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Distributed Adaptive Fixed-Time Fault-Tolerant
Control for Multiple 6-DOF UAVs With

Full-State Constraints Guarantee
Boyang Zhang , Xiuxia Sun, Maolong Lv , Shuguang Liu, and Le Li

Abstract—In contrast with most existing results concerning un-
manned aerial vehicles (UAVs) wherein material points or only
attitude/longitudinal dynamics are considered, this article pro-
poses a distributed fixed-time fault-tolerant control methodology
for networked fixed-wing UAVs whose dynamics are six-degree-of-
freedom with twelf-state-variables subject to actuator faults and
full-state constraints. More precisely, state transformations with
the scaling function are devised to keep the involved velocity and
attitude within their corresponding constraints. The fixed-time
property is obtained in the sense of guaranteeing that the settling
time is lower bounded by a positive constant, which is indepen-
dent of initial states. The actuator faults as well as the network
induced errors are handled via the bound estimation approach
and well-defined smooth functions. By strict Lyapunov arguments,
all closed-loop signals are proved to be semiglobally uniformly
ultimately bounded, and the tracking errors of velocity and attitude
converge to the residual sets around origin within a fixed time.

Index Terms—Fault-tolerant control (FTC), fixed-time
convergence, full-state constraints, six-degree-of-freedom (DOF)
fixed-wing unmanned aerial vehicles (UAVs).

NOMENCLATURE
φi Roll angle.
φr Reference command of φi.
ψi Yaw angle.
ψr Reference command of ψi.
ρ Air density.
θi Pitch angle.
θr Reference command of θi.
mi Vehicle mass.
pi Angular velocity in X of body fixed frame.
qi Angular velocity in Y of body fixed frame.
ri Angular velocity in Z of body fixed frame.
ui Linear velocity in X of body fixed frame.
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Vi Total speed in body fixed frame.
vi Linear velocity in Y of body fixed frame.
Vr Reference command of Vi.
wi Linear velocity in Z of body fixed frame.
αi Attack angle.
c̄i Mean aerodynamic chord.
q̄i Dynamic pressure.
βi Sideslip angle.
δi Flight control surface.
S(•) Skew-symmetric matrix.
δai Aileron angular deflection.
δei Elevator angular deflection.
δri Rudder angular deflection.
λmax(•) Maximum eigenvalue of a matrix.
λmin(•) Minimum eigenvalue of a matrix.
�m Real m-vector.
�m×n Real m× n matric.
SO(3) Third-order special orthogonal group.
bi Wingspan.
Si Wing surface area.
ωi Noninertial expression of angular velocity.
ϕi Attitude described by Euler angles.
ϕr Reference command of ϕi.
dωi External disturbances in angular velocity.
dvi External disturbances in velocity.
F i Aerodynamics force.
g Gravity acceleration.
J i Inertia tensor.
N i Aerodynamics moment.
pi Inertial position.
T i Thrust vector along x body axis.
vi Noninertial expression of the linear velocity.

I. INTRODUCTION

COORDINATED flight of multiple fixed-wing unmanned
aerial vehicles (UAVs) has been extensively studied over

the past decades, due to its important role in achieving flexibility
and cost effectiveness of mission cooperation [1], [2]. In general,
coordinated control problem has been investigated in several
aspects, including formulating and maintaining a particular for-
mation shape for UAVs in a group [3], and synchronous tracking
of velocity and attitude for UAV formation [4]. Fixed-wing
UAVs are peculiar in terms of six-degree-of-freedom (DOF)
dynamics, and these peculiarities should be borne in mind when
formulating a control law.

1937-9234 © 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.
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A. Related Research

As technologies advance, the distributed control strategy has
been attached tremendous attentions and is desirable for UAV
groups due to the fact that the global information is no longer
required in control design, while providing the scalability and
tackling the vulnerability of centralized UAVs tasked to control
a group [5], [6]. Driven by the emerging distributed cooperative
control research on multiple UAVs, some results have appeared
in [7]–[12]. To list a few, Yu et al. [7] presented a distributed
cooperative control design for networked UAVs against actuator
faults and model uncertainties. In [8], for longitudinal synchro-
nization tracking of multiple UAVs, a distributed cooperative
fault-tolerant controller was proposed in the presence of input
saturation. Based on the swarm intelligence, Wang et al. [9] pro-
posed a distributed model predictive approach for coordination
control of multiple UAVs. In [10], with path-following vector
fields, the UAV group achieves a circular motion around the
target. Notably, most existing papers on the problem analyze
UAV dynamics models as material points [9]–[12], and focus
on the attitude or longitudinal dynamics [7], [8], which is an
excessive and unnecessary simplification in practice. Therefore,
the motivation of investigation on six-DOF UAV dynamics
naturally arises.

In ideal conditions, the aforementioned control methods can
achieve good control results with asymptotic convergence. How-
ever, in real flight conditions, there is strict requirement for
convergence time, which mainly influences the system perfor-
mances. The advanced algorithm to improve the efficiency of
tracking convergence is finite-time control design. This tech-
nique has been successfully applied to UAV flights in [13]–[15].
But the main disadvantages of finite-time controls are as follows:

1) the convergence time strongly relies on the initial states;
2) considering the settling time increases with the initial

states, the finite-time controls will be infeasible with large
initial states.

In [16], the fixed-time control is first developed to achieve
the finite-time convergence independent of initial condition.
This feature successfully promotes the fixed-time stability for
spacecrafts [17], surface vessels [18], surface vehicles [19],
and robot manipulators [20]. However, the crucial question of
designing the fixed-time control scheme for multiple UAVs still
remains open.

In practical cases, state constraints are commonly found in
the UAV system in the form of physical stoppage performance.
The constraint consideration has been significantly important
for UAVs because it ensures the avoidance of collision hazards
and stability simultaneously. Some significant achievements on
constrained control problem have been obtained in recent years,
including model predictive control [21], use of set invariance
[22], and barrier Lyapunov function [23]. Beyond these, the
nonbarrier Lyapunov function was proposed to handle con-
straints in [24] and [25], where the constraints are guaranteed
not transgressed by ensuring the boundedness of the proposed
state-dependent function. Additionally, for UAVs during flight,
negative factors including actuator faults, external disturbances,
together with model uncertainties will degrade the control per-
formance or even make the system unstable if being ignored.
Therefore, there is an urgent need to take into account all negative
factors when designing flight controllers to ensure the stability
and tracking accuracy for the UAV system. Some literatures
pay attention to fault-tolerant control (FTC) and disturbance

TABLE I
CONTROL MODELS AND CONTROL METHODS FOR EXISTING WORKS

rejection control for UAVs and gain some achievements in
[26]–[29].

B. Main Contribution

Lots of works dealing with the control of the fixed-wing
UAV in terms of the linearized model or separate attitude and
longitudinal dynamics [7]–[12]. On the one hand, this linearized
model cannot accurately reflect the motion of an UAV and the
antidisturbance and fault-tolerant ability is limited; on the other
hand, there can appear problems related to the transient tracking
errors, which can further lead to the failure of flight. Besides, due
to the presence of partially unknown nonlinearities in aircraft
dynamics and the nonlinear behavior of actuators depending
on different flight conditions, the adaptive controllers with an-
tidisturbance and fault-tolerant ability are better choices than
conventional controllers. Although extensive studies have been
conducted for multiple UAVs and achieved accurate tracking
performance in ideal flight, there are some difficulties that need
to be addressed, which are as follows:

1) many studies in the research area of fixed-wing UAVs
merely deal with the asymptotic convergence regardless
of the requirement of the convergence time;

2) the time-varying state constrained problem of the multi-
UAV system is rarely considered so far.

Motivated by the aforementioned existing works whose con-
trol models and control methods have been summarized in the
Table I, the main contributions of this article are stated as
follows:

1) Differently from asymptotic control for six-DOF dynam-
ics [27], [28], [31], [32] and finite-time control for the
three-DOF model [14], longitudinal dynamics [15], and
attitude dynamics [13], [29], our scheme extends the de-
sign to the adaptive fixed-time FTC scheme for six-DOF
UAVs.

2) Unlike most nonadaptive controls of UAV flight [3],
[9]–[11], [21], [31], [32], an adaptive backstepping control
is proposed with the help of bound estimation approach
and well-defined smooth functions to effectively com-
pensate for the actuator faults, external disturbances, and
model uncertainties in the same time with the guarantee
of global stability.

3) The scaling functions are designed to address the full-
state constraints with respect to the system transforma-
tion obtained for translational and rotational dynamics,
respectively. The fixed-time properties are obtained in
such transformed unconstrained subsystems.

The rest of this article is organized as follows. In Section II, the
problem statements and preliminaries are presented. Section III
gives the cooperative distributed fixed-time control design and

Authorized licensed use limited to: TU Delft Library. Downloaded on September 09,2022 at 12:45:39 UTC from IEEE Xplore.  Restrictions apply. 



4794 IEEE SYSTEMS JOURNAL, VOL. 16, NO. 3, SEPTEMBER 2022

stability analysis. Section IV shows the validation results, and
finally, Section V concludes this article.

II. PROBLEM FORMULATION AND PRELIMINARIES

A. Multi-UAV System Model

Considering a multi-UAV system consisting of N 6-DOF
fixed-wing UAVs, an undirected graph G = (V, E ,A) is
concerned. The set of all UAVs is denoted by V = {v1, . . . , vN}
with the edges E = {(i, j), i, j ∈ V, and i �= j}. Let
A = aij ∈ �N×N denote the weighted adjacency matrix of
G. The Laplacian matrix is defined by L = D −A, where
D = diag{d1, . . . , dN} with di =

∑N
j=1 aij . Given the

leader–following structure, let H = diag{h1, . . . , hN} denote
the leader adjacency matrix of the graph G. If the jth follower
receives the information from the leader UAV, then hj > 0, and
otherwise hj = 0. The neighbors of each UAV are denoted by
Ni = {vj : (vj , vi) ∈ E}.

Assumption 1: The topology of the considered multi-UAV
system is an undirected graph with at least one node having
access to the leading node.

B. Fixed-Wing UAV Dynamics Model

Using Newton–Euler convention, the full six-DOF dynamics
of each UAV, is given by [31], [32]

ṗi = R1 (ϕi)vi (1)

v̇i = − S (ωi)vi +
T i

mi
+RT

1 (ϕi) g +
F i

mi
+ dvi (2)

ϕ̇i = R−1
2 (ϕi)ωi (3)

J iω̇i = − ωi × J iωi +N i +C (δi) δi + J idωi (4)

where pi = [xi, yi, zi]
T denotes the inertial position,

vi = [ui, vi, wi]
T is the linear velocity in body fixed frame,

ϕi = [φi, θi, ψi]
T represents the attitude described by Euler

angles, and ωi = [pi, qi, ri]
T is the noninertial expression of the

angular velocity. Moreover, T i = [Txi, 0, 0]
T denotes the thrust

vector along x body axis, δi = [δai, δei, δri]
T is the control

input, where δei, δai, and δri represent the deflection of elevator,
ailerons, and rudder, respectively, g = [0, 0, gz]

T is the gravity
acceleration in inertia frame, dvi ∈ �3 and dωi ∈ �3 are the
unknown bounded external disturbances, and J i is the inertia
tensor with the symmetric x−z plane of which expression is

J i =

[
Jxi 0 −Jxzi
0 Jyi 0

−Jxzi 0 Jzi

]
. (5)

Besides,R1(ϕi) ∈ SO(3) is the rotation matrix transforming
the body frame coordinates to inertial axis coordinates and the
matrix R2(ϕi) ∈ �3×3 maps the time derivative of the Euler
angles to the noninertial expression of the angular velocity. Both
matrices are given as follows:

R1(ϕi)=

[
cψi

cθi−sψi
sφi

+cψi
sθisφi

sψi
sφi

+cψi
sθicφi

sψi
cθi cψi

cφi
+sψi

sθisφi
−cψi

sφi
+sψi

sθicφi−sθi cθisφi
cθicφi

]

R2 (ϕi) =

[
1 0 −sψi

0 cψi
sψi

cθi
0 −sθi cψi

cθi

]
(6)

where sa and ca stand for sin(a) and cos(a) functions, re-
spectively. The aerodynamics forceF i = [FXi, FY i, FZi]

T and
moment N i = [FLi, FMi, FNi]

T are calculated by means of
aerodynamic coefficients

F i = q̄iSiR
−1
3 (αi, βi)[−CDi, CY i,−CLi]T (7)

N i = q̄iSi[biC
′
li, c̄iC

′
Mi, biC

′
ni]

T (8)

where αi = arctan(wi/ui) and βi = arcsin(ui/vi) denote
the attack angle and sideslip angle, respectively. The dy-
namic pressure q̄i =

1
2ρV

2
i is a function of total velocity

Vi =
√
u2i + v2i + w2

i . Air density ρ, wingspan bi, wing surface
areaSi, and mean aerodynamic chord c̄i are constant parameters.
The transformation matrix R3(αi, βi) is

R3 (αi, βi) =

[
cαi

cβi
sβi

sαi
cβi−cαi

sβi
cβi

−sαi
sβi−sαi

0 cαi

]
. (9)

And CDi, CY i, CLi, C ′
li, C

′
Mi, and C ′

ni are the dimension-
less coefficients in force/moment expressions, of which corre-
sponding detailed descriptions are shown in [32]. The control
effectiveness matrix is defined as

C (δi)=

[
q̄iSibiclδai

0 q̄iSibiclδri
0 q̄iSic̄icmδei 0

q̄iSibicnδai
0 q̄iSibicnδri

]
. (10)

C. Control-Oriented Model

According to [31] and [32], the whole system can be de-
composed into two interconnected subsystems, i.e., translational
kinematics (2) and rotational one (3), (4).

1) Translational Kinematics: From (2), the thrust is ex-
tracted and using the property vT

i S(ωi)vi = 0, it holds that

V̇i =
vT
i v̇i
Vi

=
uiTxi
miVi

+
vT
i

Vi

(
RT

1 (ϕi) g +
F i

mi
+ dvi

)
(11)

which satisfies Vi,min(t) < Vi(t) < Vi,max(t) ∀t ≥ 0.
During operation, the thrust possibly suffers from actuator

faults, modeled by [33]

Txi = ρTi
Txi0 + Txif (12)

where Txi0 is the designed control input, ρTi
is the unknown

actuator efficiency factor satisfying 0 ≤ ρTi
≤ 1, and Txif is

the bounded unknown stuck fault or bias fault. Note that (12)
implies the following four cases.

1) ρTi
= 1 and Txif = 0. This means the fault-free case.

2) 0 < ρTi
< 1 and Txif = 0. This indicates the partial loss

of effectiveness.
3) ρTi

= 1 and Txif �= 0. This indicates the bias fault.
4) ρTi

= 0 and Txif �= 0. This means that Txi is stuck at the
bounded time-varying function Txif .

Moreover, note that the accurate information of F i cannot
be known a prior due to the coefficient uncertainties. In this
sense, F i is decomposed into a known component F i0 and
an uncertain one ΔF i [9]. Thus, with the actuator faults and
modeling uncertainties, the velocity kinematics is reformulated
as

V̇i =
uiρTi

Txi0
miVi

+
uiTxif
miVi

+
vT
i

Vi

(
RT

1 (ϕi) g+
F i0

mi
+
ΔF i

mi
+dvi

)
. (13)
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2) Rotational Kinematics: From (3) and (4), the dynamical
attitude motion is rewritten as

ϕ̇i = R−1
2 (ϕi)ωi (14)

ω̇i = J−1
i S (J iωi) + J−1

i N i + J−1
i C (δi) δi + dωi (15)

which satisfies −ϕi,min(t)<ϕi(t)<ϕi,max(t) and −ωi,min(t)
< ωi(t) < ωi,max(t) ∀t ≥ 0.

During flight, the flight control surfaces inevitably suffers
from actuator faults, which are considered as [13]

δmi = ρδmi
δmi0 + δmif (16)

where δmi0 is themth applied control input withm = {a, e, r},
ρδmi

is the unknown actuator efficiency factor satisfying
0 ≤ ρδmi

≤ 1, and δmif is the bounded unknown stuck fault
or bias fault. Consider that (16) satisfies the similar cases as
(12) in the following.

1) ρδmi
= 1 and δmif = 0. This refers to the fault-free case.

2) 0 < ρδmi
< 1 and δmif = 0. This means the partial loss

of effectiveness.
3) ρδmi

= 1 and δmif �= 0. This indicates the bias fault.
4) ρδmi

= 0 and δmif �= 0. This means that δmi is stuck at
bounded time-varying function δmif .

For the simplicity of presentation, the actuator fault model is
formulated by

δi = ρδiδi0 + δif (17)

where δi0 = [δai0, δei0, δri0]
T, ρδi = diag{ρδai

, ρδei , ρδri},
and δif = [δaif , δeif , δrif ]

T.
And meanwhile, considering the coefficient uncertain-

ties, J−1
i S(J iωi) is decomposed into a known component

J−1
i0 S(J i0ωi) and an uncertain one ΔJ−1

i S(J iωi). Similarly,
J−1
i N i is composed by a known part J−1

i0 N i0 and an uncertain
one ΔJ−1

i N i. Also, J−1
i C(δi) consists of a known component

J−1
i0 C0(δi) and an uncertain one ΔJ−1

i C(δi). Accordingly, in
the presence of actuator faults and modeling uncertainties, the
dynamic model of the angular velocity can be formulated by

ω̇i = J−1
i0 S (J i0ωi)+J−1

i0 N i0+J−1
i0 C0 (δi)ρδiδi0

+Δωi+dωi (18)

where Δωi=ΔJ−1
i S(J iωi) + ΔJ−1

i N i +ΔJ−1
i C(δi)δi +

J−1
i0 C0(δi)δif is the lumped uncertainties induced by actuator

faults and modeling uncertainties.
Assumption 2: For all t > 0, it is supposed that

‖ΔJ−1
i C(δi)ρδi(J

−1
i0 C0(δi))

−1‖∞ < 1 and ∂Δωi/∂δi0 +

J−1
i0 C0(δi)ρδi �= 0.
Assumption 3: There exists a constant gi,min such that

λmin(J
−1
i0 C0(δi)ρδi(J

−1
i0 C0(δi))

T
) ≥ gi,min > 0.

Remark 1: Assumption 2 imposes the controllability con-
dition to the model (18), which guarantees the existence of
the controller δi0. While the Assumption 2 is essential so
that the control signal δi0 dominates the uncertain vector
(J−1

i0 Ci0(δi)ρδi +ΔJ−1
i C(δi))δi0. Similar assumptions can

be found in [7], [13], and [34]. Moreover, from Assumption 3,
gi,min is just used for analysis and not required a priori.

Remark 2: Considering that Δωi involves the control signal
δi0, if neural networks are used to approximate Δωi, the al-
gebraic loops inevitably exist. To break the algebraic loops, the
low-pass filter technique is employed to filter δi0 [33]. We obtain
Δωi = Δ′

ωi + lωi, where lωi ∈ �3 is the filtering error.

D. Neural Network Approximation

As the universal approximation property, the radial ba-
sis function neural networks (RBFNNs) are employed
in this article to compensate the modeling uncertain-
ties [35], [36]. Denote Θvi = [vT

i ,ϕ
T
i ,ω

T
i , δ

T
i0]

T ∈ �12 and
Θωi = [vT

i ,ϕ
T
i ,ω

T
i , δ

T
i0]

T ∈ �12. For unknown continuous
terms Δvi(Θvi) = [Δvi1,Δvi2,Δvi3]

T and Δ′
ωi(Θωi) =

[Δ′
ωi1,Δ

′
ωi2,Δ

′
ωi3]

T, there exist RBFNNs such that

Δvil (Θvi) = W ∗T
vilςvil (Θvi) + τvil (Θvi)

Δ′
ωil (Θωi) = W ∗T

ωilςωil (Θωi) + τωil (Θωi) (19)

where l = 1, 2, 3, τvil(Θvi) ∈ � and τωil(Θωi) ∈ �
are the bounded approximation errors. W ∗

vil ∈ �M×1

and W ∗
ωil ∈ �M×1 are ideal weight matrixes with M

nodes. ςvil(Θvi) = [ς1vil(Θvi), . . . , ς
M
vil(Θvi)]

T ∈ �M and
ςωil(Θωi) = [ς1ωil(Θωi), . . . , ς

M
ωil(Θωi)]

T ∈ �M are known
vectors consisted Gaussian basis functions ςnvil(Θvi) and
ςnωil(Θωi), n = 1, . . . ,M , commonly selected as the following
exponential form:

ςnvij (Θvi) = exp

[
− (Θvi −Υvi)

T (Θvi −Υvi)

κ2vi

]

ςnωij (Θωi) = exp

[
− (Θωi −Υωi)

T (Θωi −Υωi)

κ2ωi

]
(20)

whereΥvi ∈ �12 andΥωi ∈ �12 are the centers of the receptive
filed, and κvi and κωi are the width of the Gaussian basis
functions.

E. Control Objective

Given the velocity reference Vr and attitude reference ϕr, the
goal is to design the cooperative distributed fixed-time tracking
controller such that

1) All the closed-loop signals remain bounded and the
velocity and attitude tracking errors for each UAV are
semiglobally uniformly ultimately bounded (SGUUB)
within fixed time in spite of actuator faults, modeling
uncertainties, and external disturbances.

2) The performances of velocity and attitude preserve certain
constraints at all time.

Assumption 4: The designed parameters Vi,min, Vi,max,
ϕi,min, ϕi,max, ωi,min, and ωi,max and their time-derivatives
up to second order are continuous and bounded.

For the convenience of derivation, the following lemmas are
needed.

Lemma 1 [37]: Consider the system

ẋ(t) = f (x(t)) , x(0) = x0. (21)

Suppose that there exists constants α > 0, β > 0, p > 1, 0 <
q < 1, and 0 < η <∞ such that

V̇ (x) ≤ −αV p (x)− βV q (x) + η. (22)

Then, the system (21) is practically fixed-time stable. The
settling timeT is presented asT ≤ Tmax := 1

αφ(p−1) +
1

βφ(1−q)
with 0 < φ < 1. The convergence neighborhood is given byx ∈
{V (x) ≤ min{( η

(1−φ)α )
1
p , ( η

(1−φ)β )
1
q }}.

Lemma 2 [38]: For any scalars ε > 0, z ∈ �, the following
equation holds: 0 ≤ |z| − z2√

z2+ε
≤ √

ε.
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Lemma 3 [39]: For any scalars ε > 0, ϑ ∈ �, 0 ≤ |ϑ| −
ϑ tanh(ϑε ) ≤ 0.2785ε holds.

Lemma 4 [40]: For positive constants b1, b2 and b3, it follows
that

|x|b1 |y|b2 ≤ b1
b1 + b2

b3|x|b1+b2 + b2
b1 + b2

b3
− b1

b2 |y|b1+b2

where x and y are real variables.

III. COOPERATIVE DISTRIBUTED FIXED-TIME

CONTROLLER DESIGN

A. State Transformation

The system transformation is developed to transform the
original constrained system (13), (14), and (18) into the un-
constrained ones, whose stability can guarantee the full-state
constraints.

1) Translational Kinematics: Let Ṽi = Vi − Vr represent the
tracking error of velocity for each UAV with Vr piecewise
continuously differentiable.

Definition 1: Velocity tracking is said to guarantee−Fvi1(t)<
Ṽi(t) < Fvi2(t) if for any given bounded initial condition satis-
fying −Fvi1(0) < Ṽi(0) < Fvi2(0). If there exists

ξvi =
Ṽi(

Fvi1 + Ṽi

)(
Fvi2 − Ṽi

) (23)

the constraint of Ṽi can be ensured as ξvi is bounded ∀t ≥ 0.
From (23), taking the derivative of ξvi gives

ξ̇vi = ηvi
˙̃Vi(t) + μvi (24)

where

ηvi =
Fvi1Fvi2 + Ṽ 2

i

(Fvi1 + Ṽi)
2
(Fvi2 − Ṽi)

2

μvi =

[
Ḟvi1Fvi2 + Fvi1Ḟvi2 + (Ḟvi2 − Ḟvi1)Ṽi

]
Ṽi

(Fvi1 + Ṽi)
2
(Fvi2 − Ṽi)

2 .

2) Rotational Kinematics: Let eϕi denote the error vector
that specifies synchronization attitude for each UAV with ϕr
piecewise continuously differentiable

eϕi = λi1ϕ̃i + λi2
∑
j∈Ni

aij
(
ϕ̃i − ϕ̃j

)
(25)

where ϕ̃i = ϕi −ϕr, ϕ̃j = ϕj −ϕr, and λi1 and λi2 are pos-
itive design parameters.

Definition 2: Synchronization attitude tracking is identi-
fied with −Fϕil1(t) < eϕil(t) < Fϕil2(t) for l = 1, 2, 3 if for
any given bounded initial condition satisfying −Fϕil1(0) <
eϕil(0) < Fϕil2(0). If there exists

ξϕil =
eϕil

(Fϕil1 + eϕil) (Fϕil2 − eϕil)
(26)

the constraint on eϕil can be guaranteed if ξϕil is bounded
∀t ≥ 0.

Take the time derivative of ξϕil along (26) as

ξ̇ϕil = ηϕilėϕil + μϕil (27)

where

ηϕil =
Fϕil1Fϕil2 + eϕil

2

(Fϕil1 + eϕil)
2(Fϕil2 − eϕil)

2

μϕil=

[
Ḟϕil1Fϕil2 + Fϕil1Ḟϕil2 + (Ḟϕil2 − Ḟϕil1)eϕil

]
eϕil

(Fϕil1 + eϕil)
2(Fϕil2 − eϕil)

2 .

We have ξϕi=[ξϕi1, ξϕi2, ξϕi3]
T, μϕi=[μϕi1, μϕi2, μϕi3]

T,
and ηϕi = diag{ηϕi1, ηϕi2, ηϕi3}.

Definition 3: The time-varying constraint onωi is never trans-
gressed, that is, −Fωil1(t) < ωil(t) < Fωil2(t) for l = 1, 2, 3
if for any given bounded initial state satisfying −Fωil1(0) <
ωil(0) < Fωil2(0). If there exists

ξωil =
ωil

(Fωil1 + ωil) (Fωil2 − ωil)
(28)

the constrained problem ofωil equals to ensure the boundedness
of ξωil ∀t ≥ 0.

From (28), taking the time derivative of ξωil gives

ξ̇ωil = ηωilω̇il + μωil (29)
where

ηωil =
Fωil1Fωil2 + ω2

il

(Fωil1 + ωil)
2(Fωil2 − ωil)

2

μωil =

[
Ḟωil1Fωil2 + Fωil1Ḟωil2 + (Ḟωil2 − Ḟωil1)ωil

]
ωil

(Fωil1 + ωil)
2(Fωil2 − ωil)

2

We define ξωi = [ξωi1, ξωi2, ξωi3]
T, μωi = [μωi1, μωi2,

μωi3]
T, and ηωi = diag{ηωi1, ηωi2, ηωi3}.

Remark 3: Fvi1(t), Fvi2(t), Fϕil1(t), Fϕil2(t), Fωil1(t), and
Fωil2(t) are utilized to described the time-varying constraints
for Ṽi, eϕil, and ωil, respectively. Note that Fvi1(t), Fvi2(t),
Fϕil1(t), Fϕil2(t), Fωil1(t), and Fωil2(t) are strictly positive
smooth functions. More details on the properties of the con-
strained problem described by (23), (26), and (28) can refer to
the illustration example in [25]. Based on Definitions 1–3, new
unconstrained subsystems (23), (26), and (28) for translational
and rotational dynamics are obtained, which are guaranteed to
be bounded.

B. Controller Design

Following the double-layer control structure, the translational
and rotational controller design are proposed, respectively. Here-
after, the design of Txi0 and δi0 are given.

1) Translational Kinematics: To achieve the control objec-
tive, we employ the dynamic controller Txi0 (see Algorithm 1)

Txi0 = − αviβ̂vi
ζvi

tanh

(
ξviηviαviβ̂vi

εvi

)

− ĝvi tanh

(
ξviηviĝviζvi

εvi

)
(30)

where αvi=
cvi1

ηvi
sig(ξvi)

2pv−1+ cvi2

ηvi
sig(ξvi)

2qv−1+
Φ̂viv

T
i Ξvi

2h2
vi1Vi

2

+
vT
i

Vi
(RT

1 g + F i0

mi
) +

ξviηviv
T
i vi

2h2
vi2V

2
i

−V̇r+ μvi

ηvi
with pv > 1, 0 <

qv < 1, Ξvi=ξviηvi[vi1ς
T
vi1ςvi1, vi2ς

T
vi2ςvi2, vi3ς

T
vi3ςvi3]

T.
The adaptive parameters Φ̂vi, ĝvi, and β̂vi are updated by

˙̂
Φvi =

γvi1ξviηviv
T
i Ξvi

2h2vi1Vi
− γvi1σvi1Φ̂vi (31)

˙̂gvi = γvi2 |ξviηvi| ζvi − γvi2σvi2ĝvi (32)

˙̂
βvi = γvi3ξviηviαvi − γvi3σvi3β̂vi (33)
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Algorithm 1: Design the Distributed Control Protocol Txi0.
Input: The parameters Fvi1 and Fvi2 in state transformation

(23); the parameters γvi1, γvi2, γvi3, σvi1, σvi2, σvi3, and
hvi1 in adaptive laws (31)–(33); the parameters cvi1, cvi2,
hvi2, and εvi in the control protocol (30).

Output: The distributed control protocol (30).
1: Step 1: Solve the velocity constraints to obtain the

state transformation (23).
2: Step 2: Use the RBFNN (19) to approximate the

modeling uncertainties, and acquire the adaptive law
(31).

3: Step 3: Introduce βvi = 1/ρTi
and

gvi = βvi supt≥0 Txif to compensate for the actuator
faults, and obtain the adaptive laws (32) and (33).

4: Step 4: Select the parameters cvi1, cvi2, hvi2, and εvi,
and integrate the adaptive laws (31)–(33) into the
control protocol (30).

where hvi1, hvi2, γvi1, γvi2, γvi3, σvi1, σvi2, σvi3, and εvi are
positive design parameters.

Theorem 1: Consider the translational kinematics (13) com-
posed by the adaptive controller (30) and parameter adaptation
laws (31)–(33). Let Assumptions 4 hold. There exist positive
parameters cvi1, cvi2, εvi, hvi1, hvi2, γvi1, γvi2, γvi3, σvi1, σvi2,
and σvi3 (i = 1, 2, . . . , N ), such that the following are satisfied:

1) all signals of the translational subsystem are SGUUB in
the presence of actuator faults, modeling uncertainties, and
external disturbances;

2) velocity tracking error Ṽi satisfies limt→Tmax,v
|Ṽi| ≤ μvi

with μvi > 0 a constant;
3) the required velocity constraint for the translational sub-

system is guaranteed ∀t ≥ 0.
Proof: See Appendix A.
2) Rotational Kinematics: To obtain the control objective,

we propose the dynamic controller δi0 (see Algorithm 2)

δi0 = − (J−1
i0 C0

)T
η−1
ωi

eωiβ̂
2
ωiζ

T
ωiζωi√

β̂2
ωie

T
ωieωiζ

T
ωiζωi + εωi

(34)

where ζωi=K4ieωi‖eωi‖2pϕ−2+K5ieωi‖eωi‖2qϕ−2+
λiK

T
1i(R

−1
2 )TηT

ϕiξϕi+ηωiJ
−1
i0 S(J i0ωi)+ηωiJ

−1
i0 N i0 +

Φ̂ωiηωiΞωi

2h2
ωi1

+
ηωiη

T
ωieωi

2h2
ωi2

+μωi − ξ̇ωdi with pϕ > 1, 0 < qϕ < 1,

Ξωi=[eωi1ηωi1ς
T
ωi1ςωi1, eωi2ηωi2ς

T
ωi2ςωi2, eωi3ηωi3ς

T
ωi3ςωi3]

T,
λi=λi1+λi2

∑
j∈Ni

aij . The adaptive parameters Φ̂ωi and β̂ωi
are updated by

˙̂
Φωi = γωi1

eTωiηωiΞωi
2h2ωi1

− σωi1γωi1Φ̂ωi (35)

˙̂
βωi = γωi2e

T
ωiζωi − σωi2γωi2β̂ωi (36)

where hωi1, hωi2, γωi1, γωi2, σωi1, σωi2, and εωi are positive
design parameters.

Theorem 2: Consider the rotational kinematics (14) and (18)
composed by the controller (34) and adaptation laws (35) and
(36). Let Assumptions 1–4 hold. There exist positive parameters
K2i,K3i,K4i,K5i, εωi, hωi1, hωi2, γωi1, γωi2, and σωi1, σωi2
(i = 1, 2, . . . , N ) such that the following are satisfied:

Algorithm 2: Design the Distributed Control Protocol δi0.
Input: The parameters Fϕil1, Fϕil2, Fωil1 and Fωil2 in state

transformations (26) and (28); the parameters γωi1, γωi2,
σωi1, σωi2 and hωi1 in adaptive laws (35) and (36); the
parameters K1i, K2i, and K3i in virtual control (54); the
parameters K4i, K5i, hωi2, and εωi in the control
protocol (34).

Output: The distributed control protocol (34).
1: Step 1: Solve the attitude and angular velocity

constraints to obtain the state transformations (26) and
(28).

2: Step 2: Choose the parameters K1i, K2i and K3i,
and propose the virtual control (54).

3: Step 3: Use RBFNN (19) to approximate the modeling
uncertainties, and acquire the adaptive law (35).

4: Step 4: Introduce βωi = 1/gωi and gωi=inft≥0 λmin

(J−1
i0 C0(δi)ρδi(J

−1
i0 C0(δi))

T) to compensate for the
actuator faults, and obtain the adaptive law (36).

5: Step 5: Choose the parameters K4i, K5i, hωi2, and
εωi, and integrate the adaptive laws (35) and (36) into
the control protocol (34).

1) all signals of the rotational subsystem are SGUUB in spite
of actuator faults, modeling uncertainties, and external
disturbances;

2) attitude synchronization tracking error eϕi achieves that
limt→Tmax,ϕ

‖eϕi‖ ≤ μϕi with μϕi > 0 a constant;
3) the involved attitude constraints for rotational subsystem

are guaranteed ∀t ≥ 0;
Proof: See Appendix B.
Remark 4: By running the distributed control algorithm in

parallel for each UAV, the proposed distributed control structure
optimizes the time complexity, compared with the centralized
control with an integral control algorithm for all UAVs [2].
Besides, note that only three scalar parameter adaptation laws
(31)–(33) for translational dynamics and two scalar parameter
adaptation laws (35), (36) for rotational dynamics are involved
in our control design to deal with the actuator faults, modeling
uncertainties, and disturbances, which makes it simpler than
vector-based adaptation laws in backstepping control for UAVs
[7]. In addition, our proposed fixed-time control owns the superi-
ority in terms of convergence time, where the time convergence
is independent of the initial condition. That is, the proposed
fixed-time control can effectively shorten the execution time,
which is comparable to time complexity of asymptotic controls
and finite-time controls proposed for UAVs [13]–[15], [27]–[29],
[31], [32].

Remark 5: The network-induced errors and actuator faults
are effectively handled with the help of bound estimations
for parameters βvi = 1/ρTi

, gvi = βvi supt≥0 Txif in transla-
tional control protocol, and βωi = 1/gωi, gωi = inft≥0 λmin

(J−1
i0 C0(δi)ρδi(J

−1
i0 C0(δi))

T
) in the rotational control design.

Further, we employ the smooth function ϑ tanh(ϑε ) in design of

Txi0 in (30), and function z2√
z2+ε

when designing δi0 in (34).

IV. EXPERIMENTAL AND SIMULATION VALIDATION

To demonstrate the feasibility of the proposed controller, the
experimental validation is carried out based on the Links-RT
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Fig. 1. Experiment prototype of the Links-RT UAV platform.

Fig. 2. Relationship between functional units.

Fig. 3. Communication topology.

UAV Platform (supported by Beijing Links Company, Ltd.). The
experiment setup and relationship between functional units are
depicted in Figs. 1 and 2. The proposed controller is first imple-
mented in MATLAB. Then, the code generation by Links-Auto
Coder is used to convert the MATLAB language into C code,
which is downloaded by Pixhawk. The Pixhawk is responsible
for executing the proposed control algorithm with a sampling
time of 2 ms and generating pulsewidth modulation (PWM)
signals, which are sent to the real-time simulator, such that the
velocity and attitude motion are calculated and transmitted to
Pixhawk and monitoring computer, while presenting the flight
scene in X-PLANE11 and plotting the velocity and attitude
tracking curves on MATLAB.

In this part, three networked six-DOF fixed-wing UAVs are
considered. The communication topology is illustrated in Fig. 3.
The initial states are selected as p1 = [20, 0, 150]Tm, p2 =

[0, 20, 150]Tm, p3 = [0,−20, 150]Tm, V1 = V2 = 40m/s,
V3 = 39.5m/s, ϕ1 = [1, 0, 0]T deg, ϕ2 = ϕ3 = [0, 0, 0]T deg,
and ω1 = ω2 = ω3 = [0, 0, 0]T deg /s. The control objective
for experimental test is twofold.

1) Task of low altitude penetration: Velocity tracks the tra-
jectory Vr = 60m/s, and the desired attitude trajectory is
denoted as

[φr, θr, ψr]
T =

⎧⎨
⎩

[0, 0, 0]T deg, 0s ≤ t ≤ 5s

[0,−10, 0]T deg , 5s <t ≤ 12s

[0, 0, 0]T deg , 12s <t ≤ 18s.

The external disturbances in the velocity channel are
supposed asdv3 = [0.5 sin(3t), 0.3 cos(2t), 0.6 sin(2t)]T

during t ∈ (6, 15]s.
2) The following full-state constraints are achieved: 0m/s <

Vi < 100m/s, −60◦ < φi < 60◦, −60◦ < θi < 60◦,
−180◦ < ψi < 180◦, −10 deg /s < pi < 10 deg /s,
−10 deg /s < qi < 10 deg /s, and −5 deg /s < ri <
5 deg /s.

The control law and adaptation law are provided with
design parameters as pv = 1.4, pϕ = 1.2, qv = qϕ = 0.8,
cvi1 = cvi2 = 300, εvi = εωi = 0.01, hv32 = 0.001, κωi1 =
κωi2 = κωi3 = 0.01, γv22 = σv22 = 20, K2i = K3i =
diag{3× 10−4, 4× 10−4, 5× 10−4}, K4i = K5i =
diag{50, 50, 50} (t ∈ (0, 5], (7, 12], (14, 18]), and K4i =
K5i = diag{2, 2, 2}(t ∈ (5, 7], (12, 14]).

Experimental results are exhibited in Fig. 4(a)–(d). Appar-
ently, the proposed method can produce a rapid and accurate
velocity and attitude tracking behavior because of the contribu-
tion of disturbance rejection and fixed-time property. In view
of Fig. 4(e)–(h), the tracking errors of velocity and attitude
remain in a small neighborhood of zero within fixed time. Dur-
ing the operation, the states strictly keep within corresponding
constraints.

To highlight the superiority of the suggested control scheme,
the related traditional controller in [31], FTC in [26], and
finite-time FTC in [13] are taken as comparative objects under
the same conditions. Taking the follower 1, for example, the
actuator faults are introduced as ρδ2 = diag{1, 0.9, 1} during
t ∈ (15, 18]. Task of coordinated turn and climb is considered:
the velocity is supposed to be kept as 40m/s, and the attitude
tracks the trajectory

[φr, θr, ψr]
T =

⎧⎨
⎩

[0, 0, 0]T deg, 0 s ≤ t ≤ 5 s

[10, 10, 10]T deg , 5 s <t ≤ 15 s

[0, 0, 10]T deg , 15 s <t ≤ 24 s.

Comparative simulation results are shown in Fig. 5(a)–(c).
One can evidently find that although both FTC and finite-time
FTC can accurately track the desired attitude commands regard-
less of actuator faults and disturbances, a slight rapid dynamic
response and decreased tracking deviation can be discerned by
the proposed scheme. What is more, it is distinct to see that
no matter in transient and static phase, in contrast to severe
fluctuations appearing in the traditional controller [31] and larger
overshoots resulting in FTC [26], controlling oscillations are
effectively accommodated with the help of FTC and fixed-time
property, naturally yielding the faster convergence performance
and better robustness to the actuator faults and disturbances.
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Fig. 4. Velocity and attitude tracking performance under proposed controller for experimental test. (a) Vi response. (b) φi response. (c) θi response. (d) ψi

response. (e) Tracking error of Vi. (f) Tracking error of φi. (g) Tracking error of θi. (h) Tracking error of ψi.

Fig. 5. Attitude tracking performances for comparison under the proposed method and methods in [13], [26], and [31]. (a) φ2 response. (b) θ2 response. (c) ψ2

response.

V. CONCLUSION

An adaptive fixed-time FTC methodology has been designed
for multiple six-DOF UAVs with actuator faults and constraint
guarantees. Specifically, system transformation with scaling
function is introduced to guarantee the states within involved
constraints. The fixed-time convergence is ensured based on
the transformed unconstrained system. The actuator faults as
well as the network induced errors are dealt with by the bound
estimation approach and some well-defined smooth functions.
All closed-loop signals are SGUUB, and meanwhile, the ve-
locity and attitude tracking are achieved by fixed time. This
work lays down the groundwork for other coordinated control
problems of UAVs including motion re-coordination and trajec-
tory planning. This extension of coordinated control to guidance
system for UAVs deserves further investigation. In practical
flight, the communication among UAVs may be switching and
directed. Future works can focus on the distributed fixed-time
fault-tolerant control for multi-UAVs within a switching and
directed communication. Despite that the proposed strategy
is capable of tolerating actuator faults, the issues of actuator
saturation and sensor fault diagnosis are not yet considered.
Investigation of the aforementioned factors is our future work.

APPENDIX A
PROOF OF THEOREM 1

Combined with (13), (24) further becomes

ξ̇vi = ηvi

[
ζviρTi

Txi0 + ζviTxif +
vT
i

Vi

(
RT

1 g +
F i0

mi

)]

+ ηvi

[
vT
i (Δvi + dvi)

Vi
− V̇r

]
+ μvi (37)

where ζvi =
ui

miVi
and Δvi =

ΔF i

mi
.

Using Young’s inequality, we obtain from (19) that

ξviηvi
Vi

vT
i (Δvi + dvi) ≤

3∑
l=1

(
ξ2viη

2
viv

2
ilΦviς

T
vilςvil

2h2vi1V
2
i

+
ξ2viη

2
viv

2
il

2h2vi2V
2
i

+
h2vi1
2

+
h2vi2τ̄

2
vil

2

)
(38)

whereΦvi = max{W ∗T
vi1W

∗
vi1,W

∗T
vi2W

∗
vi2,W

∗T
vi3W

∗
vi3} and

τvil + dvil satisfies |τvil + dvil| ≤ τ̄vil.
From (37) and (38), taking the time derivative of 1

2ξ
2
vi derives

ξviξ̇vi≤ξviηvi
[
vT
i

Vi

(
RT

1 g+
F i0

mi

)
+
Φviv

T
i Ξvi

2h2vi1Vi
2 +

ξviηviv
T
i vi

2h2vi2V
2
i

]

+ ξviηvi

(
ζviρTi

Txi0 + ζviTxif − V̇ri +
μvi
ηvi

)

+
3∑
l=1

(
h2vi1
2

+
h2vi2τ̄

2
vil

2

)
. (39)

Let βvi = 1/ρTi
and gvi = βvi supt≥0 Txif . And define

Φ̃vi = Φ̂vi − Φvi, β̃vi = β̂vi − βvi, and g̃vi = ĝvi − gvi, where
Φ̂vi, β̂vi, and ĝvi are the estimations of Φvi, βvi, and gvi,
respectively. Then, it follows that

ξviηviζviTxif ≤ ρTi
ĝvi |ξviηvi| ζvi − ρTi

g̃vi |ξviηvi| ζvi.
(40)

Authorized licensed use limited to: TU Delft Library. Downloaded on September 09,2022 at 12:45:39 UTC from IEEE Xplore.  Restrictions apply. 



4800 IEEE SYSTEMS JOURNAL, VOL. 16, NO. 3, SEPTEMBER 2022

According to Lemma 3, ρTi
ĝvi|ξviηvi|ζvi satisfies

ρTi
ĝvi |ξviηvi| ζvi ≤ ρTi

ξviηviĝviζvi tanh

(
ξviηviĝviζvi

εvi

)

+ 0.2785ρTi
εvi. (41)

Take the following Lyapunov function candidate:

L1 =
1

2
ξ2vi +

1

2γvi1
Φ̃2
vi +

ρTi

2γvi2
g̃2vi +

ρTi

2γvi3
β̃2
vi. (42)

Taking the time derivative of (42) along (39)–(41) gives

L̇1 = ξviηvi

[
−cvi1
ηvi

sig(ξvi)
2pv−1 − cvi2

ηvi
sig(ξvi)

2qv−1 + αvi

]

+ξviηvi

[
ρTi

ĝviζvi tanh

(
ξviηviĝviζvi

εvi

)
+ζviρTi

Txi0

]

+
1

γvi1
Φ̃vi

(
˙̂
Φvi − γvi1ξviηviv

T
i Ξvi

2h2vi1Vi

)
+
ρTi

γvi3
β̃vi

˙̂
βvi

+
ρTi

γvi2
g̃vi

(
˙̂gvi − γvi2 |ξviηvi| ζvi

)
+ 0.2785ρTi

εvi

+

3∑
l=1

(
h2vi1
2

+
h2vi2τ̄

2
vil

2

)
. (43)

Invoking Lemma 3, it follows along (30) that

ξviηviζviρTi
Txi0 ≤ − ξviηviiζviρTi

ĝvi tanh

(
ξviηviĝviζvi

εvi

)

− ρTi
ξviηviαviβ̂vi + 0.2785ρTi

εvi.
(44)

Noting that −ρTi
ξviηviαviβ̂vi = −ρTi

ξviηviαviβ̃vi −
ξviηviαvi and substituting (31)–(33) and (44) into (43) gives

L̇1 ≤ − cvi1|ξvi|2pv − cvi2|ξvi|2qv − σvi1Φ̃viΦ̂vi

− ρTi
σvi2g̃viĝvi − ρTi

σvi3β̃viβ̂vi + 0.557εviρTi

+

3∑
l=1

(
h2vi1
2

+
h2vi2τ̄

2
vil

2

)
. (45)

Choose γvi1 = 2ϑvi1

2ϑvi1−1 , γvi2 = 2ϑvi2

2ϑvi2−1 , and γvi3 = 2ϑvi3

2ϑvi3−1

with ϑvi1 > 1
2 , ϑvi2 > 1

2 , and ϑvi3 > 1
2 . It holds that

−σvi1Φ̃viΦ̂vi ≤ −σvi1
γvi1

Φ̃2
vi +

ϑvi1σvi1
2

Φ2
vi

−ρTi
σvi2g̃viĝvi ≤ −ρTi

σvi2
γvi2

g̃2vi +
ϑvi2ρTi

σvi2
2

g2vi

−ρTi
σvi3β̃viβ̂vi ≤ −ρTi

σvi3
γvi3

β̃2
vi +

ϑvi3ρTi
σvi3

2
β2
vi. (46)

By adding and subtracting the terms of ( Φ̃2
vi

2γvi1
)pv , ( Φ̃2

vi

2γvi1
)qv ,

(
ρTi

g̃2vi

2γvi2
)pv , (

ρTi
g̃2vi

2γvi2
)qv , (

ρTi
β̃2
vi

2γvi3
)pv , (

ρTi
β̃2
vi

2γvi3
)qv , and substituting

(46) into (45), it follows that

L̇1≤−cvi1|ξvi|2pv − cvi2|ξvi|2qv−σvi1
(

Φ̃2
vi

2γvi1

)pv

− σvi1

(
Φ̃2
vi

2γvi1

)qv
− σvi2

(
ρTi

g̃2vi
2γvi2

)pv
− σvi2

(
ρTi

g̃2vi
2γvi2

)qv

− σvi3

(
ρTi

β̃2
vi

2γvi3

)pv
− σvi3

(
ρTi

β̃2
vi

2γvi3

)qv
+ σvi1

(
Φ̃2
vi

2γvi1

)pv

+ σvi2

(
ρTi

g̃2vi
2γvi2

)pv
+ σvi3

(
ρTi

β̃2
vi

2γvi3

)pv
− σvi1

2γvi1
Φ̃2
vi

− ρTi
σvi2

2γvi2
g̃2vi −

ρTi
σvi3

2γvi3
β̃2
vi +

ϑvi1σvi1
2

Φ2
vi

+
ϑvi2ρTi

σvi2
2

g2vi +
ϑvi3ρTi

σvi3
2

β2
vi + 0.557εviρTi

+

3∑
l=1

(
h2vi1
2

+
h2vi2τ̄

2
vil

2
+ σvil (1− qv) q

qv
1−qv
v

)
(47)

where the following inequalities are used from Lemma 4:(
Φ̃2
vi

2γvi1

)qv
≤ Φ̃2

vi

2γvi1
+ (1− qv) qv

qv
1−qv

(
ρTi

g̃2vi
2γvi2

)qv
≤ ρTi

g̃2vi
2γvi2

+ (1− qv) qv
qv

1−qv

(
ρTi

β̃2
vi

2γvi3

)qv
≤ ρTi

β̃2
vi

2γvi3
+ (1− qv) qv

qv
1−qv . (48)

Suppose that there exist unknown constants Δvi1, Δvi2, and
Δvi3 such that |Φ̃vi| ≤ Δvi1,

√
ρTi

|g̃vi| ≤ Δvi2,
√
ρTi

|β̃vi| ≤
Δvi3. The following two cases are discussed.

Case 1: If Δvi1 <
√
2γvi1 or Δvi2 <

√
2γvi2 or Δvi3 <√

2γvi3, then

σvi1

(
Φ̃2
vi

2γvi1

)pv
− σvi1

2γvi1
Φ̃2
vi < 0

σvi2

(
ρTi

g̃2vi
2γvi2

)pv
− ρTi

σvi2
2γvi2

g̃2vi < 0

σvi3

(
ρTi

β̃2
vi

2γvi3

)pv
− ρTi

σvi3
2γvi3

β̃2
vi < 0. (49)

Case 2: If Δvi1 ≥ √
2γvi1 or Δvi2 ≥ √

2γvi2 or Δvi3 ≥√
2γvi3, then

σvi1

(
Φ̃2
vi

2γvi1

)pv
− σvi1
2γvi1

Φ̃2
vi ≤ σvi1

(
Δ2
vi1

2γvi1

)pv
− σvi1

2γvi1
Δ2
vi1

σvi2

(
ρTi

g̃2vi
2γvi2

)pv
− ρTi

σvi2
2γvi2

g̃2vi ≤ σvi2

(
Δ2
vi2

2γvi2

)pv
− σvi2
2γvi2

Δ2
vi2

σvi3

(
ρTi

β̃2
vi

2γvi3

)pv
− ρTi

σvi3
2γvi3

β̃2
vi ≤ σvi3

(
Δ2
vi3

2γvi3

)pv
− σvi3
2γvi3

Δ2
vi3.

(50)

Summarizing the Case 1 and Case 2, it can be concluded that

υvi1 =

{
0, if Δvi1 <

√
2γvi1

σvi1

(
Δ2

vi1

2γvi1

)pv − σvi1

2γvi1
Δ2
vi1, if Δvi1 ≥ √

2γvi1

υvi2 =

{
0, if Δvi2 <

√
2γvi2

σvi2

(
Δ2

vi2

2γvi2

)pv − σvi2

2γvi2
Δ2
vi2, if Δvi2 ≥ √

2γvi2
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υvi3 =

{
0, if Δvi3 <

√
2γvi3

σvi3

(
Δ2

vi3

2γvi3

)pv − σvi3

2γvi3
Δ2
vi3, if Δvi3 ≥ √

2γvi3.

(51)

From (47) and (51), we see that

L̇1 ≤ −χvi1L1
pv − χvi2L1

qv + χvi3 (52)

where χvi1 = min{cvi12pv , σvi1, σvi2, σvi3}, χvi2 =
min{cvi22qv , σvi1, σvi2, σvi3}, and χvi3=υvi1+υvi2+υvi3+
ϑvi1σvi1

2 Φ2
vi+

ϑvi2ρTi
σvi2

2 g2vi+
ϑvi3ρTi

σvi3

2 β2
vi+0.557ρTi

εvi+∑3
l=1 (

h2
vi1

2 +
h2
vi2τ̄

2
vil

2 + σvil(1− qv)qv
qv

1−qv ).
In accordance with Lemma 1, all signals of the trans-

lational subsystem are semiglobally practically fixed-time
bounded and converge to the following compact set L1 ≤
min{( χvi3

χvi1(1−σ) )
1
pv , ( χvi3

χvi2(1−σ) )
1
qv }, and the setting time isT ≤

Tmax,v :=
1

χvi1σ(pv−1) +
1

χvi2σ(1−qv) . It should be noticed that

|Ṽi| can be made arbitrarily small by increasing cvi1, cvi2,
γvi1, γvi2, and γvi3, and meanwhile decreasing hvi1, hvi2, σvi1,
σvi2, σvi3, and εvi. Proper choice of pv and qv helps to reduce
convergence time and improve convergence accuracy. This will
be shown in the following numerical example. This completes
the proof of Theorem 1. �

APPENDIX B
PROOF OF THEOREM 2

The following proof comprises of the following two steps.
Step 1: Using (14), (25) and (27) yields

ξ̇ϕi = ηϕi

⎡
⎣λi
(
R−1

2 K1iξωi − ϕ̇r
)− λi2

∑
j∈Ni

aij ˙̃ϕj

⎤
⎦+ μϕi

(53)

whereK1i = diag{(Fωi11 + ωi1)(Fωi12 − ωi1), (Fωi21 + ωi2)
(Fωi22 − ωi2), (Fωi31 + ωi3)(Fωi32 − ωi3)}.

Based on (53), we design the virtual controller ξωci as

ξωci

=−K
−1
1iR2η

−1
ϕi

λi

(
K2iξϕi

∥∥ξϕi∥∥2pϕ−2+K3iξϕi
∥∥ξϕi∥∥2qϕ−2)

− K−1
1i R2

λi

⎛
⎝η−1

ϕiμϕi − λiϕ̇r − λi2
∑
j∈Ni

aij ˙̃ϕj

⎞
⎠ . (54)

To avoid the direct differentiation of the complex ξωci, we
introduce a new variable ξωdi using dynamic surface control
[36]. The following nonlinear filter is exploited to guarantee the
overall fixed-time convergence.

ξ̇ωdi = −κωi

(
yωi‖yωi‖rϕ1−1 + yωi‖yωi‖rϕ2−1

)
. (55)

Let eωi = ξωi − ξωdi. Substituting (54) and (55) into (53),
the time derivative of 1

2ξ
T
ϕiξϕi denotes

ξTϕiξ̇ϕi= − ξTϕi

(
K2iξϕi

∥∥ξϕi∥∥2pϕ−2
+K3iξϕi

∥∥ξϕi∥∥2qϕ−2
)

+ λiξ
T
ϕiηϕiR

−1
2 K1i (eωi + yωi) . (56)

Step 2: Differentiating 1
2e

T
ωieωi along (18) and (29) gives

eTωiėωi = eTωiηωiJ
−1
i0 C0ρδiδi0 + J−1

i0 S (J i0ωi) + J−1
i0 N i0

+ eTωi

[
ηωi (Δ

′
ωi + lωi + dωi) + μωi − ξ̇ωdi

]
.

(57)
Using Young’s inequality, it holds along (19) that

eTωiηωi (Δ
′
ωi + lωi + dωi) ≤ eTωiηωi

(
ΦωiΞωi
2h2ωi1

+
ηT
ωieωi
2h2ωi2

)

+

3∑
l=1

(
h2ωi1
2

+
h2ωi2τ̄

2
ωil

2

)
(58)

where Φωi = max{W ∗T
ωi1W

∗
ωi1,W

∗T
ωi2W

∗
ωi2,W

∗T
ωi3W

∗
ωi3}

and there exists |τωil + lωil + dωil| ≤ τ̄ωil.
According to the Assumption 2, we define gωi=

inft≥0 λmin(J
−1
i0 C0(δi)ρδi(J

−1
i0 C0(δi))

T) and βωi = 1/gωi.
Let Φ̃ωi=Φ̂ωi−Φωi and β̃ωi= β̂ωi−βωi with Φ̂ωi and β̂ωi being
the estimations of Φωi and βωi, respectively.

Consider the Lyapunov function candidate as

L2=
1

2
ξTϕiξϕi+

1

2
eTωieωi+

1

2
yT
ωiyωi+

1

2γωi1
Φ̃2
ωi+

gωi
2γωi2

β̃2
ωi.

(59)

From (56)–(58), taking the time derivative of (59) gives

L̇2≤−ξTϕi

(
K2iξϕi

∥∥ξϕi∥∥2pϕ−2+K3iξϕi
∥∥ξϕi∥∥2qϕ−2)+eTωiζωi

− eTωi

(
K4ieωi‖eωi‖2pϕ−2 +K5ieωi‖eωi‖2qϕ−2

)

+ eTωiηωiJ
−1
i0 C0ρδiδi0 − eTωi

Φ̃ωiηωiΞωi
2h2ωi1

+ yT
ωi

[
ẏωi + λiK

T
1i

(
R−1

2

)T
ηT
ϕiξϕi

]

+
1

γωi1
Φ̃ωi

˙̂
Φωi +

gωi
γωi2

β̃ωi
˙̂
βωi

+

3∑
l=1

(
h2ωi1
2

+
h2ωi2τ̄

2
ωil

2

)
. (60)

In (60), define αϕi = λiK
T
1i(R

−1
2 )TηT

ϕiξϕi. Noting that the
inequality holds: x ≤ xm + xn, where x ≥ 0, 0 < m < 1, and
n > 1, it follows that

yT
ωi (ẏωi+αϕi)≤ − κωi

(
‖yωi‖rϕ1+1+‖yωi‖rϕ2+1

)
+
�2
ωi

2
(61)

where κωi = λmin(κωi)− 1/2 and there exists a positive con-
stant �ωi such that ‖αϕi − ξ̇ωci‖ ≤ �ωi.

Using (34) and invoking Lemma 2, the term of
eTωiηωiJ

−1
i0 C0ρδiδi0 renders

eTωiηωiJ
−1
i0 C0ρδiδi0 = −eTωiηωiJ

−1
i0 C0ρδi

(
J−1
i0 C0

)T
η−1
ωi ·

eωiβ̂
2
ωiζ

T
ωiζωi√

β̂2
ωie

T
ωieωiζ

T
ωiζωi + εωi

≤ − gωiβ̂
2
ωie

T
ωieωiζ

T
ωiζωi√

β̂2
ωie

T
ωieωiζ

T
ωiζωi + εωi

≤ gωi
√
εωi − gωi|β̂ωi| ‖eωi‖ ‖ζωi‖

≤ gωi
√
εωi − gωiβ̂ωie

T
ωiζωi. (62)

Authorized licensed use limited to: TU Delft Library. Downloaded on September 09,2022 at 12:45:39 UTC from IEEE Xplore.  Restrictions apply. 



4802 IEEE SYSTEMS JOURNAL, VOL. 16, NO. 3, SEPTEMBER 2022

Based ongωi(β̂ωi − β̃ωi) = gωiβωi = 1, substitute (35), (36),
(61), and (62) into (60). With the similar operations of (46)–(48),
it holds that

L̇2 ≤ − λmin (K2i)
∥∥ξϕi∥∥2pϕ − λmin (K3i)

∥∥ξϕi∥∥2qϕ
− λmin (K4i) ‖eωi‖2pϕ − λmin (K5i) ‖eωi‖2qϕ

− κωi‖yωi‖rϕ1+1 − κωi‖yωi‖rϕ2+1 + gωi
√
εωi

− σωi1

(
Φ̃2
ωi

2γωi1

)pϕ
−σωi1

(
Φ̃2
ωi

2γωi1

)qϕ
−σωi2

(
gωiβ̃

2
ωi

2γωi2

)pϕ

− σωi2

(
gωiβ̃

2
ωi

2γωi2

)qϕ
+σωi1

(
Φ̃2
ωi

2γωi1

)p
+σωi2

(
gωiβ̃

2
ωi

2γωi2

)pϕ

− σωi1
2γωi1

Φ̃2
ωi −

gωiσωi2
2γωi2

β̃2
ωi +

ϑωi1σωi1
2

Φ2
ωi

+
ϑωi2gωiσωi2

2
β2
ωi +

2∑
l=1

σωil (1− qϕ) q
qϕ

1−qϕ
ϕ

+

3∑
l=1

(
h2ωi1
2

+
h2ωi2τ̄

2
ωil

2

)
+
�2
ωi

2
. (63)

Suppose that there exists unknown constantsΔωi1,Δωi2 such
that |Φ̃ωi| ≤ Δωi1,

√
gωi|β̃ωi| ≤ Δωi2. Following the Case 1

and Case 2 in (49) and (50), one has

υωi1 =

{
0, if Δωi1 <

√
2γωi1

σωi1

(
Δ2

ωi1

2γωi1

)pϕ − σωi1

2γωi1
Δ2
ωi1, if Δωi1 ≥ √

2γωi1

υωi2 =

{
0, if Δωi2 <

√
2γωi2

σωi2

(
Δ2

ωi2

2γωi2

)pϕ − σωi2

2γωi2
Δ2
ωi2, if Δωi2 ≥ √

2γωi2.

(64)

Choosing rϕ1+1
2 = qϕ and rϕ2+1

2 = pϕ and substituting (64)
into (63), it can be checked that

L̇2 ≤ −χωi1L2
pϕ − χωi2L2

qϕ + χωi3 (65)

where χωi1 = min{λmin(K2i)2
pϕ , λmin(K4i)2

pϕ , κωi2
pϕ ,

σωi1, σωi2}, χωi2 = min{λmin(K3i)2
qϕ , λmin(K5i)2

qϕ ,
κωi2

qϕ , σωi1, σωi2}, and χvi3 = υωi1 + υωi2 +
ϑωi1σωi1

2 Φ2
ωi +

ϑωi2gωiσωi2

2 β2
ωi + gωi

√
εωi +

∑3
l=1(

h2
ωi1

2 +
h2
ωi2τ̄

2
ωil

2 )+
�2

ωi

2 +∑2
l=1 σωil(1− qϕ)q

qϕ
1−qϕ
ϕ .

Along similar lines as Lemma 1, all signals of the ro-
tational subsystem are semiglobally practically fixed-time
bounded and converge to the following compact set L2 ≤
min{( χωi3

χωi1(1−σ) )
1

pϕ , ( χωi3

χωi2(1−σ) )
1
qϕ }, and the setting time is

T ≤ Tmax,ϕ := 1
χωi1σ(pϕ−1) +

1
χωi2σ(1−qϕ) . Note that the con-

vergence region of eϕi can be made smaller by increasing K2i,
K3i, K4i, K5i, γωi1, and γωi2, and meanwhile, decreasing
hωi1, hωi2, σωi1, σωi2, and εωi. Thus, the attitude synchroniza-
tion tracking error can be made as small as desired by appropriate
choice of the design parameters. Moreover, the choice of pϕ and
qϕ requires to balance the control amplitude and convergence
time simultaneously. This completes the proof of Theorem 2. �
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