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A B S T R A C T   

The performance of the gravimetric geoid models is usually evaluated by comparison of geoid heights with the 
GNSS/levelling derived geoid. But the GNSS/levelling network can be infected by significant systematic biases 
and random errors, especially in large and uneven areas. This contribution addresses the challenging problem of 
the corrector surface development along with the elimination of biases. To this end, fitting an appropriate 
geometric surface to the GNSS/levelling geoid heights is required, which is accomplished by applying the least 
squares B-spline approximation theory to the GNSS/levelling data. In addition, the 3D affine transformation is 
used to detect systematic effects of the GNSS/levelling network compared to a global geoid model. This strategy 
is applied to the adjustment of the Iranian GNSS/levelling network. A significant tilt is observed across the 
country ranging from − 0.35 m to 0.04 m. The entire study area is divided into four zones and the corrector 
surfaces are obtained in each zone. The accuracy of three global geoid models, EGM2008, EIGEN-6C4 and SGG- 
UGM-1, along with that of the Iranian regional geoid model IRG2016, are then investigated based on the raw 
GNSS/levelling heights and the corrector surfaces. The evaluations show the reliable results regarding the 
corrector surfaces against the raw data set. All geoid models show their maximum RMSE values of discrepancies 
in the mountainous zones and their minimum RMSEs in the zones having lower variety in topography. This 
indicates that the irregular topographies are not well detected by the global models over the study area.   

1. Introduction 

The accuracy of the gravimetric geoid models is usually assessed by 
comparing them with the GNSS/levelling network. It is therefore 
assumed that the geometric geoid derived as N = h − H provides the 
reference surface, where h is the ellipsoidal height measured by the 
Global Navigation Satellite System (GNSS) receivers and H is the 
orthometric height measured by levelling methods related to the geoid 
[1]. But this simple mathematical expression cannot be easily estab-
lished in practice and there might be significant systematic biases and 
random errors in the GNSS/levelling network. 

The GNSS/levelling networks offer the short and ultra-short wave-
length components of geoid, but there may be a systematic bias and a 
noticeable tilt across the study area due to the levelling network. One 
way to detect this systematic effect is to compare them with the global 
geoid models. This is often the case in larger regions such as the accu-
mulated systematic effects in the levelling network of the North 

American Vertical Datum of 1988, NAVD88 in the US [2]. The biases can 
also occur due to the theoretical approximations, datum inconsistencies 
inherent among the height types, incorrect height corrections and 
changes in station coordinates over time [3]. The elimination of the 
systematic effects can lead to a more reliable reference surface. On the 
other hand the observational errors, the uneven distribution of the 
GNSS/levelling control points, the lack of simultaneous observations, 
land subsidence and earthquakes can reduce the GNSS/levelling accu-
racy. Therefore, the development of a corrector surface has become of 
great importance in dealing with this noisy data. We need an appro-
priate functional model to establish such an optimal corrector surface. 
Moreover, the unknown heights of new points can be computed using 
this corrector surface. On the other hand, the accurate GNSS/levelling 
network, enables the users to replace the traditional height determina-
tion techniques by faster and more cost-effective technique as visibility 
between stations are not required, and it can be operated in all-weather 
conditions [4]. It therefore plays an essential role in the geodetic 
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infrastructure where geoid-related heights are required in geodesy, 
geophysics, oceanography and engineering. 

Many studies have used the polynomial surface fitting problem to 
model the geoid heights. But a unique method cannot be established to 
model the geoid surfaces in different areas. The degree of the polynomial 
depends on the size of the study area and the variation of the geoid 
heights. A plane or a low order polynomial is usually applied to model 
the normal variations of geoid surface in a small area of interest. But 
different classifications of polynomials such as bi-quadratic, bi-cubic, bi- 
quartic, and bi-quintic surfaces are applied for relatively large or large 
area [5]. Fotopoulos (2005) applied various polynomial functions to 
adjustment of geoid models and showed that the type of functional 
model affects the estimated values of standard deviations [6]. Khazraei 
et al. (2017) used the bi-linear and the bi-quadratic polynomials to 
approximate and analyze the accuracy of the geoid models in a small 
area (~100 km2). The results prove that the bi-quadratic polynomial 
was the best model fitted in this study [7]. Das et al. (2017) developed 
the geoid surface using second, third and fourth degree polynomials [8]. 
The study shows that the third degree polynomial provided the best 
accuracy for the corrective surface in a small size (~25 km2) and nearly 
flat area. In an attempt to improve the accuracy of the corrector surface, 
Eteje et al. (2019) applied the five degree, bi-quintic polynomial surface 
over the study area [5]. Erol and Erol (2021) also applied the finite el-
ements based bivariate (BIVAR) interpolation method in local geoid 
modeling, in an area of approximately 44 × 77 km2 in the west of 
Turkey. The BIVAR algorithm divides the area into triangles, and ex-
presses each sub-element (finite elements cells consisting of three data 
points) with an individual polynomial model, and employs some con-
tinuity and differentiability conditions along the boundaries of each 
geometrical element [9]. 

Hosseini-Asl et al. (2021) employed the least squares 2D bi-cubic 
spline approximation (LS-BICSA) theory to the combined adjustment 
of the high-degree global gravitational model, European Improved 
Gravity model of the Earth by New techniques (EIGEN-6C4) and the 
Iranian regional geoid model IRG2016 in a large-scale and complex 
terrain study area [10]. The LS-BICSA method was proposed by Amiri- 
Simkooei et al. (2018) to estimate a 2D smooth surface of an irregu-
larly distributed data set [11]. The region must be divided into some 
patches and the patches must be smoothly connected together by some 
continuity and differentiability conditions at their boundaries. We apply 
such a strategy to the adjustment of the Iranian geometric geoid derived 
from GNSS/levelling network. The method can alternatively be formu-
lated based on the B-spline method, addressed for example by De Boor 
(1962) and Hayes and Halliday (1974) [12,13]. B-spline method for-
mulates a spline as a linear combination of the piecewise basis functions 
[14]. Therefore, for the cubic splines, the first and second derivatives are 
automatically continuous along and across the borders. 

The Iranian GNSS/levelling network consists of 1288 stations over 
the large-scale area (~1632000 km2) with a variety of different char-
acteristics of topography. The GNSS/levelling network accuracy is not 
completely known in Iran, especially for the levelling observations. 
Therefore, detailed study of this network is essential in terms of sys-
tematic and random errors. First the existence of possible biases in the 
network is discussed and then a corrector surface is obtained using the B- 
spline model. The entire study area is then divided into four zones and 
the accuracy of the data is obtained in each zone. The results are ex-
pected to vary from complex terrain zones to the other zones. After 
removing the biases and obtaining the corrector surfaces, the accuracy 
of three global geopotential models is evaluated based on the corrector 
surface in each zone. Three high-degree global geoid models, namely 
EIGEN-6C4, Earth Gravitational Model 2008 (EGM2008) and Satellite 
Gravity Gradiometry (SGG-UGM-1) are selected to this evaluation. In 
addition to the global models, the Iranian regional geoid IRG2016 has 
also been used in this evaluation. 

The remaining parts of this paper are organized as follows. In the 
following section, the functional model formulation based on B-spline is 

explained. We apply the method to adjustments of the geometric geoid 
derived from GNSS/levelling network covering Iran. The global geoid 
models, the regional geoid model and GNSS/levelling network of Iran 
are then introduced in a subsequent section. The systematic effects in the 
GNSS/levelling network are also investigated. We develop the geometric 
surface by employing B-spline model and thereafter analyze the accu-
racy of the model in the study area. The global and regional geoid 
models are evaluated based on the corrector surface. Finally, some 
conclusions are made in the last section. 

2. Functional model of B-spline 

To approximate the 2D function values using a smooth spline sur-
face, B-spline can be introduced as a reliable method. The method can 
formulate a spline function as a linear combination of basis functions, 
called B-spline [12,14]. B-spline is one of the most popular methods due 
to its universality, local control and optimal continuity [15]. Consider a 
pth-degree B-spline curve f(u) =

∑h
i=1γiMi,p(u) with unknown control 

points γi for a sequence of given data points. B-spline basis function 
Mi,p(u) is a piecewise function of pth-degree polynomials on the knot 
vector. The knot vector includes the number and placement of joining 
points of subsequent piecewises,λ1, λ2, ..., λh. If we have a set of basis 
functions in u-axis with respect to the knots λ1, λ2, ..., λh and a set of basis 
functions in v-axis with respect to the knotsμ1,μ2,...,μk, the 2D B-spline is 
then represented in the form [13]. 

f (u, v) =
∑h

i=1

∑k

j=1
γi,jMi,p(u)Nj,q(v) (1)  

where Mi,p(u) and Nj,q(v) are the B-spline basis functions of pth and qth- 
degree piecewise polynomials along u and v axes, respectively. Eq. (1) 
can be considered as the following representation of the functional 
model. 

E(y) = Ax ; D(y) = Qy (2)  

where E and D denote the mathematical expectation and dispersion 
operators, respectively. With the m-dimensional vector of observations, 
the design matrix A has m rows and h × k columns, and Qy is the m × m 
covariance matrix of observations. The least squares estimate x̂ of the 
unknown parameters is. 

x̂ = (AT Q− 1
y A)− 1AT Q− 1

y y (3)  

and the least squares estimate of the observations and residuals follows 
as ŷ = Ax̂ and ê = P⊥

A y respectively. The matrix 
P⊥

A = Im − A(ATQ− 1
y A)− 1ATQ− 1

y is an orthogonal projector, with Im an 
identity matrix of size m. The knot placement, choice of control points 
and the best parameterization of the data points play obviously a key 
role in this approximation, see [15,16]. 

There are also alternative functional models for B-spline. Zangeneh- 
Nejad et al. (2017) introduced the least squares cubic spline approxi-
mation (LS-CSA) to approximate the 1D data in the least squares sense 
[17]. The functional model is a piecewise cubic curve fitted to a number 
of consecutive data under some continuity conditions. Amiri-Simkooei 
et al. (2018) proposed the least squares 2D bi-cubic spline approxima-
tion (LS-BICSA) method to estimate a smooth surface fitted to 2D data 
set [11]. LS-BICSA is formulated by the pure bi-cubic spline functions, 
but in the least squares sense and the theory of constrained least squares 
is used to impose the continuity conditions at the boundaries. When 
considering LS-BICSA and B-spline methods, it follows that B-spline 
automatically applies all of the continuity constraints, whereas LS- 
BICSA imposes only the user-specified constraints, along and across 
the borders. Here we consider all constraints up to and including the 
second order, and hence LS-BICSA and B-spline provide identical results. 

M. Hosseini-Asl et al.                                                                                                                                                                                                                          
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3. Data description 

3.1. Global geopotential model 

The Global Geopotential Models (GGMs) are composed of the 
spherical harmonic coefficients, derived from the satellite gravity mis-
sions, Challenging Mini-satellite Payload (CHAMP), Gravity Recovery 
and Climate Experiment (GRACE) and Gravity and steady-state Ocean 
Circulation Explorer (GOCE) and terrestrial gravity and satellite altim-
eter data. Therefore, the geoid height in terms of the spherical har-
monics can be represented at any point of interest (φ, λ) as follows [18]. 

N(φ, λ) = N0 +
GM
Rγ

∑Nmax

n=2
(
R
r
)

n+1
∑n

m=0
[Cnmcosmλ+ Snmsinmλ]Pnm(sinφ) (4)  

where GM is the geocentric gravitational constant, R is the reference 
radius, γ is the mean gravity of the reference ellipsoid. Cnm and Snm are 
the fully normalized spherical geopotential coefficients of degree n and 
order m. Pnm(sinφ) are the fully normalized associated Legendre func-
tions, r is the geocentric radius of the computation point and Nmax is the 
maximum degree of the model. The spherical harmonic coefficients are 
online available on https://icgem.gfz-potsdam.de, operated by GFZ 
Potsdam [19]. The zero-degree term of geoid heightN0, as an additive 
constant value, can also be computed based on the mass and potential 
differences between the model and the reference ellipsoid. Providing the 
standard deviation of the spherical harmonic coefficients by GGMs, the 
error degree variances can then be evaluated by the following expres-
sion [20]. 

σ2
n = (

GM
Rγ

)
2
∑n

m=0
[(σCnm

)
2
+(σSnm

)
2
] (5)  

where σCnm 
and σSnm 

are the standard deviation of the spherical harmonic 
coefficients Cnm andSnm, respectively. 

Three extra-high degree spherical harmonic models, EGM2008, 
EIGEN-6C4 and the recent high-degree GGM model, SGG-UGM-1 are 
selected in this study. The brief description of these global models is 
provided in Table 1. Fig. 1 shows the study area along with EIGEN-6C4 
geoid heights computed in terms of a resolution 5-arcmin grid, covering 
the study area, with reference to the WGS84 ellipsoid. 

The error degree variances in geoid heights of EGM2008, EIGEN-6C4 
and SGG-UGM-1 up to degree 2159 is computed from Eq. (5), and shown 
in Fig. 2. The differences among the error degree variances are signifi-
cant. The values for EIGEN-6C4 are lower than EGM2008 and SGG- 
UGM-1, especially in higher degrees. This makes sense because 
EIGEN-6C4 is computed from more data sources than the other models, 
according to Table 1. Not only GRACE but also the GOCE and Laser 
Geodynamics Satellite (LAGEOS) data along with more terrestrial 
gravity data were integrated to develop the EIGEN-6C4. On the other 
hand, the error degree variances of EGM2008 and SGG-UGM-1 are very 
close to each other in higher degrees, but lower for SGG-UGM-1 model 
up to the degree 900. The reason is probably due to the use of the GOCE 
data in the SGG-UGM-1 model. 

3.2. GNSS/levelling network 

The global and regional geoid models are usually evaluated based on 
the geometric geoid derived from the GNSS/levelling network. Using 
precise levelling networks, the orthometric height of the origin station is 
spread throughout the country. The GNSS/levelling network of Iran 
consists of 1288 stations where their orthometric heights are connected 
to the Iranian first order precise levelling network. This network is tied 
to the reference benchmark DN-G1001, located in the southern part of 
the country. DN-G1001 has been connected to the zero point, which is a 
reference tide-gauge station. The levelling network provides a reference 
surface with respect to the Mean Sea Level (MSL) and not to the geoid 
[23]. MSL is not an equipotential surface because of the existence of the 
Sea Surface Topography (SST) due to the diverse dynamic phenomena in 
oceans [24]. The Iranian tide gauge data have not been corrected for an 
SST model. Thus orthometric heights derived by this levelling network 
cannot be used to assess the discrepancies among the geoid models. But 
a few studies have defined the Iranian height datum offset with respect 
to the geoid at the reference benchmark [25,26]. Ebadi et al. (2019) 
showed the offset of − 0.254 m compared to a geoid with the potential 
value of W0 = 62636853.4 m2∕s2 [23]. 

The precise geodetic height and horizontal position of the stations 
was measured by the dual-frequency GNSS receivers and the observa-
tions were transformed to the Iranian Geodetic Datum IRGD2010. 
IRGD2010 is the original (or Doppler) version of WGS84 coordinate 
system. Therefore, it is necessary to transform the ellipsoidal 

Table 1 
Global geopotential models.  

Models Year Deg. Data Sources 

EGM2008 2008 2190 GRACE, Gravity, Altimetry [20] 
EIGEN-6C4 2014 2190 GRACE, GOCE, LAGEOS, Gravity, Altimetry [21] 
SGG-UGM-1 2018 2159 EGM2008, GOCE [22]  

Fig. 1. EIGEN-6C4 geoid heights over Iran.  

Fig. 2. Degree standard deviations of EGM2008, EIGEN-6C4 and SGG-UGM-1.  
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coordinates from IRGD2010 to the realization of WGS84, used in the 
recent global geoid models. 

The levelling network can contain a significant systematic bias and a 
noticeable tilt across the country. This is often the case in larger regions 
such as the accumulated systematic effects in the levelling network 

related to the North American Vertical Datum of 1988, NAVD88 in the 
US. This systematic effect can be detected from geoid models derived 
from satellite means. Detailed error analysis has been performed on 
NAVD88 by Li (2018) and showed a significant diagonal tilt in NAVD88 
ranging from − 0.20 m to 1.30 m [2]. The simplest approach to model 
the systematic effects is to use the regression analysis to the difference 

Fig. 3. The modeled systematic effects of GNSS/levelling network with respect to EIGEN-6C4 (a). The difference in geoid heights between EIGEN-6C4 and GNSS/ 
levelling network (b). 

Fig. 4. The modeled systematic effects of (a) EGM2008, and (b) SGG-UGM-1 with respect to EIGEN-6C4.  

Fig. 5. The modeled systematic effects of IRG2016 with respect to EIGEN-6C4.  

Fig. 6. Distribution of 1288 GNSS/levelling control points over the 
divided zones. 

M. Hosseini-Asl et al.                                                                                                                                                                                                                          
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between the heights derived from a referenced geoid model and the 
GNSS/levelling data [2,27]. We have used the 3D affine transformation 
to detect the systematic effects of the GNSS/levelling network compared 
to the EIGEN-6C4. If we have the coordinates of the points in two 
different systems, any combination of translation, rotation, scaling and 
shears can be obtained through 12 unknown coefficients by the 3D affine 
transformation as. 

x
′

= axxx + axyy + axzz + bx

y
′

= ayxx + ayyy + ayzz + by

z′

= azxx + azyy + azzz + bz

(6) 

The coefficients a’s were estimated for 1288 GNSS/levelling control 
points compared to their corresponding points in EIGEN-6C4, and the 
computed errors are shown in Fig. 3a. The results indicate a significant 
tilt in the Iranian GNSS/levelling network ranging from 4 cm (south- 
east) to − 35 cm (north-west). This is somehow the dominant direction 
for which the topography changes from plain and desert regions to the 
mountainous area. This is likely due to the different unmodelled error 
sources in the regions with high topography changes. The Iranian height 
datum is only tied to a single tide-gauge station DN-G1001. Increasing 
the errors from South to North can also indicate the accumulated errors 
in the levelling network. These biases can also occur for a variety of 
reasons, such as theoretical approximations made in processing 
observed data and network adjustments, approximate or inexact normal 
or orthometric height corrections, and instability of reference station 
monuments over time, etc [3]. The first order levelling network was 
measured for the second time from 2001 to 2009. Therefore, changes in 
station coordinates over the past years, due to tectonic movements of the 
crust, earthquakes and subsidence phenomenon can reduce the assess-
ment accuracy. Fig. 3b also shows the residuals of GNSS/levelling geoid 
height from EIGEN-6C4 after the elimination of the systematic biases. 

We have used the 3D affine transformation to detect the possible 
systematic effect of the global model, EGM2008, compared to the 
EIGEN-6C4 (see Fig. 4a). The results indicate an error ranging from − 15 
mm to 7 mm. Fig. 4b also shows the modeled systematic effects of SGG- 
UGM-1with respect to EIGEN-6C4. The results indicate an error ranging 
from − 6 mm to 8 mm. These do not seem to be significant for both 
models. 

3.3. Regional geopotential model 

The Iranian regional geoid model, IRG2016, uses the data sets of 
21,525 gravity data provided by National Cartographic Center (NCC) of 
Iran and is based on the radial basis functions (RBFs) [28]. The residual 
gravity disturbances were computed by subtracting the EIGEN-6C4 
model up to and including degree 360 and applied to determine the 
unknown RBF parameters by the stabilized orthogonal matching pursuit 
(SOMP) algorithm. The model was fitted to 1288 GNSS/levelling control 
points by applying the six parameter polynomial surface. The results 
show an RMSE value of approximately 0.23 m for the difference in geoid 
height. The 2.5-arcmin gridded model is available at the International 
Service for the Geoid (ISG) website, while the model interpolation can 
be performed by https://irg2016.ncc.gov.ir/. 

We have also used the 3D affine transformation to detect the possible 
systematic effect of the regional model, IRG2016, compared to the 
EIGEN-6C4 (see Fig. 5). The results indicate an error ranging from 9 cm 
to 11 cm, indicating mostly a shift. 

4. Numerical results and discussions 

The aim of this study is to develop a geometric geoid model based on 
the B-spline least-squares adjustment of the functional model, and 
thereafter to analyse the accuracy of the model. The study area is 
bounded by 25◦ N to 40◦ N in latitude and 44◦ E to 63◦ E in longitude. 
The Iranian GNSS/levelling network consists of 1288 stations over this 

Table 2 
Estimated standard deviation of corrector surfaces based on 2D polynomials.  

Zone Bi-linear Bi-quadratic Bi-cubic 

Max err. 
[m] 

STD 
[m] 

Max err. 
[m] 

STD 
[m] 

Max err. 
[m] 

STD 
[m] 

A  − 9.8  2.7  − 6.5  1.5  − 5.1  1.3 
B  − 6.6  1.8  − 4.5  1.2  3.2  0.9 
C  − 7.4  2.7  5.1  1.8  − 4.3  1.0 
D  10.5  3.1  7.1  2.2  6.7  1.5  

Fig. 7. The estimated surface over the study area.  

Table 3 
Maximum error and estimated standard deviation of B-spline corrector surface, 
before and after data snooping.  

Zone No. of 
observations 

Before data 
snooping 

No. of 
blunders 

After data snooping 

Max err. 
[m] 

STD 
[m] 

Max err. 
[m] 

STD 
[m] 

A 647  − 0.902  0.254 4  − 0.645  0.246 
B 255  − 0.962  0.312 2  0.597  0.239 
C 208  0.227  0.150 0  0.227  0.150 
D 178  − 0.377  0.165 0  − 0.377  0.165  

Fig. 8. The digital elevation model generated from SRTM 90 m over Iran.  
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large-scale area. The inhomogeneous distribution of the GNSS/levelling 
control points along with their geoid heights after removing the biases 
are shown in Fig. 6. As can be seen, the GNSS/levelling network has the 
large gaps located in the south-east of the country and the Lut and Kavir 
central desert of Iran. On the other hand, Iran is characterized by 
complex terrain. Therefore, for a more detailed study of the corrector 
surface, the region is divided into four zones, A, B, C and D (see Fig. 6). 
Zone A contains the highest data density with 647 control points. The 
zones B, C and D contain 255, 208 and 178 data, respectively. 

The efficiency of the proposed B-spline functional model was eval-
uated in comparison with a few 2D polynomials commonly used in 
similar studies. Solving for the 2D polynomials, the estimated surfaces 
are obtained in each zone and the accuracy of the corrector surfaces are 
obtained. Each zone is separately approximated by the first order bi- 
linear, second-order bi-quadratic and third-order bi-cubic polynomials 
with four, nine and 16 unknown coefficients, respectively. The 

difference between the actual and approximated function values (error 
values) has been obtained in each zone. Table 2 presents the maximum 
error value and the estimated standard deviation for each approxima-
tion method over the study area. The results show the high amounts of 
errors and standard deviations in the range of 1 to 3 m in these zones. 
This indicates that the commonly used 2D polynomials cannot appro-
priately approximate such a large region. 

Solving for the proposed B-spline functional model, the estimated 
geometric surface is obtained in each zone. The splines are considered 
with 30-arcmin patch sizes over the zones. It is also essential to eliminate 
the possible blunders that can cause large errors in the final results. We 
set the criterion of 3 times of the standard deviation to identify the 
mistake data, corresponding to the 99.7% confidence interval. GNSS/ 
levelling points that have residuals larger than 3σ are defined and 
eliminated from the final adjustment. The lack of GNSS/levelling data in 
some patches causes the singularity in the functional model. The global 
geoid model, EIGEN-6C4 has been used to fill in empty patches and to 
eliminate such singularity. For this purpose, EIGEN-6C4 geoid heights 
computed in terms of a resolution 5-arcmin grid and a weight of 100 
times smaller than its actual weight has been used. Fig. 7 shows the 
estimated surface over the study area. 

Table 3 presents the maximum error value and the estimated stan-
dard deviation of B-spline method before and after data snooping. This 
table also shows the number of blunders detected in each zone. As 
indicated removing the blunders has affected the accuracy of the 
approximation. 

The accuracy of the approximated surface differs from 0.15 m in zone 
C to 0.246 m in zone A. This indicates that the accuracy of the GNSS/ 
levelling network is not the same throughout the study region. This can 
be due to uneven data density as well as uneven data accuracy over the 
study area. Zone A has the maximum error of − 0.645 m and the standard 
deviation of 0.246 m. This zone has the maximum amount of error 
despite the highest data density. Zone B also has an accuracy close to the 
zone A with the maximum error and the standard deviation of 0.597 m 
and 0.239 m, respectively. This makes sense because these zones have 
the high variation of topography. Fig. 8 shows the digital elevation 

Table 4 
Statistics of geoid height differences at GNSS/levelling control points. Units in meters.  

Zone Geoid model Raw GNSS/levelling data  Approximated GNSS/levelling 

Max Mean Min RMS Max Mean Min RMS 

A EGM  1.603  0.086  − 1.082  0.288   1.629 0  − 1.155  0.274 
EIGEN  1.220  0.038  − 0.889  0.252   1.296 0  − 0.825  0.245 
SGG  1.316  0.048  − 0.875  0.258   1.366 0  − 0.872  0.252 
IRG2016  2.235  0.299  − 2.570  0.708   1.245 0  − 0.834  0.236 

B EGM  0.891  − 0.074  − 1.093  0.325   0.786 0  − 0.992  0.263 
EIGEN  0.818  − 0.074  − 0.750  0.280   0.718 0  − 0.683  0.215 
SGG  0.752  − 0.074  − 0.758  0.283   0.631 0  − 0.965  0.219 
IRG2016  1.300  − 0.217  − 2.221  0.601   0.712 0  − 0.676  0.210 

C EGM  1.131  0.032  − 0.761  0.229   1.143 0  − 0.680  0.215 
EIGEN  0.616  0.055  − 0.735  0.179   0.593 0  − 0.559  0.166 
SGG  0.730  0.056  − 0.726  0.183   0.728 0  − 0.569  0.167 
IRG2016  1.729  0.603  − 0.088  0.693   0.569 0  − 0.602  0.160 

D EGM  0.563  − 0.150  − 1.182  0.333   0.465 0  − 0.927  0.244 
EIGEN  0.601  − 0.139  − 0.950  0.295   0.768 0  − 0.717  0.207 
SGG  0.568  − 0.131  − 1.042  0.287   0.671 0  − 0.817  0.210 
IRG2016  1.638  0.293  − 0.830  0.554   0.723 0  − 0.711  0.200  

Fig. 9. Global geoid height residuals at GNSS/levelling control points in 
four zones. 

Table 5 
Correlation among different geoid models.  

Zone Correlation among the models    

EGM2008 and EIGEN EGM2008 and SGG EIGEN and SGG IRG2016 and EIGEN IRG2016 and EGM2008 IRG2016 and SGG 

A  0.876  0.897  0.989  0.994  0.871  0.983 
B  0.784  0.858  0.982  0.996  0.779  0.977 
C  0.744  0.861  0.971  0.989  0.734  0.961 
D  0.817  0.886  0.982  0.996  0.814  0.979  
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model (DEM) generated from Shuttle Radar Topography Mission 
(SRTM) over Iran. The realization of a uniform network over the large 
regions with high mountains and also large deserts is highly challenging 
and expensive. 

After removing the biases with 3D affine transformation according to 
Eq. (6) in Figs. 3 to 5, removing the blunders, and then obtaining the 
final corrector surfaces according to Table 3, the accuracy of the three 
global geopotential models, EGM2008, EIGEN-6C4 and SGG-UGM-1 and 
Iranian regional geoid model, IRG2016, is evaluated based on the 
approximated surface in each zone. This evaluation is performed by 
comparing the approximated GNSS/levelling geoid heights at 1282 
stations with their corresponding values calculated from global geoid 
models. The statistics of this comparisons, maximum, minimum, mean 
and the root mean square error (RMSE) values are given in Table 4. Also 
the comparison of the geoid models with the raw GNSS/levelling data is 
summarized in this table. The geoid models are usually evaluated based 
on the geoid derived from the raw GNSS/levelling network. Such a 
network is expected to be a valid reference for evaluating the accuracy of 
the geoid models. The results show that the global geoid models have the 
maximum RMSE in zone D and the regional model IRG2016 has the 
maximum RMSE in zone A. But the results are quite different if the 
approximated GNSS/levelling network is used, a corrector surface with 
possible biases and gross errors removed. This reliable result shows the 
maximum RMSE value of each geoid model in zone A. This is in 
agreement with the results provided in Table 3, which provides the 
maximum standard deviation value of the corrector surface in zone A. 
On the other hand use of the global geoid models may not guarantee 
high accurate heights, especially in mountainous areas over Iran. The 
global geoid models usually use the terrestrial data to provide the short 
and medium wavelengths of geoid. Due to the lack of Iranian proprietary 
gravity and GNSS/levelling data in GGM computations, irregular to-
pographies are not well detected by these models. All three global geoid 
models and the regional geoid model have also the minimum RMSE 
values in zone C where the topographic variations are relatively smooth 
compared to the other zones. 

Comparing the accuracy of the three global models shows that 
EIGEN-6C4 and SGG-UGM-1 have a higher accuracy than the model 
EGM2008 in all zones. The reason is probably that EIGEN-6C4 and SGG- 
UGM-1 use more data sources, especially the GOCE data. The geoid 
models that use GOCE observations are sensitive to the short wave-
lengths of the gravity field due to the gravitational gradiometry [29]. 
The results also indicate that EIGEN-6C4 gives at least slightly better 
results than SGG-UGM-1 in terms of RMSE value in each zone. There-
fore, EIGEN-6C4 and SGG-UGM-1 can be used in parallel over the Ira-
nian territory. The regional geoid model IRG2016 also gives better 
results than the global geoid models in each zone. Fig. 9 shows the global 
geoid height differences at GNSS/levelling control points (residuals) in 
each zone. According to the figure, the residuals of all three models show 
a roughly similar behavior. Also Table 5 shows high correlation co-
efficients among the residuals. These high correlations may be seen 
again in Fig. 2 in which the behavior of degree variances of global 
models are very close to each other. EIGEN-6C4 and SGG-UGM-1 have a 
very strong correlation, more than 0.97 in all zones. On the other hand 
the model EGM2008 has the maximum correlation with SGG-UGM-1. 
The regional geoid model IRG2016 shows the maximum correlation 
with EIGEN-6C4 in each zone, because of the use of this global geoid 
model in its generation. 

To further demonstrate the performance of the proposed method, the 
methodology was also applied to approximate and correct the GNSS/ 
levelling network of Sweden. The results of this GNSS/levelling network 
approximation have a higher accuracy than the Iranian GNSS/levelling 
network. Further presentation and analysis of the results is beyond the 
scope of the present contribution, and can likely be considered in future 
studies. 

5. Conclusions 

The optimal approximation of the Iranian GNSS/levelling heights 
using the B-spline function along with the elimination of systematic 
effects using the 3D affine transformation of the GNSS/levelling 
network, compared to the EIGEN-6C4, can lead to a more reliable 
reference surface. We observed a significant systematic effect and tilt 
across the country ranging from − 0.35 m to 0.04 m due to the Iranian 
levelling network. Then an adjustment procedure was required to 
eliminate the possible blunders and handle random errors. In this 
contribution, B-spline method was introduced as the functional model 
that can estimate a smooth 2D corrector surface of an irregularly 
distributed data set. Further, the region is divided into four zones due to 
the large and complex terrain study area. Therefore each zone was 
separately approximated by B-spline method and the accuracy of the 
corrector surface was obtained. Also the possible blunders were identi-
fied and eliminated from final adjustment of each zone. 

The efficiency of the proposed functional model modelling was 
evaluated in comparison with a few commonly used 2D polynomials in 
similar studies. Solving for the 2D polynomials, the estimated surfaces 
were obtained in each zone and the accuracy of the corrector surfaces 
were obtained. Each zone was separately approximated by the first order 
bi-linear, the second-order bi-quadratic and the third-order bi-cubic 
polynomials with four, nine and 16 unknown coefficients, respectively. 
The results of Table 2 showed the high amounts of errors and standard 
deviations in the range of 1 to 3 m in each zone, indicating that the 
commonly used 2D polynomials cannot appropriately approximate such 
a large region. But the results of the B-spline approximation indicated 
that the accuracy of the corrector surface differs from 0.15 m in zone C to 
0.25 m in the highly variable topographic zone A. 

After obtaining the corrector surfaces, the accuracy of three global 
geopotential models, EGM2008, EIGEN-6C4 and SGG-UGM-1 and the 
Iranian regional geoid model IRG2016 was evaluated in each zone. This 
evaluation was obtained by comparing the approximated GNSS/level-
ling geoid heights with their corresponding values calculated from geoid 
models. The results showed the maximum RMSE value of each geoid 
model in mountainous zone A. All geoid models have also the minimum 
RMSE values in zone C where the topographic variations are relatively 
smooth compared to the other zones. Comparing the accuracy of the 
three models, EIGEN-6C4 and SGG-UGM-1 have a higher accuracy than 
the model EGM2008 in all zones. Also EIGEN-6C4 and SGG-UGM-1 have 
a very strong correlation (more than 0.97) within all zones. Therefore, 
EIGEN-6C4 and SGG-UGM-1 can be used in parallel, over the Iranian 
territory. The regional geoid model, IRG2016 also provides better results 
than the global geoid models in each zone. IRG2016 shows the 
maximum correlations of 0.99 with EIGEN-6C4 in each zone, because 
this global geoid model has been used to generate IRG2016. 

In conclusion, the biases such as the theoretical approximations, 
datum inconsistencies incorrect height corrections, changes in station 
coordinates over time, systematic effects of levelling network and also 
the observational errors, the uneven distribution of the GNSS/levelling 
control points, the lack of simultaneous observations, land subsidence 
and earthquakes can lead to have a suboptimal reference geoid. There-
fore, the proposed methods can deal with a large part of these errors to 
have a corrected reference surface, in large areas in general and having 
irregular topography in particular. 
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