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A B S T R A C T   

Some atrial contractile assist devices applied on the heart surface can be regarded as a laminated Liquid crystal 
elastomer (LCE) plate under steady temperature loads and a contact mechanical force. An exact solution for the 
deformation of the laminated LCE plate under combined thermal and mechanical loads is derived by solving the 
three-dimensional (3D) equilibrium equations including heat conduction and thermoelastic theory. The validity 
of mathematical formula and computer programming is proved by convergence and comparison examples with 
finite element method (FEM). In order to simplify the complex calculation of exact solution, a back propagation 
neural network (BPNN) is further trained with a database containing 9504 sets of thermo-mechanical load 
conditions and their corresponding deformation which is solved by the exact solutions. Then the deformations of 
LCE plate subject to combined thermo-mechanical load can be predicted by this BP neural network instead of 
complex numerical calculation. Moreover, it is also applied to inverse the contact mechanical force at the bottom 
surface of LCE plate with a given deformation and temperature conditions. The results show that: (1) The results 
from the exact theoretical solution are in consistence with that from FEM but have a higher computational ef-
ficiency and stability; (2) The deformation of the laminated plate is more sensitive to the layered thickness of LCE 
than the variation of the temperature; (3) 3-D elasticity solutions of a laminated LCE plate under the combined 
thermos-mechanical load can be effectively predicted by a trained BP neural network.   

1. Introduction 

Mechanical atrial contractile assist device is one of the most effective 
medical instruments to solve the physical health problems for weak-
ening or losing of cardiac mechanical function. The idea of using 
biocompatible polymers as actuators to support or restore cardiac me-
chanical function has become a hot spot in the design and manufacture 
of contractile assist devices. Liquid crystal elastomer (LCE) is a smart 
biomedical material and has negative thermal expansion characteristics. 
It could produce contraction or relaxation movement like muscle tissue 
under the external stimulation, such as light and heat (Ahn et al., 2019). 
However, LCE is usually composited with some flexible substrates to 
satisfy some practical requirements (Lu et al., 2019; Liu et al., 2020). Cui 

et al. presented a simple analytical thermo-mechanical model for LCE 
bilayer structures, which is one dimensional solution along the thickness 
direction (Yun et al., 2018). Therefore, it has scientific and engineering 
significance to obtain the 3-D elasticity solutions of laminated LCE plates 
under mechanical contact load and in a thermal load from the human 
body. 

The mechanical atrial contractile assist devices can be regarded as a 
3-D layered composite LCE plate under thermo-mechanical loads. 
Considerable efforts have been devoted to the analysis of mechanical 
models of plate based on various theories, which are represented by 
classical plate theory (CPT) (Wu, 2016; Jia et al., 2013), first-order shear 
deformation theory (FSDT) (Jonnalagadda et al., 1994; Nguyen et al., 
2019) and higher-order shear deformation theory (HDST) (Kumar et al., 
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2011; Zhang and Selim, 2017). CPT refers to a theoretical model of plate 
performance based on Kirchhoff’s hypothesis, which has certain ad-
vantages and can be applied to a reasonable range of applications. 
Koruche et al. (Koruche and Patil, 2015) applied CPT to establish a 
theoretical model to show the mechanical response of a laminated plate 
with different thermo-mechanical loading conditions. However, CPT 
ignores the effect of transverse shear deformation, so that it over-
estimates the stiffness of the plate (Sadrnejad, 2009). To this end, Midlin 
(Mindlin, 1951; Shimpi et al., 2018) added a correction coefficient to the 
shear stress and proposed FSDT. FSDT considered the influence of shear 
deformation. It assumed that the longitudinal displacement was linear 
and the lateral displacement was constant. Bellifa (Bellifa Benrahou 
et al., 2016) and Zhang (Zhang et al., 2016) et al. used the concepts of 
FDST to derive the equilibrium equations of functionally graded plates 
and laminated nanocomposite plates respectively. The shear correction 
coefficient in FDST is a constant. However, the determination of this 
coefficient is not easy since it relies on the parameters of materials and 
loading conditions (Reddy et al., 2014). Therefore, HDST was proposed 
and applied to describe the transverse displacements with polynomial 
functions to skip the step of determining the shear correction factor 
(Ferreira et al., 2003). Abdelaziz (Abdelaziz et al., 2011) proposed a 
displacement-based high-order shear deformation theory to study the 
response of functionally graded laminated plates under a steady state. 
Furthermore, the Carrera’s Unified Formulation (CUF) (Carrera et al., 
2011) uses N-order polynomials to expand the displacement variables 
on the thickness coordinates and reduces a 3-D problem to a bidimen-
sional one to realize the process of various plate and shell theories. 
Therefore, the influence of transverse normal strain can also be 
analyzed. Nali (Nali et al., 2011) and Ramos et al. (2016) used CUF to 
analyze multilayered and laminated composite plates under thermal 
load. 

Different from the above CPT, FSDT, HDST and their extensions, 
there are no hypotheses in the governing equation of 3-D elastic theory. 
The exact mechanical solutions of the plates using the strict 3-D elastic 
theory can acquire higher accuracy (Eslami et al., 2013). Zenkour 
(2015) established an accurate 3-D solution model of temperatures, 
displacements and stresses of single-layer thermal shock plate based on 
thermoelastic theory. Xu et al. (2010) proposed an approximate 
analytical solution of a simply supported plate with inhomogeneous 
thickness under combined thermal and mechanical loads with the 3-D 
thermoelastic theory. Vel et al. (Vel and Batra, 2002) studied the 3-D 
deformation of a simply supported functionally graded plate through 
thermoelastic theory. The above studies have established the analytical 
model of single-layer plate by using the thermoelastic theory, which has 
laid a theoretical foundation for the establishment of the analytical 
model of laminated plate. Qian et al. (2014) applied the 3-D thermo-
elastic theory to obtain the elastic solution of a simply supported lami-
nated plate under temperature load. Zhang et al. (2021) proposed the 
analytical solution of temperature, displacements and stresses of lami-
nated rectangular plate with material temperature dependence. 

It should be noted that the research achievements mentioned above 
provided different methods for obtaining the mechanical solutions of 
both single layer and laminated plates under different loads. However, 
the complex derivation and calculation process seriously limits its 
practicability. Therefore, it is very important to find a simple way to 
obtain the relative relationship between laminated plates’ mechanical 
load and deformation in temperature field. As a result, engineers can 
predict the deformations conveniently and efficiently without the orig-
inal cumbersome calculation, as well as inverse the mechanical loads 
applied on the laminated plate based on the measured deformation. 
Artificial neural network (ANN) imitates the self-learning of human 
brain which can independently detect and extract the correlation be-
tween data (Keles et al., 2016). It is composed of many integrated pro-
cessing units called neurons that used for data classification, prediction 
and cluster (Esfe et al., 2015). Back propagation (BP) network is the 
most extensive model of ANN. It can output specific prediction results 

based on the mapping relationship obtained through learning and 
training input parameters. Sung et al. (Choi et al., 2003) used an ANN 
model to predict the split growth of notched composite laminates. Reddy 
et al. (2013) predicted deformation and stress of laminated plate under 
uniformly distributed load through BP neural network by training of 322 
sets of data. Ataya et al. (Ayata et al., 2006) calculated the temperature 
distribution on the surface of metal substrate composed of layered 
copper and aluminum by finite element method. Based on these data, 
the temperature distribution of metal substrate alloys with different 
thickness is predicted by ANN. Wang et al. (2022) used the exact 2-D 
thermoelastic model of laminated beam to establish a BP neural 
network database containing 561 sets of data for predicting the me-
chanical solutions of laminated beam. It would be of significance to 
apply the BP neural network to predict the mechanical properties of 3-D 
laminated plates under combined thermo-mechanical loads. 

For the advantages of ANN in data analysis and prediction, a BP 
neural network is proposed to estimate the mechanical solution of a 
laminated plate under combined thermal and mechanical loads. The 
dataset required for training and testing for the BP neural network is 
obtained by developing exact solutions based on the 3-D heat conduc-
tion and thermoelastic theory. The convergence and comparison with 
FEM are studies to ensure the accuracy of original training data. Para-
metric investigations are carried out for the influence of temperature 
and layer thickness on the plate deformation. BP neural networks show 
the effectiveness of predicting the deformation of LCE plate according to 
the known load conditions, as well as inversing the mechanical loads 
according to the measured deformation. The verification of the predic-
tion and inversion results is presented to shown the accuracy. 

2. Theoretical model 

2.1. Exact mechanical model for a laminated LCE plate 

2.1.1. Solution of the temperature field 
A rectangular laminated LCE plate as shown in Fig. 1(a) with the size 

of a × b × H is modelled as a simply supported 3-D plate with p layers. 
The i-th layer plate is described in a local coordinate system x − y − z as 
shown in Fig. 1(b) h(i) is the thickness of each layer. h(i) is the thickness of 
i-th layer. The laminated plate can be composed of different materials in 
each layer. The material properties in the i-th is described by elastic 
modulus E(i), Poisson ratio μ(i), thermal expansion coefficients α(i), and 
thermal conductivity k(i). Temperature loads Tt (x, y) and Tb (x, y) are 
applied on top and bottom surfaces of the LCE plate, respectively. In 
addition, q (x, y) is the mechanical load applied on the bottom surface of 
the plate. The laminated plate is simply-supported on four sides as 
shown in Fig. 1(c). 

In the local coordinate system, the temperature field T( i)(x, y, z) of 
the i-th layer is satisfied by a 3-D heat conduction equation: 

∂2T (i)(x, y, z)
∂x2 +

∂2T (i)(x, y, z)
∂y2 +

∂2T (i)(x, y, z)
∂z2 = 0 (1)  

2.2. The thermal boundary conditions of the laminated plate are 

T (i)(0, y, z)= Ti(a, y, z)= 0 (2a)  

T (i)(x, 0, z)= T (i)(x, b, z)= 0 (2b) 

According to Eq. (2), the solution of Eq. (1) can be expanded in 
Fourier series: 

T (i)(x, y, z)=
∑∞

m=1

∑∞

n=1
t(i)mn(z)sin

mπx
a

sin
nπy
b

(3) 

Substituting Eq. (3) is into Eq. (1), the expression of t(i)mn(z) can be 
solved as 

J. Wang et al.                                                                                                                                                                                                                                    
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T (i)(x, y, z)=
∑∞

m=1

∑∞

n=1

nπ
b
[

eβmnz e− βmnz
][

XH(i)
mn

]

2×1sin
mπx

a
sin

nπy
b

(4)  

where βmn =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅( mπ
a
)2

+
( nπ

b
)2

√

. XH(i)
mn =

[
G(i)

mn H(i)
mn

]T is a matrix with 
unknown coefficients. It depends on the boundary conditions of tem-
peratures of the i-th layer. The two unknown coefficients will be sub-
sequently obtained by the derivation and transfer matrix formula 
according to continuous conditions. 

The temperature field and heat flux of each layer can be written as: 
⎡

⎢
⎣

T (i)(x, y, z)

k(i)
∂T(i)(x, y, z)

∂z

⎤

⎥
⎦=

∑∞

m=1

∑∞

n=1
K(i)

mn(z)sin
mπx

a
sin

nπy
b

(5) 

Combining Eqs. (4) and (5), we can get: 

K(i)
mn(z)=C(i)

mn(z)XH(i)
mn (6) 

in which 

C(i)
mn(z)=

⎡

⎢
⎣

nπ
b

eβmnz nπ
b

e− βmnz

k(i)
nπ
b

βmneαmnz − k(i)
nπ
b

βmne− αmnz

⎤

⎥
⎦.

Taking the values of z in Eq. (6) as 0 and h(i) respectively, we have 
K(i)

mn(h(i)) = [C(i)
mn(h(i))C(i)

mn(0)
− 1
]K(i)

mn(0). The relationship of temperature 
field between adjacent layers satisfied by K(i)

mn(h(i)) = K(i+1)
mn (0). There-

fore, the relationship obtained from the above conditions through the 
transfer matrix method is: 

K(i)
mn

(
h(i))=

[
∏1

i=q
C(i)

mn

(
h(i))C(i)

mn(0)
− 1

]

K(1)
mn(0) (7) 

The relationship of the unknown coefficients between the first layer 
and the i-th can be obtained by combining Eq. (6) and Eq. (7): 

XH(i)
mn =C(i)

mn

(
h(i))− 1

{
∏1

j=i
C(j)

mn

(
h(j))C(j)

mn(0)
− 1

}

C(1)
mn(0)XH(1)

mn (8) 

Combined with Eq. (4), the temperature boundary conditions of the 
laminated plate are: 

⎧
⎪⎪⎨

⎪⎪⎩

T (1)(x,y,0)=
∑∞

m=1

∑∞

n=1

nπ
b
(
G(1)

mn+H(1)
mn

)
sin

mπx
a

sin
nπy
b

= t1(x,y)

T (p)( x,y,h(p))=
∑∞

m=1

∑∞

n=1

nπ
b

(
eβmnh(p)G(p)

mn +e− βmnh(p)H(p)
mn

)
sin

mπx
a

sin
nπy
b

=t2(x,y)

(9) 

Eq. (9) can be written in Fourier series: 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

nπ
b
(
G(1)

mn + H(1)
mn

)
=

4
ab

∫ a

0

∫ b

0
t1(x, y)sin

mπx
a

sin
nπy
b

dydx

nπ
b

(
eβmnh(p) G(p)

mn + e− βmnh(p)H(p)
mn

)
=

4
ab

∫ a

0

∫ b

0
t2(x, y)sin

mπx
a

sin
nπy
b

dydx

(10)  

XH(1)
mn and XH(p)

mn can be solved by Eq. (8) and Eq. (10) with i = p. Then 
the unknown coefficient matrix XH(i)

mn of arbitrary i-th layer can be ob-
tained by submitting XH(1)

mn into Eq. (8). Finally, the temperature at any 
position inside the laminated plate can be obtained by substituting XH(i)

mn 
into Eq. (4). 

2.2.1. Solutions of the displacement and stress fields 
In the local coordinate system x − y − z, a set of 3-D thermoelastic 

constitutive equations of the i-th layer has 

Fig. 1. Schematic diagram of 3-D laminated plate subjected to combined thermo-mechanical load.  
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where σ(i)
x , σ(i)

y and σz
(i) represent the i-th layer’s normal stresses. τ(i)xy, τ(i)yz 

and τ(i)xz represent the shear stresses. u(i), v(i) and w(i) represent three 
displacement components. G(i) is the shear modulus. λ(i) is Lame con-
stant with λ(i) =

E(i)μ(i)

(μ(i)+1)(1− 2μ(i))
. 

By substituting Eq. (11) into the 3-D elastic theoretical equilibrium 
equation, we have:   

The force and displacement boundary conditions are: 

σ(i)
x (0, y, z) = σ(i)

x (a, y, z) = 0,
σ(i)

y (0, y, z) = σ(i)
y (a, y, z) = 0,

v(i)(0, y, z) = v(i)(a, y, z) = w(i)(0, y, z) = w(i)(a, y, z) = 0,
u(i)(x, 0, z) = u(i)(x, b, z) = w(i)(x, 0, z) = w(i)(x, b, z) = 0

(13) 

According to Eq. (13), the displacement solution of the i-th layer’s 
can be expanded as 

u(i)(x, y, z) =
∑∞

m=1

∑∞

n=1
U(i)

mn(z)cos
mπx

a
sin

nπy
b

,

v(i)(x, y, z) =
∑∞

m=1

∑∞

n=1
V (i)

mn(z)sin
mπx

a
cos

nπy
b

,

w(i)(x, y, z) =
∑∞

m=1

∑∞

n=1
W(i)

mn(z)sin
mπx

a
sin

nπy
b

(14) 

The expressions of U(i)
mn(z), V(i)

mn(z) and W(i)
mn(z) can be obtained by 

substituting Eq. (4) together with Eq. (14) into Eq. (12). Then, the i-th 
layer’s displacement field is expressed as following matrix form: 
⎡

⎢
⎢
⎣

u(i)(x, y, z)

v(i)(x, y, z)

w(i)(x, y, z)

⎤

⎥
⎥
⎦=

∑∞

m=1

∑∞

n=1

{[
DU(i)

mn

]

3×6

[
XD(i)

mn

]

6×1 +
[
DH(i)

mn

]

3×2

[
XH(i)

mn

]

2×1

}

⊙

⎡

⎢
⎢
⎢
⎢
⎢
⎣

cos
mπx

a
sin

nπy
b

sin
mπx

a
cos

nπy
b

sin
mπx

a
sin

nπy
b

⎤

⎥
⎥
⎥
⎥
⎥
⎦

(15) 

σ(i)
x (x, y, z) =

(
λ(i) + 2G(i)) ∂u(i)(x, y, z)

∂x
+ λ(i)

∂v(i)(x, y, z)
∂y

+ λ(i)
∂w(i)(x, y, z)

∂z
−
(
3λ(i) + 2G(i))α(i)T (i)(x, y, z),

σ(i)
y (x, y, z) =

(
λ(i) + 2G(i)) ∂v(i)(x, y, z)

∂y
+ λ(i)

∂u(i)(x, y, z)
∂x

+ λ(i)
∂w(i)(x, y, z)

∂z
−
(
3λ(i) + 2G(i))α(i)T (i)(x, y, z),

σz
(i)(x, y, z) =

(
λ(i) + 2G(i)) ∂w(i)(x, y, z)

∂z
+ λ(i)

∂u(i)(x, y, z)
∂x

+ λ(i)
∂v(i)(x, y, z)

∂y
−
(
3λ(i) + 2G(i))α(i)T (i)(x, y, z),

τ(i)xy (x, y, z) = G(i)
(

∂u(i)(x, y, z)
∂y

+
∂v(i)(x, y, z)

∂x

)

,

τ(i)yz (x, y, z) = G(i)
(

∂v(i)(x, y, z)
∂z

+
∂w(i)(x, y, z)

∂y

)

,

τ(i)xz (x, y, z) = G(i)
(

∂u(i)(x, y, z)
∂z

+
∂w(i)(x, y, z)

∂x

)

(11)   

(
λ(i) + 2G(i)) ∂2u(i)(x, y, z)

∂x2 + G(i)∂
2u(i)(x, y, z)

∂y2 + Gi
∂2u(i)(x, y, z)

∂z2 +
(
λ(i) + G(i)) ∂2v(i)(x, y, z)

∂x∂y

+
(
λ(i) + G(i)) ∂2w(i)(x, y, z)

∂x∂z
=

(
3λ(i) + 2G(i))α(i)∂T (i)(x, y, z)

∂x
,

(
λ(i) + 2G(i)) ∂2v(i)(x, y, z)

∂y2 + G(i)∂
2v(i)(x, y, z)

∂x2 + G(i)∂
2v(i)(x, y, z)

∂z2 +
(
λ(i) + G(i)) ∂2u(i)(x, y, z)

∂x∂y

+
(
λ(i) + G(i)) ∂2w(i)(x, y, z)

∂y∂z
=

(
3λ(i) + 2G(i))α(i)∂T (i)(x, y, z)

∂y
,

(
λ(i) + 2G(i)) ∂2w(i)(x, y, z)

∂z2 + G(i)∂
2w(i)(x, y, z)

∂x2 + G(i)∂
2w(i)(x, y, z)

∂y2 +
(
λ(i) + G(i)) ∂2u(i)(x, y, z)

∂x∂z

+
(
λ(i) + G(i)) ∂2v(i)(x, y, z)

∂y∂z
=

(
3λ(i) + 2G(i))α(i)∂T (i)(x, y, z)

∂z

(12)   
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where ⊙ is Hadamard product. XD(i)
mn =

[
A(i)

mn B(i)
mn C(i)

mnD(i)
mnE(i)

mnF(i)
mn
]T is 

unknown coefficient matrix. The subsequent boundary conditions and 
the transfer matrix method according to continuous conditions of the 
adjacent layers can be used to obtain the unknown coefficient matrix. 

Combined with Eq. (15) and Eq. (11), we have: 

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

σ(i)
x (x, y, z)

σ(i)
y (x, y, z)

σz
(i)(x, y, z)

τ(i)xz (x, y, z)

τ(i)yz (x, y, z)

τ(i)xy (x, y, z)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=
∑∞

m=1

∑∞

n=1

{[
SU(i)

mn

]

6×6

[
XD(i)

mn

]

6×1 +
[
SH(i)

mn

]

6×2

[
XH(i)

mn

]

2×1

}

⊙

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

sin
mπx

a
sin

nπy
b

sin
mπx

a
sin

nπy
b

sin
mπx

a
sin

nπy
b

cos
mπx

a
sin

nπy
b

sin
mπx

a
cos

nπy
b

cos
mπx

a
cos

nπy
b

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(16) 

The expressions of the elements in matrices DU(i)
mn, DH(i)

mn, SU(i)
mn and 

SH(i)
mn are shown in Appendix. 
The matrix combining Eq. (15) and Eq. (16) has: 

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

u(i)(x, y, z)
v(i)(x, y, z)
w(i)(x, y, z)
σz

(i)(x, y, z)
τ(i)xz (x, y, z)

τ(i)yz (x, y, z)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=
∑∞

m=1

∑∞

n=1
H(i)

mn(z) ⊙

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

cos
mπx

a
sin

nπx
b

sin
mπx

a
cos

nπx
b

sin
mπx

a
sin

nπx
b

sin
mπx

a
sin

nπx
b

cos
mπx

a
sin

nπx
b

sin
mπx

a
cos

nπx
b

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(17)  

where 

H(i)
mn(z)=

[
U(i)

mn(z) V(i)
mn(z) W(i)

mn(z) Z(i)
mn(z) X(i)

mn(z) Y (i)
mn(z)

]T
=D(i)

mn(z)XD(i)
mn

+B(i)
mn(z)

(18)  

where the elements in the matrices D(i)
mn(z) and B(i)

mn(z) are consisted by 
some elements in DU(i)

mn, DH(i)
mn, SU(i)

mn and SH(i)
mn as follows:  

According to Eq. (18), we have H(i)
mn(h(i)) =

D(i)
mn(h(i)){D(i)

mn(0)
− 1
[H(i)

mn(0) − B(i)
mn(0)]}+ B(i)

mn(h(i)). According to the 
continuity condition between adjacent layers H(i)

mn(h(i)) = H(i+1)
mn (0), the 

relationships obtained from the above conditions through the matrix 
transfer method is: 

H(i)
mn

(
h(i))=

[
U1mn U2mn
U3mn U4mn

]

H(1)
mn(0) + [Smn]6×1 (19)  

where 
[

U1mn U2mn
U3mn U4mn

]

=
∏1

i=p
D(i)

mn(h
(i))D(i)

mn(0)
− 1
, Smn = −

∑p
j=1

{
∏j

i=p
[D(i)

mn(h
(i))D(i)

mn(0)
− 1
]}B(j)

mn(0) +

∑p
j=2

{
∏j

i=p
[D(i)

mn(h
(i))D(i)

mn(0)
− 1
]}B(j− 1)

mn (h(j− 1)) + B(p)
mn(h(p)). 

2.3. The stress boundary conditions of the laminate plate are 

σz
(1)(x, y, 0) = q(x, y), τ(1)xz (x, y, 0) = 0, τ(1)yz (x, y, 0) = 0,

σz
(p)( x, y, hp

)
= 0, τ(p)xz

(
x, y, h(p)) = 0, τ(p)yz

(
x, y, h(p)) = 0

(20) 

The mechanical load q (x, y) forced at the bottom surface of the 
laminated plate could be expressed by Fourier series as follows: 

q(x, y)=
∑∞

m=1

∑∞

n=1
qmn sin

mπx
a

sin
nπy
b

(21)  

with 

qmn =
4
ab

∫ b

0

∫ a

0
q(x, y)sin

mπx
a

sin
nπy
b

dxdy (22) 

Substituting Eq. (20) and Eq. (17) into Eq. (19), we have 

D(i)
mn(z)=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

DU(i)
mn(1, 1) DU(i)

mn(1, 2) DU(i)
mn(1, 3) DU(i)

mn(1, 4) DU(i)
mn(1, 5) DU(i)

mn(1, 6)
DU(i)

mn(2, 1) DU(i)
mn(2, 2) DU(i)

mn(2, 3) DU(i)
mn(2, 4) DU(i)

mn(2, 5) DU(i)
mn(2, 6)

DU(i)
mn(3, 1) DU(i)

mn(3, 2) DU(i)
mn(3, 3) DU(i)

mn(3, 4) DU(i)
mn(3, 5) DU(i)

mn(3, 6)
SU(i)

mn(3, 1) SU(i)
mn(3, 2) SU(i)

mn(3, 3) SU(i)
mn(3, 4) SU(i)

mn(3, 5) SU(i)
mn(3, 6)

SU(i)
mn(4, 1) SU(i)

mn(4, 2) SU(i)
mn(4, 3) SU(i)

mn(4, 4) SU(i)
mn(4, 5) SU(i)

mn(4, 6)
SU(i)

mn(5, 1) SU(i)
mn(5, 2) SU(i)

mn(5, 3) SU(i)
mn(5, 4) SU(i)

mn(5, 5) SU(i)
mn(5, 6)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,B(i)
mn(z)=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

DH(i)
mn(1, 1) DH(i)

mn(1, 2)
DH(i)

mn(2, 1) DH(i)
mn(2, 2)

DH(i)
mn(3, 1) DH(i)

mn(3, 2)
SH(i)

mn(3, 1) SH(i)
mn(3, 2)

SH(i)
mn(4, 1) SH(i)

mn(4, 2)
SH(i)

mn(5, 1) SH(i)
mn(5, 2)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

XH(i)
mn.
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⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

U(p)
mn

(
h(p))

V(p)
mn

(
h(p))

W(p)
mn

(
h(p))

0
0
0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

[
U1mn U2mn
U3mn U4mn

]

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

U(1)
mn (0)

V (1)
mn (0)

W(1)
mn (0)

4
ab

∫ b

0

∫ a

0
q(x, y)sin

mπx
a

sin
nπy
b

dxdy

0

0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

+ Smn

(23) 

Then, Eq. (23) is decomposed into two third-order matrix equations 
as follows: 

⎡

⎢
⎢
⎣

U(p)
mn

(
h(p))

V (p)
mn

(
h(p))

W(p)
mn

(
h(p))

⎤

⎥
⎥
⎦=U1mn

⎡

⎢
⎢
⎣

U(1)
mn (0)

V (1)
mn (0)

W(1)
mn (0)

⎤

⎥
⎥
⎦+U2mn

⎡

⎢
⎢
⎢
⎣

4
ab

∫ b

0

∫ a

0
q(x,y)sin

mπx
a

sin
nπy
b

dxdy

0

0

⎤

⎥
⎥
⎥
⎦

+

⎡

⎣

Smn(1,1)

Smn(2,1)

Smn(3,1)

⎤

⎦

(24)  

[ 0
0

0

]

=U3mn

⎡

⎢
⎢
⎣

U(1)
mn (0)

V (1)
mn (0)

W(1)
mn (0)

⎤

⎥
⎥
⎦+U4mn

⎡

⎢
⎢
⎢
⎣

4
ab

∫ b

0

∫ a

0
q(x, y)sin

mπx
a

sin
nπy
b

dxdy

0

0

⎤

⎥
⎥
⎥
⎦

+

⎡

⎣

Smn(4, 1)

Smn(5, 1)

Smn(6, 1)

⎤

⎦

(25) 

U(1)
mn(0), V(1)

mn (0) and W(1)
mn(0) can be obtained by solving Eq. (25). 

Then, the displacements and stresses H(i)
mn(h(i)) can be solved by 

substituting U(1)
mn(0), V(1)

mn (0) and W(1)
mn(0) into Eq. (19). The following 

formula is obtained by combining Eq. (18) and Eq. (19):  

Through the matrix operation of Eq. (26), the matrix of undeter-
mined coefficients XD(i)

mn in each laminated layer can be obtained. 
Finally, the displacements and stressed at any position in the laminated 
plate subjected to thermo-mechanical load can be obtained by 
substituting these coefficients XD(i)

mn into Eq. (17). 

2.4. Architecture of a BP neural network 

As an atrial contractile assist device, the surface mechanical load of 
the LCE plate in a temperature field and its corresponding deformation 
are important parameters to evaluate its mechanical properties. The 
exact solution based on the above theoretical model can effectively 
calculate the deformation of a laminated LCE plate under the combined 
thermo-mechanical loads through the complex algebra and integral 

Fig. 2. The architecture of the BP prediction: (a) prediction of the deformation 
induced by the mechanical load; (b) inversion of the mechanical load according 
to the deformation. 

XD(i)
mn =D(i)

mn

(
h(i))− 1

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[
U1mn U2mn
U3mn U4mn

]

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

U(1)
mn (0)

V(1)
mn (0)

W(1)
mn (0)

4
ab

∫ b

0

∫ a

0
q(x, y)sin

mπx
a

sin
nπy
b

dxdy

0

0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

+ Smn − B(i)
mn

(
h(i))

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(26)   

J. Wang et al.                                                                                                                                                                                                                                    



Journal of the Mechanical Behavior of Biomedical Materials 136 (2022) 105478

7

operations. However, the above exact solution cannot invert the surface 
mechanical load of the laminated LCE plate by a specific deformation. 
ANN is an information processing system composed of many connected 
neurons that can get the expected results in line with some rules on the 
basis of obtaining the mapping relationship between two multivariate 
information spaces (Baliyan et al., 2015). The common application of 
ANN is to train and learn the input database for predicting certain 
outputs. BP neural network has the highest efficiency in training. In this 
study, BP neural network is selected to predict the deformation or 

mechanical load of a laminated LCE plate. 
BP neural network is a static multi-layer forward ANN adopted the 

supervised learning method based on error back propagation algorithm 
and gradient descent method to minimize the mean square error. It 
usually includes three processes: (1) The input signal propagates for-
ward, and the error with the sample value is calculated after the 
calculation and processing of the nodes of input layer and hidden layer; 
(2) The error signal is back propagated, and the weight as well as 
threshold are adjusted based on the learning rate in order to reduce the 

Table 1 
Material parameters of laminated LCE plate in numerical examples.  

Materials Young’s modulus (MPa) Poisson’s ratio Coefficient of thermal expansion (◦C − 1) Thermal conductivity (W/(m⋅◦C)) 

LCE 6 0.499 − 1.5 × 10− 4 0.22 
Flexible substrate 4 × 103 0.34 2.5 × 10− 5 0.12  

Table 2 
Convergence of displacements under different mechanical loads in a temperature field.  

Laminated LCE model q(x, y) 
(Pa) 

Position Dis. Expansion order m and n of Fourier series in Eq. (15) 

5 15 25 35 45 

10 x = 1.5 m, 
y = 0.5 m, 
z = 0.1 m 

u (mm) − 0.0629 − 0.0503 − 0.0502 − 0.0504 − 0.0504 
v (mm) − 0.500 − 0.510 − 0.510 − 0.510 − 0.510 
w (μm) − 55.1 − 57.0 − 58.1 − 58.2 − 58.2 

x = 3.0 m, 
y = 1.2 m, 
z = 0.2 m 

u (mm) 0.154 0.179 0.179 0.179 0.179 
v (mm) 0.179 0.172 0.172 0.172 0.172 
w (μm) 64.1 62.8 64.0 64.1 64.1 

x + y+1 x = 1.5 m, 
y = 0.5 m, 
z = 0.1 m 

u (mm) − 0.0629 − 0.0503 − 0.0502 − 0.0504 − 0.0504 
v (mm) − 0.500 − 0.510 − 0.510 − 0.510 − 0.510 
w (μm) − 56.8 − 58.8 − 59.8 − 59.9 − 59.9 

x = 3.0 m, 
y = 1.2 m, 
z = 0.2 m 

u (mm) 0.153 0.179 0.179 0.179 0.179 
v (mm) 0.179 0.172 0.172 0.172 0.172 
w (μm) 62.5 61.2 62.4 62.5 62.5 

x2+y2+xy + x + y+1 x = 1.5 m, 
y = 0.5 m, 
z = 0.1 m 

u (mm) − 0.0628 − 0.0502 − 0.0502 − 0.0503 − 0.0503 
v (mm) − 0.500 − 0.505 − 0.510 − 0.510 − 0.510 
w (μm) − 55.1 − 57.0 − 58.1 − 58.2 − 58.2 

x = 3.0 m, 
y = 1.2 m, 
z = 0.2 m 

u (mm) 0.153 0.179 0.179 0.179 0.179 
v (mm) 0.179 0.172 0.172 0.172 0.172 
w (μm) 65.7 64.4 65.6 65.7 65.7  

Table 3 
Comparison of the present displacements with FEM results at bottom surface under different mechanical loads in a temperature field.  

q(x, y) 
(Pa) 

Dis Method y = 0.6 m, z = 0.2 

x = 0 m x = 0.4 m x = 0.8 m x = 1.2 m x = 1.6 m x = 2 m 

10 u (mm) Present − 0.66573 − 0.40989 − 0.21447 − 0.10721 − 0.044615 0 
FE − 0.66563 − 0.41000 − 0.21433 − 0.10734 − 0.044550 0 
Error 0.015% 0.027% 0.065% 0.121% 0.150% 0% 

v (mm) Present 0 − 0.1848 − 0.30926 − 0.37822 − 0.41146 − 0.42127 
FE 0 − 0.18482 − 0.30929 − 0.37824 − 0.41148 − 0.42128 
Error 0% 0.011% 0.010% 0.005% 0.005% 0.002% 

z (μm) Present 0 61.849 63.159 63.853 64.308 64.261 
FE 0 61.602 63.230 63.878 64.236 64.351 
Error 0% 0.401% 0.112% 0.039% 0.112% 0.140% 

x + y+1 u (mm) Present − 0.66593 − 0.40969 − 0.21421 − 0.10735 − 0.044595 0 
FE − 0.66552 − 0.40991 − 0.21427 − 0.10730 − 0.044540 0 
Error 0.062% 0.054% 0.028% 0.047% 0.123% 0% 

v (mm) Present 0 − 0.18476 − 0.30919 − 0.37813 − 0.41136 − 0.42116 
FE 0 − 0.18477 − 0.30912 − 0.37814 − 0.41137 − 0.42117 
Error 0% 0.005% 0.023% 0.003% 0.002% 0.002% 

z (μm) Present 0 60.777 61.866 62.110 62.234 62.316 
FE 0 60.776 61.786 62.060 62.253 62.368 
Error 0% 0.002% 0.129% 0.081% 0.031% 0.083% 

x2+y2+xy + x + y+1 u (mm) Present − 0.666 − 0.40976 − 0.21428 − 0.10741 − 0.044653 0 
FE − 0.66559 − 0.40998 − 0.21434 − 0.10737 − 0.044598 0 
Error 0.061% 0.054% 0.028% 0.037% 0.123% 0% 

v (mm) Present 0 − 0.18479 − 0.30926 − 0.37822 − 0.41148 − 0.42131 
FE 0 − 0.18480 − 0.30927 − 0.37823 − 0.41149 − 0.42132 
Error 0% 0.005% 0.003% 0.003% 0.002% 0.002% 

z (μm) Present 0 61.321 62.944 63.709 64.325 64.824 
FE 0 61.319 62.864 63.660 64.343 64.876 
Error 0% 0.003% 0.127% 0.077% 0.028% 0.080%  
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error in gradient direction; (3) The input signal is continuously trained 
and learned until the error is reduced to the minimum mean square error 
or the training times reaches the maximum number of iterations. The 
required weight and threshold are obtained through finite iterative 
adjustment. Then the results of the given parameters are predicted. The 
training and prediction of BP neural network involved in this study are 
programmed and run by MATLAB software. In the training process, the 
training samples are firstly normalized by mapping them from original 
range to the range [− 1, 1]. A newff function in Neural Network Toolbox 
of MATLAB is applied to construct the BP neural network model. The 
network parameters configured for training are net.trainParam.epochs 
= 1000, net.trainParam.lr = 0.01, net.trainParam.goal = 0.000001. In 
the prediction process, the test samples are normalized and then the sim 
function is used to simulate the trained BP neural network model. 
Finally, the simulation results are reversely normalized to obtain the 
prediction results. 

The mechanical load is described by a two-dimensional Taylor 
polynomial function in Eq. (27). According to Taylor formula, with the 
different values and combinations of m and n, q(x, y) can fit any me-
chanical load function with different continuous distribution. 

q(x, y)=
∑∞

m=0

∑∞

n=0
amnxmyn (27)  

where amn are the expansion coefficient of q(x, y). BP neural network can 
be trained by a database composed of different mechanical load with 
expansion order m, n and coefficients amn. The corresponding de-
formations of the laminated plates can be obtained by the exact solutions 
presented in section 2.1 under the conditions of given temperature and 
mechanical loads. 

Fig. 2 shows the architecture of prediction of mechanical solutions. 

Input layer, hidden layer and output layer constitute the basic structure 
of BP neural network. The node number of input and output layer de-
pends on the composition of the input and output data, respectively. The 
training database is obtained from analytical solutions based on the 
presented 3-D thermoelastic mechanical model. Fig. 2(a) shows the BP 
neural network prediction of the deformation of the LCE plate under the 
action of mechanical load. The mechanical load coefficients amn are the 
input parameters while the deformation are the output parameters. 
Similarly, Fig. 2(b) shows the inversion of the mechanical load forced on 
LCE plate through the given elastic deformation. The displacements are 
the input parameters while mechanical load coefficients amn are the 
output parameters. The selecting node number M in the hidden layer can 
be determined based on an empirical formula as follows: 

M =
̅̅̅̅̅̅̅̅̅̅̅̅̅
E + V

√
+ Q (28)  

where M, V and E are the node number in hidden layer, output layer and 
input layer, respectively. Q is the adjustment constant of the node 
number in hidden layer, with a value range of 1–10. 

3. Results and discussion 

3.1. Convergence and comparison examples 

The convergence the number of Fourier series and comparison with 
FEM are studies to confirm the correctness of exact mechanical solu-
tions. A triple-layered laminated LCE plate is considered in this example. 
The triple-layered laminated LCE plate is a structure with the flexible 
substrate layer sandwiched between the two LCE layers on both sides. 
The geometrical size of the plate is 4 m × 2 m × 0.3 m. The layered 
thickness is h(1) = h(2) = h(3) = 0.1 m. Other parameters of materials 

Fig. 3. The influence of temperature on the vertical displacement of laminated LCE plate.  
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required in these studies are listed in Table 1. Constant temperature 
loads (Tb (x, y) = 36 ◦C, Tt (x, y) = 36 ◦C) are forced on the LCE plate. 

Different m and n are selected in Table 2 to calculate the vertical 
displacement of some points in the LCE laminated plate and complete 
the convergence study of the analytical model. It can be seen from 
Table 2 that the results tend to be stable with the increase of m and n. It 
means that the vertical displacement is convergent. The expansion or-
ders of Fourier series of m and n are both fixed at 35 in the subsequent 
numerical examples. 

A finite element method (FEM) simulated by ANSYS software has 
been carried out to verify the effectiveness of formula derivation from 
Eq. (1) to Eq. (26) and its program coding. Table 3 shows the comparison 
between the present analytical results from 3-D thermoelastic theory 
and the numerical results from FEM in the cases for three different 
mechanical loads. The present exact theoretical solution is obtained 
from Eq. (17) incorporating with Eq. (26) and calculated by MATLAB 

programming. The FEM model is simulated in ANSYS software by 
element SOLID5 which has eight nodes with up to six degrees of freedom 
at each node. SOLID5 has capacity for simulation of 3-D magnetic, 
thermal, electric, piezoelectric, and structural problem. Six different 
points in the laminated plate are selected for comparison. The y-axis and 
z-axis coordinates of these points are fixed at y = 0.6 m and z = 0.2 m 
respectively. The x-axis coordinates are fixed at 0 m, 0.4 m, 0.8 m, 1.2 m, 
1.6 m and 2 m, respectively. The error between the vertical displace-
ment results of present exact solution theory and FEM at each position in 
Table 3 is calculated by Eq. (29), in which the maximum relative error is 
less than 0.45%. 

error =
⃒
⃒
⃒
⃒
J − I

J

⃒
⃒
⃒
⃒× 100% (29)  

where J and I represent the results from FEM and the present theoretical 
model respectively. 

Fig. 4. The influence of LCE thickness on the vertical displacement of laminated LCE plate.  

Table 4 
Calculation parameters used for establishing the database of the laminated LCE 
plate in a temperature field (Tb (x) = 36 ◦C, Tt (x) = 37 ◦C).  

Point coordinates of the bottom 
surface (z = 0) 

coefficient Scale of coefficients 

x = 0.25–1.75 cm with a gradient of 
0.25 cm; 
y = 0.25–1.75 cm with a gradient 
of 0.25 cm; 
Vertical displacements of 49 points 
in total 

a20 From 0 to 1 with a gradient of 
0.1 

a02 From 0 to 0.7 with a gradient 
of 0.1 

a11 From 0 to 0.01 with a 
gradient of 0.005 

a10 From 0 to 0.1 with a gradient 
of 0.05 

a01 From 0 to 0.1 with a gradient 
of 0.05 

a00 From 0 to 1.5 with a gradient 
of 0.5  

Table 5 
Five groups of test sets for the verification of the prediction accuracy of BP 
neural network.  

No. Coefficients of mechanical load Point coordinates of the 
bottom surface (z = 0) 

a20 a02 a11 a10 a10 a00 

#1 0 0 0 0 0 0.75 x = 0.25–1.75 cm with a 
gradient of 0.25 cm; 

#2 0 0 0.01 0.5 0.2 0.5 y = 0.25–1.75 cm with a 
gradient of 0.25 cm; 

#3 0.8 0.4 0.01 0.1 0 0.25 Vertical displacements of 
49 points in total 

#4 1.2 0.8 0.005 0.02 0.05 0.63  
#5 0.9 1 0 0 0 2   
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3.2. Parametric studies 

The influences of layer thickness and temperature on the displace-
ment of laminated LCE plate are evaluated by following two examples. 
The material compositions of the plate are the same as that in section 
3.1. The material parameters considered in the following examples are 
shown in Table 1. It is noticed that the coefficient of thermal expansion 
of LCE in Table 1 should have been varied with the temperature. 
However, since a small and low temperature range from 36 ◦C-40 ◦C is 
considered in the numerical example, the thermal expansion coefficient 
of LCE is assumed as a constant value for the simplification of the 3-D 
thermoelastic model. The length of the laminated LCE plate is a 
square with geometrical size 2.0 cm. 

Fig. 3 demonstrates the effect of temperature on the deformation of a 
triple-layered laminated LCE plate. The thickness of each thin layer is 10 
μm. Body temperature is variable. Therefore, for simulation of the real 
situation in the human environment, the bottom surface temperature of 
the laminated LCE plate is kept at the normal human temperature 
(36 ◦C), and the top surface is under the temperature load from the 
normal human temperature to the fever temperature (36 ◦C-40 ◦C with a 
gradient of 1 ◦C). Fig. 3 shows that within the range of human body 
temperature, the displacement of laminated LCE plate increases with the 
increasing temperature. The calculated value of the exact solution in-
dicates that the increase of the displacement at the centre part of 
laminated LCE plate is less than 4.2% with the increase of temperature of 
1 ◦C. The results show that the change of human body temperature has 
minimal influence on the deformation of laminated LCE plate. 

Fig. 4 demonstrates the effect of layered thickness of LCE on the 

deformation of the triple-layered laminated LCE plate. A temperature 
load of 36 ◦C is applied on the surfaces of the laminated LCE plate. The 
intermediate flexible substrate layer thickness is maintained at 10 μm. 
LCE layer thickness is 10 μm, 20 μm, and 30 μm respectively. As shown 
in Fig. 4, the effect of each LCE layer thickness is significant. When each 
layer thickness is 20 μm, the displacement of the middle part of the 
structure decreases by more than 14.2% compared with that of each 
layer thickness is 10 μm. When each layer thickness is 30 μm, the 
displacement of the middle part of structure decreases by more than 
24.0% compared with that of each layer thickness is 10 μm. It indicates 
that the deformation of the laminate is more sensitive to the layer 
thickness of LCE than the temperature change. This is because that the 
elastic deformation of LCE layer is determined by its Young’s modulus 
and Poisson’s ratio and the thermal deformation of LCE layer is deter-
mined by its thermal conductivity and expansion. So due to the material 
properties, it seems that the elastic deformation of LCE laminated plate 
with its thickness between 10 μm and 30 μm is more significant than the 
thermal deformation caused by the temperature range of human body 
between 36 ◦C to 40 ◦C. Therefore, reducing the LCE layer thickness can 
significantly increase the deformation of laminated LCE plate. 

3.3. Application of BP neural network prediction 

In this study, the prediction of BP neural network includes the pre-
diction of deformation and the inversion of mechanical load of lami-
nated LCE plate with temperature load. The database for training BP 
neural network is made up of the surface mechanical load coefficients 
and corresponding displacements of laminated LCE plate. The temper-
ature load is considered as Tb (x) = 36 ◦C and Tt (x) = 37 ◦C. In this 
study, a polynomial mechanical load function with six coefficients 
shown in Eq. (30) is selected. 

q(x, y)= a00 + a10x+ a01y+ a11xy+ a20x2 + a02y2 (30) 

The selection of coefficients of mechanical load and the location of 
displacement investigation points are shown in Table 4 which is called 
training set with a total of 9504 groups of data. In addition, 5 groups of 
test set that are not part of the training data are listed in Table 5. It can 
test the feasibility and correctness of predicting mechanical solutions of 
laminated LCE plate based on the BP neural network. 

The relative error between prediction results and exact results from 
theoretical model is expressed as follows for evaluation of the precision 
of prediction results: 

error =
⃒
⃒
⃒
⃒
I − O

I

⃒
⃒
⃒
⃒× 100% (31)  

where O and I represent the predicted result and the exact result, 
respectively. 

Fig. 5. Comparison of the vertical displacements between the results of the analytical solution and the prediction of the BP model.  

Fig. 6. The relative error of displacement between the BP model and the 
theoretical model. 
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3.3.1. Prediction of the deformation induced by thermos-mechanical load 
The coefficients of the mechanical load a20, a02, a11, a10, a01, a00 in 

Eq. (30) are the input parameters. The vertical displacement w (w1, w2, 
… w49) of 49 points as the output parameters. Therefore, E in Eq. (28) is 
6 and V is 49. The adjustment constant is set as 3. Therefore, according 
to Eq. (28), M is 10. 

In order to characterize the accuracy of displacement prediction, the 
coefficients of mechanical load of test sets in Table 5 are taken as the 
input data for prediction and accuracy analysis. Fig. 5 is used to intui-
tively show the fitting degree of the displacements between the exact 
theoretical results and the prediction results from BP model. Fig. 5(a) is a 
3-D displacement distribution diagram for the symmetrical half of the 
laminated LCE plate. Fig. 5(b) shows the displacements distribution at y 
= 1 cm. Fig. 5 shows that the predicted displacements and calculated 
displacements of the five sets of test data have highly consistence. Fig. 6 
shows the error analysis of BP neural network in predicting vertical 
displacement. BP neural network can effectively predict the displace-
ment of laminated LCE plate under mechanical loads in the temperature 
field with an average error of less than 1.1%. 

3.3.2. Inversion of mechanical load according to the deformation 
The vertical displacements w (w1, w2, … w49) of 49 points are the 

input parameters. The coefficients a20, a02, a11, a10, a01, a00 in Eq. (30) 
are the output parameters. Therefore, E in Eq. (28) of is 6 and V is 49. 
The adjustment constant is set as 5. Therefore, M is equal to 12 according 
to Eq. (28). 

The displacements of test sets in Table 5 are taken as the input data 
for inversion of coefficients in Eq. (30) and accuracy analysis. Fig. 7 is 
used to intuitively show the comparison between the predicted me-
chanical loads and the actual mechanical loads. The comparison results 
show that the predicted mechanical loads are all consistent with the 
given ones. The prediction error shown in Fig. 8 indicated that the 
average error of predicting mechanical load is less than 1.3%. It also 
shows that BP neural network can effectively invert the mechanical load 
of a laminated LCE plate with specific displacements at the bottom 
surface. 

4. Concluding remarks 

A simple and effective approach is proposed for predicting me-
chanical solutions of laminated LCE plate under thermo-mechanical 
loads combining the theoretical model with BP neural network. The 
dataset required for training and testing the BP neural network is 
obtaining by developing an exact theoretical model based on the 3-D 
heat conduction and thermoelastic theory. The convergence and com-
parison with FEM are studied to confirm the accuracy of original 
training data. The sensitivity of layer thickness and the temperature load 
to the deformation of LCE plate is assessed by parametric studies. The 
accuracy of the BP neural network is verified by comparing the pre-
diction results with exact results. The following conclusions can be 
summarized as.  

(1) The error between the deformation results of the exact theoretical 
solution and the FEM is less than 0.45%, but the theoretical 
model has a higher computational efficiency and stability than 
FEM.  

(2) The LCE layer thickness play a more important role than the 
temperature variation does in terms of influence factor for the 
deformation of laminated LCE plate. LCE layer thickness can be 
reduced to improve the deformation performance of LCE lami-
nated plate effectively.  

(3) The error of prediction and inversion of mechanical solution 
(deformation and surface mechanical load) of laminated LCE 
plate is less than 1.3%. It proves that BP neural network can 
effectively predict the mechanical solutions of laminated LCE 
plate under combined thermal and mechanical loads. 
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Appendix 

The expressions of the elements in matrix DU(i)
mn are listed as: 

DU(i)
mn(1, 1)= 0  

DU(i)
mn(1, 2)= 0  

DU(i)
mn(1, 3)=

mnπ2z
abβmn

eβmnz  

DU(i)
mn(1, 4)= −

mnπ2z
abβmn

e− βmnz  

DU(i)
mn(1, 5)=

πn
b

eβmnz  

DU(i)
mn(1, 6)=

πn
b

e− βmnz  

DU(i)
mn(2, 1)= βmneβmnz  

DU(i)
mn(2, 2)= − βmne− βmnz  

DU(i)
mn(2, 3)=

(
λ(i) + 3G(i)

λ(i) + G(i)
+

n2π2z
b2βmn

)

eβmnz  

DU(i)
mn(2, 4)=

(
λ(i) + 3G(i)

λ(i) + G(i)
−

n2π2z
b2βmn

)

e− βmnz  

DU(i)
mn(2, 5)= −

mπ
a

eβmnz  

DU(i)
mn(2, 6)= −

mπ
a

e− βmnz  

DU(i)
mn(3, 1)=

πn
b

eβmnz  

DU(i)
mn(3, 2)=

πn
b

e− βmnz  

DU(i)
mn(3, 3)=

πn
b

z(i)eβmnz  

DU(i)
mn(3, 4)=

πn
b

z(i)e− βmnz  

DU(i)
mn(3, 5)= 0  

DU(i)
mn(3, 6)= 0 

The expressions of the elements in matrix DH(i)
mn are listed as: 

DH(i)
mn(1, 1)= −

mnπ2

abβ2
mn

(
3λ(i) + 2G(i)

)
α(i)

λ(i) + G(i)
eβmnz 
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DH(i)
mn(1, 2)= −

mnπ2

abβ2
mn

(
3λ(i) + 2G(i)

)
α(i)

λ(i) + G(i)
e− βmnz  

DH(i)
mn(2, 1)= −

n2π2

b2β2
mn

(
3λ(i) + 2G(i)

)
α(i)

λ(i) + G(i)
eβmnz  

DH(i)
mn(2, 2)= −

n2π2

b2β2
mn

(
3λ(i) + 2G(i)

)
αi

λ(i) + G(i)
e− βmnz  

DH(i)
mn(3, 1)= 0  

DH(i)
mn(3, 2)= 0 

The expressions of the elements in matrix SU(i)
mn are listed as: 

SU(i)
mn(1, 1)= 0  

SU(i)
mn(1, 2)= 0  

SU(i)
mn(1, 3)= −

2πnG(i)eβmnz

b

(
λ(i)

λ(i) + G(i)
+

m2π2z
a2βmn

)

SU(i)
mn(1, 4)= −

2πnG(i)e− βmnz

b

(
λ(i)

λ(i) + G(i)
−

m2π2z
a2βmn

)

SU(i)
mn(1, 5)= −

2mnπ2G(i)

ab
eβmnz  

SU(i)
mn(1, 6)= −

2mnπ2G(i)

ab
e− βmnz  

SU(i)
mn(2, 1)= −

2πnG(i)βmn

b
eβmnz  

SU(i)
mn(2, 2)=

2πnG(i)βmn

b
e− βmnz  

SU(i)
mn(2, 3)= −

2πnG(i)eβmnz

b

(
2λ(i) + 3G(i)

λ(i) + G(i)
+

n2π2z
b2βmn

)

SU(i)
mn(2, 4)= −

2πnG(i)e− βmnz

b

(
2λ(i) + 3G(i)

λ(i) + G(i)
−

n2π2z
b2βmn

)

SU(i)
mn(2, 5)= −

2mnπ2G(i)

ab
eβmnz  

SU(i)
mn(2, 6)= −

2mnπ2G(i)

ab
e− βmnz  

SU(i)
mn(3, 1)=

2πnG(i)βmn

b
eβmnz  

SU(i)
mn(3, 2)= −

2πnG(i)βmn

b
e− βmnz  

SU(i)
mn(3, 3)=

2πnG(i)eβmnz

b

(
G(i)

λ(i) + G(i)
+ βmnz

)

SU(i)
mn(3, 4)=

2πnG(i)e− βmnz

b

(
G(i)

λ(i) + G(i)
− βmnz

)

SU(i)
mn(3, 5)= 0  

SU(i)
mn(3, 6)= 0  

SU(i)
mn(4, 1)=

mnπ2G(i)

ab
eβmnz  
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SU(i)
mn(4, 2)=

mnπ2G(i)

ab
e− βmnz  

SU(i)
mn(4, 3)=

mnπ2G(i)eβmnz

ab

(
1

βmn
+ 2z

)

SU(i)
mn(4, 4)= −

mnπ2G(i)e− βmnz

ab

(
1

βmn
− 2z

)

SU(i)
mn(4, 5)=

πnG(i)βmn

b
eβmnz  

SU(i)
mn(4, 6)= −

πnG(i)βmn

b
e− βmnz  

SU(i)
mn(5, 1)=

(
n2π2

b2 + β2
mn

)

G(i)eβmnz  

SU(i)
mn(5, 2)=

(
n2π2

b2 + β2
mn

)

G(i)e− βmnz  

SU(i)
mn(5, 3)=

(
λ(i) + 3G(i)

λ(i) + G(i)
βmn +

n2π2

b2βmn
+

2n2π2z
b2

)

G(i)eβmnz  

SU(i)
mn(5, 4)= −

(
λ(i) + 3G(i)

λ(i) + G(i)
βmn +

n2π2

b2βmn
−

2n2π2z
b2

)

G(i)e− βmnz  

SU(i)
mn(5, 5)= −

πmG(i)βmn

a
eβmnz  

SU(i)
mn(5, 6)=

πmG(i)βmn

a
e− βmnz  

SU(i)
mn(6, 1)=

mπG(i)

a
βmneβmnz  

SU(i)
mn(6, 2)= −

mπG(i)

a
βmne− βmnz  

SU(i)
mn(6, 3)=

(
λ(i) + 3G(i)

λ(i) + G(i)

mπ
a

+
2mn2π3z
ab2βmn

)

G(i)eβmnz  

SU(i)
mn(6, 4)=

(
λ(i) + 3G(i)

λ(i) + G(i)

mπ
a

−
2mn2π3z
ab2βmn

)

G(i)e− βmnz  

SU(i)
mn(6, 5)=

(
n2π2

b2 −
m2π2

a2

)

G(i)eβmnz  

SU(i)
mn(6, 6)=

(
n2π2

b2 −
m2π2

a2

)

G(i)e− βmnz 

The expressions of the elements in matrix SH(i)
mn are listed as: 

SH(i)
mn(1, 1)= −

2πnG(i)eβmnz

b

(
3λ(i) + 2G(i)

)
α(i)

2λ(i) + 2G(i)

(
n2π2

b2 − m2π2

a2

)

β2
mn  

SH(i)
mn(1, 2)= −

2πnG(i)e− βmnz

b

(
3λ(i) + 2G(i)

)
α(i)

2λ(i) + 2G(i)

(
n2π2

b2 − m2π2

a2

)

β2
mn  

SH(i)
mn(2, 1)=

2πnG(i)eβmnz

b

(
3λ(i) + 2G(i)

)
α(i)

2λ(i) + 2G(i)

(
n2π2

b2 − m2π2

a2

)

β2
mn  

SH(i)
mn(2, 2)=

2πnG(i)e− βmnz

b

(
3λ(i) + 2G(i)

)
α(i)

2λ(i) + 2G(i)

(
n2π2

b2 − m2π2

a2

)

β2
mn  

SH(i)
mn(3, 1)= −

2πnG(i)eβmnz

b

(
3λ(i) + 2G(i)

)
α(i)

2λ(i) + 2G(i)
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SH(i)
mn(3, 2)= −

2πnG(i)e− βmnz

b

(
3λ(i) + 2G(i)

)
α(i)

2λ(i) + 2G(i)

SH(i)
mn(4, 1)= −

mnπ2G(i)eβmnz

abβmn

(
3λ(i) + 2G(i)

)
α(i)

λ(i) + G(i)

SH(i)
mn(4, 2)=

mnπ2G(i)e− βmnz

abβmn

(
3λ(i) + 2G(i)

)
α(i)

λ(i) + G(i)

SH(i)
mn(5, 1)= −

n2π2G(i)eβmnz

b2βmn

(
3λ(i) + 2G(i)

)
α(i)

λ(i) + G(i)

SH(i)
mn(5, 2)=

n2π2G(i)e− βmnz

b2βmn

(
3λ(i) + 2G(i)

)
α(i)

λ(i) + G(i)

SH(i)
mn(6, 1)= −

2mn2π3G(i)eβmnz

ab2β2
mn

(
3λ(i) + 2G(i)

)
α(i)

λ(i) + G(i)

SH(i)
mn(6, 2)= −

2mn2π3G(i)e− βmnz

ab2β2
mn

(
3λ(i) + 2G(i)

)
α(i)

λ(i) + G(i)
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