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Abstract
Piles have been widely used as foundations to resist lateral loads. For the design of a laterally loaded pile, one of the most

important inputs is the ultimate soil resistance (pult = KultDσ ′
v, where Kult is the ultimate lateral soil resistance coefficient, D

is the pile diameter, and σ ′
v is the vertical effective stress). However, great discrepancy can be found in the existing design

equations for piles in sand. To provide new insights and clarify the discrepancy in previous studies, in this study, a series
of numerical simulations were performed on piles of different configurations using the finite element model validated by
centrifuge pile tests. The computed results suggest that Kult is a function of depth ratios z/D and z/L for the flexible and rigid
piles, respectively (where z is the absolute depth and L is the embedded pile length), and all existing design equations failed to
reproduce the magnitude and distribution of Kult. Additionally, the Kult of horizontally translated fixed-head rigid piles exhibits
the same pattern as that of free-head flexible piles, suggesting that the difference between free-head flexible piles and rigid
piles is caused by the change of failure modes.

Key words: ultimate soil resistance, sand, laterally loaded pile, finite element modelling, hypoplastic soil model

1. Introduction
The ultimate lateral soil resistance (pult = KultDσ ′

v, where
Kult is the ultimate lateral soil resistance coefficient, D is the
pile diameter, and σ ′

v is the vertical effective stress) of laterally
loaded pile is an important input in pile design (Hajialilue-
Bonab et al. 2013; Rathod et al. 2019, 2020, 2021). Although
many design equations have been proposed (Brinch Hansen
1961; Broms 1964; Petrasovits and Award 1972; Reese et al.
1974; Fleming et al. 1992; Prasad and Chari 1999; Zhang et al.
2005; API 2014; Burd et al. 2020; Amar Bouzid 2021), as sum-
marized in Table 1, significant discrepancy can be observed
between the existing equations, regarding the distribution of
Kult with depth (z) and the influence of pile diameter (D). In
light of this, a series of numerical simulations using a vali-
dated finite element (FE) model were performed in this study
to clarify the influence of pile diameter (D), aspect ratio (L/D),
and failure mode on Kult.

2. Finite-element modelling
All the FE analyses in this study were performed using

the FE software Abaqus (Dassault Systèmes 2007). It should
be noted that although the FE modelling is primarily used
to calculate displacements, it has also been well used in a
geotechnical context for ultimate limit state situations; for

example, the study on retaining walls (Tom Wörden and
Achmus 2013), pile foundations (Muraro et al. 2014, 2015;
Burd et al. 2020), caisson foundation (Achmus et al. 2013),
and shallow foundation (Pieczyńska-Kozłowska et al. 2015).
Typical FE model mesh employed in all the analyses is pre-
sented in Fig. 1. Due to the symmetry of the problem, only
half of the pile–soil system was modelled. In all the simu-
lations, the sand and pile were modelled by eight-node lin-
ear strain brick elements (i.e., “C3D8”). The Coulomb inter-
face model with a friction coefficient of 0.67ϕ (ϕ is the crit-
ical state soil friction angle) was used to simulate the in-
terface behaviour between the pile and soil (Achmus et al.
2020).

Many existing studies (Prasad and Chari 1999; Higgins et
al. 2013; Klinkvort and Hededal 2014; Ahmed and Hawlader
2016; Hong et al. 2017) suggest that pile–soil interaction is
strongly dependent on the failure mode of pile, i.e., the flex-
ible or rigid response. Therefore, two series of simulations
were performed first, where the piles are either fully flexi-
ble or rigid under free-head condition in each series. Three
different diameters of 2, 4, and 6 m were investigated for
the flexible piles in sand. The corresponding embedded pile
lengths are 30, 60, and 60 m, which were designed to guar-
antee that the piles respond in flexible mode. For the rigid
piles, four different diameters of 4, 6, 8, and 10 m but the
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Table 1. Summary of existing design equations for the ultimate lateral soil resistance coefficient Kult.

No. Reference Pile type Method Equations

1 Brinch Hansen
(1961)

Rigid pile Analytical Arbitrary depth (bounded by the K0
σ ′

v
at ground surface and K∞

σ ′
v

at infinite depth):

Kult =
(

K0
σ ′

v
+ K∞

σ ′
v
α z

D

)
/
(
1 + α z

D

)

α =
K0

σ ′
v

K∞
σ ′

v
−K0

σ ′
v

K0 sin ϕ

sin
(

45◦+ 12 ϕ
)

Ground surface (difference between the active and passive coefficient of a
horizontally translated rough wall):
K0

σ ′
v

=
e((1/2)π+ϕ ) tan ϕ cos ϕ tan

(
45o + 12 ϕ

) − e−((1/2)π−ϕ ) tan ϕ cos ϕ tan
(
45o − 12 ϕ

)
Infinite depth (assuming a deep strip foundation under plane failure
mechanism):
K∞

σ ′
v

= NcdK0 tan

Nc = [
eπ tan ϕtan2

(
45o + 12 ϕ

) − 1
]

cotϕ
d = 1.58 + 4.09tan4ϕ

K0 = 1 − sinϕ

Note: Kult is the function of depth ratio (z/D) and equals to K∞
σ ′

v
at infinite

depth.

2 Broms (1964) Not specified Experimental
and analytical

Kult = 3KP
KP = (1 + sinϕ)/(1 − sinϕ)
Note: Kult is only a function of the soil friction angle (ϕ) and remains the
same along the pile.

3 Petrasovits and
Award (1972)

Not specified Experimental Kult = 3.7KP − Ka
Ka = tan2

(
45o + 1

2 ϕ
)

Note: Kult is only a function of the soil friction angle (ϕ) and remains the
same along the pile.

4 Reese et al.
(1974)

Not specified Experimental
and analytical

Shallow depth (assuming a passive wedge-type failure mode):
Kult =[

K0
z
D tan ϕ sin β

tan(β−ϕ ) cos α
+ tan β

tan(β−ϕ )

(
1 + z

D tan β tan α
) + K0

z
D tan β (tan ϕ sin β − tan α) − Ka

]

Deep depth (assuming a lateral flow failure mode):
Kult = Ka (tan8β − 1) + K0tanϕtan4β

α = ϕ/2
β = 45 + ϕ/2
Note: Kult is dependent on the depth ratio (z/D) at shallow zone until
reaching a critical value at deep zone, where it becomes only a function of
the soil friction angle (ϕ). In addition, a constant value for α and β was
assumed defined by the soil friction angle (ϕ), while many studies (Kim et al.
2011; Hajialilue-Bonab et al. 2013; Yu et al. 2015) have found that the shape of
wedge soil flow shape (i.e., α and β) changes with depth, pile deflection, and
state of sand (loose or dense). The dilatancy of sand at different states (stress
level at different depth for loose and dense of different mobilized strain
levels at ultimate state) was not considered. For the deep lateral flow failure,
the α was assumed to be zero, which is also questionable (Ashour et al. 1998;
Hajialilue-Bonab et al. 2013).

5 Fleming et al.
(1992)

Not specified Experimental Kult = K2
P

Note: Kult is only a function of the soil friction angle (ϕ) and remains the
same along the pile.

6 Prasad and
Chari (1999)

Rigid pile Experimental Kult = 10 (1.3tanϕ + 0.3)

Note: Kult is only a function of the soil friction angle (ϕ) and remains the
same along the pile.

7 Zhang et al.
(2005)

Not specified Empirical Kult = 0.8K2
P + K0 tan (δ)

Note: Since δ is usually a constant value related to soil friction angle for a
pile in typical sand, Kult is only a function of the soil friction angle (ϕ) and
remains the same along the pile.

8 Burd et al.
(2020)

Numerical Kult = K1 + K2
z
L

K1 = 0.3667 + 25.89Dr
K2 = 0.3375 − 8.900Dr
Note: Kult varies with depth by the ratio with pile length (z/L) instead of pile
diameter (z/D). This means that the value of Kult of different diameter (D) piles
will be the same at the same depth (z) below the ground surface as long as the
pile embedded length (L) is the same, despite the difference of the depth ratio
z/D.
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Table 1. (concluded).

No. Reference Pile type Method Equations

9 Amar Bouzid
(2021)

Analytical and
numerical

Shallow depth (assuming a passive wedge-type failure mode):
Kult =[

K0
z
D tan ϕ sin β

tan(β−ϕ ) cos α
+ tan β

tan(β−ϕ )

(
1 + z

D tan β tan α
) + K0

z
D tan β (tan ϕ sin β − tan α) − Ka

]

Deep depth (assuming a horizontally translated rigid disc in plane strain
condition):
Kult = 12 π (KP + K0 tan δ)
Note: the Kult for shallow depth is the same as that proposed by Reese et al.
(1974). However, the Kult at deep depth was modified to have the similar form
of that in Zhang et al. (2005).

Table 2. Details of the numerical simulation programme.

No. Pile type
Relative density

(Dr) Diameter (D)
Embedded
length (L)

Young’s modulus
(Epile, GPa)

Aspect ratio
(L/D)

Pile head
condition

Series-1 Flexible 60% 2 m 30 m 210 15 Free

Flexible 60% 4 m 60 m 210 15 Free

Flexible 60% 6 m 60 m 210 10 Free

Series-2 Rigid 60% 4 m 30 m – 7.5 Free

Rigid 60% 6 m 30 m – 5 Free

Rigid 60% 8 m 30 m – 3.75 Free

Rigid 60% 10 m 30 m – 3 Free

Series-3 Rigid 60% 4 m 30 m – 7.5 Fixed

Rigid 60% 6 m 30 m – 5 Fixed

Rigid 60% 8 m 30 m – 3.75 Fixed

Rigid 60% 10 m 30 m – 3 Fixed

same length of 30 m (i.e., L/D = 7.5, 5, 3.75, 3) were studied.
In addition, a third series of simulations was also performed
on the rigid piles, but with a fixed head condition. This series
of simulation was designed to explain the observed difference
between the flexible and the rigid piles. Considering that the
soil failure modes of fixed-head flexible pile are similar to
that of the free head (i.e., wedge failure at shallow and flow
around at deep zone), no further simulation was performed
under this condition. The pile configurations were selected
to cover the applications in existing and future offshore
wind projects, i.e., D > 6 m and L/D < 8 (Negro et al. 2017;
Wang et al. 2021a, b). The loading eccentricity is 5 m in all
cases, since existing studies show that pile–soil interaction
is not affected by the loading eccentricity (Klinkvort 2013;
Wang et al. 2022). Details of the simulations are summarized
in Table 2.

The hypoplastic model was used in this study to model
the nonlinear, strain and stress history-dependent response
of sand (von Wolffersdorff 1996; Niemunis and Herle 1997).
The constitutive model has been implemented in Abaqus by
the user-defined subroutine (Gudehus et al. 2008) and used
in different applications (e.g., Ng et al. 2013). In this study,
the model parameters (summarized in Table 3) for Toyoura
sand were adopted, which have been calibrated against ele-
ment test (Hong et al. 2016) and validated against centrifuge
pile test in medium dense sand (Dr = 65%) (Wang et al. 2021a,
2021b, 2022). Details about the sand, model calibration, and
validation can be found in Ishihara (1993), Hong et al. (2016),
and Wang et al. (2022).

Fig. 1. Typical finite element model mesh.

3. Interpretation of the computed
results

In this section, the computed ultimate soil resistance of lat-
erally loaded piles in sand has been presented and thoroughly
discussed by comparing it with those calculated from the
existing design equations. The computed soil resistance was
obtained by differentiating the shear force profile extracted
from the numerical model. The ultimate soil pressure (pult) is
defined as the value in the flattened part of the p–y curve.

3.1. Ultimate soil resistance of the flexible piles
Figure 2 presents the computed and calculated Kult profiles

of flexible piles against the depth (z) normalized by the pile
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Table 3. Calibrated parameters of hypoplastic model for Toyoura sand (Hong et al. 2016).

Description Parameter Values

Basic hypoplastic model (von
Wolffersdorff 1996)

Effective angle of shearing resistance at critical state ϕ’
c 31

Hardness of granulates (kPa) hs 2.6 × 106

Exponent in the power law for proportional compression n 0.27

Minimum void ratio at zero pressure ed0 0.61

Maximum void ratio at zero pressure ei0 1.1

Critical void ratio at zero pressure ec0 0.98

Exponent α 0.11

Exponent β 4

Intergranular strain concept
(Niemunis and Herle 1997)

Parameter controlling initial shear modulus upon 180◦ strain path
reversal

mR 8

Parameter controlling initial shear modulus upon 90◦ strain path
reversal

mT 4

Size of elastic range R 2 × 10− 5

Parameter controlling degradation rate of stiffness with strain βr 0.15

Parameter controlling degradation rate of stiffness with strain χ 1.0

Fig. 2. Comparison of computed ultimate soil resistance coef-
ficients and those calculated from the existing design equa-
tions of different diameter free-head flexible piles (Note: a
friction angle of 36◦ is used for the existing design equations).

0 4 8 12 16 20
Kult = pult / (D v')
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2

1
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Broms (1964)

Petrasovits and Award (1972)

Reese et al. (1974)

Fleming et al. (1992)

Prasad and Chari (1999)

Zhang et al. (2005)Djillali Amar Bouzid
(2021)

σ

diameter (D), i.e., z/D. As shown in the figure, the Kult of differ-
ent diameter piles is well unified when plotting against z/D.
Similar to the theories in Brinch Hansen (1961), Reese et al.
(1974), and Amar Bouzid (2021), the Kult exhibits the small-
est value of 12 at ground surface and increase with z/D until
reaching the maximum value of 16.6 at a critical depth of
2.5 D. However, the predicted values of Kult at ground sur-
face are 7.6, 3.6, and 3.6, and the critical depth is infinite,
17.7 D, and 0.9 D for Brinch Hansen (1961), Reese et al. (1974),
and Amar Bouzid (2021), respectively. Therefore, all of these
three theories failed to predict the Kult of the flexible piles in
sand. Meanwhile, the other theories, including Broms (1964),

Petrasovits and Award (1972), Fleming et al. (1992), Prasad
and Chari (1999), and Zhang et al. (2005), predicted constant
values of Kult along the whole embedded length and did not
account for the change of failure mechanism from shallow
to deep zone. Therefore, it can be concluded that none of the
existing theories can give accurate prediction of the ultimate
soil resistance of the flexible piles in sand.

3.2. Ultimate soil resistance of the rigid piles
Figure 3 presents the computed and calculated Kult distri-

bution of rigid piles against z/D and z/L (L is the pile embed-
ded length). As shown in Fig. 3a, the computed Kult profiles of
different diameter piles change significantly with z/D, while
all the existing design equations predict a single line. Among
them, Brinch Hansen (1961), Reese et al. (1974), and Amar
Bouzid (2021) defined Kult as a function of z/D, while Broms
(1964), Petrasovits and Award (1972), Fleming et al. (1992),
Prasad and Chari (1999), and Zhang et al. (2005) defined Kult

to be independent of depth (z) or pile geometries (i.e., D, L,
and L/D). However, none of the existing design equations can
capture the magnitude and the distribution of Kult. Instead,
when plotting the results against z/L in Fig. 3b, the computed
Kult profiles converged at the same depth ratio z/L indepen-
dent of D and L/D. This is also observed in Burd et al. (2020).
Wang et al. (2020) explained that this is attributed to the ro-
tation failure mechanism of the rigid piles under lateral load-
ing. Therefore, it is clear that instead of being a function of
z/D as in Brinch Hansen (1961), Reese et al. (1974), and Amar
Bouzid (2021) or being a constant value as in Broms (1964),
Petrasovits and Award (1972), Fleming et al. (1992), Prasad
and Chari (1999), and Zhang et al. (2005), the Kult of rigid piles
in sand is a function of z/L. Among all the existing studies,
Burd et al. (2020) is the only one defined in terms of z/L. How-
ever, as shown in Fig. 3b, the design equation in Burd et al.
(2020) did not consider the change of failure mechanism with
depth and requires further improvement.
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Fig. 3. Comparison of the computed ultimate soil resistance
coefficient Kult of free-head rigid piles with the existing de-
sign equations in terms of different depth ratios: (a) z/D and
(b) z/L (Note: a friction angle of 36◦ is used for the existing
design equations).

(a)

(b)
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Prasad and Chari (1999)
Zhang et al. (2005)
Djillali Amar Bouzid (2021)

D = 4 m
D = 6 m
D = 8 m
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3.3. The influence of failure mode
In the preceding sections, the ultimate soil resistance

of flexible and rigid piles in sand has been thoroughly
investigated. It was found that the Kult of flexible pile is a
function of z/D, while that of the rigid pile is a function of z/L.
This difference is believed to be attributed to the different
deflection modes of the laterally loaded piles. To clarify the
reason for this difference, additional simulations on the rigid
piles translated horizontally under a fixed-head condition
were performed. Wang (2020) showed that the soil movement
around the pile under rigid translation is similar to that of the
flexible pile. As shown in Fig. 4a, the ultimate soil resistance
increases with the depth and the pile diameter. However,
when plotting Kult against z/D in Fig. 4b, the diverged results

Fig. 4. The pile–soil interaction of horizontally translated
piles under fixed head condition: (a) the pult profiles and (b)
the Kult profiles.
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D = 4 m
D = 6 m
D = 8 m
D = 10 m

2.5 D

in Fig. 4a converged perfectly into a single line. Similar to the
response of flexible piles, the Kult of horizontally translated
rigid piles increases at shallow depth from the smallest value
at ground surface to a critical value at the depth of 2.5 D
and then remains the same for deeper zones. Therefore,
it can be concluded that the different distributions of Kult

against depth for flexible and rigid piles are attributed to the
different failure modes (i.e., soil flow mode around the pile).

4. Conclusions
This study presents a thorough investigation on the ul-

timate soil resistance of the laterally loaded piles in sand
through a series of numerical simulations on flexible and
rigid piles using the well-validated FE model. Based on this
study, the following conclusions can be drawn:

a) The Kult of flexible piles is a function of z/D, which ex-
hibits the smallest value at the ground surface and then
increases with depth until reaching the depth of 2.5 D, af-
ter which the value becomes constant.

b) Different from the dependency of Kult on z/D for flexible
piles, the Kult of free-head rigid piles is a function of z/L
due to the rotation failure mechanism.

c) The dependency of Kult on depth ratio (z/D or z/L) is
attributed to the soil failure modes of the piles. The
free-head flexible piles and the horizontally translated
fixed-head rigid piles exhibit the same distribution of Kult

with depth, i.e., function of z/D, while that of free-head
rigid pile is a function of depth ratio z/L.

d) None of the existing design equations can predict cor-
rectly the magnitude and distribution of Kult for both flex-
ible and rigid piles in uniform sand.
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5. Limitations
All the simulations in this study were performed in the

uniform sand under drained condition using the hypoplastic
model calibrated against the element and centrifuge tests
of Toyoura sand. While the main conclusions concerning
the diameter effect and the dependency of the ultimate soil
resistance coefficient Kult on the failure modes (i.e., the distri-
bution of Kult against depth ratio z/D and z/L for free-head flex-
ible and rigid piles) are expected to be generally applicable,
the exact values (e.g., the critical depth of 2.5 D in Figs. 2 and
4) can vary for different sands and layered soil. In addition,
the piles in this study are either fully flexible or fully rigid,
while piles used in the field can be semi-rigid. Therefore,
future studies should be performed to quantify the influence
of pile rigidity, soil layering, and drainage condition.
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