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Explicit anharmonicity, defined as the vibrational contribution beyond the quasiharmonic approximation, is
qualitatively different between the group V and group VI bcc refractory elements. Group V elements show a
small and mostly negative anharmonic entropy, whereas group VI elements have a large positive anharmonic
entropy, strongly increasing with temperature. Here, we explain this difference utilizing highly accurate an-
harmonic free energies and entropies from ab initio calculations for Nb and Ta (group V), and Mo and W
(group VI). The numerically calculated entropies are in agreement with prior experimental data. The difference
in behavior between the two sets of elements arises not from their high-temperature behavior but rather from
the 0 K quasiharmonic reference state. We understand this by analyzing the 0 K and the high-temperature
phonon density of states and the electronic density of states. The qualitative difference disappears when the
anharmonicity is instead referenced with a high-temperature effective harmonic potential. However, even for an
optimized effective harmonic reference, the remaining effective anharmonicity is significant. The reason is that
the anharmonicity in the bcc systems—carried by asymmetric distributions in the nearest neighbors—can never
be accounted for by a harmonically restricted potential.

DOI: 10.1103/PhysRevB.107.014301

I. INTRODUCTION

A dominant contribution to the thermodynamics of materi-
als is provided by atomic vibrations. The de facto standard
to account for vibrations is the quasiharmonic (QH) ap-
proximation [1,2]. However, the QH approximation neglects
phonon-phonon interactions which are known to critically
affect thermodynamic properties at high temperatures [3,4].
Based on recent developments, it is now possible to efficiently
compute the contribution of phonon-phonon interactions
beyond the QH approximation—also known as “explicit
anharmonicity”—to thermodynamic potentials to high preci-
sion within an ab initio framework [5–7].

In earlier literature [8], explicit anharmonicity was con-
sidered negligible for fcc materials. Only with the recent,
advanced techniques, the significance of anharmonic free en-
ergies for a number of fcc systems has been shown. Glensk
et al. [9] performed a systematic study of the anharmonic con-
tribution on a wide range of fcc metals using thermodynamic
integration. All fcc metals showed a positively increasing
anharmonic contribution to the free energy with increasing
temperature. The anharmonicity in the close-packed metals
is carried mostly by the interaction of the nearest neighbors.
In particular, the distribution of the first nearest neighbor is
strictly asymmetric along the nearest-neighbor direction and
cannot be captured by a harmonic potential, neither a 0 K nor
a high-temperature effective harmonic potential [9].

In comparison to fcc systems, bcc systems are expected to
have much higher anharmonicity owing to their more open

crystal structure. The anharmonicity manifests not only in the
first nearest neighbors but in multiple nearest neighbors in the
system. In fact, the significantly higher anharmonic contribu-
tion to the free energy has been shown in various bcc systems.
For example, the fully anharmonic contribution was included
in the free-energy calculations for bcc Nb [7]. Similar results
were also observed for more complex bcc systems such as
refractory high entropy alloys [10,11], where neglecting the
anharmonic contribution significantly affects the calculated
thermodynamic properties.

In a work performed several years ago [12,13], an ex-
perimental determination of the explicit anharmonic entropy
(aided by theoretical models) was performed for several tran-
sition metals. In their work, Eriksson et al. [12] calculated
the anharmonic entropy by subtracting the electronic and
QH entropy from the total entropy. The total entropy was
obtained from experimental heat capacities, the QH entropy
from neutron scattering experimental data, and the electronic
entropy using the linear muffin tin orbital approach. Unlike
fcc systems that are qualitatively consistent in their trend in
the anharmonic entropies, critical differences were noticed
within the bcc metals. The experimentally calculated explicit
anharmonic entropies from Ref. [12] are displayed in Fig. 1
for the bcc refractory metals at the respective melting points.
Specifically, the group V elements show a small and mostly
negative anharmonic entropy (with the exception of vanadium
which is predominantly small and negative but becomes small
and positive at temperatures near the melting point). On the
other hand, the group VI elements, with an additional valence
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FIG. 1. Experimentally calculated explicit anharmonic entropies
(in kB) (bottom right) at the melting point (top right) for group V
and group VI elements from Ref. [12]. The four refractory elements
studied in this paper are colored in blue and orange.

electron, show a large and positive anharmonic entropy that
increases with temperature. The difference in the explicit an-
harmonicity between the group V and group VI bcc refractory
elements is not thoroughly explained in the literature.

In the present paper, we use ab initio-based techniques to
understand this difference. We restrict our analysis to the four
refractory elements: Nb and Ta from group V (colored in blue
in Fig. 1) and Mo and W from group VI (colored in orange).
First, we calculate highly accurate anharmonic free energies
and entropies. By using a 0 K QH potential as the reference,
we make a direct comparison to the existing experimental
results. We find good resemblance in the explicit anharmonic
entropy, with our current results being much more accurate
owing to the state-of-the-art methodology. Most importantly,
Nb and Ta show a different trend compared to Mo and W.
We compare the 0 K and high-temperature phonon density
of states (pDOS) and the electronic density of states (eDOS)
and conclude that the difference in behavior comes from the
difference in the 0 K QH reference potential used as the ref-
erence for defining explicit anharmonicity. In addition to the
0 K QH reference, we also perform anharmonic calculations
with a high-temperature effective harmonic reference [14].
All the four refractory elements show a qualitatively similar
trend in the resulting “effective anharmonicity.” However,
there is nevertheless a considerable effective anharmonic
free-energy contribution at high temperatures even when the
high-temperature effective harmonic potential is used as a
reference.

II. METHODOLOGY AND COMPUTATIONAL DETAILS

The vibrational free-energy contribution F vib to the total
Helmholtz energy comes from phonons and the interaction
between phonons, and is conventionally decomposed into
a harmonic and an anharmonic part. When the harmonic
part is defined using the 0 K QH approximation correspond-
ing to noninteracting, volume-dependent 0 K phonons (free

energy labeled as F qh-0K), the resulting anharmonicity coming
from phonon-phonon interactions is referred to as the “ex-
plicit anharmonicity” (F ah-expl). The harmonic part can also be
defined using high-temperature effective harmonic phonons
(F qh-eff) [14,15]. In such a case, we refer to the resulting
anharmonicity as “effective anharmonicity” (F ah-eff). We can
thus write

F vib(V, T ) = F qh-0K(V, T ) + F ah-expl(V, T ) (1)

= F qh-eff(V, T ) + F ah-eff(V, T ), (2)

with V the volume and T the temperature. Note that the
resulting vibrational free energy is not affected by the way
we split between the two contributions.

To calculate the explicit and the effective anharmonic free
energy, we perform thermodynamic integration using a 0 K
QH and a high-temperature effective harmonic reference, re-
spectively. We use the most recent version of a methodology
to compute high-accuracy vibrational free energies—the di-
rect upsampling technique [7]. For each of the four elements,
for a set of volume and temperature points, a thermodynamic
integration is performed from the reference to an optimized
machine-learning potential, specifically a moment tensor po-
tential (MTP). Following this, snapshots generated by the
MTP are chosen and energies are calculated using density
functional theory (DFT) to obtain the free-energy difference
within the free-energy perturbation theory. Summing up the
two contributions gives the anharmonic free energy

F ah(V, T ) = �F ref→MTP(V, T ) + �F up(V, T ), (3)

where F ah(V, T ) is the explicit anharmonic free energy
F ah-expl(V, T ) when ref = qh-0K and the effective anhar-
monic free energy F ah-eff(V, T ) when ref = qh-eff. Further
in Eq. (3), �F ref→MTP represents the free energy obtained
by thermodynamic integration from the reference to MTP,
and �F up is the free-energy perturbation term obtained by
upsampling from MTP to DFT. The anharmonic entropy is
obtained by calculating the numerical derivative of the free
energy with temperature.

A. QH reference

The 0 K QH reference free energy is calculated from the
0 K phonon frequencies for each volume [2]. The phonon
frequencies are calculated using the finite-displacement
method [16]. Forces on the displaced structure are calculated
with DFT using VASP [17,18], with the projector augmented-
wave (PAW) potentials [19] and the generalized gradient
approximation (GGA) [20–22]. We use a 125-atom cell with
an energy cutoff of 500 eV, an 8 × 8 × 8 k-point mesh, and the
reciprocal space sampled with a Methfessel-Paxton smearing
scheme [23] with a smearing width of 0.1 eV.

B. ILDOS analysis

The 0 K force constants obtained using the QH approxima-
tion are corroborated with a real-space analysis of the charge
densities. Specifically, we use the integrated local density of
states (ILDOS) which is the summation of all electronic states
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in a given energy window,

ILDOS(r) =
∫ ε2

ε1

∑
i

|ψi(r)|2δ(Ei − ε)dε,

where (ε1, ε2) is the energy window and ψi(r) is the ith wave
function with energy Ei. We track the change in the ILDOS in
a 125-atom supercell when a single atom in the ideal structure
is displaced along the [100] direction by 0.02 Å (within the
QH regime). We choose an energy window of ±0.1 eV around
the Fermi level to calculate the change in the ILDOS.

C. Effective harmonic reference

The effective harmonic force constants at the differ-
ent volumes are obtained by fitting to the corresponding
high-temperature ab initio molecular dynamics (AIMD)
forces [15,24] using the SPHINX code [25]. The AIMD runs
are performed with VASP using 125-atom supercells with an
energy cutoff of 400 eV and a 2 × 2 × 2 k-point mesh for
1000 steps each and a time step of 5 fs. From the effective
harmonic force constants, the total energies of the configu-
rations during the thermodynamic integration are analytically
calculated.

D. MTP fitting

We fit an MTP for each of the elements using the MLIP

code [26,27]. A level-20 MTP is fit to AIMD data. The
MTP has 329 parameters and a radial cutoff of 5 Å (up to
the third neighbor shell). The training set is obtained from
NV T (canonical ensemble) AIMD runs performed with VASP

in 125-atom supercells at 3000 K and at six volumes. At
each fixed volume, the temperature is maintained using a
Langevin thermostat with a friction parameter of 0.01 fs−1.
The relevant volume range at 3000 K is chosen based on the
Debye-Grüneisen approximation [28] from an energy-volume
curve. The AIMD runs are performed with an energy cutoff
of 400 eV and a 2 × 2 × 2 k-point mesh for 1000 steps each
and a time step of 5 fs. From the AIMD runs, uncorrelated
snapshots (one in every ten configurations) are chosen to train
an initial MTP. In the next round, additional snapshots are
chosen by utilizing this initially trained MTP and are added to
the training set to retrain and obtain the final MTP. The root-
mean-square errors (RMSEs) in energy and forces of the final
MTPs are in the range 1-2 meV/atom and 0.12–0.16 eV/Å,
respectively.

E. Thermodynamic integration with direct upsampling

As the first step of the direct upsampling methodology [7],
we perform thermodynamic integration (λ integration) from
the reference (0 K QH or effective harmonic) to MTP. Eight
to ten temperatures up to the melting point and 11 volumes
at each temperature are chosen. At each (V, T ) point, thermo-
dynamic integration is run with 22 λ values (0 � λ � 1) for
30 000 steps each with a time step of 2 fs. The numerically
calculated area under the internal energy difference curve with
λ gives the free-energy difference between the reference and
MTP at each (V, T ) [�F ref→MTP(V, T ) in Eq. (3)].

FIG. 2. Comparison of the ab initio-calculated explicit anhar-
monic entropies for the four studied elements (in solid lines) with
previous experimental values (in dashed lines). The experimental
curves are reproduced from Ref. [12].

Next, we choose uncorrelated snapshots generated by the
MTP at each (V, T ). We calculate the DFT energies of these
configurations using high-precision parameters [the same
parameters as used for the 0 K forces (Sec. II A)]. The up-
sampled energy [�F up(V, T ) in Eq. (3)] is calculated using
the free-energy perturbation expression [29,30] as given by

�F up = −kBT ln

〈
exp

(
−EDFT − EMTP

kBT

)〉
MTP

, (4)

where EDFT and EMTP are internal energies calculated using
DFT and MTP, respectively, and the averaging is done over
configurations generated by the MTP. The upsampled free
energy is calculated using 24 snapshots within which the value
is converged to within 1 meV/atom. At each (V, T ), the total
anharmonic free energy F ah(V, T ) is obtained by summing
the upsampled energy �F up(V, T ) with the free-energy dif-
ference calculated in the previous thermodynamic integration
stage �F ref→MTP(V, T ). Using these values of F ah(V, T ), a
smooth higher-order polynomial surface is parametrized in
volume and temperature.

III. RESULTS AND DISCUSSION

Figure 2 shows the explicit anharmonic entropies (using
the 0 K QH reference) up to the melting point for the four
bcc refractory elements. The ab initio-computed values (solid
lines) are compared to the previously existing experimental
data (dashed lines). Our current results from first principles
show a good qualitative and quantitative resemblance to the
experimental data. The minor differences between the cur-
rent ab initio and prior experimental results can have the
following sources. First, the experimental data could con-
tain measurement errors in the heat capacities (which are
difficult to measure at high temperatures) or in the phonon
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FIG. 3. Ab initio-calculated explicit anharmonic vibrational free
energies for the four elements at 2500 and 3000 K and at the corre-
sponding equilibrium volumes.

frequencies from neutron scattering. On the theoretical
side, an inherent approximation is the exchange-correlation
functional, although for Nb, the here employed GGA func-
tional was shown to predict very accurate high-temperature
thermodynamic properties [7]. Further, in the experimental
work, Eriksson et al. [12] obtained the anharmonic entropy
by removing the electronic and the QH entropy from the
total entropy. Importantly, the temperature-dependent elec-
tronic entropy was obtained on a fixed static lattice, and the
authors [12] did not consider the change in the electronic
energies coming from phonons which is significant in these
systems [31]. Nevertheless, we see that the different behavior
of the group V elements Nb and Ta (colored in blue in Fig. 2)
as compared to the group VI elements Mo and W (colored
in orange) is clearly captured by both the current theoretical
results and the existing experimental data.

Nb and Ta exhibit a small negative anharmonic entropy
with a comparably weak temperature dependence, whereas
Mo and W exhibit a large and positive explicit anharmonic
entropy that increases with increasing temperature. The values
are almost double in magnitude for Mo and W at temperatures
near the melting point. A clear difference between the group
V and group VI elements is also noticed in the explicit an-
harmonic free energies. In Fig. 3, we demonstrate the explicit
anharmonic free energies at 2500 and 3000 K at the respec-
tive equilibrium volumes. Nb and Ta show positive explicit
anharmonic free energies, whereas Mo and W show negative
values. The magnitude of the explicit anharmonic free ener-
gies at 2500 and 3000 K is in the range 20–100 meV/atom
indicating that the bcc refractory elements are appreciably
more anharmonic in comparison to fcc unaries, whose values
were less than 25 meV/atom at the melting point [9].

To understand the difference in behavior between the group
V and group VI refractory elements, we analyze the phonons
corresponding to the 0 K QH and the 3000 K effective har-

FIG. 4. Comparison of the pDOS calculated from the 0 K QH
force constants (dashed) and the 3000 K effective harmonic force
constants (solid). The magenta and black arrows represent the shift
in the low-energy and high-energy branches of the phonon modes,
respectively.

monic potential. Figure 4 comprises the results with the 0 K
phonon DOS plotted in dashed lines and the 3000 K phonon
DOS in solid lines. The temperature-induced shifts in the low-
energy phonon modes are indicated by the magenta arrows,
whereas the changes in the high-energy modes are highlighted
by the black arrows. The low-energy branches generally rep-
resent long-range strain interactions in the crystal, whereas the
high-energy branches represent more localized interactions.

There is no qualitative difference in trend in the low-energy
phonon modes. For all the four elements, these modes become
softer at 3000 K, albeit with a more pronounced reduction in
Mo and W. A clearer, qualitative difference in trend occurs
in the high-energy branches. In the group VI elements of Mo
and W, similarly to the low-energy modes, the high-energy
branches of the renormalized phonons at 3000 K become
softer, as compared to the stiff phonons at 0 K. The softening
is gradual with increasing temperature. The renormalization
and softening of both the low-energy and high-energy phonon
modes at higher temperatures is reflected in the negative ex-
plicit anharmonic free energies and the positive anharmonic
entropies, both of which are also observed to increase in mag-
nitude with temperature. In contrast, the high-energy branches
of the 0 K phonons in Nb and Ta are softer, and the renor-
malized high-temperature phonons are stiffer at 3000 K. The
renormalization and the hardening of the high-energy phonons
with temperature thus has an opposite effect on the explicit
anharmonic free energies and entropies in Nb and Ta. Based
on these results, we can already speculate that the opposite
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FIG. 5. First, second, and third nearest-neighbor force constants
(FCs) at different temperatures for all four studied elements. The
0 K force constants are from the QH approximation, whereas the
higher-temperature force constants are obtained by fitting an effec-
tive harmonic potential to MD data at the corresponding temperature
and volume.

trends in the explicit anharmonicity between the group V and
group VI elements are, in fact, an artifact of the behavior of
the 0 K QH reference.

In addition to the phonon DOS, we also demonstrate
the effect of temperature on the nearest-neighbor force con-
stants. The 0 K force constants are obtained from the 0 K
QH approximation, and the force constants at higher tem-
peratures are obtained from the effective harmonic models
at the corresponding temperature and volume. The first three
nearest-neighbor force constants are shown in Fig. 5 up to
3000 K. The softer phonons at 0 K and the phonon hard-
ening with temperature exhibited by Nb and Ta and the
opposite trend in Mo and W (Fig. 4) are also reflected in
the nearest-neighbor force constants, especially along the sec-
ond nearest-neighbor (2NN) direction. At 0 K, Mo and W
possess much higher 2NN force constants which decrease
monotonously with temperature. The effect is opposite in Nb
and Ta where the 2NN force constants increase monotonously
with temperature. The increased effect of smearing and atomic
vibrations as the temperature increases in the bcc refrac-
tory elements brings the first and second nearest-neighbor
force constants closer to each other. As observed, the effect
is negligible for the third nearest neighbor, which is much
farther away.

The difference in the 0 K force constants behavior exhib-
ited by the four elements for the 2NN interaction can be
corroborated by a real-space charge density analysis. Fig-

FIG. 6. Change in ILDOS when an atom is displaced by 0.015 Å
towards the 2NN relative to the ideal structure projected along the
(001) plane. The isosurface value of the ILDOS has been optimized
for best visualization. Yellow and blue are negative and positive
values of the change in ILDOS, respectively.

ure 6 shows the isosurface of the change in ILDOS for the
four refractory elements projected on the (100) plane. The
central atom, shown in red, is the displaced atom during the
analysis. The red and black arrows indicate the 1NN and 2NN
directions, respectively. We notice that the dominant distortion
of the ILDOS is only along the 1NN (along the red arrow)
in Nb and Ta, whereas there is an additional large distortion
also along the 2NN (along the black arrow) for Mo and W.
There is a correlation between the distortion in ILDOS along
a particular nearest-neighbor direction and the force constant
along that particular neighbor, with Mo and W being stiffer
and having additionally a large 2NN-oriented force constant
at 0 K (Fig. 5).

The difference in explicit anharmonicity between Nb/Ta
and Mo/W at 0 K can be also traced back to the electronic
density of states (eDOS), plotted in Fig. 7. In Mo and W, the
Fermi level falls in a valley of the static 0 K eDOS implying
that the 0 K bcc structure is rather stable and difficult to de-
form, and has higher-energy phonons. At higher temperatures,
when the eDOS gets smeared out from thermal vibrations,
the value of the eDOS at the Fermi level increases, implying
a destabilization of the bcc structure with respect to 0 K.
The trend is reversed in Nb and Ta, wherein the Fermi level
falls closer to a peak of the 0 K eDOS, and smearing of the
eDOS from thermal vibrations leads to a stabilization of the
bcc structure at higher temperatures and the hardening of
the high-energy branch of the phonons. Since the smeared
out high-temperature eDOS for all four elements are similar,
we can once again suggest that the difference in explicit
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FIG. 7. Comparison of the 0 K static eDOS (dashed) and the
eDOS of five random configurations from a 3000 K AIMD run
(solid).

anharmonicity arises rather from the 0 K QH reference. To
further verify the hypothesis, we also analyze the “effective
anharmonic” free energies obtained with the high-temperature
renormalized phonons (effective harmonic) as the reference.
In Fig. 8, we plot and compare the effective anharmonic free
energies at 2500 and 3000 K. At each temperature, we use
an effective harmonic potential that is fitted to the AIMD
data at that particular temperature and the corresponding equi-
librium volume. We observe that the effective anharmonic
free energies are both qualitatively and quantitatively similar,
with values ranging from 9 to 25 meV/atom. Compared to
the explicit anharmonic free energies, all four elements show
a positive anharmonic free energy when referenced with an
effective harmonic potential. Table I summarizes both the
explicit and effective anharmonic free energies and entropies
at 2500 and 3000 K. In addition to the similar trends in the free
energies, the effective anharmonic entropies are also similar

FIG. 8. Ab initio calculated effective anharmonic vibrational free
energies at 2500 and 3000 K and at the corresponding equilibrium
volumes using a consistent effective harmonic reference, i.e., fitted
at the corresponding volume and temperature.

within the four refractory elements as noticed in the last two
columns of the table.

In both Fig. 8 and in Table I, we observe that there is
still a significant effective anharmonic free energy that is
unaccounted for even though the reference effective harmonic
potentials are fitted to the corresponding high-temperature
forces. The effective harmonic potentials are, by construc-
tion, “harmonic” in nature and cannot exactly capture the
quite significant anharmonicity in the bcc elements at high
temperatures. Hence, for accurate thermodynamic property
predictions, it is thus a requisite to include the effective an-
harmonic free energies, and it is not sufficient to approximate
the vibrational free energy with high-temperature effective
harmonic references.

It was shown previously [9] that the effect of anharmonicity
can be predominantly captured within a localized environ-
ment. In the work of Glensk et al. [9], the anharmonicity in
the system was traced to anharmonicity in local first nearest-
neighbor (1NN) pairwise interactions. A similar analysis can
also be made in the bcc refractory elements. Figure 9 is a

TABLE I. Compilation of the explicit and effective anharmonic free energies and entropies for the four studied refractory elements at 2500
and 3000 K and at the corresponding equilibrium volumes.

0 K QH Effective QH at consistent V and T

F ah-expl (meV/atom) Sah-expl(kB) F ah-eff (meV/atom) Sah-eff(kB)

2500 K 3000 K 2500 K 3000 K 2500 K 3000 K 2500 K 3000 K

Nb 67.95 104.55 −0.20 −0.19 12.24 20.54 −0.07 −0.07
Ta 15.47 21.33 −0.12 −0.13 8.76 9.33 −0.13 −0.11
Mo −31.28 −52.67 0.29 0.39 19.98 25.10 −0.15 −0.08
W −17.69 −29.17 0.14 0.20 15.83 21.91 −0.15 −0.11
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FIG. 9. First nearest-neighbor distribution in Nb and Mo at
3000 K and at the corresponding equilibrium volume based on DFT
AIMD, 0 K QH, and 3000 K effective harmonic potentials.

two-dimensional (2D) representation of the 1NN distribution
in Nb and Mo with the center of reference at (0,0). Here,
the projections of the 1NN vector on the (110) plane are
shown as a contour plot for an MD run at 3000 K and at
the corresponding equilibrium volume using DFT, the 0 K
QH, and the 3000 K effective harmonic potential, respectively.
There are several key takeaways that can be made from the
figure. First, one can notice the anharmonicity in the DFT
plots of both Nb and Mo. There is an evident asymmetry in the
distribution along the longitudinal direction (shown as a green
dashed line) with a wall-like planar edge while going from
the center of the distribution towards the origin at (0,0). Such
an asymmetry is not observed in the 0 K QH distributions
which show a characteristic symmetric shape along both the
longitudinal and transversal directions. The crucial observa-
tion in the 0 K QH distributions is the difference in their size
in comparison to the DFT ones. Nb shows a broader and

more widely spread 0 K QH distribution compared to DFT,
whereas it is much narrower in Mo. This can be traced back
to the phonon behavior discussed in Fig. 4. Nb exhibits softer
phonons at 0 K that lead to a broader distribution whereas
Mo exhibits much stiffer phonons at 0 K that keep the atomic
displacements smaller. This further illustrates the difference in
trends in explicit anharmonicity between group V and group
VI refractory elements. The last row in the figure shows
the 1NN distribution using the effective harmonic potential.
Contrary to the 0 K QH distribution, the size of the effective
harmonic distribution is similar to the corresponding DFT
distributions for both Nb and Ta. Nonetheless, it is observed
that the distribution is still symmetric along both directions
owing to the “harmonic” nature of the model and is unable
to replicate the planar-edge asymmetry of DFT. Again, this
exemplifies the similarity in trends at high temperature and the
impending effective anharmonic free energies while utilizing
the effective harmonic model as the reference.

We also compute and analyze the Gauss-broadened 1D
distribution ρ1NN(d ) = ∑

j δ(| �d j
1NN| − d ) as a function of dis-

tance d . Here, �d j
1NN represents the 1NN vector and j runs

over all MD steps. This atomic distribution function is used to
construct an effective 1D potential, specifically by veff (d ) =
−kBT ln ρ1NN(d ). We focus on Nb and Mo at 3000 K for the
analysis. The obtained distributions and effective potentials
for the harmonic approximations and the fully anharmonic
simulation are plotted as a function of the 1NN distance
(d1NN) around the equilibrium distance (deq

1NN) in the first two
rows in Fig. 10. In order to emphasize the dissimilarities in
the effective potentials, we also plot the differences to the
full vibrational energies in the third row of the figure. The
takeaways from Fig. 9 that were discussed above are also
evident from Fig. 10. Both the 0 K QH and the effective
harmonic curves are symmetric around the equilibrium dis-
tance, whereas the full vibrational curves are not, owing to the
anharmonicity. In Nb, the 0 K QH distribution function with
respect to the full vibrational distribution function is higher
at shorter distances (and the effective potential is smaller)
due to the softer phonons and broader 1NN distribution. The
behavior is opposite in Mo. The contrast between Nb and Mo
is more pronounced in the third row of the figure. It is seen that
the difference of the full vibrational energy and the 0 K QH
is positive as a function of the 1NN distance in Nb, whereas
it is negative for Mo. On the other hand, the difference with
the effective harmonic reference is similar for both Nb and
Mo. Once again, it further highlights the difference in the 0 K
behavior and the similarity in the high-temperature effective
harmonic reference.

In addition to the 1NN, anharmonicity is carried to a
smaller extent also in the second nearest neighbors (2NNs)
in the bcc refractory elements. This is illustrated in Fig. 11
which shows the 2NN distribution on the (110) plane for the
same MD runs as used in Fig. 9. Similar inferences can be
made also from the 2NN distribution. The DFT distribution
is asymmetric along the longitudinal direction—we observe a
less-pronounced wall-like planar edge—while going from the
center of the distribution to the reference at (0,0). The 0 K QH
distribution of Nb is broader and that of Mo is smaller owing
to similar reasons as discussed above. The size of the effective
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FIG. 10. Gauss-broadened first nearest-neighbor distribution
function, the corresponding effective potential, and the difference in
the effective potential with DFT for Nb and Mo at 3000 K at the
corresponding equilibrium volume.

harmonic distribution is similar with respect to the respective
DFT distributions, yet, by default symmetric in nature.

The second neighbor distributions can be used to explain
the effect of temperature on the 2NN force constants discussed
above (Fig. 5). In the top part of Fig. 12, we plot the 1D
distribution of the second neighbor distances at 3000 K for Nb
and Mo. In the same figure, we also plot the 2NN 0 K forces
from DFT as a function of interatomic separation (solid lines).
The black bars between −0.02 and 0.02 Å correspond to the
QH regime. The 0 K QH potentials approximate the DFT
forces in this regime resulting in the linear force dependencies
shown by the dashed lines. The 0 K QH forces are much
steeper for Mo (higher force constants) compared to Nb. On
the other hand, the effective QH potentials produce effective,
linear forces (dotted lines) based on their fitting temperature.
Specifically, the second neighbor distributions shown in the
top part of the figure dictate the regime in which the forces are
fit to at 3000 K. The distribution for Mo shows a shift towards
the right (denoted by the black arrow) as compared to Nb.
This leads to effective, linear forces (dotted line) for Mo that
approximate the DFT forces (solid line) at positive displace-
ments where there is the highest neighbor distribution. For Nb,

FIG. 11. Second nearest-neighbor distribution in Nb and Mo at
3000 K at the corresponding volume based on DFT AIMD, 0 K QH,
and 3000 K effective harmonic potentials.

the relative displacements are smaller and slightly negative
in the regime with maximum distribution where the effective
QH approximates the DFT forces linearly. As a consequence,
the effective high-temperature 2NN force constant (obtained

FIG. 12. T = 0 K forces as a function of second neighbor dis-
placement predicted by DFT (solid line), the 0 K QH (dashed line),
and the 3000 K effective harmonic potential (dotted line) for Nb and
Mo. Top part: The Gauss-broadened second neighbor distribution
function (ρ2NN; dashed line and shading) during a DFT run at 3000 K
and equilibrium volume. The black arrow signifies a shift in the
distribution in Mo (group VI).
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from the effective QH) in Mo becomes smaller than at 0 K,
and the effect is reversed in Nb. The strong nonlinearity of the
DFT forces as a function of displacement again reflects clearly
the significant anharmonicity that cannot be captured by any
linear force dependence, i.e., harmonic potential, whether 0 K
or effective.

The above discussion of Figs. 9–12, for Nb and Mo also
holds true for Ta and W.

IV. CONCLUSIONS

We have computed explicit anharmonic free energies and
entropies for Nb, Mo, Ta, and W. The previously known
experimental information about the difference in trends be-
tween the group V and group VI bcc refractory elements has
been confirmed and explained in detail using the ab initio-
computed values. The difference in the explicit anharmonic
values between Nb and Ta in comparison to Mo and W arises,
not from the high-temperature behavior, but rather from the
0 K behavior. Temperature destabilizes the bcc structure of
Mo and W, whereas it stabilizes bcc Nb and Ta. In the bcc
refractory elements, the anharmonic behavior manifests itself
predominantly in the first nearest neighbors and also in the
second neighbors.

Additionally, we have also calculated effective anhar-
monic free energies utilizing a high-temperature effective
harmonic reference. Unlike the explicit anharmonicity, the
effective anharmonicity is consistent across all the refractory
elements. Nevertheless, there is still a considerable effec-
tive anharmonicity in all four systems. Highly anharmonic
systems such as refractory elements cannot be represented

accurately with a restricted “harmonic” model, even if fitted
to high-temperature data. Although such “effective” harmonic
potentials are powerful in representing high-temperature vi-
brational behavior, in order to reach DFT accuracy, they are
insufficient and one needs to resort to more accurate mod-
els (such as, e.g., machine-learning-based potentials). Failing
to do so can have a significant effect on numerical high-
temperature thermodynamic property prediction, for instance,
in highly anharmonic refractory high entropy alloy systems.
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