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ABSTRACT

Turbulent structures in a concentric annular pipe within a uniform transverse magnetic field are examined for a liquid metal flow. Large-
eddy simulations are performed to study the effect of magnetic field on turbulence suppression and heat transfer within this geometry. At the
characteristic Prandtl number of liquid metals, the smallest scales based on temperature fluctuations are much larger than those of the veloc-
ity, which allows to resolve all the temperature scales with sufficient accuracy. The calculations are run at Reynolds number 8900 for three
different Hartmann numbers, Ha ¼ 40; 60; 120. The comparison with available direct numerical simulation data shows encouraging agree-
ment. The main findings of this work show a circumferential dependency of the flow characteristics on the local orientation of the magnetic
field, with increased anisotropy observed at all Hartmann numbers studied. Anisotropic effects of the magnetic field are predominant for
Ha¼ 60 and Ha¼ 120 causing turbulence to deviate from its conventional state. At these Hartmann numbers, a partial redistribution of the
turbulent kinetic energy from the axial and radial components to the azimuthal component is observed. This effect, observed here for the first
time, appears to be related to the appearance of coexisting quasi two-dimensional (2D) and three-dimensional (3D) turbulence states.
Moreover, large skin friction increments are also observed at Ha¼ 60 and Ha¼ 120, while coherent structures stretching and streak suppres-
sion are found for all three Hartmann numbers.

VC 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0143687

I. INTRODUCTION

The turbulent flow through concentric annuli has many relevant
engineering applications such as heat exchangers, gas-turbines, and
fluid cooled nuclear reactors. Commonly in annuli flows, due to the
different curvature of the outer (concave) and inner (convex) walls,
the distribution of mean quantities is asymmetric, and the transport of
momentum and energy is affected accordingly.1 Over the past decades,
various experimental1–4 and direct numerical simulation (DNS) stud-
ies were performed to understand circular pipe flows and structures.
Chung et al.,5 Boersma and Breugem,6 and Bagheri et al.7 conducted
DNS studies of turbulent concentric annular flows at various Reynolds
numbers. They investigated the effect of transverse curvature on tur-
bulent statistics by comparing the results of two radius ratios and
showing that turbulent intensities and Reynolds shear stresses of the
inner wall were smaller than those of the outer wall, i.e., the inner wall
supplies relatively less turbulent kinetic energy than the outer wall to

the same volume. Chung and Sung8 and Bagheri and Wang9 extended
their DNS study to also include forced turbulent heat transfer under a
constant wall heat flux ratio, for Pr¼ 0.71. They showed the sensitivity
of the thermal boundary layer thickness to the radius ratio and found
that thermal quantity’s statistics near the outer wall were larger than
those for the inner wall.

All the previous cited studies focused on fluid with Prandlt num-
ber of about Pr � 1. However, in application with large heat loads,
non-convectional fluids like liquid metals have been proposed as cool-
ing fluids.10–12 Liquid metals are characterized by very small Prandtl
numbers due to their very large molecular conductivity. This makes
them able to exchange energy more efficiently and across smaller sur-
faces than conventional fluids. Therefore, they are very appealing
when the dimension and weight of the heat exchange devices is limited
or when high thermal loads are present. In the nuclear energy genera-
tion field, liquid metals are envisaged as the primary coolant fluid in
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different reactor designs, such as the lead fast reactor (LFR) and the
sodium fast reactor (SFR).12 For nuclear fusion reactors, their applica-
tion spans from cooling/breeding blanket to divertor of Tokamak-like
type fusion nuclear power plants. The physical mechanism of heat
transfer to liquid metals, however, significantly differs from that of
conventional coolants. Using numerical simulations of heat transfer in
liquid metal conditions, Grotzbach13 showed that the contribution of
the molecular thermal conduction to the total heat transfer is much
higher for liquid metals than for order one and higher Prandtl number
fluids. At the typical Prandtl number of liquid metals, the smallest
temperature scales are much larger than the corresponding velocity
scales. This allows to perform, with the same mesh resolution of a
large-eddy simulation (LES) quality for the velocity field, a thermal
DNS for the temperature field.14–17 Marocco and Garita18 used this
combined LES thermal-DNS strategy to evaluate forced and mixed
convection in a concentric annulus for liquid metal flows. They noted
that the circumferential mesh resolution strongly affects the accuracy
of the results and that turbulent heat fluxes were small compared to
molecular transport.

Another important property is that liquid metals respond to
magnetic effect. When a magnetic field (B0) is applied to a conductive
moving fluid, it induces a current density (J), and the interaction of
this current with the magnetic field generates a Lorentz force ‘F ,
defined (per unit volume) as

‘F ¼ 1
q
ðJ� B0Þ: (1)

The Lorentz force interacts with the flow and alters the velocity field.
In turbulent flows, the effect is even more relevant, as the magnetic
field can alter the structure of the turbulence and in some cases can
laminarize the flow.19,20 Consequently, the mixing phenomena and
heat transfer characteristics in turbulent flows subjected to a magnetic
field can significantly differ from those without a magnetic field. The
magnetic interaction is ruled by the Hartmann (Ha) number and the
Re/Ha ratio. The Hartmann number represents the ratio between elec-
tromagnetic and viscous forces, while the Re/Ha ratio provides a mea-
sure of the relation between inertia and electromagnetic force. Many
studies have investigated magnetohydrodynamic (MHD) turbulence.
The main findings of these studies can be summarized as follows:

(i) Turbulence suppression,20–26 characterized as the anisotropic
suppression of the Reynolds stress tensor components by the
magnetic field;

(ii) Enlargement of the turbulent coherent structures,23,27–30 which
has been observed in both near wall streaks and streamwise
vortices;

(iii) Existence of different flow regimes23,31–34 depending on rela-
tive strength of inertia and electromagnetic force, i.e., the Re/
Ha ratio.

Turbulence suppression was first observed in the pioneer experi-
ment of Hartmann and Lazarus,21 which studied the effect of a homo-
geneous magnetic field on mercury within a rectangular section duct.
Since then, numerous works were performed to shed light on the
mechanism behind turbulence suppression.27,28 Mostly, simple flow
cases were considered, as, channel,23,25,30,35,36 duct,29,37,38 and pipe22,24

flows. Furthermore, isotropic turbulence decay was also studied.26,31

In general, the above studies indicated preferential suppression of

velocity fluctuations whose direction was parallel to the direction of
the magnetic field. On the other hand, flow turbulent coherent struc-
tures stretching was shown by various studies. Krasnov et al.25 per-
formed DNS of channel flow within a uniform spanwise magnetic
field, showing increment of the turbulence structure size in both
streamwise and spanwise directions. Moreover, Rasam and
Pouransari39 investigated a channel flow within a uniform streamwise
magnetic field, finding a substantial elongation of flow structures in
the streamwise direction, and that the streaks spacing increased line-
arly with increasing Hartmann number. Finally, the existence of differ-
ent flow regimes and the presence of turbulence special states were
also observed. In particular, depending on the Re/Ha ratio, the flow
field can be found in a special turbulent state, referred to as quasi two-
dimensional (Q2D)40,41 turbulence. The laminar-turbulent transition
in MHD ducts and pipes was investigated by Zikanov et al.,42 finding
that in transversal magnetic field, the critical Re/Ha values for transi-
tion from laminar to turbulent flow in the Hartmann boundary are
bounded to 200 < Re=Ha < 400. Smolentsev et al.43 presented a Ha–
Re diagram to identify the flow regime for non-conducting straight
rectangular duct. These authors suggested that quasi 2D states turbu-
lence states are found in the range 65

ffiffiffiffiffiffi
Ha

p
< Re < 200Ha.

Despite this extensive number of studies of MHD turbulence,
only a few have addressed pipe-like geometries, and to the best of the
authors’ knowledge, no magnetic effect studies exist on annulus geom-
etries. Compared to channel and duct geometries, the presence of cir-
cular walls imposes an angular dependency of flow characteristics with
the magnetic field orientation. Moreover, the different curvature of
convex and concave walls, and the consequent asymmetry of the flow
statistics, leads to a not straightforward turbulence–magnetic field
interaction, not observable in pipe flows, which can reveal new insight
on the MHD turbulence. Annuli flow within magnetic conditioning,
also finds various engineering applications, such as solution in nuclear
fusion reactor blanket design,34 in thermal management cooling sys-
tem for computer chips,44 and in nano fluid metallurgy processes.45

In this paper, well-resolved LES is performed for a turbulent
annular flow with a transverse magnetic field. The objectives of this
study are to characterize the turbulence suppression, to reveal the
destruction mechanism of turbulence, and respective effects on heat
transfer characteristics in this type of geometry. The analysis reveals
different levels of the Reynolds stress tensor components suppression
by varying the Re/Ha ratio, and increased anisotropy, leading to coex-
istence of quasi 2D and 3D turbulence states depending on the cir-
cumferential location (respectively oriented at 0� and 90� from the
magnetic field), in contrast with other studies, where this feature is not
observed. Moreover, at low Re/Ha, the alternation of quasi-2D and 3D
turbulence states seems related to the partial redistribution of turbu-
lent kinetic energy from the axial and radial components to the azi-
muthal component.

The rest of this paper is organized as follows: in Sec. II, the test
cases and the numerical algorithm for solving the governing equations
are described. In Sec. III, the LES results with no magnetic field effect
are first compared with available DNS results. The turbulence suppres-
sion mechanism is then analyzed for different magnetic field intensi-
ties. Here, two-point correlations and energy spectra are used to
identify the turbulent coherent structures at the walls, while the aniso-
tropic invariant map is used to characterize anisotropic effects of the
magnetic field. Finally, concluding remarks are summarized in Sec. IV.
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II. GOVERNING EQUATIONS AND NUMERICAL
METHODS

An incompressible, electrically conductive, Newtonian fluid
under uniform heat fluxes and uniform and static magnetic field in a
concentric annulus is considered. Figure 1 shows a schematic diagram
of the annulus geometrical characteristics. Here, x, r, and h represent
the axial, radial, and azimuthal coordinates, respectively. The Reynolds
number based on the bulk velocity Ub and the hydraulic diameter
Dh ¼ 2ðRo � RiÞ is ReDh ¼ 8900 and the Prandtl number is Pr
¼ 0:026; Ro, Ri are, respectively, outer and inner radius of the annulus,
and Ri=Ro ¼ 0:5 is the radius ratio. The computational length in the
axial direction is Lx ¼ 25d, with d ¼ ðRo � RiÞ=2 being half of the
distance between the two walls. The fluid properties are assumed to be
constant and computed at fixed temperature based on experimental
data.46 Continuity, momentum, and energy equations of the incom-
pressible MHD flow at low magnetic Reynolds number (Rem) are, in
Einstein’s notation

@�ui

@xi
¼ 0; (2)

@�ui

@t
þ @

@xj
ð�ui�ujÞ ¼ � 1

q
@�p
@xi

� @ssgsij
@xj

þ �
@ �ui 2

@xj@xj
þ ‘Fi ; (3)

@ �H
@t

þ �uj
@ ��H
@xj

¼ �ux
@hTwi
@x

þ @

@xj
a
@ �H
@xj

 !
; (4)

where ð�Þ indicates the spatial filtering, and ui, p, q, and a represent,
respectively, velocity vector component, pressure, density, and thermal
diffusivity. The velocity vector components, uðux; ur ; uhÞ, are
expressed, respectively, in axial, radial, and azimuthal directions. The
term ‘F ¼ ð1=qÞ�J�B0 is the Lorentz force, where J is the electric cur-
rent density and B0 is the imposed magnetic field, oriented at h ¼ 0,
as shown in Fig. 1. Two uniform and equal in magnitude heat fluxes q
are applied at the walls. Periodic boundary conditions are applied in
the axial (streamwise) direction. Due to these boundary conditions,
the temperature T, treated as a passive scalar, grows in the streamwise
direction. In order to be able to assign periodic boundary conditions,
the modified temperature Hb ¼ T � hTbi is then introduced, whose
transport equation is shown in Eq. (4). The first term on the right-
hand side of this equation is defined as the constant mean axial wall
temperature gradient for constant heat flux condition. Because of the
uniform heat load, the time and section averaged temperature
increases linearly in the streamwise direction, i.e.,

@hTi
@x

¼ @hTbi
@x

¼ @hTwi
@x

� const; (5)

where hTbi and hTwi are the local mean peripheral bulk and wall tem-
perature, respectively, at a given streamwise location. The latter is
computed following Patankar et al.47 as

@hTwi
@x

¼ 2ðqwoRo þ qwiRiÞ
qcpUbðR2

o � R2
i Þ

; (6)

where Ub is the bulk velocity and cp is the specific heat coefficient at
constant pressure. The modified temperature so defined does not
grow in the streamwise direction for a fully developed flow. Different
applications of this methodology can be found in various works.8,9,48

Under the condition of low-Reynolds magnetic number (Rem), the
induced magnetic field Bi is small in comparison to the imposed
one;49 hence, B0 and u are not coupled. Thus, the magnetic field affects
the velocity field, and not vice versa. In this condition, the induction-
less formulation can be used, where the electric density current is com-
puted using the Ohm’s law [Eq. (7)] and charge conservation [Eq. (8)]
equations

�J i ¼ r � @�/
@xi

þ �ijk�ujB0k

 !
; (7)

@�J i
@xi

¼ 0; (8)

where / is the electric potential, r is the electric conductivity of the
fluid, and �ijk is the Levi–Civita tensor (alternating unit tensor).
Combining Eqs. (7) and (8), one obtains the Poisson equation for the
electric potential

@2�/
@x2i

¼ @

@xi
ð�ijk�ujB0kÞ: (9)

The walls are considered electrically insulated so that a zero-wall nor-
mal current density is imposed

Jnjwall ¼ � @/
@n

����
wall

¼ 0

with n indicating the normal direction to the wall. No-slip boundary
conditions are enforced at the annulus walls for the velocity field. The
subgrid-scale (SGS) stress tensor, ssgsij , appears in Eq. (3) due to the fil-
tering operation and is defined as

FIG. 1. Concentric annulus geometry.
The magnetic field is uniform and oriented
at h ¼ 0 direction. Uniform heat fluxes
are applied at the walls. The flow is
moved by body force in the positive x
direction.

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 35, 055106 (2023); doi: 10.1063/5.0143687 35, 055106-3

VC Author(s) 2023

D
ow

nloaded from
 http://pubs.aip.org/aip/pof/article-pdf/doi/10.1063/5.0143687/17272410/055106_1_5.0143687.pdf

https://scitation.org/journal/phf


ssgsij ¼ sij � 1
3
skkdij; sij ¼ �uiuj � �ui �uj ; (10)

where dij is the Kronecker delta. The SGS stresses are evaluated with
wall-adapting local eddy-viscosity (WALE) model50 as

ssgsij ¼ �2 �sgs �Sij; (11)

where �Sij is the resolved strain rate tensor and �sgs is the SGS viscosity,
expressed as

�sgs ¼ ðCwDÞ2
ðSd

ijSd
ijÞ3=2

ð�Sij�SijÞ5=2 þ ðSd
ijSd

ijÞ5=4
; (12)

Sd
ij ¼

1
2
ð�g 2ij þ �g 2jiÞ �

1
3
dij�g

2
kk; (13)

�g ij ¼
@�ui

@xj
: (14)

In the above, D is the cube root of the local cell volume, Cw ¼ 0:325 is
the model constant, �g ij is the resolved velocity gradient tensor, and Sd

ij
is the traceless symmetric part of the square of �g ij. As mentioned in
Sec. I, at very low Prandlt numbers, there is no need for an SGS heat
flux model because the grid is sufficiently fine to resolve all tempera-
ture scales. Note that summation convection over repeated indices is
used in the equations above.

The simulations are carried out with an in-house version of the
open source code OpenFOAM,51 which is modified to include the
inductionless approach. The pressure–velocity coupling is solved using
PIMPLE methodology that is a combination of pressure-implicit with
splitting of operators52 (PISO) and semi-implicit method for pressure
linked equations53 (SIMPLE) methodologies. The electric potential is
computed using Eq. (9), and the electric current is estimated using a
conservative interpolation following Ni et al.54 approach. The discre-
tized equations are integrated in time with backward second order
implicit scheme. The spatial discretization is made through pure cen-
tral differences. The overall accuracy in both time and space is then
second order. The mesh is uniform in the azimuthal and axial direc-
tions, while a non-uniform spacing is used in the radial direction, with
the control volumes clustered toward the walls. The stretching factor,
expressed as the ratio between the largest and the smallest cell width,
is 25. Table I summarizes the geometrical, physical, and mesh charac-
teristics, where Nx; Nr , and Nh are the number of cells in the axial,
radial, and azimuthal directions, while Drþ; Ri=o Dh

þ, and Dxþ are
the grid spacing in the radial, azimuthal, and longitudinal directions.
The temporal averages, denoted by h�i, are collected over a computa-
tional time of 1000 t�, where t� ¼ Dh=Ub is the characteristic time.
Wall coordinates, represented using the subscript ðþÞ, are normalized
using the kinematic viscosity � and the friction velocity us ¼

ffiffiffiffiffiffiffiffiffiffi
sw=q

p
,

where sw is the wall shear stress. The friction velocity is defined,
respectively, for convex (inner) and concave walls (outer). When using
global coordinates (normalized by the half-walls distance d), the mean
value of us is taken. The radial coordinate r from inner to outer wall is
defined as r ¼ r� � Ri, where r� is the generic radial coordinate with
origin at the center of the annulus.

III. RESULTS AND DISCUSSION
A. Validation of velocity and temperature field
without magnetic field

To ascertain the reliability and accuracy of the present numerical
simulations, the LES data are first validated against DNS data5,7–9 and
further LES data.16 Figure 2 compares the averaged velocity profile

TABLE I. Geometrical, physical, and mesh values. Mesh grid spacing values nor-
malized with mean value of friction velocity us.

Data Mesh

ReDh 8900 Nx Nr Nh (260, 80, 520)
Pr 0.026 Drþmin 0.2
Ha 0; 40; 60; 120 Drþmax 5.3
d ðRo � RiÞ=2 RiDh

þ 3.6
Lx 25d RoDh

þ 7.2
Ri=Ro 0.5 Dxþ 14

FIG. 2. (a) Radial profiles of normalized averaged axial velocity on global coordinates and (b) log-law at the inner wall normalized with inner wall friction velocity. The present
LES (—) is compared with DNS data from Chung et al.5 (�) and Bagheri et al.7 (().
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along the radial direction with the DNS data of Chung et al.5 at
ReDh ¼ 8900, where the velocity normalized against the bulk velocity
is indicated as hui�. The locations r=d ¼ 0 and r=d ¼ 2 correspond to
inner and outer walls, respectively. The distribution of the mean axial
velocity is asymmetric in the radial direction, which is a distinctive fea-
ture of a concentric annular pipe flow.1 The maximum velocity is
located closer to the convex wall, at r=d ’ 0:89, in agreement with
Chung et al.5 and Bagheri et al.7 Overall, a quite good match is
observed with the present LES results. Figure 2(b) compares the veloc-
ity profiles in the logarithmic region. The wall mean axial velocity
from the LES matches the results from Chung et al.5 and Bagheri
et al.,7 showing that the boundary layer is correctly captured in the
present LES. Further validation is shown in Fig. 3(a), which compares
the root mean square (r.m.s.) of velocity fluctuation components of
the Reynolds stress in global coordinates. The profiles are also in good

agreement with Chung et al.,5 although slightly larger values are
observed on the concave wall for the axial r.m.s. of velocity fluctua-
tion component u0þxrms

, where the maximum deviation is, however,
less than 3%. The Reynolds shear stress is also in very good agree-
ment with results from Chung et al.5 and Bagheri et al.,7 as shown
in Fig. 3(b), where the maximum deviation is on the outer wall,
and less than 4% as compared to the DNS data.

In forced convection regime, the temperature behaves as a pas-
sive scalar, and its distribution is directly related to the velocity field.
In Fig. 4(a), the wall modified temperature distribution is compared
with the results from Marocco,16 again showing very good agreement.
Figure 4(b) provides a clear justification for the use of the term thermal
DNS. The velocity field scales are linked to the Kolmogorov length
scale, g ¼ ð�3=eÞ1=4, with e being the dissipation rate of turbulent
kinetic energy, and the Obukhov–Corrsin length scale is the one for

FIG. 3. Reynolds stress tensor components. Root mean squared (a) and shear stress (b). Comparison with Chung et al.5 (DNS�) and Bagheri et al.7 (DNSþ).

FIG. 4. (a) Radial profiles of mean temperature in wall coordinates compared with the results of Marocco and Garita18 (5); and (b) LES mesh resolution compared with
Kolmogorov and Obukhov–Corrsin scales.
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the temperature field, gT ¼ gPr3=4. As one can notice, the LES filter
width D ¼ ffiffiffiffiffiffiffiffiVcell

3
p

(Vcell is the cell volume) is significantly smaller than
gT, indicating that thermal structures are predicted with DNS resolu-
tion. The current LES methodology is thus used for the analysis in
Secs. IIIC–IIID. Under this condition, there is no need for a subgrid
heat flux model. Moreover, in Fig. 5, the ratio of resolved kres vs total
ðkres þ ksgsÞ turbulent kinetic energy is presented, with ksgs indicating
the subgrid scale kinetic energy estimated as ksgs ¼ �2sgs=ðCkDÞ2, where
Ck ¼ 0:094 is a constant. As shown in the figure, the ratio is around
96% in the center of the annulus, and approaching 100% near the wall,
indicating a high resolution of the turbulent scales. These resolution
values correspond to a well-resolved LES.55 Further validation of the
LES methodology with magnetic field effect is presented in the
Appendix.

B. Analysis of first and second order statistics
with magnetic field effect

Once the LES approach is validated, it is used to investigate the
interaction between the magnetic field and the fluid flow, in order to
shed light on how the flow statistics are affected by their local orienta-
tion to the magnetic field. When a magnetic field is present, a relevant
effect on the decay of turbulence in the conducting fluid is observed.
When Rem < 1, the velocity and magnetic field are uncoupled,56 and
the latter acts suppressing preferentially the Fourier components of the
velocity field whose wave vector is parallel to B0.

20 The reason for tur-
bulence suppression is as follows. The magnetic field is responsible for
the removal of the turbulent kinetic energy, necessary to make electric
currents circulate. The electric currents lead to Joule dissipation, result-
ing in a rise of thermal energy that corresponds to a fall in kinetic
energy.56 The energy loss follows the timescale sJ ¼ ðrB2=qÞ�1, that
is, the characteristic timescale of the Joule effect. This timescale is very
short compared to the dissipation by viscosity that is usually related to
the turn-over time of turbulent structures.49 Another effect is that B0

acts anisotropically and opposes to the flow only in certain directions.

The variation of turbulence structures is then dependent on the rela-
tive direction between B0 and the flow velocity.

The effect of the magnetic field effect is studied at three
Hartmann numbers, Ha¼ 40, 60, 120. The relative strength of inertia
and Lorentz force is given by Re to Ha ratio, which is Re/Ha
¼ 222:5; 148; 74 for the three cases (Table II). According to the litera-
ture,42,43 at these ratios, turbulence suppression and partial laminariza-
tion are expected to be observed. When Re/Ha decreases, the Lorentz
force becomes more important, and the flow tends to laminarize. It is
thus convenient to define three circumferential locations, depending
on the relative direction of the magnetic field. Looking at Table III we
identify h ¼ 0, h ¼ p=4 and h ¼ p=2, where B0 is, respectively, per-
pendicular, at 6p=4 and parallel to the walls. Figure 6(a) shows the
electrical current distribution within an axial (x) section. The electric
current path closes at the walls, where its intensity is maximum. The
axial Lorentz force is effective at �p=4 < h < p=4, while it is almost
negligible at h6p=2, as shown is Fig. 6(b), suggesting a different flow
behavior depending on the relative orientation of magnetic field and
flow velocity. This behavior is further emphasized in Fig. 7, which pro-
vides a 3D visualization of the velocity profile for the Ha¼ 40 case.
The strong Lorentz force at h ¼ 0 smooths out the velocity profile as
observed in the figure. At h ¼ p=2, the Lorentz force has instead small
to no effect; thus, the velocity increases to conserve the volumetric
flux. This effect on the mean velocity profile is further reported in Fig.
8(a), showing radial profiles across the three different locations defined
in Table III. At h ¼ 0, the typical Hartmann velocity profile and
boundary layer are observed. Indeed, at this location, as can be noticed
from Fig. 6(b), the axial Lorentz force is flipped between the near-wall
region and the annulus center, resulting in an effective flattening of the
velocity profile. Increasing Ha, the velocity profile becomes flatter due
this effect, the boundary layer is at the same time thinner, and steep
gradients are observed, as shown in Fig. 8(b), where the normalized
boundary layer thickness dþb at the inner wall is plotted against the
mean velocity (normalized with the asymptotic velocity ue). Thus, the
magnetic field at h ¼ 0 breaks the typical annulus velocity asymmetry
observed in Fig. 2 and forces a Hartmann velocity profile. At h ¼ p=2,
the velocity profile is closer to the hydrodynamic profile; however, the

FIG. 5. Percentage ratio of the resolved (kres) to total (ksgs þ kres) turbulent kinetic
energy along the radial direction at inner and outer walls. The quantities are aver-
aged over time, in the streamwise and circumferential directions.

TABLE II. The overview of the flow conditions simulated in the present work at ReD
¼ 8900 and Pr¼ 0.026.

Ha 0 40 60 120

Re/Ha � � � 222.5 148 74

TABLE III. Circumferential positions. Symbol and line styles used.
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peak value is higher, and its location is shifted toward the center of the
annulus for Ha¼ 40 and Ha¼ 60. It is interesting to notice that the
mid-profile ðh ¼ p=4Þ shows a completely different behavior: the
maximum velocity is now located closer to the outer wall. This effect is
enhanced when increasing the Hartmann number, and it is due to the
larger axial Lorentz force on the outer wall at this location. This veloc-
ity profile is peculiar to this geometry, and it has not been observed in
other studies. Moreover, the observations indicate that at this location,
the Lorentz force still prevails on inertia and that the magnetic effect
on the outer wall is stronger than on the inner wall. Detailed views of
these effects are clearly visible in the two zoom-in zones of Fig. 8(a),
respectively, at inner [Fig. 8(c)] and outer [Fig. 8(d)] walls. More
details on the velocity profile modification are added by Figs. 9(a) and
9(b) that show the near wall velocity at the inner and outer walls. At
h ¼ p=2, the profiles follow the hydrodynamic shape until rþ � 10.

However, the major difference is observed at h ¼ p=2 for Ha¼ 120,
where the slope grows after rþ � 13 and no clear logarithmic shape is
present before rþ � 100. At h ¼ 0, and Ha¼ 120, the logarithmic
range becomes shorter, and the viscous sub-layer tends to differ from
uþ � rþ after rþ � 2. A further observation is the plateau in Fig. 9(a)
at h ¼ 0 for Ha¼ 60 (from rþ � 50) and Ha¼ 120 (from rþ � 30),
whose width increases with Ha, similarly to the results obtained by
Boek et al.32 for a channel flow. Moreover, there is no difference, at
this location, between outer and inner walls, confirming the velocity
symmetry observed in Fig. 8(a). These observations suggest the pres-
ence of quasi 2D turbulence. In fact, the plateau observed at h ¼ 0 is a
feature in line with the idea of quasi 2D turbulence, as suggested by
Knaepen and Moreau.41

So far, the alteration of the velocity profile, due to the magnetic
field, has been presented; however, as mentioned in Sec. I, one of the

FIG. 6. Electrical currents (J) path (a) and normalized axial Lorentz force ‘F (b), at Ha¼ 60. Slice at x ¼ 12:5d (axial direction). B0 direction is at h ¼ 0. Mean flow direction
in positive x, exiting the page.

FIG. 7. 3D visualization of axial velocity profile at Ha¼ 40. Instantaneous (a) and mean (b). Mean flow direction in the positive x direction.
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main outcomes of the magnetic conditioning is related to the turbu-
lence modification. An initial overview of this effect can be obtained
analyzing the Reynolds stress tensor components. In Fig. 10, the
Reynolds shear stress is presented. At h ¼ 0, the Reynolds shear stress
is negligible compared to the Ha¼ 0 case, indicating very large turbu-
lence suppression for the directions whose wall is perpendicular to the
magnetic field, in agreement with the literature. At h ¼ p=4 and
Ha¼ 120, the profile shows an inversion of trend, in agreement with
the inversion of trend observed for the mean velocity in Fig. 8(a). The
latter is peculiar of the concentric annulus, and it is not observed in
previous studies. At h ¼ p=2, the turbulent shear stress resembles the
hydrodynamic profile for theHa¼ 40 and theHa¼ 60 cases, although
smaller peaks are observed, which is a sign of less effective turbulence
suppression in this direction. The Reynolds shear stress component
analysis, thus, indicates strong turbulence suppression at �p=4 < h

< p=4 for Ha¼ 40 and Ha¼ 60. At Ha¼ 120, the suppression is
observable at all circumferential positions, denoting that the Lorentz
force largely prevails on inertia at this Re/Ha ratio. For the Ha¼ 120
case, the turbulence contribution to the total shear stress is, in fact,
negligible, implying that the total shear stress tends to be mostly vis-
cous at low Re/Ha ratio. Moreover, the level of Reynolds shear stress
suppression differs from what observed in a square duct, where larger
turbulence dumping is observed at higher Re/Ha. In Blishchik and
Kenjereš,57 at Re=Ha ¼ 265; hu0xu0ri at the sidewall of their squared
duct was observed to drop of about 35%, while in the annulus at
Re=Ha ¼ 222:5, only of 15%, i.e., the annulus flow is more turbulent
at this Re/Ha.

The previous analysis provided a glimpse of the turbulence
suppression. However, a more thorough study requires the investiga-
tion of the main components of the Reynolds stress tensor. In Fig. 11,

FIG. 8. Mean axial velocity profile (a), normalized displacement boundary layer thickness (b), and zoom-in view of the mean axial velocity at inner (c) and outer (d) walls. The
ðÞ� symbol defines normalization against the bulk velocity, while ue represents the asymptotic velocity.
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the r.m.s. of velocity fluctuation components are shown. The axial
component uxrms

0 at h ¼ p=2 in Figs. 11(a) and 11(b) for the Ha¼ 40
and the Ha¼ 60 cases is very similar to the Ha¼ 0 case, indicating
that the magnetic field has a limited effect at this location. However, at
Ha¼ 120, uxrms

0 has a different shape and its peak is located at rþ

� 80 on the outer wall [Fig. 11(b)], in contrast with the shape
observed for the inner wall. The axial fluctuation is instead signifi-
cantly reduced at h ¼ 0, and it approaches a plateau at rþ � 30 and
rþ � 10, respectively, for Ha¼ 60 and Ha¼ 120. Very different
shapes are observed between inner and outer wall for theHa¼ 40 case
at h ¼ 0 as shown in Figs. 11(a) and 11(b). The analysis of the radial r.
m.s. of velocity fluctuation component urrms

0, in Figs. 11(c) and 11(d),
indicates a consistent suppression of this component as the Hartmann
number increases. Eventually, at h ¼ 0, this component approaches

zero for Ha¼ 60 and Ha¼ 120, indicating a preferential suppression
of components parallel to the magnetic field lines, in agreement with
the results for the Reynolds shear stress in Fig. 3(b). Different suppres-
sion levels are observed between the inner and outer walls for the
Ha¼ 40 case, denoting stronger suppression on the outer wall. The
azimuthal component, uhrms

0 instead, in Figs. 11(e) and 11(f), shows a
completely different behavior. At Ha¼ 40, its amplitude decreases
both at inner and outer walls. Unlike the other components, for a fur-
ther increment of Ha, the azimuthal component amplitude increases.
This feature can be observed at both inner and outer walls, and at both
h ¼ 0 and h ¼ p=2. At Ha¼ 120, the azimuthal r.m.s. of velocity fluc-
tuation component is even larger than the case without magnetic field.
This implies a different flow behavior for this geometry, depending on
the Re/Ha ratio that is characterized by suppression of some velocity
fluctuations (radial and streamwise) and enhancement of others (azi-
muthal). Moreover, it is interesting to notice from Figs. 11(e) and 11
(f), that for both Ha¼ 60, Ha¼ 120, the azimuthal component ampli-
tude has the same magnitude as the respective axial component, which
is also a feature not observed in previous studies. The decay of the
velocity component parallel to the magnetic field is instead in line with
previous studies,29,38 as well as the suppression of the transversal com-
ponent, except for the azimuthal component. The reason for this has
to be linked to the different walls curvature and to the genesis of a new
flow regime defined by the Re/Ha ratio, in which turbulence can
appear in a non-conventional state.

As mentioned at the beginning of this section, the magnetic field
extracts turbulent kinetic energy to feed the electric currents. In
Figs. 12(a) (convex wall) and 12(b) (concave), this aspect is illustrated.
The profiles of turbulent kinetic energy k shown in the figures are con-
sistent with the r.m.s. of velocity fluctuations components in Fig. 11,
and large values of turbulent kinetic energy are observed at h ¼ p=2
for all Hartmann numbers, confirming that at this location the flow is
still turbulent. On the concave wall, in Fig. 12(b), the peak value for
the Ha¼ 120 case is in agreement with the values of u0hrms

and u0xrms

observed in Figs. 11(b) and 11(f). At h ¼ 0 and h ¼ p=4, the kinetic

FIG. 9. Near-wall mean velocity at inner (a) and outer (b) walls in wall coordinates. Comparison at Ha ¼ 0; 40; 60; 120.

FIG. 10. Reynolds shear stress in global coordinates. The profiles at h ¼ 0 ð�Þ
are mostly negligible.
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FIG. 11. r.m.s. of velocity fluctuation components at the inner [(a), (c), and (e)] and outer [(b), (d), and (f)] walls, normalized by the respective mean friction velocity, for different
Ha and two different azimuthal locations.
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energy is significantly reduced for all Hartmann numbers. Overall, the
turbulent kinetic energy is consistently reduced by an increase in
Hartmann number, as shown in Fig. 13(a), where the circumferential
average turbulent kinetic energy is shown. Moreover, one can notice
that the turbulent kinetic energy is larger on the convex wall for all
cases with Ha 6¼ 0, in contrast with the non-magnetic case. This effect
is related to the electric currents (i.e., the Joule effect) observed on the
outer wall, indicating that B0 extracts more kinetic energy from the
flow on the outer wall than on the inner wall. Similar observations can
be made by looking at Fig. 13(b), which shows the normalized turbu-
lent kinetic energy production, defined as

P ¼ �hu0ru0xiþ
@huxi
@r

� �þ
: (15)

The peaks in this case are located closer to the walls as compared to
the kinetic energy case. It is clear from the figure that at the inner wall,

more energy is produced, in respect to the outer wall, when a magnetic
field is present. The production consistently drops when increasing
the Hartmann number; indeed, it is very close to zero for Ha¼ 120,
suggesting that a further decrease in the Re/Ha ratio would eventually
lead to total turbulence suppression and complete flow laminarization.

The previous results show the effects of the magnetic field on the
flow field. These effects also affect the wall friction, which indeed varies
around the circumferential direction. Table IV reports the circumfer-
entially averaged skin friction coefficient, Cf ¼ sw=ð0:5qU2

b Þ, nor-
malized by its value at Ha¼ 0, and Fig. 14 shows its variation from h
¼ 0 to h ¼ p=2. Contrary to the Ha¼ 0 case, where Cf is larger on the
inner wall,5,16 the skin friction is larger on the outer wall and increases
with the Hartmann number. At Ha¼ 40, the skin friction coefficient
is smaller than theHa¼ 0 case (on the inner wall). This effect is appar-
ently due to the drag reduction, indicating that at this Re/Ha ratio, the
turbulence suppression effect is larger than the drag increase due to

FIG. 12. Local turbulent kinetic energy at inner (a) and outer (b) walls, for different Ha and azimuthal locations.

FIG. 13. Mean turbulent kinetic energy (a) and mean turbulent kinetic energy production (b) at inner and outer walls for different Hartmann numbers.
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Hartmann effect. At Ha¼ 60 and Ha¼ 120, and at h ¼ 0, the convex
and concave wall skin frictions are about the same for the sameHa, in
agreement with the fact that in this position the velocity profile is sym-
metric. The maximum skin friction is observed on the outer wall at
h ¼ p=4, as opposed to the results of Satake et al.24 that observed the
maximum at h ¼ 0 for a pipe flow. This outcome is related to the
velocity profile observed in Fig. 8(a) at h ¼ p=4, that shows a thin
boundary layer close to the outer wall. Overall, the skin friction tends
to increase, decreasing the Re/Ha ratio. This increment is not due to
turbulence (that in fact decreases), but to the modification of the veloc-
ity profile via the formation of thin boundary layers (Hartmann
boundary layers).

In general, the results above show that the main magnetic field
effects are related to the decay of turbulent kinetic energy and to the
preferential suppression of turbulence, in agreement with the available
literature. However, due to the different wall curvatures, the mean
quantities are reorganized depending on their circumferential location,
and their qualitative behavior are inherently different from the ones
that can be observed in a pipe flow. Moreover, at low Re/Ha ratios, the
azimuthal velocity fluctuation amplitude becomes comparable to the
streamwise velocity fluctuation. This suggests the presence of non-
conventional turbulence, owing to the formation of two-dimensional
turbulent states, which will be further discussed in Sec. IIID.

C. Temperature field

In this section, the aim is to analyze the magnetic field effect on
temperature distribution for the case of forced convection, in order to
understand how the modified flow statistics affect the annulus heat
transfer characteristics. The modified temperature distribution is pre-
sented in Fig. 15, in global coordinates, whereHb is normalized by the

reference temperature Tref ¼ qDh=ðaqcpÞ. Higher temperatures are
predicted at the outer wall due to its larger surface. The temperature
profiles have similar shape for each of the cases studied, and only shift
vertically on the vertical axis, depending on circumferential location
and Hartmann number, because of the different velocity profile
observed in Fig. 8(a). For all Ha, the profiles resemble those of a lami-
nar flow, indicating that turbulence suppression does not significantly
affect the mean temperature distribution. This is further observed in
Figs. 16(a) and 16(b), where the axial and radial turbulent heat flux are
plotted in global coordinates. The axial heat flux hu0xH0

biþ for Ha¼ 40
at h ¼ p=2 tends to maintain the shape observed for Ha¼ 0 and the
local minima and maxima are very close, indicating a negligible mag-
netic field effect at this location. At Ha¼ 60, larger values are encoun-
tered for both h ¼ 0 and h ¼ p=2, mainly due to larger temperature
fluctuations (not shown). The radial position where hu0rH0iþ equals
zero divides the inner and outer thermal boundary layers. At this posi-
tion, in agreement with the velocity profile, the mean temperatureHm

also reaches its minimum as shown in Fig. 15 for Ha¼ 0. At h ¼ 0,
the radial heat flux is negligible for the three Hartmann numbers, since
the velocity radial component is the most affected by magnetic field
suppression, as observed in Figs. 11(c) and 11(d). At h ¼ p=2 and for
Ha¼ 40, the radial turbulent heat flux is asymmetric like the Ha¼ 0
case, but its magnitude is slightly reduced, and the point of zero radial
turbulent heat is more toward the center of the annulus. Similar pro-
files are observed at Ha¼ 60 and Ha¼ 120. It is worth noting, by
looking at Fig. 17, that the radial turbulent heat transfer has small to
no effect on the total heat transfer. The total heat flux is given by the
sum of the radial turbulent heat and the molecular heat flux. The latter
is given by the following equation:

v ¼ 1
Pr

hdHbi
dr

� �þ
: (16)

Figure 17 compares, thus, the heat fluxes atHa¼ 0 and Ha¼ 120. The
molecular heat flux is very similar at every h. For both Ha cases, the
contribution of the turbulent heat transfer is small compared to
the molecular one, because of the large thermal conductivity of liquid

TABLE IV. Averaged skin friction value at different Hartmann numbers.

Ha¼ 40 Ha¼ 60 Ha¼ 120

ðCf =CfHa¼0Þi 0.95 1.1 1.75
ðCf =CfHa¼0Þo 1.01 1.25 2.18

FIG. 14. Friction coefficient on inner and outer walls from h ¼ 0 to h ¼ p=2.

FIG. 15. Temperature distribution in global coordinates. Normalized by the refer-
ence temperature Tref.
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metals, which makes heat transfer very conductive at relatively low
Reynolds numbers. For this reason, the turbulence suppression does
not affect much the heat transfer characteristics in forced convection.

Overall, the analysis above shows that the magnetic field affects
the temperature characteristics throughout the modification of the
velocity profile only, while turbulence suppression has no direct effect
since heat transfer is mostly conductive in liquid metals.

D. Coherent structures and anisotropy

The effect of the magnetic field has been analyzed in Secs. III B–
IIIC through first and second order flow statistics. The aim of this sec-
tion is to examine more in detail the modification of turbulence struc-
tures. This is achieved by visualizing the streaks in the near-wall
region, analyzing the correlation functions and the fluid flow
anisotropy.

It is well-known that there are two key structures in the near-wall
region: streamwise vortices and streaks. Streaks are zones of slowly
moving fluid stretched in the direction of the mean flow, and they are
observed in all developed near-wall turbulent flows. Numerical simula-
tions show that if streaks are suppressed, the turbulence intensity is
substantially reduced.58 Streamwise vortices produce streaks through
the deformation of the mean flow by their induced cross-flow advec-
tion. The streaks, which tend to be uniform in the streamwise direc-
tion, become unstable, bending along the streamwise direction and
inducing the production of streamwise vorticity. In this manner,
streaks and streamwise vortices consequently form each other in order
to maintain near-wall turbulence.59 Figure 18 shows the near-wall
streaks, visualized using axial velocity fluctuations u0x , normalized by
the friction velocity us. When no magnetic field is present, regular pat-
tern structures alternate in the axial and azimuthal directions as shown

FIG. 16. Axial (a) and radial (b) heat fluxes distribution in global coordinates. Normalized by the reference temperature Tref.

FIG. 17. Turbulent (a) and molecular (b) heat transfer in global coordinates, normalized by the friction velocity and temperature at Ha¼ 0 and Ha¼ 120.
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in Fig. 18(a), where the highly elongated zones of high-speed (u0x > 0)
and low speed flow (u0x < 0) alternated. When the magnetic field is
applied, no streaks are observed at h ¼ 0 and h ¼ p at any Hartmann
number. Moreover, the streaks are elongated in the streamwise direc-
tion and reduced in magnitude, as shown in Figs. 18(b)–18(d). Similar
observations can be made for the azimuthal component u0h in Fig. 19.
It is clear that the magnetic field tends to suppress near wall streaks at
h¼ 0 (Hartmann wall), while their elongation in the streamwise direc-
tion is observed at h ¼ p=2 (sidewall).

In order to investigate these turbulent structures quantitatively,
an analysis of correlations is also presented here. The correlation func-
tion contains information about vortical structures present in turbu-
lent flows and provides an overview of the scales of coherent
structures. Since the integral scales are related to the correlation func-
tions, this analysis also provides an indication of the largest eddies

dimension. The two-point correlation function is used for this pur-
pose, which on the x direction can be expressed as follows:

RuuðaÞ ¼ hu0ðx; tÞu0ðx þ a; tÞi
hu0ðx; tÞu0ðx; tÞi ; (17)

a being the axial separation distance. The correlations are computed at
h ¼ p=2, along the x direction, and at a distance from the inner wall
of rþ � 35. Figure 20 shows that RuuðaÞ approaches zero for x=d > 5
for each Ha case, suggesting that the domain chosen is appropriate.
The oscillation behavior in the Ha¼ 120 case indicates a physically
correlated behavior for this component. The computation has also
been performed at rþ � 6; rþ � 14 and rþ � 21 (not shown here)
showing similar results.

An alternative to analyze the characteristic coherent structure is
to work with wave numbers rather than eddy size. Using the Fourier

FIG. 18. Axial velocity fluctuation contour
at rþ � 10 from the inner wall, normal-
ized with the respective mean friction
velocity. Cases Ha¼ 0 (a), Ha¼ 40 (b),
Ha¼ 60 (c), and Ha¼ 120 (d).
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transform, one can obtain the energy spectrum, introduced via the
transform pair

EijðjÞ ¼ 1
p

ð1
�1

RijðsÞe�iksds (18)

with s being the spatial coordinate and k the wave number. EijðjÞ is a
measure of how energy is distributed across various eddy sizes, and it
is referred to as the 1D energy spectrum. j ¼ nj0 is the wave number,
where j0 is the lowest positive wave number, defined as j ¼ 2p=Lx ,
with the integer n 2 ½�N=2;N=2	 for N sample points. In Fig. 21(a),
the 1D energy spectrum of the axial component is shown. Most of the
energy is contained at the lowest wave numbers (large eddies), and the
energy content at certain scale seems to decrease for the axial and
radial directions as Ha increases [Figs. 21(a) and 21(b)]. The energy
content in the azimuthal direction is observed instead to increase with
the Ha at large scales and decrease only for high wave numbers. This
observation suggests a reorganization of turbulence structures, leading
to a re-energization of the velocity azimuthal component. In fact, one
of the effects of the magnetic field, as mentioned in Sec. III B, is the
anisotropic influence of the magnetic field on turbulence. Following
the idea of Lumley,60 the stress tensor can be divided in the traceless
deviatoric part aij and an isotropic part. The normalized anisotropy
tensor is defined as

bij ¼ aij
2k

¼ huiuji
2k

� 1
3
dij (19)

with k being the kinetic energy. The principal components of the
anisotropic tensor are then obtained as

I1 ¼ trðHÞ; (20)

I2 ¼ 1
2
ðtrðHÞ2 � trðH2ÞÞ; (21)

FIG. 19. Azimuthal velocity fluctuation
contour at rþ � 10. Cases Ha¼ 0,
Ha¼ 60, and Ha¼ 120.

FIG. 20. Velocity correlations in the axial direction at distance from inner wall of
rþ � 35 and at h ¼ p=2 (sidewall location).
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I3 ¼ detðHÞ; (22)

where tr and det refer, respectively, to the trace operator and the determi-
nant. Ik refers to the first, second, and third invariants of the normalized
anisotropy tensor H (with bij as components). I1 is always zero for
incompressible flows, and the I2 ¼ I3 ¼ 0 condition represents an iso-
tropic state. Intermediate states are summarized in Table V. For a pipe
flow, one can expect to observe two-component close to the wall and an
isotropic state along the centerline.62 In Figs. 22(a)–22(c), an anisotropic
map is plotted for a line going from the inner wall to the centerline. For
the Ha¼ 0 case, near the wall, turbulence appears in a two-component
state, heading toward the one component state, as one moves away from
the wall up to rþ � 7. After this position, the turbulence starts following
the I3 > 0 curve, indicating an axisymmetric expansion. In this position,
turbulence has a rod-like shape, due to a principal larger component and
the other two component of similar intensity. Moving toward the center-
line, the isotropic state is approached. A similar behavior is observed for

Ha¼ 40 at h ¼ p=2. At h ¼ 0, instead, starting from a two-component
behavior near the wall, the turbulence never follows the positive axisym-
metric line (I3) and stays very close to the two-component line, thus
maintaining a disk-like shape. Even on the centerline, no isotropic turbu-
lence is observed. For the Ha¼ 60 case, the previous effect is more evi-
dent at h ¼ 0, and independently of the radial position, turbulence
appears on the two-component limit, indicating the presence of only two
components of similar intensity. The h ¼ p=2 profile is also deviating
from the case with no magnetic field, as shown in Fig. 22(b). At
Ha¼ 120, Fig. 22(c), a further change in turbulence state is observed. At
h ¼ 0, the entire profile is in the two-component axisymmetric state.
The difference between the Ha¼ 60 and Ha¼ 120 cases is likely due to
the growth of the azimuthal component observed in Fig. 3(a). Indeed, by
looking again at Figs. 11(a) and 11(e), one can notice that the values of
u0xrms and u0hrms are comparable for the Ha¼ 60 case, while larger
differences are observed for the Ha¼ 120 case. At h ¼ p=2, the turbu-
lence state no longer resembles the Ha¼ 0 case, and the profile is

FIG. 21. 1D Energy spectrum. Axial (a), radial (b), and azimuthal (c) components. Cases Ha ¼ 0; 40; 60; 120. Data collected at h ¼ p=2, at rþ � 35.
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contained between the two-component and the positive axisymmetric
line. Next, it is interesting to look at how the near-wall turbulence is
modified along the circumferential direction. Figure 22(d) presents the
Lumley triangle for a line along the azimuthal direction from h ¼ 0 to
h ¼ p=2, at a distance from the wall of rþ � 5. When no magnetic field
is present, only the two-component axisymmetric state is observed. A
similar state is observed for the Ha¼ 40 case. At Ha¼ 60, at h ¼ 0, the
two-component axisymmetric state is observed and, moving along the
circumferential direction, the profile moves on the two-component line.
At Ha¼ 120, turbulence is on the two-component line at h ¼ 0, and
moving along the circumferential direction, it approaches first the two-
limit component at h ¼ p=4, then moves toward the positive axisym-
metric limit to finally re-approach the two-component state at h ¼ p=2.

The anisotropy map indicates how turbulence changes, in
response to the magnetic field. In particular, the analysis above shows
2D and 3D turbulent states coexist at different ranges of Re/Ha,

TABLE V. Description of turbulent anisotropy states over Lumley triangle.61 Each
state is linked to the respective shape and value of the invariants.

Shape Turbulent state Invariants

Isotropic I3 ¼ I2 ¼ 0

Two component axisymmetric
I3 ¼ � 1

108
; I2 ¼ � 1

12

Two component I3 ¼ �ðI2=3þ 1=27Þ
One component

I3 ¼ 2
27
, I2 ¼ � 1

3

Axisymmetric (I3 > 0) I3 ¼ 2ð�I2=3Þ3=2

Axisymmetric (I3 < 0) I3 ¼ �2ð�I2=3Þ3=2

FIG. 22. Anisotropic invariant map on a line going from inner wall to centerline at h ¼ 0 and h ¼ p=2 [(a)–(c)]. Anisotropic invariant map on circumferential line at
rþ ’ 5 (d).
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i.e., showing turbulence appearing in a non-conventional form.
This result implies that the magnetic field is able to arrest the
mechanism of near-wall streaks formation on the regions parallel
to its direction, in addition to a redistribution of turbulent energy
from axial and radial to the azimuthal direction component, which
in turn seems to be related to the appearance of quasi 2D turbulent
states. These states, however, do not permeate the entire domain
but are alternated with 3D states depending on the circumferential
position.

IV. CONCLUSIONS

A conductive fluid flowing in a uniformly heated annulus within a
transversal magnetic field has been simulated with the combined LES/
thermal DNS strategy. The magnetic field effects and the heat transfer
characteristics have been examined at Pr¼ 0.026 and Re¼ 8900. The
Re/Ha ratio was varied from Re=Ha ¼ 222:5 to Re=Ha ¼ 74, showing
a clear modification of the coherent turbulent structures. When the
magnetic field is applied, the typical asymmetry of the non-magnetic
annulus mean statistics is broken, and the flow characteristics become
highly dependent on the circumferential location, i.e., the local orienta-
tion between magnetic field and velocity. Indeed, contrarily to the non-
magnetic case, the inner wall provides more turbulent kinetic energy
compared to the outer wall, because turbulence suppression is larger on
the outer wall. The wall friction decreases as a result of suppressed tur-
bulence, but also increases as an indirect effect of a thinner boundary
layer (Hartmann effect). In decreasing the Re/Ha ratio, the turbulence
suppression contribution is outweighed by the Hartmann effect that
tends to be dominant.

The well-resolved temperature field of the LES shows that turbu-
lence suppression has no significant influence on heat transfer and
that the temperature field is only influenced due to the modification of
the velocity profile. Moreover, the main findings of this work show
that at relatively low Re/Ha ratio (in this study, 148 and 74), at least
two features can be observed within this geometry:

• The turbulent kinetic energy is partially redistributed by the mag-
netic field to the azimuthal component, as shown by the investi-
gation of the Reynolds stress tensor 1D power spectra;

• Presence of coexisting quasi-2D and 3D turbulence states in the
same flow, depending on the circumferential position.

Overall, this study highlights that less conventional geometries
can exhibit a complex interaction of turbulence and magnetic field.
This implies that common modeling strategies in low-order
approaches may not be adequate for the prediction of the MHD phys-
ics and need to be improved, before employing them in engineering
design cycles. Finally, this study is limited to electrically insulated walls
and forced convection. The wall electrical conductivity can further
modify the Lorentz force distribution, that as a consequence, will affect
the flow. Large temperature changes can instead set buoyancy motion,
coupling the temperature and velocity fields. Therefore, further studies
on this subject should also address the effects of wall conductivity
parameter and buoyancy.
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NOMENCLATURE

bij normalized turbulence anisotropic tensor
B magnetic field

Cf skin friction coefficient
DNS direct numerical simulation
�g ij resolved velocity gradient tensor
Ha Hartmann number
J electric current density
k turbulent kinetic energy
‘F Lorentz force

LES large eddy simulation
MHD magnetohydrodynamic

N interaction number
p pressure
Pr Prandlt number

Q2D quasi-two-dimensional
r.m.s. root mean squared

Re Reynolds number
Rem Reynolds magnetic number

Ri, R0 inner and outer radius
SGS subgrid scale
Sij strain rate tensor
Sd
ij traceless symmetric part of the square of velocity gradi-

ent tensor
t time

Tf friction temperature
Tref reference temperature

ux; ur ; uh fluid velocity
WALE wall-adaptive local eddy viscosity
ðx; r; hÞ cylindrical coordinates
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h�i averaged quantity
ð�Þ filtered quantity
ð�Þ0 fluctuations
ð�Þþ normalized quantity

a thermal diffusivity
d half walls distance

db boundary layer thickness
dij Kronecker delta
D cube root of the local cell volume
e turbulent dissipation rate

�ijk Levi–Civita tensor
g, gT Kolmogorov and Obukhov–Corrsin scales

H modified temperature
j wave number
l dynamic viscosity

lm magnetic permeability
q density
r electrical conductivity
sl temporal scale
ssgsij subgrid-scale stress tensor
/ electric potential
v molecular heat flux

APPENDIX: VALIDATION OF MHD SOLVER

The LES MHD approach has been validated against the DNS
data of Chaudhary et al.29 performed on a square duct. The case
here reported is at Re¼ 5606 and Ha¼ 21.2 (insulated walls). The
magnetic field is oriented in the positive y direction. The mesh is
uniform in the x (axial) direction, while non-uniform distribution
is used for y and z directions. At the walls, the mesh refinement is
Dyþwall � Dzþwall � 0:4. While in the core, Dyþcore � Dzþcore ¼ 5. The
axial resolution is Dxþ � 10. The mean axial velocity and the r.m.s.
of velocity fluctuation components are presented in Figs. 23(a) and
23(b). Both quantities are plotted on the horizontal and vertical
bisectors, and streamwise averaged. The mean axial velocity is nor-
malized with the bulk velocity, while the r.m.s. of velocity

fluctuation components with the local (on the respective bisector)
streamwise averaged friction velocity. The results show very good
agreement with DNS data, as can be observed from the figures. The
maximum deviation is of 4%, on the transverse r.m.s. of velocity
fluctuation component along the sidewall.
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