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Abstract

Wake losses are a critical consideration in wind farm design. The ability to steer and

deform wakes can result in increased wind farm power density and reduced energy

costs and can be used to optimize wind farm designs. This study investigates the

wake deflection of a vertical axis wind turbine (VAWT) experimentally, emphasizing

the effect of different load distributions on the wake convection and mixing. A

trailing vortex system responsible for the wake topology is hypothesized based on a

simplified vorticity equation that describes the relationship between load distribution

and its vortex generation; the proposed vorticity system and the resulting wake

topology are experimentally validated in the wind tunnel via stereoscopic particle

image velocimetry measurements of the flow field at several wake cross-sections.

Variations in load distribution are accomplished by a set of fixed blade pitches. The

experimental results not only validate the predicted vorticity system but also

highlight the critical role of the streamwise vorticity component in the deflection and

deformation of the wake, thus affecting the momentum and energy recoveries. The

evaluation of the various loading cases demonstrates the significant effect of

the wake deflection on the wind power available to a downwind turbine, even when

the distance between the two turbines is only three diameters.

K E YWORD S

particle image velocimetry, vertical axis wind turbines, vortex dynamics, wakes

1 | INTRODUCTION

In wind farms, wake deflection is deemed an effective way to reduce the power loss of downwind wind turbines caused by the wake of upwind

ones.1 The deflection is often achieved by yawing the rotor discs of horizontal axis wind turbines (HAWTs), using an active control accounting for

the variable wind direction.2–7 With this technique, the wind farm's total power production is estimated to increase considerably, ranging from

4% to 13%, depending on specific cases.

Numerous investigations have been conducted on the wake deflection of HAWTs by yaw, both experimentally and numerically, highlighting

the underlying physics and facilitating the development of analytical models.8–14 Additionally, a recently proposed deflection technique via

vertically tilting the rotor disc has earned attention, intending to increase the downdraft of high-momentum flow15,16; this approach enhances the

vertical flux of kinetic energy, thus increasing the inflow velocity of downwind turbines and in turn improving the overall power output.17,18 More

recently, Bossuyt et al. (2021)19 experimentally compared the wake deflections that occur in yawed and tilted HAWT and quantified the evolution
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of counter-rotating vortices in the wake. With the support of those investigations, several time-efficient and accurate wake models that can retain

the physics of the wake under yaw have been proposed.13,14,20 Such models further facilitate the design of wind farms.

The wind farm design community has concluded that, to increase the overall power gain, one needs to focus on the power density of the

wind farm as a whole, instead of the efficiency of individual turbines.2,7,21 Increased power density has been investigated by redirecting/deflecting

the wake or by modifying the wind farm layout (e.g., interturbine distance22,23 and placement pattern24). As stated by those studies, wind farm

power output can benefit from small sacrifices in the power output of upwind turbines that ‘steer’ the wake substantially around downwind

turbines.

Vertical axis wind turbines (VAWTs) have a significant potential to achieve a higher power density than their counterparts in a wind farm. The

main reasons are (a) faster wake recovery, allowing for a closer interturbine distance25; (b) less susceptible to flow turbulence, allowing for a more

flexible layout to be deployed26; (c) in addition to the conventional aligned or staggered layout, synergistic clusters can increase farm efficiency27;

and (d) simpler wake deflection mechanics. As opposed to yawed or tilted HAWTs that require the nacelle or tower to move, VAWTs can redirect

the wake via pitched blades28,29 or struts connecting the blades.30

The wake of VAWTs, on the other hand, is significantly more complex, and the physics underlying its deflection is still not fully understood.

The characteristics of an isolated VAWT's wake have been extensively studied, with the majority of studies focusing on the topology (the outline

of the shear layer, the strength and the three-dimensional distribution of the vortex structure, etc.)31–34 or on the recovery of the wake.25,35,36

There are also a few experimental studies on the analogy between the wakes of VAWTs and simpler objects, for example, circular cylinder37,38

and rectangular meshes.39,40 The importance of the vortex system in the wake of VAWTs has been highlighted. The vortex system consists of

trailing vortices created around the blade tips, and spanwise vortices shed along the span of the blades. The trailing vortices form pairs of

streamwise counter-rotating vortices that enhance the advection of momentum and are thus responsible for a faster recovery with respect to the

wake of HAWTs; such vortex pairs are also responsible for the wake deformation. Additionally, shed vortices usually increase the turbulence

intensity (TI) in the near wake, which in turn enhances the turbulent transport of energy.

However, an elaborate physical explanation of the wake deflection/asymmetry of a VAWT is still lacking. Some researchers associated it with

the rotation of the rotor.31,34 Many of them reported that the rotation of VAWTs creates two branches of horseshoe vortices similar to those of

rotating cylinders,31,38 and such vortex system causes the wake deflection.25,33 In contrast, the results of De Tavernier et al41 proved that a static

cylindrical surface with three-dimensional loading can create counter-rotating vortices similar to a VAWT. The loaded cylindrical surface is the

so-called three-dimensional actuator cylinder (AC) and is often used as a simplified VAWT. Massie et al. (2019)42 simulated the wake behind an

AC that applies the same time-averaged load distribution as a VAWT; the results verified the accuracy of this infinite-blade concept in

reproducing vorticity and deflection and confirm that the fundamental cause of the deflection is related to the load distribution.

Therefore, it is likely viable to deflect the wake of VAWTs by varying the load distribution. Pitching the blades is the simplest way to modify

the load. Ferreira (2009)43 first proposed that by shifting the pitching axis of a VAWT, the blade load can be shifted upwind or downwind of the

swept area of the rotor. Recently, LeBlanc and Ferreira (2021)44 measured the blade load with an in-house designed VAWT that can perform

active pitch control, showing that a fixed blade pitch can modify the blade load effectively. A few studies can also be found in the literature using

the pitched blades on the deflection of VAWTs' wake. Jadeja (2018)28 investigated the wake deflection of a pitched VAWT using the actuator line

F IGURE 1 Top view of a simplified three-dimensional actuator cylinder, the AC is divided into four regions follows the convention of a
clockwise rotating VAWT, with capital letters denoting corresponding quadrants (e.g., UW: upwind-windward) [Colour figure can be viewed at
wileyonlinelibrary.com]
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model together with unsteady Reynolds averaged Navier–Stokes (RANS) simulation. Based on the same numerical method, Guo and Lei (2020)29

presents the deflected wake of a VAWT with inclined pitching axis.

The present work examines the wake deflection of VAWTs by pitched blades, emphasizing on the 3D loading effect. The load of the VAWT

is modelled via the 3D AC model; the load distribution generates a vortex system that is responsible for the wake deflection. We performed

stereoscopic particle image velocimetry (stereo-PIV) measurements in the wake of a lab-scale VAWT with different fixed-blade-pitch angles as a

proof of concept. The measurements were taken between one and ten diameters behind the turbine, encompassing both the near and far wake

regions. The results confirm that the streamwise vortex system is responsible for the majority of the macro-behavioural characteristics of a

VAWT's wake, including the deflection and deformation of the wake's shear layer. We analyse the vortex system and the recovery of the VAWT's

wake under various pitch conditions, demonstrating that the vortex system can be effectively manipulated by varying the fixed-blade-pitch angles

of the blades. Additionally, the physics revealed in this work sheds light on the VAWT array's wake control strategy.

The remainder of the article is structured as follows. In Section 2, a theoretical analysis of the vortex system resulting from a 3D AC is

provided, explaining the underlying physics that is responsible for the wake deflection of VAWTs; the theoretical analysis is followed by the

descriptions of the experimental set-up and the data analysis procedures. Sections 3 and 4 present the results and key findings regarding the wake

properties and the impact on VAWT arrays, respectively; Section 5 summarises the main conclusions of this work.

2 | METHODOLOGY

2.1 | Relation between the VAWT loading and the wake topology

The wake topology and its development is a direct consequence of the force field generated by a wind turbine, as expressed by the vorticity

equation (see Appendix A1); different wake topologies will result in different wake deflections. Therefore, by understanding the relationship

between the force field created by a VAWT and the wake topology it generates, we can interpret how force fields affect wake deflections. In this

section, we use the 3D AC model as an idealization of a VAWT and apply the vorticity transport equation to understand the relation between the

force field of a VAWT and the resulting wake topology. We discuss how certain load distributions generate trailing vortices and how these

vortices affect the wake topology and deflection, under the induced velocity concept.45

2.1.1 | Three-dimensional AC

Here, we introduce the idealization of a VAWT based on the three-dimensional AC model, which has been verified as a good representation of an

H-type VAWT.42 The AC has a height-to-diameter ratio of one, the same as the VAWTs investigated in the literature (e.g., Tescione et al34

and LeBlanc and Ferreira44). For simplicity, assume the load is uniformly distributed in the upwind and downwind locations, respectively, with

the upwind half loaded more heavily (Figure 1). The latter is also the case for most H-type VAWTs with zero blade pitch in the literature

(e.g., Massie et al42 and Madsen et al.46); all the force vectors are perpendicular to the cylindrical surface, based on the previous observation that

normal loading accounts for most of the total turbine loading.47 Moreover, the force vectors point to upwind, assuming that the loading from each

region consumes/extracts streamwise kinetic energy of the inflow. The AC is divided into four quadrants as illustrated in Figure 1, marked with

UL, DL, DW and UW, respectively. The division follows the convention of a VAWT rotating clockwise. It is noted that the AC is static, and such

division is only for the ease of discussion hereafter.

2.1.2 | Vorticity generation by the AC

We introduce here the principle of vorticity generation of ACs. The simplified vorticity equation for incompressible and inviscid flow is given by

ρ
Dω
Dt

¼r� f, ð1Þ

where ρ is the air density and ω and f are vorticity vector and body force vector, respectively. The equation holds for a VAWT for two reasons:

(a) due to the low Mach number, a flow field wherein a wind turbine is placed can be regarded as incompressible; (b) the viscous terms can be

neglected due to a sufficiently large diameter-based Reynolds number. However, this equation is only valid for the vorticity generation; if the

vortex evolution needs to be resolved, the vortex stretching terms should be retained. More details about the derivation of Equation (1) is

provided in Appendix A1.

HUANG ET AL. 3
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Now, we apply the principle to the three-dimensional AC. Rewriting Equation (1) in cylindrical coordinates, and eliminating the terms with

zero value (fθ ¼ fz ¼0), one obtains

ρ
Dω
Dt

¼r� f ¼1
r

êr rêθ êz

∂

∂r
∂

∂θ

∂

∂z

fr rfθ fz

���������

���������
¼1

r
∂fz
∂θ

� ∂ðrfθÞ
∂z

� �
� ∂fz

∂r
þ ∂fr

∂z

� �
∂ðrfθÞ
∂r

� ∂fr
∂θ

� �� � êr

rêθ

êz

2
664

3
775

¼
∂fr
∂z

êθ , when r¼D
2
, z¼�H

2

∂fr
∂z

êθ�1
r
∂fr
∂θ

êz, when r¼D
2
, jzj≤ �H

2
, and θ¼90� or 270�,

8>><
>>:

ð2Þ

where êr , rêθ and êz are the unit vectors for the r, θ and z axes, respectively.

Equation (2) reveals that the vorticity is mostly generated along the top and bottom edges of the AC, except for the spanwise vorticity

generated along the connections of the upwind and downwind half of the AC. An overview of resulting trailing vortex system is illustrated

schematically in Figure 2A, with the black curled vectors denoting the trailing vortices, red and blue vectors are the streamwise vorticity

components pointing to the positive and negative x axis, respectively. The spanwise vorticity is not presented. The propagation paths of some of

the streamwise vorticity are shaded.

For the upwind half of the AC, vortices along the periphery of the cylinder induce an inboard velocity component on the top and bottom lids

of the cylinder. On the contrary, the downwind part produces the opposite, with the vortices creating an outboard velocity component. Therefore,

the upwind trailing vortices are transported more to the centre plane (z=D¼0) compared to downwind ones, as illustrated with the shaded paths

in Figure 2A. In Figure 2B, a cross-section in the near wake is presented, where only streamwise vortices are presented. This is because the

streamwise vorticity is deemed to be the most important factor related to the wake deflection and deformation.25 In the cross-section, the green

square is the frontal area of the AC. The vortices marked with A and B are the strongest streamwise counter-rotating vortex pairs (CVPs) appear

in the windward and leeward of the wake, respectively. Closed curves that are marked with capital letters represent the region with nonzero

streamwise vorticity: red for the positive and blue for negative. The capital letters are for different quadrants shown in Figure 1, denoting the

generation region of the vorticity. Such streamwise vortex system is verified in Section 3.4.

2.1.3 | Wake deflection incurred by the streamwise vorticity

To understand the pattern of wake deflections, we further simplify the hypothesized streamwise vorticity system proposed in Section 2.1.2, based

on the previous simulation results on the wake topology of ACs.41 The simplification is illustrated in Figure 3. The strongest vortex pairs A and B

at windward and leeward sides are illustrated as they are deemed the primary reason for the wake deflection and deformation. In contrast,

F IGURE 2 Schematic of the trailing vortex system generated by an actuator cylinder. (A) 3D view. Curled arrows in black: trailing vortices;
arrows in red and blue: streamwise components of the trailing vortices with positive and negative vorticity values, respectively. Tubular shade in
red and blue: propagation paths of some of the streamwise vorticity. (B) A cross-section in the wake. A and B: two pairs of counter-rotating
vortices with the largest streamwise vorticity on the windward and leeward side, respectively. Closed red and blue curves: regions with nonzero
vorticity; capital letters (‘UW’ and so on): the generation region of the vorticity, corresponding to the division in Figure 1. Green square: the
frontal area of the AC [Colour figure can be viewed at wileyonlinelibrary.com]
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double-layer vorticity regions (closed curves in Figure 2B) are neglected, under the assumption that vortices at those regions will eventually merge

with the stronger vortices A and B in the far wake.

Four ideal force fields are presented in Figure 3 to demonstrate the concept. The initial wake shape is assumed to be a square that is the same

as the frontal area of the AC. The wake is deformed under the velocity induced by the streamwise vorticity; the wake shapes after deformation is

depicted with the closed black curves.

When the resulting lateral force is null (Figure 3A,B), wake deforms but does not experience a lateral deflection. With the upwind half loaded

more, the wake expands more horizontally. In contrast, when the downwind half is loaded more, the wake is stretched vertically. On the other

hand, wake deflections occur when the resulting lateral force is not null. For example, applying more load in the UW region as depicted in

Figure 3C will increase the strength of the CVP-A, resulting in a wake deflection towards the windward side. On the leeward side, the vorticity

generated from upwind and downwind has the same magnitude and the opposite direction, thus in first approximation the generated streamwise

vortices cancel out. Conversely, when the DW region is loaded more than the other regions, the wake deflects towards the leeward side, as illus-

trated in Figure 3D.

In all, the wake deflection of an AC (a simplified VAWT) is due to an overall lateral force and is accompanied by a deformation which is closely

related to the dominating CVPs appearing in the wake. It is worth to mention that the four cases in Figure 3 are extremely simplified; for a VAWT

under more realistic working conditions (e.g., dynamic inflow, dynamic stall, etc.), the wake topology will be more complicated, with the location

and strength of CVP-A and CVP-B varying. Nonetheless, those complex configurations can be described with combinations of the four cases

above, and this is verified with the experimental results presented in Section 3.4.

2.2 | Experimental set-up

2.2.1 | Wind tunnel facility and VAWT model

The experiments are conducted in the Open-Jet Facility (OJF) of the TU Delft Aerospace Engineering Laboratories. The OJF features an open

exit of 2.85 m �2.85m and a TI lower then 2% within the test region at the free-stream velocity of U∞ ¼5ms�1 (see Lignarolo et al.48).

The uniform-flow region reduces to 2 � 2 m2 at 6m (20D) from the jet exit, which covers the entire area of interest even for the case with

significant wake deflection (P10 as introduced in Section 2.2.5).

F IGURE 3 Schematic of wake deflections caused by 3D actuator cylinders with different force fields. The first row shows the force fields and
the second row consists of the resuting wake topologies. The incoming flow direction and the coordinate system follows those in (A), with green
square denoting the frontal area of the AC, and the black lines for the wake outline. (A,B) The ACs are loaded equally windward and leeward but
loaded more heavily upwind or downwind, respectively; (C,D) the ACs are loaded more at UW and DW regions, respectively [Colour figure can be
viewed at wileyonlinelibrary.com]
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The tested VAWT is an H-type, with a rotor size of 30 cm �30 cm. The resulting Reynolds number based on the diameter is about 1.0�105.

The tip speed ratio λ¼ ut=U is fixed to 2.5 to keep a moderate thrust coefficient and a comparable working condition for all the cases studied,

where ut denotes the linear speed of the blades. The pitch conditions are illustrated in Figure 4. The attributes of the VAWT are listed in Table 1,

while a sketch of the device can be seen in Figure 4. It is noted that no ground effect is considered in the experiment.

2.2.2 | Load measurement

A three component balance that is in-house designed and constructed is employed for the load measurement, enabling a quantification of both

the drag (equals to the VAWT's thrust) and the lateral force.

The balance consists of three S-shape load cells (type: KD40s, max range �50 N, max error ⩽0.1%), with two of them measuring the

streamwise force (drag/thrust) while the other one measuring the lateral force. These load cells are mounted on the bottom part of the same

standing frame that is stiff enough to avoid severe vibration and deformation. The other ends of the load cells are connected to the interface

plate, on which the VAWT is mounted, using specially designed connectors. Those special connectors are flexural rods that transmit forces only

along their spanwise, delivering no moment. They make sure the load cells measure only the tensile or compressive forces (no shear forces are

F IGURE 4 Schematic of the tested VAWT model mounted on the in-house designed balance [Colour figure can be viewed at
wileyonlinelibrary.com]

TABLE 1 Attributes of the VAWT model

Symbol Parameter Value

Ns Number of struts 4

B Number of blades 2

D Rotor diameter (m) 0.3

c Chord length (m) 0.03

Dt Tower diameter (m) 0.01

6 HUANG ET AL.
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applied). The interface plate is lifted with four steel strings; together with the load cells, they allow for minor structural deformation in the direc-

tions of the flexural rods while preventing rotations caused by the torque (Figure 4). When the flexural rods are aligned with streamwise and lat-

eral forces respectively, the overall uncertainty of the force measurement is of the same level as the load cells.

Compared with the previous balance system proposed in Huang et al,40 the current design forms a cantilever system so that all the horizontal

forces applied to the VAWT will be balanced and thus measured by the load cells, yielding more accurate measurements.

2.2.3 | Stereoscopic particle image velocimetry

A stereoscopic particle image velocimetry set-up is used to measure the velocity fields in cross-sections of the VAWT's wake. A SAFEX smoke

generator releases water-glycol seeding particles of average 1 μm diameter. A Quantel Evergreen double-pulsed Nd:YAG laser produces pulses

with 200mJ energy at a wavelength of 532 nm within a laser sheet of approximately 3mm thickness. The seeding particles are imaged by two

LaVision's Imager sCMOS cameras in successive cross-sections of the wake. In doing so, a traversing system is employed whereby the stereo-PIV

set-up is mounted, enabling navigation from 1 to 10 diameters (D) downstream with a step of 1D. An overview of the experiment set-up is shown

in Figure 5; with the illustrated set-up, a field of view (FoV) of approximate 80�55 cm2 is achieved. More technical specifications are listed in

Table 2.

2.2.4 | Uncertainty of the flow field measurement

Following the work of Sciacchitano and Wieneke,49 we introduce the uncertainties of relevant quantities here. This work deals with the time-

averaged velocity, of which the standard uncertainty can be calculated as

U�U ¼
σUffiffiffiffi
N

p , ð3Þ

where σU is the standard deviation of the velocity U, which has three components u, v and w, respectively. For its streamwise component (the

out-of-plane velocity), σu reaches its highest value typically at the shear layer, not exceeding 0.6ms. The effective number of samples N is around

400, resulting in uncertainty values below 0.03ms (less than 1% of local velocity) in the shear layer. For the in-plane velocity components (v and

w), smaller standard deviations in the shear layer around 0.4ms are obtained. Following Equation (3), the maximum value of Uv or Uw is 0.02ms.

The uncertainty of the time-averaged out-of-plane (i.e., streamwise) vorticity is formulated as

F IGURE 5 Left: Schematic of the experimental set-up with the equipment labelled. The origin of the coordinate system is placed at the
centre of the rotor. Right: A sketch of the top view presenting the size of the set-up and the PIV acquisition locations [Colour figure can be
viewed at wileyonlinelibrary.com]

HUANG ET AL. 7

 10991824, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/w

e.2803 by T
u D

elft, W
iley O

nline L
ibrary on [06/03/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense

http://wileyonlinelibrary.com


Uωx ¼
Uvorw

d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�ρð2dÞ

p
, ð4Þ

where Uvorw is the uncertainty of time-averaged in-plane velocity vectors. d and ρð2dÞ denote grid spacing of the interrogation window and cross-

correlation coefficient of spatially correlated velocities, respectively. As listed in Table 2, d¼8:22mm. For the interrogation window size and

overlap factor adopted in the present work (see Table 2), ρð2dÞffi0:45.49 Hence, the value of Uωx is lower than 1.81 s�1.

The uncertainty of the Reynolds normal stress is given by

URuu ¼ σ2u

ffiffiffiffiffiffiffiffiffiffiffiffi
2

N�1

r
⩽0:025m2s�2: ð5Þ

Similarly,

URvv ¼URww ⩽0:006m2s�2: ð6Þ

Furthermore, the uncertainty of the turbulence kinetic energy TKE¼ 1
2u

0
iu

0
i ¼ 1

2 RuuþRvv þRwwð Þ� 	
is expressed as

UTKE ¼1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2
Ruω

þU2
Rvv

þU2
Rww

q
⩽0:014m2s�2: ð7Þ

2.2.5 | Cases description

In order to modify the load distribution of the VAWT, and investigate the effect of fixed blade pitch on the wake development, three cases with

�10�, 0�, and 10� pitch angles are selected. The convention of the sign of the pitch angles is indicated in Figure 4, with the blade pitching towards

the rotating axis as positive. For simplicity, the cases are numbered in Table 3. It is worth noting that these extreme pitch angles were chosen to

emphasize the pitched blade's significant effect on wake deflection. The quantitative effect of these pitch angles on dynamic stall is beyond the

scope of this work. However, here we qualitatively discuss where dynamic stall occurs in different pitch cases and how it yields different loading

over the swept area of VAWT blades. In doing so, we calculate the blade's angle of attack ðαÞ while rotation using the 2D AC model proposed by

Madsen (1983).50 For simplicity, the lift-drag polar of a flat plate is adopted, without dynamic stall correction. The results, as illustrated in

Figure 6, indicate the dynamic stall regions, where exceedingly high jαj is perceived. For instance, for P10 case, the blades operate above the static

stall angle within the upwind half of the rotor, while the most severe flow separation and aerodynamic force drop likely occur in the upwind-

leeward region (θ≈100�). On the contrary, P-10 would feature dynamic stall at the downwind rotor.

TABLE 2 Technical specifications of the stereo-PIV set-up

Seeding Tracer particle Water-glycol particles

Particle size 1 μm

Particle density 103 kg m�3

Illumination Pulse energy 2�200mJ

Wavelength 532 nm

FoV Approx:800�550mm2

Imaging Active sensor 2560px�2160px

Pixel pitch 6.5 μm

Acquisition frequency 15 Hz

Δt 230 μs

Optics Focal length 50 mm

Numerical aperture 4

Data processing Interrogation window size 32px�32px ð8:22�8:22mm2Þ
Overlap factor 75%

Vector pitch 2.055 mm

8 HUANG ET AL.
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2.3 | Wake analysis procedures

2.3.1 | Wake centre

To compare the deflections quantitatively, the wake centre is calculated with a ‘centre of mass’ method with respect to the velocity deficit; this

method is widely accepted in characterizing the wake topology of wind turbines31,51:

ycðxÞ¼
Ð Ð

yΔ�uðx,y,zÞdydzÐ Ð
Δ�uðx,y,zÞdydz , ð8Þ

where Δ�uðx,y,zÞ¼U��uðx,y,zÞ. The integrals are computed over cross-sectional planes, perpendicular to the streamwise velocity. Only the

horizontal coordinate of the wake centre is discussed in this article, since the pitched blades mainly yield lateral deflection of the wake.

2.3.2 | Streamwise momentum budgets

The RANS equation is rearranged as Equation (9) to inspect the budget of streamwise momentum. This process is widely adopted to identify the

main contributors to the momentum recovery,19,36 the latter is critical in a wind farm. In Equation (9), the viscous terms are neglected due to the

sufficiently high Reynolds number in the wake (1�105, based on the rotor diameter):

�u
∂�u
∂x

¼�v
∂�u
∂y

�w
∂�u
∂z|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

advection

�1
ρ

∂p
∂x|fflfflffl{zfflfflffl}

pressure

� ∂u0u0

∂x
� ∂u0v0

∂y
� ∂u0w0

∂z|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Reynolds stress

, ð9Þ

where u, v and w represents streamwise (x), transverse (y) and vertical (z) velocities, respectively; p is pressure; and ρ is density. Overlines stand

for time-averaging and primes for fluctuations.

The equation is constituted by three parts, that is, the advection terms, the pressure term and the Reynolds stress terms. Except for the

streamwise advection term �uð∂�u=∂xÞ, the remaining terms are written to the right-hand side (RHS) to examine their contributions to the

streamwise momentum recovery.

TABLE 3 Configurations

Case Description

P-10 With pitched blades, �10�

P0 Zero-pitch angle

P10 With pitched blades, +10�

F IGURE 6 A schematic of blade-pitch effect on the angle of attack variation. φ: the angle of fixed blade pitch [Colour figure can be viewed at
wileyonlinelibrary.com]

HUANG ET AL. 9
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2.3.3 | Available power (AP)

Different momentum recovery will cause different AP distribuion in the wake. To visualize the impact of the wake deflection on the available wind

power (AP) distribution under different pitched blade conditions, and identify the best location for a downwind wind turbine in array configura-

tions, a moving average of the coefficient of available streamwise wind power ð�u3=U3Þ within the frontal area of a hypothetical downwind VAWT

is presented in Section 4.3. The calculation is formulated as

fAP x0, y0, z0ð Þ¼ Ð Ð
S
�u3 x0, y, zð Þ=U3dzdy=ðDHÞ

S : jy�y0j⩽0:5D, jzj⩽0:5H

(
, ð10Þ

where fAP represents the coefficient of AP. ðx0,y0,z0Þ is the coordinate of the centre of the hypothetical downwind VAWT. D and H are the diame-

ter and the height of the VAWT. The hypothetical VAWT has the same dimension as the pitched (upwind) VAWT. The integration and average is

performed within a translating square with the same area as that of the VAWT. A schematic of the integration window and its coordinate system

is depicted in Figure 7: At a given cross-section (x¼ x0) downstream of the upwind VAWT, the solid blue box is the current integration window,

while the dashed one is the projection of the upstream turbine. The coordinate system, specifically the horizontal axis y for Figure 7, is defined as

follows: The origin is the centre of the dashed box, y is positive towards the right. The contour in the background represents the integrated

quantity, in this case is the normalized streamwise wind power, �u3=U3.

A theoretical comparison of fAP based on the classical actuator disc (AD) theory is provided as well. The AD model is extremely simplified in

that only considers the streamwise momentum conservation, whereas no recovery and no deflection is accounted for in the model. The AD model

is well accepted for estimating the maximum velocity deficit and minimum fAP in the near wake of a wind turbine. It has been adopted in the most

advanced engineering wake models.1,17 The model takes the streamwise thrust coefficient CT,x as input, calculating the induction factor

a¼ 1� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�CT,x

p� 	
=2, and further the minimum wake velocity uw ¼ð1�2aÞU. In this way, the minimum coefficient of AP for a hypothetical

downwind wind turbine that is inline with the upwind one can be estimated as

fAPjAD ¼ �u3w=U
3 ¼ð1�CT,xÞ3=2: ð11Þ

3 | RESULTS AND DISCUSSION

3.1 | Thrust and lateral force

The streamwise and lateral thrusts (CT,x and CT,y) are given by

CT ¼ T

0:5ρU2
∞A

, ð12Þ

where T is the measured thrust, equivalent to the force perceived by the turbine. A¼DH is the frontal area of the turbine. As it can be seen in the

results of Table 4, the negative pitched angle slightly decreases the thrust and the lateral force, compared to the zero-pitch case. This is caused by

F IGURE 7 Schematic of the integration window for AP estimation. Square with solid blue line: integration window moving transversely;
dashed square: frontal area of the VAWT; background contour: the normalized streamwise wind power, �u3=U3 [Colour figure can be viewed at
wileyonlinelibrary.com]
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two factors: (a) the blades work in a decreased angle of attack during the upwind pass and (b) deep stall occurs on the downwind pass. These fac-

tors result in a decreased blade loading along the revolution passage, and therefore, an overall decreased thrust and lateral force. Such phenome-

non has been confirmed by both load and flow field measurements performed on the blades of a larger H-type VAWT.44 In contrast, positive

pitch increases both streamwise and lateral force by 25% and 180%, respectively. Besides that, LeBlanc and Ferreira (2021)44 reported signifi-

cantly increased blade load in the upwind-windward region, and a sudden drop in the upwind-leeward region. The same happens in the current

measurement, which can be justified by the averaged velocity deficit fields presented in Section 4.1. That is, P10 features a deeper momentum

deficit in the windward side compared with P0, while less deficit in the leeward side.

3.2 | Velocity fields

The measured time-averaged streamwise velocity contour and in-plane velocity vectors are presented in Figure 8. The velocities are normalized

with the free-stream velocity U. The wake of P-10 features a minimum streamwise velocity around 0:3U. The outline of the wake cross-section in

the near wake region ðx=D¼1Þ is a square that is elongated along its vertical symmetric axis. The elongation lasts to the far wake.

The case with zero pitch, P0, features a similar maximum velocity deficit and a slightly larger wake deflection compared to P-10 based on the

visual comparison of the contour colour. The similarity between the two wakes is attributed to the similar streamwise and lateral thrust exerted

by the turbine, which can be justified by the load measurement results listed in Table 4. However, large discrepancies in terms of the cross-

sectional shapes of the wake between these two cases are observed. The outline of P0's wake cross-section is formed into a trapezoid at x=D¼1

instead of the stretched square for P-10. The difference of the wake outlines is attributed to distinct streamwise vorticity distributions, which are

further discussed in Section 3.3.

In contrast, the wake of P10 presents a remarkable lateral deflection towards windward and a cross-sectional deformation as predicted in

Figure 3C. Guo and Lei (2020)29 reported similar cross-sectional shapes using RANS simulation integrated with the actuator line model. Besides,

P10 features a larger wake region and a deeper velocity deficit in the proximity of the turbine, which are ascribed to stronger lift produced by the

advancing blades at windward side, resulting in a larger side force inducing lateral velocities. A similar phenomenon has been documented in the

literature (see previous studies25,33,40).

3.3 | Streamwise vorticity

An overview of the normalized streamwise vorticity fields is presented in Figure 9. The streamwise vorticity plays a key role in forming the wake

shape until at least 5D downstream of the VAWT model and is still noticeable at x=D¼10. The vorticity is normalized with CT,xU=D. While nor-

malization for vorticity using U=D is well accepted in the literature,25,31 the values of CT,x are also used in the current study to compensate the

effect of different loading level. The use of the thrust coefficient in the normalization of the vorticity is chosen because the wake deflection is

analysed in relation to the deflection of thrust vectors, and the vorticity generated remains proportional to both the cross-flow component and

the balance between upwind and downwind loading. For vectors with different magnitudes, the overall lateral force can be the same, so as the

wake deflection. However, the local vorticity magnitude will be completely different. To avoid such deviation and make the vorticity magnitude

consistent with the deflection, the force magnitude should be taken into account for normalization. And we select the the main component, the

streamwise thrust coefficient, for simplicity.

The streamwise vorticity is mainly produced by the trailing vortices that are generated at the blade tips according to Helmholtz's theo-

rem.31,33 By pitching the blade, the blade load along its rotation passage is modified, so is the vortex system. As discussed in Section 3.2, P-10

and P0 feature largely different wake shapes as they possess different blade loads, although the integrated thrusts are similar. P10 features two

pairs of strong counter-rotating vortices at windward and leeward, respectively.

3.4 | Verification of the hypothesized vorticity system

We compare the measurement results with the vorticity system proposed in Section 2.1 by identifying the components illustrated in Figure 2B.

The normalized streamwise vorticity fields at x=D¼1,3,5 are presented in contour plots in Figure 10, together with the in-plane streamlines that

TABLE 4 Measured CT,x and CT,y

Case CT,x CT,y

P-10 0.60 0.09

P0 0.65 0.14

P10 0.81 0.39

HUANG ET AL. 11
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is helpful in locating the strong CVPs. The green contour lines are plotted where �u=U¼1, representing the shape of the wake. The first row of

Figure 10 depicts the initial topology of the streamwise vortical system in correspondence to the hypothesis, the second and the third rows show

the development of the streamwise vorticity at x=D¼3 and 5 and the CVPs in the wake.

Due to the absence of the ground, the vorticity field is almost symmetrical with respect to z=D¼0, and the symmetry is slightly broken when

the wake of tower starts to interact with the wake of the rotor, after x=D¼5. Based on the symmetry, only the upper halves of the wakes are

marked in relation to the hypothesized vortical system. For all the cases, the hypothesized double-layer vorticity structures are clearly present

initially at x=D¼1. The upper layers are generated in the downwind region of the rotor, while the lower layers are generated upwind. It is worth

mentioning that there exists strong vorticity near y=D¼0�0:5 and z=D¼�0:25�0:25, in the wake of P-10 at x=D¼1, as illustrated in

Figure 10. This is due to a concentration of vorticity on the blades causing vortex roll-up. Apart from that, the propagating and merging of the

vorticity field still follow the proposed model. However, further investigations are required if details such as vortex rolling-up and stretching need

to be modelled.

The strong counter-rotating vortices are identified based on the in-plane streamlines. The cross-sections at x=D¼3 and 5 provide a cleaner

view of the CVPs because the merging of the vortices occurs and only strong CVPs are left. The merging process is as follows: The smaller

vortices will change their directions of rotation under the effect of the stronger vortex and then merge with the latter into a larger region with a

weaker vorticity. For all the cases, the double-layer structure starts to break at x=D¼3 and disappears at x=D¼5.

P-10 features four pairs of CVPs in the wake, and its vorticity system is a combination of pattern (A) and (B) in Figure 3. The CVP-Aa is slightly

stronger than the CVP-Ba , resulting in a slight deflection to negative y. The CVP-Ab and CVP-Bb are responsible for the vertical expansion of

the wake.

F IGURE 8 Contours of normalized streamwise velocity with in-plane velocity vectors from 1 to 10 D after the VAWT. The VAWT rotates
clockwise when looking from top. The grey squares denote the projected frontal area of the VAWT [Colour figure can be viewed at
wileyonlinelibrary.com]

12 HUANG ET AL.

 10991824, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/w

e.2803 by T
u D

elft, W
iley O

nline L
ibrary on [06/03/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense

http://wileyonlinelibrary.com


The vorticity system of P0 and P10 can be described with an asymmetrical version of pattern (A). In both cases, the CVP-A induces a

larger transverse velocity to the windward side and thus results in a wake deflection. The distinct differences are (1) the location of the CVP-A:

in the wake of P0, the CVP-A is located around the centreline of the rotor ðy=D¼0Þ, whereas the one in P10 is located around the edge of

the wake at the windward side; (2) the strengths of the CVPs: in P10, the CVPs are so strong that merging of streamwise vortices occurs

significantly. The CVPs entrain other streamwise vortices and merges them into larger regions much faster than P-10 and P0: At x=D¼3, the trace

of weaker vortices is almost gone in the wake of P10. These differences are responsible for the distinctions in the wake deflection and

deformation.

Additionally, the vorticity generated due to the presence of the struts is marked with capital S. This vorticity has a small effect on the wake

deformation, which can be appreciated in the wake of P0 at x=D¼5.

F IGURE 9 Contours of time-averaged normalized streamwise vorticity. The centre of the rotor is placed at the origin; grey squares in the
successive cross-sections denote the projection of the frontal areal of the VAWT [Colour figure can be viewed at wileyonlinelibrary.com]

HUANG ET AL. 13
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3.5 | Turbulence Intensity

The TI magnitude IjUj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u0u0 þv0v0 þw0w0

p
=U, is illustrated in Figure 11. For all the cases, IjUj is mostly concentrated at the interface between the

freestream and the wake, that is, the perimeter of the wake cross-section. As indicated in the previous study from Huang et al,40 the longer the

perimeter, the faster momentum recovery due to the turbulent diffusion and shear is expected, provided that the overall streamwise thrust is

the same.

The TI fields correlate well with the vorticity fields, with high IjUj in regions of strong vorticity. In P-10, the maximum TI concentrates around

the centre right of the wake, which is also the region of the standing out CVPs discussed in Section 3.4. P0 and P10 feature the same pattern,

with the maximum IjUj at the spots of the CVPs. Besides that, the IjUj contours depict the shape of the wake perimeter.

F IGURE 10 Contours of streamwise vorticity with in-plane streamlines for P-10, P0 and P10 at x=D¼1,3,5. The generation regions of the
vorticity are marked corresponding to those in Figure 2. Green contour lines: �u=U¼1; A and B: the strong vortices at windward side and leeward
side; S: the vorticity generated due to the presence of the struts [Colour figure can be viewed at wileyonlinelibrary.com]

14 HUANG ET AL.
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4 | THE IMPACT OF PITCHED BLADES ON VAWT ARRAYS

4.1 | Velocity deficit and wake centre development

The distributions of streamwise velocity deficits (ð�u�UÞ=U) for all the cases are compared in Figure 12, where the cross-sections at x=D¼1,3,5

are presented. From left to right are case P-10, P0 and P10, which generate deficit areas that feature shapes of octagon, trapezoid and left-arrow

at x=D¼1, respectively. The maximum deficit of P-10 is shifted slightly to the right compared to P0; P10 shifts to the left largely, which is clearly

attributed to the larger side force generated by the VAWT at positive pitch and hence to the strong counter-rotating vortices in the wake.

The in-plane velocity vectors disclose the trace of at least two pairs of streamwise CVPs, as discussed in Section 3.4. With the effects of

these CVPs, the wake shapes are quickly deformed along the streamwise directions: Those of P0 and P10 become thinner vertically at y=D¼0,

whereas the wake of P-10 expands remarkably along the spanwise direction z.

F IGURE 11 Contours of turbulence intensity magnitudes, IjUj, for P-10, P0 and P10 at x=D¼1,3,5 [Colour figure can be viewed at
wileyonlinelibrary.com]
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The wake centre developments are compared in Figure 13. As expected, the positive pitch produces the largest deflection towards the wind-

ward side (negative y), which is nearly twice that of the P0 case; instead, the wake deflections of the P0 and P-10 cases are very similar, with the

negative pitch yielding slightly larger deflection after x=D¼5. All the cases feature approximately linear wake deflections within near wake (5D),

which is also observed in the wake of HAWTs with a constant yaw angle.51 It is noted that the wake shapes of VAWTs are complex and the calcu-

lation of wake centre may not be the optimal approach to quantify the wake deflection. In the far wake, the deflection should eventually reach an

asymptotic value.

4.2 | Streamwise momentum recovery

The available terms of Equation (9) are calculated at x=D¼3 and depicted in contour plots in Figure 14. The pressure term is not measured, there-

fore is omitted in the comparison. The in-plane spatial derivative ∂=∂y and ∂=∂z are calculated with second order central difference within the

measured cross-sections. Due to the relatively large separation between the cross-flow planes, it is not possible to accurately evaluate the

F IGURE 12 Contours of velocity deficit with in-plane velocity vectors for case P-10, P0 and P10, at x=D¼1,3,5. Schematics for the VAWT

with tower are marked in grey [Colour figure can be viewed at wileyonlinelibrary.com]
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F IGURE 14 Measured terms of the RANS equation in the streamwise direction. For each case, the terms are normalized by the maximum
value of �uð∂�u=∂xÞ, as denoted by * [Colour figure can be viewed at wileyonlinelibrary.com]

F IGURE 13 Comparison of the lateral deflections of the wake centre for varying streamwise distance from the turbine [Colour figure can be
viewed at wileyonlinelibrary.com]

HUANG ET AL. 17
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streamwise derivatives ∂=∂x, and therefore, the related terms (�uð∂�u=∂xÞ and ∂u0u0=∂x) are not presented. However, ∂�u=∂x is calculated using

second order polynomial regression with the data at x=D¼2 and 4, to get an evaluation of the maximum value of �uð∂�u=∂xÞ for each case, as the

normalization values for the presented terms in Figure 14, following the work of Bossuyt et al. (2021).19 In this way, one can identify the main

contributors to the redistribution of the streamwise momentum in the wake, based on a relative comparison of the momentum budget.

In Figure 14, positive values contribute to the momentum recovery positively, and vice versa. The first row presents the horizontal advection

of streamwise momentum. All three cases feature negative regions on the windward edges of the wakes due to substantial horizontal expansions

that transport low momentum flow from the centre of the wake to the edges.

The vertical advection of streamwise momentum is illustrated at the second row. It is clear that for all these cases, the vertical advection

contributes positively on the leeward side, where the heights of the wakes are shrinking due to the vorticity system discussed in Section 3.4. Such

motion entrains high-momentum flow into the wake. On the contrary, the vertical advection contributes negatively where the vertical expansion

of the wake occurs; the latter transport low momentum flow from the wake centre to the edges. For P-10, such expansion regions locate along

the centre and the windward side of the wake, while P0 and P10 expand majorly at their windward edges.

Based on the visual comparisons between the two top rows and the two bottom rows of Figure 14, the advection of momentum plays a more

critical role in redistributing the streamwise momentum than the Reynolds stress terms. This is attributed to the in-plane velocity vectors being

relatively strong at x=D¼3.

Another important observation is that the distributions of transport of momentum both by the mean flow and the turbulence are affected by

the wake shape, namely, the recovery concentrates along the perimeter of the cross-section of the wake. In comparison, P10 creates a more

extended wake perimeter than P0, while P-10 makes a shorter one. To better understand the effect of the deformed wake on the wake recovery,

the averaged budgets of the wake recovery rate are compared in Figure 15. The process follows the work of Boudreau and Dumas (2017),36 with

Equation (9) being rearranged as

∂�u
∂x

¼1
�u

�v
∂�u
∂y

�w
∂�u
∂z

�1
ρ

∂p
∂x

� ∂u0u0

∂x
� ∂u0v0

∂y
� ∂u0w0

∂z

� �
: ð13Þ

As aforementioned, only the in-plane advection and Reynolds stress terms are examined, and they are normalized with U=D. It has to be

clarified that, compared to the previous work of Boudreau and Dumas (2017),36 the terms presented here are averaged within the wake region

that is determined by the contour line of �u=U¼1, instead of a square region that is identical to the frontal area of the turbine, to account for the

deformed cross-sectional shape of the wake.

With Figure 15, one can identify each term's net contribution to the momentum recovery within the wake. The horizontal advection (the first

term) has minimal effect on the total momentum recovery for P-10; on the contrary, it costs quite a portion of momentum to redistribute the

F IGURE 15 Budgets of the wake recovery rate for all three cases at x=D¼3. Each term has been averaged within the corresponding wake
region that is determined by the contour line of u=U¼1 (as illustrated with green contour lines in Figure 14). Angle brackets denote the spatial
average within the wake region [Colour figure can be viewed at wileyonlinelibrary.com]
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wake in P0 (so that it has a negative value) and entrains momentum for P10. On the other hand, the vertical advection (the second term) still has

a small effect on the wake of P-10, while it contributes positively to the wake of P0 and P10. For all the three cases, the Reynolds stress terms

always have a positive contribution to the momentum recovery, and they are positively related to the TI that concentrates along the wake perime-

ter, as shown in Figure 11.

Based on the above discussion, it can be concluded that, by pitching the blades, the resulting vortex system deflects and deforms the wake.

The deflections are effective in redistributing the momentum in the wake, while the deformations are essential in modifying the wake perimeter,

thus affecting the momentum recovery.

4.3 | AP for hypothetical downwind turbines

The integration of AP is carried out at x=D¼1,3,5,8. As shown in Figure 16, the cases P-10 and P0 feature an overall similar wake effect in terms

of the AP distribution. In contrast, the P10 case is much more effective in shifting the low-power flow to the windward side, negative y in this

case. In the proximity of the upstream turbine ð1DÞ, the AP for all the cases is similar, due to an onset stage of the wake where the largely

deformed wake structure has not been fully developed. For the P10 case, the wake deflects quickly: The minimum AP is located at y=D¼0:5

already at a downstream distance x=D¼3.

At x=D¼3 and y=D¼0, the AP in the wake of P10 reaches 0.61 of that in the free stream, compared to 0.41 and 0.32 for P-10 and P0,

respectively. At x=D¼5, the AP of P10 increases to 0.74 at inline location; further downstream, the AP increases at a lower rate, reaching 0.77 at

F IGURE 16 Available power distribution along transverse locations at x=D¼1,3,5,8 [Colour figure can be viewed at wileyonlinelibrary.com]
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x=D¼8. The slow down of the increase of the AP occurs because the wake recovery at this location is no longer dominated by the advection of

momentum, but by the turbulence transport and expansion, similarly to classical shear dominated turbulent wakes. Moreover, the transverse

location of the minimum AP is constantly deflected to the windward side of the VAWT, yielding a shift exceeding 1 D at x=D¼8.

A comparison of the measured AP coefficient with the estimated value from the AD model is provided in Table 5. The measured data are

selected close to the VAWT model ðx=D¼1Þ where the wake deficit has not recovered much. The measured minimum AP indicates the effect of

the fixed blade pitch on the recovery of the wake. The baseline P0 features a great match with the theory, showing that the streamwise momen-

tum conservation is valid for a regular VAWT; P-10 also shows a good agreement, with a slightly increase of the fAP due to the recovery of the

wake; conversely, the AP in the P10 case features a clear mismatch with the AD theory, because the latter cannot reproduce the wake deflection

caused by the pitched the blades. The fAP is increased by nearly 300% compared to the prediction, which is due to the enhancement of the

momentum advection that follows the large streamwise vortical structure introduced in Section 3.3 and discussed in more details in Section 3.4.

On the other hand, the comparison of fAP at inline location (x=D¼1,y=D¼0) proves the effectiveness of P10: Even with a higher CT,x of the

upwind turbine, the AP increases by nearly 100% compared to the P0 case. Conversely, P-10 has little improvement considering the less loaded

rotor; in other terms, the increase of AP for P-10 is mostly the effect of a lower CT,x.

5 | CONCLUSIONS

The effect of VAWTs' load distribution on its wake deflection is theoretically investigated using the AC model with an infinite-blade assumption.

The proposed vortical structure is further validated using stereoscopic PIV measurements of the wake deflection caused by changing the fixed

blade-pitch of a VAWT. The measured velocity, vorticity and turbulence fields are used to illustrate the pitched blade effect and to explain the

physics of wake structure formation.

This work emphasises the importance of the streamwise vortical system. The streamwise vortices in the wake, generated at the top and

bottom of the rotor as a consequence of the VAWT loading, are the main driver of the wake deflection and deformation.

The distribution of TI follows the wake's topology, with the majority of IjUj concentrated along the wake's perimeter. By examining the

streamwise momentum budgets in the RANS equation, it is found that the momentum recovery within the VAWT wake is primarily due to the

momentum advection along the wake perimeter, whereas the turbulence transport plays a less relevant role.

The VAWT with positively pitched blades (case P10) exhibits the greatest wake deflection, resulting in the highest AP for a hypothetical

downwind turbine aligned with the upwind turbine, while P0 and P-10 (0 and �10 degrees pitch) exhibit wake deflections that are comparable

between them and significantly lower than the P10 case.
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TABLE 5 Comparison of estimated AP using AD model, measured minimum AP and AP at x=D¼1 inline with the turbine

Case CT,x fAPjAD fAPjmin,EXP

fAPjinline,EXP

x=D¼ 1 x=D¼ 3 x=D¼5 x=D¼8

P-10 0.60 0.25 0.30 0.32 0.41 0.49 0.65

P0 0.65 0.21 0.19 0.22 0.32 0.43 0.63

P10 0.81 0.08 0.30 0.43 0.61 0.74 0.85
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APPENDIX A: THE PRINCIPLE OF VORTEX GENERATION BY FORCE FIELDS

Consider the Navier–Stokes equation for the conservation of momentum:

ρ
DU
Dt

¼ f�rpþμr2U, ðA1Þ

where f, p, U and μ are the body force, pressure, velocity and dynamic viscosity, respectively. The bold letters represent vectors.

Taking the curl of Equation (A1), the vorticity transport equation is obtained:

ρ
Dω
Dt

¼r� fþðω �rÞU�ωðr �UÞþμr2ω, ðA2Þ

where ω is the vorticity vector: ω¼r�U. Because a flow field wherein a wind turbine is placed can be regarded as incompressible, the third term

in the RHS is zero. The viscous term μr2ω can be neglected due to a sufficiently large Reynolds number. For a uniform inflow that is irrational

originally, the term ðω �rÞU will remain zero until vorticity is generated by the curl of a force field. Therefore, it is clear that the generation of
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vorticity is attributed to a specific force field. To demonstrate the vortex generation principle, assume a uniform force field f that is distributed on

a line element placed along the z-axis in a 3D space, as depicted in Figure A1; the latter is usually referred to as an actuator line (AL). The AL

applies a force to the flow towards the direction of negative y. The incoming flow U is directed towards the positive x. Applying Equation (A2) to

the AL, the material derivative of the vorticity vector is given by

ρ
Dω
Dt

¼r� f¼ ∂fz
∂y

� ∂fy
∂z

� �
îþ ∂fx

∂z
� ∂fz

∂x

� �
ĵþ ∂fy

∂x
� ∂fx

∂y

� �
k̂¼� ∂fy

∂z
î, ðA3Þ

where î, ĵ and k̂ are the unit vectors for the x, y and z axes, respectively. According to Equation (A3), vorticity is generated only when the spatial

gradient of a force field is not null, that is, at the extremities of the actuator line. For a simple uniform AL as illustrated, a pair of counter-rotating

vortices are thus generated, whose axis is perpendicular to the plane defined by the force vector and the actuator line. The counter-rotating vorti-

ces propagate along the free-stream direction (positive x), they are also deflected laterally (towards negative y) under the effect of the transverse

velocity induced by the force field. It should be noted that in the above discussion the stretching and redirecting of the vortices are omitted for

sake of simplicity, and this simplification is valid in the near wake of the AL. A similar phenomenon occurs in the wakes of airplanes, whereby the

lift distribution over the wing generates a pair of counter-rotating tip vortices which move downwards under the effect of the downwash they

induce.52

F IGURE A1 A schematic of the vortex generated by an actuator line in the 3D space [Colour figure can be viewed at wileyonlinelibrary.com]
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