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H I G H L I G H T S  G R A P H I C A L  A B S T R A C T  

• Mixing of different binary spheres/cyl-
inders mixtures was numerically 
reproduced. 

• Effects of operation conditions and ma-
terials properties on mixing were 
investigated. 

• Various macro/micro properties during 
mixing were quantitatively 
characterized. 

• The underlying mechanisms were 
explored through energy analysis of 
different zones.  
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A B S T R A C T   

Mixing structures and characteristics are crucial to the mixing quality of spherical/cylindrical binary granular 
systems like the biomass-coal mixtures which can affect energy release and carbon emissions. In this work, the 
mixing of binary spheres/cylinders in a rotating drum was numerically reproduced by using discrete element 
method (DEM). Systematic parametric studies were conducted to identify the role of various parameters such as 
rotation speed (ω) of the drum, aspect ratio (AR), mass fraction (φc) and volume fraction (φv) of cylindrical 
particles, and the density difference (φρ) between the binary particles; meanwhile, corresponding mechanisms 
were also explored by analyzing the kinetic energy. Results show that when the flow regime is rolling/cascading, 
the mixing quality can be effectively improved; however, when the flow regime is cataracting, the mixing quality 
becomes worse. With AR close to 1.0, the interlocking effect between particles becomes weaker and the porosity 
becomes smaller, which leads to the higher contact efficiency and thus improves the mixing quality. Binary 
mixtures with different φc are synergistically affected by energy input and interlocking structure. The volume of 
spherical particles is more conducive to improving the mixing quality than that of cylindrical particles when the 
volume of the granular system is at the same level. The φρ can cause segregation behavior of particles so as to 
make the mixing quality worse.   
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1. Introduction 

Granular matter is widely used in industrial areas such as chemical 
engineering, pharmaceutical industry, food industry, and so on [1]. Due 
to the influence of material physical properties (e.g., particle density, 
size and shape) and operating conditions (e.g., rotation speed), granular 
matter in a rotating drum exhibits complex flow behavior and mixing 
characteristics. At present, the flow pattern (i.e., slipping, slumping, 
rolling, cascading, cataracting and centrifuging) of granular matter in a 
rotating drum has been successfully analyzed [2]. However, how to 
obtain those high-quality mixtures (e.g., spherical/cylindrical binary 
mixtures) with optimized structures and utilization efficiencies is still 
people's main concern and yet to be properly solved. 

In order to identify the mixing characteristics and flow behaviors of 
granular matter in a rotating drum, different experimental approaches 
have been developed and utilized in the past decades. For example, for 
complicated three-dimensional systems, the probe method and the 
freeze-cutting method can be used to investigate the overall mixing of 
particles in a rotating drum. Although these methods are effective in 
characterization, they are destructive to the structure [3]. Tomography, 
velocity measurement and spectroscopy can characterize and evaluate 
the flow and mixing behavior of particles in a rotating drum without 
destroying the granular system [4–10], while these methods are really 
difficult to visualize and quantify the motion behavior of internal par-
ticles in the mixing process. In addition, the mixing behaviors are also 
closely related to the micromechanical properties (e.g., inter-particle 
interaction forces) of the system, which are hard to be monitored or 
characterized in-situ in physical experiments. 

In comparison, numerical modelling has become an important 
alternative to experiments in conveniently and cost-effectively investi-
gating the multiscale properties of particulate systems. In particular, the 
discrete element method (DEM) has been demonstrated as a powerful 
tool in identifying the particle scale dynamics (e.g., flow, structures, and 
forces) of various granular systems during mixing in rotating drums. At 
present, based on DEM simulations, researchers have systematically 
explored the effects of particulate properties like particle size [11], 
density [12], Young's modulus [13], friction coefficient [14–16] on the 
mixing behaviors of spheres. In addition, the effects of drum geometry 
[17–21] and the operation parameters like rotation speed [22], filling 
fraction [23–25] and movement mode [26] of the drum on the mixing 
behaviors of spheres have also been well studied. Fortunately, different 
methods for characterizing particle shapes have been developed in 
recent years, which led many researchers to shift their interest in the 
mixing of particulate matter from spheres to non-spherical particles. As 
a kind of representative non-spherical particles, the mixtures of cylin-
drical particles have attracted researchers' attention due to their appli-
cations in chemical and energy industries (e.g., plastics and biomass) 

[7,27]. In this aspect, Kodam et al. [28] analyzed the contact position 
and detection between two cylinders, and reproduced the movement 
behavior of cylinder mixtures in the drum by using the multi-sphere 
model. Zhao et al. [29] studied the effect of shape index on the accu-
rate description of the sharpness of the cylinder edges by using super- 
ellipsoid model. Ma et al. [30] explored the positional relationship be-
tween cylindrical particles and the end plate of the drum during mixing 
process. Yang et al. [31,32] simulated the effects of aspect ratio (AR) on 
the flow characteristics and length ratio between different cylindrical 
particles on the flow behavior and dynamics in the drum in rolling 
regime. 

The maturity of methods for characterizing particle shape makes the 
mixing process of multi-shape particles become a reality. As a repre-
sentative mixture of multi-shape particles, sphere-cylinder granular 
matter has attracted much attention due to its important applications in 
industry (e.g., fuel blends of biomass and coal materials) [33,34]. 
Although a large amount of numerical work was carried out in the past 
decades, there are few studies on the mixing of sphere-cylinder granular 
mixtures in a rotating drum [35]. Therefore, the focus of our work was to 
further explore the optimal operation/material parameters in achieving 
a desired mixing of such a binary mixture, the evolution of macroscopic 
mixing behaviors and its underlying mechanisms related to the micro-
scopic particle scale structures and dynamics, which can guide for better 
industrial applications. 

In this work, DEM is used to numerically study the mixing process 
and flow behaviors of different binary sphere-cylinder particulate sys-
tems in a rotating drum. At a macroscopic scale, the effects of the critical 
parameters (i.e., rotation speed of the drum (ω), aspect ratio (AR), mass 
fraction (φc) and volume fraction (φv) of cylindrical particles, and den-
sity difference (φρ)) on the mixing characteristics are systematically 
investigated; on this basis, the correlation between mixing quality and 
operation parameters was established. At a microscopic scale, the par-
ticle scale properties (e.g., contact force and force structures, particle 
orientation, and kinetic energy) are characterized and analyzed, and 
then the underlying mechanisms were characterized through energy 
analysis of different zones (e.g., spheres; cylinders) in binary system. 

2. Numerical method and simulation conditions 

2.1. Particle shape model 

In previous simulations, different methods which include the super- 
ellipsoid model [30], the polyhedron model [36], and the multi-sphere 
model [37] were used by different researchers to describe the shapes of 
the involved non-spherical particles. By comprehensive consideration of 
the computational efficiency and accuracy, the super-ellipsoid model 
was utilized to construct cylindrical particles in the current work. The 

Fig. 1. Coordinate systems used in the simulations, where: (a) the coordinate system with the origin coinciding with the centroid of the cylinder; (b) the coordinate 
system with the movement of the cylinder; (c) schematic of the utilized horizontal rotating drum, in which the two end planes of the drum are not shown. 
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simulations were conducted by using the commercial DEMSlab V5.0 
software. Here, the standard super-ellipsoid model is defined as [30,38]: 

f (x, y, z) =
(⃒
⃒
⃒
x
a

⃒
⃒
⃒

s2
+

⃒
⃒
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y
b

⃒
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⃒

s2 )
s1
s2
+

⃒
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⃒
z
c

⃒
⃒
⃒

s1
− 1 = 0 (1)  

where a, b, c are three semi-major axes of a particle; s1 and s2 are the 
shape indexes to describe the edge sharpness of particles, where s1 = 20 
and s2 = 2 are set to ensure both the sufficient accuracy and the 
computation efficiency. The shape parameter is defined as AR = a/c. 
Cylinders are prolate when c ≥ a = b and oblate when c < a = b. In the 
simulations, ARs ranging from 0.25 to 4.0 are utilized to characterize 
shapes from oblate to prolate cylinders as shown in Fig. A1 in Appendix 
A, where dv = 12 mm refers to the diameter of a sphere with equivalent 
volume of a cylinder. 

It needs to note that Eq. (1) can be used only when the center and the 
three major axes of the cylindrical particle coincide with the coordinate 
origin and the three coordinate axes, respectively. When the cylindrical 
particle is at the optional position in the global coordinate system X-Y-Z, 
the local coordinate system x-y-z needs to be introduced, with the co-
ordinate origin and coordinate axes coinciding with the particle centroid 
and the axes of the particle, respectively, as shown by Fig. 1(a). How-
ever, the position relationship between the cylindrical particle and the 
coordinate system of the solved space generally does not meet the above 
conditions in practical application. As shown in Fig. 1(b), for describing 
each cylindrical particle, it is necessary to perform the coordinate 
transformation by a matrix, B, as indicated by: 

X = Bx+P (2)  

here, B can be expressed as: 

B =

⎡

⎣
cosλcosμ − sinλcosσsinμ − cosλsinμ − sinλcosσcosμ sinλsinσ
sinλcosμ + cosλcosσsinμ − sinλsinμ + cosλcosσcosμ − cosλsinσ

sinσsinμ sinσcosμ cosσ

⎤

⎦

(3)  

in which x = (x, y, z)T and X = (X, Y, Z)T are position vectors in the local 
and global coordinate systems, respectively; P = (x0, y0, z0)T is the po-
sition vector of the particle centroid in the global coordinate system; and 
(λ, σ, μ) are Euler angles [30]. In addition, the utilized horizontal 
rotating drum before mixing is schematically shown in Fig. 1(c). 

2.2. Governing equations 

In the DEM model, the translational motion and rotational motion of 
each particle can be governed by Newton's second law as: 

mp
dvp

dt
= Fp +mpg (4)  

Ip
dwp

dt
= Tp (5)  

where mp, vp, Ip, ωp and g are the mass, translational velocity, inertia 
moment, angular velocity, and gravity acceleration of particle p, 
respectively; Fp and Tp are the contact force and contact torque acting on 
particle p. The contact force of each particle can be calculated using a 
standard soft sphere linear spring-dashpot model [39]. Particle orien-
tation is a significant parameter in determining both the rotation and the 
contact status of non-spherical particles. It needs to specify that similar 
approach as that in Refs. [30, 40, 41] was used to characterize inter- 
particle contacts. 

2.3. Simulation conditions 

The simulation parameters are selected with reference to biomass 
and coal. It should be noted that the component of biomass has large 
effects on the density [42–46]. Similarly, coal has different densities due 

to its different mineral compositions [47–51]. Coincidentally, the den-
sities between long flame coal [47] and biomass [52] (e.g., sugarcane 
bagasse, maize stalk, etc.) are similar. Therefore, the influence of ω and 
AR on mixing was studied in the premise of ensuring the same density. 
Other parameters (φc, φv, and φρ) were explored on the basis of the 
aforementioned preferred mixtures. Here, the sliding and rolling friction 
coefficients between particles and between particles and the walls of the 
drum are selected by Refs. [37, 53]. In addition, the DEM time step was 
set to 1 × 10− 5 s to ensure the stability of the numerical simulation, 
which was equivalent to 15% of the Rayleigh time [37,52]. The total 
number of spherical and cylindrical particles is 22,000, where the details 
of model validation and simulation parameters are given in Appendix B 
and Table 1, respectively. 

3. Results and discussion 

3.1. The influences of rotation speed on mixing 

The instantaneous mixing quality is proposed to quantify the mixing 
process. In current work, the evolution of the Lacey mixing index is 
fitted by the error function [54]: 

M(t) = M0 +
(
Mf − M0

)
erf (Rt) (6)  

where M0 and Mf are respectively initial and final mixing indexes. R 
represents the mixing rate. For details, please refer to Appendix C. It is 
necessary to point out that the mixing quality is better when the mixing 
index is close to 1.0. Besides, the characterization of the Lacey mixing 
index is affected by the division of grid cells. So the rotating drum is 
divided into several cubes with equal size in this study, where the side 
length of each cube is set to 3 times the equivalent diameter of particles 
dv, which was verified by the grid independence in previous studies 
[37,55]. Fig. 2(a) gives the temporal evolution of mixing patterns of 
spheres (red)/cylinders (blue) mixture at different ω. As can be seen that 
during mixing the spiral band between spheres and cylinders gradually 
blurs due to their mutual diffusion in the radial direction. After sufficient 
time, spherical and cylindrical particles are randomly and uniformly 
distributed in the rotating drum to form the final steady state. It is also 
interesting to note that the spiral band disappears faster at 40 rpm and 
50 rpm, which means that increasing ω is conducive to improving the 

Table 1 
Process parameters used in the simulations.  

Parameters Values 

Drum diameter, D (mm) 700 
Drum length, L (mm) 240 
Cylinder length, l (mm) 2.0801–13.2077 
Cylinder diameter, d (mm) 3.3020–8.3204 
Sphere diameter, ds (mm) 12 
Aspect ratio, AR 0.25–4.0 
Particle density, ρ (kg/m3) 1200 
Young's modulus, Y (N/m2) 2.6e+10 
Poisson's ration, ν 0.29 
Restitution coefficient between particles, e 0.5 
Sliding friction coefficient between particles, μs 0.4 
Rolling friction coefficient between particles, μr 0.005 
Restitution coefficient between particle and wall, e1 0.5 
Sliding friction coefficient between particle and end wall, μs1 0.05 
Rolling friction coefficient between particle and end wall, μr1 0.005 
Sliding friction coefficient between particle and curved wall, 

μs2 
0.5 

Rolling friction coefficient between particle and curved wall, 
μr2 

0.005 

Number of particles, N 22,000 

Filling level δ 
39.7855%– 
42.3570% 

Rotation speed, ω (rpm) 20–50 
Simulation time, T (s) 30 
Mesh size, dc (mm) 3dv × 3dv × 3dv 

Time step, Δt (s) 1.00e-05  
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mixing quality. Fig. 2(b) shows the evolution of the Lacey mixing index 
at different ω for the mixture with AR = 1.0, where the solid lines 
represent the fitting results according to the Eq. 6. For details of other 
conditions, please refer to Appendix D. To describe the mixing quality 
more accurately, the influences of ω on the equilibrium mixing index 
and mixing rate of binary mixtures were discussed. To reduce the error 
to the minimum, the equilibrium mixing index is averaged in each case 
at 3 different time steps after the granular system in the drum reaches a 
steady state. The mixing quality and mixing rate of each mixture are 
better at 45 rpm as shown in Fig. 2(c) and (d). As shown in Fig. 2(e), this 
is mainly due to the fact that the flow regime of the granular bed behaves 
in rolling/cascading flow regime at 20–45 rpm. With the increase of ω 

from 45 rpm to 50 rpm, the flow regime turns into cataracting and the 
time to achieve a well-mixed state becomes longer, which is consistent 
with the phenomenon found by Gui et al. [24,56]. 

In addition to the uniformity, the packing density, defined as the 
volume ratio of particles versus the whole granular bed, has a significant 
effect on the heat and mass transfer within a packed bed. To reduce the 
error, we choose three different time steps to average the local packing 
density when the granular system reaches a stable state. The inset figure 
in Fig. 3 shows that with the increase of ω, the local packing densities of 
passive layer (rubbing against the wall of the rotating drum) and static 
layer (middle) are reduced, and the packing density of the granular 
system tends to be uniform [14]. Furthermore, the effects of ω on the 

t t t t

Fig. 2. (a) Temporal evolution of mixing patterns of spheres (red)/cylinders (blue, AR = 1.0) mixture at different ω; (b) Lacey mixing index as a function of time at 
different ω for the mixtures with AR = 1.0; evolution of the equilibrium mixing index (c) and mixing rate (d) for each binary mixture under different ω; (e) the 
velocity profiles of the mixtures with AR = 1.0 in the drum under different ω. (For interpretation of the references to colour in this figure legend, the reader is referred 
to the web version of this article.) 
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average packing density are quantitatively analyzed. Fig. 3 indicates 
that the average packing density of the binary system gradually de-
creases with the increase of ω, which provides a basis for the packing 
density of the static and passive layers of the granular system to become 
uniform at a higher ω. Additionally, it needs to specify that the bed starts 
to expand as ω increases. In conclusion, for each binary mixture, 
increasing ω can decrease the average packing density and loosen the 
packing structure due to the expansion of the granular bed. It is of great 
significance to study the heat transfer or drying behavior of the drum. 

As the main way to transfer energy, the interaction between particles 
and the inner walls of the drum can directly affect the mixing quality. It 
is known that any system obeys the law of energy conservation, and the 
binary system is no exception. Particles in the free layer (rolling or 
falling on the surface of the granular bed) are driven by gravity and 
friction to roll or slide. The static layer is driven by the inter-particle 
friction. In the passive layer, the particle movement is mainly driven 
by the friction of p-p (particle-particle) and p-w (particle-wall). It is 
widely known that the energy of the granular system is mainly formed 
by particles in the passive layer, that is to say, the fundamental reason 

for the energy of the granular system is the work done by friction. 
However, the magnitude and direction of the inter-particle friction are 
changing all the time, which brings great difficulties to research. In fact, 
the work by the friction of the granular system can be given according to 
the law of energy conservation, which can effectively simplify the 
problem. For the binary system, the energy conservation can be 
expressed as: 

Wk +Wg +Q = Wf (7)  

where Wk, Wg and Wf are the kinetic energy, gravity potential energy 
and friction work of the granular system (energy input), and Q is the 
energy dissipated by friction or collision. Fig. 4(a) shows that the kinetic 
energy of the granular system increases with ω. And the difference of the 
translational/rotational kinetic energy between particles first increases 
and then decreases, which means the velocity difference is maximum at 
45 rpm. In order to describe the height of the granular system more 
simply, the position of the gravity center of the granular bed is given in 
Fig. 4(b). It indicates that with the increase of ω, the gravity center of the 
granular bed gradually increases, implying that the granular system has 
greater gravitational potential energy. In addition, it has been proven 
that the frequency of inter-particle collisions increases with ω [14,37]. 
In other words, with the increase of ω from 20 rpm to 45 rpm (rolling/ 
cascading regime), the friction of the granular system is dominant and 
the position of particles in the drum is effectively increased, which leads 
to the increase of the velocity difference between particles and thus 
promotes the mixing process. When ω is increasing from 45 rpm to 50 
rpm, the translation of flow regime from rolling/cascading to cataract-
ing results in the decrease of the velocity difference, which increases the 
particle trajectory and decreases the probability of convective diffusion 
between spherical particles and cylindrical particles. It also proves that 
the cataracting regime is inferior to the flow regime of rolling/cascading 
in the mixing process [57]. 

3.2. The influences of AR on mixing 

Particle shape is the essential factor affecting the mixing characteris-
tics. Fig. 5(a) shows that for each ω, the peak of the equilibrium mixing 
index-AR curve always appeared at AR = 1.0. Interestingly, the similar 
trend appears on the mixing rate-AR curve, as shown in Fig. 5(b). It means 
that a cylindrical particle without prominent length in both the axial and 
radial direction is conducive to improving the mixing quality of binary 
mixtures. In view of the above trend, we analyzed the influence of AR on 

Fig. 3. Evolution of average packing density of each binary mixture as a 
function of ω, where the inset figures show binary mixtures with AR = 1.0 
under different ω. 

Fig. 4. (a) Evolutions of the rotational and translational kinetic energy within different zones as a function of rotation speeds when AR = 1.0; (b) the gravity center of 
the granular bed with different ω when AR = 1.0. 
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the average packing density. Fig. 5(c) shows that the average packing 
density is larger as AR is close to 1.0. Combined with the inset in Fig. 5(c), 
it can be found that with AR close to 1.0, the average packing density is 
smaller in the free layer, while that in the passive layer is opposite. It can 
be inferred that pores in the passive layer of binary mixtures with AR close 
to 1.0 are effectively filled, which can promote energy input of the gran-
ular system and the energy transfer of p-p and p-w. 

The forces acted on particles are the key factor in determining the 
flow behavior, structure and properties of binary mixtures. In the mixing 
process, the particle movement in a rotating drum is driven by cen-
tripetal force, which is very complicated and can be indicated by the 
interaction of various forces like gravity, radial centrifugal force, friction 
and normal force of p-p and p-w. It can be observed from Fig. 6(a) that 
larger normal contact forces are mainly distributed in the middle and 
tail parts of the granular bed [37]. The larger normal contact force at the 
tail part of the granular bed is caused by the falling impact of particles 
and the normal force between particles, while the larger normal contact 
force in the middle part of the granular bed is assigned to the normal 
force between particles and the particle-wall friction. For more quanti-
tative analysis, probability distributions of normal contact forces under 

different ω and ARs are investigated. For more concise and much clearer 
analysis, the forces are normalized by its average value and gravity, 
respectively. The results in Fig. 6(b) indicate that ω has no obvious effect 
on the normal contact force, while the probability of smaller normal 
contact forces increases as AR deviates from 1.0. Meanwhile, the inset 
figure of Fig. 6(c) also shows that ω has no significant effect on the force 
distribution. In order to clearly observe the effect of AR on the normal 
contact force, the Gaussian distribution is fitted to the values under 
different conditions, in which the fitting confidence of each function is ≥
97.29%. The fitted data have been given in Fig. 6(c), where both θ and δ 
firstly decrease and then increase. And both θ and δ become the smallest 
when AR = 1.0, which indicates that the normal contact force in the 
mixture with AR = 1.0 is the largest and best concentrated. Therefore, it 
can be estimated that there are more frequent contacts and the high 
efficiency of force transfer in the mixture with AR = 1.0. 

As one of the inherent characteristics of cylinders, the particle orien-
tation is an important parameter that has a significant influence on the 
mixing behavior and structure of the granular system. For more quanti-
tative analysis, Euler angles (λ, σ, μ) under different ARs are investigated 
when the granular system reaches a stable state. The ranges of λ, σ, and μ 

Fig. 5. Evolution of the equilibrium mixing index (a) and mixing rate (b) for each binary mixture under different ARs; evolution of average packing density of each 
binary mixture as a function of AR, where the inset figures show binary mixtures with different ARs at 45 rpm. 
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are [− π, π], [0, π], [− π, π], respectively. Here, the ranges of λ and μ are 
equivalently adjusted to [0, π]. In order to clearly observe the change of 
the particle orientation, we normalize the λ, σ and μ with π to obtain the 
ternary distribution diagram of particle orientation when the ω is 45 rpm. 
Fig. 7(a-d) indicates that as AR < 1.0, the orientation distribution in the 
dotted line area shows an increasing trend along the M direction (λ and σ 
decrease; μ increases), which means that the radial direction of oblate 
cylinders tends to parallel to the rotation direction. In contrast, Fig. 7(d-g) 
demonstrates that the orientation distribution in the dotted line area 
shows an increasing trend along the N direction (λ and μ increase; σ de-
creases) when AR > 1.0, which implies that the major axis of the prolate 
cylinders inclines to be parallel to the rotation direction. The trend when 
AR > 1.0 is consistent with the one reported by Ma et al. [30]. In 
conclusion, on one hand, oblate/prolate cylindrical particles are in a 
structure conducive to the mixing process because of the effect of con-
vection between particles; on the other hand, due to the friction between 
particles and between particles and drum walls, the structure is in a 
relatively stable state. 

As is well known that the mixing process between particles is caused by 
convection and diffusion [58]. Convection is induced by the velocity dif-
ference between particles in the granular bed. Particles will diffuse from 
one side to the other when convection occurs. In order to better under-
stand the effect of AR on diffusion, the average velocities of different zones 
(e.g., spheres; cylinders) were analyzed when the granular system reaches 
a stable state. To reduce the error, we choose five different time steps to 
average the velocity. Fig. 8 shows that the average velocity of spheres is 
slightly higher than that of cylinders at 20 rpm (rolling). It is because 
binary mixtures have the larger average packing density and smaller pores 

at low rotational speed, which makes the interlocking structure between 
particles more stable and restricts the motion of cylinders with obvious 
radial and axial length. However, with the increase of ω from 25 rpm to 45 
rpm (cascading), the average velocity of cylinders with AR = 0.25, AR =
0.33, AR = 3.0, AR = 4.0 is lower than that of spheres. It is because the 
expansion of the granular bed results in the decrease of the average 
packing density and the increase of pores (the interlocking is destroyed to 
a certain extent), which promotes the motion of spheres and cylinders. 
Compared to spheres, the motion of cylinders is weaker due to the obvious 
radial and axial length. In contrast, cylinders (AR = 0.5, AR = 1.0, AR =
2.0) without apparent radial and axial length are easier to move than 
spheres as ω increases from 25 rpm to 45 rpm. When ω continues 
increasing to 50 rpm (cataracting), the granular bed expands violently and 
the constraints between particles are extremely reduced. Cylindrical par-
ticles dominate the mixing process at this stage. There is no doubt that it 
leads to the lower final mixing quality due to the overactive behavior of 
the granular bed which weakens the diffusion behavior between particles. 
To sum up, spheres play a major role in diffusion at low rotational speed 
(rolling). Cylinders with AR = 0.5, AR = 1.0 and AR = 2.0 play a major 
role in diffusion at relatively high rotational speed (cascading); spheres 
play a major role in diffusion at relatively high rotational speed when AR is 
0.25, 0.33, 3.0, 4.0. Cylinders play a major role in diffusion at high rota-
tional speed (cataracting). 

3.3. The influences of mass fraction on mixing 

Mass fraction is also a critical influencing factor for the mixing 
process of the binary system. To explore the mass faction effects, the 

Fig. 6. (a) Spatial distributions of normal contact forces in the binary mixture with AR = 1.0 at 45 rpm; (b) probability distributions of normal contact force in binary 
mixtures under different conditions; (c) fitting of mean value (θ) and standard deviation (δ) of each mixture with Gaussian distribution, where the inset figure shows 
probability distributions of logarithmic normal contact force in binary mixtures with AR = 1.0 under different rotation speeds. 
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aforementioned preferred mixtures (AR = 1.0 and ω = 45 rpm) are 
investigated. Here, the mass fraction (φc) in this work is controlled by 
changing the mass ratio of cylindrical particles versus total particles. 
According to the Eq. 6, Fig. 9 shows that the Lacey mixing index of the 
mixtures with different φc finally reaches a stable value as the drum 
rotates. In order to quantitatively confirm the effect of φc on the mixing 
process, the inset figure in Fig. 9 shows that the equilibrium mixing 
index with φc = 0.4 and φc = 0.5 is larger. In addition, the mixture of 
unitary spheres has a higher mixing rate than that of unitary cylinders. 
The mixing rate of the mixtures with φc > 0.5 is smaller, and the mixing 
rate of most mixtures with different φc is lower than that of the mixture 
of unitary cylinders. However, the mixing rate of the mixtures with φc <

0.5 is the opposite, and the mixing rate is better than that of the mixture 
of unitary spheres. To sum up, the maximum equilibrium mixing index 
and mixing rate can be achieved when φc = 0.4. 

For the behavior that the mixing rate increases initially, followed by 
a decrease, but then again increases with the increase of φc, 

corresponding mechanisms are necessary to be revealed. For the binary 
system, the total translational and rotational kinetic energy can be 
expressed as: 

ET(t) =
1
2
∑Ni

i
miυ2

i (t) (8)  

ER(t) =
1
2
∑Ni

i
Jiω2

i (t) (9) 

For a spherical particle and a cylindrical particle, the average 
translational and rotational kinetic energy can be expressed as: 

ET(t) =
1
2
∑Ni

i
miυ2

i (t)
/

Ni (10)  

M

N

Fig. 7. Influences of AR on the orientation (φλ, φσ, φμ) of cylindrical particles at 45 rpm.  
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ER(t) =
1
2
∑Ni

i
Jiω2

i (t)
/

Ni (11)  

where Ji is the moment of inertia expressed as Ji = mir2
i . Fig. 10(a) 

shows that the translational kinetic energy increases with φc followed by 
cubic polynomial function, and the translational kinetic energy of a 
cylindrical particle is significantly larger than that of a spherical particle 
as shown in the inset figure. On the contrary, the rotational kinetic en-
ergy decreases with the increase of φc in a cubic polynomial function as 
shown in Fig. 10(b), and the rotational kinetic energy of a spherical 
particle is significantly higher than that of a cylindrical particle in the 
inset figure. The relationship between φc and the translational/rota-
tional kinetic energy can be divided into three stages. In the first stage, 
when φc < 0.4, the translational kinetic energy of the mixtures increases 
obviously and the rotational kinetic energy decreases sharply, which 
indicates that with the increase of φc, the particulate system obtains 
more energy and has obvious interlocking effect. In this stage, the 
behavior of more energy input to improve the mixing process is signif-
icantly better than that of the interlocking effect to inhibit the mixing 

process between particles. In the second stage, when φc increases from 
0.4 to 0.7, the translational kinetic energy of the mixtures increases 
slightly and the rotational kinetic energy decreases slowly, which in-
creases energy input and reinforces the interlocking effect of the gran-
ular system. Meanwhile, the behavior of more energy input to improve 
the mixing process is weaker than that of the interlocking effect to 
inhibit the mixing process between particles. The third stage corre-
sponds to φc > 0.7. In this stage, the translational kinetic energy in-
creases obviously and the rotational kinetic energy decreases sharply, 
which leads to the enhancement of energy input and the interlocking 
effect of the binary system, respectively. It is worth noting that the 
behavior of more energy input to improve the mixing process is greater 
than that of the interlocking effect to inhibit the mixing process. In a 
word, the mixing process of binary spherical and cylindrical particles 
with different φc is mainly affected by energy input and the interlocking 
effect. 

3.4. The influences of volume fraction on mixing 

Besides, we also explore the influence of volume fraction on the 
mixing process. Here, the volume fraction can be expressed as: 

φv = Vc/Vs (12)  

where Vc, Vs are the volume of a cylindrical particle and a spherical 
particle, respectively. When Vc is constant (AR = 1.0, dv = 12 mm) and 
Vs increases, φv is >1.0; when Vs is constant (ds = 12 mm) and Vc in-
creases, φv is <1.0. It can be seen from Fig. 11 that when t = 16 s, the 
particle system is in a relatively stable state. The inset figure in Fig. 11 
shows that the equilibrium mixing index increases and then decreases 
gradually with φv <1.0, which represents an increase and then a 
decrease gradually in the mixing quality. The equilibrium mixing index 
decreases sharply with φv >1.0, which means a sharp decrease in the 
mixing quality. In addition, the mixing rate decreases with φv away from 
1.0, and the mixing rate decreases more obviously when φv < 1.0. In 
conclusion, the equilibrium mixing index is maximum when φv = 0.71, 
and the mixing rate is maximum when φv = 1.0. 

Therefore, when the binary mixture is in a steady state (t = 16 s), the 
influence of φv on the mixing quality is explained by analyzing the abso-
lute value of the difference (ΔT, ΔR) and the sum (ΣT, ΣR) of the kinetic 
energy between spherical particles and cylindrical particles. As shown in 
Fig. 12(a), ΣT increases when φv < 1.0. This is due to the fact that the 
increase of the volume of spherical particles promotes the binary system to 
obtain more energy. Interestingly, the case of φv > 1.0 shows the same 
evolution trend. The difference is that the increase in the volume of cy-
lindrical particles causes the granular system to gain more energy. In 
addition, ΔT increases with φv far away from 1.0. Among them, the case of 
φv > 1.0 shows a stronger increasing trend. Therefore, it can be inferred 
that cylindrical particles are more significant in obtaining energy than 
spherical particles when the volume of spherical or cylindrical particles 
increases by the same scale. Fig. 12(b) shows that ΣR increases as φv is far 
away from 1.0. This is the reason that the increase in the volume of 
spherical/cylindrical particles causes the granular system to gain more 
rotational kinetic energy. Additionally, ΔR gradually decreases with the 
increase of φv. This is because the decrease of the volume of spherical 
particles dominating the rotational kinetic energy and the increase of the 
volume of cylindrical particles decreases the difference of the rotational 
kinetic energy. In summary, with φv <0.71, the increase of the volume 
difference between particles makes the granular bed appear slight segre-
gation behavior, which decreases the mixing quality [59]. When 0.71 <
φv < 1.0, the decrease of the kinetic energy of granular system makes the 
convection and diffusion between particles incomplete, but the mixing 
time is shorter due to the decrease of the volume difference between 
particles. When φv > 1.0, cylindrical particles dominate the mixing pro-
cess, and the complex interlocking structure between particles greatly 
limits the mixing quality. 

Fig. 8. Evolution of average particle velocity as a function of AR at each ω.  

Fig. 9. Evolution of the Lacey mixing index for the aforementioned preferred 
mixtures (AR = 1.0 and 45 rpm) with time under different φc, where the inset 
figure shows the effect of φc on the equilibrium mixing index and the mix-
ing rate. 
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3.5. The influences of density on mixing 

As an important material property, the density cannot be omitted 
during mixing. Therefore, we explored the influence of the density dif-
ference (φρ = ρs/ρc) on the mixing quality, as shown in Table 2. Here, ρs 
and ρc represent the density of spheres and cylinders, respectively. 
Fig. 13(a) shows that the equilibrium mixing index decreases with the 
increase of φρ, which indicates that the mixing quality becomes worse. 
This is because with the increase of φρ, the light particles (cylinders) are 
closer to the inner walls of the drum and the heavy particles (spheres) 
are in the center of the granular system, as shown in Fig. 13(b). This 
limits the diffusion between particles and degrades the mixing quality. 
This phenomenon is consistent with Hayter et al.'s results [59]. 

In addition, the influence of φρ on mixing quality is analyzed from 
the perspective of energy. Fig. 14(a) shows that with the increase of φρ, 
the number of cylindrical particles (blue) in the local rectangular region 
increases significantly, which represents an effective increase in the 
contact area between particles and the walls. This is because compared 
with the point contact between spherical particles and the walls, the 
contact modes between cylindrical particles and the walls include the 

point contact, the line contact and the face contact. For this reason, 
cylindrical particles have a greater advantage in energy input, but also 
lead to more energy dissipation [56]. Fig. 14(b) shows that both ΔT and 
ΣT first increase and then decrease. Curiously, ΔT is maximum when φρ 
= 3.60, and ΣT is maximum when φρ = 6.67. As φρ gradually increases to 
3.60, the light cylindrical particles tend to contact with the inner walls of 
the drum, which leads to a gradual increase in the contact area between 
them. At this stage, the gradual increase of the contact area makes the 
proportion of energy dissipation in energy input gradually decrease, so 
the proportion of kinetic energy of the granular system is larger. When 
φρ > 3.60, the situation is opposite. Fig. 14(c) shows that both ΔR and 
ΣR increase with the φρ. On one hand, the interlocking behavior of 
spherical particles in the center of the granular bed is greatly weakened; 
on the other hand, cylindrical particles are more inclined to the outside 
of the granular bed, and there are more freely moving cylindrical par-
ticles in the free layer. In short, the increase of φρ can effectively alle-
viate the interlocking behavior between particles, but it can also greatly 
reduce the possibility of convection and diffusion between particles. 

4. Conclusions 

In this paper, the mixing of binary sphere/cylinder particles in a 
rotating drum has been numerically studied by DEM. The evolution of 
the macro- and microscopic properties of binary mixtures and the effects 
of key influential parameters are investigated. The mechanisms for 
achieving a better mixing quality have also been explored. The following 
main conclusions can be drawn.  

(1) With the increase of ω, particles can reach a higher position and 
promote the transformation of the flow regime. When the flow 
regime is rolling/cascading, the mixing quality can be effectively 
improved; however, when the flow regime is cataracting, the 
mixing quality becomes worse.  

(2) The normal contact forces are mainly distributed in the middle 
and tail parts of each granular bed, where the contact of the 
mixture with AR = 1.0 is more frequent. The major axis of prolate 
cylinders inclines to be parallel to the rotation direction. The 
radial direction of oblate cylinders tends to be parallel to the 
rotation direction. On one hand, the interlock between particles is 
the weakest when AR = 1.0, which enhances the degree of 
freedom of particles; on the other hand, the porosity is the 
smallest when AR = 1.0, which increases the contact time and 
contact force between particles.  

(3) The mixture with φc = 0.4 is the optimal solution of granular 
system affected by energy input and the interlocking effect. 

Fig. 10. Total translational (a) and rotational (b) kinetic energy evolution of binary mixtures with different φc, where the inset figures show the evolution of average 
translational and rotational kinetic energy of a spherical particle and a cylindrical particle in binary mixtures with different φc. 

Fig. 11. Evolution of the Lacey mixing index for the aforementioned preferred 
mixtures (AR = 1.0 and 45 rpm) with time under different φv, where the inset 
figure shows the effect of φv on the equilibrium mixing index and the mix-
ing index. 
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(4) The larger particles dominate the mixing process, and the volume 
of spherical particles is more conducive to improving the mixing 
quality than that of cylindrical particles when the volume of the 
granular system is at the same level.  

(5) With the increase of φρ, the segregation behavior of the spheres 
and the cylinders occurs. The light particles are closer to the inner 
walls of the drum and the heavy particles are in the center of the 
granular bed, which means that the mixing quality becomes 
worse. 
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Fig. 12. Evolution of the absolute value of the difference and the sum of translational (a) and rotational (b) kinetic energy between spherical particles and cylindrical 
particles in binary mixtures with different φv. 

Table 2 
Binary mixtures with different φρ.  

Group 1 2 3 4 5 

ρc, kg/m3 100 300 500 700 900 
ρs, kg/m3 2200 2000 1800 1600 1400 
φρ, kg/m3 22.00 6.67 3.60 2.28 1.56  

t t t t

Fig. 13. (a) Evolution of the Lacey mixing index for the aforementioned preferred mixtures (AR = 1.0 and 45 rpm) with time under different φρ, where the inset 
figure shows the effect of φρ on the equilibrium mixing index; (b) temporal evolution of mixing patterns of spheres (red)/cylinders (blue, AR = 1.0) mixture at 
different φρ. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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Appendix A. Morphologies of cylindrical particles

Fig. A1. Cylindrical particles with different ARs used in the simulations.  

Appendix B. Model validation 

Firstly, the effectiveness of the numerical model was validated by comparing the dynamic slope angles with Maione et al.'s physical experiments of 
the spheres, cylinders, and the sphere-cylinder mixture (φρ = 7.02) in the rotating drum under 40 rpm, 20 rpm and 30 rpm, respectively [35], as shown 
in Fig. A2. In addition, the numerical model is also verified by comparing the concentration of the steel particles obtained from the current work and 
physical experiments conducted by Maione et al. [35]. One can find that the numerical and experimental results are very comparable, implying the 

Fig. 14. (a) The process of mixing of the binary mixture at t = 30 s at different φρ, where the inset is the zoomed local rectangular region as designated; evolution of 
the absolute value of the difference and the sum of translational (b) and rotational (c) kinetic energy between spherical particles and cylindrical particles in binary 
mixtures with different φρ. 
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robustness of the established numerical model.

Fig. A2. (a) Comparison of angle of repose between current numerical and Maione et al.'s experimental results for spheres, cylinders, and sphere-cylinder mixture 
[35]; (b-c) comparison of steel concentration between current work and Maione et al.'s experimental work [35] under different conditions, where the steel con-
centration is the number of steel particles per axial part divided by the total number of steel particles and the entire system is divided axially into 11 parts. 

Appendix C. Mixing index 

Here, the Lacey mixing index is defined by: 

M =
S2

0 − S2

S2
0 − S2

r
(A1)  

where S2, S0
2 and Sr

2 are the variance of the current state, the variance in a completely separated state and a completely well-mixed state, respectively, 
which are given by: 

S2 =
1
k
∑NS

j=1
kj
(
aj − a

)2 (A2)  

S0
2 = P(1 − P) (A3)  

Sr
2 =

P(1 − P)
n

(A4)  
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where P and (1-P) are the proportions of spherical and cylindrical particles in the binary system; n is the average number of particles in a cell; Ns is the 
total number of cells in a rotating drum; aj is the volume ratio of particles of reference type in cell j; ̄a is the volume ratio of the referenced particles in a 
rotating drum; kj is the weight of cell j and expressed as kj =

Nj
Nt 

(Nj is the number of particles in cell j, and Nt is the total number of particles); k is the 

sum of the weights of all cells, described as k =
∑NS

j=1kj. 

Appendix D. The evolution of the Lacey mixing index at different conditions

Fig. A3. Lacey mixing index as a function of time at different rotation speeds for the mixtures with AR = 1.0.  
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