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Modelling Handed Shearing Auxetics:
Selective Piecewise Constant Strain Kinematics and Dynamic Simulation

Maximilian Stölzle, Lillian Chin, Ryan L. Truby, Daniela Rus, and Cosimo Della Santina

Abstract— Electrically-actuated continuum soft robots based
on Handed Shearing Auxetics (HSAs) promise rapid actuation
capabilities while preserving structural compliance. However,
the foundational models of these novel actuators required for
precise control strategies are missing. This paper proposes
two key components extending discrete Cosserat rod model
(DCM) to allow for modeling HSAs. First, we propose a
mechanism for incorporating the auxetic trajectory into DCM
dynamical simulations. We also propose an implementation of
this extension as a plugin for the Elastica simulator. Second,
we introduce a Selective Piecewise Constant Strain (SPCS)
kinematic parameterization that can describe an HSA segment’s
shape with fewer configuration variables. We verify both
theoretical contributions experimentally. The simulator is used to
replicate experimental data of the mechanical characterization
of HSA rods. For the second component, we attach motion
capture markers at various points to a parallel HSA robot and
find that the shape of the HSAs can be kinematically represented
with an average accuracy of 0.3 mm for positions and 0.07 rad
for orientations.

I. INTRODUCTION

Continuum soft robots promise natural compliance and safe
interaction with humans, thanks to their invertebrate-inspired
bodies [1]. Several actuation technologies for soft robots have
been explored in recent years, with the most popular being
cable-driven and pneumatic actuation [2].

Handed Shearing Auxetics (HSA) robots are a recent
development in this field [3]–[5], which directly transform
applied motor torques into complex motion primitives. This
novel type of actuator is based on an architected metama-
terial. The most important characteristic of this cylindrical
metamaterial is that twist strains along the handedness of
the structure lead to an elongation of the rod, which is
also called auxetic trajectory [6]. An HSA robot combines
multiple HSAs of different handedness with a platform
constraining the movement of the distal ends in the fashion
of a soft parallel manipulator. Differential elongation of the
rods enables complex motion primitives such as elongation,
bending, and twisting [3], which can be seen in Fig. 2.
HSA robots are particularly difficult to model and control as
the forces and torques causing the evolution of the system
are not directly produced by the actuator, but instead are
intrinsically generated as an effect of the modified cell state
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Kinematic model

Fig. 1: An HSA robot in a twisted state: simulation and schematic
of kinematic model of single HSA rod.

of the metamaterial and of the interaction forces coming from
the parallel arrangement.

Finite Element Method (FEM) based approaches [7] have
proven to be effective in simulating soft parallel structures
[8] and could be a good candidate for representing the
complex behavior of HSA robots. However, in this paper we
strive for a less computationally expensive solution - towards
applications in model based control [9]. For this reason, we
look at the framework of the Discretized Cosserat Rod Model
(DCM). The Cosserat rod theory assumes the slenderness
of the object, e.g. that the length is much larger than the
radius, and allows for the rod to exhibit all six principal
strains. The 1D discretization of the rod along its length
dramatically reduces the computational demand compared to
FEM [10]. Several works in recent literature have successfully
applied this framework to soft robotics [11]–[13]. Among
them, in Piecewise Constant Strain (PCS) [14] the continuum
dynamics of the Cosserat model is discretized in space by
keeping a selection of strains constant along a segment of
the continuum. The most popular PCS is Piecewise Constant
Curvature (PCC) [15], which assumes a sequence of arcs.
Functional extensions of PCS use continuous function to
approximate the strain [16], [17].

However, none of these methods are currently applicable
to HSA robots, as they do not embed a mechanism for
incorporating the effect of the auxetic trajectory. We are
aware of just one work looking into kinematic modeling of
HSA robots [18], which however models the backbone of
the robot with PCC instead of modeling the HSAs. As a
consequence, the model cannot represent complex behaviors
of the module, like the twist in Fig. 1.

The goal of this paper is to provide such a mechanism, to
introduce a strategy for further reducing the dimensionality of
the model, and to provide extensive experimental validation to
both. More specifically, our extension to the DCM framework
couples the twist strain of the HSA rod to its rest length.
Additionally, we allow the rigidity of the rod to be modified
as a function of the twist strain. We have implemented this
mechanism as a plugin for Elastica [19], which we provide
open source 1. This results in a compact dynamic model that

1https://github.com/tud-cor-sr/HSA-PyElastica20
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we test experimentally.
We then use a combination of Constant Strain (CS) and

PCSs [14] to describe the shape of HSA rods, which we call
a Selective Piecewise Constant Strain (SPCS) model: while
some strains, such as twist & stretch, are mostly constant over
the length of the entire HSA, other strains such as bend &
shear significantly vary and are thus captured in a piecewise
parametrization. We provide an open-source implementation
of this kinematic model in JAX 2.

In summary, we contribute to the state of the art in modeling
of soft robots with:

1) A mechanism for integrating the auxetic trajectory of
HSAs into the discrete Cosserat rod theory [10], [20].

2) A plugin for the Elastica simulator [19], which also
includes the necessary boundary conditions and joint
formulations to simulate HSA robots.

3) A Selective Piecewise Constant Strain (SPCS) kinematic
model to parameterize the shape of HSAs with a
dramatically reduced number of states.

Contributions (1) and (2) are covered in Section II. Subse-
quently, we introduce the kinematic model from contribution
(3) in Section III and verify it in Section IV.

II. DYNAMIC SIMULATION OF HSA ROBOTS

We introduce a new concept to enable the simulation of
HSA robots with the discretized Cosserat rod theory, which
is used by many of the SoA simulators of soft continuum
robots [19], [20]. While we provide an implementation of
the proposed concept as a plugin to Elastica [19], the same
strategy could be used to adapt other simulators such as
SoRoSim [20] to HSA robots. We give some background
on the DCM in Section II-A. Then, in II-B, we propose a
mechanism to infuse the auxetic trajectory for a HSA into the
DCM framework. Subsequently, we verify the steady-state
behaviour of an HSA against the mechanical characteristics
in II-C. Next, we lay out in II-D the necessary boundary
conditions of the HSAs and describe the joint mechanism
connecting the platform with the rods. Finally, we explain in
Section II-E how we were able to reproduce in simulation
the main motion primitives of HSA robots.

A. Background: Discretized Cosserat-rod model
This subsection will introduce the governing equations

of the DCM following the work by Gazzola et al. [10].
According to the Cosserat rod theory, a slender rod’s shape
can be purely described by the line along its backbone. The
backbone curve is divided into a discrete set of nodes with
position ri(t) ∈ R3 for i ∈ {1, . . . , nv + 1} and nv links
of orientation Qi(t) ∈ R3×3. Differentiating the position
and orientation with respect to time gives the translational
and angular velocities vi =

∂ri
∂t ∈ R3 and ωi

L ∈ R3. Each
node has a mass of mi and the rigid links are modelled
to have a second mass moment of inertia Ji. When a rod
of unstretched length L̂ is at rest, each link has a length
of l̂i and connects two consecutive vertices. The circumflex
accent will denote quantities in the rest configuration of
the rod. When the rod is in a deformed state, l describes
the current edge length and the shear and axial strains are
considered in the vector σ = (σx σy σz)

T. The curvature
vector κL = (κx κy κz)

T captures the bending and

2https://github.com/tud-cor-sr/jax-spcs-kinematics

twist strains. All strains are defined with respect to the
rest length of the link l̂i and the dilation factor ei = li

l̂i
denotes the deviation from that rest length. The shear and
stretch stiffness is specified through the diagonal matrix
S = diag(EIxx, EIyy, GIzz) ∈ R3×3, where E, G are the
elastic and shear modulus respectively, and I ∈ R3×3 is the
second area moment of inertia. Analogue, the bending and
twist rigidity is stored in B = diag(Bx, By, Bz) ∈ R3×3.
For conciseness, we include below only the equation for the
translational accelerations. We refer the interested reader to
[10] for the equation on rotational accelerations and more
complimentary details about the DCM.

mi
∂vi
∂t

=∆h

(
QT

i Ŝiσ
i
L

ei

)
+ Fi, i ∈ {1, . . . , nv + 1},

(1)
where Fi ∈ R3 is the external force acting on the ith vertex.
Several quantities are expressed in the Voronoi domain D,
in which the length of the region Di can be computed as
Di =

li+1+li
2 , i ∈ [1, nv − 1]. Examples are the the Voronoi

curvature κ̂i
L over the interior vertices, and the bend twist

stiffness matrix B̂i. ∆h : {R3}N → {R3}N+1 is used as the
discrete difference operator.

B. Auxetic trajectory

We propose several adjustments to the standard definition of
the DCM to allow for realistic simulation of HSAs. The main
assumption behind the proposed concept is that twist strains
agreeing with the handedness of the rod will modify the
internal angle between the auxetic pattern cells and with that
also change the system characteristics such spring constant,
blocked force, etc.

Most importantly, we introduce a distinction between the
the printed, initial, length of the HSA L̄ and the rest length
of the rod L̂. This allows us to mirror the auxetic trajectory,
as the minimum energy length is increased with applied twist
angles / strains [6]. Similar to the HAT accent, which denotes
rest quantities, the BAR accent will point out quantities of
the HSA in the initial / printed state. We propose to linearly
scale the edge rest length l̂i with the twist strain κi

L,z:

l̂i = (1 + εi) l̄ i ∈ {1, . . . , nv + 1}, (2)

εi = max
(
min

(
h Cε Ah(κi

L,z), εmax

)
, εmin

)
. (3)

In this expression, the twist strain κi
L,z is elevated from the

Voronoi to the vertex domain with the averaging operator
Ah : {R3}N → {R3}N+1. h ∈ {−1, 1} is the handedness of
the rod. Right is defined as the positive, and left as the negative
handedness. Cε is the extension factor, which needs to be
tuned with respect to the chosen auxetic pattern. The minimum
and maximum extension εmin, εmax are the limits of the
auxetic trajectory and depend on the HSA type: for example
closed HSAs can only exhibit positive elongations [6]. After
the rest length is adjusted, the axial stiffness of the rod will
guide the current edge length li towards the (target) edge rest
length. Furthermore, we recall the definition of bend / twist
strains: κi

L =
log(Qi+1 QT

i )

D̂i
. To keep the twist strain constant

across the entire auxetic trajectory, we define the twist strain
with respect to the initial Voronoi length D̄i =

l̄i+1−l̄i
2 :

κi
L,z =

log(Qi+1 Q
T
i )

D̄i
, i ∈ {1, . . . , nv + 1} (4)
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<latexit sha1_base64="sQWuJli0RQJNzDA5UP85oX0m2d4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1m+qFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK7vjN0=</latexit>

R

<latexit sha1_base64="sQWuJli0RQJNzDA5UP85oX0m2d4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1m+qFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK7vjN0=</latexit>

R
<latexit sha1_base64="/YfNCXYpr58N4d9Wg0ye/8rYNTI=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndZvqhXStWbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCl14zX</latexit>

L

<latexit sha1_base64="5yD3tkSWSVD6vYZ3esUvQRcDxng=">AAAB7nicbVBNS8NAEJ34WetX1aOXYBE8laSIeix48VjFfkAbymY7bZduNmF3IpTQH+HFgyJe/T3e/Ddu2xy09cHA470ZZuaFiRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNE6eaY4PHMtbtkBmUQmGDBElsJxpZFEpshePbmd96Qm1ErB5pkmAQsaESA8EZWan1gIaEGvZKZa/izeGuEj8nZchR75W+uv2YpxEq4pIZ0/G9hIKMaRJc4rTYTQ0mjI/ZEDuWKhahCbL5uVP33Cp9dxBrW4rcufp7ImORMZMotJ0Ro5FZ9mbif14npcFNkAmVpISKLxYNUulS7M5+d/tCIyc5sYRxLeytLh8xzTjZhIo2BH/55VXSrFb8q8rlfbVcq+ZxFOAUzuACfLiGGtxBHRrAYQzP8ApvTuK8OO/Ox6J1zclnTuAPnM8faVWPkw==</latexit>

Resting
<latexit sha1_base64="lKRUcTPQG3wS7l4G9dzwpuv6VJU=">AAAB8XicbZDLSgMxFIbP1Futt6pLN8EiuCozRdRlQQSXFewF26Fk0kwbmkmGJCOUoW/hxoUibn0bd76NmekstPWHwMd/ziHn/EHMmTau++2U1tY3NrfK25Wd3b39g+rhUUfLRBHaJpJL1QuwppwJ2jbMcNqLFcVRwGk3mN5k9e4TVZpJ8WBmMfUjPBYsZAQbaz3ecinGOQ6rNbfu5kKr4BVQg0KtYfVrMJIkiagwhGOt+54bGz/FyjDC6bwySDSNMZniMe1bFDii2k/zjefozDojFEplnzAod39PpDjSehYFtjPCZqKXa5n5X62fmPDaT5mIE0MFWXwUJhwZibLz0YgpSgyfWcBEMbsrIhOsMDE2pIoNwVs+eRU6jbp3Wb+4b9SajSKOMpzAKZyDB1fQhDtoQRsICHiGV3hztPPivDsfi9aSU8wcwx85nz+0WpDl</latexit>

Elongation
<latexit sha1_base64="gH2be2KnYxumll/jtjI17KjUGBQ=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04kkq2A9pQ9lsJu3SzSbsboRS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IBVcG9f9dlZW19Y3Ngtbxe2d3b390sFhUyeZYthgiUhUO6AaBZfYMNwIbKcKaRwIbAXDm6nfekKleSIfzChFP6Z9ySPOqLHS4zXKkMs+ueuVym7FnYEsEy8nZchR75W+umHCshilYYJq3fHc1PhjqgxnAifFbqYxpWxI+9ixVNIYtT+eHTwhp1YJSZQoW9KQmfp7YkxjrUdxYDtjagZ60ZuK/3mdzERX/pjLNDMo2XxRlAliEjL9noRcITNiZAllittbCRtQRZmxGRVtCN7iy8ukWa14F5Xz+2q5Vs3jKMAxnMAZeHAJNbiFOjSAQQzP8ApvjnJenHfnY9664uQzR/AHzucPJtSP8A==</latexit>

Bending N
<latexit sha1_base64="4nWXXokKaG/06l6Jr5+VOChdzVk=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGi/ZA2lM1m0i7dbMLuRiilv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZIphg2WiES1A6pRcIkNw43AdqqQxoHAVjC8mfqtJ1SaJ/LBjFL0Y9qXPOKMGis9XqMMueyT+16p7FbcGcgy8XJShhz1XumrGyYsi1EaJqjWHc9NjT+mynAmcFLsZhpTyoa0jx1LJY1R++PZwRNyapWQRImyJQ2Zqb8nxjTWehQHtjOmZqAXvan4n9fJTHTlj7lMM4OSzRdFmSAmIdPvScgVMiNGllCmuL2VsAFVlBmbUdGG4C2+vEya1Yp3UTm/q5Zr1TyOAhzDCZyBB5dQg1uoQwMYxPAMr/DmKOfFeXc+5q0rTj5zBH/gfP4ALmiP9Q==</latexit>

Bending S
<latexit sha1_base64="mulWnqfX29RNtCumk46+UIWK2KI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Ie0oWw2k3bpZhN2N0Ip/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28Hodua3n1BpnsgHM07Rj+lA8ogzaqz0eIMy5HJA2v1yxa26c5BV4uWkAjka/fJXL0xYFqM0TFCtu56bGn9CleFM4LTUyzSmlI3oALuWShqj9ifzg6fkzCohiRJlSxoyV39PTGis9TgObGdMzVAvezPxP6+bmejan3CZZgYlWyyKMkFMQmbfk5ArZEaMLaFMcXsrYUOqKDM2o5INwVt+eZW0alXvsnpxX6vUa3kcRTiBUzgHD66gDnfQgCYwiOEZXuHNUc6L8+58LFoLTj5zDH/gfP4ANHiP+Q==</latexit>

Bending W
<latexit sha1_base64="h5xZzgS+ALJCOGdaxWcGgaYG0eY=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9VgUwWMF+yFtKJvNpF262YTdjVBKf4UXD4p49ed489+4bXPQ1gcDj/dmmJkXpIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6iRTDBssEYlqB1Sj4BIbhhuB7VQhjQOBrWB4M/VbT6g0T+SDGaXox7QvecQZNVZ6vEYZctknt71S2a24M5Bl4uWkDDnqvdJXN0xYFqM0TFCtO56bGn9MleFM4KTYzTSmlA1pHzuWShqj9sezgyfk1CohiRJlSxoyU39PjGms9SgObGdMzUAvelPxP6+TmejKH3OZZgYlmy+KMkFMQqbfk5ArZEaMLKFMcXsrYQOqKDM2o6INwVt8eZk0qxXvonJ+Xy3XqnkcBTiGEzgDDy6hBndQhwYwiOEZXuHNUc6L8+58zFtXnHzmCP7A+fwBGTCP5w==</latexit>

Bending E
<latexit sha1_base64="nO2xfXN/aKdjtpmXjRAJS1auAlE=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktoh4LvXis0C9pl5JNs21okl2SrFKW/govHhTx6s/x5r8x3e5BWx8MPN6bYWZeEHOmjet+O4WNza3tneJuaW//4PCofHzS0VGiCG2TiEeqF2BNOZO0bZjhtBcrikXAaTeYNhZ+95EqzSLZMrOY+gKPJQsZwcZKD60nuwI1Gt1hueJW3QxonXg5qUCO5rD8NRhFJBFUGsKx1n3PjY2fYmUY4XReGiSaxphM8Zj2LZVYUO2n2cFzdGGVEQojZUsalKm/J1IstJ6JwHYKbCZ61VuI/3n9xIS3fspknBgqyXJRmHBkIrT4Ho2YosTwmSWYKGZvRWSCFSbGZlSyIXirL6+TTq3qXVev7muVei2PowhncA6X4MEN1OEOmtAGAgKe4RXeHOW8OO/Ox7K14OQzp/AHzucPE3iP4w==</latexit>

Twist CCW
<latexit sha1_base64="QF2G7VUc5lKANCM6xw629YkzV7o=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGUY+BXDxGyAuSJcxOZpMhs7PrTK8SQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSKQw6LrfTm5jc2t7J79b2Ns/ODwqHp+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj2txvP3JtRKwaOEm4H9GhEqFgFK3UaTzZFaTW7hdLbtldgKwTLyMlyFDvF796g5ilEVfIJDWm67kJ+lOqUTDJZ4VeanhC2ZgOeddSRSNu/Oni3hm5sMqAhLG2pZAs1N8TUxoZM4kC2xlRHJlVby7+53VTDG/9qVBJilyx5aIwlQRjMn+eDITmDOXEEsq0sLcSNqKaMrQRFWwI3urL66RVKXvX5av7SqlayeLIwxmcwyV4cANVuIM6NIGBhGd4hTfnwXlx3p2PZWvOyWZO4Q+czx+GKo+W</latexit>

Twist CW

<latexit sha1_base64="XuVmVFh8ZEMPtXepP7zAqUcY/GA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyUpoh4LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSA7volytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0qpVvavq5X2tUq/lcRThBE7hHDy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nDyddjRE=</latexit>

c)

<latexit sha1_base64="1lfGKEf9KYRrawYbQhLNJUNigrU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyUpoh4LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ3DRL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpFWrelfVy/tapV7L4yjCCZzCOXhwDXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPHyXYjRA=</latexit>

b)

<latexit sha1_base64="iX/NGbPVD3rUNQ9zcKuEjY5U5aM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBLyUpoh4LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSA73olytu1Z2DrBIvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzS+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCGz/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HBKNgRv+eVV0qpVvavq5X2tUq/lcRThBE7hHDy4hjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nDyRTjQ8=</latexit>

a)

<latexit sha1_base64="HrAptShQKpVEjz9XYKHTaXetu+A=">AAACAHicbVBNS8NAEN3Ur1q/qh48eFksghdLUkQ9Frx4rGI/oA1ls5kkSzebsLsRSujFv+LFgyJe/Rne/Ddu2xy09cHA470ZZuZ5KWdK2/a3VVpZXVvfKG9WtrZ3dveq+wcdlWSSQpsmPJE9jyjgTEBbM82hl0ogsceh641upn73EaRiiXjQ4xTcmISCBYwSbaRh9eiehZE+j4jwwcfAExEWTs2u2zPgZeIUpIYKtIbVr4Gf0CwGoSknSvUdO9VuTqRmlMOkMsgUpISOSAh9QwWJQbn57IEJPjWKj4NEmhIaz9TfEzmJlRrHnumMiY7UojcV//P6mQ6u3ZyJNNMg6HxRkHGsEzxNA/tMAtV8bAihkplbMY2IJFSbzComBGfx5WXSadSdy/rFXaPWbBRxlNExOkFnyEFXqIluUQu1EUUT9Ixe0Zv1ZL1Y79bHvLVkFTOH6A+szx+ltJZn</latexit>

Right-handed elongation
<latexit sha1_base64="1xkcBUb27Fw4QPe1mx1yF7L9EHs=">AAAB/3icbVA9SwNBEN3zM8avqGBjsxgEG8NdELUM2FhYRDAfkBxhb28uWbK3e+zuCeFM4V+xsVDE1r9h579xk1yhiQ8GHu/NMDMvSDjTxnW/naXlldW19cJGcXNre2e3tLff1DJVFBpUcqnaAdHAmYCGYYZDO1FA4oBDKxheT/zWAyjNpLg3owT8mPQFixglxkq90uEtROZsQEQIIQYuRT83ym7FnQIvEi8nZZSj3it9dUNJ0xiEoZxo3fHcxPgZUYZRDuNiN9WQEDokfehYKkgM2s+m94/xiVVCHEllSxg8VX9PZCTWehQHtjMmZqDnvYn4n9dJTXTlZ0wkqQFBZ4uilGMj8SQMHDIF1PCRJYQqZm/FdEAUocZGVrQhePMvL5JmteJdVM7vquVaNY+jgI7QMTpFHrpENXSD6qiBKHpEz+gVvTlPzovz7nzMWpecfOYA/YHz+QPIcZXq</latexit>

Left-handed elongation
<latexit sha1_base64="yMF+K9grCV6XUcnS1Vg5N1d5ID8=">AAAB9HicbVBNS8NAEN34WetX1aOXxSJ4KkkR9VjworcK9gPaUDbbSbt0s4m7k0IJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nfmtMWgjYvWIkwT8iA2UCAVnaCX/XgkUTFKDDKFXKrsVdw66SryclEmOeq/01e3HPI1AIZfMmI7nJuhnTKPgEqbFbmogYXzEBtCxVLEIjJ/Nj57Sc6v0aRhrWwrpXP09kbHImEkU2M6I4dAsezPxP6+TYnjjZ0IlKYLii0VhKinGdJYA7QsNHOXEEsa1/Z9TPmSacbQ5FW0I3vLLq6RZrXhXlcuHarlWzeMokFNyRi6IR65JjdyROmkQTp7IM3klb87YeXHenY9F65qTz5yQP3A+fwCsB5H+</latexit>

Initial state
<latexit sha1_base64="VEDWwKvitIViLR6CSWF2VH4KjSM=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSFFHxVPHSY0XbCm0om+2mXbrZhN2JWEIv/hUvHhTx6s/w5r9xm+agrQ8GHu/NMDPPjwXX4DjfVmFpeWV1rbhe2tjc2t6xd/daOkoUZU0aiUjd+0QzwSVrAgfB7mPFSOgL1vZH11O//cCU5pG8g3HMvJAMJA84JWCknn3QBfYIfpDWb68woZBk+uWkZ5edipMBLxI3J2WUo9Gzv7r9iCYhk0AF0brjOjF4KVHAqWCTUjfRLCZ0RAasY6gkIdNemj0wwcdG6eMgUqYk4Ez9PZGSUOtx6JvOkMBQz3tT8T+vk0Bw4aVcxgkwSWeLgkRgiPA0DdznilEQY0MIVdzciumQKBOEyaxkQnDnX14krWrFPauc3lTLtWoeRxEdoiN0glx0jmqojhqoiSiaoGf0it6sJ+vFerc+Zq0FK5/ZR39gff4AqJiWZw==</latexit>

HSA actuation:

Fig. 2: Motion primitives of Handed Shearing Auxetic (HSA) robots: elongation, bending in the four cardinal directions (e.g. north (N),
south (S), west (W), east (E)), and clock-wise (CW) and counter-clockwise (CCW) twisting. First row (a): depicts the necessary actuation
inputs to generate these motion primitives. Pure elongation is achieved by applying the motor torques of the same magnitude but opposite
direction to the left-handed (L) and right-handed (R) HSAs. For bending, there exists a delta in elongation of the rods while the sum of
torques is still zero. Last but not least, counter-clockwise twisting is achieved by applying more torque to the right-handed, than to the
left-handed HSA rods. Second row (b): Snapshots of the experimental platform when actuated according the above specified sequence.
Third row (c): Renderings of simulated steady-states of an HSA robot. It consists of four HSA rods and a platform at the distal end. The
red arrows point along the local x-axis and the green arrows along the local y-axis respectively. The blue arrow signifies the z-axis of the
local frame of the platform.

TABLE I: Parameters of simulated HSA rods in Section II-C for
various number of HSA row tilings nrows. Row tilings represent
the number of vertically stacked unit cells [6]. The rest length L̂
and the elastic modulus E are a linear function of the twist strain
κz . Bz represents the twist rigidity.

nrows L̂ [mm] E [kPa] Bz [Nm2/rad]

4 75 (1 + 3.04 κz) 576.9 + 36.1 κz 0.00375
6 89 (1 + 3.50 κz) 309.3 + 13.1 κz 0.00213
8 100 (1 + 3.77 κz) 203.5 + 10.6 κz 0.00183
10 112 (1 + 3.64 κz) 197.6 + 7.5 κz 0.00167
12 124 (1 + 3.53 κz) 197.6 + 2.4 κz 0.00124

Finally, recent work by Good et al. [6] has shown that
HSAs exhibit special mechanical characteristics, such as that
the spring constant increases with the twist angle. Therefore,
we allow the shear / stretch and bend / twist rigidity matrices
S and B to be modified dynamically during the simulation
with the twist strain. For example, for the the axial stiffness
of a closed HSA can be modelled as a linear function of the
twist strain [6]

Ŝi
z = S̄i

z + CSz
Ah(κi

L,z), (5)
where CSz

is a tunable constant.

C. Verification of single HSA steady-state behaviour
We verify that our simulator can represent the steady-state

behaviour of a real HSA by re-producing the characterisation
results for closed HSAs by Good et al. [6]. More specifically,
we let the simulator converge to steady-state and then identify
several mechanical properties such as blocked force (Fb),
minimum energy length, holding torque (τh) and the spring
constant (k). Following the reporting in [6], we tune the
parameters of our simulation to match the behaviour of closed
Carbon FPU50 HSAs with 19mm outside diameter, 2mm

wall thickness, as good as possible. We report the chosen
simulation parameters in Table I. The HSA rod is modelled to
consist of nv = 10 nodes and 9 links with a material density
of ρ = 1050 kg/m3. For all simulations, the proximal end
of the rod is constrained and only rotations around the z-
axis are allowed to mirror the actuation with electric motors.
Furthermore, twisting is constrained at the distal end which
allows twist strains to build-up in the rod. Otherwise, the
distal end is unconstrained.

Next, we will go into more detail about each mechanical
characteristic. Holding torque: We apply a given torsional
torque τh at the proximal end of the HSA and then record
the twist angle of the base ϕ0 at steady-state. Minimum
energy length: The proximal end of the HSA is rotated to
a given twist angle ϕ0. The minimum energy length is then
is identified as the steady-state length of the HSA. Spring
constant: For a given twist angle ϕ0 with the HSA at rest, the
spring constant is identified by applying a small pulling force
to the distal end and then measuring the displacement of the
tip at steady-state. Blocked force: Differently from the other
simulations, the distal end is constrained at its initial position
such as to prevent the rod from extending. The blocked force
Fb is identified by evaluating the internal axial force for a
given twist angle.

The results show that the proposed simulator can accurately
represent the steady-state behaviour of the HSAs with the
simulated characteristics mostly staying within the stated
error-range of the experimental measurements by Good et
al. [6]. The only exception is Fig. 3(a), in which the simulation
is overestimating the blocked force Fb. This points to the
fact that this linear approximation of the auxetic trajectory is
only accurate in a limited range of the motion range of the
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Fig. 3: Results for verification of steady-state behaviour of the proposed simulator: the solid lines represent the mechanical characteristics
obtained for closed HSA rods by Good et al. [6] with corresponding error bars. The dashed lines correspond to the same characteristics
obtained with our simulator. The simulation parameters are separately tuned for HSAs with variety of row tilings. When an HSA contains
a higher number of row tiling, it will allow for larger elongations while simultaneously trading-off the spring constant [6].

closed HSAs. Further research is necessary to come up with
auxetic trajectory models for semi-closed and open HSAs.

D. Simulating HSA robots: boundary conditions and joints
We discuss here how to combine a platform and multiple

HSAs to form a HSA robot. Assume to have nHSA rods
equilly distributed along a circle of radius RcHSA in the x-y
plane with the rods pointing towards the positive z-direction
in a straight configuration. We need boundary conditions
for the proximal ends of the rods to generate the parallel
structure. The positions of the proximal nodes are constrained
to remain at their initial position r̄0. For the same purpose, the
translational rates, e.g. v0, are set to zero at each time-step.

In our plug-in to Elastica, we provide the user with two
options for actuating the HSAs. (a) The orientation of the
proximal link Q0 is moved to a desired orientation Qd

0 . In
this case, the twist angle ϕd

0 of the proximal end is controlled.
Again, the rotational rates ω0 are set to zero. (b) Twist
torques τ0,z are applied to the proximal link of the HSA.
The two remaining rotational DoF (rolling and pitching) of
the proximal link are constrained by setting their rotational
rates ω0,x and ω0,y to zero.

Additionally, rigid joints between the rods and the platform
are necessary. These are achieved by simulating a spring-
damper system between the distal end of each HSA and the
platform. For the translations, we compute the contact force
Fc as

Fc = kF (rjp − rnv+1) + νF (vjp − vnv+1), (6)
where kF is the translational joint stiffness, and νF the
translational damping coefficient. While rnv+1, and vnv+1

are the position and the velocity of the distal node of the rod
respectively, rjp and vjnv+1) are the position and velocity of
the attachment point of the same rod (e.g. the jth rod) on
the platform. We determine the position and velocity of this
attachment point using rigid body kinematics with regard to
the Center of Mass (CoM) of the platform. The contact force
Fc is applied with an opposite sign to the distal end of the
HSA and to the platform, respectively. Please note that the
contact force F also generates a torque τFc

on the platform,
as the force is not applied at the CoM of the rigid body.

Similarly to the contact force, a contact torque τc is
computed to reduce any error in the orientation and angular

velocity between the two systems
τc = kτ (Q

T
p log(Qp Q

T
nv

)) + ντ (Q
T
pω

j
p −QT

nv
ωnv ) (7)

where the log(·) : R3×3 → operator computes the rotation
vector from the rotation matrix [10], and Qp is the material
frame of the platform.

E. Qualitative evaluation of motion primitives in simulation

We reproduce the typical motion primitives of a HSA
robot consisting of four HSAs (e.g. nHSA = 4) in simulation
and show the final steady-states in Fig. 2. Two of the
HSAs are left-handed and positioned diagonally from each
other. Each rod is discretized by nv = 25 links and 26
point mass vertices. Furthermore, it has a printed length
of L̄ = 100mm, an outside radius of 25.4mm and a
wall-thickness of 2.43mm. The rods are placed at a radial
distance of RcHSA = 24mm from the center of the robot
and a material density of ρHSA = 1050 kg/m3 is assumed.
Therefore, the chosen simulation parameters mirror the
geometric characteristics of our experimental platform. Based
on an elastic modulus E = 10MPa and a shear modulus
G = 0.6MPa, the shear and stretch stiffnesses amount to
Sx,y = 101.5N/m, and Sz = 1753.5N/m. We set the bend
and twist rigidities Bx, By, and Bz to 0.02Nm2/rad and
0.014Nm2/rad respectively. When twist strains are present,
we extend the rest length of the rod by 0.01m/rad after
taking into account the handedness of the HSA.

The cylindrical platform is of diameter 95mm, has a
thickness of 3mm and is modelled to have a density of ρp =
700 kg/m3. The joint stiffness parameters kF = 5 · 105 N/m
and kτ = 20 Nm/rad are chosen for the fixed joint between
HSAs and platform. The joint damping coefficients νF , ντ
are set to zero.

Our qualitative results in Fig. 2 demonstrate that we are
able to generate all motion primitives in simulation. For the
shown deformations, we apply maximum twist angles of
ϕ0,max = π rad.

III. A SELECTIVE PIECEWISE CONSTANT STRAIN
KINEMATIC MODEL FOR HSAS

In this section, we aim to derive a forward kinematic model
which can be used to describe the shape of an HSA with a
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4: Visualization of the
proposed SPCS kinematic
model for the case of nS =
2 segments: The forward
kinematics describe a trans-
formation from the base
frame {SB} to the local
frame {Ss} at the coordi-
nate s ∈ [0, L̄] and consist
of a) a rotation around the
zB-axis of the base frame
by angle ϕ0, b) an expo-
nential map e(s−L̄i) ξ̌i for
the transformation from the
proximal end of the ith
segment to the local frame
of the coordinate s.

minimum amount of parameters. More specifically, we want
to describe the transformation from the base frame {SB}
to a local frame {Ss}(q, s) at a coordinate s ∈ [0, L̄]. This
coordinate lies on the backbone of an HSA rod of printed (i.e.
initial) length L̄. For this purpose, we combine the existing
kinematic models CS and PCS [14] to selectively keep specific
strains constant along the entire length of the robot or vary
them piece-wise among the segments. This parametrization
can be combined with the results in Sec. II to generate a
compact dynamic model.

First, we define that
ξ(q, s) = (κx κy κz σx σy σz)

T ∈ R6 (8)
represents the three rotational and three linear strains present
in a rod [14]. Subsequently, propose the following configura-
tion vector for an HSA

q =
(
ϕ0 qTCS qTPCS,1 · · · qTPCS,i · · · qTPCS,nS

)T (9)
where ϕ0 ∈ R is the twist angle at the base and allows for the
rotation of the motor actuating the HSA rod. qCS ∈ Rnq,CS

is a strain component constant along the entire rod, and
qPCS,i ∈ Rnq,PCS , i ∈ {1, . . . , nPCS} is the configuration of
each PCS segment. The ith segment has a initial length of l̄i
with its tip at the coordinate L̄i The strain in the ith segment
is then the sum of the rest strain ξ̂ = (0 0 0 0 0 1)

T,
ξCS, and ξPCS,i:

ξi = ξ̂ +BCS qCS +BPCS,i qPCS,i, i ∈ {1, . . . , nS}. (10)
Analogue to the concept introduced in [17], BCS ∈ R6×nq,CS ,
BPCS ∈ R6×nq,PCS are the strain bases of qCS and qPCS

respectively.
In this paper, we specifically investigate a setting where

the twist & stretch strains are constant across the entire
rod and the bend & shear strains vary for each segment.
Accordingly, we choose qCS = (κz σz)

T and qPCS,i =

(κx,i κy,i σx,i σy,i)
T. Then, the corresponding strain

bases are determined to be

BCS =

[
0 0 1 0 0 0
0 0 0 0 0 1

]T

∈ R6×2,

BPCS,i =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0


T

∈ R6×4.

(11)

Next, we find homogeneous forward kinematic mappings
for the given configuration and strains. As the twist angle ϕ0

demands a rotation around the local zB-axis of the base frame,

Fig. 5: Verification of kinematic models in simulation. The plot in
the first row shows the positional error ep of the kinematic model
against the simulated HSA. The plot in the second row visualizes
the rotational error metric equat, which is based on the vector
component of the unit quaternion. For more information on the
evaluation metrics, we refer to Section IV-C. The kinematic model
used here assumes the twist & stretch strains to be constant along
the entire HSA and the bend & shear strains to be captured by
nS segments. Along this line, we report the performance of the
kinematic model for a parametrization containing between one and
five segments.

the matrix R0
B(ϕ0) ∈ SO(3) contains the rotation from the

base frame {SB} to the proximal end of the rod denoted as
frame {S0}. For a point s on the ith segment with constant
strain ξi, the transformation matrix from the segment’s
proximal frame {Si−1} to the local frame at coordinate s is
given by the exponential map e : se(3) 7→ SE(3) [14]
e(s−L̄i−1)ξ̌i =I4 + (s− L̄i−1) ξ̌i +

(
1− cos((s− L̄i−1) θi)

)
ξ̌2i
θ2i

+
(
(s− L̄i−1) θi − sin((s− L̄i−1)θi)

) ξ̌3i
θ3i

.
(12)

where ξ̌i ∈ se(3) is the strain twist vector and θi =√
κ2
x,i + κ2

y,i + κ2
z,i is the magnitude of the rotational strain.

Therefore, the fully assembled transformation T i
B(q) from

the base frame {SB} to the tip frame of the ith segment can
be expressed as

T i
B(q) = T 0

B(ϕ0)Π
i
j=1 e

l̄j ξ̌j (q) ∈ SE(3). (13)

IV. VERIFICATION OF THE SPCS MODEL

The section is structured as follows. We introduce relevant
actuation sequences for the HSA robot in IV-A. Next,
we present an inverse kinematic approach to identify the
kinematic configuration in IV-B. Translational and rotational
error metrics are then defined in IV-C to evaluate the quality
of reconstructions. Finally, we verify the performance of the
proposed SPCS kinematic model both for simulated data
(IV-D) and on experimental datasets (IV-E). The code and
all datasets are made available on GitHub 3.

3https://github.com/tud-cor-sr/hsa-kinematic-model
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6: Experimental setup with the
HSA robot attached in platform-
down configuration to the mo-
tion capture cage. The robot
contains two left-handed (L) and
two right-handed (R) HSA rods
respectively. Rods of the same
handedness are placed opposite
of each other. The reflective
markers allow us to determine
the pose information of the base,
an intermediate point along the
left HSA rod, and the platform.

A. Actuation sequences

We collect datasets with a variety of actuation sequences,
which includes both pure motion primitives and random
actuation. For all sequences, we apply a twist angle of
magnitude |ud| ∈ [0, π rad] at the base of each HSA.
The sign of ud is determined by the handedness h of the
respective HSA. The elongation dataset consists of samples
between the rest and fully-elongated HSA state. Please refer
to Fig. 2(a) for more details how each motion primitive can be
invoked. For the bending motion primitive, we consider two
separate trajectory types: a) a Lemniscate trajectory and b) a
trajectory containing circles of varying bending angles. The
different bending angles are achieved by varying the actuation
angle from 20% to 100% of its maximum magnitude. For
each fixed bending angle, we collect 15 samples along
the circle, e.g. 15 different azimuth angles. To achieve the
desired azimuth angle, we smoothly interpolate between
the east, north, west, and south actuation specifications of
Fig. 2(a). The twisting trajectory collects discrete samples
between maximum clockwise (CW) and maximum counter-
clockwise (CCW) twisting. Finally, we collect a dataset
of randomly sampled actuation inputs, which combines
the elongation, bending, and twisting motion primitives. In
total, the elongation and Lemniscate trajectories contain 100
samples each, the circles and twisting trajectory have 225
and 100 samples respectively. 500 samples are included in
the random actuation actuation sequence.

B. Inverse Kinematics

Differential inverse kinematics can be used to reconstruct
the rod’s configuration q from N known poses T si

B ∈
SE(3), i ∈ [1, N ] along the rod. We implemented an inverse
kinematics algorithm based on the analytical Jacobian Jsi

A ∈
R6×7 of the pose representation

χsi
B = (εx εy εz η εz px py pz)

T ∈ R7,
which includes rotational orientation estimates in unit quater-
nion representation Q = (εx εy εz η)

T and positions in
Cartesian space p = (px py pz)

T. Please note that usually
ϕ0 does not need to be found through (differential) inverse
kinematics, but can rather be directly be read-out from the
encoders of the electric servos. All N poses and Jacobians
can be vertically stacked as χ ∈ R7N and JA ∈ R7N×6

respectively. This then allows us to then iteratively optimize
the pose error eχ = χd − χ̃ between the known pose χd and

the pose χ̃ computed using the forward kinematics
q̃it+1 = q̃it + λJT

A (q̃) (χd − χ̃(q̃)) , (14)
where q̃ is the current configuration estimate, and λ is the
step size.

C. Evaluation metrics
We briefly introduce the metrics to quantify shape recon-

struction accuracy by the proposed kinematic parametriza-
tion. We first define a Root Mean-Squared Error (RMSE)
for comparing each ground-truth position pit ∈ R3, t ∈
{1, . . . , nt}, i ∈ {1, . . . , N} to the position estimated by the
kinematic model p̃it over a time period of nt steps

ep =

√√√√ nt∑
t=1

N∑
i=1

(∥∥p̃it − pit
∥∥
2

)2
nt N

∈ R. (15)

The rotational RMSEs equat is computed analogue by
substituting p in (15) with the quaternion vector component
ε = (εx εy εz)

T. Finally, we compute the XYZ Euler
angle error as

eeul =

√√√√√ nt∑
t=1

N∑
i=1

(
fϑ(Rt,i R̃T

t,i)
)2

nt N
∈ R3, (16)

where fϑ(·) is the operator to compute the XYZ Euler angles
ϑ = (α β γ)

T from a rotation matrix R ∈ SO(3).

D. Simulation results
We employ the higher dimensional HSA robot simulator

proposed in Section II to generate steady-state HSA states.
We use the same simulation parameters as in Section II-E.
This provides us with 25 discrete poses along each of the
four HSAs. Then, we perform differential inverse kinematics
with a step size of λ = 0.2 to find an optimal configuration
q describing the shape of the HSA. We choose a higher step
size (λ = 1) for regressing the twist strains.

For the kinematic model, we assume that the twist &
stretch strains are constant along the entire HSA rod. The
bend & shear strains on the other hand are instead piece-wise
constant across nS segments. We evaluate the influence of
the nS parameter and test the performance of a kinematic
model involving between 1 and 5 PCS segments.

The results are in Fig. 5. While a kinematic model with
a single CS segment still works sufficiently well for the
elongation and bending motion primitives, its performance
deteriorates for any trajectories involving twisting. Instead,
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TABLE II: Experimental verification of kinematic models on an HSA robot. Motion capture markers attached to one of the HSAs provide
with two ground-truth poses along the rod, and we measure ϕ0 from the servo readings (13 constrains in total). In the spirit of an
ablation study, we investigate different variations of the proposed kinematic parametrization. For Constant Curvature (CC), Constant Twist
(CT), Constant Shear (CSH), and Constant Axial (CA) strain, the strain is kept constant along the entire HSA. For Piecewise Constant
Curvature (PCC), Piecewise Constant Twist (PCT), Piecewise Constant Shear (PCSH), and Piecewise Constant Axial (PCA) strain, the
strain components are parameterized separately for each of the two segments. Additionally, we test the importance of including the shear
strain component. For each kinematic parametrization, we state the Degrees of Freedom (DoF). We report RMSEs for both translations and
rotations (see Sec. IV-C).

Trajectory CC CT CSH CA PCC PCT PCSH PCA DoF ep [mm] equat [-] eeul,α [rad] eeul,β [rad] eeul,γ [rad]

Elongation ✗ ✓ ✗ ✓ ✓ ✗ ✗ ✗ 7 1.010 0.0092 0.0029 0.0079 0.0166
Elongation ✗ ✓ ✗ ✓ ✓ ✗ ✓ ✗ 11 0.126 0.0082 0.0020 0.0031 0.0166
Elongation ✗ ✗ ✗ ✗ ✓ ✓ ✓ ✓ 13 0.009 0.0042 0.0020 0.0031 0.0070

Circles ✗ ✓ ✗ ✓ ✓ ✗ ✗ ✗ 7 1.744 0.0136 0.0108 0.0123 0.0228
Circles ✗ ✓ ✗ ✓ ✓ ✗ ✓ ✗ 11 0.227 0.0082 0.0110 0.0122 0.0227
Circles ✗ ✗ ✗ ✗ ✓ ✓ ✓ ✓ 13 0.092 0.0093 0.0116 0.0125 0.0075

Lemniscate ✗ ✓ ✗ ✓ ✓ ✗ ✗ ✗ 7 1.227 0.0098 0.0042 0.0051 0.0195
Lemniscate ✗ ✓ ✗ ✓ ✓ ✗ ✓ ✗ 11 0.215 0.0082 0.0045 0.0053 0.0195
Lemniscate ✗ ✗ ✗ ✗ ✓ ✓ ✓ ✓ 13 0.023 0.0052 0.0043 0.0054 0.0076

Twisting ✗ ✓ ✗ ✓ ✓ ✗ ✗ ✗ 7 2.931 0.0136 0.0121 0.0186 0.0195
Twisting ✗ ✓ ✗ ✓ ✓ ✗ ✓ ✗ 11 0.263 0.0141 0.0130 0.0196 0.0194
Twisting ✗ ✗ ✗ ✗ ✓ ✓ ✓ ✓ 13 0.030 0.0127 0.0131 0.0217 0.0017

Rand. actuation ✗ ✓ ✗ ✓ ✓ ✗ ✗ ✗ 7 4.345 0.0381 0.0678 0.0544 0.0195
Rand. actuation ✗ ✓ ✗ ✓ ✓ ✗ ✓ ✗ 11 0.365 0.0383 0.0681 0.0544 0.0193
Rand. actuation ✗ ✗ ✗ ✗ ✓ ✓ ✓ ✓ 13 0.255 0.0380 0.0700 0.0527 0.0200
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i)

(b) Twisting trajectory

Fig. 7: Sequence of stills for a Lemniscate and a twisting trajectory. Top row i): frames of a video recording the HSA robot during
the experiments. The shape of the front-left HSA rod is fitted using inverse kinematics and rendered in ii). Bottom row ii): Rendered
shape of the HSA rod produced by evaluating the forward kinematics along the backbone length. The arrows with full opacity denote the
ground-truth pose of three points along the HSA rod as measured by the motion capture system. The red arrow points along the local
x-axis and the green arrow along the local y-axis respectively. The arrows with slight transparency represent poses along the backbone
computed with the forward kinematics. We assume the last 25mm and 20mm at the proximal and distal end of the rod respectively to be
rigid and therefore do not include them in the kinematic parametrization.
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two segments of our model are sufficient to accurately
represent the shape of the HSA.

E. Experimental results
In addition to the simulations, we also experimentally verify

the kinematic model using an HSA robot consisting of four
closed rods 3D-printed via digital projection lithography from
the flexible photopolymer resin Carbon FPU 50 [4]. Each
HSA rod was printed to a length of L̄ = 101.6mm and
is independently actuated by DYNAMIXEL MX-28T servo
motors. As seen in Fig. 6, we attach motion capture markers
to several points on the robot to track the ground-truth pose
information. Namely, we measure the pose of the motor base,
the platform, and the midpoint of one of the right-handed
HSA rods (i.e. the front-left HSA on the picture). Please
note, that we extract the rotation angle ϕ0 from the servo
encoders directly. The robot is mounted at its base to a cubical
cage of side length 750mm in platform-down configuration.
Eight Optitrack Prime X 13 cameras are attached to the cage
tracking the reflective markers at 30Hz.

We actuate the robot from a workstation next-by with the
control loop running at 10Hz. The control loop communicates
motor position setpoints ud ∈ R4 to the servos. The inner
control loop of the servos then applies the appropriate torques
to guide the motors towards the desired position. As soon as
the motors have reached their goal position, we wait for 2 s to
reach steady-state and then read-out the pose measurements.

In Fig. 7, we show sequences of stills for the Lemniscate
and twisting trajectory. The kinematic model used here
assumes a constant twist strain along the entire rod and
employs two PCS segments to capture the remaining five
strains. We see that except for extreme twisting states, e.g.
the far right image in Fig. 7(b), the kinematic model is able
to represent the complex HSA shape very well.

In Tab. II, we quantitatively evaluate multiple kinematic
models on the trajectories defined in IV-A. The first (7 DoF)
and second (11 DoF) kinematic models are very similar as
both assume constant twist and constant stretch along the
entire HSA. The other strains are contained in two PCS
segments in both cases. However, the first model exhibits
much larger positional errors as it neglects shear strains,
which are very important in HSA robots, but were not
accounted for in the literature [18]. The third model provides
the upper bound on the performance, as it has with 12
comparatively many DoF and uses a piecewise formulation
with two segments for all segments.

V. CONCLUSION

This work provided for the first time solutions for modeling
the kinematics and the dynamics of electrically-actuated
continuum soft robots based on Handed Shearing Auxetics.
We have shown that coupling the twist strains to rest lengths
can allow simulators based on the discrete Cosserat rod
theory. While the proposed linear approximation of the auxetic
trajectory works well for closed HSAs within a bounded
motion range, future work shall derive a more general
model also applicable for semi-closed and open HSAs [6].
Furthermore, we have proposed the SPCS kinematic model
that can express the shape of HSAs with 11 DoF. Fitting
this kinematic model to the experimental results showed a
very good match for representing the shape of the HSAs. In
particular for large actuation magnitudes within the twisting

motion primitive, the HSAs leave the auxetic trajectory and
seem to experience buckling behaviour. For this case, the
SPCS model is not accurate anymore. Future work will focus
on utilizing the kinematic model proposed in this work for
model-based control of HSA robots.
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