + Sy, cos 1//] cos qbk) ,



278 N.V. Gaiko and W.T. van Horssen / Journal of Sound and Vibration 424 (2018) 272-292
combined with the slow/fast variables

7 =¢, 7(0) =0,
0 =ellge®,  6(0) = Aly,

: (32)
&y = kz, ¢ (0) =0,

W = A2lge’,  w(0)=0.

Remark that we introduced 6 more for convenience than necessity in the slow-fast analysis. Note that here the dot notation
means differentiation with respect tot and not to t, | = [(z), L = L(r), and 5,4, 5, are given by

Sia(x,0) = A1 (2811 =T+ @(0)), (33)
2
Sia(s.0) = =217 2+ 00). (34)

Note the last two variables ¢, and y in (31) are fast-varying, while the rest, 7 and 6, are slow. Keep in mind that the sys-
tem can be averaged over the fast variables [16]. Combining sin ¢, and cos ¢, with sin y and cos y, we obtain the following
combinations of arguments ¢, + v, ¢, — w. So the resonance zone is active when

b ~0, (35)

km

corresponding to the manifold 7 ~ In < yeT
0

), where kx> A2, for k € N. Note that when kr = A%l;, resonance occurs at time

7 = 0 and the system can stabilize after the timescale of order e_%. In case when kz < A%l,, the system is stable for that partic-
ular k-th mode. Observe that ¢,, , and ¢, + y are time-like; consequently, they do not play a part in resonance. Next, the
size of the emerged resonance zones has to be established. Note that this size will also be used as a new asymptotic scale in the
subsequent section for the construction of a formal approximation.

4.3. Averaging inside the resonance zone

For the sake of convenience let us introduce the following combination argument y;, = ¢, — y, and a distinguished parame-
ter 6(¢) = o(1) as € — 0 to be determined later. In order to study the behavior of the solution in the resonance zone, we rescale
7 as follows:

kr
7 =6(e)t, +1n (/12—10> , (36)

where 7, is a new local variable. Observe that
i = b= Wi = —8(eknt + O (8%(€)) -

Let us rewrite system (31), using trigonometric identities, as

~ ~ ~2 ~2
. krxL . krxL I = I = . .
A, =€ < > k [Ak sin2¢p;, — By, cos 2(1),(] + > k B, + Hskl [cos y — cos(¢y + wi)] + HSkz[sm Xk +sin(gy, + u/k)]>,
9 2
kr l

~ ~ ~ ~2
. kxL . L = . . I =
B, =—¢ (Tk [Ak cos 2¢py, + By, sin 2¢k] + 3 "Ak + Hskl [sin(¢hy + yy) — sin ;] + Hskz[cos Xi+cos(py + u/k)]>,

combined with the slow/fast variables

. € 1 kx

= ey 0= < /1210> ’
0, = €Alge®©%,  6,(0) = Aly,

}'{k = -6(e)krt,, y(0)=0,

¢y = kr, ¢(0) =0,

g = A21pe® 9%,y (0) =0.

(37)

Note the dot notation means differentiation with respect tof,] = T(’l'k), Si1 = Siq (7. 0y),and Sy, = 5,5 (7. 0),). In order to balance

the equations of system (37), we have to choose 6(¢) = \/E This value determines the size of the resonance layer. With this
choice, the equations for the time-like variables become

tr=Ve yi=—-Veknr +0(e), = A2leV™, and 6, = eAlgeVer. (38)
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The right-hand sides of the equations for A, and B, in (37) are 2z-periodic in ¢, and y,. So let us average system (37), taking
into account (38), over the fast variables. The system takes the following form

A¢ "”IZ a l a i a
Ac=¢€l—5 B+ [sm cos 7 + S sin ] |
< kL T .
. e
B, =—€ oA kAl 4 0 [ S, sin y + 5%, cos x| |,

combined with the slow/fast variables

.a 2 k
g=ve  qo=-7n().

0% = edlgeV,  0%(0) = Ay,
—Veknz?,  x,(0)=0

(40)

where T = la(ra) Sp = =54 (7,0, and S7, = Skz(rf’, 6. Note that we have replaced Ay, By, 7y, Oy, x4 T, and Lk by AL, B, 7, 6},

)(k, T @ and L" respectlvely, since the averaged equations define different vector functions but are still valid on the timescale of

O(e” 2) as long as we do not leave the O(\/E)-nelghborhood of the resonance manifold.

4.4. Averaging outside the resonance zone

Outside the resonance manifold, we average the right hand side of the first equations in (31) over ¢, and y while keeping
A, and By, fixed. Note that second terms, LkB,< and & LkAk, are slowly varying, therefore they will not average out; at the same

time the average of the first terms over qbk is zero. The last terms consist of the fast varying terms outside the resonance zone.
Thus, averaging of (31) over ¢, and y results in the following approximate equations

" kﬂ'L,” .
T( —€ <Bk = 0,

dt 2. 41
de LZ 40— 0 (41
? + GT v =9

with AZ(O) = A,(0) and Bz(O) = B,(0), and where f;: is a function of €t. The solution of system (41) can be readily found by using
the method of separation of variables, and it is given by

AL(D) = /A%(0) + B2(0) cos (—’%[rk(?) + qk> ,
BA(D) = 1/A2(0) + BX(0) sin (_kfﬁr"(?) + qk> ;

where r;, and g, are given by
~ k272 ~
n(® = (—pON2 T4 uol(et)>,
I (et)

_ B(0) kz [ k*m?
qk_arctan<Ak(0)>+ a ( poi% + toly )

for k € N.

5. Formal approximation

In the previous section we found that the resonances emerged repeatedly in the neighborhood of time instants 7, for k € N.
First of all, in order to construct accurate approximations in the neighborhood of 7}, we rescale it as follows:

~ 1 k
Tk=t+gln<1<2—7z:)>, (42)
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where T is a new local variable. Consequently, ﬂ,<(?; €) becomes a new function yk(?; €) in (24a)-(24b). Correspondingly, the
initial-value problem takes the following form up to ©O(¢). The ODE is considered for t > 0:

Vi + kmyy = —e [ 2Ly + o, [Skl +Sk2] +2 Z [ Oy, + Mof[4]an’n] ) (43a)
ek
and subject to the ICs:

yk(ak; €) = 2€Fk,

iay:€) = 2e [ loG + [P 1pSo + . fly,(ayi e) | (43b)
Tk
_1 kx kz et
where g; == - In (T) 1 (€t) = —ze“, and
~ A k272 ~ A
L) = po g + %l(et), (44)
I (et)
S @) = Ag %11 (Zﬂ[l “Ta+ c1>(§,<)) sin P, (45)
. 2f[2]
Sio(t) = <2ﬂ +®(6)) ) €S Wy, (46)

lk

where the time-like variables @, and 5,< have the form, respectively,
Pe=1 (rre® 22 ), and B, = ";’ = (47)
€
respectively.
1
It has been shown in the previous section that the O(¢) excitations produce an unexpected timescale of @ (e_ 2 ) Therefore

we introduce the following three timescales

~

=T, t;=+/et, andt, = €f (48)

as natural timescales for this problem. As a consequence, the solution yk(?; €) is rewritten as a function of three timescales
Wy (tg, t1, t; \/E). Time derivatives of y, will transform, correspondingly, as follows:

. 6Wk aWk 0W,<
49
Y= 31, +\/_ar1 €9, (49)
. 62W,< 6 wy, aZW, aZW, 62W,
= +2 S < +2 S 2 <. 50
Y ot \/_atoatl or? o | T e\/gaclacz (50)

As a next step, according to the three-timescales perturbation method, wy (g, t1, t5; \/E) can be approximated by the follow-
ing formal asymptotic expansion

Wk(to, tl’ tz, \/E) ~ \/EWko(to, tl’ tz) + EWyq (to, t], tz) + €\/EW,<2(t0, t], tz) +-- . (51)

Substituting (51) into the recently obtained initial value problem and collecting terms of like powers of €, we will obtain a
set of problems of different order of smallness. Note that one has to distinguish between the solutions inside and outside the
resonance zones while constructing a formal approximation.

5.1. The O( \/E)—problem

Equating the coefficients of like powers of \/E we obtain an equation which can be interpreted as a simple harmonic oscil-
lator for the k-th oscillation mode of the PDE:

0? WkO

o 2 + (kz)*wy =0, fort >0, (52a)
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with the ICs:
Wyo(ay, by, ¢) =0,

9 (52b)
Vo (ak’ bk’ Ck) =0,

oty
\/— km
where ay, is introduced in (43b), b Tl (m ) andc, ==—1In < 20 ) The general solution of this problem is given by
Wko(to, t] N tz) = Ako(t] . tz) COS(kﬂ'to) + Bko(tl N tz) Sin(kﬂ:to), (53)

where A,y and By are unknown functions yet, and can be obtained from the secularity conditions for the higher-order problems.
It can be observed from the initial conditions (52b) that Ayg(by, ¢,) = Byo(by, ) =0

5.2. The O(e)-problem

By collecting terms of equal powers in €, we obtain the following problem to solve:

2 2 ~2 [~ ~
a% + (k2w = —2% -2, [Sm + skz] . fort>0, (54a)
0
with the ICs:
Wi (A, by, €) = 2F,
6w _ow, (54b)
(ak, by, cp) = ’:0 (s, by, i) + 2l Gy, —f,EZ]loso-

Using (53), we rewrite (54a) as follows:

w 0Aw
=KL 4 (kz)*wy, = 2kn 0 sin(krtg) — =X cos(kzty) 2[ Sk] +Sk2] (55)
ot ot t1

We will find an explicit solution for this problem inside and outside the resonance zone.

5.2.1. Inside the resonance zone

First of all let us take a closer look at the functions §k1 and §k2 given by (45) and (46), respectively. They contain products of
trigonometric functions, which might cause secular terms. These products lead to sums or differences of their arguments namely

~ A ~ A . . . L . .
Wy + 0; or y;, — 6,, respectively. In accordance with the timescale of © (e 2 ) it is convenient to expand these arguments in a
Taylor series in €:

Wy = kmty + %kmf + (7’[(0] +0(v/e) with al[(m = %(kﬂ' - Ay, (56)
~ A 1 2 -1 . -1 1 2 km

WYy — 0, = kmty + 5"7”1 +o, + O(+/e) with o, = Z(kﬂ' - A%ly) - - (57)
B+ 0, = kg + %kmf +ol"+ O(/e) with o] = %(kn - 22ly) + "7” (58)

where 0[0] o-,E ] o-,[<+] are the phases. With these new notations, we rewrite (55) as follows

Wy 2 0Ao  am Q12 OBy _ 21, Qi

W + (k) wy, = | 2kr == o, +S0 S0 sin(kzty) — | 2kmn—= ot =S S, cos(krty), (59)
where

Am(t1,t2) = Ag A%l f[ ] <4ﬂlk cos( kﬂ't2 + 0'[0]) /SFZ]), (60)

$20(¢,, £y) = Ag AT ! ! (46, sin( kntt +01"1) -520), (61)

where T = Tk(tz), and

Am(ﬁ, t)) =2 [Zﬂ p cosh 9k —y; sinh Gk] cos ( I<7rt2 + 0[0]) +p [cos (%kﬁtf + O"E_]) + cos ( k7rt2 + (FH])]

+72 [sin ( kmt? + 0'[ ]) —sin ( krt? + (FH])] (62)
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Am(tp ty) =2 [2[3 p cosh®, -y, sinh gk] sin < krt? + a[m) [/ [sin <%k7ztf + ‘71[;]) +sin < krt? + (TH])]

+7; [cos < krt? + ol ]) — cos < kmt? + (TH])] (63)

The solution wy,; produces unbounded terms in t; unless

A | 1 (’*m ’*121)

o © (Sl _S21) g 64
at, T 2kn Vit "0 ) =0 (64)
9By 1 fomr, em _

e (sk1 +sk2) = 0. (65)

By straightforward integration we obtain

Ay A4 7 ~

AkO(tl , t2) — 2ot 'k (f[l] [1] f[2]1 [2]) + CkO(tZ)’ (66)
“okvkr
Ag ALy T (117121 . 217111

Byo(t1,t) = (f, a T ) + Dyo(t2), (67)

Zk\/_

where Cyq and Dy are unknown functions which can be obtained from the (e /€)-problem, and where

(e, t) = Ty [T (cos o Cer(Viey) — sin o5 (Viey) ) - 101 o)
/121]“1, ty) =1 [4ﬁl k (COSO' ]SFr(\/Etl) + sma CFF(\/_tl)) +/ﬂkzz]] (69)
where

"111([1’ ty) =2 [2[3 f cosh Hk — 71 sinh Hk] [cos c CFr(\/Etl) —sinol® ]SFr(ftl)] [(cos o-,E_] + cos GIEH)CFr(\/Etl)

— (sin al[(_] + sin UIEH)SFF(\/Et])] -7 [(cos o-,[:] — cos O',EH)SFr(\/Eﬁ) + (sin o-,[:] —sin GIEH)CFr(\/EtI)] ,
(70)

/122]01, ty) ==-2 [Zﬂ — f cosh §k —y; sinh 5k] [cos O'IEO]SFr(\@Q) + sin UIEO]CFF(\/EQ)] +p [(cos ‘71[;] +cos U,EH)SFr(\/Etl)
+ (sin al[(_] + sin O'IEH)CFr(\/Etl)] -7 [(cos al[(_] — cos GIEH)CFr(\/Etl) — (sin o-,[:] —sin GIEH)SFr(\/Etl)] ,
(71)

where Sg, and Cy; are the Fresnel integrals given by

t t
- in (L2 - 1 2
Sg(b) = /0 sin (2 X ) dx, and C.(t) = /0 cos <2 X ) dx. (72)

Actually the presence of the Fresnel integrals in the expressions for amplitudes of vibrations cause resonance jumps in the
system causing the effect of autoresonance. These integrals are plotted for the third oscillation mode with I, = 0.7 and A = 1.875
in Fig. 2.

5.2.2. Outside the resonance zone
It should be observed that the last two terms in (55) do not give rise to secular terms in wy;. To prevent secular terms there,
Ao and By have to satisfy the following conditions

O _ 0, and 9B _ 0, (73)
ot; oty

which have, respectively, the following solutions
Aro(ty, ty) = Gyoty), and Byg(ty, ty) = Dyg(ty), (74)

where Eko and 5k0 are unknown functions and can be obtained by removing secular terms from the ©(e+/e)-problem. From the
initial conditions (52b), it follows that Cip(cy) = Dyo(c) =0
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Fig. 2. Fresnel integrals (a) S, and (b) Cy, for the third oscillation mode (k = 3).

5.2.3. General solution
Taking into account the secularity conditions (64) and (65), the general solution for (54a) is given by

Wiq (to, t] N tz) = Akl (t1 . tz) COS(kﬂ'to) + Bkl (t1 . tz) Sin(kﬂ'to), (75)

where Ay and B, are unknown functions and may be determined from higher-order problems. The initial values of A; and B4
are found from the initial conditions (54b) as follows:

Ay (by, ) = 2F, cos(kmay) + % (aaA—tﬁo(bk’ c,) cos(kmay) + ?—tklo(bk, ¢) sin(kray) — 214G +f’£2][050> , (76)
By (by. ¢) = 2F, sin(kzay) — %ja") ( o (by» i) cos(kmay) + aBt ’10 (by» ¢) sin(kzay) — 216G + f,[Z]los(,) , (77)
where, inside the resonance manifold,
(bk’ck) =—— <AL11](bk, k) — 5k2 (by Ck)) (78)
(bk, ) = (“21(1:,(, a0 +5Uby ck)) (79)
where S Am and S Am for i = 1,2 are given by (60)-(63). Outside the resonance mamfold, ac K0 (by, ct) and ¢ "0 (bk,ck) are equal to
zero.

5.3. The (9(6\/2)—problem

3
Here we collect terms of equal powers of €2 and consider the last problem in this paper finalizing the construction of the
formal approximation:

0*w,, 5 o*w, *w, o*w, 310w 4
—* + (km)*wy, = =2 a4 _ 9 ko _ KO _ (ferr)2T, Wyg + 2 [] —no 4 []lw , for t>0,
o kM Wie = =2 5 e, ™ 2 a0t o2 (km)*Lwig Z gty +Hol
n#k

(80a)

subject to the ICs:
Wi (@, by, ¢) = 0
(80b)

ow ow ow
aTzz(ak, by, cp) = —7’1‘1(01(, by, c) — 07’2(0(0"’ by, cx).

Substituting (53) and (75) into (80a) and rearranging the so-obtained equation, we obtain
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0Ay | 0Ayo 1 aBio . .
ot T2k o 2 8 Kt
oy oty 2k 6tf 5 kKo sin(kzty)

aZsz
2
atg

+ (km)*wyy = 2km <

OBy . 0B . 1 OAy  kn~

—2km| KL 4 K0 K0 PO A krt,
”< ot * ot, * 2kn ot 5 Lo | costkmty)

+2 Z (( r[‘;: 1,Bno — n7rf[ ]Ano) sin(nzty) + ( OfrEk]l nAno + N1, r[,k]BnO) cos(nmo)) . (81)
n#k

Next, we analyze this equation inside and outside the resonance manifold.

5.3.1. Inside the resonance zone

0Ay | 0A 1 aBio . .
ot Yoz 2 hB krt
oy oty 2k 6tf 5 kKo sin(kzty)

2
"Wy
2
ato

+ (km)*wyy = 2kn <

0B 0B 1 0Ay koo

— 2k | =KL 4 K0~ KO PRT A | cos(katy) 4+ “NST” (82)

2 k/1k0 0 ’
( ot; oty  2km ot] 2

where “NST” stands for nonsecular terms. Substituting (66) and (67) into (82), we obtain the following secularity conditions:

~ (1] AR\ 7 2]
dGo k_ﬂkakO + % Ag A2l {L < kf[l]alkz f[21 aIkz > LA (1 2] +1[”)

dt, 2 ot; Vk 2km 4 k2 k2
4(,(7[)2 </12 ,J,m [4k\/ﬁﬂﬂl,{t1 cos (%kﬂtf + 6[0]) + a:t?] —fIEZ] a;?t%[{lz] >} =0, (83)
and
di’;“ + EiGo + a:t’f + % {ﬁ < # M”a ’@ 5 aﬂﬂ) g T +TEh
4(,(7[)2 </12 ,J,m [4k\/ﬁﬂﬂl,{t1 sin (%kmf + 0-[0]) + a:tgz]] _fIEZ] a;?)} —o. (84)

Observe that integration of these equations with respect to t; produces unbounded solutions because of t, depending terms.
Hence, from (83) and (84) the secularity conditions follow:

deo km~

— —LDyy =0,
dtz 2 k'k0 (85)
by | k77 =0,
dtz 2 k“-kO0 —
together with
~ Tl 21 [2]
Ay Al | 1 (o g _fIZ]akz L, (7121 +7m)
ot, N Kk ot, 'k ot 4 kT
[1] [0] 02(112] [2] aﬂl]
27 2 k2 _
4(k 72 A°1 iy |:4k\/E77,’ﬂlkt1 cos( kzty + 0, )+ 6tf ] =f 6t2 >} 0, (86)

and
g1 i

21
0By, Ao/mk 7 119 k2 IZ]akz kf A1, 412
it e | TG+ (12 +13)

o7 o1
PR [4k kBTt sm( km2+a””)+ ’<2] P >} =0, (87)
1

4(I<7r)2 atf



N.V. Gaiko and W.T. van Horssen / Journal of Sound and Vibration 424 (2018) 272-292 285

where /L\k = /L\k(tz) is given by (44). A, and By can be readily found by straightforward integration of (86) and (87), but we omit
the details because of cumbersome expressions. One should only observe that after integration, the arbitrary functions depend-
ing on t, appear in the expressions for Ay, and By;. These functions may be determined from the O(e?)-problem. Similar to
(41), system (85) can be readily solved analytically. Imposing the secularity conditions, we obtain the following inhomogeneous
equation inside the resonance zone

0w - ~ )
S+ (kP =2 Y (( pof 4T B — nfrfﬁ]AnO) sin(nrty) + ( of 4T A + nfrfﬁ]Bno) cos(nztto)) . (88)
0 n=1
n#k

The solution of this equation readily follows

(o)
. 1 n .
Wiy = Ay, Cos(krty) + By, sin(katy) + 2 Z P ((MOf,E:]lnBHO - nﬂflﬁ]Ano) sin(nrty)
=1
2;&k
MIT.A Blp 89
+ ﬂof,.,k nfino + n”fnk 0 ) cos(nxty) ), (89)

where A, and By, are arbitrary functions of (¢;, t;) which can be determined from the solution w3 (ty, t;, t;), and where A, and
B,y are given by (66) and (67), respectively.

5.3.2. Outside the resonance zone - -
In the O(e)-problem we obtained that outside the resonance zone A,y = Co(t,), and Byy = Dyq(t,); see (74). Hence, (81) takes
the following form

2
d Wi

ot? ot;  dt, o,  d

+ (kr)*w,, = 2kn <aA’<1 + dCo _ kz”LkD,m) sin(kzty) — 2kx <aB’<1 + Dy 4k 2” Z,fc',m) cos(kmty) + “NST”.
(90)
To avoid secular terms the following should hold

6Ak1 dEkO km~ ~
— + —= — —L;D}y =0, 91
atl + dtz 2 kk0 ( )

(3Bk1 deO Iﬂ'AN
— —L,Co=0. 92
ot, | dr, T 2 Kk (92)

Likewise in the prev10us case, solving these equations with respect to t; will produce unbounded solutions because of t, depend-
ing terms unless CkO and DkO satisfy to

dc kr~ ~

Fko 7Ll<DI<0 =0,

d52 K (93)
(7[/\ ~

?’;0 ijCko =0,

where /L\k = fk(tz) is given by (44). Similar to (41), this system can be solved analytically. Then, from (91) and (92) it follows that

ot o 0 (94)

for which the solutions are given by Ay (t1,t,) = Ekl (tp), and By (ty, tp) = Bkl(tz), respectively, where Ekl and Bkl are arbitrary
functions which can be determined from the 9(e?)-problem. Employing the secularity conditions (89), we obtain the following
inhomogeneous equation outside the resonance zone

a Wk2

Y + (km)*wyy = 2 Z ((ﬂof,.[,;:]lnﬁno - ””f,.[,,i]zno) sin(nzty) + (ﬂofrgi]lnzno + nﬁfrgi]ﬁno) cos(nmo)) . (95)
t%

n#k

The solution has a similar form as the solution inside the resonance zone:

[Se]
~ ~ . 1 ~ ~ ~ .
Wy = Ay cos(krty) + By, sin(krty) + 2 Z P ((ﬂof,.[,;:]lnDno - nnfrgi]cno) sin(nzty)
n=1

n#k
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+ <u0f£;ilfnfn0 + nnf;zlﬁno) cos(nnto)) R (96)
where Kkz and Ekz are arbitrary functions of (t;, t;) which can be determined from the solution w3 (g, £y, ty).
6. Results
In this section, we summarize the results obtained in the previous section. Besides, we compute the lateral displacements

and the vibratory energy of the cable by using the constructed formal approximation as well as by applying a numerical scheme
to present some numerical results.

6.1. Analytic approximation

6.1.1. Analytic results
All in all, we constructed a formal approximation in the form (51) for U, (t; \/E). Introducing the following notation

2
wn(t) = 1 In (M) s (97)
€ nm
and using (23) and (42), we finally obtain the approximate solution of the initial-boundary value problem (18a)-(18c) as
_ — . nmx
Lttt e) = t,ty,t t,ty,t t,ty,t , 98
o 1. :€) = 3 (Vetlno(t . 6) + ety (6 1. )+ €/ & 1,6 ) sin (,0 m) (98)

where t; and t, are given by (48), and where

Upg (t,t,t) = A,.,O) (t1, ty) cos(nrrw,(t)) + B, (ty, ty) sin(nzwwy(t)), (99)
where functions A,y and B, are given by (66) and (67);

up1(t, £y, 6) = App(t, ty) cos(nma, (1)) + B, (ty, ty) sin(nzrw, (b)), (100)

where functions A,; and B, are given by (86) and (87);

[o0]
. 1 417 3
Uy (.11, 6) = Ay (1, 1) COS(MT @, (D)) + By (£, 1) sin(nze, (1)) + 2 ,Z{ pTE [(uaf,[n]l Byo(ty, t) — kaf > Ao (81, tz))
k#n
x sin (0 + (Hoffa TAg(t1, ) + kaf 2 Bio s, t2)) cos wk(t)] , (101)

where functions A, and B,;; can be found from higher-order approximations.

Remark that the constructed formal approximations are asymptotic. Their accuracy is strongly connected with the timescales.
Thus, u, — (y/€Upg + €Uy + €y/eU) = O€?), u, — (Veuyy + euyy) = Oey/e), and u,, — y/eu,o = O(e) on a timescale of order
¢! forn € N, where u,, is given by (19). It is worth mentioning that (98) is a convergent series. An interested reader can observe
that, for example, O( \/E) term in (98) is similar to Z;’; rﬁ% sin (

nmx
lp+et

) which is convergent.

6.1.2. Numerical results

The numerical results simulating the vibration response and the energy are computed based on the analytical expres-
sions (98), (99), and (117), respectively. The computations are performed by using the following parameters ¢ = 0.01, H =1,
A =1.875, 1, = 0.7, Ay = 1. For simplicity, let us assume only the initial displacement is prescribed, so that f = € sin® z&, and
the initial velocity g = 0 for 0 < ¢ < 1. In numerical computations we neglect bending stiffness of the cable because its contri-
bution is assumed to be small. It is also worth mentioning that the following numerical results are computed based on O(¢)
approximations. Higher-order approximations are neglected due to their insignificant contribution into the solution. By using
(23) and (42), we obtain that the resonance occurs periodically in time at time instants

1 /(K
Tk=g(%—lo> fork € N, (102)
with an interval
T
AT = —. 103
2 (103)

Note that the resonance time depends on the mode number k. For the first three oscillation modes, resonance emerges at times
T; = 19.36, T, =~ 108.72, and T3 ~ 198.08 with AT = 89.36. They are illustrated in Figs. 3-6.
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Fig. 3. Lateral displacements of the middle point of the cable up to the first three oscillation modes on timescales up to (a) t = 150, and (b) t = 250. The shadowed bands
represent the resonance zones.
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Fig. 4. Vibratory energy of the middle point of the cable up to the first three oscillation modes on timescales up to (a) t = 150, and (b) t = 250. The shadowed bands
represent the resonance zones.

Figs. 3-4 depict the lateral displacements and the vibratory energy of the cable on timescales up to t = 150 and t = 250. Note
that subfigures (b) are simply enlarged version of subfigures (a), that is why all explanations for (b) are automatically inherent
to (a). From the analytical results we can distinguish three main stages in time of resonance evolution such as the transition
of the cable to the resonance zone, capture of the cable into resonance, and transition of the cable out of the resonance zone,
the autoresonance stage, where the lateral displacements and the vibratory energy of the cable increases to a certain level
and remains phase-locked until it meets another resonance zone. One can see this type of behavior in Figs. 3-4, where three
resonances are detected corresponding to time instants Ty, T,, and T5. The shadowed bands represent the resonance layers which

1
have the size of @ (e_i> as was obtained analytically. In the current example the resonance layers are found in the following

intervals |t — T;| < 10 fori = 1, 2, 3. Note that in (a) and (b) these layers are visually different but with respect to the scale of the
figures they are the same.

6.2. Numerical approximation

Since we neglected by bending stiffness, the governing equation (18a) for 0 < £ < 1 takes the following form:

1 2
Uy = Flige = =€ (—7(1 — g + #(1 — &g + #ui + &S, +sz) , (104)
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Fig. 5. Lateral displacements of the middle point of the cable up to the first three oscillation modes on timescales up to (a) t = 150, and (b) t = 250. The shadowed bands
represent the resonance zones.
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Fig. 6. Vibratory energy of the middle point of the cable up to the first three oscillation modes on timescales up to (a) t = 150, and (b) t = 250. The shadowed bands
represent the resonance zones.

where the upper bar notation is omitted for convenience, S; and S, are given by (7) and (8). To solve (104) numerically, we first
discretize it in space by using the central finite difference scheme. Then, we rewrite the so-obtained discretized equation in a
matrix form and use the numerical time integration by the Crank-Nicolson method (see Appendix B). Note that the same values
of parameters as for the analytic approximations are used here for computation. Thus, Figs. 5-6 show the lateral displacements
and the vibratory energy of the cable, respectively, on timescales up to t = 150 and t = 250. Note that as before Fig. 5 is enlarged
Fig. 6. From these figures one can see that in the resonance zones the lateral displacements and the vibratory energy increase
and, between these zones, stay phase-locked. We can make a conclusion that the general dynamic behavior of the solution
approximated numerically is in agreement with the analytic approximation.

7. Conclusions and future results

In this paper, the lateral vibrations and resonances emerging in an elevator cable system due to the excitation at its bound-
aries initiated by the wind-induced building sway were studied. In order to prescribe the boundary conditions of the problem,
the exact solution representing the sway of the building was found in Appendix A. Further, an initial-boundary value problem
describing the lateral vibrations of a vertically moving beam with small bending stiffness and (in time) linear length variations
was considered. In order to tackle the initial-boundary value problem and to construct a formal approximation of the solution,
an advanced analytic scheme consisting of many elementary steps has been developed. From an internal layer analysis, it fol-



N.V. Gaiko and W.T. van Horssen / Journal of Sound and Vibration 424 (2018) 272-292 289

lowed that an additional natural timescale inside the resonance zone is \/Et, and outside the resonance layer it is et. Moreover,
we also predicted exact instants of time when resonance emerged. Note that from the physical point of view resonance occurs,
when the length of the cable becomes such that the one of the natural frequencies of its oscillations match with the fundamental
frequency of the building sway (or boundary excitation). Further, we constructed an accurate approximation of the solution on
a timescale of order e~! by the three-timescales perturbation method, and the following conclusions could be drawn:

order € boundary excitations of the cable result in \/E—order vibration responses;

- the Fresnel integrals involved in the solution cause autoresonance phenomena in the system,;

since the solution contains infinitely many modes, there are infinitely many autoresonances in the system;

- for smaller € values, more time is needed to catch resonance and more time is needed to pass through a resonance zone;

- higher-order modes have smaller amplitudes (than lower order modes), carrying low impact into the system, due to the
factor k=>/2 in the expressions for the amplitudes of vibrations in the \/E—order approximation.

The numerical results confirmed these conclusions. Moreover, the constructed analytic approximations are in agreement
with the numerical approximations.

The analytical scheme developed for this problem can readily be extended to other, more complicated and realistic, types
of elevator motion. For instance, one can investigate the sway dynamics of the elevator cable under three different states of
the elevator motion. The first state is acceleration, when the lift begins to accelerate from the resting position. Then, after
acceleration, it can move at a constant velocity. Finally, the elevator decelerates before stopping at a certain floor. This example
might add extra resonance manifolds and might produce new asymptotic timescales in the dynamics of the cable. One should be
also aware of intersection of resonance zones [17], what makes the analysis of the problem even more interesting, but complex.
In conclusion, the analytic methodology developed in this paper can be implemented in other types of gyroscopic systems which
are governed by differential equations with in time slowly varying coefficients.

Appendix A. Boundary sway

As it is mentioned in the introduction of this paper, the motion of the elevator cable’s boundaries in horizontal direction is
induced by the building sway. So, to prescribe the boundary conditions for the cable, we need to determine the exact solution
of the building motion. We model the building as a vertical, cantilevered at the bottom, Euler-Bernoulli beam of length H (see
Fig. 1). The PDE representing the motion of the building is given by a beam-like equation for 0 < x < H, and t > 0 as follows:

Upe + Uyexx = 0, (105a)
subject to the boundary conditions:
u(0,t) = u,(0,t) =0
Uy (H,t) = Uy (H, ) = 0
for t > 0, and with the initial conditions:
u(x,0) = ¢ (x),
Uu(x,0) = (%),
for0 <x <.
This well-known IBV-problem can be solved by the method of separation of variables, where u(x, t) = X(x)T(t), yielding

X@ T 5

=1 =V (106)
From (106) two equations, for T and X, follow. First, the equation for T is given by T + v2T = 0, for which the solution can
be readily found as T(t) = A cos vt + Bsin vt, where A and B are constants. For convenience we will use the following notation
2% = v2. The mode-equation for X is given by X — 14X = 0, which has a well-known solution X(x) = C; sin Ax + C, cos Ax +
C5 sinh Ax + C4 cosh Ax, corresponding to the following roots of the characteristic equation +4 and +iA. So using the boundary
conditions (105b) and the fact of the existence of a non-trivial solution, we obtain the following equation for the eigenval-
ues 1+ cos A,H cosh A,H = 0, which are actually the natural frequencies of the cantilever beam. This transcendental equa-
tion can be solved numerically, providing the following results A;H = 1.875, A,H = 4.694, A;H = 7.855, A,H = 10.996, A;H =
14.137, ... . Corresponding eigenfunctions are given by X, (x) = C; , sin 4,x + G, , cos A,x + G5 , sinh A, x + C4 , cosh 4,,x. To find
the constants of integration, we use the boundary conditions (105b) Then the elgenfunctlons are given by

(105b)

(105c¢)

Xp(x) = sin(4,x) — sinh(4,x) — a,(cos(4,x) — cosh(4,x)), (107)

sin(4, H)+sinh(4,H)

forn € N, where a, = cosCLH)+coshGAH)

. A solution for T can be also rewritten in accordance with the eigenvalues as follows

T, (1) = A, cos(A2t) + B, sin(A2D), (108)
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where A, and B,, are constants following from the initial conditions (105c). Thus, the sway of the building is given by u(x, t) =
Zg’; T,(t)X,(x) or in a full form, using (107)-(108), as follows:
u(x, t) = Z (A, cos(42t) + B, sin(A20)) (sin(A,x) — sinh(4,x) — a,[cos(4,x) — cosh(4,x)]) . (109)

n=1

Appendix B. Discretization and time integration
Here we solve (104) numerically. In order to make the numerical integration easier, it is more convenient to rewrite this
equation as a system of coupled first-order partial differential equations:
u; =v,
{v[ = llzvﬁ —€ (—%(1 — & + #(1 — s + %uf + &S, +sz) . (110)
Next, let us use equispaced mesh grids &; = jAS forj = 1,2, ..., n with nA¢ = 1. Introducing the differences,

up(&, 0 = FL T L o ((a8)?),

2AE
= 2U:+ U
ugg(§p ) = % +0((a9)?),
Virl — Y

Ve(§ ) = L1 o(na8?),

2AE

we discretize (110) as follows:

d
L&D =y,

Visl ~ Vi Ujpq = 2Uj+ U i~ Uit

de (111)
AR By v |

(A& e

where 1 := 2Te(l =&, qj = % G —epp(1 - §j)), h:= e% and s; := €§lS; + S, for j=1,2,...,n. Further, we denote a zero
matrix by @, the identity matrix by I, and also introduce the following two matrices,

-2q, ql—A—'}:h 0 0
A& A&
—h -2 — —=h
q+ ) a; a; 2
1 0 - - - :
Q:: —_— 9
(Ag)? 0
A A
Ap1 + ;h _an—1 Qn-1— ;h
0 0 qn+%h -2q,
[0 r, o0 0 |
—rz 0 r2
0
Re= L ,
2AE ] 0
. “n-1 0 Th—1
(o .. .. 0 -r, 0]

in R™" The introduced four matrices compose a system matrix of (111) as follows:

M := g I eRanZn.
Q R

In addition, let us introduce the following vectors:
W= (U1, 0, Up(E D), o Up(Ens 0, V(€L D), Vo(Epa ), oy V(€ D),
§=(0,0,...,0,5.,5,...,5)".
——

n
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Thus, system (111) can be written in a matrix form as follows:

W _ Mw-—s. 112
it w-s (112)

In order to perform a time integration of (112), we apply the Crank-Nicolson method; note that this method is basically based
on the trapezoidal rule. Introducing the equispaced mesh grid in time t;, = kAt for k = 1, 2, ..., n, and using the Crank-Nicolson
method, we obtain

k+1 — Dw kK At sk+1 +Sk

where D € R¥™2" is the amplification factor

I+A[M"
D= I_%W (114)

and where the identity matrix Ie R2<2",

Appendix C. Energy
Analytic expressions

The total mechanical energy of the cable is given by
17!
Et) = 5 ./o [p(ue + vu)? + Pul + Eluix] dx, (115)
where | = I(t), and P is given by (2). Using the dimensionless quantities (3), we rewrite the energy in a dimensionless form:
fo=1 [ 24 (1 N VY2 4 pu2, ) d 116
(t)_f A (U +vu) 4+ [ 14 (u—v)( —x)—; uy + puy, | dx. (116)

In order to define the energy on the interval (0, 1), we change variables by using the following transformation x = I£:

1 /11
E(t):i/o 7((Iut+v[1—§]u¢) (1+l[ﬂ—v][1—5] >u€+pu€§>d§ (117)

Numerical integration
In order to compute integral (117) numerically, let us use the forward differences for us and ug, respectively:

Uiy = 2Uipq + U

ug(g, t) = % +0(A8), and  ugg(g;,t) = N + O(Ad), (118)
fori=1,2,...,n,and the trapezoidal rule for u,:

u (&, t) = K;V; + KipqVig1 (119)
where k; = 'fl i’:l and ki, = fi '5’5 The integrals of ug, u , and u:g over £ can be readily computed. That is why we skip

further details for this part and turn to the integration of u, and uf. Their integrals over & are computed by using (119) and the
Holand-Bell theorem [18]:

1 n ir1 I 1+
JREED) /é (5 + K = Y Mt YA, (120)
0 i=1 Y&

i=1

1 1 'fi+1 1
./0 u?df:Z“/'f (sz +21c1cl+1vv,+1+1(1+1 l+1)d§ Z (v +4vv,+1+v1+1)A§ (121)
i=1 /&
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