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A B S T R A C T   

A time-domain inverse aeroacoustic method based on the convective Ffowcs Williams–Hawkings 
equation is presented. The method allows to determine, in real-time, the unsteady forces exerted 
on rotating blades in the presence of a moving medium. The inversion procedure is based on a 
space-time regularization with a mixed l1,2-norm, which guarantees accuracy and smoothness of 
the solution. The method is initially verified through synthetic acoustic signals emitted by 
rotating sources in a constant flow, up to a convective Mach number of about 0.88. Then the 
method is validated through signals generated by a propeller immersed in a wind-tunnel jet flow, 
up to a Mach number of 0.06. Due to the reduced convective Mach number, the leading aero-
acoustic effect is derived from a variation of the blade loading. It is argued that the onset of flow 
separation at high values of the rotor advance ratio is responsible for the onset of force fluctu-
ations that the inverse method is able to retrieve both qualitatively and quantitatively.   

1. Introduction 

With the rapid development of advanced air mobility concepts based on electric Vertical Take-Off and Landing (eVTOL) vehicles, 
lifted and propelled by multiple distributed rotors, modeling and measurements of rotating aeroacoustic sources have become a topic 
of high scientific and technical relevance. Among other design challenges [1], a low noise signature is crucial for the societal 
acceptance of operations in closer proximity of highly densely populated [2,3]. 

The theory of sound generation from rotors is based on the acoustic analogy for arbitrarily moving surfaces formulated by Ffowcs- 
Williams and Hawkings [4]. The engineering relevance of the theory is instead related to the mathematical derivations by Farassat and 
Succi [5], and the computational algorithms proposed by several authors [6–9]. This literature is related to the challenge of predicting 
rotorcraft noise in a broad range of Mach numbers. More recently, due to the emergence of drone and eVTOL aeroacoustics, researchers 
have faced new challenges related to transitional nature of the flow [10–12], to the unsteady nature of the forces applied on the rotor 
blades in non-axial flow conditions [13] and in the presence of inflow turbulence [14], and to the stochastic variation of the rotational 
speed [15]. The unsteady loading effects, in particular, are crucial for reliable community noise assessments, since the acoustic 
annoyance is strongly related to the occurrence of amplitude and frequency modulations. These effects are relevant in hover condi-
tions, when the controller continuously adapts the Revolutions Per Minute (RPM) of every rotor to keep the hovering point, as well as 
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during maneuvers, when the rotors operate in non-axial flow conditions, or blade-vortex interaction phenomena may occur, or the 
RPM is changed abruptly. To shed light on these effects, the time evolution of the blade loading should be scrutinized both experi-
mentally and numerically. The present work contributes to the development of an inverse acoustic method for the experimental 
characterization of unsteady blade loading, and in particular it is focused on the inclusion of mean-flow convective effects in the 
formulation of the inverse problem. 

In the past decades, acoustic imaging methods based on microphone array measurements [16], such as beamforming methods [17, 
18], inverse methods [19,20] and nearfield acoustic holography methods [21,22], have been widely used to identify the aeroacoustic 
sources in moving medium. These methods were originally proposed for static aeroacoustic sources. For rotating aeroacoustic sources, 
such as propeller noise [23], the sound field is much more complicated than the sound field of static sources due to the Doppler effect 
[24]. The identification methods for the static aeroacoustic sources are usually not suitable for the identification of rotating aero-
acoustic sources [25]. At present, many methods have been proposed to perform rotating aeroacoustic source identification [26–29], 
such as the classic de-Doppler techniques [30], virtual rotating array method [31] and mode decomposition methods [32]. However, 
these methods are usually based on the static/quiescent medium assumption. 

To identify rotating aeroacoustic sources in a uniform subsonic axial flow, Sijtsma [33,34] first developed the ‘rotating source 
identifier’ method based on the assumption of monopole sources in time domain by considering motion compensation, which was 
successfully applied to locate and estimate propeller noise in the open jet of the German-Dutch Wind Tunnels using an out-of-flow 
acoustic array. Then, Ocker and Pannert [35] developed a frequency domain method for locating rotating monopole sources in 
axial flow by considering motion compensation and a uniform subsonic axial flow. The method utilizes a modified free-space Green’s 
function in the virtual rotating array to describe the rotating sound field analytically. To further improve the location resolution of 
rotor blade noise, Yu et al. [36] introduced a cyclostationary signal processing tool into the beamforming method to extract the rotor 
blade signals from the noisy measurements with other interferences. However, this method is still based on the assumption of 
monopole sources. It is worth noting that in subsonic flows, the loading noise is related to a dipole source due to the unsteady forces 
exerted by the solid surfaces on the fluid and it is the principal cause of propeller noise in most aeroacoustic systems [37,38]. For 
identifying rotating loading sources in moving medium, Chen et al. [39] proposed a wavelet-based beamforming method in the 
time-frequency domain and carried out experimental researches with a rotating blade and the airfoil in an anechoic wind tunnel. 
Unfortunately, the beamforming methods failed to quantify the source strengths accurately when multiple coherent sources were 
present. To evaluate the unsteady rotating forces exerted by the rotor blades on the surrounding fluid, Gerard et al. [40] investigated an 
inverse acoustic method based on the Helmholtz integral solution following the approach of Morse and Ingard. Later on, Trabelsi et al. 
[41] developed an inverse method to evaluate the unsteady rotating forces applied by fan blades on the surrounding fluid, but they 
employed a simple model of the tonal noise of an axial flow fan, in which the distributed force was replaced by an equivalent force 
concentrated at the aerodynamic center of the blade. 

The existing researches on the reconstruction of the unsteady rotating forces in moving medium by the inverse method were carried 
out in the frequency domain, thus losing some information about the variation of the sources in time. This information is indeed key for 
real-time identification and control of moving sources and it is of scientific significance and practical importance. Therefore, in the 
present paper, a time-domain inverse aeroacoustic method is established based on the convective Ffowcs Williams–Hawkings (FW-H) 
equation. To validate the model, experiments are performed by locating the rotor of an unmanned aerial vehicle (UAV) in the flow 
issued at different velocity by a nozzle located in a semi-anechoic open wind tunnel in Hefei University of Technology. The measured 
signals are used to carry out a real-time reconstruction of the unsteady forces acting on the rotor blades, by taking into account the 
small but not negligible acoustic convective effects of the mean flow. 

Fig. 1. Geometric description of the rotor planform (a) and the equivalent discrete source points (b). M and U are the rotational (tip) Mach number 
and the moving flow velocity, respectively. 
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The remainder of the present paper is organized as follows. Section 2 presents the theoretical formulations of the proposed time- 
domain inverse aeroacoustic method. In Section 3, synthetic noise signals radiated by two unsteady rotating point forces in a uniform 
flow are computed analytically and used as an input of the proposed method to systematically evaluate its accuracy. In Section 4, 
experimental noise signals emitted by an UAV rotor in an open wind tunnel are used to validate the proposed method in a more realistic 
operational scenario. Finally, the main outcome and conclusions of the present work are drawn in Section 5. 

2. Theoretical formulations 

2.1. The time-domain inverse aeroacoustic method 

According to the aeroacoustic theories of rotors, steady and unsteady forces generated by the flow on the blades are the dominant 
sources of thin blades in subsonic, low Mach number conditions. Therefore, the proposed inverse method should seek for dipole 
sources distrusted on the rotor disk [42], which is discretized into N loading source points in a moving medium, marked by solid 
circles, as shown in Fig. 1. The force at each source point is decomposed into the three components in the Cartesian coordinate system. 
The model derivation starts from the equations of sound pressure at a given microphone location x and time t generated by these N 
loading sources in a moving medium. By using the retarded time formulation 1C based on the convective wave equation, which takes 
into account the presence of a mean flow [43], the pressure signal reads: 

p(x, t) =
1

4πc
∑N

n=1

[
ḞiR̃i

R∗(1 − MiR̃i)
2

]

e

+
1

4π
∑N

n=1

[
FiR̃

∗

i − FiMi

R∗2(1 − MiR̃i)
2

]

e

+
1

4πc
∑N

n=1

[

FiR̃i
R∗ṀiR̃i + c0

(
MiR̃

∗

i − M2
)

R∗2(1 − MiR̃i)
3

]

e

−
1

4π
∑N

n=1

[

FiR̃i

MiR̃
∗

i MiR̃i + γ2
(
(M∞iMi)

2
−
(
MiR̃

∗

i

)2)

R∗2(1 − MiR̃i)
3

]

e

,

−
1

4π
∑N

n=1

[
FiR̃

∗

i MiR̃i + γ2
(
M∞iMiM∞iFi − FiR̃

∗

i MiR̃
∗

i

)

R∗2(1 − MiR̃i)
2

]

e

(1)  

where the subscript “n” indicates the nth source point; Ḟni is the derivative of the force component of the nth source Fni with respect to 
the source time, i.e., Ḟni = ∂Fni/∂τ; Mni is the Mach number component of the nth source, with Mni = Vni/c where Vni is the velocity 
component of the nth source; Mn is the Mach number of the nth source; Ṁni is the derivative of Mni in terms of the source time, i.e., Ṁni =

∂Mni/∂τ; M∞ is the amplitude of the flow Mach number vector M∞; M∞i is the component of the flow Mach number, with M∞i = Ui /c 
where Ui is the velocity component of the moving flow velocity U; r is the amplitude of the distance vector r; The subscript “e” in Eq. (1) 
indicates that all the quantities in the square brackets depend on their evaluated values at the source time τ. Other quantities are 
defined as: 

R∗ =
1
γ

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

r2 + γ2(M∞ ⋅ r)2
√

, (2)  

R = γ2(R∗ − M∞ ⋅ r), (3)  

γ2 = 1
/(

1 − |M∞|
2
)
, (4)  

R̃
∗

i =
∂R∗

∂xi
=

ri + γ2
(
M∞jrj

)
M∞i

γ2R∗
, (5)  

R̃i =
∂R
∂xi
= γ2( R̃

∗

i − M∞i
)
. (6) 

As the discrete sampling is given in practical measurements, the signal reception and emission time at discrete time steps tk and τl 

are defined, respectively, as: 

tk = t1 + (k − 1)Δt, k = 1, 2,…,K, (7)  

τl = τ1 + (l − 1)Δt, l = 1, 2,…, L. (8) 

When the discrete pressure values are used to calculate the force values, the source time for each loading source should be 
determined via the retarded time relationship: 

τk
n = tk − Rn

/
c. (9) 
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Since the source time τk
n will not be in general an integer multiple of the given time interval Δt, the force component should be 

processed by the following time domain interpolation: 

Fni
(
τk

n

)
=

∑k

l=1
ζl( τk

n

)
Fl

ni, (10)  

Ḟni
(
τk

n

)
=

∑k

l=1

∂ζl( τk
n

)

∂τ Fl
ni, (11)  

where Fl
ni represents the force component at each source time step τl, and ζl(τk

n) is the Lagrange linear interpolation function [44,45]. 
After the discretization and interpolation, Eq. (1) becomes: 

p
(
x, tk) =

∑N

n=1

∑k

l=1
gl

ni

(
τk

n

)
Fl

ni, (12)  

where gl
ni(τk

n) is expressed as: 

gl
ni

(
τk

n

)
=

R̃ni

4πc0R∗n(1 − MniR̃ni)
2

∂ζl( τk
n

)

∂τ

+

[
R̃
∗

ni − Mni

4πR∗2n (1 − MniR̃ni)
2 + R̃ni

R∗nṀniR̃ni + c0
(
MniR̃

∗

ni − M2
n

)

4πc0R∗2n (1 − MniR̃ni)
3

− R̃ni
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∗

niMniR̃ni + γ2
(
(M∞niMni)

2
−
(
MniR̃

∗

ni
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3 .

−
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∗

niMniR̃
∗

ni

)
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2

]

ζl( τk
n

)

(13) 

In a matrix form, Eq. (12) can be rewritten as: 

p
(
x, tk) = ψ1kT1 +ψ2kT2 +⋯+ψlkTl +⋯+ψkkTk, (14)  

where 

ψlk= [ gl
11

(
τk

1

)
⋯ gl

N1

(
τk

N

)
gl

12

(
τk

1

)
⋯ ,

gl
N2

(
τk

N

)
gl

13

(
τk

1

)
⋯ gl

N3

(
τk

N

)
]

(15)  

Tl =
[

Fl
11 ⋯ Fl

N1 Fl
12 ⋯ Fl

N2 Fl
13 ⋯ Fl

N3

]T
. (16) 

By considering Q measurement points, and applying Eq. (14) to each measurement point, yields the following extended matrix 
equation: 

Pk = H1kT1 +H2kT2 +⋯+HlkTl +⋯+HkkTk, (17)  

where 

Pk =
[

p
(
x1, tk) p(x2, tk) ⋯ p

(
xq, tk

)
⋯ p(xQ, tk)

]T
, (18)  

Hlk =

[
(
ψlk

1

)T (
ψlk

2

)T ⋯
(

ψlk
q

)T
⋯

(
ψlk

Q

)T
]T

. (19) 

By applying Eq. (17) to each time step, yields a large matrix expression: 

P = H
̅→←̅

T
̅→←̅

, (20)  

where 

P =
[

P1 P2 ⋯ Pk ⋯ PK
]
, (21)  

T
̅→←̅

=
[

T1 T2 ⋯ Tk ⋯ TK
]
, (22)  
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H
̅→←̅

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

H11

H12 H22

⋮ ⋮ ⋱
H1k H2k ⋯ Hkk

⋮ ⋮ ⋱ ⋮ ⋱
H1K H2K ⋯ HkK ⋯ HKK

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (23) 

Eq. (20) is a linear system that relates the force components in the three directions of the N discrete forces along the blades in 
moving medium and at different source time steps to Q microphone acoustic pressures at different observer time steps. Then, the force 
components at different locations on the rotor disk and at different source time steps can be computed from the sampled values of the 
acoustic pressure at the measurement points by inverting Eq. (20) as: 

T
̅→←̅

= H
̅→←̅

+P, (24)  

where the superscript “+” denotes the pseudo-inverse of a matrix H
̅→←̅

. This inverse problem is usually ill-conditioned when numerical 
parameters are chosen inappropriately [46,47], such as the number and positions of source points, the time step, and the distance 
between the source surface and the measurement surface, etc. An in-depth investigation about the factors affecting the condition 
number of the transfer matrix has been done by Nelson and Yoon in the Refs. [46,47]. Among these factors, the distance between the 
equivalent source surface and the measurement surface plays a very important role in affecting the condition number. The smaller the 
distance is, the smaller the condition number is. Thus, in order to keep lower condition number and obtain higher reconstruction 
accuracy, it is better to measure the acoustic pressure in the near field. 

In order to suppress the ill-posed problem in the inversion process, regularization should be done to guarantee accurate solutions 
[48,49]. Considering that the reconstructed unsteady rotating forces have different characteristics in space and time: force application 
points are concentrated in space, while force signals vary continuously in time, and there are 3N unknowns to be solved at every source 
time step, which is usually more than the number of microphones Q in practical measurements, a space-time regularization with a 
mixed l1,2-norm term is used in this paper. The method takes advantage of the spatial sparsity of the excitation field and the continuity 
of the time signals by combining an l1-norm in space and an l2-norm in time, thus allowing to reconstruct the forces accurately when 
the number of input signals is less than the number of unknowns. 

2.2. Space-time regularization with a mixed l1,2-norm term 

The space-time regularization with a mixed l1,2-norm term is introduced in the inverse problem framework [50,51], namely 

T̃ = argmin
T
̅→←̅‖ P

̅→←̅
− H

̅→←̅
T
̅→←̅

‖

2

2 + λ‖ T̂ ‖
2
1,2, (25)  
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⎢
⎢
⎢
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⎥
⎥
⎥
⎥
⎦

T

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
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⎢
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N2 F2
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N2
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N3 F2
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N3

⎤

⎥
⎥
⎥
⎥
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⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
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⎥
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⎥
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⎥
⎥
⎦

. (26)  

Where T̂ is the matrix rewritten by the elements of the unknown force vector T
̅→←̅

in Eq. (22). The rows correspond to the time signal at 
a particular location and the columns to the excitation field at a specific instant. The minimization problem in Eq. (25) can be solved by 

the generalized iterative reweighted least squares algorithm [52] by transforming ‖ T̂‖21,2 to‖ Ŵ T
̅→←̅
‖

2
2, where Ŵ is a diagonal matrix 

and its element is 
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

Wk
niWk

√

. 

Wk
ni =

{⃒
⃒Fk

ni

⃒
⃒1− 2

,
⃒
⃒Fk

ni

⃒
⃒ ≥ ε

ε1− 2 , otherwise
(27)  

Y. Xu et al.                                                                                                                                                                                                              



Journal of Sound and Vibration 568 (2024) 117972

6

Wk =

⎧
⎪⎨

⎪⎩

[
‖
(
Tk)T

‖
1

1

]2/1− 1
, ‖

(
Tk)T

‖
1

1 ≥ ε2

(
ε2)2/1− 1

, otherwise
(28) 

To avoid infinite weights, a small real positive number ε is added to Wk
ni and Wk, respectively. The explicit solution of Eq. (25) can 

be expressed in the following form: 

T̃ =
(

H
̅→←̅

H H
̅→←̅
+ λ W

̅̅→←̅̅ )− 1
H
̅→←̅

H P
̅→←̅

, (29)  

where W
̅̅→←̅̅

= Ŵ
H

Ŵ, the symbol “H” means the Hermitian transpose. Since the weighting matrix W
̅̅→←̅̅

requires an iterative process 

while obtaining the solution of the minimization problem. The solution T̃
(s)

at iteration s relies on solution at iteration s − 1, namely 

T̃
(s)
=

(
H
̅→←̅

H H
̅→←̅
+ λ W

̅̅→←̅̅
(s− 1)

)− 1
H
̅→←̅

H P
̅→←̅

, (30)  

where W
̅̅→←̅̅

(s− 1) is composed of the exciting force Fk
ni at iteration s − 1. The initial solution T̃

(0)
of the iterative procedure is estimated 

based on the standard Tikhonov regularization [48], i.e., 

T̃
(0)
= argmin

T
̅→←̅‖ P

̅→←̅
− H

̅→←̅
T
̅→←̅

‖

2

2 + λ‖ T
̅→←̅

‖
2
2. (31)  

Where λ is determined according to the L-curve criterion [53]. The functional Γ at iteration s is given by 

Γ
(
T̃
(s))
= ‖ P

̅→←̅
− H

̅→←̅
T̃
(s)
‖

2

2 + λ‖ W
̅̅→←̅̅

(s− 1)T̃
(s)
‖

2

2. (32) 

As a result, the relative variation δ of the functional Γ between two adjacent iterations can be expressed as: 

δ =
⃒
⃒
⃒
⃒1 −

Γ
(
T̃
(s))

Γ
(
T̃
(s− 1))

⃒
⃒
⃒
⃒. (33) 

The algorithm is re-iterated until the relative variation is less than or equal to a given tolerance or the maximum number of it-
erations is reached. 

For the sake of clarity, it is worth mentioning that the present method treats constant rotating forces, which are unsteady in the 
microphone absolute reference system, and forces that are unsteady in the rotating reference system in the same way. Therefore, the 
method is able to compute equivalent unsteady rotating forces in a generic sense, with both rotational Doppler effects and mean-flow 
acoustic convective effects taken into account by the underlying acoustic analogy model. 

3. Numerical verification study 

Numerical simulations have been initially carried out to examine the performance of the proposed method for reconstructing the 
unsteady rotating forces in moving medium and the results of the performed verification tests are reported and discussed in this 

Fig. 2. Geometric description of the rotating loading sources, source points, measurement points and prediction points. U3 is the axial flow velocity 
in the x3 direction. 
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section. 
The layout of the rotor model is sketched in Fig. 2, where a number of 30 source points are equally distributed along three rings with 

a radius of 0.1, 0.2 and 0.3 m. These source points have identical rotational speed Ω=1020 RPM. In order to improve the accuracy of 
the force reconstruction for a given number of source points, it is important to locate source points at radial distances corresponding to 
locations of actual high blade loading. Therefore, the present numerical verification test is performed by using the pressure signals 
generated by two forces Fa and Fb initially located at the points (0.2, 0, 0) m and (-0.2, 0, 0) m, respectively, as an input. The Cartesian 
coordinates o(x1, x2, x3) is depicted in Fig. 2. These two positions coincide with two equivalent source positions on the second ring. 

In order to quantify the reconstruction error of the proposed method, the phase evaluation indicator Ep and the amplitude eval-
uation indicator Ea are used, which are defined, respectively, by [54] 

Ep =

⃒
⃒FT

thFre
⃒
⃒

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
FT

thFth
)(

FT
reFre

)√ , (34)  

Ea =

⃒
⃒
⃒

̅̅̅̅̅̅̅̅̅̅̅̅

FT
thFth

√

−

̅̅̅̅̅̅̅̅̅̅̅̅

FT
reFre

√ ⃒
⃒
⃒

̅̅̅̅̅̅̅̅̅̅̅̅

FT
reFre

√ , (35)  

where the superscript “T” denotes the transpose of matrix; Fthand Fre are the theoretical and reconstructed forces, respectively. A phase 
indicator Ep approaching the unitary value indicates a high phase similarity between the effective and reconstructed force signals, 
whereas an amplitude indicator Ea approaching zero indicates a vanishing amplitude error. 

The three components of the two unsteady rotating forces Fth
a and Fth

b in the Cartesian coordinate system o(x1, x2, x3) are expressed 
as [38]: 

Fth
a

⎧
⎪⎪⎨

⎪⎪⎩

Fth
a1 = FDsin(ϕ1 +Ωτ)

Fth
a2 = − FDcos(ϕ1 +Ωτ)

Fth
a3 = FL = C((τ − τo)/Tv)exp

(
− (τ − τo)

2/T2
v

)
, (36)  

Fig. 3. Comparison of the reconstructed and reference unsteady force components of Fa (left) and Fb (right) for an axial flow velocity of 40 m/s.  
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Fth
b

⎧
⎪⎪⎨

⎪⎪⎩

Fth
b1 = FDsin(ϕ2 + Ωτ)

Fth
b2 = − FDcos(ϕ2 +Ωτ)

Fth
b3 = FL = C((τ − τo)/Tv)exp

(
− (τ − τo)

2/T2
v

)
, (37)  

where ϕ1 and ϕ2 are the initial phases of two unsteady rotating loading sources, respectively; FD is the magnitude of the drag force; FL is 
the magnitude of the thrust force; C is a constant number; τo is the pulse time delay and Tv is the pulse time spreading width. The 
specific parameter values are given as FD = 50 N, C = 100, ϕ1 = 0, ϕ2 = π, Ω = 2πN̂/60, N̂ = 1020RPM, τo = 64Δt, and Tv = 12.8Δt, 
with the time step Δt = 1/1700 s, corresponding to 100 time steps per revolution. 

The acoustic pressure measurement array consists in 60 microphones equally distributed on two rings of the same radius of 0.25 m 
located on planes parallel to the rotor disk, as shown in Fig. 2. The two rings are located at an axial distance of 0.02 m and 0.04 m from 

Fig. 4. Spatial distribution of the reconstructed forces at four selected time steps: (a) τ1; (b) τ11; (c) τ21; (d) τ31. The white squares indicate the real 
positions of two loading sources. 

Fig. 5. The phase indicator Ep and the amplitude indicator Ea of the unsteady rotating forces Fa (left); and Fb (right).  
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the rotor disk, respectively. The axial flow velocity is set to the value of 40 m/s, corresponding to a Mach number of 0.12 for an ambient 
sound speed of 340 m/s. Based on the above simulation settings, the radiated sound pressure of the rotating loading sources, as input, 
can be calculated from Eq. (1). Additional Gaussian white noise with a signal-to-noise ratio of 30 dB is added to the pressure signals for 
simulating realistic conditions and better stressing the robustness of the method. Since the real values of the two unsteady rotating 
forces are known in the simulations, they are used as reference for comparison. 

Fig. 3 shows the comparison between the reconstructed and reference force time histories. A very good qualitative agreement can 
be observed during the entire time period. For a quantitative evaluation of the reconstruction accuracy, the calculated values of the 
phase and amplitude indices are 0.0014 and 0.9999, respectively, with identical values for the two forces. 

In order to better visualize the spatial localization results of the proposed methods, the source maps at the time steps of τ1, τ11, τ21 
and τ31 are shown in Fig. 4. The white squares indicate the real instantaneous positions of the two loading sources. It can be observed 
that the proposed method can accurately localize the unsteady loading sources at different time steps. 

Having stated the accuracy of the inverse method at a given axial flow velocity, the convergence characteristics of the proposed 
method are further investigated by evaluating the accuracy indicators at different values of the axial flow velocity, from 0 to 300 m/s, 
corresponding to a maximum convective Mach number of 0.88. Due to the numerical nature of the present verification test, the range 
of inflow Mach number can be extended beyond typical operational conditions. Fig. 5 shows the phase and amplitude indicators 
obtained at different axial flow velocities. It can be observed that the phase indicators are close to 1 and the amplitude indicators are 
close to 0, which indicates that the proposed method achieves a very accurate and robust reconstruction at all values of the axial flow 
velocity. Even when the axial flow velocity reaches very high values, the proposed method can still yield a satisfactory reconstruction 

Fig. 6. Experimental setups for measuring the UAV rotating blade noise in uniform flow: the wind tunnel, the UAV blades, the microphone array, 
and the laser speedometer. 

Fig. 7. Geometric description of the rotating blades, wind tunnel, source points, measurement points and prediction points. Axial coordinate not in 
scale. The distances between the two ring subarrays from the propeller plane are 0.02 m and 0.04 m, respectively. 
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accuracy. 

4. Experimental validation study 

To validate the proposed inverse method for rotating forces exerted by the rotor blades in a moving medium, experiments with UAV 
rotor have been carried out in an open wind tunnel and the results are reported and discussed in this section. 

The test rig installed in the semi-anechoic aeroacoustic wind tunnel in Hefei University of Technology is shown in Fig. 6. The flow 
comes from the circular nozzle installed on the test chamber. The nozzle diameter is 0.4 m. The height of the test chamber is 8.5 m, and 
the other two dimensions are 7.6 and 5.5 m. The cut-off frequency of the chamber is approximately 63 Hz. The turbulence level in the 
core of jet is below 0.5% and flow non-uniformity in the nozzle area is below 0.1% for the nozzle exit velocity of 20 m/s. The blades are 

Fig. 8. The localization results of the two rotating blades at time step τ615 for the axial flow velocities of 0 m/s (a), 5 m/s (c), 10 m/s (e), 20 m/s (g); 
and at time step τ683 for the axial flow velocities of 0 m/s (b), 5 m/s (d), 10 m/s (f), 20 m/s (h). 
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connected to a cylindrical brushless motor with a diameter of 6 cm for minimum interference with the propeller flow. The support 
structure of blades is fixed outside the wind tunnel outlet. The entire support structure is very stiff and submitted to almost no vibration 
when the rotor is operated in axial flow conditions, as in the present preliminary campaign. 

As shown in Fig. 7, the blade planform is discretized into a series of source points. These source points are distributed along three 
rings with the radius of 0.1, 0.2 and 0.3 m. Each ring contains 10 source points. The unsteady loading sources at these points are 
supposed to rotate at the same rotational speed as the blades. The propeller diameter D is 0.4 m, the same value as the nozzle diameter. 

A laser speedometer is used to measure the blade tip speed, which is 997.25 RPM, corresponding to a tip Mach number of 0.062. 
The distance between the rotor plane and the jet nozzle plane is about 0.5 m. Therefore, part of the rotor blade is located in the shear 
layer of the jet. By assuming a laminar core length of 5 nozzle diameters, a blade tip segment of about 0.05 m, i.e., a quarter radius, is 
located in a highly sheared, and potentially unstable, flow region. This is therefore a potential source of loading unsteadiness, and 
certainly a more severe validation condition compared to the verification study carried out in the previous section. The propeller is 
operated by varying the free-stream axial flow velocity in the jet wind tunnel. In the present study, the results for the jet exit velocities 
U3 of 0 m/s, 5 m/s, 10 m/s and 20 m/s are considered, respectively. These correspond to values of the advance ratio J = 60U3 /(N̂D) of 
0, 0.75, 1.5 and 3, respectively. 

The microphone array is the same as the one employed in the numerical simulation tests. The double-ring array consists of 60 high- 
precision microphones (BSWA MPA 451) with the sensitivity of -50 ± 5 dBV/Pa. The diameter of the array is 0.5 m. The distances 
between the two ring subarrays from the propeller plane are 0.02 m and 0.04 m, respectively. A Müller-BBM acquisition instrument 
with 60-bit cards is used to simultaneously sample the 60-channels of microphones at 10.24 k samples/s. In order to avoid contam-
ination of the noise measurements to the pseudo-sound generation by the flow interacting with the microphones, these have been 
located outside the laminar core of the jet, but sufficiently close to the jet axis to assume acoustic propagation in a constant mean flow 
in the underlying acoustic analogy model. At present stage of the research, the impact of this modeling assumption, as well as the 
effects related to the steady and unsteady refraction due to the jet shear-layer, have not been evaluated. Since the microphones are 
relatively close to the jet shear layer, wind proof balls have been added to the microphones, and this ensures a higher signal-to-noise 
ratio of the unsteady loading noise contribution, which are expected to be generated by stochastic variations of the inflow angle of 
attack induced by impinging vortical structures [38]. 

Fig. 9. The reconstructed force components in the three directions on the tip of two rotating blades (source ring radius of 0.2 m) for the axial flow 
velocities of 0 and 5 m/s. 
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Fig. 8 shows the localization results of unsteady loading sources on the rotating blades at two different time steps τ615 and τ683, 
obtained for the four values of axial flow velocity. It can be seen that the proposed method can clearly locate the unsteady loading 
sources on the rotating blades at two selected time steps in the uniform flow, and the loading sources mainly concentrate at the tips of 
the blades, where the change rate of the Mach number projected along the observer direction and the surface velocity are high, and 
where the aerodynamic force magnitudes are high. As expected, the loading sources in the blade tip region are the most significant 
contributor to the radiated noise field. 

Figs. 9 and 10 show the time histories of unsteady rotating forces on the blade tips, obtained for the four values of axial flow 
velocity. It can be observed that when the flow velocity is 0 m/s, the reconstructed force components in both x1 and x2 directions 
exhibit the sine and cosine harmonic form due to the projection of the drag force component at different azimuthal locations of the 
blade. The difference between the initial phases of the unsteady forces on two rotating blades is 180◦. As shown in Fig. 9, at the axial 
flow velocity of 5 m/s (J = 0.75), the amplitude of the reconstructed drag-force components is lower than that for the 0 m/s case (J =
0). As expected, both torque and thrust components decrease with increasing rotor advance ratios due to a reduction of the sectional 
flow incidence. The same trend can be observed for the axial force component, which exhibits a slightly lower amplitude for the non- 
zero advance ratio case. Moreover, the non-zero flow case reveals high level of unsteadiness, which is likely due to the interaction 
between the rotor tip and the jet shear layer. It can be finally observed, that for both advance ratios a negative mean axial force 
component is predicted, which indeed indicate a positive thrust generated by the rotor. 

At higher values of the advance ratio, the reconstructed force time histories plotted in Fig. 10 exhibit a different trend: the am-
plitudes of all force components increase with an increasing advance ratio and a negative thrust is generated. Indeed, for jet flow 
velocities higher than 5 m/s, the rotor operates in windmill conditions and the negative sectional flow incidence is prone of flow 
separation. The high level of force fluctuations can be therefore due to a combination of flow separation and blade tip interaction with 
a highly unsteady jet shear layer. The relative contribution of these two effects will be evaluated in future steps of the present research. 

The reconstruction accuracy of the unsteady rotating forces acting by rotor blades in moving medium is further evaluated by 
comparing the predicted sound signals with the measured ones. Fig. 11 shows the comparison of the sound pressures at two prediction 
points M1 (0.2, 0, 0.02) m and M2 (0, 0.2, 0.02) m, for the four values of the axial flow velocity. It can be argued that the predicted 
results are in good agreement with the measured ones, except for the occurrence of additional low-amplitude fluctuations in the 
reconstructed signals. As shown in Fig. 11(a)–(d), where noise signals for the 0 and 5 m/s cases are plotted, the dynamics of the signals 

Fig. 10. The reconstructed force components in the three directions on the tip of two rotating blades (source ring radius of 0.2 m) for the axial flow 
velocities of 0, 10 and 20 m/s. 
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are lower for the non-zero advance ratio case, in agreement with the predicted lower force fluctuations. Conversely, the dynamics of 
the noise signals significantly increase with the advance ratio at velocities higher than 5 m/s, as shown in Fig. 11(e)–(h). 

In order to evaluate the accuracy of the force reconstruction for the present validation case, the phase and amplitude indicators are 
computed and reported in Table 1. It can be argued that the phase error is weakly influenced by the free-stream velocity, whereas the 
amplitude error increases with the jet velocity. These results confirm that the proposed inverse method can achieve accurate and 
robust reconstruction of the sound fields also in conditions of intense force fluctuations, as in the case of a rotor operating in windmill 

Fig. 11. Comparison of the predicted and measured pressures at prediction point M1 (0.2, 0, 0.02) m for the axial flow velocities of 0 m/s (a), 5 m/s 
(c) 10 m/s (e), 20 m/s (g); and at prediction point M2 (0, 0.2, 0.02) m for the axial flow velocities of 0 m/s (b), 5 m/s (d), 10 m/s (f), 20 m/s (h). 

Table 1 
Phase and amplitude accuracy indicators at different jet flow velocities.  

U3 0 m/s 5 m/s 10 m/s 20 m/s 

Ep 0.9157 0.9122 0.9086 0.9126 
Ea 0.0128 0.0542 0.0652 0.0859  
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conditions and partially located in the shear layer of a jet flow. 

5. Conclusions 

This paper presented a time-domain inverse aeroacoustic method based on the convective FW-H equation to reconstruct unsteady 
rotating forces exerted by rotor blades in moving medium. In this method, the analytical direct model that relates the unsteady rotating 
forces to the radiated sound field is first discretized, and then the unsteady rotating forces are reconstructed from the measured 
pressures via a time-domain inversion procedure, where space-time regularization with a mixed l1,2-norm is employed to properly 
tackle both spatial localization and temporal reconstruction problems simultaneously. The influence of the convected moving medium 
on rotating aeroacoustic sources is studied and further clarified based on the proposed method. In a first step, numerical simulations of 
unsteady rotating point forces in moving medium were performed to verify the effectiveness of the proposed method. In addition, the 
convergence characteristics of the proposed method were investigated through simulations by estimating the accuracy indicators at 
increasing values of the axial flow velocity, from 0 to 300 m/s. In a second step, experiments with UAV rotor blades were carried out in 
an open wind tunnel for the jet exit velocities of 0, 5, 10 and 20 m/s. The results indicated that at lower rotor advance ratios, both 
torque and thrust components decrease at increasing values of the advance ratio, due to a reduction of the sectional flow incidence. 
Conversely, at high values of the advance ratio, the amplitude of the drag component increases at increasing values of the advance 
ratio. This effect is likely due the onset of flow separation. Moreover, the inflow turbulence developing in the shear layer of the jet, 
whose intensity increases with the jet velocity, is an additional possible source of unsteady loading. The accuracy of the reconstructed 
noise signals based on the sources computed by the inverse method is similar for the four values of the free-stream velocity. 

The next steps of the current research will focus on the characterization of the shear-layer contamination effects and the associated 
uncertainties in the force reconstruction, and to a validation of the predicted unsteady loading through a high-fidelity numerical 
simulation of the experimental rig. 
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