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Abstract

The underlying physical mechanism of the residual-based large eddy simulation (LES) based on the variational multiscale
VMS) method is clarified. Resolved large-scale energy transportation equation is mathematically derived for turbulent kinetic
nergy budget analysis. Firstly, statistical results of benchmark turbulent channel flow at Reτ = 180 obtained using a coarse
esh are compared with the results obtained by the classical LES with the Smagorinsky and dynamic subgrid stress (SGS)
odel. The present LES shows an advantage in predicting the statistical results of the incompressible turbulent flows. Secondly,

he contributions of the unresolved small-scale presentation terms (Term I-IV in Eq. (10)) to the turbulent kinetic dissipation
re analysed for the VMS method. The results show that the turbulent kinetic dissipation provided by the numerical diffusion
n the VMS method is smaller in the inner layer, larger in the outer layer of the channel flow than those by the Smagorinsky
nd dynamic SGS model. The turbulent kinetic dissipation in the VMS method is mainly given by the numerical diffusion
rovided by one of the “cross-stress” terms (Term I, same as the stabilization term in the SUPG method) and LSIC term
Term IV). The other one of the “cross-stress” terms (Term II) gives rise to the positive turbulent kinetic energy budget, and
oes not dissipate the turbulent kinetic energy. The so-called “Reynolds stress” term (Term III) dissipates the turbulent energy
ut provides a very small numerical diffusion. Finally, on the basis of the turbulent kinetic energy dissipation analysis, a new
esidual-based stabilized finite element formulation is proposed by modifying the large-scale equation in the VMS method.
umerical experiments of 2D lid-driven cavity flow and 3D incompressible turbulent channel flow are tested to validate the
roposed formulation. It is shown that all the stabilization terms in the proposed formulation produce additional numerical
iffusions and physically increase the total turbulent kinetic dissipation. Consequently, an apparent improvement in both the
rst-order and second-order statistical quantities are pursued by the new stabilized finite element formulation.

c 2021 Elsevier B.V. All rights reserved.
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1. Introduction

A new LES-type variational multiscale (VMS) theory was presented by Calo [1] and Bazilevs [2] for turbulent
imulations. Its basic idea is to perform scale separation for solutions to the Navier–Stokes equations (dividing the
olutions into resolved large and unresolved small scales) and to use variational projections for the different scale
evels in place of the traditional filtered equations [3]. The approach pays efforts to find an approximate analytical

odelling for the unresolved small scales and allows to only solve the resolved large-scale equations accounting
o the effect of the unresolved small scales by introducing their approximate analytical modelling [4]. By means of
he scale separation in finite element spaces, the effect of the unresolved small scales on the resolved large-scale
quations can be approximated in different ways, leading to different closure models (subscale models). In all cases
hese models are driven by the residual of the Navier–Stokes equation for the resolved large scales in its original
orm, thus the approach is called residual-based large eddy simulation (LES) [5].

The classical LES technique uses a physical (functional or structural) model to model the extra term caused by
he filtering of Navier–Stokes equations and is usually referred to as explicit LES [6]. By contrast, the unresolved
mall-scale model in the residual-based LES is an addition of purely dissipative numerical terms and no eddy
iscosity is introduced. Therefore, it can be categorized as implicit LES (ILES). Derived from the variational
ultiscale method, the residual-based LES not only permits the use of equal-order interpolation for the velocity and

ressure but also precludes global nonphysical oscillations encountered in the convection-dominated problems [4,7].
n contrast with the classical LES based on filtering, the modelling confined to the unresolved small-scale equations
n the residual-based LES retains numerical consistency in the resolved large-scale equations and permits full rate
f convergence of the underlying numerical method [2], whereas, e.g. the convergence rate of the classical LES is
imited to O(h4/3) due to the artificial viscosity effects in the resolved large scales [8,9]. Furthermore, avoidance
f filters in this approach precludes certain difficulties encountered in the traditional approach, e.g. inhomogeneous
on-commutative filters necessary for wall-bounded flows, use of complex filtered quantities in compressible flows.

Holding the promise of much more accurate and efficient LES procedures, the residual-based variational
ultiscale model has already demonstrated its viability and practical utility [10,11]. By using isogeometric analysis

or the space approximation (non-uniform rational B-splines, NURBS [12]), excellent results of forced isotropic
urbulence, turbulent channel flow and flow in a planar asymmetric diffuser were presented by Bazilevs et al. [2,13].
pplication to the computation of rotating Taylor–Couette flow at high Reynolds number was also performed and it
as found that the residual-based modelling is important for conserving angular momentum in the flows dominated
y rotation [14]. The approach was successfully applied to studies on concentric pipe flows [15], coupled multi-ion
ransport in dilute electrolyte solutions [16], nonequilibrium plasma flows [17], bingham flows [18] and boundary
hear flows past subsea pipeline [19–21]. On the basis of this approach, new models for many more complicated
roblems were also further proposed, e.g. the models for premixed combustion problem [22], multiphase flows
ith surface tension [23–25], fluid–structure interaction in the free-surface flows [26–31] and stratified turbulent
ows [32].

On the other hand, many efforts were also paid to assessment of the variational multiscale model for the large
ddy simulations. Akkerman et al. [33] examined the role of continuity of the basis in the computation of turbulent
ows and found that the smooth NURBS basis functions had advantages over standard finite elements. A spectral
nalysis for the dissipation of the residual-based multiscale method was presented by Wang and Oberai [34], and
he dissipation of the model terms was provided under restrictive conditions, which however leads to the only use
f spectral methods. Principe et al. [35] presented the dissipative structures for a surface-mounted obstacle problem
nd revealed that the numerical dissipation introduced by the residual-based small-scale model is of the same order
s the subgrid dissipation by the Smagorinsky model. Colomes et al. [36] examined different unresolved small-scale
pproximations (including either static or dynamic subscales), linear or nonlinear multiscale splitting and different
hoices of the subscale space for the residual-based LES. They concluded that the numerical results obtained by
he different VMS formulations (as far as they converge) are quite similar. Eikelder and Akkerman [37] introduced
rthogonal unresolved small scales to create a link among VMS, SUPG (streamline-upwind Petrov–Galerkin
ethod) and GLS (Galerkin/least-squares method) and proposed two stabilized finite element methods (a novel GLS
ethod with dynamic unresolved small-scale model) to rectify the energy evolution for the incompressible Navier–
tokes equations [38]. Numerical assessments of the residual-based and projection-based variational multiscale
ethods were performed by Ahmed and John [39,40]. It was concluded that the residual-based VMS and SUPG
ethod gave more accurate results than the projection-based VMS method.
2
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Although certain assessments of the residual-based LES have been made, physical understanding for the
ariational multiscale model has not been pursued yet. Ahmed and John mentioned that the residual-based VMS
ethod does not show an advantage in contrast to the SUPG method. However, no physical elaboration was given

or such a statement. The present study is devoted to a derivation of the resolved large-scale energy transportation
quation and estimations of the numerical dissipations of the static unresolved small-scale model terms for the
MS method. In the first stage of the study, analyses of the statistical dissipation of each model term along the
all-normal direction in a benchmark turbulent channel flow are performed so as to physically clarify the role of

ach model term for the residual-based LES. In the second stage, on the basis of the dissipation analyses for the
MS method, a new residual-based stabilized finite element formulation is proposed for large eddy simulation by
odifying the resolved large-scale equation in the VMS method. Numerical experiments of 2D lid driven cavity
ow and 3D incompressible turbulent channel flow are performed to validate the proposed formulation.

. Mathematical model for residual-based ILES

.1. Strong form of incompressible Navier–Stokes equations

Considering the flow in a spatial domain Ω ⊂ Rd with a piecewise smooth boundary Γ = ∂Ω , the incompressible
Navier–Stokes equations governing the fluid flow in a strong form are stated as

∇ · u = 0, (1)
∂u
∂t

+ (u · ∇)u + ∇ p − ∇ · (2ν∇
s u) = f , (2)

where u : Q → Rd denotes a vector of the velocity and p : Q → R represents the pressure divided by the density,
ith Q = Ω × (0, T ), ν is the kinematic viscosity, f is the body force (per unit volume). ∇

s u = (∇u + (∇u)T )/2.

.2. Weak formulations

To derive the weak formulations of Eqs. (1) and (2), we denote the trial-solution and weighting function space,
hich belong to the same function space by adopting homogeneous initial and boundary conditions, by S. Denoting

he weighting functions by W = {w, q}, the trial solutions by U = {u, p}, multiplying Eqs. (1) and (2) by
W = {w, q} and performing their integrations over the discrete element domain yields their standard Galerkin
ormulations

B(W , U) = (W , F) (3)

here

B(W , U) =

(
w,

∂u
∂t

)
Ω

+ (w, u · ∇u)Ω + (w, ∇ p)Ω

−
(
w, ∇ · (2ν∇

s u)
)
Ω

+ (q, ∇ · u)Ω , (4)

nd F = { f , 0}, (·, ·)Ω is used for a denotation of inner product integration in the discrete element domain. This
ormulation implies weak satisfaction of the incompressibility constraint and the momentum equation.

.3. Variational multiscale formulations

The variational multiscale method introduces scale decomposition and replaces the traditional filter in LES with
ariational projection for the different scale levels. By virtue of the variational multiscale theory, the weighting
unction spaces and the function spaces of trial solutions can be divided into a “resolved large-scale” component
nd a “unresolved small-scale” component respectively [4,7],

W = W h
+ W ′, (5)

U = Uh
+ U ′, (6)
3
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Eq. (3) can then be split into two coupled nonlinear subsystems

B(W h, Uh
+ U ′) = (W h, F), (7)

B(W ′, Uh
+ U ′) = (W ′, F), (8)

where Eqs. (7) and (8) are named as resolved large- and unresolved small-scale equations respectively. The resolved
large-scale equations, defined in a finite-dimensional space, are to be numerically solved. However, the unresolved
small-scale equations which are defined in the left space are not to be solved but used for a derivation of approximate
expression of the small scales. Eq. (7) can be expanded to

B(W h, Uh
+ U ′) = B(W h, Uh)

+

(
wh,

∂u′

∂t

)
Ω

−
(
wh, 2ν∇ · (∇s u′)

)
Ω

+ (wh, ∇ p′)Ω
+ (wh, u′

· ∇uh)Ω + (wh, (uh
+ u′) · ∇u′)Ω

+ (qh, ∇ · u′)Ω = (wh, f )Ω . (9)

By a treatment used in [20,33][?], Eq. (9) is simplified as(
wh,

∂uh

∂t

)
Ω

+ (wh, uh
· ∇uh)Ω − (∇wh, ph)Ω +

(
∇

swh, 2ν∇
s uh)

Ω
+ (qh, ∇ · uh)Ω

−

nel∑
e=1

(
∇wh, uh

⊗ u′
)
Ωe  

I

+

nel∑
e=1

(
wh, u′

· ∇uh)
Ωe  

II

−

nel∑
e=1

(
∇wh, u′

⊗ u′
)
Ωe  

III

−

nel∑
e=1

(
∇ · wh, p′

)
Ωe  

IV

−

nel∑
e=1

(
∇qh, u′

)
Ωe  

V

+

neb∑
e=1

(
wh, phn − 2ν∇

s uh
· n

)
Γe

= (wh, f )Ω , (10)

here uh
⊗u′

= uh
j u

′

i , Γ denotes the boundaries of the computational domain, and n represents the outward normal
ector to the boundary.

In Eq. (10), the second, third and fourth lines on the left-hand side represent consistent unresolved small-scale
epresentations. With an introduction of algebraic approximation of the small scales, these terms depend explicitly
n the large scales and are analogic to the SGS model in the classical LES. In this context no assumption about the
ffect of the small scales on the represented ones is introduced nor is an eddy viscosity required. For the unresolved
mall-scale terms arising from the nonlinear splitting (the second line) in Eq. (10), Bazilevs and Calo interpreted
hat (wh, u′

· ∇uh)Ω − (∇wh, u′
⊗ uh)Ω was an analog of the Cross stress term in the Subgrid-scale stress, and

(∇wh, u′
⊗u′)Ω corresponds to the Reynolds stress term. Their practical contributions will be clarified in the later

iscussions. The fifth line in Eq. (10) is yielded by integration by parts.
Based on the unresolved small-scale equations, u′ and p′ can be approximated as [7,41,42]

u′
= −τm rm, (11)

p′
= −τcrc, (12)
4
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where rm and rc respectively represent the residual of Eq. (2) and (1) associated with {uh, ph
}, τm and τc are

efined as follows [43,44]

τm =

(
c1uh Guh

+ c2ν
2G : G +

c3

∆t2

)−
1
2

(13)

τc =
uh Guh

tr (G)
(14)

here G is a covariant metric tensor of the gradient of local element spatial coordinates ξ with respect to the global
oordinates x

G =

(
∂ξ

∂x

)T
∂ξ

∂x
, (15)

ξ/∂x is the Jacobian matrix. G : G denotes a double dot product of the two matrices, c1, c2 and c3 are set to 4,
6 and 4 for the trilinear elements used in the present study. tr (G) in Eq. (14) represents the trace of G.

.4. Time discretization

A generalized-α method [45] is employed to advance the discrete form of Eq. (10). Re-arranging the terms in
q. (10) into the time derivative term and the other terms yields the following simple system

A(a)ȧ = B(a)a. (16)

here a denotes the nodal values of {uh, ph
}

T , ȧ represents the temporal derivative of a, M and N , including
onlinear velocity terms, are matrices of ȧ and a respectively. Introducing the generalized-α method for the above
onlinear ordinary differential equation system yields

R(ȧn+αm , an+α f ) = Aȧn+αm − Ban+α f = 0, (17)

an+1 = an + ∆t ȧn + γ∆t(ȧn+1 − ȧn), (18)

ȧn+αm = ȧn + αm(ȧn+1 − ȧn), (19)

an+α f = an + α f (an+1 − an). (20)

Parameters αm , α f and γ are selected based on considerations of accuracy and stability. It was deduced in [45] that
second-order accuracy in time is attained if

γ = 0.5 + αm + α f , (21)

and unconditional stability is achieved when

αm ≥ α f ≥ 1/2. (22)

For strict control of high frequency damping, αm and α f are expressed in terms of the spectral radius ζ for an
infinite time step,

αm =
1
2

(
3 − ζ

1 + ζ

)
, α f =

1
1 + ζ

. (23)

ere ζ is chosen to be 0.5.
A prediction-multicorrection iterative procedure is used to handle the generalized-algorithms (Eqs. (17)–(20)).

ith initial predictions of a and ȧ, an+α f is corrected through ∆an+α f , which is obtained by solving a Newton’s
inearization system of R with respect to the solution variable. ȧn+αm is corrected through a function of an+α f

btained from Eqs. (18)–(20) by eliminating an+1 and ȧn+1. In the iterative procedure, an+α f and ȧn+αm are updated
ntil ∆an+α f is less than a given tolerance. The solutions at tn+1 are then determined using Eqs. (19)–(20).

. Resolved large-scale energy transportation equation

In the present method, the small scales are explicitly expressed based on the residual of the resolved-scale Navier–

tokes equations and only the large scales are numerically computed, thus the resolved-scale energy transportation

5
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s

can be used to examine the energy evolution of the flow. In an arbitrary subdomain Ωe ⊂ Ω , local kinetic energy
of the large scales can be defined as

∫ 1
2∥uh

∥
2dΩe =

1
2 (uh, uh)Ωe , where ∥ · ∥

2 denotes the standard L2-norm and
1
2∥uh

∥
2

=
1
2

(
(uh

1)2
+ (uh

2)2
+ (uh

3)2
)

represents the kinetic energy per unit volume. Therefore, the transportation
equation of the kinetic energy per unit volume of the resolved large scales can be derived by taking wh

= uh in
Eq. (10),

1
2

dt∥uh
∥

2
= −uh

· ∇(
1
2
∥uh

∥
2) + (∇ · uh)ph

− ν∥∇uh
∥

2

+ (∇uh) : (uh
⊗ u′)  

(1)

−u′
· ∇(

1
2
∥uh

∥
2)  

(2)

+ (∇uh) : (u′
⊗ u′)  

(3)

+ (∇ · uh)p′  
(4)

− uh
·
(

phn − 2ν∇
s uh

· n
)
|Γ + uh

· f , (24)

where dt represents the time derivative, uh
· ∇( 1

2∥uh
∥

2) is transport terms (also called kinetic energy flux) which
transfer quantities from one region to another [46]. ν∥∇uh

∥
2 is rate of viscous dissipation of local kinetic energy.

∇ · uh)ph represents rate of the work by volume expansion, which is in principle zero due to incompressibility.
uh

· f is rate of work by body force. −uh
·
(

phn − 2ν∇
s uh

· n
)
|Γ is total rate of work by shear stress. The second

line includes additional terms caused by the VMS method. According to the addressment in [1,2], these terms are
constructed to account for the dynamical effect of the fine scales on the coarse-scale problem like the LES model.
In the energy transportation process, they in principle transfer the kinetic energy from the resolved large scales to
the unresolved small scales and complement the loss of dissipation due to the unresolved small scales.

4. Comparison with classical LES

4.1. SGS models for classical LES

As a reference for describing the present method, the classical LES by applying a filter to the Navier–Stokes
equations is considered here for comparison. In the classical LES, both the widely-used Smagorinsky model and
the Dynamic model from Germano identity are used for the subgrid-scale stress. The subgrid-scale stress is written
as

T = 2νT S̃i j , (25)

where S̃i j =
1
2 ( ∂ ũi

∂x j
+

∂ ũ j
∂xi

) is the resolved large-scale strain rate tensor, νT denotes the subgrid-scale eddy viscosity
and is defined as

νT = (C∆
S ∆̃)2

|S̃i j |, (26)
∆
S is the model coefficient, ∆̃ represents the filter width. For the Smagorinsky model, C∆

S is set to 0.1. In the
dynamic SGS, C∆

S is dynamically adjusted to the local structure of the flow by an introduction of another filter

width ˆ̃∆. C∆
S is then computed from

(C∆
S )2

=
⟨L i j Mi j ⟩

⟨Mi j Mi j ⟩
, (27)

here

L i j = ˆ̃ui ˆ̃u j − ˆ̃ui ũ j −
1
3

(
ˆ̃uk ˆ̃uk − ˆ̃uk ũk

)
, (28)

Mi j = 2
(

ˆ̃∆2
|
ˆ̃S|

ˆ̃Si j − ∆̃2
|̂S̃|S̃i j

)
, (29)

·⟩ represents the spatial averaging in the homogeneous directions.

.2. Results of turbulent channel flow at Reτ = 180

Benchmark turbulent channel flow at Reτ = 180 (Reτ = uτ δ/ν, uτ =
√

τ/ρ is friction velocity based on wall
hear stress τ and fluid density ρ, δ is half the channel height), which is driven by a pressure gradient (body force
f = {1, 0, 0}) in the streamwise direction, is considered for numerical analysis of the present method.
6
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Table 1
Computational parameters.

Lx × L y × L z Nx × Ny × Nz αs ∆y+

min

2π × 2 × 4π/3 32 × 64 × 32 1.5 0.88

Fig. 1. Mean streamwise velocity ⟨U ⟩ profiles of turbulent channel flow against y+ at Reτ = 180.

Computational domain is a rectangular channel of 2π × 2 × 4π/3. Simulations are performed using a mesh with
2 × 64 × 32 trilinear hexahedral elements. A stretched mesh obtained by a two-sided hyperbolic tangent function
s applied in the wall-normal direction,

y j = 0.5

⎛⎝ tanh
(
αs

(
2 j
Ny

− 1
))

tanh(αs)
+ 1

⎞⎠ , (30)

here Ny is the number of wall-normal nodes and y j is the wall-normal coordinate of the j th node. Detailed
omputational parameters are shown in Table 1. The same meshes are used for both the finite element method and
nite difference method. The time step is set to 0.001.

The residual-based LES is implemented using in-house FEM codes developed by C++. A Newton–Raphson
terative procedure is used to solve the non-linear system of algebraic equations (17)–(20). The tangent matrix
quation in each Newton–Raphson iteration is solved in parallel using a GMRES solver with a block ILU(0)
reconditioning.

The classical LES is implemented using a finite difference method [47], in which a fractional-step method is
mployed to solve the filtered Navier–Stokes equations and spatial derivatives are discretized with a second-order
entral difference on a staggered grid. Time advancement is performed by the semi-implicit scheme mixing the
rank–Nicolson scheme for the viscous terms and the third-order Runge–Kutta scheme for the convective terms.

Numerical results are presented in the form of first- and second-order statistical quantities, including mean
treamwise velocity, root-mean-square (RMS) profiles of velocity fluctuations in three directions and Reynolds
tress. 10 000 snapshots of the fully-developed flow field in 50 nondimensional time units are used to compute the
veraged quantities in both homogeneous directions and time. Fig. 1 shows the mean streamwise velocity profiles
gainst the non-dimensional distance from the wall (y+

= uτ y/ν). For comparison, the DNS result obtained by Kim
t al. [48] is plotted as well. As can be seen, the mean streamwise velocity is largely under-predicted by the classical
ES with the Smagorinsky model, especially in the inner layer (y/δ < 0.1). The results in the inner layer obtained
y the classical LES with the dynamic SGS model and the present residual-based LES are in good agreement with
he DNS data. Certain over-estimations are still caused in the outer layer (y+ < 50) with using the present mesh.
n contrast, the present LES results in better values of the mean streamwise velocity than the classical LES with
he dynamic SGS models.
7
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Fig. 2. Profiles of root-mean-square (RMS) magnitudes (u′
rms , v′

rms , w′
rms ) of the velocity fluctuations and Reynolds stress (−⟨u′v′

⟩) of
urbulent channel flow at Reτ = 180.

The profiles of the root-mean-square (RMS) magnitudes of the velocity fluctuations and Reynolds stress are
hown in Fig. 2. In contrast to the DNS result, the RMS peak of the streamwise velocity fluctuations (u′

rms , the
rime in all the statistical variables denotes fluctuations obtained by subtracting the mean from the solution) obtained
y the classical LES with the Smagorinsky model is shifted to the higher y+. The position of the u′

rms peak obtained
y the classical LES with the dynamic SGS model and the residual-based LES is at y+

≈ 15, which is consistent
ith the DNS result. Obviously, the magnitude of u′

rms obtained by the residual-based LES is in better agreement
with the DNS data than that obtained by the classical LES with the dynamic SGS model. The RSM magnitudes of
the normal (v′

rms) and spanwise (w′
rms) velocity fluctuations are quite under-estimated by the two classical LES, the

present residual-based LES provides better profiles for (v′
rms) and (w′

rms). The reason can be found in the profiles
of the Reynolds stress (−⟨u′v′

⟩). The residual-based LES makes better Reynolds stress (−⟨u′v′
⟩) prediction than

the two classical LES, which strengthens the energy transportation from the streamwise velocity to the velocity
fluctuations.

5. Turbulent kinetic dissipation analysis for the VMS method

It is well known that the additional terms (stabilized terms) involved with u′ and p′ in the VMS method
are introduced for the purpose of achieving a stable, consistent and convergent discretization. From the point of
view of turbulent flow simulation, the stabilization terms and subgrid scale models in the classical LES pursue
similar purposes. Both aims at representing the effect of unresolved small scales on resolved large scales by

introducing proper dissipative mechanisms when bad discretization is encountered. However, the “proper dissipative

8
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Fig. 3. Comparisons of the total numerical diffusion in the VMS method with the turbulent kinetic dissipation provided by the SGS model
in the classical LES in the turbulent channel flow at Reτ = 180.

echanisms” deserves special attention. To put insight into the numerical diffusion by the additional terms in the
MS method, we take the average of the summation of all the additional terms involved with u′ and p′ in Eq. (24)

Terms (1), (2), (3) and (4)) over the homogeneous directions (x-axis and z-axis) and a certain time range (T ),

⟨ϵtotal⟩ =
1

L x × L z × T

∫∫∫
((∇uh) : (uh

⊗ u′) − u′
· ∇(

1
2
∥uh

∥
2)

+(∇uh) : (u′
⊗ u′) + (∇ · uh)p′)dxdzdt, (31)

ϵtotal⟩ can also be written in a tensor form as

⟨ϵtotal⟩ =
1

L x × L z × T

∫∫∫
(
∂uh

i

∂x j
uh

j u
′

i − uh
i u′

j
∂uh

i

∂x j
+

∂uh
i

∂x j
u′

j u
′

i +
∂uh

i

∂xi
p′)dxdzdt. (32)

For i = 1, 2, 3, it has three components corresponding to the streamwise (⟨ϵx ⟩), wall-normal (⟨ϵy⟩) and spanwise
(⟨ϵz⟩) direction respectively, ⟨ϵtotal⟩ = ⟨ϵx ⟩ + ⟨ϵy⟩ + ⟨ϵz⟩. Fig. 3 shows the profiles of ⟨ϵx ⟩, ⟨ϵy⟩, ⟨ϵz⟩ and ⟨ϵtotal⟩

against y+. Since the dissipation profiles are symmetric about the centreline of the channel, they are averaged using
the data on the two sides and plotted just over the half channel. For comparison, profiles of the turbulent kinetic

dissipation provided by the Smagorinsky and dynamic SGS model in the classical LES are also plotted in the

9
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Fig. 4. Comparison of averaged magnitudes of Terms (1), (2), (3) and (4) in Eq. (24) against y+ in the turbulent channel flow at Reτ = 180.

figure,

⟨ϵtotal⟩ =
1

L x × L z × T

∫∫∫ (
−νT

∂ ūi

∂x j

∂ ūi

∂x j

)
dxdzdt. (33)

t can be seen that the Smagorinsky model engenders very high dissipation in the viscous sublayer (y+ < 5).
his could explain why the mean streamwise velocity and second-order statistics obtained by the LES with the
magorinsky model is much under-predicted. The dynamic SGS model gives rise to lower dissipation in the inner

ayer, higher one in the outer layer than the Smagorinsky model. It is noted that the dissipation provided by the
GS model in the classical LES is mainly provided by its streamwise component. The numerical diffusions in

he VMS method behave quite differently. Firstly, ⟨ϵtotal⟩ is not dominated by the streamwise component, its three
omponents are rather comparable. Secondly, the dissipation provided by the residual-based unresolved small scales
n the VMS method is much smaller in the inner layer, larger in the outer region than that provided by the SGS

odel in the classical LES.
To clarify the contributions of the additional terms caused by the VMS method to the turbulent dissipations, we

isit the average of Terms (1), (2), (3) and (4) in Eq. (24) separately,

⟨ϵ1⟩ =
1

L x × L z × T

∫∫∫
(∇uh) : (uh

⊗ u′)dxdzdt, (34)

⟨ϵ2⟩ =
1

L x × L z × T

∫∫∫
−u′

· ∇(
1
2
∥uh

∥
2)dxdzdt, (35)

⟨ϵ3⟩ =
1

L x × L z × T

∫∫∫
(∇uh) : (u′

⊗ u′)dxdzdt, (36)

⟨ϵ4⟩ =
1

L x × L z × T

∫∫∫
(∇ · uh)p′dxdzdt. (37)

Fig. 4 shows profiles of the averaged magnitudes of Terms (1), (2), (3) and (4) in Eq. (24) against y+. Substituting
the expression of u′ into Term I, it becomes the same as the stabilization term in SUPG. The result shows that the
value of ⟨ϵ1⟩ is negative in the whole channel, suggesting an addition of the turbulent kinetic dissipation provided
by Term I. Terms II and III only arise in the VMS method context. Fig. 4 shows that the value of ⟨ϵ2⟩ is positive in
the most part of the channel, which means that Term II does not dissipate the turbulent kinetic energy but increases
energy with time in the resolved large-scale energy transportation equation. This actually differs from the intention
of the turbulent model. In contrast with other terms, it can be seen that the value of ⟨ϵ3⟩ is very small. For the

egative value of ⟨ϵ3⟩ in the most part of the channel (see the separated picture of ⟨ϵ3⟩ in the next figure), it can be
nown that Term III provides dissipation in the resolved large-scale energy transportation equation. p′ in the VMS

ethod is actually derived from the standard least-square stabilization for the incompressibility constraint [41,42].

10
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Fig. 5. Profiles of averaged magnitudes of Terms (1), (2), (3) and (4) in Eq. (24) and their three components against y+ in the turbulent
channel flow at Reτ = 180.

Therefore, Term IV is sometimes called LSIC term. According to the profile of ⟨ϵ4⟩, it is clear that the LSIC term
also plays an important role in providing the additional dissipation.

Fig. 5 shows profiles of the averaged magnitude of each single term (⟨ϵ1⟩, ⟨ϵ2⟩, ⟨ϵ3⟩ and ⟨ϵ4⟩) and its three
components in Eq. (24). Substituting the expression of u′ and taking the most dominant convection term of L(uh, ph)
in u′

i make Term I in Eq. (24) read as −(∂uh
i /∂x j )uh

j τmuh
k (∂uh

i /∂xk), which always stays negative when j = k.
From the figure, it can be observed that the three components stay negative. Since the streamwise component of
Term I includes the large gradient ∂uh

1/∂x2, the streamwise component takes the most part of the ⟨ϵ1⟩. Similarly,
taking the convection term of L(uh, ph) in u′

j , the dominant part of Term II in Eq. (24) can be written as
uh

i τmuh
k (∂uh

j /∂xk)(∂uh
i /∂x j ). The result shows that the streamwise component of Term II is positive in the most

region of the channel (negative in y+ < 5)and highly dominates the ⟨ϵ2⟩. The other two components are very small.
The wall-normal component has an opposite sign with the streamwise and spanwise components in the most region.
In the figure of ⟨ϵ3⟩, it is shown that Term III is negative in the most region of the channel and it is also highly
dominated by its streamwise component. The other two components are very small and remain positive in a range
of 10 < y+ < 60. Term IV reads as −(∂uh

i /∂xi )τc(∂uh
j /∂x j ) by substituting the expression of p′. The profiles of

⟨ϵ4⟩ show that the spanwise component has the highest magnitude among three components of IV, the wall-normal
component is relatively small.

According to the above analysis, the contribution of each additional term in the VMS method is made clear.
Terms I, III and IV in Eq. (24) provide the turbulent dissipation in a way of numerical diffusion. Particularly, Term
II is not able to supply the turbulent dissipation since it gives rise to the positive value of ⟨ϵ2⟩ in the resolved

large-scale energy transportation equation.

11
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6. A new stabilized finite element formulation

Adding extra subgrid dissipation in the presence of numerical dissipation has succeeded in the previous work,
.g. Martinez and Jansen have coupled the physical SGS model with SUPG method [49]. According to the
issipation analysis for the VMS method, neglecting Terms II may remove the positive part of ⟨ϵtotal⟩ so as to

increase the total numerical diffusion. Over such an inspiration, a new stabilized finite element formulation is
proposed by modifying the large-scale equation of the variational multiscale formulation for the incompressible
Navier–Stokes equations,(

wh,
∂uh

∂t

)
Ω

+ (wh, uh
· ∇uh)Ω − (∇wh, ph)Ω +

(
∇

swh, 2ν∇
s uh)

Ω
+ (qh, ∇ · uh)Ω

+

nel∑
e=1

(
uh

· ∇wh, τm rm
)
Ωe  

1⃝

+

nel∑
e=1

(
wh, τm rm · ∇uh)

Ωe  
2⃝

−

nel∑
e=1

(
∇wh, τm rm ⊗ τm rm

)
Ωe  

3⃝

+

nel∑
e=1

(
∇ · wh, τc∇ · wh)

Ωe  
4⃝

+

nel∑
e=1

(
∇qh, τm rm

)
Ωe  

5⃝

+

neb∑
e=1

(
wh, phn − 2ν∇

s uh
· n

)
Γe

= (wh, f )Ω , (38)

here τm and τc are the same as used in the VMS method. In the new stabilized finite element formulation, Terms
Terms 1⃝, 3⃝, 4⃝ and 5⃝) remain the same as Terms I, III, IV and V in Eq. (10), Term 2⃝ takes the same form
ut has an opposite sign with Term II in Eq. (10). The modelling terms are based on the large scale residual, and
etain numerical consistency as well.

.1. Test case 1: 2D lid-driven cavity flow

2D lid driven cavity steady flows are firstly tested for the new stabilized finite element formulation. The governing
quations for the cavity flows are Eqs. (1) and (2) with f = 0. Here two cases with Re = 1000 and 125 000 are
ested. Two coarse meshes with 32 × 32 and 64 × 64 cells are respectively used for the simulations of the flows
t Re = 1000 and 125 000.

Figs. 6(a) and 6(b) show the vertical velocity profiles along the horizontal geometric centre line and the horizontal
elocity profiles along the vertical geometric centre line of the cavity at Re = 1000 and 125 000 respectively. The
NS results computed by Erturk et al. [50] are attached as a reference, the results by the VMS, SUPG and new

tabilized method (it is also called ‘modified VMS method’ here) are compared. The results show that the velocity
rofiles are very close to each other at Re = 1000. When Re increases to a higher value 125 000, the deviations
mong the velocity profiles by the three methods become visually clear. Through the zoom-in pictures of the high
elocity gradient regions, it can be clearly seen that the VMS method does not show an advantage in comparison
ith the SUPG method. The newly proposed stabilized method makes the velocity profiles closer to the DNS results,

specially the velocities at the nodes next to the wall.

.2. Test case 2: 3D turbulent channel flow

The newly proposed stabilized finite element formulations are also tested in the benchmark turbulent channel

ow at Reτ = 180. In the tests, the same computational parameters as adopted in Section 4.2 are used for the
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Fig. 6. Vertical velocity (u2) profiles along the horizontal geometric centre line (x1) and horizontal velocity (u1) profiles along the vertical
eometric centre line (x2) of the cavity.

omputations by the SUPG and new stabilized methods. Fig. 7 shows the first-order (mean streamwise velocity
U ⟩) and second-order (root-mean-square of the velocity fluctuations u′

rms , v′
rms , w′

rms and Reynolds stress −⟨u′v′
⟩)

statistical quantities against the normal distance from the wall. It is shown that the mean streamwise velocities
obtained by the three methods are quite close to each other in the viscous sublayer (y+ < 10). In the outer layer,
the mean streamwise velocity obtained by the SUPG method is slightly closer to the DNS profile than that obtained
by the VMS method. In contrast with the VMS and SUPG method, an improvement made by the newly proposed
stabilized method can be clearly seen in the outer layer.

For the second-order statistical quantities, the SUPG and new stabilized methods make an apparent improvement
in the profile of u′

rms in the buffer layer (5 < y+ < 30), and the new stabilized method results in the best u′
rms .

′ ′
The profiles of vrms obtained by the three methods are quite similar. For the profile of wrms , the VMS and SUPG

13
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Fig. 7. Profiles of mean streamwise velocity (⟨U ⟩), root-mean-square (RMS) of the velocity fluctuations (u′
rms , v′

rms , w′
rms ) against y+ and

Reynolds stress (−⟨u′v′
⟩) against y.
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methods give rise to the very similar results, a small improvement is made in the outer layer by the new stabilized
method. Besides, in comparison with the VMS method, the Reynolds stress −⟨u′v′

⟩ produced by the SUPG and
new stabilized methods slightly decreases.

Replacing wh with uh and taking an inner product of each term in Eq. (38) yields the energy transportation
equation of the newly proposed stabilized finite element formulation,

1
2

dt∥uh
∥

2
= −uh

· ∇(
1
2
∥uh

∥
2) + (∇ · uh)ph

− ν∥∇uh
∥

2

−(uh
· ∇uh) · (τm rm)  

(1)

−τm rm · ∇(
1
2
∥uh

∥
2)  

(2)

+ (∇uh) : (τm rm ⊗ τm rm)  
(3)

−(∇ · uh)τc(∇ · uh)  
(4)

− uh
·
(

phn − 2ν∇
s uh

· n
)
|Γ + uh

· f , (39)

rofiles of the dissipations provided by the additional terms in the three methods are shown in Fig. 8. In the
UPG method, only Terms (1) and (4) are considered. In Fig. 8(a), it can be seen that the total numerical diffusion
rovided by the SUPG method is larger than that provided by the VMS method as Terms II and III in Eq. (10)
re neglected. In the new stabilized method, owing to the replacement of Term II in Eq. (10) with Term 1⃝ in
q. (38), the total numerical diffusion substantially increases, and it is even larger than that provided by the SUPG
ethod. Physically, the larger numerical diffusion implies the higher turbulent kinetic dissipation, it dissipates the

ulk velocity and allows the mean velocity profile to become closer to the solution when using a coarse mesh. This
s why an improvement in the mean streamwise profile is obtained by the new stabilized method in Fig. 7(a). The
arger numerical diffusion may also alleviate the numerical perturbations in the convection-dominated direction.
his causes that the profile of u′

rms becomes better when the new stabilized method is used. For the nonlinearity of
he residual-based stabilization terms in the stabilized method, the w′

rms does not decrease but increase somehow.
In the profiles of each single term in Fig. 8(b), it can be observed that, in comparison with the VMS method,

he present stabilized method does not cause a distinct change of the numerical diffusions provided by Terms 1⃝,
3 and 4⃝. The ⟨ϵ1⟩, ⟨ϵ3⟩ and ⟨ϵ4⟩ provided by the new stabilized method are similar to those provided by both
he VMS and SUPG methods. The ⟨ϵ2⟩ produced by the present stabilized method has opposite sign with the one
roduced by the VMS method, which mainly leads to increase of the numerical diffusion in the new stabilized
ethod. Owing to the nonlinearity of the addition numerical diffusion terms, small decreases of the ⟨ϵ1⟩, ⟨ϵ3⟩ and

ϵ4⟩ are triggered and the ⟨ϵ2⟩ profile by the new stabilized method is not completely symmetric with that by the
MS method about the axis ⟨ϵ2⟩ = 0.
In particular, not only does the proposed stabilized formulation improves the statistical results, its numerical

consistency also ensures that the numerical diffusion provided by the modelling terms dynamically reduces with
refinement until it vanishes when grid spacing satisfies DNS. These properties guarantee validity of the method in
other meshes.

7. Conclusions

The residual-based large eddy simulation by the variational multiscale method is interpreted as an implicit LES, in
which purely numerical diffusion terms replace the SGS model of the classical LES. The resolved large-scale energy
transportation equations are mathematically derived for turbulent kinetic dissipation analysis. Statistical results of
turbulent channel flow at Reτ = 180, including mean streamwise velocity, RMS of the velocity fluctuations and
Reynolds stress obtained using a coarse mesh are compared with the results obtained by the classical LES with the
Smagorinsky and dynamic SGS model. The present LES shows an advantage in predicting the statistical results of
the incompressible turbulent flows, especially for the second-order statistical quantities.

Particularly, the contributions of the unresolved small-scale presentation terms to the turbulent kinetic dissipation
are analysed for the VMS method in the study. It is found that the total turbulent kinetic dissipation provided by
the numerical diffusion in the VMS method is smaller in the inner layer, larger in the outer layer of the channel
flow than those by the Smagorinsky and dynamic SGS model. The total turbulent kinetic dissipation in the VMS
method is mainly given by the numerical diffusion provided by one of the “cross-stress” terms (Term I, same as
the stabilization term in the SUPG method) and LSIC term (Term IV) in the variational multiscale formulation.

The other one of the “cross-stress” terms (Term II) gives rise to the positive turbulent kinetic energy budget, and
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Fig. 8. Turbulent kinetic energy budget profiles provided by the additional numerical diffusion terms in the VMS, SUPG and new stabilized
nite element formulation at Reτ = 180.

oes not dissipate the turbulent kinetic energy. The so-called “Reynolds stress” term (Term III) in the variational

ultiscale formulation dissipates the turbulent energy but provides a very small numerical diffusion.
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On the basis of the turbulent kinetic energy dissipation analysis for the VMS method, a new residual-based
tabilized finite element formulation is proposed by modifying the large-scale equation in the VMS method.
umerical experiments of 2D lid-driven cavity flow and 3D benchmark turbulent channel flow are tested to validate

he proposed formulation. According to the results, all the stabilization terms in the proposed formulation produce
dditional numerical diffusions and physically increase the total turbulent kinetic dissipation. Therefore, an apparent
mprovement in both the first-order and second-order statistical quantities are pursued. In addition, the numerical
onsistency ensures that the numerical diffusions provided by the stabilization terms dynamically reduces with
efinement until it vanishes when griding space satisfies DNS, guaranteeing validity of the proposed formulation in
ther meshes.
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