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Direct Trajectory Optimization of Free-Floating
Space Manipulator for Reducing Spacecraft Variation

Xiangyu Shao , Student Member, IEEE, Weiran Yao , Member, IEEE,
Xiaolei Li , Graduate Student Member, IEEE, Guanghui Sun , Senior Member, IEEE,

and Ligang Wu , Fellow, IEEE

Abstract—This letter investigates the direct trajectory optimiza-
tion of the free-floating space manipulator (FFSM). The main pur-
pose is to plan the joint space trajectories to reduce the spacecraft
motion due to the joint rotation during the FFSM performing
tasks. To improve the calculation efficiency, the adaptive Radau
pseudospectral method (A-RPM) is applied to discretize the system
dynamics and transform the formulated optimal problem into a
nonlinear programming problem (NLP). By adaptively subdividing
the current segment and assigning collocation points according
to the solution error, high-degree interpolation polynomials are
avoided. To verify the effectiveness of the proposed method, a
ground micro-gravity platform of the FFSM system is designed by
using the air-bearing technique, on which experiments are carried
out. The results show that the variation of the base spacecraft
is dramatically reduced if the joints rotate along the optimized
trajectories.

Index Terms—Direct trajectory optimization, free-floating space
manipulator, radau pseudospectral method, spacecraft variation
reduction.

I. INTRODUCTION

THE space manipulator plays an important role in various
space operations [1], e.g., space station maintenance, space

debris removal, on-orbit assembly. Considering the situation
of completely turning off the system actuators, the spacecraft
can move in response to the rotation of joints, resulting in the
concept of free-floating space manipulator (FFSM). As a special
working mode, the FFSM has obvious advantages in saving fuel,
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extending on-orbit service time, and it can also avoid collisions
when the spacecraft is close to other space vehicles. However,
the property that the spacecraft can move freely also means that
it is uncontrollable, and may lead to some unexpected situation.

In the past decades, a great deal of research has been focused
on the modeling, design, and control of the FFSM system. In
the 1990 s, Papadopoulos et al. established the kinematics and
dynamics of the FFSM and pointed out the applicability of the
fixed-based control algorithms for the FFSM [2]. Afterward,
many control methods were reported to deal with the dynamic
coupling between the spacecraft and the mounted manipulator,
and reduce the spacecraft variation. As a promising branch of
control theory, the application of optimal control in the space
manipulator has aroused wide concern. Misra et al. investigated
an optimal control problem for a free-flying space manipulator
and achieved end-effector positioning [3]. Lu et al. investigated
the trajectory planning problem of the FFSM at the acceleration
level and formulated the planning problem as a convex quadratic
programming problem [4].

The above mentioned studies once promoted the development
of the FFSM, but there are still some unresolved issues. First,
many works for reducing the base variation only consider the
base rotation, but the manipulator motion also leads to base
translation. Besides, even in the case of ignoring the base
translation, it is still insufficient to consider only the integral of
base angular velocity in the cost functional (e,g., [4], [5]). The
smoothness of the manipulator movement and the difference be-
tween the final and initial base attitude should also be considered.
Second, some works still use the indirect method to solve the
optimal problem. In many cases, the indirect method yields very
accurate solutions, but it has obvious disadvantages, including
small convergence radius, difficulty in analytically deriving the
necessary optimality conditions, slow calculation efficiency [6].
Finally, due to the special working environment of the FFSM,
experiments for verifying effectiveness of the proposed optimal
method in reducing base variation are still insufficient in existing
works.

In this letter, we propose a method to reduce the influence
of the joint rotation on the base spacecraft from the perspec-
tive of optimal control, and its effectiveness is verified on a
micro-gravity manipulator platform. To improve the calculation
efficiency, the adaptive Radau pseudospectral method (A-RPM)
is applied when solving the formulated optimal control problem.
With regard to reducing the disturbance on the base, a similar
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approach was also proposed by Schulz [7]. Compared with
Schulz’s work, this letter considers both the base translation and
the base rotation. Besides, the final displacement and rotation of
the base, the states of mounted manipulator are also included in
the cost functional, which not only prevents the final base posture
from deviating too far from its initial value, but also takes the
smoothness of the joint trajectories into consideration. Another
approach to tackle this problem is the reaction null-space control
proposed by Nechev [8]. However, the existence of reaction
null-space is conditional, e.g., kinematic and dynamic redun-
dancy, rank deficiency of the inertia coupling matrix. This means
one may not be able to find the reaction null-space solution in
some cases. Besides, we note that task space planning is usually
expected in many space operations. However, there are also
many cases such as the precapture phase, where the manipulator
is expected to have a certain precapture configuration while
the precise task space positioning is unnecessary. Reducing the
base variation during this phase is meaningful for subsequent
operations and the joint space planning is still practical.

Regarding the A-RPM, it discretizes the dynamics at the
Legendre-Gauss-Radau (LGR) points and transcribes the op-
timal control problem into a nonlinear programming problem
(NLP) [9]. The traditional RPM uses a global polynomial for
approximation and the solution accuracy is improved by in-
creasing the degree of this polynomial, which will result in
expensive computation [10]. The A-RPM can adaptively sub-
divide the current segment and assign collocation points if
the tolerance is not satisfied rather than only increasing the
polynomial degree, avoiding high-degree polynomials. To verify
effectiveness of the proposed optimal method in reducing the
base variation, we design a micro-gravity experiment platform
by using the air-bearing technique. Similar experiment platforms
were also presented by Aghili and Lampariello [1], [11], which
can effectively simulate the working condition of a monolithic
space system. Whereas, the platforms in their works ignored
the manipulator gravity rather than compensate it. This makes
the working condition of manipulators of their platforms quite
different from that of a practical FFSM. Besides, the disturbance
on the spacecraft generated by joint rotation cannot be well
simulated because the spacecraft in these platforms is supported
by an extra manipulator instead of in a free-floating mode.
Until now, the experiments for verifying the effectiveness of
the optimal method in base variation reducing are still limited.

The rest of this letter is organized as follows. The system
dynamics and the optimal problem formulation are given in
Section II. The A-RPM for solving the established problem is
presented in Section III. Simulation and experiment results are
analyzed in Section IV and we conclude this letter in Section V.

II. PROBLEM FORMULATION

A. Dynamics of Free-Floating Space Manipulator

For an FFSM system with a movable base spacecraft and an
N revolute joints manipulator mounted on it, the position vector
of each body with respect to the system’s center of mass (CM)

is given by

ρk =
N∑
i=0

vik k = 0, . . . , N (1)

where vik is the barycenter vector defined in [12]. The angular
and linear velocities of body k are calculated by

ωk = T0
0ω0 + T0

0Fkθ̇m

ρ̇k = −T0
N∑
i=0

{(
0Tivik

)× 0ω0 +
(
0Tivik

)× 0Fiθ̇m

}
(2)

in which jTi ∈ R3×3 is the rotation matrix of ith frame with
respect to jth frame; ω0 is the angular velocity of the base
spacecraft; θm = [θm1, θm2, . . . , θmn]

T denotes the joint an-
gles; 0Fk = [0T1

1u1, . . . ,
0Tk

kuk, 03×N−k] ∈ R3×N with iui
being the unit rotation vector of frame i. The kinetic energy
T can be obtained by

T =
1

2

N∑
k=0

(
ωk

TIkωk +mkρ̇
T
k ρ̇k

)
(3)

where Ik, mk are the inertia dyadic and the mass of body k,
respectively. Using the reduced Euler-Lagrange equation, the
system dynamics can be formulated as[

Hbb Hbm

HT
bm Hmm

] [
ξ̈b

θ̈m

]
+

[
Cbb Cbm

Cmb Cmm

] [
ξ̇b

θ̇m

]
=

[
0

τm

]
(4)

where Hbb, Cbb ∈ R6×6 are the inertia and Coriolis matri-
ces of the base spacecraft. Hmm, Cmm ∈ Rn×n represent the
inertia and Coriolis terms of the manipulator, respectively.
Hbm, Cbm ∈ R6×n are the base-manipulator coupling matrices.
ξb = [ζb, ηb]

T ∈ R6 represents the position and orientation of
the spacecraft, in which ζb = [xb, yb, zb]

T is the position vector
and ηb = [φb, ψb, θb]

T is the attitude vector. τm ∈ Rn denotes
the torque applied on the joints. Considering the momentum
conservation [13]

L = J̃bsξ̇b + J̃bmθ̇m = 0, (5)

states of the spacecraft can be expressed by the joint variables
ξ̇b = −J̃−1

bs J̃bmθ̇m, and (4) can be further transformed into the
following form

H(θm)θ̈m + C(θm, θ̇m)θ̇m = τm (6)

whereH ,C ∈ Rn×n are the inertia and Coriolis matrices of the
system independent of states of the spacecraft.

Properties 1: [14] For any x ∈ Rn, the inertia matrixH sat-
isfiesh1 ‖ x ‖2≤ xTHx ≤ h2 ‖ x ‖2, whereh1,h2 are positive
constants.

Remark 1: In the space environment, the effects of gravity
and the gravity gradient are ignored. There are no external forces
or torque acting on it when space manipulator working in the
free-floating mode. Therefore, the FFSM satisfies the condition
of momentum conservation. In this letter, we assume zero initial
momentum such that the system CM remains fixed. The origin
of the inertial frame is set at the system CM.
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B. Movement Constraints of Free-Floating Space Manipulator

To facilitate trajectory planning of the FFSM system, write
(6) in the form of state space, one has

ẋ = f(x, u, t) (7)

where

f =

[
0 I
0 −H−1C

]
x+

[
0
u

]
,

x = [θm, θ̇m]T , u = H−1τm, I is the identity matrix. During
the FFSM performing tasks, several constrains should be satis-
fied.

1) State Constraints: In space operations, it is reasonable to
assume that the configuration of the mounted manipulator is
restricted. The constraints on the joint angles can be described
as follows

θmi(t) ∈
[
θimin, θ

i
max

]
, i = 1, . . . , N (8)

where θimin and θimax are the lower and upper bounds of the
ith joint, respectively. A practical space manipulator usually has
a long arm, which will decrease the stiffness of the link. Too
fast joint rotation may lead to unexpected deformation at the
end of the link during the acceleration and deceleration phase.
Besides, the system needs enough reaction time for potential
emergencies. Therefore, limits on the joint angular velocity are
given

θ̇mi(t) ∈
[
θ̇imin, θ̇

i
max

]
(9)

where θ̇imin, θ̇
i
max are lower and upper bounds of the angular

velocity of the ith joint. The spacecraft attitude and its angular
velocity are also expected to satisfy

ηb(t) ∈
[
ηbmin, η

b
max

]
, η̇b(t) ∈

[
η̇bmin, η̇

b
max

]
(10)

where ηbmin, η
b
max, η̇

b
min, η̇

b
max are limits of the base rotation. As

mentioned before, the origin of the inertial system is set at the
system’s center of mass. Once the joint states are determined,
the position vector of the spacecraft can be directly obtained.
Therefore, the limitation for spacecraft position is not included
in the state constraints.

2) Control Constraints: For the FFSM system, the spacecraft
is under-actuated and there is no force or torque acting on it.
Hence, the control constraints are only on the joints with τmi ∈
[τ imin, τ

i
max]. Note that the inertia matrix H is positive definite

and satisfies Properties 1, u is also bounded by

ui(t) ∈
[
uimin, u

i
max

]
, i = 1, . . . , N (11)

3) Boundary Constraints: Let t0 denote the initial time, and
tf the final time. The initial and final constraints of the mounted
manipulator are

θm(t0) = [θm1(t0), θm2(t0), . . . , θmN (t0)]
T

θm(tf ) = [θm1(tf ), θm2(tf ), . . . , θmN (tf )]
T (12)

The initial and final angular velocities are usually zero

θ̇m(t0) = 0, θ̇m(tf ) = 0 (13)

The basic goal is to find the joint trajectories from the ini-
tial configuration θm(t0), θ̇m(t0) to the final configuration
θm(tf ), θ̇m(tf ). Without loss of generality, the initial orientation
of the spacecraft is assumed to be ηb(t0) = 0, η̇b(t0) = 0. Then,
the initial position of the spacecraft is determined by ρ0(t0) =∑N

i=0 vi0. At the final time, the spacecraft should be stationary,
i.e., η̇b(tf ) = 0. In the free-floating mode, the spacecraft is
under-actuated and the mass of spacecraft is usually much larger
than that of the manipulator. The motion of spacecraft can not
be well regulated only by the torque of joints. It is difficult to
ensure that the base angle is consistent with its initial time or
reaches a preset value at the final time. Therefore, we set the
final attitude of the spacecraft as ηb(tf ) ∈ [ηbmin(tf ), η

b
max(tf )]

instead of a specific value.

C. Objective of the Trajectory Optimization

Conventional path planning problems consider minimizing
the operation time or the energy consumption. Whereas, there
is usually no strict time requirement in most operations of the
FFSM system. Besides, the spacecraft turns off its propulsion
device in the free-floating mode, which already has considerable
advantages in terms of fuel saving. An important issue for the
FFSM system is to reduce the spacecraft variation introduced
by the joint rotation. To achieve this goal, the cost functional J
is designed in the following form

J = Φ(ξb(t0), ξb(tf )) +

∫ tf

t0

L(ξb(t), x(t), u(t), t)dt (14)

where the terminal cost Φ = ‖ζb(tf )− ζb(t0)‖2 + ‖ηb(tf )‖2
prevents the final base pose from deviating too far from its initial
value, the integrated cost L = [η̇b(t), θ̇m]TΛ[η̇b(t), θ̇m] is used
to ensure the motion smoothness of the spacecraft and the joints,
Λ is the weight coefficient matrix denoting the weight of each
term.

Then, the optimal control problem can be described as

min J = Φ(ξb(t0), ξb(tf )) +

∫ tf

t0

L(ξb(t), x(t), u(t), t)dt

s.t.

⎧⎨
⎩

dx
dt = f(x, u, t),
C [x(t), u(t), t] ≤ 0
E [x(t0), t0, x(tf ), tf ] = 0

(15)

in which C[x(t), u(t), t] ≤ 0 represents the path constraints
(8)–(11), E[x(t0), t0, x(tf ), tf ] = 0 denotes the boundary con-
ditions (12)–(13). By using the following transformation

t =
tf − t0

2
τ +

tf + t0
2

, (16)

where τ ∈ [−1, 1], we obtain the standard Bolza optimal control
formulation: Minimize the cost functional

J = Φ(ξb(−1), ξb(+1))

+
tf − t0

2

∫ 1

−1

L(ξb(τ), x(τ), u(τ), τ)dτ (17)
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subject to

dx

dτ
=
tf − t0

2
f(x, u, τ ; t0, tf ),

C [x(τ), u(τ), τ ; t0, tf ] ≤ 0,

E [x(−1), t0, x(+1), tf ] = 0 (18)

Remark 2: The cost functional (14) is a general form and
its specific form for a two-link planar FFSM is given in the
simulation section. The term Φ(ξb(t0), ξb(tf )) describes the
base variation from the initial time to the final time, includ-
ing the translation ‖ζb(tf )− ζb(t0)‖ and the rotation ‖ηb(tf )‖.
L(ξb(t), x(t), u(t), t) is designed to be related to the velocities
of the base and the manipulator, which is benefit to the motion
smoothness. It should be noted that a trade-off exists in the cost
functional,Λweighs the proportion of each term and the specific
value of Λ depend on the optimal purpose and which aspect we
focus more.

III. ADAPTIVE RADAU PSEUDOSPECTRAL METHOD

In this section, the A-RPM is introduced and applied to solve
the optimal problem. This method divides the entire time interval
into several segments and allows for different degree polyno-
mials in each segment. By allocating the LGR points in each
segment instead of the entire interval, the maximum polynomial
degree in each segment remains small with the user-defined
tolerance being satisfied.

A. Segmentation of the Optimal Control Problem

The optimal control problem given in (17)–(18) is usually
used in the global polynomial approximation. More nodes are
needed to improve the solution accuracy, leading to high-degree
interpolation polynomial and lower computational efficiency.
To avoid this problem, divide the time interval t ∈ [t0, tf ] into
S segments [ts−1, ts], s = 1, . . . , S. Each segment t ∈ [ts−1, ts]
is transformed into τ ∈ [−1,+1] by using (16). Then, standard
Bolza optimal problem of the sth segment can be written as
follows

J = Φ
(
ξ
(1)
b (−1), t0, ξ

(S)
b (+1), tf

)

+

S∑
s=1

ts − ts−1

2

∫ 1

−1

L
(
ξ
(s)
b , x(s), u(s), τ ; ts−1, ts

)
dτ

(19)

subject to

dx(s)

dτ
=
ts − ts−1

2
f
(
x(s), u(s), τ ; ts−1, ts

)
C
[
x(s), u(s), τ ; ts−1, ts

]
≤ 0

E
[
x(1)(−1), t0, x

(S)(1), tf

]
= 0. (20)

B. Radau Pseudospectral Method

The RPM approximates the system dynamics at the LGR
points, which lies on the half open interval τ ∈ [−1, 1) or

τ ∈ (−1, 1], and are the roots of PN−1(τ) + PN (τ), with

PN (τ) =
1

2NN !

dN

dτN

[(
τ2 − 1

)N]
(21)

Here, the standard LGR points are used, which includes the
initial endpoint −1. Suppose that there are Ns LGR points in
the sth segment, denoted by (τ

(s)
1 , . . . , τ

(s)
Ns

). The system states
x can be approximated using an interpolation polynomials

x(s)(τ) ≈ X(s)(τ) =

Ns+1∑
j=1

X
(s)
j L

(s)
j (τ)

L
(s)
j (τ) =

Ns+1∏
l=1
l �=j

τ − τ
(s)
l

τj − τ
(s)
l

, j = 1, . . . , N (22)

where τ ∈ [−1, 1], L(s)
j (τ) is a basis of Lagrange polynomials.

Note that τNs+1 = 1 is the endpoint of each segment instead of
the LGR points. The derivative ofX(s)(τ) with respect to τ can
be calculated by

Ẋ(s)(τ) =

Ns+1∑
j=1

X
(s)
j L̇

(s)
j (τ) (23)

and at the ith collocation point, τi, we have

Ẋ(s)(τi) =

Nk+1∑
j=1

X
(k)
j D

(s)
ij (24)

where D(s)
ij = L̇

(s)
j (τi) is the Radau differential matrix in seg-

ment s. The cost functional in segment s is then approximated
as

J ≈ Φ
(
ξ
(1)
b,1 , t0, ξ

(S)
b,Ns+1, tf

)

+

S∑
s=1

Ns∑
j=1

ts − ts−1

2
w

(s)
j L

(
ξ
(s)
b,j , X

(s)
j , U

(s)
j , τ

(s)
j ; ts−1, ts

)
(25)

where ξ(s)b,j ,X(s)
j , and U (s)

i , (i = 1, . . . , Ns) are the approxima-

tions at ith points, ω(s)
i is the barycentric weight. The system

dynamics (7) is discretized as

Ns+1∑
j=1

X
(s)
j D

(s)
ij − ts − ts−1

2
f
(
X

(s)
i , U

(s)
i , τ

(s)
i ; ts−1, ts

)
= 0

(26)

with the path and boundary constraints being

C
[
X

(s)
i , U

(s)
i , τi; ts−1, ts

]
≤ 0, (i = 1, . . . , Ns)

E
[
X

(1)
1 , t0, X

(S)
NS+1, tS

]
= 0 (27)

Remark 3: The RPM transcribes an optimal problem into
the NLP, i.e., minimize (25) subject to (26)–(27). Besides, it
is required that the state at the end of each segment should
be equal to that at the start point of the next segment, i.e.,
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X(s)(τNs+1) = X(s+1)(τ(1)). Hence, the continuity of the dis-
cretized states can be guaranteed by using the same NLP variable
at τ (s)Ns+1 and τ (s+1)

1 .
In the RPM, the continuous optimal problem is discretized and

the discretization accuracy is improved by increasing the num-
ber of collocation points, which also increases the polynomial
degree. For some smooth problems, it may be applicable, but the
calculation efficiency will be dramatically reduced or result in
unsatisfactory approximation for many non-smoothness prob-
lems [6]. Therefore, t ∈ [t0, tf ] is divided into more segments
and the optimal problem is discretized in each segment. After
that, a global interpolation polynomial with high degree can
be replaced by several polynomials with lower degree. In the
following section, adaptive law for determining subdivision and
LGR points of each segment will be presented.

C. Adaptive Algorithm for Segment Division and Points
Collocation

To evaluate the solution accuracy, a set of points in each
segment, (τ̂

(s)
1 , . . . , τ̂

(s)
K ) ∈ [−1, 1], is chosen as the sample

points, where τ̂ (s)i =
τ
(s)
i +τ

(s)
i+1

2 . Then, the solution error of each
segment can be calculated by

e
(s)
k =

∣∣∣∣Ẋ(s)
(
τ̂
(s)
k

)
− ts − ts−1

2
f (s)

(
X

(s)
k , U

(s)
k , τ̂

(s)
k

)∣∣∣∣
(28)

where each column of e(s)k denotes the solution error of cor-

responding state at the sample points. Let e(s)max be the column
of e(s)k that contains the largest element of e(s)k . If the largest

element of e(s)k is greater than the preset tolerance εd, then the
calculation accuracy should be improved by either increasing the
interpolation polynomial degree or further dividing the current
segment.

Remark 4: According to (26), the dynamics constraint is
discretized at the LGR points, the calculation errors at these
points are equal to zero. Therefore, (28) is introduced to evaluate
the solution accuracy. The first term Ẋ(s)(τ̂

(s)
k ) is the results by

interpolating the LRG points, while the second term is the results
by solving the system dynamics.

To determine which way should be applied, the states curva-
ture in segment s is first calculated by

ν(s)(τ) =

∣∣∣Ẍ(s)
m (τ)

∣∣∣∣∣∣∣[1 + Ẋ
(s)
m (τ)2

]3/2∣∣∣∣
(29)

whereX(s)
m (τ) is the state corresponding to the maximum com-

ponent of e(s)max. Let rs = ν
(s)
max/ν̄(s), where ν(s)max and ν̄(s) are

the maximum and mean value of ν(s)(τ). Define the curvature
tolerance rmax, if rs > rmax, then we think there is a point, at
which the curvature is significantly larger than that at other points
of the current segment and the segment should be divided into
more segments. If rs ≤ rmax, then the curvature at this segment

has a uniform behavior and the calculation accuracy is improved
by increasing the order of the polynomial.

In the case of rs > rmax, the number of subdivisions is
calculated by

ns = λ1 ceil
(
log10

(
e(s)max

)
− log10 (εd)

)
(30)

where λ1 > 0 is a user-defined constant, ceil is the operator that
rounds up to the next integer. To determine the location of the
division, define the distribution function

F (τ) =

∫ τ

−1

ρ(ζ)dζ (31)

where ρ(τ) = cν(τ)1/3, F (+1) = 1. Then, the subdivision lo-
cation satisfies F (τi)− F (τi−1) = 1/ns.

In the case of rs ≤ rmax, the solution accuracy is improved by
increasing the collocation points, the number of updated LGR
points is calculated by

N ∗
s = Ns + λ2 ceil

(
log10

(
e(s)max

)
− log10 (εd)

)
(32)

where λ2 > 0 is a user-defined parameter to regulate the growth
of the segment.

Remark 5: The parameter rmax can be treated as a tuning
parameter that weights it should be a local or a global strategy
to improve the solution accuracy. If rs ≤ rmax, the solution is
considered relatively smooth and a larger-degree polynomial
is permitted. On the other hand, the solution is non-smooth if
rs > rmax, a large-degree polynomial will seriously reduce the
calculation efficiency and the current segment should be further
divided. The adaptive law (30) and (32) consider the difference
between the maximum solution error and the preset tolerance.
The greater the maximum error is, the more the nodes or the
segments are needed. The parameter λ1 or λ2 can regulate the
growth of the points or the segments. If the value of λ1 or λ2

is great, the solution will converge to the permitted accuracy
within a fewer iteration, but the number of nodes or segments
are quite different in two adjacent iterations. If λ1 or λ2 is small,
the number of nodes or the segments will grow slowly, while it
may need more iterations to satisfy the permitted accuracy.

IV. EXPERIMENTAL RESULTS

A. Numerical Trajectory Planning

In this subsection, the A-RPM is applied for trajectories
planning of a two link planar FFSM shown in Fig. 1. As shown
in the first plot, the ground micro-gravity platform is composed
of the motion capture system, a two-link FFSM system, and the
air-bearing floor. The motion capture system is used to track the
position and attitude of the manipulator system. The air-bearing
floor is usually a marble floor used to create a very flat surface.
The second plot illustrates the designed FFSM system, including
a two link manipulator, a simulator of the spacecraft, and an
industrial computer for control and data analysis. To simulate
the behavior of an FFSM in the micro-gravity environment, the
simulator and each joint of the manipulator are supported by
air-bearings (see the third plot of Fig. 1), which work by creating
a thin film of pressurized gas between the air-bearing floor and
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Fig. 1. Ground micro-gravity experimental platform of the FFSM system.

TABLE I
SYSTEM PARAMETERS OF THE TWO-LINK PLANAR FFSM

the system. This thin film compensates for the system’s gravity
and eliminates the friction between the floor and the system.

The parameters of this experiment system are given in Ta-
ble I. The optimal problem is solved by using the GPOPS
and SNOPT toolbox. In the platform, the spacecraft and the
joints can only rotate along z-axis and move in a plane. The
initial configurations of the spacecraft and the manipulator are
set as θb(t0) = 0, θ̇b(t0) = 0, and θm(t0) = [0, 0]T, θ̇m(t0) =
[0, 0]T, respectively. The desired configuration is θm(tf ) =

[π6 ,
π
3 ]

T, θ̇m(tf ) = [0, 0]T, θb(tf ) ∈ [− π
12 ,

π
12 ], θ̇b(tf ) = 0.

Considering the joint limitation in practical systems, the
state constraints is chosen as θm1, θm2 ∈ [−π

2 ,
π
2 ], θ̇m1, θ̇m2 ∈

[−0.9, 0.9], θb ∈ [− π
12 ,

π
12 ], θ̇b ∈ [−0.6, 0.6]. The control inputs

are limited by u1 ∈ [−5, 5]T, u2 ∈ [−4, 4]T, and the finial time
tf = 20 s. The time interval [t0, tf ] is initially divided into 10
segments, with 5 initial LGR points in each segment. The max-
imum iteration is 6, and the maximum number of LGR points
in each segment is 20. The specific form of the cost functional
is chosen as J = ‖θb(tf )‖2 + ‖xb(tf )− xb(t0)‖2 + ‖yb(tf )−
yb(t0)‖2 +

∫ tf
t0

0.6‖θ̇b(t)‖2 + 0.2‖θ̇m(t)‖2dt. The tolerance is
εd = 1× 10−5. The results are depicted in Figs. 2–3.

Fig. 2 shows the optimized base and joint trajectories. Fig. 2(a)
plots the base attitude and the joint angles. The maximum offset
of the base attitude is reduced to around 0.35 deg. Compared
with variations of the joints, the base offset can be ignored,
implying that if the joints rotate along the planned trajectories,
the base motion has little influence on the motion of the entire
system. The final attitude is included in the cost functional,
so it can be observed that θb decreases after a large deviation
from its initial value. Fig. 2(b) presents the angular velocities
of the base and joints. For reducing the base motion, the joints

Fig. 2. Optimized trajectories of the base and the joints. (a) Base attitude
and joints angles. (b) Angular velocities of the base and the joints. (c) Base
displacement.

do not rotate directly to the preset values. Instead, they first
rotate in the opposite direction and then rotate to the preset
values. It can be also observed that the stability of the spacecraft
sacrifices the response speed. However, this is acceptable for
space manipulators, because it usually has long and more flexible
arms, leading to their slow operation speed. Fig. 2(c) presents
the base translation, the maximum displacement is 8.5 cm in the
x-direction and 7.0 cm in the y-direction.

Fig. 3 shows the solution error of system states in each
segment. In the first iteration, the maximum solution error is
around 5.297× 10−4 at t = 17 s, which is greater than the
preset tolerance. Therefore, the LGR points are reassigned in
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Fig. 3. Solution error of system states during iterations. (a) The first iteration.
(b) The second iteration. (c) The third iteration. (d) The forth iteration.

TABLE II
COMPARISON OF THE A-RPM AND THE TRADITIONAL RPM

the following iterations until the error meets the requirement. In
the fourth iteration, the solution errors of all states are within the
preset tolerance, with the maximum error being 0.9436× 10−5.
The calculation efficiency of the A-RPM and traditional RPM is
given in Table II and the two methods are performed on the same
computer. It can be observed that the two methods have almost
the same CPU time when the preset tolerance is relatively great.
However, with the improvement of the accuracy requirement, the
CPU time of traditional RPM increases obviously, while that of
the A-RPM remains almost unchanged.

B. Experiment Analysis

This subsection verifies the proposed method on the micro-
gravity ground FFSM platform. For comparison, both the opti-
mized trajectories shown in Fig. 2 and the trajectories under the
minimum acceleration trajectory planning method (MATPM)
are given to the system. The minimum acceleration in the
MATPM refers to as the maximum acceleration of the trajectory
is the smallest. The experiment results are presented in Figs. 4–6.

Figs. 4–5 show the system motion sequences under both
methods. Obviously, the position and attitude of the spacecraft
are influenced by the joint rotation in both cases. However, the
variation of the spacecraft in A-RPM is smaller compared to that
in MATPM, implying that the disturbance on the spacecraft is
reduced when the joints move along the optimized trajectories.

Fig. 4. System motion sequence under the A-RPM.

Fig. 5. System motion sequence under the MATPM.

The joints in the MATPM directly rotate to the preset values,
while in the A-RPM they first rotate in the opposite direction
(t = 5 s) and then turn to the desired position to compensate for
the impact on the spacecraft. The variation curves of system
states are presented in Fig. 6. The final displacement of the
spacecraft under A-RPM is 3.2 cm in the x-direction and 4.2 cm
in the y direction, while the values respectively increase to
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Fig. 6. Variation of system states. (a) Position and attitude of the spacecraft.
(b) Joint angles.

6.5 cm and 13.4 cm under the MATPM. The proposed method
reduces the planar movement by more than half. In terms of
the base rotation, the maximum base rotation is 16.4 deg by
A-RPM, but the final base rotation is reduced to 9.0 deg, which
is consistent with the simulation results. In the MATPM, the
base angle keeps getting bigger with the maximum value being
25.8 deg. Although the spacecraft in the experiment still has
an undesired offset under the proposed method, the motion is
dramatically reduced compared with MATPM.

In general, even though the base still moves when the joints
rotate along the optimized trajectories, the range of the motion
is greatly reduced. The experimental results and the simulation
results show a similar trend but not exactly the same, which is
due to the incomplete simulation of the ground micro-gravity
platform to the space environment. Even so, the results still
verify the advantage of the proposed method in reducing the
base movement.

V. CONCLUSION

For space manipulators working in free-floating mode, it
is usually desired to maintain a stable but not precise base
attitude in the navigation, communication, and precapture phase.
This letter proposes an optimal control method to reduce the
spacecraft variation generated by the joints’ rotation. To obtain
the numerical solution of the established optimization problem
with satisfactory efficiency, the A-RPM is applied to discretize
the continuous optimal control problem and transform it into an
NLP. Experiments were conducted on a ground micro-gravity
platform, which proved that the base variation can be dra-
matically reduced when the joints rotate along the optimized
trajectories. Future work will focus on the task space trajectory
planning and more accurate experiment verification.
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