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ABSTRACT

Transverse vibrations can induce the non-linear compression of a thin film of air to levitate objects, via the squeeze-film effect. This phenom-
enon is well captured by the Reynolds’ lubrication theory; however, the same theory fails to describe this levitation when the fluid is incom-
pressible. In this case, the computation predicts no steady-state levitation, contradicting the documented experimental evidence. In this
Letter, we uncover the main source of the time-averaged pressure asymmetry in the incompressible fluid thin film, leading the levitation phe-
nomenon to exist. Furthermore, we reveal the physical law governing the steady-state levitation height, which we confirm experimentally.

VC 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0149501

When an object is placed in closed proximity to a surface vibrat-
ing at sufficiently high frequency, it levitates. Levitation has been
exploited in a wide range of applications from squeeze-film bearings,1,2

contactless manipulation, and transportation of objects3,4 to friction-
modulation in surface haptics touchscreens.5,6

In all those examples, levitation occurs when the surrounding
fluid is air, which is compressible, via the so-called squeeze-film effect.
Having the same ability to levitate objects in incompressible liquid
environments could help to bring non-contact manipulation and fric-
tion modulation to a range of applications, including the medical field
where blood and liquids are omnipresent.

In-liquid levitation has been addressed by a limited number of
studies. Hatanaka et al.7 experimentally demonstrated that underwater
squeeze-film levitation is possible. Nomura et al.8 realized a non-
contact transportation underwater using ultrasonic traveling waves.
However, neither of these studies provided an explanation of the phys-
ical underpinnings of this phenomenon, with the second speculating
that it might be due to the non-linear viscosity of liquid. Tamura
et al.9 hypothesized that underwater levitation is due to formation of
cavitation bubbles, which collapse at the surface of the levitated object.
Although their experimental data matches well with their hypothesis,
the relatively large experimental film thickness (>100 lm) and high
power transducer (350W) limits the generality of their conclusion.
This evidence indicates a gap in understanding the physical principles
behind in-liquid levitation and, thus, requires revisiting the existing
theories.

The first leading theory that models squeeze-film levitation is the
Reynolds’ lubrication theory.10 This theory approaches the problem
from the perspective of viscous fluids in a flow regime with negligible
fluid inertia. Langlois11 mathematically formalized the theory for the
isothermal squeeze-film case, which was later adopted and validated
experimentally by Salbu12 who showed that air squeeze films levitate
mainly due to the non-linear compressibility of the viscous air film.
Clearly, such an explanation is not applicable anymore once a liquid is
used. As a consequence, employing the Reynolds equation to model
the in-liquid levitation phenomenon fails and predicts no steady-state
levitation force. Based on this result, Stolarski and Chai13 believed that
oil squeeze films have no load-carrying capacity. However, this theo-
retical result clearly contradicts the experimental evidence, which dis-
qualifies the lubrication theory in its current form from modeling
liquid squeeze-film levitation.

The second leading theory in modeling squeeze-film levitation is
the acoustic radiation pressure theory. This theory takes the perspec-
tive of wave propagation in compressible inviscid fluids. The pioneer-
ing work of Chu and Apfel14 shed the light on the radiation pressure
of compression waves acting on perfectly reflecting surfaces. This fun-
damental work was adopted and simplified later by Hashmimoto
et al.15 to model the special case of air thin films. Zhao et al.16 showed
experimentally, however, that this theory fails to capture the physics in
air thin films of a typical thickness (<100 lm), which was further con-
firmed by the experimental results of Li et al.17 This is mainly because
the boundary layer thickness is in the same order of magnitude of the
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film thickness, suggesting significant viscous effects.18 The viscous
effects of the boundary layer become even more significant in liquids
whose viscosity is around two orders of magnitude higher, which rules
out the applicability of this theory to model in-liquid squeeze-film
levitation.

A limited number of studies attempted to derive a unified viscoa-
coustic theory that works across the viscous and acoustic regimes.
Melikhov et al.19 developed a viscoacoustic model and identified the
different operating regimes for air squeeze films as a function of the
levitation height, confirming a purely viscous regime for typical
squeeze-film levitation systems. Ramanarayanan et al.20 proposed
another unified theory, which described critical parametric conditions
that causes levitation forces to switch to adhesion forces in air
squeeze-film systems. Remarkably, in the incompressible limit, their
formulation predicted only weak adhesive squeeze-film forces, adding
even more uncertainty around the behavior of incompressible squeeze
films.

In other terms, the existing theories fail to capture the physics of
in-liquid squeeze-film levitation. We can also conclude that a viscous
fluid approach (i.e., similar to the lubrication theory) is essential to
tackle this problem given the comparable size of the film thickness and
the boundary layer. However, relaxation of the assumptions of the
lubrication theory is needed to uncover the underlying physics behind
this phenomenon and find out its physical governing law.

In this Letter, we show that a stable steady-state squeeze-film levi-
tation of objects can be obtained in incompressible liquid environ-
ments. We uncover the fundamental pressure-inducing mechanisms
in thin films. Finally, we reveal the physical law that governs the
steady-state levitation height, which we validate experimentally.

An axisymmetric system of a sinusoidal vibration source, a free-
floating reflector, and a thin film of liquid in between as shown in
Fig. 1 are considered. We define the time-dependent film thickness
h(t) such that hð0Þ ¼ h0, where h0 is an assumed initial film thickness
between the source and reflector. The disk radius is R such that
R� hðtÞ. The source oscillates with an angular frequency x and an
amplitude a such that a < hðtÞ. We define the squeeze Reynolds
number21 to be Res ¼ qx�h

2
=l, where �h is the steady-state time-aver-

aged film thickness, q is the density of the liquid, and l is its viscosity.

This number gives a measure of the relative significance of inertial and
viscous effects.

One of the key assumptions of the lubrication theory is that fluid
inertia is negligible, and, thus, fluid behavior is dominated by viscous
effects. This proved to be true for gas squeeze films since the squeeze
Reynolds number is typically less than unity (<1).22,23 However, in
the case of a typical liquid, such as water, the order of magnitude
of the physical parameters of the Reynolds number is as follows: q
� Oð103Þ kg/m3, x � Oð104Þ rad/s, and l � Oð10�3Þ Pa s. Given
the experimental data of Hatanaka et al.,7 we can also expect the order
of magnitude of (�h) to be �h � Oð10�5Þ m. This yields a Reynolds
number of order Res � Oð101Þ suggesting the significance of the film
inertia, and thus, the lubrication theory’s assumption becomes invalid.
Therefore, we revisit the basic fluid governing equations, which take
inertia into account.

Given the aforementioned axisymmetric system of a source and
reflector and given that R� hðtÞ, we can safely assume that the pres-
sure gradient across the film thickness is negligible compared to the

radial pressure gradient (@p@z �
@p
@r) and, therefore, the pressure is only a

function of the radial coordinate (@p@z ¼ 0).24 With this assumption, the
conservation of momentum and mass equations for this system using
cylindrical coordinates is given by24,25

q
@vr
@t
þ vr

@vr
@r
þ vz

@vr
@z

� �
¼ � @p

@r
þ l

@2vr
@z2

; (1)

1
r
@

@r
ðrvrÞ þ

@vz
@z
¼ 0; (2)

where p is the liquid pressure, q is its density, l is its viscosity, and vr
and vz are the liquid velocity fields along r and z, respectively. To solve
for the pressure and velocity fields, we follow the iterative scheme of
Kuzma and Jackson;26,27 we first approximate the inertial forces [left
hand side of Eq. (1)] by employing the velocity profiles of the classical
lubrication theory, which are given by

vr ¼
3r _h
h3

z2 � hzð Þ; (3a)

vz ¼ �
_h
h3

2z3 � 3hz3ð Þ: (3b)

Then, by integrating Eq. (1) twice with respect to (z) and assum-
ing static boundary conditions (vrðr; 0; tÞ ¼ vrðr; h; tÞ ¼ 0), we find
the following expression for the radial velocity field (vr):

vr ¼
1
l
@p
@r

z2

2
� hz

2

� �
þ q

l
3r€h
h3

z4

12
� hz3

6
þ h3z

12

� �"

þ r _h
2

h6
� z6

10
þ 3hz5

10
� 3h2z4

4
þ h3z3 � 9h5z

20

� �#
: (4)

The conservation of mass principle requires that the inflow or
outflow across the control volume of the film is equal to the volume
change due to the source vibration and the reflector levitation. This
condition can be expressed mathematically in an integral form as
follows: ðh

0
vrdz ¼ �

r _h
2
: (5)

FIG. 1. In-liquid squeeze-film levitation. Initially, a film thickness h0 separates the
vibrator and the free-floating reflector. This initial film thickness originates from vari-
ous sources, such as the roughness of the two surfaces or misalignment. Upon the
start of the vibration a cosðxtÞ, a pressure builds up in the film layer, which pushes
reflector away distance x until it reaches equilibrium at the time-averaged steady-
state levitation distance �x . The reflector oscillates around its equilibrium position
harmonically, denoted by c cosðxt þ /Þ. The over-pressure in the liquid layer is
linked to the steady-state time-averaged levitation film height.
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Finally, by substituting the velocity profile expression [Eq. (3)]
into the continuity equation [Eq. (5)], we obtain the following expres-
sion for the pressure gradient along (r):26

@p
@r
¼ 6lr _h

h3
þ 3qr€h

5h
� 15qr _h

2

14h2
: (6)

This expression has different coefficients of the second and third
terms compared to the work of Li et al.,28 because in that work the
term (vz

@vr
@z ) was neglected despite being comparable in magnitude to

(vr
@vr
@r ).

26 This first-order iterative solution was shown previously to be
stable and to agree with the full numerical solutions,29 unlike the
higher-order solutions.24 By integrating the pressure gradient expres-
sion with respect to (r) assuming the boundary condition
(pðR; tÞ ¼ pa � Dp), where pa is the ambient pressure and Dp is a
pressure loss term due to the edge effect, we obtain the following pres-
sure field expression:

p� pa ¼
r2 � R2

2
6l _h
h3
þ 3q€h

5h
� 15q _h

2

14h2

 !
� Dp

where

Dp ¼
CeqR2 _h

2

8h2
if _h > 0;

0 otherwise:

8><
>: (7)

This pressure profile expression suggests three main pressure-
inducing mechanisms for incompressible films. The first one is associ-
ated with the viscosity of the liquid represented by the term 6l _h=h3.
This term is symmetric and, thus, has no contribution to the time-
averaged pressure. The second and third mechanisms are associated
with the temporal and convective accelerations of the liquid squeezing
in and out of the film, represented by the asymmetric terms 3q€h=5h
and 15q _h

2
=14h2, respectively. In addition, accounting for liquid iner-

tia results in an inevitable pressure drop Dp at the edge of the squeeze
film during negative squeeze motion ( _h > 0), due to the sudden con-
traction of the liquid at the film entrance. Using Bernoulli’s equation,
we can find an expression for the pressure drop term30,31 equal to
CeqR2 _h

2
=8h2, where Ce is a pressure loss coefficient that depends

mainly on the geometry of the film entrance (i.e., sharp or round
edge). This edge effect term along with the asymmetric temporal and
convective acceleration terms contributes to a non-zero time-averaged
squeeze-film pressure (refer to the supplementary material for more
details about the pressure terms).

To account for the levitated object being free floating, we assume
a single degree of freedom system where the reflector is a mass. The
mass is connected to the vibrating surface through a liquid layer whose
initial thickness is h0. We introduce two independent coordinates (x,
y), where x is the displacement of the reflector and y is the displace-
ment of the vibrating surface. The film height h(t) is a function of x
and y coordinates as follows:

h ¼ ho þ x � y ; _h ¼ _x � _y ; €h ¼ €x � €y: (8)

By analyzing the forces acting on the reflector, we can obtain the
following equation of motion:

€x ¼ 10 _h
2

14h2
� 2€y
5h
� 4� _h

h3
� Ce

_h
2

4h2
�Mg

 !,
M þ 2

5h

� �

where

M ¼ m
p2R4q

; � ¼ l
q
; (9)

where the mass ratio (M) is a measure of the relative significance of
the inertial effects of the free-floating object and the liquid film, and
the kinematic viscosity (�) is a measure of the fluid resistance to flow
under inertial forces.

To understand the nature of this dynamical system, we con-
ducted experiments in which we measured the levitation displacement
of a free-floating mass placed on top of a vibrating surface (40 kHz) in
a liquid container at different vibration amplitudes, similar to other
experiments from the literature.32–34 As demonstrated in Fig. 2(a) for
a mass of (64 g), experiments confirmed the existence of stable
squeeze-film levitation in liquid. To further investigate whether cavita-
tion develops in the liquid film and its potential effect on this phenom-
enon, we visualized the surface area of the liquid film subjected to the

FIG. 2. (a) Demonstration of the stable steady-state levitation of a free-floating
reflector of mass 64 g, at 40 kHz excitation. For each vibration amplitude, five trials
of measurements were collected and the results are plotted as the mean displace-
ment (solid lines) and the standard deviation (shades). (b) A detailed view of one
experimental trial corresponding to the input vibration amplitude a ¼ 1:62 lm, with
the vibrator displacement being y. We observe that the floating mass levitates to a
steady-state position �x and oscillates around the equilibrium position, where the
oscillations are represented as ~x . The response shows two characteristic time
scales: (a) time corresponding to the mass reaching steady-state levitation distance
tss and (b) time associated with the reflector oscillations tfl.
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sinusoidal excitation and we found no trace of bubbles in our experi-
ments using a purified liquid. Furthermore, we found that levitation in
the non-cavitated liquid is stable and repeatable, unlike the cavitated
case (refer to the supplementary material for more details about the
investigation of cavitation).

By looking closely at the response shown in Fig. 2(b), we observe
the following: The reflector reaches an equilibrium levitation position
while oscillating. We notice that the amplitude of the reflector oscilla-
tions is considerably smaller than the input amplitude (� 15%). In
addition, we also find the phase shift between the reflector oscillations
and input vibrations to be consistently around (p2). Finally, the
dynamic response of the system has two characteristic time scales: (a)
time corresponding to the mass reaching a steady-state levitation posi-
tion tss and (b) time associated with the reflector oscillations tfl, such
that (tss � tfl). We can exploit this observation to decompose the
response into two components: namely, time-averaged and oscillating
components as follows:

x ¼ �x þ ~x ¼ �x þ c cosðxt þ /Þ; (10)

where �x is the time-averaged steady-state levitation distance and ~x is
the oscillation component such that ~x ¼ c cos ðxt þ /Þ. Since we are
mainly interested in the time-averaged levitation component (�x), we
can impose a time average operator h�i on the dynamic equation (9).
This time average operator is given by h�i ¼ 1

T

Ð T
0 � dt, where T is the

period of the oscillation. The analytical time-average of Eq. (9) exists
in the special case when the mass ratioM is negligible compared to the
2
5h term in the denominator of the right hand side of Eq. (9). We can
find the range of values where the assumption of a negligible mass
ratio is valid to be as follows: for masses of few hundred grams
Oð10�1Þ kg, radii are of tenth of millimeters Oð10�2Þm and for a typi-
cal liquid density of order Oð103Þ kg/m3, the mass ratio is of order
Oð103Þ compared to an Oð105Þ for the 2

5h term. By imposing this
assumption on Eq. (9), we obtain the following expression:

€x ¼ 25 _h
2

14h
� €y � 10� _h

h2
� 5Ce

_h
2

8h
� 5hMg

2
: (11)

A remarkable consequence of the M � 2
5h assumption is that all

of the terms of Eq. (9) become symmetric in Eq. (11) except for the

convection terms 25 _h
2

14h and 5Ce
_h
2

8h . It means that within the range of val-
ues in which the assumption is valid, the convection effects prevail and
become the sole source of the steady-state time-averaged levitation. By
imposing the time average operator, the symmetric terms €x; €y , and
10� _h
h2 of Eq. (11), by definition, converge to zero, which yields the
following:

hh2i ¼ ð20� 2:2CeÞ
28Mg

h _h2i: (12)

The time average of the film height yields the steady-state component
�h. On the other hand, we can find the time average of the _h

2
by

substituting the derivative of Eq. (10) into the _h expression of Eq. (8)
and find the time average integral to be

h _h2i ¼ a2x2

2
þ c2x2

2
� acx2 cosð/Þ: (13)

Given our earlier experimental findings that the amplitude of the
reflector oscillations c is � 15% of the input amplitude and that the

phase shift / is around p
2, we can conclude that the reflector dynamics

terms c2x2=2 and acx2 cos ð/Þ are negligible compared to the vibra-
tion input term a2x2=2. By omitting the negligible terms from Eq.
(13), substituting it back in Eq. (12), and expanding the mass ratio M,
we find the following expression for the time-averaged steady-state
film height �h:

�h ¼ pR2ax U
ffiffiffiffiffiffiffi
q
mg

r
; (14)

whereUðCeÞ is a correction factor that accounts for the energy dissipa-
tion due to the edge effect, such that U ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð20� 2:2CeÞ=56

p
. To vali-

date the theory, we conducted experiments using different
combinations of masses (64, 101, and 122 g) with a disk radius
(10mm) at ultrasonic (40 kHz) vibration amplitudes (1–3lm), in a
purified liquid of density (1030 kg/m3) as summarized in Table I.
Using the collected data, we identified the empirical parameters
(h0;Ce) to be h0 � 22lm and Ce � 9. As demonstrated in Fig. 3, the
model shows close agreement with the experimental data. We also

TABLE I. Experimental parameters.

a f R q m

1–3 lm 40 kHz 10mm 1030 kg/m3 64 101 122 g

FIG. 3. Validation of the model demonstrated by the steady-state time-averaged
levitation height �h as a function of the vibration amplitude and mass of the reflector
expressed as a

ffiffiffiffiffiffiffiffi
1=m

p
. The experiments were conducted on three different

masses: 64 g (blue parallelograms), 101 g (orange circles), and 122 g (yellow trian-
gles) at vibration amplitudes up to 3lm. We identified the initial film thickness h0 to
be �22lm and the pressure loss coefficient Ce to be �9. The model (black solid
line) shows close agreement with the experimental data (individual plotted points)
at different combinations of vibration amplitudes and masses. The inset shows the
decomposed experimental data; the steady-state time-averaged levitation height �h
as a function of the vibration amplitude a for each mass individually.
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observe that the correction factor U is not influenced by the vibration
amplitude nor the mass, as expected, since the loss coefficient depends
only on the geometry of the film entrance. In addition, we see that levi-
tation starts at certain amplitude threshold, similar to air systems,34

which is mainly because for thicker squeeze films, higher amplitude is
required to induce sufficient pressure in the film to outweigh the mass
of the reflector and vice versa.

In summary, we showed that liquid inertia, manifested as the tem-
poral and convective acceleration of the liquid film, is the source of pres-
sure asymmetry that causes the levitation phenomenon to exist. We
demonstrated that in the special case of a negligible mass ratio (M) com-
pared to a film thickness parameter ( 25h), the fluid convective inertial
effects prevail and become the sole source of the levitation phenomenon.
In such a case, we derived a closed form compact formula that predicts
the steady-state time-averaged levitation height as a function of the
vibration input parameters (a;x), liquid density (q), and mass (m) of
the levitated object. The findings of this Letter could potentially lead to
physics-informed designs of in-liquid levitation systems for non-contact
manipulation, transportation, and friction modulation applications.

See the supplementary material for elaborate treatment of the
pressure-inducing mechanisms in incompressible squeeze-films sub-
ject to transverse vibrations, details about the experimental setup and
procedure, details about the investigation of cavitation in the liquid
film and associated multimedia videos of images captured for the
squeeze film, a supporting fluid–solid interaction (FSI) finite element
model, which agrees qualitatively with the proposed theory herein,
and an experimental comparison between the load-carrying capacity
of in-liquid and in-air levitation.
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