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A B S T R A C T   

The past decades have witnessed frequent flood peak discharges increase in the Lower Yellow River (LYR). Yet no 
consensus for its mechanism has been achieved. Here 21 events of the peak discharge increase (PDI) in the period 
of 1973–2012 are analysed. It is shown that the mean increment of peak discharge increases from 810 m3/s to 
1158 m3/s and the frequency also increases from once every 2 years to once every 1.5 years after the completion 
of Xiaolangdi (XLD) Reservoir. Afterwards, the ordinary differential equations (ODEs) along the characteristics 
for the discharge are derived, from which seven factors (terms I ~ VII) that may affect the discharge variation are 
identified: the effects related to the longitudinal change in flow density (I), and in the product of flow density and 
flow area (II); the pressure terms due to river width gradient (III) and flow density (IV); the external forces (V); 
the momentum term due to bed deformation (VI); and the imbalanced advection (VII). Using field data of the 21 
events, the bed Manning roughness is back-calculated from the ordinary discharge equation, which agrees with 
the documented values very well. Quantitative comparisons of the seven factors indicate that the pressure term 
due to the river width gradient plays a major role in promoting the PDI in most events, whereas the external 
forces term is the primary cause that attenuates PDI. The rest influencing factors have marginal effects with a 
much smaller magnitude.   

1. Introduction 

The Yellow River is noted for the huge amount of sediment it carries 
from the Loess Plateau (Wang et al., 2022; Xu et al., 2022). A conse-
quence of the heavy sediment load is widespread flooding in vulnerable 
regions, causing serious casualties in history (Singh et al., 2021; Tian 
et al., 2019). Consequently, the Yellow River flooding has been a major 
disaster to Chinese people. In ancient times, the mainstream of the 
Lower Yellow River (LYR) shifted frequently due to the easily erodible 
river bed and banks, as well as the very high sediment overloading. At 
the time of the Ming Dynasty, this problem was partly alleviated by the 
strategy of “building high levees, and thus clearing sediments by 
converging flow” (Wang and Liu, 2019). Nevertheless, this has caused a 
“perched river” in the lower reach, where an abnormal phenomenon of 
downstream flooding peak discharge increase (PDI) has been noted, 
mostly in the reach from Xiaolangdi (XLD) to Huanyuankou (HYK) and 
farther to Jiahetan (JHT) (Fig. 1a). An illustrative example is shown in 
Fig. 1b: the flood peak discharge at HYK station is much higher than that 

at the XLD station. Since the PDI phenomenon may greatly aggravate 
flood risks, much attention has been paid to its forming mechanism (Li, 
2008; Li et al., 2014, 2017; Qi et al., 2011). 

There have been two types of PDIs depending on whether the 
floodplain is inundated. For PDIs before the completion of the XLD 
Reservoir in 1999, floods often inundate the floodplain, and it has been 
proposed that both strong erosion and the interaction between the main 
channel and the floodplain may play important roles for these PDIs. For 
example, Wang et al. (2009) inferred that the main channel erosion and 
floodplain deposition may transit a wide-shallow channel to a narrow- 
deep channel, leading to acceleration of the flood propagation and 
subsequently overlap of flood waves. Qi and Li (1996) suggested that the 
main channel erosion and floodplain deposition may increase the water 
surface gradient between the main channel and the floodplain, accel-
erating the water flowing from the floodplain to the channel. This could 
add to a next flood, thus resulting in a PDI. Li et al. (2017) simulated the 
hyperconcentrated flood (HF) of August 1992 in a schematized repre-
sentation of the channel-floodplain system in the LYR. This study 
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successfully reproduced the morphological features of channel erosion 
and floodplain deposition, which is an important basis for those previous 
explanations (Qi and Li, 1996; Wang et al., 2009). Moreover, some 
scholars have highlighted the role of strong bed erosion during the 
flooding process (Cao et al., 2012, 2006; Dong et al., 2012; Kuang et al., 
1999; Li et al., 2014; Wan and Wang, 1994). Cao et al. (2006, 2012) 
numerically investigated the 1977 HF (in the Xiaobeiganliu reach of the 
Middle Yellow River) and the 1992 HF (in the Lower Yellow River) in a 
schematic channel. These indicate that sufficient bed erosion can lead to 
considerable increase in the volume of water–sediment mixture and thus 
a PDI event. Similar findings were reported by Qi et al. (2011) and Li 
et al. (2014) when analysing the field data of the 1977 HF. Based on the 
eigenvalues of the governing equations, Ding et al. (2010) also suggested 
that considerable bed deformations may play a significant role in the 
propagation of shallow water waves. 

After the XLD Reservoir became operational in October 1999, floods 
are mainly constrained within the relatively deep channel without 
floodplain inundation. For such in-channel flooding PDIs, the following 
mechanisms have been proposed. First, the tail of the flood can be 
accelerated by hyperconcentration-induced drag reduction and catch up 
with the peak, thus yielding a PDI (Jiang et al., 2006; Li et al., 2014). The 
opinion of drag reduction is mainly motivated by experimental data 
between the drag coefficient and the sediment concentration (Einstein 
and Chien, 1955; Vanoni, 1946; Wang et al., 1998; Zhu and Hao, 2008). 
Relevant arguments include the hyperconcentration-related turbulence 
damping (Van Maren et al., 2009b; Winterwerp, 2001, 2006; Winter-
werp et al., 2009; Zhang, 1963) the increase of viscous sublayer thick-
ness in hyperconcentrated circumstances (Gust, 1976), and a reduced of 
form drag by lack of sand dunes (Qi and Sun, 2013; Wan, 1985). In 
contrast, Ma et al. (2017) reported that flood conditions in the Lower 
Yellow River approach the upper plane bed regime, so large-scale sand 
dunes may not exist. Second, the PDI is possibly caused by the instability 
during flood propagation (Zhong et al., 2013). Near-bed flow may 
behave as a Bingham fluid and form a stagnant layer (Engelund and 
Wan, 1984; Wan and Wang, 1994; Wang, 2002; Wang and Chien, 1984) 
below the main flow region dominated by turbulent Newtonian flow. If 
the propagating dynamic wave behaves as a reverse diffusion process, 
the stagnant layer may become unstable and mix with the flow above, 

thus contributing to the PDI. On the other hand, Qi and Sun (2013) argue 
that flood flow in the Lower Yellow River is fully turbulent (Chien, 1989; 
Chien and Wan, 1999; Van Maren et al., 2009a; Wang, 2002), and that 
river clogging and instability of laminar flows will rarely happen. 

Physically, flood wave propagation can be described by the shallow 
water equations (SWEs). Since the SWEs are hyperbolic, they can be 
rewritten as a set of ordinary compatibility equations along the char-
acteristics. Therefore, ordinary differential equations (ODEs) for the 
discharge are derived here, which facilitate an analytical investigation 
of the main contributors for discharge variations. From the ordinary 
discharge equations, influencing factors that may affect the discharge 
variation are identified and quantified using field data of 21 PDI events 
in the LYR. The validity of these understandings is supported by the 
satisfactory agreements between the back-calculated Manning rough-
ness and the documented roughness values. Section 2 reviews the 21 PDI 
flood events during 1973–2012 as the data preparation, and the detailed 
derivation and application of the ODEs are also introduced in Section 2. 
In Section 3, the model validation and the contributions of influencing 
terms are analysed. Uncertainties for these analyses are discussed in 
Section 4. Finally, we summarize conclusions in Section 5. 

2. Materials and methods 

2.1. Data preparation 

The PDI phenomenon usually occurs at the XLD− HYK− JHT reach in 
the LYR (Fig. 1). The Yellow River Conservancy Commission (YRCC) has 
documented hydrological data of these three stations. From these data, 
12 PDI events are identified during 1973–1999 (before the completion 
of the XLD Reservoir), and 9 PDI events are identified during 
1999–2012. This means approximately one PDI event occurs every two 
years before 1999, but every one and a half years after 1999. Table 1 
summarized some specific hydrographic and morphological data of the 
12 + 9 PDI events at the three stations. For the XLD and HYK stations, 
the following data are given: the time for occurrence of the peak 
discharge (Date and clock); the flood peak discharge (Q), the flow area 
(A), and the river width at the water surface (B), the volumetric sedi-
ment concentration (c) corresponding to the peak discharge; the change 

Fig. 1. (a) Sketch of the Lower Yellow River (adapted from Wu et al., 2008), (b) illustration of a PDI event using the 1992 flood as an example.  
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Table 1 
Basic hydrographic and morphological data of the 21 floods.  

Stage No. Peak time at XLD Xiaolangdi Peak time at HYK Huayuankou Jiahetan Propagation 
time 

Date Clock Q(m3/ 
s) 

A 
(m2) 

B(m) c(m3/ 
m3) 

ΔAs(m2) Date Clock Q(m3/ 
s) 

A 
(m2) 

B(m) c(m3/ 
m3) 

ΔAs(m2) Q 
(m3/ 

s) 

A 
(m2) 

B(m) c(m3/ 
m3) 

ΔAs(m2) Δti(h) 

1973 
- 

1999 

1 1973.08.27 01:42 4320 1250 240 0.042 − 780 1973.08.28 11:00 4710 2890 3190 0.045 1210 1550 792 524 0.034 639 33.3 
2 1973.09.02 12:00 4400 1640 214 0.125 − 780 1973.09.03 10:00 5890 2420 1620 0.128 1210 4440 1710 934 0.058 639 22 
3 1977.08.04 15:00 6960 2100 256 0.051 − 216 1977.08.04 23:00 7320 2950 1150 0.033 2447 1710 2240 523 0.017 7274 8 
4 1977.08.07 21:00 10,100 2510 259 0.318 − 216 1977.08.08 12:48 10,800 3840 2540 0.165 2447 3020 1540 485 0.057 7274 15.8 
5 1992.08.12 08:00 3050 1130 349 0.078 − 94 1992.08.13 09:00 3230 1460 1430 0.048 7297 1700 785 684 0.037 389 25 
6 1992.08.14 04:00 3600 1260 357 0.159 − 94 1992.08.15 00:00 4080 1650 617 0.087 7297 2930 1520 1400 0.035 389 20 
7 1992.08.15 15:42 4550 1600 380 0.198 − 94 1992.08.16 19:00 6430 3570 1630 0.086 7297 2530 973 567 0.057 389 27.3 
8 1992.08.23 16:00 3180 1140 357 0.022 − 94 1992.08.23 22:00 3340 1420 533 0.018 7297 2400 803 312 0.015 389 6 
9 1992.09.02 16:54 3400 1320 359 0.038 − 94 1992.09.03 07:00 3660 1440 561 0.035 7297 2860 1340 1130 0.035 389 14.1 
10 1996.07.18 04:00 2880 1150 364 0.154 1695 1996.07.18 13:36 3400 1440 1000 0.026 257 842 550 440 0.011 885 9.6 
11 1996.08.04 00:00 5020 1570 364 0.088 1695 1996.08.05 15:30 7860 4470 3160 0.024 257 2960 1830 1530 0.029 885 39.5 
12 1996.08.12 04:00 5090 1670 364 0.053 1695 1996.08.13 03:30 5560 1560 599 0.046 257 3670 1580 594 0.016 885 23.5 
Average 4713 1528 322 0.111    5523 2426 1503 0.062  2551 1305 760 0.033   

1999 
- 

2012 

13 2004.08.23 02:54 2590 1260 320 0.056 281 2004.08.24 01:00 4150 1930 575 0.014 − 253 875 662 516 0.001 − 245 22.1 
14 2004.08.26 10:00 2430 1150 323 0.050 281 2004.08.27 00:00 2730 1590 445 0.024 − 253 1060 866 690 0.067 − 245 14 
15 2005.07.06 12:00 2380 1190 1003 0.047 31 2005.07.07 05:24 3640 1520 1123 0.010 − 6032 680 958 978 0.001 − 6786 17.4 
16 2006.08.03 16:42 2080 1080 323 0.003 − 71 2006.08.04 08:30 3360 2150 705 0.003 384 1340 972 504 0.001 1432 15.8 
17 2008.06.30 10:18 4050 1680 382 0.041 − 116 2008.07.01 10:36 4600 2580 765 0.009 704 3870 1530 580 0.001 170 24.3 
18 2010.07.04 17:00 3580 1500 332 0.073 − 77 2010.07.05 12:36 6600 5690 1200 0.018 − 369 2600 1370 447 0.001 − 1065 19.6 
19 2010.07.27 22:00 2290 1090 324 0.012 − 77 2010.07.30 04:00 3100 1270 364 0.008 − 369 2600 1240 400 0.003 − 1065 54 
20 2011.07.04 21:18 2680 1250 330 0.100 10 2011.07.05 20:00 3900 1670 489 0.003 − 405 2890 1480 421 0.002 − 228 22.7 
21 2012.07.05 14:00 3050 1330 326 0.020 − 99 2012.07.06 00:00 3470 2120 788 0.017 − 49 1600 1370 448 0.002 370 10 
Average 2792 1281 407 0.045    3950 2280 717 0.012  1946 1161 554 0.009    

W
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of the bed area at cross section over the flooding event (ΔAs). For the 
JHT station, the timings for these measured data are not the time when 
the peak discharge arrives at JHT. Instead, the time for the measured 
data of JHT corresponds to the time of the peak discharge at XLD. The 
propagation time of peak discharge from XLD to HYK (Δti) is also shown 
in Table 1 (see the last column, which is calculated by 10 ~ 11 column 
minus 3 ~ 4 column). Fig. 2 presents the statistics of these 21 PDI events, 
including the discharge increase magnitude (QHYK-QXLD) from XLD to 
HYK (Fig. 2a) and the increasing percentage (QHYK-QXLD)/QXLD 
(Fig. 2b). 

From Table 1 and Fig. 2, the averaged peak discharge increment and 
increasing percentage are 810 m3/s and 17.2 % before 1999. In contrast, 
these are 1158 m3/s and 41.5 % after 1999, which are much larger than 
those before 1999. Nevertheless, the averaged peak discharges before 
1999 are 4713 m3/s at XLD and 5523 m3/s at HYK, which is much larger 
than those after 1999: 2792 m3/s at XLD, and 3950 m3/s at HYK. These 
indicate that, although the flow discharge has been modulated greatly 
due to the XLD Reservoir, the PDI phenomenon has become more and 
more serious (higher frequency, larger increasing increment and higher 
increasing percentage of discharges). 

2.2. Derivation and application of ODEs 

This section introduces the ODEs derived along the characteristics 
and discuss their application and applicability. Specifically, the ODEs 
are derived in Section 2.2.1. In Section 2.2.2, we propose two strategies 
applied to obtain the formulations for discharge variation. And the 
applicability of the deduced ODEs for the LYR is explored in Section 
2.2.3. 

2.2.1. Derivation of the ODEs 
The 1D cross sectional-integrated continuity and momentum equa-

tions for sediment-laden flows can be written as (Dou et al., 2014; Wu 

and Wang, 2007). 

∂(ρmA)
∂t

+
∂(ρmQ)

∂x
= −

∂
(
ρ′

sAs
)

∂t
(1)  

∂(ρmQ)

∂t
−

(
Q2

A2 − gh
)

∂(ρmA)
∂x

+
2Q
A

∂(ρmQ)

∂x

=

(

ρmgh2∂B
∂x

+ gA(h − hc)
∂ρm

∂x

)

+(G′ − T) (2)  

where x = streamwise coordinate, t = time; Q = flow discharge; As = bed 
area at cross section; A = flow area; B = river width at the water surface; 
h = A/B = average flow depth; hc ≈ 0.5h = flow depth at the cross- 
sectional centroid, with a rectangular cross section being assumed; g 
= gravitational acceleration; ρm = ρw(1 − c) + ρsc = density of the 
sediment-laden flow; ρ′

s = ρwp + ρs(1 − p) = density of the saturated 
bed; c = volumetric sediment concentration; ρw = water density, ρs =

sediment density, p = bed sediment porosity; G′

= ρmgAJb = streamwise 
component of gravity; Jb = bed slope; T = ρmgAJf = flow resistance; 
Jf = n2(Q/A)2

/h4/3 = friction slope; n = Manning roughness. 
To derive the ODEs (compatibility equations) along the character-

istics, Eqs. (1) and (2) are combined together by Eq. (1)× φ + Eq. (2), 
where φ is a coefficient to be determined later. This results in the 
following equation: 

∂(ρmQ)

∂t
+

(
2Q
A

+ φ
)

∂(ρmQ)

∂x
+φ

[
∂(ρmA)

∂t
+

1
φ

(

gh −
Q2

A2

)
∂(ρmA)

∂x

]

= C − φ
∂
(
ρ′

sAs
)

∂t
(3)  

where C = ρmgh2∂B
∂x +gA(h − hc)

∂ρm
∂x +G′

− T is related to the river width 
gradient (i.e., C1 = ρmgh2∂B

∂x), the flow density gradient (i.e., C2 =

gA(h − hc)
∂ρm
∂x ), the streamwise component of the gravity and the resis-

Fig. 2. (a) Peak discharge increment and (b) increment percentage between XLD and HYK station.  
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tance (C3 = G′

− T). Assuming 
( 2Q

A + φ
)
= 1

φ

(
gh − Q2

A2

)
= dx

dt (this requires 

φ = − Q
A ±

̅̅̅̅̅̅
gh

√
), Eq. (3) can be rewritten as: 

∂(ρmQ)

∂t
+

∂(ρmQ)

∂x
dx
dt

+

(

−
Q
A
±

̅̅̅̅̅
gh

√
)[

∂(ρmA)
∂t

+
∂(ρmA)

∂x
dx
dt

]

= C −

(

−
Q
A
±

̅̅̅̅̅
gh

√
) ∂

(
ρ′

sAs
)

∂t
(4) 

Considering the integral rule (d F(x, t)
dt =

∂ F(x, t)
∂t +

∂ F(x, t)
∂x

dx
dt), Eq. (4) 

can be rewritten as ODEs (5a) along the characteristics described by Eq. 
(5b): 

d(ρmQ)

dt
+

(

−
Q
A
±

̅̅̅̅̅
gh

√
)

d(ρmA)
dt

= C −

(

−
Q
A
±

̅̅̅̅̅
gh

√
) ∂

(
ρ′

sAs
)

∂t
(5a)  

dx
dt

=
Q
A
±

̅̅̅̅̅
gh

√
(5b) 

Thereafter, the propagation of disturbance in the fluvial process in 
space–time coordinates can be sketched as Fig. 3, where three positions 
(M at x0 and t0, F at x1 and t1, N at x2 and t0) are highlighted. 

Integrating the ODEs (Eq. (5a)) along their corresponding charac-
teristics respectively (Eq. (5b), see Fig. 3) gives: 
∫ F

M
d(ρmQ)+

∫ F

M

(

−
Q
A
+

̅̅̅̅̅
gh

√
)

d(ρmA)

=

∫ F

M

[

C − (−
Q
A
+

̅̅̅̅̅
gh

√
)

∂(ρ′

sAs)

∂t

]

dt (6a)  

∫ F

N
d(ρmQ)+

∫ F

N

(

−
Q
A
−

̅̅̅̅̅
gh

√
)

d(ρmA)

=

∫ F

N

[

C − (−
Q
A
−

̅̅̅̅̅
gh

√
)

∂(ρ′

sAs)

∂t

]

dt (6b) 

Applying to the integral median theorem (that is: 
∫ b

a f(x) d(g(x)) =

[βf(a) + (1 − β)f(b)][g(b) − g(a)], where β ∈ [0, 1] represents the 

weighting parameter) and letting ∂(ρ′sAs)

∂t ≈
ρ′sΔAs

Δt with ΔAs being taken as 
the change of the bed area at cross section during the time interval Δt, 
Eqs. (6a) and (6b) can be recast into: 

(ρmQ)F − (ρmQ)M +D1
[
(ρmA)F − (ρmA)M

]
= E1Δt +K1 (7a)  

(ρmQ)F − (ρmQ)N +D2
[
(ρmA)F − (ρmA)N

]
= E2Δt+K2 (7b)  

where D1 = β1

(
− Q

A +
̅̅̅̅̅
gh

√ )

M
+ (1 − β1)

(
− Q

A +
̅̅̅̅̅
gh

√ )

F
, 

D2 = β2

(
− Q

A −
̅̅̅̅̅
gh

√ )

N
+ (1 − β2)

(
− Q

A −
̅̅̅̅̅
gh

√ )

F
, 

Fig. 3. Sketch of the characteristic method as well as its projection to the three 
stations in the Lower Yellow River. Two characteristics (S+, S− ) drawn starting 
from M (x0, t0) and N (x2, t0) intersect at F (x1, t1). Whether the actual stations 
(XLD, HYK, JHT) can correspond to the sketch positions (M, F, N) depends on 
how close the LXH (i.e., 132 km) is to theLMF, as demonstrated in Section 2.2.3. 

Table 2 
Expressions of influencing terms in two strategies.  

Part Terms Physical implication Expressions in strategy 1 Expressions in strategy 2 

1 I longitudinal flow density change on the upstream 
discharge 

[(ρm)M
(ρm)F

− 1
]

QM 

[(ρm)M
(ρm)F

− 1
]

QM 

2 II longitudinal change of ρmA derived from advection and 
pressure term 

D1

(ρm)F
[(ρmA)M − (ρmA)F ]

1
(ρm)F

D1D2

D2 − D1
[(ρmA)M − (ρmA)N]

3 III temporal cumulative effect of pressure term caused by 
river width gradient 

Δt
(ρm)F

[β1(C1)M +

(1 − β1)(C1)F+]

Δt
(ρm)F

{
[β1(C1)M + (1 − β1)(C1)F+]D

′

2 + [β2(C1)N + (1 − β2)(C1)F− ]D1

D′

2 + D1

}

IV temporal cumulative effect of pressure term caused by 
flow density gradient 

Δt
(ρm)F

[β1(C2)M +

(1 − β1)(C2)F+]

Δt
(ρm)F

{
[β1(C2)M + (1 − β1)(C2)F+]D

′

2 + [β2(C2)N + (1 − β2)(C2)F− ]D1

D′

2 + D1

}

V temporal cumulative effect of external force including 
gravity and resistance 

Δt
(ρm)F

[β1(C3)M +

(1 − β1)(C3)F+]

Δt
(ρm)F

{
[β1(C3)M + (1 − β1)(C3)F+]D

′

2 + [β2(C3)N + (1 − β2)(C3)F− ]D1

D′

2 + D1

}

VI effect of momentum term due to bed deformation K1

(ρm)F 

1
(ρm)F

(
K1D′

2 + K2D1

D′

2 + D1

)

4 VII effect of imbalanced advection / 1
(ρm)F

D1

D2 − D1
[(ρmQ)M − (ρmQ)N]

Note: In this table, expressions of terms are rewritten by substituting the coefficient of each parts (i.e., α1 ∼ α3 in strategy 1, α1 ∼ α4 in strategy 2). The key factors in 

term III ~ V are involved in C1 = ρmgh2∂B
∂x

, C2 = gA(h − hc)
∂ρm
∂x

, C3 = G′

− T, and ΔAs involved in K1 and K2 for term VI. Additionally, term VI in strategy 2 can be 

rewritten in the form related to the longitudinal variation of ΔAs in M− F, N− F, and M− N reach: 
1

(ρm)F(D
′

2 + D1)

{

ρ′

sβ(1 − β)(−
Q
A
+

̅̅̅̅̅
gh

√
)M(

Q
A

+
̅̅̅̅̅
gh

√
)F [(ΔAs)F − (ΔAs)M]+ρ′

sβ(1 − β)(
Q
A

+
̅̅̅̅̅
gh

√
)N(−

Q
A
+

̅̅̅̅̅
gh

√
)F [(ΔAs)N − (ΔAs)F ]+ρ′

sβ
2(−

Q
A
+

̅̅̅̅̅
gh

√
)M(

Q
A
+

̅̅̅̅̅
gh

√
)N 

[(ΔAs)N − (ΔAs)M ]
}

, where β indicates the value of the weighting parameter, i.e., β1 = β2.  
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E1 = β1CM + (1 − β1)CF+, E2 = β2CN + (1 − β2)CF− , 

K1 = −
{

β1

[(
− Q

A+
̅̅̅̅̅
gh

√ )
ρ′

sΔAs

]

M
+ (1− β1)

[(
− Q

A+
̅̅̅̅̅
gh

√ )
ρ′

sΔAs

]

F

}
, 

K2 = −
{

β2

[(
− Q

A −
̅̅̅̅̅
gh

√ )
ρ′

sΔAs

]

N
+ (1− β2)

[(
− Q

A −
̅̅̅̅̅
gh

√ )
ρ′

sΔAs

]

F

}
, 

In the expressions of E1 and E2, distinct values of C at F (i.e., CF+ and 
CF− ) are involved. It is because: 1) the parameter C contains spatial 
gradients of the river width and flow density, and 2) the longitudinal 
variation features of the river width and the flow density may be 
different along the two characteristics. In the above parameters, β1 ∈ [0,
1] and β2 ∈ [0, 1] represent the weighting parameters for the relative 
contribution of M in the M− F reach and of N in the N− F reach, 
respectively. 

2.2.2. Strategies for using the ODE of discharge variation 
There can be two strategies to use Eq. (7)to attain the flow discharge 

at F. The most straightforward strategy (strategy 1) is only to use Eq. 
(7a), from which a relation of peak discharges between M and F can be 
obtained in the following: 

QF = QM +
α1QM

Part 1
+

α2[(ρmA)M − (ρmA)F ]

Part 2
+

α3Δt
Part 3

(8)  

where α1 =
(ρm)M
(ρm)F

− 1, α2 = D1
(ρm)F

, α3 = 1
(ρm)F

(
E1 +

K1
Δt
)
. 

From Eq. (8), the discharge at F is dictated by the discharge at M and 
three additional parts (Part 1, Part 2, and Part 3). As shown in Table 2, 
Part 1 ~ 2 involve only one influencing term, respectively (i.e., I in Part 
1 and II in Part 2). While Part 3 can be further divided into four influ-
encing terms (III ~ VI) by the substitution of the expressions of E1 and 
K1. All these terms have the dimension of L3/T. Following the expres-
sions of the six influencing terms in Table 2 (see the forth column), one 

can readily deduce their effects on PDI from a qualitative perspective, 
which lead to Fig. 4. 

Term I is the product of the coefficient α1 and the discharge at M. 
Since the discharge at M is always positive, the α1 value determines the 
role of term I. Since α1 =

(ρm)M
(ρm)F

− 1, term I represents the effect of the 
longitudinal flow density change on the PDI. Considering that the flow 
density depends directly on sediment concentration, a longitudinal 
decreasing sediment concentration means α1 > 0, and vice versa. 
Consequently, longitudinal decreasing sediment concentration would 
promote PDI, whereas a longitudinal increasing sediment concentration 
would attenuate PDI. 

Term II is the product of the coefficient α2 and the longitudinal 
variation of ρmA (i.e., ρmBh) in the M− F reach, where the coefficient α2 
depends on D1. Given that the flow in Yellow River is always subcritical 
(e.g., 

̅̅̅̅̅
gh

√
> Q

A), it can be easily proved that D1 is always positive. 
Consequently, α2 would be always positive. Therefore, it is the longi-
tudinal variation of the product ρmA that determines the effect of term II 
on the PDI. It is appreciated that a longitudinal decreasing ρmA would 
promote PDI, and in contrast, a longitudinal increasing ρmA would 
attenuate PDI. 

Terms III ~ VI are included in Part 3, reflecting the accumulated 
effects of four factors. The cumulative effects of pressure term due to the 
longitudinal river width gradient and the longitudinal flow density 
gradient are involved in terms III and IV, respectively. From the 
expression of term III, it is apparent that ρm, Δt, g, h are always posi-
tive, and accordingly, the effect of term III is dictated by the critical 
parameter ∂B

∂x . Apparently, a positive ∂B
∂x leads to a positive term III and 

the reverse a negative value. In other words, an increasing river width in 
the streamwise direction would facilitate PDI, and vice versa. Likewise, 

Fig. 4. Sketch of effecting mechanisms of critical factors on PDI. The subscript of ΔAs in strategy 1 denotes the bed area simultaneously change at M and F. It is noted 
that the influence of the ΔAs in strategy 2 is established under the condition that β1 = β2. 
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the effect of term IV depends on the critical factor ∂ρm
∂x as other parameters 

(ρm, Δt, g, h, hc, A) involved in its expression are always positive. 
Therefore, a longitudinal increasing flow density would promote PDI, 
whereas a longitudinal decreasing flow density would attenuate PDI. 
Term V is related to the cumulative effects of external force composed of 
gravity and resistance. It is recognized that the relative strength of the 
two forces determines the effect of term V because other parameters (ρm,

Δt) are positive in the expression. When the gravity is greater than the 
resistance (i.e., G′

− T > 0), term V would promote PDI, and vice versa. 
Term VI reflects the effect of the momentum term due to the bed 
deformation. The expression of K1 constituting term VI predominately 
involves two parts, i.e., the product of ( − Q

A +
̅̅̅̅̅
gh

√
), ρ′

s, ΔAs at M and F 
respectively, and the weighting parameter β1 determines their respec-
tive magnitudes. Since ( − Q

A +
̅̅̅̅̅
gh

√
) and ρ′

s are always positive, the effect 

Fig. 5. (a) Boxplot of the calculated value of LMF (the calculated values are shown to the side as gray, red, and blue dots which correspond to the value of LMF with β2 
taking 1, 0.5, and 0, respectively), and (b) relative deviation of the LMF from theLXH. The blue shaded area indicates the interval with deviation less than 30 %, i.e., 
|Rx| < 30 %. 

Fig. 6. (a) The gradients of river width, and (b) the flow density gradient at different reaches in each flood event.  
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of term VI is dictated by the change of bed area (ΔAs). It follows that the 
simultaneous bed degradation (i.e., ΔAs < 0) at both the two neigh-
bouring stations would promote PDI, and vice versa. Obviously, it is 
hard to determine the effect of term VI, given the inconsistent bed 
deformation (deposition or erosion) at the two stations. Under this 
condition, one has to take the value of β1 and the bed deformations of 
two stations into account to deduce the effect of term VI. 

The second strategy uses both Eq. (7a) and (7b) by the mathematical 
manipulation: Eq.(7b)× D1 − Eq.(7a)× D2, from which a relation of 
peak discharges among M, N and F can be obtained in the following: 

QF = QM +
α1QM

Part 1
+

α2[(ρmA)M − (ρmA)N ]

Part 2
+

α3Δt
Part 3

+
α4[(ρmQ)M − (ρmQ)N ]

Part 4
(9)  

where α1 =
(ρm)M
(ρm)F

− 1, α2 = 1
(ρm)F

D1D2
D2 − D1

, α3 = 1
(ρm)F

[(
E1D2 − E2D1

D2 − D1

)

+
(

K1D2 − K2D1
D2 − D1

)
1
Δt

]
, α4 = 1

(ρm)F

D1
D2 − D1

. 

From Eq. (9), the discharge at F depends on the discharge at M and 
four additional parts (Part 1 ~ 4), where the effects of the discharge at N 
are involved. Four influencing terms (III ~ VI) constitute Part 3, while 
only one influencing term for the other parts (i.e., I in Part 1, II in Part 2, 
and VII in Part 4). All terms here also have the same dimension of L3/T. 
A total of seven influencing terms (I ~ VII) defined in this strategy are 
shown in Table 2 (see the fifth column), from which their qualitative 
performance also is illustrated in Fig. 4. 

Term I obtained here is the same as that in strategy 1, associated with 
the longitudinal change of flow density in the M− F reach. As deduced 

above, a longitudinal decreasing sediment concentration would promote 
PDI, and the reverse would attenuate PDI. 

Term II is the product of the coefficient α2 and the difference of ρmA 
(i.e., ρmBh) between M and N, in which the coefficient α2 is determined 
by both D1 andD2. It can be proved that α2 is invariably positive due to 
the positive value of D1 and the negative value of D2 given the subcritical 
flow (e.g., 

̅̅̅̅̅
gh

√
> Q

A). Accordingly, the effect of term II depends on the 
difference of ρmA. Irrespective of the change of the middle reach, it is 
appreciated that a decreasing ρmA directed from M to N would promote 
PDI, whereas an increasing ρmA would inhibit PDI (see Fig. 4). 

It is similar to strategy 1, terms III ~ VI constitute Part 3 reflecting 
the accumulated effects related to the four key factors (i.e., ∂B

∂x , ∂ρm
∂x , G′

− T, 
ΔAs). However, the qualitative performances of the four terms are not 
identical to that in strategy 1 because the expressions are more 
complicated (see the fifth column in Table 2), taking into account the 
impact of the F− N reach. Specifically, positive parameters D1 and 
D′

2 = − D2 are introduced in terms III ~ VI. Following the expressions of 
terms III ~ V, their effects are directly determined by ∂B

∂x , ∂ρm
∂x , G′

− T due to 
other parameters (ρm, Δt, g, h, hc, A) are always positive. For terms III 
and IV, a monotonically increasing trend of the key factor in the 
streamwise direction would promote PDI, and vice versa. For term V, 
G′

− T > 0 would promote PDI, while G′

− T < 0 would inhibit PDI. The 
effect of term VI depends on K1D′

2 + K2D1, where K1 involves the bed 
deformation at M and F affected by β1, and K2 involves the bed defor-
mation at N and F affected by β2. It is difficult to determine the sign of 
term VI due to the complicated components in the expression, which 

Fig. 7. Bed slope of XLD− HYK, HYK− JHT and XLD− JHT reach before flood.  

Fig. 8. The back-estimated value of Manning roughness. (a) strategy 1, (b) strategy 2. The rough range of Manning roughness documented by YRCC is 0.004 ~ 0.058.  
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prevent a qualitative understanding for term VI. Given β1 = β2, the 
complicated expression can be simplified as the sum of three parts 
related to the longitudinal variation of ΔAs in the M− N, M− F, and F− N 
reach (as shown in the notes of Table 2). This provides an approach to 
clarify how the term VI is affected by bed deformation and facilitates the 
qualitative understanding of term VI. Accordingly, the longitudinal 
variation of ΔAs is used to predict the effect of term VI, i.e., a mono-
tonically increasing ΔAs would promote PDI, whereas a monotonically 
decreasing ΔAs would attenuate PDI. It is different from strategy 1, in 
which the ΔAs at M and F (i.e., erosion or deposition) are directly used to 
predict the effect of term VI. 

It is also noted that the effects of terms III ~ VI are difficult to be 
determined qualitatively in the case of non-monotonic variation along 
the M− F− N reach. Alternatively, their impacts may depend on the 
dominant reach. 

Apart from the above influencing terms, an additional term VII in 
Part 4 representing the influence of imbalanced advection transport 
between upstream and downstream is also considered. Term VII is the 
product of a coefficient α4 and the difference of ρmQ (i.e., ρmBhU) be-
tween M and N. The α4 is invariably negative with a positive D1 and a 
negative D2, and thus term VII is determined by the difference of ρmQ. 
Accordingly, an increasing ρmQ would promote PDI, whereas a 
decreasing ρmQ would attenuate PDI. 

2.2.3. Correspondence between M− F− N and XLD− HYK− JHT 
Before applying the discharge equation (either strategy 1 or strategy 

2), one should check whether the three stations (XLD, HYK, and JHT) 
can have a similar relation as M− F− N shown in Fig. 3. Under the 
assumption that the correspondence between XLD− HYK− JHT and 
M− F− N is established, the following relations are required: 

x1 − x0

t1 − t0
= β1

(
Q
A
+

̅̅̅̅̅
gh

√
)

XLD
+(1 − β1)

(
Q
A
+

̅̅̅̅̅
gh

√
)

HYK
(10a)  

x1 − x2

t1 − t0
= β2

(
Q
A
−

̅̅̅̅̅
gh

√
)

JHT
+ (1 − β2)

(
Q
A
−

̅̅̅̅̅
gh

√
)

HYK
(10b) 

For Eq. (10), we can take x1 − x0 (i.e., LMF in Fig. 3) as an unknown, 
which can be back-estimated from other parameters using measured 
data at the three stations. The discrepancy between the calculated LMF 

and the actual distance from XLD to HYK (i.e., LXH = 132 km) would 
indicate whether the three stations have a similar relation as M− F− N. 

However, flood wave propagation in the LYR is very complex, from 
inside the channel to overflowing on the floodplain, from relatively 
narrow-deep to wide-shallow channel. It is therefore inaccurate to 
directly adopt the characteristic celerity for estimation. As a compro-
mise, the characteristic celerity along the S+ characteristics (the right- 
hand side of Eq.(10a)) is replaced by the following estimation: LXH

Δti , 
where Δti is the actual time interval for peak discharge propagation from 
XLD to HYK (see the last column in Table 1). In addition, it is necessary 
to specify the β2 value for calculating LMF. Here we tentatively take three 
values (1, 0.5, 0) as examples. Fig. 5a shows the range of calculated LMF 
with different β2. On average, the calculated value of LMF is 108 km, 106 
km, and 109 km, against the β2 value of 1, 0.5, and 0, respectively. 
Fig. 5b shows the relative deviation of the calculated distance (LMF) from 
the actual distance between XLD and HYK (LXH), which is defined as 
Rx = (LMF − LXH)/LXH. From Fig. 5b, there are approximately two-thirds 
of floods with |Rx| < 30 % (the area highlighted by blue shading). 

Indeed, inevitable discrepancies arise in the above calculation. This 
is because a more accurate result requires a very small distance between 

Fig. 9. Variation trends sketch of filed data. Totally-six trends of measured physical factors (ρm, B, h, ΔAs, Q) including monotonic and non-monotonic variation 
from XLD station to HYK station then to JHT station are summarized in this figure. 
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M and N in Fig. 3, based on the assumption that the disturbance prop-
agates at a constant celerity. However, the hydrological survey is carried 
out only at the three adjacent stations (XLD, HYK, and JHT) along the 
river. There are no other stations in-between, and the next station is 
Gaocun, which is 70 km downstream of JHT station. Accordingly, in the 
absence of more available data for the LYR, it is advisable to assume M, 
F, and N as XLD, HYK, and JHT stations, respectively. 

3. Results 

3.1. Validation of the back-estimated roughness 

Prior to proceeding to estimate, the following parameters are spec-
ified as: ρw = 1000 kg/m3, ρs = 2650 kg/m3, p = 0.45 by referring to the 
Yellow River background. Parameters from the decomposition of each 
term in Eqs. (8-9) can be categorized into four types (i.e., type 1 ~ 4). 
Values of parameters in type 1 have been documented (e.g., Q, A) or can 
be readily computed (e.g., h, hc, ρm, ρ′

s, Δt = Δti and ΔAs = the 

difference in the cross-sectional area of the bed above a reference datum 
before and after the flood season, see Table 1) from the documented data 
in Table 1 (i.e., Q, A, B, c) and the parameters that have been specified 
above (i.e., ρw, ρs, p). Values of parameters in type 2 (e.g., ∂B

∂x,
∂ρm
∂x , Jb) 

can be computed from type 1 parameters using linear assumption. 
Among type 2 parameters, ∂B

∂x and ∂ρm
∂x are concerned about the spatial 

gradients of the river width and the flow density, and the values of 
which in the XLD− HYK and HYK− JHT reach are used at XLD and JHT, 
respectively. While ∂B

∂x and ∂ρm
∂x at HYK depend on which one of the 

characteristics follows along, i.e., the XLD− HYK reach is used at HYK for 
the S+ characteristics, whereas the HYK− JHT reach for the S− charac-
teristics (see Fig. 6). Fig. 7 shows the values of Jb, which are estimated by 
the longitudinal gradient of the bed elevation of the thalweg. It exhibits 
the appreciable difference between the upstream (XLD− HYK reach) and 
the downstream (HYK− JHT reach) of the HYK station, that is, the up-
stream reach (black line) is steeper than the downstream reach (red line) 
in most floods. To accurately describe this feature, the bed slopes of the 

Fig. 10. Estimated values of each influencing term normalized by the discharge increment for strategy 1.  
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XLD− HYK reach and the HYK− JHT reach are adopted at XLD and JHT, 
respectively. In particular, the bed elevation gradient in the XLD− JHT 
reach is used at the HYK station. It is noted that the filed data of bed 
elevation at the XLD station before 2006 are missing. And thus, the data 
at the closest Tiexie station is used as a replacement. Values of param-
eters in type 3 (i.e., β1, β2) must be specified manually, and three values 
(1, 0.5, 0) are tentatively used here. In addition, for the values of 
Manning roughness (i.e., n) in type 4, there is no systematically- 
documented data, but a rough range of which can be given from rare 
measured data. Therefore, it is proposed here to back calculate the 
Manning roughness from parameters of types 1 ~ 3. Afterwards, the 
back-calculated bed roughness is compared to the documented range, of 
which the discrepancy is adopted as an indicator for the reasonableness 
of the present method. Of particular note is that the bed material and 
bedform also considerably affect the roughness value. For instance, bed 
incisions accompanied by sediment coarsening after damming and the 
change of bed topography facilitate the development of large dunes, 
which contribute to the increase of flow resistance (Ma et al., 2022). All 

these impacts are incorporated into the back-calculated roughness value 
in the present study. 

Fig. 8 shows the back-calculated Manning roughness in strategy 1 
and strategy 2, where three scenarios are conducted in both strategies. 
Specifically, β1=1, 0.5, and 0 are used in strategy 1. For convenience in 
analysis, assuming β1 = β2 in strategy 2, and also three values (1, 0.5, 0) 
are used. In strategy 1, the roughness varies in 0.007 ~ 0.036, 0.008 ~ 
0.031 and 0.006 ~ 0.04 with the average roughness of 0.019, 0.015 and 
0.013 corresponding to β1 = 1, 0.5, and 0, respectively. In strategy 2, the 
average Manning roughness are 0.016, 0.014 and 0.014 whose variation 
ranges are 0.009 ~ 0.03, 0.008 ~ 0.03 and 0.009 ~ 0.039, corre-
sponding to β1 = β2 = 1, 0.5, and 0, respectively. It is appreciated that a 
larger roughness value is observed in No.2,3,4,18 floods. This is because 
of the relatively larger water depth (or flow area) in these floods, which 
leads to a larger C1 in No.2,3,4 floods when weighting parameters (β1, 
β2) take 1, or a larger G′ in No.18 flood when weighting parameters (β1, 
β2) take 0 or 0.5. These differences contribute to a large magnitude of 
parameter T (T = C1 + C2 + G′

− C) and therefore obtain a 

Fig. 11. Estimated values of each influencing term normalized by the discharge increment for strategy 2.  
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comparatively large roughness value (T = ρmgAJf , Jf =

n2(Q/A)2/h4/3). Numerical uncertainties are inevitable due to simpli-
fied assumptions of complex parameters during calculation (e.g., linear 
assumptions for parameters in type 2). Although the roughness values in 
these floods exhibit deviations from most floods, they are appreciable 
only in specific weighting parameters. Nevertheless, all the back- 
calculated roughness values are almost entirely within the rough 
range of previously documented results by the YRCC (0.004 ~ 0.058). 
The reasonably good agreement between the back-calculated roughness 

and the documented data proves the applicability of the ordinary 
equations for describing the downstream variation of peak discharge. 

3.2. Performance of influencing terms 

In this section, both the qualitative analysis of influencing terms and 
the quantitative results of 21 actual floods are employed to reveal in-
sights into the physical mechanism of PDI. Specifically, Fig. 9 shows the 
actually longitudinal change of some key factors (ρm, B, h, ΔAs, Q) from 

Fig. 12. Values of term I and IV in (a) strategy 1 and (b) strategy 2. The horizontal axis and vertical axis represent the value of term I and IV, respectively. In Fig. 12a, 
all data points are located at the second quadrant or the fourth quadrant, indicating term I and term IV are always opposite. It is not as so in Fig. 12b. 

Fig. 13. The variation of ρmB, Bh, ρmBh between upstream and downstream stations. (a1-a3) longitudinal variation between XLD and HYK station, (b1-b3) longi-
tudinal variation between XLD and JHT station, where a positive value of physical quantity means increasing and the reverse means decreasing. 
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the observed data, which is prepared to figure out the qualitative per-
formances of influencing terms in 21 floods. The longitudinal variation 
of field data involves six trends given the monotonicity of the longitu-
dinal trend and the relative magnitude of XLD and JHT. Both monotonic 
trend and non-monotonic trend are observed for the longitudinal change 
of flow density, river width, water depth, and bed deformation at the 
XLD− HYK− JHT reach, relative to the non-monotonic variation of flow 
discharge that always increases in the XLD− HYK reach and decreases in 
the HYK− JHT reach. For strategy 1, it is available to obtain the quali-
tative performances of terms I, III, IV by corresponding the actual trends 
of the flow density, river width in the XLD− HYK reach to the theoretical 
analysis in Fig. 4. Similarly, the qualitative performances of terms I, III, 
IV, VI in strategy 2 can be determined by the consistency between the 
monotonic trends of flow density, river width, bed deformation at the 
XLD− HYK− JHT reach and that in Fig. 4. However, the qualitative ef-
fects of terms II, VII is extremely hard to predict directly because the 
synchronous consideration of multiple factors is necessitated (ρm, B, h 
are involved in term II, and ρm, Q are involved in term VII). Apart from 
this, the qualitative performances of the influencing terms dictated by a 
non-monotonic variation in strategy 2 are also unpredictable. The 
quantification appears to be an imminent step towards revealing 
enhanced understanding of PDI, in recognition the fact that the uncer-
tainty of the effects for influencing terms may remain if only analyse 
from a qualitative perspective. Hence, the seven influencing terms are 
further quantified by documented data. To better compare their influ-
ence, each term is divided by the discharge increment, and the results 
are shown in Fig. 10 (strategy 1) and Fig. 11 (strategy 2). From Figs. 10- 
11, three types of factors that affect PDI are identified as: promoting 
factors, inhibiting factors and uncertain factors, which are discussed in 
detail below. For convenience, results relating to β1 = β2 = 1 is used for 

discussion, whereas the influence of β1, β2 is discussed in Section 4. 

3.2.1. Promoting factors 

3.2.1.1. Pressure term due to the river width gradient. Term III is the 
pressure term due to the gradient of river width, which is always positive 
in Fig. 10. From a qualitative sense, the effect of term III in strategy 1 
depends on the longitudinal variation of river width in the XLD− HYK 
reach. It is recognized that a longitudinal increasing river width would 
promote PDI (see Fig. 4). Not surprisingly, appreciable increases of the 
river width from XLD to HYK station are observed in all the 21 floods 
(see Fig. 9) confirming the promoting effect of term III. Also in Fig. 10, 
the much greater magnitude of term III further illustrates the dominant 
role of term III in promoting PDI from a quantitative sense. In strategy 2, 
term III is closely related with the longitudinal variation of river width in 
the XLD− HYK− JHT reach. Qualitatively, term III would promote PDI 
when the river width monotonically increases in the streamwise direc-
tion, and vice versa (see Fig. 4). Yet, as shown in Fig. 9, the river width 
monotonically increases only in 4 floods (Nos.6,9,14,19), while it al-
ways increases along XLD− HYK reach but decreases along HYK− JHT 
reach in the rest floods. Interestingly, it is seen in Fig. 11 that term III is 
invariably positive in 21 floods. It is apparent that the promoting effect 
due to a positive term III still prevails in each flood. This indicates the 
increasing river width in the XLD− HYK reach appears to be more 
dominant for these non-monotonic circumstances. From a quantitative 
sense, term III is still prevailing with a relatively appreciable magnitude, 
which is the largest in 9 floods (Nos.7,10~14,18~20) and the second 
largest in 11 floods (Nos.1~6,9,15~17,21). 

Fig. 14. Effects of weighting parameter on estimation of influencing terms, which is illustrated by comparing (X)β=1 − (X)β=0 against (X)β=0.5 − (X)β=0, where X 
represents different terms (II, III, IV, V, VI, VII), and the subscript of X indicates the values of the weighting parameter. 
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3.2.2. Inhibiting factors 

3.2.2.1. External force term. Term V is the external force term that 
comprises gravity and resistance, whose effects is determined by the 
relative strength of gravity and resistance. It is seen in Fig. 10 and Fig. 11 
that term V is negative in nearly 20 floods (except No.15) in both stra-
tegies, indicating that the resistance prevails and it is greater than 
gravity in most floods. Accordingly, the greater magnitude of negative 
term V is evoked by the prevailing of the resistance. In strategy 1, term V 
is a secondary influencing factor relative to term III for most floods from 
a quantitative sense (except Nos.2,10,15). While in strategy 2, term V is 
the most dominant in 12 floods (Nos.1~6,8,9,15,17,21), and it is sub-
dominant for other 9 floods. These all demonstrate the external force 
term plays the paramount role in attenuating the PDI. 

3.2.2.2. Longitudinal decreasing flow density. The influence of longitu-
dinal flow density change is incorporated both in term I and term IV. The 
former reflects the effect of density variation on upstream flow 
discharge, and the latter is the pressure term due to the longitudinal 
density gradient. A unique feature is obvious according to the qualitative 
analysis of strategy 1 (see Fig. 4), that is, as the flow density decreases 
longitudinally in the M− F reach, term I promotes PDI but term IV at-
tenuates PDI, and vice versa. It is seen from Fig. 9 that the flow density 
decreases in the XLD− HYK reach in 19 floods (except Nos.1,2 floods). 
Consequently, one can readily infer that term I promotes PDI and term 
IV attenuates PDI is prevalent. Yet, the magnitudes of terms I and IV are 
mostly far smaller than other terms so that they are hardly found to be 
visible in Fig. 10. Thus Fig. 12 is given to exhibit the term IV against term 
I, where the horizontal coordinate represents term I and the vertical 
coordinate represents term IV. It is clearly seen in Fig. 12a that the data 

points are mostly distributed in the fourth quadrant. This quantitative 
performance further underpins the inference from the above qualitative 
analysis, i.e., term I predominantly promotes PDI while term IV shows 
the completely reverse effect. 

Term I in strategy 2 is the same as that in strategy 1. While an 
essential difference has to be noted in term IV is that its effect depends 
on the density change in the XLD− HYK− JHT reach. It is obvious that the 
attenuation of PDI due to term IV would be achieved, given the flow 
density decreases monotonically in the XLD− HYK− JHT reach. From 
Fig. 9, it is seen that the density decreases monotonically in most floods 
(Nos. 3~10,12,13,15~21). Consequently, one can readily deduce the 
reverse effects of term I in relation to term IV are evident in these floods, 
i.e., term I plays a facilitating role in PDI while term IV plays an 
inhibitory role (see Fig. 12b). Yet, also a few floods with non-monotonic 
changes of flow density are documented in Fig. 9. Specifically, the flow 
density decreases in the XLD− HYK reach but increases in the HYK− JHT 
reach for Nos.11,14 floods, which is in contrast to Nos.1,2 floods. It is 
hard to infer the effect of term IV for these floods with complex variation 
of the longitudinal density from a qualitative sense. By referring to the 
quantitative results, it is found that term IV promotes PDI in No.1 flood, 
and it attenuates PDI in Nos.2,11,14 floods. It is also noted that both 
term I and term IV play a role in promoting PDI in the No.2 flood. This 
indicates the effects of term I and term IV may not be rigorously opposite 
under the condition of a non-monotonic variation of flow density. 

Furthermore, a significant feature deserves particular attention, that 
is, although term I is positive in most floods (e.g. Nos.2~21 flood), its 
magnitude is generally lower than term IV (see Fig. 12). From the 
quantitative results, considering the combined role of term I and term 
IV, an inhibiting effect on PDI due to the longitudinal density variation 
prevails in most floods (except Nos.1,2,8 flood in strategy 1, and 

Fig. 15. Relative deviation range of roughness with the variation of ΔAs, gradient of river width and flow density in (a) strategy 1 and (b) strategy 2. The horizontal 
coordinate represents three situations with weighting parameter of 0, 0.5, 1. The relative deviations of 21 floods are denoted by the scatter dots, and 10 % ~ 90 % of 
the data distributes in the box. 
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Nos.1,8,14 in strategy 2). Consequently, the longitudinal change of flow 
density mostly plays a role in inhibiting PDI, however, this effect is 
marginal with a sufficiently small magnitude. 

3.2.2.3. Imbalanced advection transport. Term VII is an additional term 
due to the lower HYK− JHT reach is considered in strategy 2. It repre-
sents the effect of imbalanced advection transport, which is dependent 
on the difference of ρmQ between XLD and JHT. According to the 
qualitative analysis, an increasing ρmQ directed from XLD to JHT would 
promote PDI, and vice versa. The documented observation provides the 
respective features of the flow density and the flow discharge, which are 
the decomposition of ρmQ (see Fig. 9). Specifically, the flow density and 
the flow discharge of XLD station are mostly greater than that of JHT 
station (except No.14 flood with a greater density and Nos.2,19,20 
floods with a greater discharge at JHT station). Consequently, the 
product of the density and the discharge of XLD station is mostly greater 
than that of JHT station (except in No.19 flood). This results in a 
negative term VII to attenuate PDI for most floods. Also term VII has only 
a marginal influence on PDI, because its magnitude is comparatively 
small. 

3.2.3. Uncertain factors 

3.2.3.1. Longitudinal change of ρmA due to the pressure gradient and 
advection. The effect of term II depends on the longitudinal variation of 
ρmA (i.e., ρmBh), It is recognized that a longitudinal decreasing ρmBh 
would promote PDI, and vice versa. Obviously the variations of the 
physical quantities, e.g., ρm, B, h may affect the value of the product 
ρmBh. According to the field data (see Fig. 9), the river width increases in 
all floods, while the flow density (except Nos.1,2) and the water depth 
(except Nos.14,15,18,19) mostly decreases along the XLD− HYK reach. 
To clarify how the term II is affected by these physical quantities 
(ρm, B, h), further calculations of the spatial gradients of ρmB, Bh, and 
ρmBh are conducted. As shown in Fig. 13, the values of these gradients 
measure the longitudinal variations of ρmB, Bh, and ρmBh, in which a 
positive value means increasing longitudinally and the reverse means 
decreasing longitudinally. Fig. 13a shows the gradients for the 
XLD− HYK reach corresponding to strategy 1. It is seen that ρmB, Bh, and 
ρmBh are longitudinally increases in most floods. The longitudinal 
increasing river width appears to be dominant in the variations of ρmB 
and Bh due to the density and water depth are generally decrease. It is 
also noted that the longitudinal variation of ρmBh is basically in accor-
dance with that of Bh (i.e., flow area). As a result, the negative term II 
always attenuate PDI (except No. 12). 

In strategy 2, the effect of term II is dependent on the longitudinal 
variation of ρmBh between XLD and JHT. According to the field data (see 

Fig. 9), the river width increases (except Nos.8,15), while and the flow 
density (except No.14) and the water depth mostly decreases between 
XLD and JHT station. Fig. 13b shows the variations of ρmB, Bh, and ρmBh 
between XLD and JHT station. It is found that the ρmB also increases in 
most floods, which is primarily ascribed to the increasing river width. 
However, it is hard to find out the predominant physical quantity that 
affects the longitudinal variation of Bh because of its uncertain perfor-
mance, which increases in some floods (Nos.2,3,6,9,11,19~21) and 
decreases in other floods. Nevertheless, the longitudinal variation of 
ρmBh is also consistent with that of Bh in most of floods (except No.2). 
This means the effect of term II is indeed sophisticated, it plays a dual 
role in PDI, i.e., promoting or attenuating PDI in different floods. 

3.2.3.2. Momentum term due to bed deformation. Term VI reflects the 
effect of momentum term caused by bed deformation, which is deter-
mined by not only the local bed deformation of the neighbouring sta-
tions, but also the value of weighting factor. Under the assumption of β1 
= 1 herein, term VI would promote PDI with the erosion of XLD in 
strategy 1. From Table 1, it is seen that the river bed is eroded (i.e., 
ΔAs < 0) at XLD station in more than a half of floods 
(Nos.1~9,16~19,21). Not surprisingly, the promoting effect of term VI 
in these floods (Nos.1~9,16~19,21) is expected according to the 
quantitative results. 

In strategy 2, term VI is closely related to the longitudinal variation 
of ΔAs. From Fig. 9, the ΔAs varies monotonically only in a few floods (e. 
g., Nos.3,4,16,21 flood with a longitudinal increasing ΔAs and 
Nos.15,18,19 flood with a longitudinal decreasing ΔAs). Correspond-
ingly, it is certain that term VI promotes PDI in Nos.3,4,16,21 flood, 
while it attenuates PDI in Nos.15,18,19 flood (see Fig. 11). There are 
some floods in which the ΔAs varies non-monotonically (see Fig. 9). It is 
found that term VI promotes PDI in Nos.1,2,5~9,17 flood, in which the 
ΔAs increases along the XLD− HYK reach and decreases along the 
HYK− JHT reach. In contrast, term VI attenuates PDI in Nos.10~14,20 
flood, in which the ΔAs decreases along the XLD− HYK reach and in-
creases along the HYK− JHT reach. There is in fact reasonably good 
agreement between the quantitative performance of term VI and its 
qualitative analysis exclusively based on the XLD− HYK reach. This also 
suggests that the flow discharge increases at HYK station seem to be 
more sensitive to the bed deformation upstream of HYK station. 

4. Discussion 

4.1. Effects of the weighting parameters β1 and β2 

From Eqs. (6-7), the weighting parameters β1 and β2 determines the 
relative contribution of two neighbouring stations (β1 for M and F, β2 for 

Fig. 16. The range of Manning roughness corresponds to the variation of bed slope in (a) strategy 1 and (b) strategy 2.  
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N and F) on estimation of these seven factors. In section 3.2, results are 
obtained by setting β1 = β2 = 1. Here their effects are discussed by 
setting their values to 0 and 0.5. Fig. 14 presents the effects of weighting 
parameters on estimation of influencing terms. Firstly, it is seen that the 
responses of influencing terms to the increasing weighting parameter 
involve two tendencies, i.e., increasing either positively or negatively of 
the influencing terms in magnitude. A larger value of weighting 
parameter seems to mainly lead to a positive increasing trend for term 
III, relative to a negative increasing trend for term V and term VII. Yet 
uncertainties in changes of terms II, IV, VI remain as the weighting 
parameter increases. Secondly, variations of weighting parameters are 
inevitably affect the value of influencing terms in a quantitative sense, 
yet, the general impacts on PDI hold qualitatively for most terms, as 
presented above in Figs. 10-11. Nevertheless, it is noted that there are 
still a few terms, whose effects on PDI are rather sensitive to the change 
of weighting parameter. The most telling case is terms V and VI in 
strategy 1, the effects of which involve apparent inconsistency as the 
change of β1 in some floods (e.g., Nos.3,5~9,15 for term V, and 
Nos.1~9,13~17,20 for term VI, the discrepancy of which are almost 
invisible in some floods because the small order of magnitude of terms, 
see Fig. 10). The discrepancy is justified because the deformation area as 
the key factor in term VI may show considerable discrepancy in neigh-
bouring stations, which may indirectly affect term V. Irrespective of 
these minor variation, term III and term V always play the predominant 
role over all influencing terms regardless of the value of β1 and β2 for 
most floods. Finally, the considerable span of the circle points is seen 
relative to the diamond points, which concentrate near the origin. This 
indicates the difference as the change of weighting parameter appears to 
be enlarged for floods before 1999 relative to that after 1999, which may 
be ascribed to the difference features of PDI events after the completion 
of XLD reservoir. In summary, the weighting parameter has a marginal 
influence on the qualitative effects of terms. Though the values of 
influencing terms inevitably exhibit quantitative discrepancies with the 

change of weighting parameter, and may lead to the reverse effects for a 
few influencing terms that are sensitive to the weighting parameter. 
Nevertheless, their effects are substantiated comparatively weak on PDI 
in a quantitative sense. Therefore, the recognition that the effects of 
term III and term V prevail are invariable. 

4.2. Sensitivity of Manning roughness to estimated parameters 

4.2.1. Performance of sensitivity metric 
In this study, the accuracy of the estimated discharge variation de-

pends on the precise knowledge of parameters involved in the Eqs. (8-9). 
However, it is difficult to determine the parameters with highly complex 
evolution during the spatial and temporal development of the fluvial 
process, due to the fact that synchronous accurate field measurements 
are lacking. This necessitates simplified estimations for some parameters 
in poorly available data occasions. For example, multiple distinct peak 
discharges may successively ensue over the whole ongoing flood season, 
severely limiting the conduct of field surveys for individual floods. This 
leads to the real-time measurements of bed deformation during the flood 
season are prohibitively difficult to make. Therefore, the bed deforma-
tion data for the multiple floods in the same year used in this study are 
identical. Similarly, parameters like the gradient of river width, the 
gradient of flow density, and bed slope are also uncertain with longi-
tudinal heterogeneity due to the absence of measurements between the 
adjacent stations. Herein, the assumption of linear variation approxi-
mately for these parameters is employed to address this point. To gain 
further insights into the potential error due to these approximation 
constraints on the parameters, we recalculate the Manning roughness 
after multiplying these parameters by factors of 2 and 0.5, respectively. 
The relative deviation of roughness value (i.e., the relative deviation 
Rn = (n∗ − n)/n, where n∗ represents the value of Manning roughness 
calculated by doubled parameter or halved parameter, and n is the back- 
estimated roughness value in Section 3.1) makes it available for 

Fig. 17. Comparison of term II in (a1-a3) strategy 1 and (b1-b3) strategy 2.  
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assessing the sensitivity of the approximation. 
Fig. 15 shows the relative deviations of roughness for the variation of 

ΔAs, ∂B
∂x , ∂ρm

∂x , and Jb. In Fig. 15, the horizontal coordinate denotes 
different values of weighting parameter, the relative deviations of 21 
floods are denoted by the scatter dots, and the box represents the dis-
tribution range of 10 % ~ 90 % of the data. From Fig. 15, the maximum 
average deviations corresponding to the variations (including doubled 
and halved) of ΔAs, ∂B

∂x , ∂ρm
∂x , and Jb are 2.3 %, 10.8 %, − 0.14 %, and 43.5 

% in strategy 1, while that in strategy 2 are 0.4 %, 8.3 %, − 0.12 %, and 
40.6 %, respectively. It is apparent that the slight deviations for the 
parameters ΔAs, ∂B

∂x , ∂ρm
∂x are generally satisfactory. Yet, the deviation of 

the roughness value in line with the variation of Jb appears to be un-
expected. With the variation of bed slope, a comparatively large error 
tolerance is attained, which even amounts to 89 % and 45 % in strategy 
1 and strategy 2, respectively. In this regard, Fig. 16 is papered to exhibit 
the values of Manning roughness for the variation of bed slope. It is seen 
in Fig. 16 that the values of roughness are entirely within a rational 
range determined by the rare measured data, indicating the applicability 
of the roughness even with varied bed slopes. In general, although the 
Manning roughness is rather sensitive to the variation of bed slope, the 
simplified assumption has only a marginal influence on the estimation. 

4.2.2. Restriction of sensitivity verification 
A pivotal issue about the approach to testing sensitivity merits 

attention. Indeed, flood propagation is accompanied by energy con-
version from upstream to downstream. During the process, intimate 
relationships are not only developed between the hydraulic parameters 
but also between the upstream and downstream stations. Yet, the 
treatment of exclusively changing the tested parameter to recalculate 
roughness value may bring uncertainty to the application in actual 
floods. In present study, such a particular case occurs in the No.8 flood 
with β1 = 0 of strategy 1. It is apparent that the value of Manning 

roughness can be obtained by T = ρmgAJf = ρmgA n2(Q/A)2

h4/3 , one has to 
pre-determine the value of T during the back-estimation to solve for 
roughness. However, a negative resistance T is obtained by T =

ρmgh2∂B
∂x +gA(h − hc)

∂ρm
∂x +G′

− C during the back-estimation, resulting in 
no solution for roughness under this circumstance. This is because the 
parameter C is sufficiently large to lead to a negative T on the premise of 
other items are positive in this expression. Thereby, a large value of E is 
required to figure out the sufficiently large value of C. Following Eq. 
(7a), E1 can be calculated by E1 =

[(ρmQ)F − (ρmQ)M ]+D1 [(ρmA)F − (ρmA)M ]− K1
Δt , from 

which a larger value of E1 can be obtained by the negative K1 or a 
smaller Δt. Accordingly, the No.8 flood is featured by heavy deposition 
of riverbed and the short propagation time of flood peak. The former 
leads to a large E1 by affecting K1, and the latter provides a small Δt, 
both of which contribute to a negative T. 

4.3. Evaluation of strategies 

Present two strategies in this study have led to the recognition that 
the most predominant factors spurring PDI events are the pressure term 
due to the river width gradient (term III) and the external force term 
(term V). Yet, quantitative differences in influencing terms are expected 
due to distinct approaches to applying the ODEs for evaluating the 
discharge variation. Following the Eqs. (8-9) deduced by these ap-
proaches, the differences in each term arise from the different river 
reach adopted to solve discharge at HYK. The XLD− HYK reach upstream 
of the HYK is used in strategy 1, while the upstream (XLD− HYK) and 
downstream (HYK− JHT) reach of the HYK both are used in strategy 2. In 
strategy 2, term VII is added to represent the influence of discharge 
change between upstream and downstream. Nevertheless, term VII has a 
marginal effect on PDI in terms of its magnitude. Instead, a more marked 
distinction occurs in term II. To better compare its influence, the value of 
term II is divided by the discharge increment, as shown in Fig. 17. Term 

II mostly inhibits PDI in strategy 1 but promotes PDI in strategy 2. This is 
because the longitudinal variation of ρmA increases in XLD− HYK reach 
of strategy 1, but rather, decreases in XLD− JHT reach of strategy 2 (see 
Fig. 13 (a3, b3)). 

Of more interest is which strategy can explain the causes of PDI 
precisely. It requires a reliable analysis based on the field data during 
floods for validation not only from a qualitative perspective but also 
from a quantitative perspective. Some previous studies have provided 
valuable insights into the primary causes of PDI from a qualitative sense, 
however, these studies mostly focus on the predominant causes in a few 
specific floods. It is appreciated that whether the flood peak increases or 
decreases is a very complicated process that depends on the interaction 
of multiple factors according to the analysis in this study. Yet the causes 
with a marginal influence on PDI have rarely been incorporated in the 
aforementioned studies. In addition, the quantitative analysis based 
upon field data is mostly hindered by the insufficient consecutive ob-
servations. As such, the applicability in practice of the two strategies 
remains to be verified. However, a basic consensus that should be 
reached is that the primary influencing factors of PDI (i.e., term III and 
term V) are identical in both strategies. 

5. Conclusions 

The ordinary differential equations along the characteristics are 
derived from the cross sectional-integrated continuity and momentum 
equations for sediment-laden flows. Two strategies are proposed to use 
the derived equations for evaluating the discharge variation, from which 
seven factors that may affect the PDI are obtained. The seven influencing 
factors of PDI are further quantified by applying the hydrological data of 
21 floods during 1973–2012 in the Lower Yellow River to reveal new 
insights into the mechanisms for PDI. The following conclusions are 
drawn from this study: 

The PDI phenomenon caused by the hyperconcentrated floods ap-
pears more intense after the completion of XLD Reservoir with 2.4 times 
increment and 1.5 times frequency higher than before. 

The PDI is a complicated process depending on the interaction of 
multiple factors, involving the effects of the flow density change on the 
upstream discharge (term I), the longitudinal change of ρmA due to the 
pressure gradient and advection (term II), the pressure term due to the 
river width gradient (term III), the pressure term due to the flow density 
(term IV), the external forces composed of gravity and resistance (term 
V), the momentum term due to bed deformation (term VI), and the 
imbalanced advection (term VII). 

The quantitative comparison of influencing factors confirms that the 
effects of term III and term V prevail, whereas other influencing terms 
are minor. Specifically, the PDI is mostly promoted by the positive 
pressure term III due to the longitudinal increasing river width, while it 
is attenuated by the external forces (term V), the imbalanced advection 
transport (term VII), and the combined role of terms I and IV related to 
the longitudinal decreasing density. Yet, the effects of term II and term 
VI remain uncertain because the appreciable discrepancy of the per-
formance in different floods. 

Uncertainty is inevitable due to the uniqueness of each flood and the 
approximation constraints for insufficient observations. Nevertheless, 
the consensus of PDI can be reached in this study on the basis of the 
commonalities of most floods by reasonable assumption and approxi-
mation. This is sensible, given the fact that precise estimation of each 
flood is hard to carry out at present due to the lacking of available data. 
Additionally, the quantification in the present study tentatively provides 
an approach to realizing the mechanism of PDI in a physical sense, 
which facilitates the enhanced understanding of the reasons for PDI. 
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