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A B S T R A C T

Considering the storage capacity and already existing infrastructures, underground porous reservoirs are highly
suitable to store green energy, for example, in the form of green gases such as hydrogen and compressed
air. Depending on the energy demand and supply, the energy-rich fluids are injected and produced, which
induces cyclic change of state-of-the-stress in the reservoir and its surrounding. Detailed analyses of the
geo-mechanical deformations under variable storage conditions i.e., storage frequency and fluid fluctuating
pressures, are crucially important for safe and efficient operations. The present work presents an integrated
analysis, based on experimental and constitutive modeling aspects, to investigate sandstones’ geomechanical
response to cyclic loading relevant to underground energy storage (UES). To this end, sandstone rock samples
were subjected to cyclic loading above and below the onset of dilatant cracking under different frequencies
and loading amplitudes. Axial strains and Acoustic Emissions (AE) were measured in both regimes to quantify
the total deformation (strain) of the rock and its AE characteristics. It is found that the inelastic strain and
number of AE events is the highest in the first cycle and reduce subsequently cycle after cycle. Moreover, cyclic
inelastic deformations are affected by the mean stress, amplitude, and frequency of the stress waveform. On
the one hand, the higher the mean stress and the amplitude, the higher the total inelastic strains. On the
other hand, the lower the frequency, the higher the total inelastic strain. From the modeling perspectives,
five types of deformation mechanisms were identified based on the governing physics: elastic, viscoelastic,
compaction-based cyclic inelastic, inelastic brittle creep, and dilatation-based inelastic deformation. To model
elastic, viscoelastic, and brittle creep, the Nishihara model was used. A cyclic modified cam clay model (MCC)
and hardening–softening model were applied to capture plastic deformation. The results show a very good fit
of the constitutive model with the experimental results, which could help in studying the response of reservoirs
to injection and production.
1. Introduction

In the advent of climate change, a successful transition towards
cleaner renewable energy calls for effective large-scale (i.e., in the
order of TWh) storage technologies [1]. To overcome the challenge
of intermittency in renewable energy, subsurface storage technology
needs to be efficiently developed [2]. One of the established options
is underground gas storage (UGS), in which imported gas is stored
in subsurface reservoirs during the summer when prices and demand
are low, for heating during winter [3–5]. However, global concerns
about climate change are driving more attention to renewable energy
sources and storage, such as compressed air energy storage ‘‘CAES’’ [6],
underground hydrogen storage ‘‘UHS’’ [7–9], and aquifer thermal en-
ergy storage (ATES) [10]. A detailed review of energy storage types
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can be found in Refs. [11–14]. The geological formations such as
porous reservoirs and salt caverns, has proved to be a good option
for storing energy-rich or energy-carrier fluids, such as compressed
air, hot water, and hydrogen [15–18]. Porous media, such as de-
pleted gas reservoirs, can provide significantly more storage capacity
in different locations [19,20]. The high permeability and availability
of porous rocks, such as sandstone reservoirs, make them promising
for storage [17,21,22]. Therefore, further research on porous rocks,
especially sandstone reservoirs, which contain a large-fraction of the
world reserves, is crucial to designing and operating underground
storage [23].

Subsurface storage technology is based on the injection and pro-
duction of energy-rich fluids into underground reservoirs depending
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Fig. 1. Illustration of potential geological storage (depleted gas reservoir) sites for energy-rich fluids.
Fig. 2. Stress–strain curve showing deformation stages of Red Felser sandstone under
the condition of constant confining pressure (10 MPa). The four stages of stress levels
are: the initial crack closure (𝝈𝑐𝑐 ), brittle yield point stress (𝝈𝑏𝑝), crack damage stress
(𝝈𝑐𝑑 ) and maximum strength (𝝈𝑓 ). . (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

on the demand and supply [21,24], resulting in cyclic loading as
shown in Fig. 1. Thus, the reservoir experiences cyclic changes in
porous pressure and temperature. As a result, the in-situ effective
stresses are altered accordingly, which influences the stress conditions
on the reservoir rock and surrounding elements, such as caprock,
faults, and wells [25–29]. For instance, a decrease or increase in fluid
pressure can induce fault reactivation and seismicity (earthquakes) by
perturbing the stress path [30,31]. The pressure fluctuation during
storage can also induce subsidence, which damages the infrastruc-
tures nearby [32,33]. Therefore, it is essential to understand about
deformation behavior of sandstone reservoirs and the effect of all the
different injection/depletion-related parameters, including amplitude
and frequency of cycles, to reduce the risk of delaying projects and
optimize the utility of the energy storage operations [20].

Many experimental researchers have identified the mechanical be-
havior and deformation process of sandstone subjecting to conventional
deviatoric testing [34–38]. This behavior is normally represented in
2

terms of mean effective stress versus total porosity reduction or de-
viatoric stress versus axial deformation [39,40]. As shown in Fig. 2,
the four stages of the Red Felser sandstone deformation up to reaching
maximum strength are as follows [41,42]:

∙ Stage 1 (from the start to 𝝈𝑐𝑐): A non-linear behavior that reflects
the closure of pre-existing cracks or damage alongside poro-elastic
deformation.

∙ Stage 2 (from 𝝈𝑐𝑐 to 𝝈𝑏𝑝): Near-linear behavior of sandstone which
is known as purely elastic (poroelastic) deformation.

∙ Stage 3 (from 𝝈𝑏𝑝 to 𝝈𝑐𝑑): The deformation shows non-linear
behavior due to the initiation of new microcracks and stable crack
growth.

∙ Stage 4 (from 𝝈𝑐𝑑 to 𝝈𝑓 ): The concave-down behavior in this
regime is attributed to the onset of grain crushing, unstable crack
growth, and shear crack localization.

Among different stages of deformation, stage 2 and the early part
of stage 3 are important from an energy storage perspective. This is
because all the energy storage systems should be operated below the
yield point and within a safe zone to avoid failure and accumulation
of inelastic deformation. Recent and previous experimental studies
on applying cyclic loading have reported a significant contribution
of inelastic deformation within stage 2 (fully linear zone), where the
inelastic deformation can contribute from 20% to 70% of total defor-
mation [42–45]. Thus, applying cyclic stress conditions can change
the deformation mechanism of sandstone resulting in an accumula-
tion of inelastic deformation and damage as the number of cycles
increases, which accordingly influences mechanical, acoustic and other
petrophysical properties [46–48]. The intensity and quantity of this
change (damage) can be different according to stress level (Fig. 2) and
cyclic-related parameters (amplitude and frequency of cycles).

A few researchers have focused on the effect of frequency of the
cycles on sandstone [49–52]. They observed that by increasing the
frequencies, damage and axial deformation decrease because of the pre-
vention of the growth of new fractures in both compaction and inelastic
stages. Also, a few researchers studied the effect of the amplitude of
cycles on the lifetime of sandstone [46,53,54]. Studies into the effect
of amplitude indicated that by increasing the stress amplitude, the
residual strain accumulation rate in sandstone is increased, resulting in
reduced fatigue life. Also, some studies have focused on the evolution of
the mechanical properties of reservoir sandstone under different operat-
ing conditions [49,55–57]. Nevertheless, there are very few studies into
the effect of cyclic-related parameters on the quantification of inelastic
deformation from the perspective of energy storage.

In addition to the study of mechanical evolution itself under cyclic
loading, some studies have attempted to use non-destructive methods
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such as active and passive acoustics to monitor and correlate the num-
ber of cycles and cycles pattern with different acoustic parameters [48,
58–61]. The Acoustic Emission (AE) technique is a non-destructive
method defined as a transient elastic wave that is produced by released
strain energy due to an internal phenomenon such as grain slides or
crushing, plastic deformation, and microcrack initiation [62,63]. How-
ever, the AE technique has not yet been used to investigate the different
types of elastic and inelastic deformation occurring in sandstone under
cyclic loading.

In this work, we perform cyclic triaxial experiments on the Red
Felser sandstone to quantify the inelastic deformation occurring in
sandstone under different cyclic-related parameters. Besides, the effect
of the stress regime was investigated on types of deformation (time-
dependent and instantaneous) and inelastic deformation. In particular,
we focus on the evolution of the axial inelastic strain, the number
of generated AE events per cycle, and the correlation between the
cumulative inelastic strain and cumulative AE numbers. Experimental
studies have limitations associated with the geometry scale, time scale,
and heterogeneity. Thus, to explore the effects of cyclic loading for
longer time scales and large-scale reservoir models, constitutive models
are usually developed based on experimental data to determine the
different types of deformations (elastic, viscoelastic, creep, plastic).

Several forms of constitutive models have been taken into account
for various types of rocks in the literature, including rock salt [64,65]
and generalized models for brittle rocks [66]. Models such as the
Maxwell model, the Kelvin-Voigt model, and the Fractional Maxwell
model, attempt to consider the viscoelastic strain in rocks [67,68].
The time-dependent plastic creep strain is modeled using a power law
for rock-salt, brittle porous rocks [18,69,70] and also modeled using
viscoplastic deformation where the plastic strain starts accumulating
above a certain stress level [71–74]. Lastly, in a generalized form for
soil and rocks, the time-independent plastic strain has been consid-
ered [42,70,75–80]. Recently Modified Cam Clay model (MCC) [76]
was employed to explain the inelastic deformation of sandstone below
the brittle yield point [42]. However, there are very few attempts by
researchers trying to quantify all the deformations observed in different
stress regimes under cyclic loading on sandstone.

To address the above challenge, based on the observed experimental
results, different constitutive models were conglomerated in this work.
The Kelvin-Voigt model has been employed to quantify viscoelastic
deformation. Time-independent plastic deformation in the near-linear
regime is accounted for using the MCC model, which is further mod-
ified, inspired by [76], to account for the effect of cyclic loading. A
hardening–softening model is considered for time-independent plastic
deformation in a brittle regime [75,78]. Thus, the appropriate plasticity
and creep model is employed depending on the measured brittle yield
point from the experiments.

The rest of the paper is structured as follows. First, the experimental
setup and methodology are described. Next, the employed constitu-
tive laws are presented in detail. Experimental results are further
elaborated, showing the effect of amplitude, frequency of the cycles,
and stress regime on axial deformation and acoustic emission char-
acteristics. Then, numerical results are calibrated and compared with
experimental data. Based on the experimental and numerical results,
conclusions are drawn.

2. Experimental design and test scheme

2.1. Sample preparation and loading apparatus

Red Felser sandstone was selected as the reservoir rock for the
cyclic experiments. Red Felser sandstone is part of the Rotliegend
formation, which originates from near Kaiserslautern, Germany. Its
lithology and geological age make it relevant for storage applications in
the Slochteren sandstone in the Netherlands. All samples were drilled
30 mm in diameter from a unique rock slab to ensure the best possible
3

reproducibility between samples. Next, the samples were cut to a
nominal length of approximately 70 mm. The average density and
porosity of the samples were 2.1 ± 0.015 g/cm3 and 21.14 ± 0.7%.
An example of prepared Red Felser sandstone is shown in Fig. 4a.

To carry out the triaxial cyclic test, also known as the deviatoric
cyclic test, a servo-control loading machine manufactured by the TU
Delft was used (Fig. 3) to apply axial stress (𝝈1). In order to apply
the confining pressure or horizontal stress (𝝈2 = 𝝈3), an instrumented
triaxial cell as the one shown in Fig. 3 was used together with the
loading machine. The triaxial cell includes a special silicon jacket that,
in addition to providing isolation between the confining fluid and the
rock sample, has a total of 6 piezoelectric transducers. The vertical
deformation of the rock sample is measured by two Linear Variable
Displacement Transformer ’’LVDT’’ (Fig. 3).

2.2. Acoustic emission monitoring

The Acoustic emission (AE) technique was used to detect the AE
events and their correlation with inelastic deformation. The silicon
jacket was instrumented with an array of 6 piezoceramic transducers to
record AE events originating from rock samples during stress cycling.
Next, the Richter system, a continuous data acquisition system was
used to record AE activities captured by piezoelectric transducers. A
schematic illustration of the AE system is given in Fig. 3. The AE system
consists of 4 units that can be synchronized to provide a fully expand-
able system with up to 20 channels. The ExStream software controls the
acoustic emission system, whereas the Insite Seismic Processor software
processes and manages the raw waveform data. A trigger logic is used
to convert continuous waveform data into single waveforms for further
analysis. Concerning background noise, the number of sensors (6 sen-
sors were used), and array distribution, if three or more transducers
exceed a voltage threshold of about 0.05 V within a time window of
480 μs and a sampling rate of 2 MHz, it can be recorded as an event.

2.3. Testing protocol

In the beginning, two monotonic deviatoric tests were carried out at
10 MPa confining pressure until macroscopic sample failure occurred
to determine the failure stages and deformation behavior of the Red
Felser sandstone. After these tests, different deformation stages of the
Red Felser sandstone were determined, such as stage 1, stage 2, and
the start of stage 3, to design our experimental protocol (Fig. 4b).

In total, 12 deviatoric cyclic tests were carried out, and all the
samples were fully saturated with water before the tests. Regarding the
deviatoric cyclic test, two mean axial stresses (𝝈1,𝑚𝑒𝑎𝑛) were selected:
one right at the start of stage 2 equal to 38 MPa (Elastic regime) and the
second one right above the brittle yield point equal to 85 MPa (brittle
regime). According to the stress–strain and stress-time derivatives, the
brittle yield point is estimated to be 84.2 MPa (Fig. 4b). For the frequen-
cies, three scenarios were evaluated F1 = 0.014 Hz (1.2 min/cycle), F2
= 0.0014 Hz (12 min/cycle), and F1 = 0.0002 Hz (83 min/cycle). It is
ifficult to apply real-field relevant frequencies (seasonal timescales) in
ur laboratory. We aimed to have a set of frequencies that could help
hedding new lights on the time-dependent deformations, and their
onsistent modeling concepts. It should be mentioned that frequency
s adjusted by increasing or decreasing the loading rate. Finally, two
xial stress amplitudes were tested A1 = 20 MPa and A2 = 5.9 MPa. The

latter is equivalent to the yearly pore pressure changes in the NORG gas
field [81]. These conditions were permuted, leading to 12 cyclic tests
with a maximum of 8 cycles Table 1.

A triangular waveform was selected to approximate the cyclic stress
behavior of underground storage field applications. Thus the maximum
stress of the waveform corresponds to the minimum pore pressure
(compaction), while the minimum stress refers to the maximum stored

volume or pore pressure (opening). The main parameter that defines
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Fig. 3. Schematic illustration of the experimental setup including loading system, data acquisition, and AE system.
Fig. 4. Illustration of the experimental protocol and Red Felser sandstone; (a) the Red Fleser sandstone sample after preparation, (b) The stress-time curve together with mean
stress levels (cycling stress level), and (b) The triangular waveform of stress. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
Table 1
Information about rock samples, cyclic parameters, total inelastic strain (𝜺inelastic

1,𝑡𝑜𝑡𝑎𝑙 ), the total number of AE (𝑵𝐴𝐸 ), and average events amplitude
(𝑨average

𝐴𝐸 ) for the cyclic tests and multi-stage (MS) creep test with confining pressure of 𝝈3 = 10 MPa.

Sample Test 𝝈𝑚𝑒𝑎𝑛 [MPa] A [MPa] f [Hz] 𝜺inelastic
1,𝑡𝑜𝑡𝑎𝑙 [%] 𝑵𝐴𝐸 𝑨average

𝐴𝐸 [V]

RFD5 Cyclic 85 20 0.014 0.05 469 0.2 ± 0.01
RFD6 Cyclic 85 20 0.0014 0.057 336 0.23 ± 0.012
RFD7 Cyclic 85 20 0.0002 0.06 464 0.24 ± 0.015
RFD8 Cyclic 38 20 0.014 0.031 328 0.14 ± 0.005
RFD10 Cyclic 38 20 0.0014 0.031 310 0.17 ± 0.008
RFD18 Cyclic 38 20 0.0002 0.045 323 0.18 ± 0.007
RFD12 Cyclic 85 5.11 0.014 0.040 – –
RFD16 Cyclic 85 5.11 0.0014 0.048 – –
RFD20 Cyclic 85 5.11 0.0002 0.047 – –
RFD14 Cyclic 38 5.11 0.014 0.016 – –
RFD17 Cyclic 38 5.11 0.0014 0.01 – –
RFD21 Cyclic 38 5.11 0.0002 0.027 – –
RFD9 MS creep – – – – – –
the waveform, like mean axial stress, axial stress amplitude, and fre-
quency (period), is shown in Fig. 4c. It is important to mention that the
waveform considers a constant stress rate during loading and unloading
periods. Thus, the strain rate varies during these periods.

After designing the cyclic stress scheme, the first step for each
test was reaching the desirable confining pressure (𝝈3) hydrostatically,
which was 10 MPa. During the next phase, axial stress (𝝈1) was
increased in a deviatoric way to reach the two target mean stress (38
MPa and 85 MPa) which was the mean stress of the waveform. After,
the loading software was switched to stress control and used the built-in
4

function to generate triangular waveforms. We applied a total of eight
cycles since experiments had to be completed within a day.

In addition to 12 deviatoric tests, one multi-stage creep test was
performed to provide the input parameters to model the cyclic test in
the brittle regime. During the creep test, the rock sample was subjected
to three axial stress (𝝈1) levels while keeping the confining pressure
(𝝈3) constant at 10 MPa. The Multi-step creep test was carried out
in axial stress levels of 85 MPa (8 h), 105 MPa (3 h), and 115 MPa
(0.65 h). In the next section, the constitutive laws are developed to
model the relevant physics undergoing in sandstone.
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Fig. 5. Schematic illustration of the constitutive model when a constant load is applied.
3. Constitutive law formulation

Based on several experiments and observed physics, different defor-
mation mechanisms were employed, and accordingly, the total strain
(𝜺t) is split into elastic strain 𝜺e, plastic strain 𝜺p, visco-elastic strain
𝜺ve and creep strain 𝜺cr as

𝜺t = 𝜺e + 𝜺p + 𝜺ve + 𝜺cr. (1)

Schematic illustration of the numerical model is shown in Fig. 5. The
elastic strain based on Hooke’s law is given by,

𝜺e =
𝑞
𝐸1
. (2)

Here 𝑞 is the deviatoric stress, 𝐸1 is the elastic Young’s modulus. The
viscoelastic strain is the time dependent elastic strain which is given by

𝜺ve =
𝑞
𝐸2

(

1 − exp
(−𝐸2
𝜂1

𝑡
)

)

. (3)

Here 𝐸2, 𝜂1 are the Youngs modulus and viscosity of the viscoelastic
unit. The creep strain is inelastic strain which is time dependent that is
given by

𝜺cr =
(𝜎1 − 𝜎𝐵𝑃

𝜂2

)

𝛥𝑡. (4)

Here 𝜎𝐵𝑃 is the brittle yield point and 𝜂2 is the viscosity of the brittle
creep unit. Finally, the plastic strain is split into two components based
on the mechanisms which are given by

𝜺p = 𝜺p
compaction + 𝜺p

dilation. (5)

To compute 𝜺p
compaction Modified Cam Clay model (MCC) [82] and

for 𝜺p
dilation hardening softening model was used [75]. Finally, the total

strain in the rock is given based on the brittle yield point, i.e.,

𝜺t =

⎧

⎪

⎨

⎪

⎩

𝑞
𝐸1

+ 𝑞
𝐸2

(1 − e−
𝐸2
𝜂1
𝑡) + 𝑓1(𝑞, 𝛼𝑖) 𝜎1 < Brittle yield point

𝑞
𝐸1

+ 𝑞
𝐸2

(1 − e−
𝐸2
𝜂1
𝑡) + 𝜎1−𝜎𝐵𝑃

𝜂2
𝛥𝑡 + 𝑓2(𝑞, 𝛽𝑖) 𝜎1 > Brittle yield point

(6)

In the following subsections, the plasticity models are elaborated.

3.1. Modified Cam clay model

The MCC model uses a yield surface that determines whether rocks
behave in an elastic or plastic behavior. The critical components are
shown in the schematic Fig. 6. This model has been used to account for
inter-granular cracking, clay crushing, and grain sliding, which takes
place below the brittle yield point [42].

In this work, the MCC model is extended to account for cyclic
inelastic compaction inspired by the work done by [76]. The yield
function is given by

𝑓 = 𝑞2 −𝑀2(𝑝(𝑝 − 𝑝)). (7)
5

𝑐

Fig. 6. The schematic diagram of modified cam clay model showing the yield
envelopes.

Here 𝑀 is the slope of the critical state line, 𝑝𝑐 is the pre-consolidation
pressure, and 𝑝 is the volumetric stress. The pre-consolidation pressure
is expressed as
𝛿𝑝𝑐
𝑝𝑐

=
𝛿𝑝𝑙
𝑝𝑙
. (8)

Here 𝑝𝑙 is the loading parameter derived from the yield surface enve-
lope, which is

𝑝𝑙 = 𝑝 +
𝑞
𝑀

2
(

1
𝑝

)

. (9)

The plastic strain is computed from the consistency condition by nor-
malizing the stresses [83,84]. The change in void ratio is given by

𝑑𝑒 = −(1 + 𝑒) × 𝜺p
𝑝 . (10)

The volumetric and deviatoric parts of the incremental plastic strain is
given by
[

𝛥𝜺p
𝑝

𝛥𝜺p
𝑞

]

= 𝛺 ×

[

𝑀2 − 𝜂 2𝜂
2𝜂 2𝜂

𝑀2−𝜂2

]

×
[

𝑑𝑝
𝑑𝑞

]

. (11)

Here,

𝛺 =
𝜆𝑀𝐶𝐶 − 𝜅

(1 + 𝑒)𝑝(𝑀2 + 𝜂2)
(12)

in which

𝜅 = 1 + 𝑒
𝐾

(13)

and

𝐾 =
𝐸𝑎𝑣𝑔

3 (1 − 2𝜐)
. (14)

Furthermore, 𝜂 = 𝑞∕𝑝, 𝑒 = 𝜙∕1 − 𝜙, 𝜙 is the porosity, and 𝑒 is the void
ratio. For a detailed derivation, refer to the literature [83,84]. Also,
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here 𝑑𝑝 and 𝑑𝑞 are the incremental volumetric stress and deviatoric
stress, respectively. To account for the cyclic part of the inelastic
strains, 𝜃 is the parameter employed which accounts for the cyclic
lement of the MCC model Eq. (8), which is given by
𝛿𝑝𝑐
𝑝𝑐

= 𝜃
𝛿𝑝𝑙
𝑝𝑙
. (15)

𝑝𝑛𝑒𝑤𝑐 = 𝑝𝑜𝑙𝑑𝑐

( 𝑝𝑚𝑎𝑥𝑙

𝑝𝑜𝑙𝑑𝑐

)𝜃

(16)

o this ensures that a new pre-consolidation parameter 𝑝𝑛𝑒𝑤𝑐 is estab-
ished cycle after cycle. The evolution of the pre-consolidation param-
ter is ruled by Eq. (15) and Eq. (16) after integration. This 𝑝𝑛𝑒𝑤𝑐 is
ower than 𝑝𝑚𝑎𝑥𝑙 but as the number of cycles increases 𝑝𝑛𝑒𝑤𝑐 tends to the
alue of 𝑝𝑚𝑎𝑥𝑙 . If 𝜃 is equal to 1, the model reduces to the standard MCC.
his proposal is inspired by the work of [76], which dealt with the
eformation of clays under cyclic loadings. So from this model, plastic
train from 𝜺p

compaction is computed.

.2. Hardening softening model

The hardening–softening model is employed to model the plastic
trains induced by the fracturing of the grains above the brittle yield
oint. The model is explained briefly here, and for a deeper understand-
ng, the reader is referred to [75,78]. The model for triaxial conditions
𝜎3 = 𝜎2) is based on Coulomb-Mohrs yield surfaces 𝑓1 and 𝑓2 (Eqs. (17)
nd (18)), which is given by

1 =
1
2
(𝜎3 − 𝜎1) +

1
2
(𝜎1 + 𝜎3) sin(𝜙𝑓 ) − 𝑐 × cos(𝜙𝑓 ) = 0 (17)

𝑓2 =
1
2
(𝜎2 − 𝜎1) +

1
2
(𝜎1 + 𝜎2) sin(𝜙𝑓 ) − 𝑐 × cos(𝜙𝑓 ) = 0. (18)

Here 𝑐 is the cohesion of the rock and 𝜙𝑓 is the internal friction angle.
Similar surfaces are defined for the plastic potential flow, as can be seen
in Eqs. (19) and (20)

𝑔1 =
1
2
(𝜎3 − 𝜎1) +

1
2
(𝜎1 + 𝜎3) sin(𝜓) + constant (19)

𝑔2 =
1
2
(𝜎2 − 𝜎1) +

1
2
(𝜎1 + 𝜎2) sin(𝜓) + constant. (20)

Here 𝜓 is the dilation angle. These plastic potential functions (𝑔1 and
2) are responsible for the magnitude of the plastic strain increments
̇ 𝑝, as can be seen in the general plasticity rule depicted by Eq. (21)
s well as in Eqs. (22) and (23) for axial and volumetric plastic strains
espectively. The rate of plastic strain is given by

̇ 𝑝 = 𝜆1
𝜕𝑔1
𝜕𝝈

+ 𝜆2
𝜕𝑔2
𝜕𝝈

(21)

�̇�𝑝1 =
1
2
(𝜆1 + 𝜆2)(−1 + sin(𝜓)) (22)

�̇�𝑝𝑣 = (𝜆1 + 𝜆2) sin(𝜓). (23)

he plastic multipliers are computed using the below expressions which
re obtained from [78], given by

1 =
𝜇4

(

𝜕𝑓1
𝜕𝝈

)𝑇
D�̇� − 𝜇2

(

𝜕𝑓2
𝜕𝝈

)𝑇
D�̇�

𝜇1𝜇4 − 𝜇2𝜇3
(24)

2 =
𝜇1

(

𝜕𝑓2
𝜕𝝈

)𝑇
D�̇� − 𝜇3

(

𝜕𝑓1
𝜕𝝈

)𝑇
D�̇�

𝜇1𝜇4 − 𝜇2𝜇3
. (25)

here 𝜇1, 𝜇2, 𝜇3 and 𝜇4 are define as:

1 =
(

−
𝜕𝑓1
𝜕�̄�𝑝

𝜕�̄�𝑝

𝜕𝜺𝑝
+ D

𝜕𝑓1
𝜕𝝈

)𝑇 𝜕𝑔1
𝜕𝝈

(26)

2 =
(

−
𝜕𝑓1 𝜕�̄�𝑝 + D

𝜕𝑓1
)𝑇 𝜕𝑔2 (27)
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𝜕�̄�𝑝 𝜕𝜺𝑝 𝜕𝝈 𝜕𝝈
3 =
(

−
𝜕𝑓2
𝜕�̄�𝑝

𝜕�̄�𝑝

𝜕𝜺𝑝
+ D

𝜕𝑓2
𝜕𝝈

)𝑇 𝜕𝑔1
𝜕𝜎

(28)

𝜇4 =
(

−
𝜕𝑓2
𝜕�̄�𝑝

𝜕�̄�𝑝

𝜕𝜺𝑝
+ D

𝜕𝑓2
𝜕𝝈

)𝑇 𝜕𝑔2
𝜕𝝈

. (29)

D is the elasticity matrix, and the hardening parameter �̄�𝑝 is given by

�̄�𝑝 = ∫

√

2
3
(�̇�𝑝1�̇�

𝑝
1 + �̇�

𝑝
2�̇�
𝑝
2 + �̇�

𝑝
3�̇�
𝑝
3)𝑑𝑡. (30)

The expressions for the above parameters are elaborated in Appendix
Appendix. Dilation-based plastic strain is computed from this model.

Next section, we observe the experimental results obtained from
imposing cyclic loading on sandstone.

4. Experimental results

4.1. Behavior of stress and strain

The total inelastic strain was computed by subtracting the strain of
the initial loading from the strain at the final unloading at a referential
stress of 15 MPa as shown by Eq. (31) and (Fig. 7(b)). The stress was not
decreased to exactly the confining pressure (10 MPa) to avoid damage
to the cell’s silicon jacket. The cumulative apparent inelastic axial strain
over the cycle is estimated by subtracting the axial strain at the end of
every cycle minus the strain at the beginning of the first cycle (Eq. (32)
and Fig. 7(b)). All strains were measured at minimum axial stress of
the cyclic test. This inelastic strain is considered apparent because it is
affected by the time-dependent deformation of the rock.

𝜺inelastic
1,𝑡𝑜𝑡𝑎𝑙 = 𝜺2

1𝑓 − 𝜺1
1𝑖𝑛 (31)

𝜺inelastic
1,𝑎𝑝𝑝𝑎𝑟𝑒𝑛𝑡 = 𝜺4

1𝑓 − 𝜺3
1𝑖𝑛 (32)

Fig. 7(a) shows the imposed stress and strain behavior against time
for the test with the lowest frequency (0.0002 Hz) and larger amplitude
(20 MPa) in the brittle regime. In this figure, it can be seen that
the axial strain (𝜺1) increases from one cycle to the other, where the
peaks and valleys show a clear rising trend. In the stress–strain curve
(Fig. 7(b)) the final unloading curve has a concave shape, and the
apparent elastic strain is larger than the total inelastic strain, which can
be due to the visco-elasticity. The total and the apparent inelastic strain
were calculated for all 12 tests to investigate the effect of different
stress regimes, frequencies, and amplitudes on inelastic deformation.

The total inelastic strain after eight cycles was estimated following
Eq. (31) and the results are shown in Fig. 8. As expected, there are
inelastic strains when cyclic loading is applied in the brittle regime
(𝝈𝑚𝑒𝑎𝑛1 > brittle yield point). In the fully elastic regime, however, there
are also inelastic deformations (𝝈𝑚𝑒𝑎𝑛1 < brittle yield point). Inelastic
strains in the brittle regime are larger than in the elastic regime. Stress
amplitude also has an impact on inelastic strain in both regimes. The
larger the amplitude, the larger the inelastic strain. Frequency affects
the total inelastic strain in both regimes. The effect of frequency is more
pronounced in the elastic regime, and by reducing the frequency, total
inelastic strain increases.

4.2. Cumulative apparent inelastic strain over cycles

Ideally, inelastic strain should be measured at deviatoric stress
equal to zero. Nevertheless, the apparent inelastic strain is used as a
qualitative estimation to understand the evolution of inelastic strain per
cycle (Eq. (32)). Fig. 9 shows typical results obtained in every test. The
main observation is that the largest apparent inelastic strain occurs in
the first cycle. For the following cycles, the rate of inelastic strain per
cycle decreased. However, the rate of the decrease in inelastic strain
for the test performed in an elastic regime is higher than the test in the

brittle regime and approaching zero Fig. 9(b).
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Fig. 7. Imposed cyclic stress and strain response during the time: (a). Evolution of peaks and valleys for the strain, (b). Calculation of total and apparent inelastic strain.
Fig. 8. Effet of stress regime, amplitude, and frequency on total inelastic deformation at the end of the experiments.
Fig. 9. Apparent inelastic axial strain versus the number of cycles in both studied regime: (a) Brittle regime, and (b) the elastic regime, for the lowest frequency 𝑓 = 0.0002 Hz
nd maximum amplitude. Arrows indicate the inelastic deformation from the first cycle.
r
d
e
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To complement the analysis, the results of the cumulative apparent
nelastic strain of the 12 tests were plotted for the same amplitude and
eformation regime as shown in Figs. 10 and 11. The apparent inelastic
train of the first cycle was removed to improve the comparison and
ocus on strain evolution over the cycles. Figs. 10(a) and 10(b) show
hat deformation in the brittle regime is time-dependent and inelastic
train increases per cycle. Reducing the frequency within the brittle
one increases the inelastic strain. This time-dependent deformation
an be caused by visco-elastic and/or brittle creep behavior. For the
ests in the elastic regime (Figs. 11(a) and 11(b)), there is no time-
ependent deformation, and all the inelastic strains approach zero by
ncreasing the number of cycles. According to Figs. 10 and 11, by
7

a

educing the amplitude of cycles, the magnitude of the inelastic strain
ecrease for both stress regimes. The effect of frequency within the
lastic regime is not clear, which can be due to the instability or
ensitivity of the machine to small deformations (Figs. 11(a) and 11(b)).

.3. Acoustic emissions and inelastic strain

The AE events were recorded only for the tests corresponding to the
aximum stress amplitude (20 MPa). Different parameters from the AE

echnique, such as AE energy, amplitude, and the number of AE, can
e used to interpret failure and deformation mechanisms. As shown
n Fig. 12(a), the AE amplitude was plotted together with imposed
xial stress versus time. AE events were recorded early in the first
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0

Fig. 10. Comparison of cumulative apparent inelastic strain evolution after removing the first cycle for the different tested frequencies (F1 = 0.014 Hz, F2 = 0.0014 Hz, F3 =
0.0002 Hz) within the brittle regime: (a) Results with amplitude of 20 MPa, (b) Results with amplitude of 5.11 MPa.
Fig. 11. Comparison of cumulative apparent inelastic strain evolution after removing the first cycle for the different tested frequencies (F1 = 0.014 Hz, F2 = 0.0014 Hz, F3 =
.0002 Hz) within the elastic regime: Results with amplitude of 20 MPa, (b) Results with amplitude of 5.11 MPa.
Fig. 12. The results of acoustic emissions: (a) AE amplitude together with axial stress versus time, (b) Evolution of the number of AE events per cycle. The result is for the test
with medium frequency (0.0014 Hz) and larger amplitude (20 MPa) in the brittle regime.
loading interval at axial stress slightly higher than the confining stress.
After starting the cyclic loading, the maximum acoustic intensity and
the number of events were recorded in the first cycle. In general, by
increasing the number of cycles, the number of AE and amplitude
decreased (Fig. 12(b)).

Results concerning the effect of the deformation regime and fre-
quency on the AE amplitude and number of AE events are shown in
Fig. 13. In terms of AE amplitude, the average AE amplitude for the
tests in the brittle regime is higher than the average AE amplitude for
the tests in the elastic regime (Table 1).

This was an anticipated result; micro-fracturing in the brittle regime
is expected to release more elastic energy than any other mechanism
presented at a stress lower than the brittle yield point. In addition to
AE amplitude, the number of generated AE during the first cycle and
the total number of AE events in the brittle regime is more than in the
elastic regime. The total number of AE events for the elastic regime is
similar for the three tested frequencies (Table 1).

Acoustic emissions are, in most cases, an indicator of inelastic
strains, as mentioned by [85]. There is an interesting and similar
observation between AE and inelastic strain per cycle. In essence,
8

the maximum number of AE events and major inelastic strain were
observed during the first cycle and then decreased by increasing the
number of cycles (Figs. 9 and 13). Fig. 14 indicates a strong linear
correlation between a cumulative number of AE events and cumulative
apparent inelastic strain. The linear regression slope for samples sub-
jected to the brittle regime is more than those subjected to the elastic
regime (Fig. 14(a)). Besides, a change in frequency within the brittle
regime influences the correlation slope; however, there is no significant
influence of frequency change within the elastic regime.

4.4. Discussion and interpretation of experimental results

The possible reasons behind the obtained results regarding defor-
mation and AE characteristics in both elastic and brittle regimes can
be discussed separately. As expected, inelastic strains and AE were
recorded when tests were carried out in the brittle regime (axial stresses
higher than brittle yield point). When the maximum axial stress is
higher than the brittle yield point, the critical and/or sub-critical micro-
cracks are induced in the quartz grains, leading to irreversible changes
in the rock microstructure and the release of elastic waves [37,41]. An
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Fig. 13. Comparison of the AE event numbers and AE amplitude for tests in brittle (a, b, c, and d) and elastic (e, f, g, and h) regimes at different frequencies and fixed amplitude
of 20 MPa. Figures a, c, e, and g show the AE amplitude together with axial stress versus time, and figures b, d, f, and h illustrate the evolution of AE event numbers per cycle.
Fig. 14. Cross plot of cumulative AE vs cumulative inelastic strain. (a) The brittle regime, (b) The elastic regime.
ncrease in the amplitude of cycles can create high-stress concentra-
ions between grains, leading to more inter-granular and intra-granular
racks being induced. For the Red Felser sandstone, it is clear that
he rock can experience time-dependent inelastic deformations when
he stress is above the brittle yield point. This was proven by the
esults of the creep tests (see Fig. 19) and by the effect of frequency
n apparent inelastic strain during deviatoric cyclic tests (see Fig. 10).
9

This deformation mechanism is called brittle creep [37]. Therefore,
using low frequency and high amplitude cycles induces more inelastic
deformations (Fig. 8).

Interestingly, inelastic strain and AE were also recorded in the
elastic regime (axial stresses lower than brittle yield point), where only
elastic strains are usually expected. Inelastic deformations at low-stress
levels for sandstone have also been reported by [42,86]. From the
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Table 2
Model parameters used to reproduce experimental multistage creep test 2. These parameters will remain constant during
modeling brittle cyclic tests, except for the viscosity of the visco-elastic unit, which changes depending on the frequency of
the cyclic load.

Physics Value Value Value Value

Viscoelasticity 𝐸1 = 46 GPa 𝐸2 = 49 GPa 𝜂1 = 13e3 GPa s 𝜈 = 0.125
MCC 𝑀 = 2.35 [42] 𝜆𝑀𝐶𝐶 = 1.2e−4 𝑝0𝑐 = 10.1 MPa 𝜙 = 0.2056
HS model 𝐸𝑎𝑣𝑔 = 23.7 𝑐 = 22 MPa 𝜙𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 = 34.5 𝜀𝑓 = 0.0015
Brittle creep 𝜂2 = 18e5 GPa s 𝜎𝐵𝑃 = 81 GPa s
t
t
a
p
a
c
m
e

micro-structural point of view, inelastic strains in sandstones below
the brittle yield point have been interpreted as irreversible rock com-
paction caused by crushing and slip of clay layers plus inter-granular
cracking [42,45]. Red Felser sandstone comprises low volumetric pro-
portions of clay and orthoclase grains that could crush or brake at
stress levels lower than the onset for intra-granular cracking of quartz
grains. Regarding the cyclic inelastic strains, it has been related to the
irreversible closure of induced and existing cracks [87].

For the same stress amplitude, the AE amplitude and the total
number of AE differ between the two regimes, as shown in Fig. 13,
Fig. 14, and Table 1. This indicates the different mechanisms that are
taking place. For instance, micro-cracking of quartz grains that takes
place above the brittle yield point is expected to release more energy
than inter-granular cracking, clay crushing, or grain sliding, which are
the possible mechanisms below the brittle yield point.

Based on the observations from the experiments, the comparison be-
tween the developed constitutive model in Section 3 with experimental
results are elaborated.

5. Modeling results

5.1. Below brittle yield point

Firstly, the constitutive laws are calibrated with the first cycle
and further they are compared with the experimental results in the
remaining cycles. From Fig. 14, it was found that the apparent inelastic
strain (viscoelastic + inelastic) is directly proportional to the AE. Based
on this observation, the number of recorded AE events for every cycle
and only the estimate of inelastic strain from AE events is correlated
by using a direct proportionality. Using normalized AE as presented in
Fig. 13, the estimate of inelastic strain for each cycle is given by

𝜀𝐼𝑛𝑒𝑙𝑎𝑠𝑡𝑖𝑐,𝑖1 =
𝐴𝐸𝑖

𝐴𝐸Total
× 𝜀𝐼𝑛𝑒𝑙𝑎𝑠𝑡𝑖𝑐𝑇 𝑜𝑡𝑎𝑙 . (33)

Here 𝐴𝐸Total is the total number of AE events during stress cycling,
𝐴𝐸𝑖 is the number of AE events recorded at each cycle ‘i’ and 𝜀𝐼𝑛𝑒𝑙𝑎𝑠𝑡𝑖𝑐𝑇 𝑜𝑡𝑎𝑙
is the total inelastic strain from the experiments. Using the superposi-
tion principle [88], the cyclic variation of ‘q’ with a deviatoric stress
stepping scheme was employed. Young’s modulus of the rock (elastic
and viscoelastic) was initially calibrated with the first cycle of each
experiment. Then, the MCC model parameters were fine-tuned using
the inelastic strain from the first cycle. Using these parameters, the
experimental results are compared with the analytical solutions.

Table 3 shows the parameters employed for the three frequencies
at an amplitude of 20 MPa. Figs. 15(a) and 15(c) show the variation
of axial strain with time for experimental and modeling results for
frequencies 0.0014 Hz and 0.0002 Hz. The modeling results showed a
very good fit compared to experimental results for all the frequencies.
The difference between the total inelastic strain for experimental and
modeling results is also presented in the last column of Table 3. The
highest difference between them is around 7% for the lowest frequency.

Figs. 15(b) and 15(d) show the variation of inelastic strain with time
obtained from the MCC model, which is compared with the inelastic
strain estimated using the number of events of AE (Eq. (33)) for the
same frequencies. It can be seen that the MCC model is successful in
capturing the inelastic strain cycle after cycle. The increase in inelastic
strain for every cycle which is based on AE, follows a similar trend
10

l

as the cyclic MCC model and quantitatively captures well with the
experiments.

The yield surface evolution for different input loading cycles is
shown in Fig. 16. As the number of cycles increase, the yield surface
slowly evolves to reach the maximum-sized final yield envelope. The
plasticity model employed here with the parameters calibrated from
the first cycle showed maximum decrease in 0.2% porosity at the end
of the experiment. Though the decrease in porosity was not measured
experimentally, previously few researchers have shown the decrease in
porosity of sandstone under triaxial loading [42]. In the energy storage
perspective, porosity reduction implies the reduction in storage capac-
ity of the subsurface reservoirs caused due to accumulated inelastic
deformation. From the Table 3, it can also be seen that the parameters
𝜆𝑀𝐶𝐶 and viscosity 𝜂1 are increasing with decreasing frequency. The
rest of the parameters, such as 𝜃, 𝑝𝑐 pre-consolidation pressure, and
𝐸𝑎𝑣𝑔 are constant for all the frequencies. The viscosity of the rock
increases with decreasing frequency of the applied load.

In the context of energy storage and upscaling the lab to energy
storage conditions, viscoelastic frequency will become a key parameter
when compared to rest of the material parameters used in the constitu-
tive models. Viscoelastic frequency is a parameter directly influenced
by cyclic loading frequency. It is interpreted that this viscosity could
also be a function of strain rate as presented for the creep viscosity [89,
90]. Thus, as frequency decreases, the mean strain rate decreases,
causing the viscosity to increase, which suggests a strain rate thinning-
like behavior. To further support this, Fig. 17 shows the viscosity
variation with the loading frequency. Authors [91], model sandstone-
based Bergermeer gas field storage sites with the viscoelastic model.
The viscosity used by them to compare the uplift with GPS stations was
around 1e8 GPa s. Using this as evidence, it can be said that depending
on the frequency of cyclic loading viscosity of the viscoelastic model
needs to be modified accordingly.

5.2. Above brittle yield point

Here we employ the hardening softening model, and brittle creep
additionally because the loading zone is above the brittle yield point.
So the first step is defining the parameters of these two models, which
are considered independent of the frequency of cyclic loading. For the
calibration of the hardening–softening model, the range for cohesion
and friction angle was established. This was done through monotonic
test results for Red Felser sandstone at different confining pressures,
as shown in figure Fig. 18. It can be seen that cohesion could range
between 12 MPa and 32 MPa while the internal friction angle could be
between 25◦ and 48◦ for 𝜎3 = 10 MPa.

The hardening softening (HS) model was further calibrated with the
first loading cycle of the test case 𝜎𝑚𝑒𝑎𝑛1∕𝐹3∕𝐴1. This was done using
he trial and error method. Next, the creep model was calibrated against
he Multistage creep test. Thus, initial calibration of the viscoelastic
nd MCC model parameters also occurred. Fig. 19(a) shows that it was
ossible to reproduce the strain of all the loading steps. The imposed
xial load (𝜎1) is shown in Fig. 19(a). In this test case, the model
omprises all the models (elastic, viscoelastic, creep, MCC, and HS
odel). Table 2 shows all the parameters obtained from fitting the

xperimental data for only the multistage creep test. The critical state

ine ‘M’ slope was taken from [42].
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Table 3
Model input parameters and difference in total inelastic strain between the model and lab measurements for tests in the ’elastic regime’ (𝜎𝑚𝑒𝑎𝑛2 =
38 MPa) and amplitude 𝐴1 of 20 MPa.

Test f [Hz] 𝜆𝑀𝐶𝐶 𝜃 𝜂1 GPa s 𝐸𝑎𝑣𝑔 𝑝𝑐 𝜀𝑖𝑛𝑒𝑙𝑎𝑠𝑡𝑖𝑐 Model/Lab

𝜎𝑚𝑒𝑎𝑛2∕𝐹1∕𝐴1 F1 = 0.014 1.50e−04 0.005 250 23.3 10 0.0314/0.0319
𝜎𝑚𝑒𝑎𝑛2∕𝐹2∕𝐴1 F2 = 0.0014 1.85e−04 0.005 1900 23.3 10 0.030/0.031
𝜎𝑚𝑒𝑎𝑛2∕𝐹3∕𝐴1 F3 = 0.0002 2.30e−04 0.005 13000 23.3 10 0.042/0.045
Fig. 15. Below brittle yield point: The above figures show the variation of axial strain with time (15(a), 15(c)). The respective inelastic strain with time is shown in (15(b),
15(d)).
Fig. 16. Illustration of the evolving yield envelope for every cycle of the rock using
the MCC.

Fig. 19(b) shows the variation of deviatoric stress with axial strain
for the multi-stage creep test. The red and green double-headed arrows
highlight the creep (visco-elastic + inelastic) strains and only inelastic
strains, respectively. Using this, the viscoelastic and inelastic strain
contributions could be identified, which helps calibrate the constitutive
model.

Finally, the deviatoric cyclic tests performed in the brittle regime
were compared with the proposed model (Eq. (6)) after the calibration
as shown in Fig. 20. Figs. 20(a) and 20(c) show the variation of axial
strain with time for two frequencies 𝑓 = 0.0014 Hz and 𝑓 = 0.0002 Hz.
The inelastic strain contributions with the time of the three models
are shown in Fig. 20(b) and Fig. 20(d), respectively, for the same
two frequencies. It can be seen that brittle creep plays an important
11
Fig. 17. The variation of viscosity of rocks with the frequency of the cyclic loading. The
field scale relevant data is from the literature [91] (Blue square). (For interpretation
of the references to color in this figure legend, the reader is referred to the web version
of this article.)

Fig. 18. The figure shows the variation of shear stress with normal stress (failure
envelop) with the equation of the Mohr-coulomb failure criteria can be seen.
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Fig. 19. The figure shows the variation of strain with time for the imposed stress (𝜎1) as shown in Fig. 19(a) for a multi-stage creep test. The creep strain (viscoelastic+inelastic)
and the inelastic strains are highlighted in red and green arrows, respectively as shown in Fig. 19(b). (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)
Fig. 20. Above brittle yield point: The variation of axial strain with time and inelastic strains with time for all the frequencies are shown. The constitutive model comprises
elastic, viscoelastic, creep, MCC, and HS model.
Table 4
Model parameters: 𝜃 and visco-elastic viscosity 𝜂1 against frequency for tests in the brittle regime. It is also
mentioned the difference in total inelastic strain between the model and lab measurements. 𝐹1 > 𝐹2 > 𝐹3.
Here 𝜎𝑚𝑒𝑎𝑛1 = 85 MPa and 𝐴1 = 20 MPa.

Test Frequency
[Hz]

𝜃 𝜂1
[Gpa s]

Eavg.
[GPa]

𝜀𝑖𝑛𝑒𝑙𝑎𝑠𝑡𝑖𝑐[%]
Model/Lab

𝜎𝑚𝑒𝑎𝑛1∕𝐹1∕𝐴1 F1 = 0.014 0.005 650 21.8 0.05/0.07
𝜎𝑚𝑒𝑎𝑛1∕𝐹2∕𝐴1 F2 = 0.004 0.005 7800 21.8 0.058/0.065
𝜎𝑚𝑒𝑎𝑛1∕𝐹3∕𝐴1 F3 =

0.0002
0.005 40000 21.8 0.0604/0.079
role as the frequency decreases because there is more time for this
type of deformation to become significant. In addition, cyclic plasticity
was required to reproduce the experimental results of all the tests at
the amplitude of 20 MPa (A1). Cyclic plasticity was more significant
for high-frequency tests because of the negligible creep contribution
Fig. 20(b). The results for f = 0.014 Hz also showed a good fit for both
below the yield point and above the yield point regimes.
12
Similar to the previous tests conducted below the brittle yield point,
the viscoelastic viscosity had to be increased when the frequency of
loading of cyclic tests was reduced, as shown in Table 4. Also, the
viscosity in these test cases is consistently higher than the tests con-
ducted in the elastic regime. The difference between the total inelastic
strain for experimental and modeling results is also presented in the last
column of Table 4. Due to the higher number of parameters involved
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Fig. 21. The variation of axial strains with time for lower amplitude A2 (A = 5.11 MPa), lowest frequency 𝑓 = 0.0002 Hz and different mean stresses.
Table 5
Model parameters: 𝜃 and visco-elastic viscosity 𝜂1 against frequency for tests in
the brittle regime. The below parameters are for the amplitudes 𝐴2 = 5.11 MPa
for both the means stresses at the lowest frequency.

Test Frequency
[Hz]

𝜃 𝜂1
[Gpa s]

Eavg.
[GPa]

𝜎𝑚𝑒𝑎𝑛1∕𝐹3∕𝐴2 F3 =
0.0002

0.005 13000 20.9

𝜎𝑚𝑒𝑎𝑛2∕𝐹3∕𝐴2 F3 =
0.0002

0.005 45000 23.11

from constitutive models, this difference is higher when compared to
the previous section of below brittle yield point. No powerful opti-
mization algorithms were employed, and lastly, the cyclicity part of
dilation-based plasticity constitutive law was not accounted for. They
are beyond the scope of this work.

In the subsurface energy storage perspective, considering much
higher time scales with very low frequencies (max. 1e−6 Hz), creep
deformation can become the most significant inelastic mechanism com-
pared to the rest. Visco-elasticity will become critical during the injec-
tion and production of the reservoir to ensure that the strain-thinning
behavior of sandstone rocks is considered.

Next, the effect of amplitude of cyclic loading for different regimes
of stresses can be seen in Fig. 21. Figs. 21(a) and 21(b) show the
variation of axial strain with time for mean stresses 38 MPa and 85
MPa, respectively. The parameters used in this amplitude are presented
in Table 5.

Here we see that the constitutive model fits the experimental data
even for lower amplitudes. The Young’s modulus (Eavg) is slightly
different for mean stress 1 and 2, irrespective of amplitude and fre-
quency. However, we did not observe any trend in the variation of Eavg
depending on the stress regimes. The values of the parameters involved
in constitutive models can slightly change if powerful optimization
algorithms are employed. However, we expect the qualitative behavior
of sandstone rock based on the above operating conditions would
remain the same.

6. Conclusion

We conducted an extensive experimental and modeling analysis for
Red Felser sandstone rock subjected to cyclic loading. Three different
frequencies, two amplitudes, and two different stress regimes of cyclic
loading on sandstone were studied using axial strain and acoustic emis-
sions. Further, a constitutive model was developed based on literature,
which is specifically suitable for sandstone rocks but could be extended
for other porous rocks. Major conclusions are

• The inelastic deformations occurred at stress conditions above
and below the brittle yield point (onset of dilatant cracking). The
13
inelastic strain per cycle decreased as the number of cycles in-
creased. Therefore, fatigue was not registered within the number
of cycles tested.

• The cyclic inelastic deformations were affected by the mean
stress, amplitude, and frequency of the stress waveform imposed
during testing. On the one hand, the higher the mean stress or
amplitude, the higher the total inelastic strains. On the other
hand, the lower the frequency, the higher the total inelastic strain.

• There is a strong correlation between the cumulative number of
AE vs. cumulative apparent inelastic strain. They both decrease
by increasing the number of cycles.

• The proposed constitutive model based on governing physics
showed a very good fit with the experimental results. The vis-
cosity of the rock was found to be the most critical parameter
which needs to be accounted for depending on the frequency of
the cyclic loading.

• The cyclic MCC model captures the estimation of inelastic de-
formation based on the increase in the number of AE events
happening cycle after cycle.
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Appendix

This section elaborates on the computation of the plastic strains
using hardening softening model, caused due to dilation. The variables
used to calculate the plastic multipliers in Eqs. (24) and (25) for the
hardening–softening plastic model are elaborated. The nomenclature is
from [75] will be used.

The stress–strain rate elastic relationship is expressed in matrix and
abbreviated forms as follows:
⎛

⎜

⎜

⎜

⎜

⎝

̇𝜎1,1
̇𝜎2,2
̇𝜎1,2
̇𝜎3,3

⎞

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎝

𝜆 + 2𝜇 𝜆 𝜆 0
𝜆 𝜆 + 2𝜇 𝜆 0
0 0 0 𝜇
𝜆 𝜆 𝜆 + 2𝜇 0

⎞

⎟

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎜

⎝

̇𝜀1,1
̇𝜀2,2
̇𝜀1,2
̇𝜀3,3

⎞

⎟

⎟

⎟

⎟

⎠

(34)

̇ = D�̇�𝑒𝑙𝑎𝑠𝑡𝑖𝑐 (35)

The variation of the yield and potential flow surfaces with respect
o stress are vectors:
𝜕𝑓1
𝜕𝝈

𝑇
= [−1

2
+ 1

2
𝑠𝑖𝑛(𝜙∗

𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛), 0, 0,
1
2
+ 1

2
𝑠𝑖𝑛(𝜙∗

𝑓 )] (36)

𝜕𝑓2
𝜕𝝈

𝑇
= [−1

2
+ 1

2
𝑠𝑖𝑛(𝜙∗

𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛),
1
2
+ 1

2
𝑠𝑖𝑛(𝜙∗

𝑓 ), 0, 0] (37)

𝜕𝑔1
𝜕𝝈

𝑇
= [−1

2
+ 1

2
𝑠𝑖𝑛(𝜓∗), 0, 0, 1

2
+ 1

2
𝑠𝑖𝑛(𝜓∗)] (38)

𝜕𝑔2
𝜕𝝈

𝑇
= [−1

2
+ 1

2
𝑠𝑖𝑛(𝜓∗), 1

2
+ 1

2
𝑠𝑖𝑛(𝜓∗), 0, 0] (39)

The variation of the yield surfaces with respect to the hardening
parameter ’�̄�𝑝𝑙𝑎𝑠𝑡𝑖𝑐 ’ are:

𝜕𝑓1
𝜕�̄�𝑝𝑙𝑎𝑠𝑡𝑖𝑐

=
𝜕𝑓1
𝜕𝜙∗

𝑓

𝑑𝜙∗
𝑓

𝑑�̄�𝑝𝑙𝑎𝑠𝑡𝑖𝑐
+
𝜕𝑓1
𝜕𝑐∗

𝑑𝑐∗

𝑑�̄�𝑝𝑙𝑎𝑠𝑡𝑖𝑐
(40)

here:
𝜕𝑓1
𝜕𝜙∗

𝑓
= 1

2
(𝜎3 + 𝜎1)𝑐𝑜𝑠(𝜙∗

𝑓 ) + 𝑐
∗𝑠𝑖𝑛(𝜙∗

𝑓 ) (41)

𝜕𝑓1
𝜕𝑐∗

= −𝑐𝑜𝑠(𝜙∗
𝑓 ) (42)
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(43)
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= −
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)2

𝜀𝑐
(44)

Finally, the variation of the hardening parameter with respect to the
plastic strains was devised as:

𝜕�̄�𝑝𝑙𝑎𝑠𝑡𝑖𝑐

𝜕𝜀𝑝𝑙𝑎𝑠𝑡𝑖𝑐
= (

√

2
3
,
√

2
3
, 0,

√

2
3
) (45)
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