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A B S T R A C T

Elastic structures that can deflect without springback, known as neutrally stable structures,
form a remarkable group within their field, since they require the energetic state to remain
unchanged during elastic deformation. Several examples in the literature obtain this state of
neutral stability by the application of pre-stress, either as a result of manufacturing processes
or the application of imposed boundary conditions. In this paper, we present a new class of
neutrally stable structure that exhibits neutral stability as part of a continuous deformation
process, while also allowing a stress-free configuration to exist. The transition of a double-curved
compliant shell from its stress-free stable equilibrium towards its second stable equilibrium,
through a range of neutrally stable equilibrium configurations forms the basis of this investiga-
tion. To design this neutrally stable shell, an optimization is employed to obtain an ideal set of
variables that defines a varying thickness profile. Numerical analysis of the resulting optimized
shell structure predicts a substantial region of near-constant energy and associated near-zero
loads within this unique deformation mode. Additively manufactured prototypes demonstrate
the validity of the modeled results by featuring a continuous equilibrium within the range of
motion. These results lay the foundation for compliant beam elements with a neutrally stable
bending degree of freedom.

. Introduction

Compliant shell mechanisms have become an interesting research topic over recent years and have been circumstantially
nvestigated. Relevant applications can be found in e.g. the aerospace industry, where complex requirements are expected from
slender, lightweight structure and wearable devices, where the potential arises for organically-shaped functional structures that

it closely to the human body. As a group within the increasingly popular research area of compliant mechanisms, compliant shells
an be described as ‘spatially curved thin-walled structures able to transfer or transmit force, motion or energy through elastic
eflection’ (Radaelli and Herder, 2017). A high degree of design freedom allows for the development of compliant mechanisms
ith non-linear force–deflection behavior, e.g. weight balancing mechanisms.

Compliant shell mechanisms that are continuously in static equilibrium throughout their range of motion belong to the group
f neutrally stable structures, also known as statically balanced compliant mechanisms (SBCMs) (Herder and Van Den Berg, 2000;
allego, 2013). As a design tool, shape optimization can be used to develop complex geometries that follow any desired load–
isplacement path (Radaelli and Herder, 2017; Amoozandeh Nobaveh et al., 2020, 2022). SBCMs are typically designed for weight
alancing and exhibit neutral stability in presence of an external, gravitational force (Alkisaei, 2016; Radaelli and Herder, 2015,
017). Other applications require this state of neutral stability to occur in absence of external loads (Schultz et al., 2008; Murphey
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and Pellegrino, 2004). In the last case, the elastic energy in the compliant shell is required to remain constant within the range of
motion. Energy is initially stored in the form of pre-stress and redistributed within the structure itself to allow deformation to occur
without the need for any additional energy.

Pre-stress can be the result of an assembly process wherein multiple elastic elements are connected in such a way that no
zero-energy configuration exists. Weaver and co-workers describe a moment-free pitch adjustment in airplane wings, realized by
adding a pre-deformed compliant shell structure that provides negative stiffness (Lachenal et al., 2012; Daynes and Weaver, 2013;
Lachenal et al., 2013; Daynes et al., 2015). Likewise, the composition of two cylindrical shells with opposite curvature senses and
perpendicular directions can result in neutral stability (Murphey and Pellegrino, 2004), with applications such as deployable booms
for space exploration. Shell mechanisms containing only a single element obtain their state of pre-stress via various processes,
as shown in Kok (2020). For example, Guest describes a cylindrically curved compliant shell that shows neutral stability after
introducing pre-stress by plastic deformation (Guest, 2011). Also, the curing process of anisotropic laminates leaves residual thermal
stresses behind and can be used to generate the required pre-stress. This has been successfully implemented as a method for reducing
the stiffness of compliant shells, as described by Doornenbal (2018) and Stacey et al. (2019). In nature, differential growth can result
in pre-stress, causing structures to obtain their characteristic shapes (Audoly and Boudaoud, 2002; Goriely, 2017; Lessinnes et al.,
2017).

The tape loop, first thoroughly investigated by Vehar et al. is an example of pre-stress resulting from boundary conditions (Vehar
et al., 2004). The location of the folds, which arise when connecting the ends of a standard tape spring into a loop, is arbitrary
due to its constant cross-section. The folded regions can be propagated through the structure without energetic costs, creating a
neutrally stable deformation mode.

Until recently, all neutrally stable shell structures described in the literature required either the introduction of pre-stress
during the manufacturing process or external constraints to be enforced continuously during neutrally stable deformation. The
three methods that are used to introduce pre-stress are: combining multiple components in a pre-stressed assembly, plastically
deforming material to obtain a state of self-stress and introducing residual thermal stresses during the curing process of laminates.
These methods all result in a complex and sensitive manufacturing process (Kok, 2020). In addition, a structure that is pre-stressed
during fabrication may suffer from deteriorating performance over time because of creep and stress relaxation (Howell et al.,
2013). The required presence of boundary conditions, either in the form of external- or internal constraints, e.g. a looped geometry,
limits design freedom, thereby narrowing down the potential applications. Prior work (Kok et al., 2021) resolves these issues by
introducing a neutrally stable compliant shell structure that does not rely on pre-stressing during fabrication. Similar to the tape
loop, it involves the propagation of a region of localized strains, though it lifts the requirement of a looped geometry, resulting in an
open-ended structure. However, the structure comprises an idealized zero-stiffness crease, causing a discontinuity in the structure
that complicates physical realization and obstructs its potential applications. In the case where the geometry would be constructed
as a continuous shell, i.e. where the ideal crease assumption is not valid anymore, crease stiffness is introduced and therefore, the
achieved neutral stability is lost. It is hypothesized that there are modifications to the shell geometry that would counteract the
action of the crease, restoring the neutral stability.

In the present work the crease is replaced by a strip with negative Gaussian curvature. Giomi and Mahadevan (2012) show that
this type of shape can be bi-stable and even tri-stable under certain conditions related to the shape and to the anisotropy of the
material. In their theoretical treatise the deformation of the shell is driven by an uniform curvature change across the length of
the strip. In present work we propose to apply a deformation that, starting with an initial reversal of the curvature at one end of
the strip, gradually expands the reversed region until the whole geometry is reversed, reaching the secondary stable position also
shown in Giomi and Mahadevan (2012). The aim is to generate and optimize a neutrally stable transition zone between the two
stable configurations.

The goal of this research is to develop a monolithic compliant shell mechanism that features a neutrally stable deformation
mode without the need for pre-stress during manufacturing or special boundary conditions to be applied. A unique and promising
deformation mode of a double-curved compliant shell structure will be investigated. It features the transition between two naturally
occurring stable configurations via elastic, ideally energy-conserving, deformation. Interplay occurs between the so-called ‘flange’ -
and ‘crease’ sections. The influence of the geometric design parameters, e.g. crease radius and local flange thickness, on its neutrally
stable potential is therefore examined.

In the next section, the shell structure with its intended deformation mode is introduced. The geometrical aspects and the
mechanics of the transition are illustrated and its natural bi-stable behavior is explained by the derivation of an analytical
approximation of the mechanics. In the methods section, a design approach is substantiated and the numerical modeling setup
and optimization procedure are described. The design of an experimental setup and practical considerations for manufacturing
prototypes are also discussed. The results section presents both the modeled and the experimental results, followed by a discussion
and a conclusion.

2. Mechanics of transition

This section serves to introduce the shell structure by describing its features and design parameters and to give an intuitive
understanding of its mechanical behavior. Aspects with regard to the intended deformation mode, featuring a transition region, are
first elucidated and illustrated by a schematic representation of the expected energy–deflection behavior. This is further substantiated
2

by an analytical derivation of the mechanics that predicts the same bi-stable behavior.
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Fig. 1. The geometry of the shell structure is composed of a torus surface section with negative Gaussian curvature and two symmetric cone surface sections
ith zero Gaussian curvature. The design parameters that define the undeformed geometry are depicted.

.1. Geometry description and design parameters

This investigation is based on a compliant shell structure with specific geometrical features, wherein two parts with different
unctionalities can be distinguished. The base of the mechanism resembles the surface section of a torus with negative Gaussian
urvature, effectively forming a so-called ‘curved crease’. Its two principal curvatures are perpendicular in direction and opposite
n sign (Fig. 1). The two longitudinal edges are tangentially extended to create two symmetric cone surface sections, from now on
eferred to as the ‘flanges’.

The undeformed geometry is parameterized by the width of the flanges, 𝑤, the longitudinal and transverse radius, 𝑟l,0 and 𝑟t,0
nd the associated longitudinal- and transverse subtended angles, 𝜃l,0 and 𝜃t,0, that determine the overall length of the structure and
he initial angle between the flanges respectively. Variables 𝑡𝑐 and 𝑡𝑓 denote the crease and flange thickness respectively. The radius
f the circular boundary between the crease and flange sections is assumed to be equal to 𝑟l,0 since 𝑟t,0

𝑟l,0
is designed to be small.

2.2. Deformation process: initiating a transition region

A characteristic property of this group of shell structures is the existence of a second stable, though non-zero energy,
configuration, from hereon referred to as the ‘inverted state’. Bi-stable behavior of similar compliant shells, both with and without
Gaussian curvature, is discussed in the context of laminated composites (Galletly and Guest, 2004; Knott and Viquerat, 2016,
2018, 2019). In this research, so-called ‘slit tubes’ form either positive- or negative barrel-shaped coils at their second equilibrium
configuration when a positive- or negative longitudinal curvature is applied respectively. The shell structure that forms the basis of
this research differentiates itself by its material isotropy, yet shows resemblance regarding its mechanical behavior.

A practically feasible method to obtain the second stable configuration involves the introduction and propagation of a transition
region (Fig. 2, top). It is initiated when the flanges at one end of the structure are rotated with respect to each other around the
crease until the previously opposing faces point away from each other (1). A comprehensive description of this process is given
in Kok et al. (2021). The emerging transition region is characterized by high localized strains, predominantly present in the flanges.
Its location 𝑠 is defined as the normalized location of the inflection point along the symmetry line, or ‘spine’. Its formation can be
considered as the required pre-stressing part of the deformation process or, analogue to chemical reactions, as the activation energy
required to initiate a sequence of events. The associated energy is referred to as the ‘transition energy’ and characterized by a steep
energy increase with respect to variable 𝑠, as shown in Fig. 2.

As the transition region is propagated in the longitudinal direction, the structure is progressively inverted (2). With a resemblance
to tape loop behavior, the geometry of the transition region and associated transition energy are roughly preserved along its way.
However, an increasing part of the crease section is deformed, accounting for an approximately linear energy increase in the
3
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Fig. 2. The inverted state can be obtained in practice by the initiation of a transition region (top). Its location is defined as the location of the inflection point
of the spine, annotated by the normalized dimensionless distance 𝑠 along the spine of the shell structure. The deformation process is depicted in step (1)–(3)
and a schematic energy plot gives an impression of the energetic state throughout the transition. The existence of an inverted stable equilibrium can also be
shown by relating the elastic energy to the inclination angle 𝜑 of the flanges (bottom) where the energetic paths are plotted based on the analytical expressions
from Eq. (15)–(17). Note that, although the deformation paths are fundamentally different, the end states (3) and associated energy levels 𝐸2 are identical.

succeeding part of the transition. Edge effects allow the transition energy to gradually decrease to zero towards the end, leaving
behind the structure in its fully inverted, non-zero energy state (3).

2.3. An analytical approach

2.3.1. Inextensibility and shell assumptions
In this section, the geometry is assumed to be inextensional, which is valid for thin shells whereby the energy required for

in-plane stretching is orders of magnitude higher than for bending (Calladine, 1989). As a result of this assumption, Gaussian
curvature remains invariant upon deformation and kinematic relations can be approximated. A second assumption is that circular
cross-sections remain circular during the application of a load. Both these conditions enable an analytical approach to the mechanics
of the shell structure. To provide a natural understanding of its mechanical properties, an alternative deformation process is described
wherein the deformation is applied uniformly along the longitude of the shell (Fig. 2, bottom). This analysis predicts the same two
stable equilibrium positions, yet it shows the impossibility to reach one from the other because an infinite energy configuration is
encountered along its deformation path.

2.3.2. Kinematic coupling
The flanges can be considered as surface segments of a cone and are therefore developable, meaning that one of the two principal

curvatures equals zero, i.e. they have zero Gaussian curvature. The toroidal section that connects the flanges can be regarded as a
curved crease of circular cross-section. Because of its curved nature, actuation by varying the angle 𝜑 also results in deformation of
the compliant flanges. Following the inextensibility assumptions, the kinematic relationship between the constitutive elements can
be approximated.

Variation of the generalized coordinate 𝜑 results in a geometric change of both the crease and the flanges (Figs. 3(a) and 3(b)),
where the following relation applies to the undeformed geometry:

𝜑0 =
𝜋 − 𝜃t,0

2
. (1)

The transverse radius and associated curvature of the crease are directly linked to the angular deflection between the flanges
ia conservation of the arc length, according to:

𝑟t =
𝜃t,0 𝑟t,0
𝜋 − 2𝜑

(2)

𝜅t =
1 =

𝜋 − 2𝜑
. (3)
4
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Journal of the Mechanics and Physics of Solids 171 (2023) 105133S. Kok et al.

t
r

s

o

Fig. 3. A cross-section of the torus (a) and cone (b) shows the kinematic relationship between the crease and flange geometry. The flange angle 𝜑 is considered
as the generalized coordinate.

Substitution of Eq. (1) in Eq. (2) results in the initial transverse radius 𝑟t,0.
The longitudinal radius of curvature 𝑟l follows from the inextensibility assumption and can be analytically derived by projecting

he flange geometry on a cone with variable pitch (Fig. 3(b)). The kinematic relation between the flange angle 𝜑 and longitudinal
adius of the crease 𝑟l is calculated via the invariant distance 𝑟i:

𝑟i =
𝑟l,0

cos( 𝜋−𝜃t,02 )
(4)

𝑟l = 𝑟i cos(𝜑), (5)

where substitution of Eq. (1) in Eq. (5) results in the initial longitudinal radius 𝑟l,0. The longitudinal curvature change of the crease
ection is omitted for simplicity, since it is designed to be small compared to 𝜅t .

The curvature of the cone-shaped flanges is approximated as the average of the surface curvature along the most inner- and
uter perimeters with radius 𝑟l and 𝑟o respectively, via calculation of their local radius of surface curvature, according to:

𝑟′l =
𝑟l

sin(𝜑)
(6)

𝑟′o = 𝑟′l +
𝑤

tan(𝜑)
(7)

𝑟 =
𝑟′l + 𝑟′o (8)
5
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𝜅m = 1
𝑟m

. (9)

The curvature change of all elements is then given by the difference between the curvature of the undeformed and the deformed
eometry, as:

𝛥𝜅t = 𝜅t (𝜑) − 𝜅t (𝜑0) (10)

𝛥𝜅m = 𝜅m(𝜑) − 𝜅m(𝜑0). (11)

.3.3. Elastic energy relations
The energy associated with elastic deformation that follows a linear material law is given by (Calladine, 1989):

 = 1
2 ∫𝐴

[

𝜸
𝛥𝜿

]T [𝐀 𝐁
𝐁 𝐃

] [

𝜸
𝛥𝜿

]

𝑑𝐴, (12)

here 𝜸 and 𝛥𝜿 denote the membrane stretch and curvature change vectors respectively that are related to the energy  via the
BD-matrix and surface area 𝐴. For thin shells that meet the inextensibility condition, no stretching of the mid-plane is assumed,

.e. 𝜸 = 0. Evaluating the elastic energy per longitudinal radial unit length of shells with initial curvature, this simplifies to:


𝜃𝑙,0

=  ′ = 1
2 ∫𝑆

𝛥𝜿T𝐃𝛥𝜿 𝑑𝑆, (13)

where length unit 𝑆 denotes the location in transverse direction of either the circular crease or the flanges. Matrix 𝑫 contains the
local material properties in accordance with (Calladine, 1989):

𝑫 = 𝐸𝑡3

12
(

1 − 𝑣2
)

⎡

⎢

⎢

⎣

1 𝑣 0
𝑣 1 0
0 0 1−𝑣

2

⎤

⎥

⎥

⎦

. (14)

When the elastic energy of the curved crease section is superimposed on the elastic energy of the flanges, the total energy follows
rom the sum of its individual components:

 ′
c =

1
2
𝐃c,(1,1) 𝛥𝜅t

2 𝜃t,0 𝑟t,0 𝑟l,0 (15)

 ′
f =

1
2
𝐃f ,(1,1) 𝛥𝜅m

2 (𝑤𝑟l,0 +
1
2
𝑤2) (16)

 ′
tot =  ′

c + 2  ′
f , (17)

with subscript ‘c’ and ‘f’ denoting the (material) properties of the crease and the flanges respectively. The bottom right of Fig. 2 shows
a schematic plot of the energy paths, described by Eqs. (15), (16) and (17) for a geometry with initially parallel flanges (i.e. 𝜑0 = 0).
According to Eqs. (4), (5), (7)–(10) and (16), the flange energy follows a tan(𝜑)2 trajectory and shows symmetric behavior around
the asymptote 𝜑 = 𝜋∕2. Note that, with the goal of examining the stability, an alternative deformation mode is investigated. Energy
approaches infinity when 𝜑 = 𝜋∕2, before showing a decrease in energy for values of 𝜑 > 𝜋∕2. The transverse component of the
crease energy follows a quadratic increase (Eqs. (3), (10) and (15)). Together, this predicts the theoretical existence of a second
stable, though non-zero energy configuration: the inverted state. At this local energy minimum, the tendency of the flanges to flatten
opposes the tendency of the crease towards its as-fabricated state, resulting in static balance. However, approaching the inverted
state through this deformation process is not possible in practice since it requires a configuration with infinite strain energy.

The two discussed energetic paths required to obtain the second stable state (Fig. 2) are fundamentally different, yet their final
configurations (3) are equal.

3. Methods

3.1. Conceptual approach

The energetic path obtained during propagation of the transition region is the result of a complex interplay between the various
elements in the structure and is ultimately determined by the design parameters. A stiff crease, either caused by a small transverse
radius or a relatively large thickness, results in a more pronounced energy increase during propagation of the transition region, as
illustrated in Fig. 2. Since this effect negatively influences the neutrally stable transition, a logical approach would first of all be to
minimize the crease stiffness.

Fig. 4 shows the hypothesized schematic energy profile (blue) of a standard (dashed) and a desired geometry (solid). Both cases
feature a loading region that can be considered as the pre-stressing action, which is required for neutral stability to occur (Guest,
2011). In case of the standard geometry, it is followed by a significant region dominated by crease energy increase and ends with
an unloading region, that leaves the structure in its inverted state. Prior research (Kok et al., 2021) has shown that the energetic
6

contribution of the flanges (black) during propagation of the transition region is tune-able to a high extent. This gives rise to the
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Fig. 4. A schematic representation of the hypothesized energy curves belonging to the constitutive parts during transition. The dashed and solid lines represent
the standard and desired, i.e. neutrally stable, geometry respectively.

Fig. 5. The process of pre-loading the continuous shell structure involves finding the inverted equilibrium (step 1, blue), back-rotation of the flanges while
onstraining a significant part of the edges in height (step 2) and relaxing all but two of the edge-constraints to locally ‘pinch’ the structure (step 3). Note that
ll red colored nodes are constrained.

ossibility to compensate for the increasing crease energy (orange) during transition by manipulation of the local properties of the
langes. Specifically, it requires an approximately linear decrease of the flange energy component with an equal slope of opposite
ign.

Several methods have been shown to be effective for manipulating the local energy storage in the flanges (Kok et al., 2021). In
his investigation, a material thickness variation in longitudinal direction is applied to the flanges, while maintaining a constant,
ufficiently small, material thickness of the crease. The rationale behind this choice will be elucidated in the subsequent sections.

.2. Numerical simulation

.2.1. Model setup
The shell structure is modeled according to the Kirchhoff–Love plate theorem and a linear isotropic elastic constitutive law is

pplied to describe its elastic behavior. An isogeometric framework forms the basis of the numerical analysis, whereby the geometry
s described using B-splines (Hughes et al., 2005). A Newton–Raphson numerical integration scheme is used to solve for the static
quilibrium configurations.

The control points that define the B-splines are placed in the transverse (𝑢)- and longitudinal (𝑣) directions of the shell structure
to create a two-dimensional grid of control points (Fig. 6). Unequal spacing is used in the 𝑢-direction, where a higher model accuracy
is obtained in the curved-crease region. The optimized geometry is defined by 𝑚 = 35 control points in the 𝑢-direction (of which 17
to describe the curved crease region) and 𝑛 = 56 equally spaced control points in the 𝑣-direction.

Two geometric variants of the structure are chosen for investigation by setting either a small or a large crease radius 𝑟t,0,
resulting in lumped compliance with a distinctive crease (e.g. an origami mechanism) or distributed compliance respectively. Other
design variables and material properties used for modeling are denoted in Table 1. Note that not all design parameters are constant
throughout the structure, since the flange thickness is allowed to vary in the longitudinal direction, as 𝑡f = 𝑡f (𝑣).

.2.2. Modeling the transition
The transition is initiated when a transition region forms and an inflection point develops along the spine curve. An effective way

o achieve this involved modeling the inverted state by estimating its inverted-state geometry and numerically solving for its closest
quilibrium configuration (step 1, Fig. 5). From here, two opposing flange ends are rotated back to their original configuration, while
7
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Fig. 6. Material directions 𝑢 and 𝑣 generate the two dimensional grid of control points. The transition is modeled by the application of a constraint on the
istance 𝑑c between the 𝑖th set of two opposing control points on the edges of the shell. 𝐹i and 𝐹i+1 represent the reaction forces that belong to two consecutive
teps. Distance 𝑑c remains constant throughout the transition.

onstraining the opposing half of the control points on the edge the in vertical(𝑧)-direction (step 2, Fig. 5). Finally, equilibrium is
aintained by releasing all but one set of edge constraints that imposes a fixed constraint distance 𝑑c between two symmetrically

ocated control points on opposite edges (step 3, Fig. 5), denoted as the 𝑖th set of control points in 𝑣-direction (Fig. 6). It is located
ufficiently close but behind the inflection point expressed as its location along the spine 𝑠.

An effective and reliable method to deform the shell is the application of a constraint distance 𝑑c on subsequent sets of control
oints along the edges in positive 𝑣-direction towards the opposite end. In the case of neutrally stable deformation, the amount of
ork done should always be zero, irrespective of the chosen method to drive or impose this deformation. In other words, no effort

s required to propagate the transition region through the structure. This means that the reaction forces 𝐹i, which result from the
pplied constraint 𝑑c, should be zero.

In practice, this procedure can be interpreted as ‘pinching’ the shell structure on its edges and thereby propelling the inflection
oint forward. The choice for the pinch distance 𝑑c is relevant in order to ensure effective propagation. Because the fully inverted
quilibrium state is already known (blue geometry in step 1 of Fig. 5), the distance 𝑑c is chosen to match the distance between
he corresponding point-pairs in the inverted equilibrium. This way the external pinching constraint does not cause any additional
ransversal bending to the inverted structure.

The location of the transition region can be controlled as long as its tendency exists to return to its original position, which
s characterized by a positive constraining force 𝐹i. In a general case, this type of structure tends to show this kind of behavior,
aking it suitable as a stable starting point for an optimization procedure. It must be noted that the point of application of the edge

onstraint does not coincide with the inflection point, but always lags behind it.
This method of constraining eliminates the need for clamped ends to be applied during the modeling process. This enables the

nalysis of a free shell and allows for the edge effects to be studied.
The pinching constraint is also used in the experimental validation, see Fig. 7. Utilizing this easy measurable pinching force

akes it straightforward to asses the neutrally stable condition.

.2.3. Optimization procedure
During optimization, the geometry is varied in the search for a unique combination of design parameters that minimizes the

bjective function, which is defined as the effort required for a transition to occur.
Implementing a thickness variation over the flanges as a variable design parameter allows for fixed coordinates of the control

oints during variation of the optimization variables. This ensures consistent results from the constraint choice and decreases
omputing time. The simplest continuous thickness variation can be described by a constant gradient and is chosen as the initial
trategy, according to:

𝑡f (𝑣) = 𝑎 𝑣
𝑛
+ 𝑡f ,0, (18)

where 𝑣 is a discrete value that denotes the 𝑣th set of 𝑚 control points. This choice requires only two optimization variables:

𝒙 = [𝑎 𝑡f ,0]. (19)

To promote the existence of a transition region, the optimization window is chosen such that the transition region is located
ufficiently far away from the edges, while still including a significant part of the transition. It is achieved by application of the
8
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Table 1
Design parameters used for the optimization procedure.
Parameter Value Unit

Geometry

𝑟t,0 0.01, 0.035 m
𝑟l,0 0.1 m
𝜃t,0

𝜋
2

rad
𝜃l,0 𝜋 rad
𝑤 0.4 m
𝑡c 4𝑒−4 m
𝑡f (𝑎 𝑣

𝑛
+ 𝑡𝑓,0) m

𝑚 35 –
𝑛 56 –

Material

𝐸 1.8𝑒9 N
m2

𝜈 0.4 –

Optimization

𝒙 [𝑎 𝑡𝑓,0] m
𝒙0,rt0=0.01

[0 1.6𝑒−3] m
𝒙0,rt0=0.035

[0 8𝑒−4] m
𝒙min [0 3𝑒−4] m
𝑥tol 1𝑒−6 m
𝑖 𝑛

4
< 𝑖 < 3𝑛

4
–

𝑑c 0.045, 0.060 m

constraint within boundaries that span the middle half of the structure, given by the interval:
𝑛
4
< 𝑖 < 3𝑛

4
. (20)

The objective function in this optimization problem is defined as the sum of all encountered constraining forces, as:

𝑓 (𝒙) =

3𝑛
4
∑

𝑖= 𝑛
4

|

|

𝐹i
|

|

. (21)

Note that this value is no measure for the amount of work done since the movement direction of the constraint is perpendicular
to its reaction force. Though, it becomes zero when neutral stability is obtained.

Minimizing the value of the objective function is the goal of the optimization procedure. The function fmincon from the Matlab®
Optimization toolbox is employed. The optimization procedure is interrupted when the difference between two consecutive steps
of both the objective variables is within the predetermined tolerance 𝑥tol ≤ 1𝑒−6. To ensure a material thickness above a feasible
limit from a manufacturing perspective, a lower bound is set on the objective variables, defined by 𝑥min. Two optimization runs are
performed, i.e. one for each variation of 𝑟t,0. The initial values for the optimization variables, 𝒙0, are denoted in Table 1.

3.2.4. Prototype fabrication
Multi Jet Fusion, an accessible manufacturing method able to deal with the double-curved geometry and variable shell thickness,

is used to prototype the two optimized designs. This additive manufacturing technique provides respectable material homogeneity,
enables material thickness down to the tenth-of-a-millimeter scale and allows for processing of materials with sufficient elasticity
(i.e. high yield strength with respect to E-modulus). The prototypes were constructed out of PA-12 with material properties denoted
in Table 2.

Printing orientation determines material homogeneity to a large extent, especially in regions of low thickness. To miti-
gate the resulting effects, printing orientation is chosen such that the printing layers are oriented parallel to the horizontal
construction(𝑥𝑦)-plane, ensuring layer cross-sections with a consistent line-like appearance.

3.3. Experimental validation

3.3.1. Measurement setup
To verify the simulated results, a measurement setup is designed that mimics the modeled conditions (Fig. 7). A measurement

frame (1) with two contact points formed by grooved rollers (3,4) serves as the constraint. Rolling is prevented by brake screws and
position is maintained by friction between the prototype’s edges and the roller surfaces. The distance 𝑑𝑐 between the contact points is
adjustable and chosen to match the simulated conditions corresponding to each prototype. A 9𝑁 miniature S-beam load cell (Futek
LSB200) is connected to the upper contact point with its measurement axis in line with the direction of the two contact points.
Measuring the upward-directed forces along this axis enables elastic reaction forces to be measured while excluding gravitational
9
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Table 2
Details on the 3D-printing process.
Parameter Value Unit

Material (PA-12)

Tensile strength (XY) 48𝑒6 N
m2

Tensile strength (Z) 48𝑒6 N
m2

𝐸 (XY) 1.7𝑒9 N
m2

𝐸 (Z) 1.8𝑒9 N
m2

Process

Accuracy 0.3 %
Layer thickness 0.08 mm

Table 3
Optimized results for the optimization variables.
Parameter Value Unit

𝑥rt0=0.01 [1.3411𝑒−3 8.3703𝑒−4] m
𝑥rt0=0.035 [9.5574𝑒−4 3.1856𝑒−4] m

forces. The force signal is processed by a signal conditioner (Scaime CPJ2S) before being fed into an acquisition module (NI
USB-6008).

After manual initiation of a transition region, the specimen is clamped between the contact points at a number of discrete
ocations 𝑥c along the edge with intervals of 𝑙edge/10 and moved manually through the measurement setup. Sliding motion as a
esult of the parallel component of the reaction force is prevented by friction. The measured force can be directly compared to the
onstraint force obtained from the model.

. Results

.1. Simulation results

This section presents the results of two successful optimization runs that were limited by the convergence criterion of 𝑥tol = 1𝑒−6 m
n the optimization variables. Fig. 8 shows the energetic paths of the two optimized geometries during transition at the beginning
nd end of the optimization window, denoted with (1) and (2) respectively. Values of the energy are plotted with respect to the
ocations of the inflection point 𝑠 (not to be mistaken with the constraint location 𝑥c). The separate energy contributions of the

flange and crease sections are indicated by the intermittent lines. Only data points are plotted for configurations that featured an
inflection point along the spine, accounting for the abrupt ends. The energy paths for the geometries corresponding to the start of
the optimization procedure, see Table 1, are also shown for comparison.

The optimization procedure resulted in an energy variation of less than 4% and 2% of its average within the optimization
window for 𝑟𝑡0=0.01 and 𝑟𝑡0=0.035 respectively. The optimized design variables are presented in Table 3 and the resulting optimized
flange thickness gradient 𝑡f along the 𝑣-direction is depicted in Fig. 9. The deformation process is shown in Fig. 10, where the
volumetric strains are also indicated.

Fig. 11 shows the reaction forces required to maintain equilibrium during transition. Results for 𝒙 = 𝒙0 (i.e. prior to optimization)
are represented for comparison by the dashed lines, while the solid lines denote the optimized results. Data points are solely available
for configurations where an inflection point on the spine could be localized, resulting in the seemingly abrupt beginning and ending
of the plots.

4.2. Experimental results

Neutrally stable behavior was observed on the physical model. In Fig. 13, various stable configurations during the transition
from undeformed (1) to an inverted (5) state are depicted.

Fig. 11 shows the measurement results of the reaction forces of both prototypes, which are required to maintain equilibrium
throughout the transition process. For comparison, simulated results that are corrected for measured thickness are presented as
dashed–dotted lines. The measurement range was limited by the force transducer, causing reaction forces above 20N not to be

easured with the current setup. The markers represent the upper and lower measurement bounds, following from measurements
aken in a loading or unloading direction respectively. Zero force measurements (i.e. when contact loss occurred) are denoted
ith circles. The gray area contains all possible encountered measurements, independent of approach direction and indicates the
isco-elastic behavior and hysteresis of the material. Measurements from where ‘self propagation’ occurred correspond to a negative
10

onstraining force and are therefore discarded.
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Fig. 7. The experimental setup used to mimic the simulated conditions during transition of the shell. The measurement frame (1) holds the force sensor (2) with
primary contact point (3) and the secondary contact point (4). The prototype is clamped between the contact points at a known distance 𝑑𝑐 , thereby mimicking
the simulations.

Fig. 8. The resulting energy paths of the shells from two different optimized sets of parameters, with respect to the location of the inflection point 𝑠, during
propagation of the transition region are depicted. The vertical dashed lines, denoted with (1) and (2) represent the optimization window, i.e. the interval
wherein the objective function (Eq. (21)) is defined. The horizontal dashed lines illustrate the energy variation and the markers denote the energy levels of the
fully inverted state. The energy paths belonging to the non-optimized shell, i.e. at the start of the optimization, are shown in the dashed lines for comparison.
Individual flange- and crease components of the optimized results are plotted by the dashed–dotted and dotted lines respectively.

5. Discussion

5.1. Numerical results

The typical behavior during deformation of a compliant shell is a result of the complex interplay between all parts of its structure.
However, an intuitive approach, whereby several sub-functions are attributed to separate parts, turned out to be effective during
11
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Fig. 9. The optimized local thickness variation 𝑡f (𝑣) of both structures. The crease thickness 𝑡c is constant and equal in both variants. The dash-dotted line
epresents the optimization minimal bound.

nvestigation of this particular type of structure. The optimization procedure resulted in behavior similar to the intuitive prediction
Fig. 4), whereby a distinctive loading phase could be identified and the energy increase of the crease region during transition indeed
pproximates the expected linear course. To compensate, the flanges provide the opposite characteristic, whereby superposition
esults in a constant energy level, indicating neutral stability. From this perspective, the crease and the flanges can be considered
s the load-carrying and compensating elements respectively, similar to the approach taken in most of the previously mentioned
xisting examples of neutrally stable shell structures (Kok, 2020).

A remarkable outcome is the apparent simplicity of the required optimization parameters, i.e. the linearly varying flange
hickness, needed to produce results that approach this unique state of neutral stability very closely. A constant thickness gradient
ight initially sound like a sensible guess, but close inspection of Eq. (14) reveals a cubic relationship between the material thickness

nd associated deformation energy. So far, no profound explanation for this phenomenon has been found.
Most of the energy deviations within the optimization window occur around the window’s borders, while the majority of the

ransition features a close-to-constant energy level. This could be explained by edge-effects and the inability of the constant thickness
radient to compensate for it.

Another notable feature of the resulting neutrally stable behavior is the energy level at which it takes place. The objective function
s designed to reduce the sum of the constraining forces to zero, creating an energy course with a derivative that approaches zero.
o bounds were set to control the energy magnitude: this value is arbitrary. However, in both cases, this energy level matches the
nergy level of the inverted state closely, suggesting even a smooth transformation between the transition phase and the inverted
tate. This can indeed be experienced while handling the physical models.

The shell in this investigation is considered to be ‘free floating in space’, i.e. no constraints are imposed on the structure’s
oundaries. However, when one would look at this structure as to have a clamped base and a free end-effector, it can be regarded
s a beam element that exhibits neutral stability in its bending degree of freedom. This lays the foundation for compliant building
locks with a beam-like appearance and -kinematic behavior that are neutrally stable.

.2. Experimental results

Measurements on the dimensions revealed a disparity between the digital models and the physical prototypes. Because of
he small thicknesses, deviations easily cause large relative differences. In combination with the cubic relation between material
hickness and associated elastic energy, behavior is expected to be most sensitive to this metric. Measurements taken along the
ircumference of both prototypes show that differences as high as 50% occurred (Fig. 12).

The hysteresis loop observed in Fig. 11 is caused by internal friction of the material. Energy dissipation within the material
nables no reaction force to be measured if the hysteresis band crosses the zero-force line. Hysteresis causes a continuous state of
quilibrium along the range of motion, which gives the false appearance of a perfect neutral stability. It is therefore difficult to asses
eal elastic neutral stability in the presence of visco-elastic resistance.

Hysteresis loss is more notably present in the design that requires higher reaction forces, corresponding to 𝑟t,0 = 0.01 m. Apart
rom a larger average thickness, this shell features higher strains during transition (Fig. 10) as a possible cause for higher energetic
osses. Finally, gravity was not taken into account in the numerical analysis and, although the experimental setup avoids measuring
eight, the presence of a gravitational field does affect the structure’s deformed geometry. However, this effect is assumed to be
12

egligible compared to the effects caused by the elastic forces.
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Fig. 10. The deformation process during transition and associated volumetric strains, belonging to configurations at the beginning (opaque) and end (translucent)
of the optimization window, denoted with (1) and (2) in Fig. 8 respectively.

5.3. Future work

Development of the optimization process towards other, conventional, manufacturing methods as well is desired to increase its
applicability. Prior research (Kok et al., 2021) has shown promising results in the optimization of geometric properties, e.g. local
flange width and local longitudinal curvature, to influence the energetic path during transition. This allows for a structure with a
uniform thickness that is not solely bound to additive manufacturing processes, but allows for, e.g., sheet forming techniques as well.
Furthermore, the lack of stiffness in lateral directions makes this structure unsuitable for applications where structural integrity is
required.
13
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t
t

Fig. 11. Experimental results of the reaction forces required to maintain equilibrium are depicted by their upper and lower boundaries (markers), corresponding
o the loading and unloading directions respectively. Optimized modeled results are presented by the solid lines and the modeled results, compensated for
he prototype thickness, are depicted as dashed-dotted lines. The reaction forces that belong to the starting parameters of the optimization procedure 𝑥0 are

represented by the dashed lines.

Fig. 12. Measurements on the local thickness of the two prototypes (red) is compared to the local thickness of the optimized modeled geometry (black).
Measurements are only performed on the accessible perimeter of the shells.
14
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Fig. 13. Physical model in several stable configurations during transition from the undeformed (1) to the inverted (5) state. A continuous equilibrium was
observed in this physical model (see supplementary video).

6. Conclusion

In this investigation, the transition between the undeformed and inverted equilibrium configurations of a double-curved shell
structure is analyzed. The approach, that involved functional separation of the parts within this distributed compliant shell, turned
out to be useful for the creation of a neutrally stable deformation mode. Optimization of the design parameters resulted in a constant
energy level within a significant portion of the transition. Therefore, we present a new class of neutrally stable shell structure that, in
contrast to examples in the literature, does not rely on pre-stress obtained during the manufacturing process or boundary conditions
to be imposed. Instead, it features neutral stability as part of a continuous deformation process, allowing a stress-free configuration
to exist.

Successful optimization runs, based on a variable material thickness, resulted in shell structures with a significant near-constant-
energy region as part of their transition. Ultimately, the physical realization of additively manufactured prototypes validates the
modeled results by featuring infinitely many equilibrium configurations along the deformation path. Remarkably, a relatively simple
constant thickness gradient of the flange sections over the length of the structure is sufficient for this unique behavior to occur. An
explanation thereof has not yet been given.

The proposed shell structure can be considered as a beam element with a neutrally stable bending degree of freedom, laying
the foundation for neutrally stable building blocks with a beam-like appearance and kinematic behavior. However, despite the
progress made, the variable material thickness throughout the structure limits the manufacturing method to additive manufacturing
techniques. Other tactics to tune the behavior that allow for a uniform material thickness (Kok et al., 2021) could be investigated
to facilitate manufacturing and applicability.
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