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Abstract

T he present dissertation covers the development of ultrabroadband femtosecond/pi-
cosecond coherent Raman spectroscopy (CRS) to measure temperature and species

concentrations in gas-phase chemically reacting flows.
Since its first demonstration in 1965, CRS has been vastly employed as a non-linear

optical spectroscopic technique to quantify scalars in gas-phase chemically reacting flows,
and it is presently regarded as a benchmark to measure temperature and concentrations
of major species in combustion environments. The commercial availability of ultrafast
regenerative laser amplifiers has brought forth an astounding amount of advancements
over the past ten years, with the development of time-resolved CRS techniques able to
perform measurements on a timescale shorter than that of molecular collisions in gas-
phase media. Hybrid femtosecond/picosecond (fs/ps) CRS in particular represents the
current state-of-the-art for gas-phase thermometry with unprecedented accuracy and
precision, achieved with remarkable spatial and temporal resolution. The high peak power
provided by amplified fs laser systems enables spectroscopy to be realised in one- and
two-dimensional imaging configurations acquiring single-shot images of the relevant
scalar fields. Furthermore, the broad spectral bandwidth of fs laser pulses allows for a
great simplification of the fs/ps CRS instrument. In two-beam fs/ps pure-rotational CRS a
single broadband fs laser pulse coherently excites the whole rotational energy manifold
of the target molecules, resulting in the coherent scattering of a spectrally narrow ps
probe probe pulse. Moreover, the introduction of spectral broadening techniques prompted
the development of ultrabroadband fs/ps CRS, where a single temporally-compressed
supercontinuum pulse can excite, in principle, all the Raman-active modes of the target
molecules. Ultrabroadband fs/ps CRS thus allows for the simultaneous investigation of
the rotational and the vibrational motion of all the major species present in the probed
volume, and could become the laser diagnostic tool for scalar determination in gas-phase
chemically reacting flows, both in thermal equilibrium and in non-equilibrium conditions.
For this to become a reality, however, a robust experimental protocol is needed for the
implementation of ultrabroadband fs/ps CRS, which could be reliably employed behind
the thick optical windows present in many practical experiments, such as those involving
pressurised combustors and enclosed chemical reactors.

In this respect, the present thesis revolves around two main experimental develop-
ments. The first one concerns the implementation of fs laser-induced filamentation as the
supercontinuum generation mechanism to perform ultrabroadband fs/ps CRS. The research
demonstrated that fs laser-induced filamentation can be employed in situ to compress the
excitation pulse directly behind thick optical windows and inside the chemically reacting
flow under study. This ultrabroadband coherent light source is employed throughout the
present research to perform single-shot fs/ps CRS measurements, over a spectral region
ranging∼500-2000 cm-1, the so-called "vibrational fingerprint region". Single-shot detection
of four major combustion species –hydrogen, oxygen, carbon dioxide, and methane– is
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demonstrated in this region of the Raman spectrum, and fs/ps CRS thermometry based on
each one of them is validated in a number of laboratory flames. The influence of the com-
bustion environment on the non-linear optical phenomena underpinning fs laser-induced
filamentation and on the resulting pulse self-compression is furthermore investigated,
evaluating the impact of the local composition and temperature of the gas-phase optical
medium.

The second experimental advancement addresses the need for an accurate quantification
of the resulting spectral excitation bandwidth, with the development of a novel CRS
experimental protocol. The conventional protocol entails the measurement of the non-
resonant (NR) CRS signal ex situ in a non-resonant gas (typically argon), sequential to the
CRS experiment, to map the spectral excitation profile. The novel protocol, on the contrary,
is based on the generation of the NR CRS signal in situ in the combustion environment,
simultaneous to that of the resonant CRS signal, thus removing a source of systematic bias
in the spectral referencing. In order to practically implement this protocol, a polarisation-
sensitive coherent imaging spectrometer is developed, which can simultaneously record
the cross-polarised resonant and NR CRS signals in two distinct detection channels. The
required polarisation angle to generate the resonant and NR CRS signals with orthogonal
polarisation is theoretically determined, and the same angle is proven to realise the in situ
referencing of any completely depolarised Raman transition. This referencing protocol is
firstly applied to pure-rotational CRS thermometry on N2 and O2 in the pure-rotational
region of the Raman spectrum, up to ∼500 cm-1. Thereupon the protocol is employed to
realise ultrabroadband CRS on H2, whose pure-rotational spectrum spans more than 1500
cm-1 at flame temperatures. The adoption of the in situ referencing protocol proves essential
to perform accurate H2 CRS thermometry behind the thick optical window. The novel
protocol is also demonstrated on the ro-vibrational Raman spectrum of second vibrational
mode (𝜈𝜈2) of CH4, which is completely depolarised, as are the Raman spectra associated
to the least symmetric vibrations of more complex polyatomic molecules (e.g. heavier
hydrocarbons). In this respect, ultrabroadband fs/ps CRS with in situ referencing of the
spectral excitation efficiency could be employed not only to perform accurate thermometry
in chemically reacting flows, but also to measure the concentrations of all the major
molecular species in the probed volume.

In parallel to these experimental developments, the present research also involves the
development of time-domain models for the pure-rotational and ro-vibrational CRS signals
detected in the spectral window up to 2000 cm-1. In particular the CH4 𝜈𝜈2 model is, to the
best of the author’s knowledge, the first of its kind to include more than 10 million spectral
lines, proving the suitability of this modelling approach to complex polyatomic molecules,
which could pave the way to the future application of quantitative ultrabroadband fs/ps
CRS to investigate a broader set of chemically reacting flows.

All in all, the results collected in the present dissertation provide a basis for the direct use
of ultrabroadband fs/ps CRS for scalar measurements in numerous and diverse practical ap-
plications in the applied science and engineering domain. The possibility of simultaneously
measuring temperature and the concentrations of major species in chemically-reactive
flows is paramount to understanding the physical and chemical processes at the base of
many propulsion and power generation technologies. To name one, the in situ generation
of the compressed excitation pulse provides a straightforward path to the use of ultra-
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broadband fs/ps CRS to perform spatially-resolved measurements of all the relevant scalar
fields in high pressure combustion chambers. On the other hand, the ability of performing
quantitative spectroscopy on complex polyatomic molecules is of great interest to many
chemical engineering platforms, such as chemical reactors for the reforming of CH4 in
commodity hydrocarbons and carbon-neutral H2.
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Samenvatting

Deze dissertatie beschrijft de ontwikkeling van een ‘ultrabroadband’ femtoseconde/picose-
conde coherente Raman spectroscopie (CRS) om temperaturen en species-concentraties in
chemisch-reagerende ‘stromen’ in gasfase.

Sinds de eerste demonstratie in 1965, is CRS veelvuldig toegepast als non-lineaire
spectroscopische techniek om scalairs in gasfase chemisch interacterende stromen te kwan-
tificeren. Op dit moment wordt het gezien als benchmark/maatstaf voor het meten van
temperaturen en concentraties van ‘major species’ in verbrandings-omgevingen. De com-
merciële beschikbaarheid van ultrasnelle regeneratieve laser versterkers heeft een enorme
hoeveelheid voortgang en nieuwe inzichten met zich meegebracht in de afgelopen tien jaar,
waaronder tijd-opgeloste CRS-technieken die metingen kunnen doen over tijdsspannes
die korter zijn dan moleculaire botsingen in gasfase. Hybride femtoseconde/picoseconde
(fs/ps) CRS vertegenwoordigt in het bijzonder de gouden standaard voor gasfase ther-
mometrie met ongekende accuraatheid en precisie en met indrukwekkende spatiale en
temporele resolutie. De hoge piekenergie van versterkte fs-laser systemen maken het
binnen spectroscopie mogelijk om een- en twee-dimensionale beeldvormingsconfiguraties
op te stellen, waardoor het mogelijk wordt om de relevante scalaire velden in één opname
vast te leggen. Verder maakt de grote spectrale bandbreedte van fs-laser impulsen een grote
versimpeling van het fs/ps CRS-instrument mogelijk. Bij 2-stralen fs/ps puur-rotationele
CRS wordt een individuele broadband fs laser impuls gebruikt om op coherente wijze de
gehele rotationele manifold van doel-moleculen te exciteren, resulterende in een coherente
scattering van een nauwe spectrale probe probe impuls. Ook heeft de introductie van
spectrale verbredings-technieken gezorgd voor de ontwikkeling van ultra broadband fs/ps
CRS, waar een individuele temporally-compressed supercontinuum puls –in principe– alle
Raman-actieve modi van de doel-moleculen can exciteren. Op deze wijze stelt ultrabroad-
band fs/ps CRS ons in staat om tegelijkertijd de rotationele en vibrationele motie van alle
species in één getest volume te onderzoeken. Op deze wijze kan dit het laser-diagnostische
instrument worden voor scalaire determinatie in chemisch interacterende stromen in gas-
fase, zowel bij condities van thermisch equilibrium en thermisch non-equilibrium. Om dit
in de praktijk mogelijk te maken is een robuust protocol voor experimenten nodig voor
de implementatie van ultrabroadband fs/ps CRS, die op betrouwbare wijze toegepast kan
worden achter de grote optische ramen die we in veel praktische experimenten zien, zoals
die bij druk-verbranders en gesloten chemische reactoren.

Daarom beschrijft deze dissertatie twee grote ontwikkelingen in experimentele toe-
passing. De eerste betreft de implementatie van fs-laser geïnduceerde filamentatie als
supercontinuum genererend mechanisme om ultrabroadband fs/ps CRS uit te voeren. Uit
het onderzoek blijkt dat fs laser geïnduceerde filamentatie in situ gebruikt kan worden om
de excitatiepuls direct achter optische ramen samen te drukken en te concentreren in de
chemisch interacterende stroom die bestudeerd wordt. Deze ultrabroadband coherente
lichtbron is gedurende het onderzoek gebruikt om één-opname fs/ps CRS metingen te
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doen over een spectrale marge van ∼500-2000 cm-1, de zogenoemde vibrational fingerprint
region. Single-shot detectie van vier grote verbrandingsspecies –waterstof, zuurstof, kool-
dioxide en methaan– is gedemonstreerd in deze regio van het Raman-spectrum en fsps CRS
thermometrie gebaseerd op elk van deze vier is gevalideerd in een aantal laboratorium-
vlammen. Verder is onderzoek gedaan naar de invloed van van de verbrandings-omgeving
op de non-lineaire optische fenomenen die fs-Laser geïnduceerde filamentatie onderpinnen
en naar de resulterende puls-zelf-compressie, waarbij de impact van lokale compositie en
temperatuur van het gas-fase optische medium is geëvalueerd.

De tweede experimentele ontwikkeling adresseert de behoefte aan accurate kwantifice-
ring van de resulterende spectrale excitatie-bandbreedte, door de ontwikkeling van een
nieuw protocol voor CRS-experimenten. Het conventionele protocol behelst de meting
van het non-resonante (NR) CRS signaal ex situ in een non-resonant gas (meestal Argon),
volgend op het CRS-experiment om het spectrale excitatie profiel in kaart te brengen. Het
nieuwe protocol, daarentegen, is gebaseerd op de generatie van een NR CRS signaal in situ
in de verbrandingsomgeving, gelijktijdig met die van het resonante CRS-signaal, waardoor
een bron van systematische beïnvloeding in spectrale referentie verwijderd wordt. Om
dit protocol praktisch te implementeren is een polarisatie-gevoelige coherente spectrome-
ter ontwikkeld, die tegelijkertijd in twee kanalen cross-polarised resonante- en NR CRS
signalen kan meten/opnemen. De noodzakelijke polarisatiehoek om de resonante en NR
CRS signalen te genereren middels orthogonale polarisatie is theoretisch bepaald, waarna
deze hoek effectief bewezen is in de in situ referencing van elke compleet gedepolariseerde
Raman-transitie. Dit referencing-protocol is eerst toegepast op puur-rotationele CRS ther-
mometrie van N2 en O2 in de puur-rotationele regio van het Raman-spectrum, tot en met
∼500 cm-1. Daarop is het protocol toegepast om ultrabroadband CRS te realiseren op H2,
waarvan het puur-rotationele spectrummeer dan 1500 cm-1 bestrijkt bij vlam-temperaturen.
De adoptie van dit in situ referencing-protocol is essentieel bewezen om accurate H2 CRS
thermometrie achter een dik optisch raam uit te voeren. Het nieuwe protocol is ook bewe-
zen voor het ro-vibrationele raman spectrum van de tweede vibrational modus (𝜈𝜈2) van
CH4, welke compleet gedepolariseerd is, alsook de Raman spectra die geassocieerd zijn
met de minst symmetrische vibraties van meer complexe polyatomische moleculen (bijv.
Zwaardere koolwaterstoffen). Op deze wijze zou ultrabroadband fs/ps CRS met in situ
referencing van de spectrale excitatie efficiëntie niet alleen toegepast kunnen worden voor
accurate thermometrie in chemisch interacterende stromen, maar ook om concentraties
van major moleculaire species in het onderzochte volume te meten.

Naast deze experimentele ontwikkelingen zijn –als onderdeel van deze dissertatie– ook
time-domainmodellen voor de puur-rotationele én ro-vibrationele CRS signalen ontwikkeld
die gedecteerd worden in de spectrale marge tot en met 2000 cm-1. In het bijzonder is
het model voor CH4 𝜈𝜈2, naar beste kennis van de auteur, de eerste van dit type met meer
dan 10 miljoen spectrale lijnen, waarmee de toepasbaarheid van dit type modellering
voor complexe polyatomische bewezen wordt, waarmee toekomstige toepassingen van
kwantitatieve ultrabroadband fs/ps CRS op een bredere set van chemisch interacterende
stromen onderzocht kan worden.

Al in al, bieden de in dit proefschrift verzamelde resultaten een basis voor het directe
gebruik van ultrabroadband fs/ps CRS voor scalaire metingen in talrijke en uiteenlopende
praktische toepassingen in de toegepaste wetenschap en techniek. De mogelijkheid om
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gelijktijdig de temperatuur en de concentraties van de belangrijkste species in chemisch-
reactieve stromen te meten is van het grootste belang voor het begrijpen van de fysische
en chemische processen die aan de basis liggen van veel aandrijf- en energieopwekkings-
technologieën. Om er één te noemen: het in situ genereren van de gecomprimeerde
excitatiepuls biedt een eenvoudige weg naar het gebruik van ultrabroadband fs/ps CRS om
ruimtelijk-opgeloste metingen uit te voeren van alle relevante scalaire velden in verbran-
dingskamers onder hoge druk. Aan de andere kant is de mogelijkheid om kwantitatieve
spectroscopie uit te voeren op complexe polyatomische moleculen van groot belang voor
veel chemische engineeringplatforms, zoals chemische reactoren voor de reforming van
CH4 in basiskoolwaterstoffen en koolstofneutraal H2.
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Glossary

CARS Coherent anti-Stokes Raman scattering. Coherent Raman scattering where the
scattered radiation has higher frequency than the incoming one.

CPA Chirped pulse amplification. Technique to amplify ultrashort laser pulses, based on
the temporal stretch (chirp) of the optical pulse before its amplification, so as to
reduced its peak power, and avoid damage of the optical components.

CPP Chirped probe pulse coherent Raman scattering. Time-resolved coherent Raman
spectroscopy using a chirped femtosecond pulse as the probe to realise single-shot
measurements.

CRS Coherent Raman scattering. Third-order non-linear optical process whereby an en-
semble of coherently rotating-vibrating molecules inelastically scatter the incoming
electromagnetic radiation resulting in its coherent re-emission.

CSRS Coherent Stokes Raman scattering. Coherent Raman scattering where the scattered
radiation has lower frequency than the incoming one.

FOV Field-of-view. Spatial extent of the measurement field for a coherent Raman imaging
spectrometer: in the present dissertation 1DCRS are reported, and the FOV represents
the length of the measurement line.

FWHM Full width at half maximum. Conventional definition of the width of a curve as
the distance between the two point where it falls to half of its maximum value.

FWM Four-wave mixing. Third-order non-linear optical process where the interaction of
three input electromagnetic fields results in the generation of a fourth one.

GDD Group delay dispersion. Characteristic of an optical material quantifying its chromatic
dispersion, defined as the second derivative of the spectral phase of an optical field
with respect to the angular frequency.

GVD Group velocity dispersion. Characteristic of an optical material quantifying the
amount of temporal chirp imposed on an optical pulse upon traversing a unit length
of the material. The group velocity dispersion represents the group delay dispersion
per unit length.

LE Leading edge of the filament. Defined as the foremost point of the filament in its
propagation direction.

LSF Line-spread function. Measure of the resolution of an imaging device, quantified by
its response to an edge function.
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MEG Modified exponential-gap scaling law. Semi-empirical mode for the calculation of
the rotational energy transfer rates in inelastic collisions.

NR Non-resonant non-linear optical process. In the present dissertation we consider
the non-resonant coherent Raman scattering process as resulting from the four-
wave mixing of the pump, Stokes and probe fields, without inducing any rotational-
vibrational coherence in the optical medium.

OPA Optical parametric amplification. Technique to amplify an optical field at a specific
frequency, via the difference frequency generation of an optical pump and an idler
field.

RET Rotational energy transfer. Transfer of population between rotational energy states,
within the same electronic and vibrational states, as a consequence of inelastic
molecular collisions.

RPA Random phase approximation. Simplifying assumption made to compute the inelastic
collisional dephasing rate of anisotropic CRS lines from the dephasing rate of isotropic
lines associated to the initial final states in the corresponding transition.

RSTD Relative standard deviation. Relative measure of the dispersion of a statistical sample
about average value, computed as the ratio between the standard deviation of the
sample and the (absolute) mean value.

RWA Rotating wave approximation. Mathematical approximation introduced in the de-
scription of light-matter interaction to neglect coupling terms that oscillates at optical
frequencies.

SHBC Second-harmonic bandwidth compression. Generation of a relatively narrowband
picosecond optical pulse, via the sum-frequency generation of two chirp-conjugated
broadband femtosecond pulses.

SNR Signal-to-noise ratio. Measure of the signal quality, quantified by the ratio between
the desired signal and its noise.

SRS Stimulated Raman scattering. Third-order non-linear optical process whereby the
coherent rotational-vibrational motion of the molecules, induced by the input pump
and Stokes fields, results in a loss on the former and a gain on the latter.

TBP Time-bandwidth product. Product of the temporal duration and spectral bandwidth of
an optical pulse, whoseminimum value is limited according to the Fourier uncertainty
principle.

TE Trailing edge of the filament. Defined as the aftmost point of the filament with respect
to its propagation direction.

TL Fourier transform-limitation. A laser pulse is said to be transform-limited when it has
the minimum temporal duration allowed by its bandwidth, according to the Fourier
uncertainty principle.
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2 1 Introduction

T he present thesis concerns the development of coherent Raman spectroscopy (CRS),
and its application to gas-phase diagnostics in chemically reacting environments [1]. In

its conventional implementation, CRS employs three laser fields to probe the rotational and
vibrational energy states of the target molecules in the gas-phase medium. The pump and
Stokes fields coherently excite the rotational and/or vibrational motion of the molecules,
so that they scatter the incoming probe field in a cooperative fashion, resulting in the
generation of a fourth coherent field. This CRS signal carries information on the nature of
the scattering molecules and on their rotational-vibrational Boltzmann distribution, thus
allowing for an unambiguous identification of the chemical composition of the gas-phase
medium and accurate measurements of the local temperature.

Since its advent in 1965 [2], CRS has found vast application in combustion diagnostics
[3], providing non-intrusive, in situ measurements of temperature [4–8] and relative
concentrations of major combustion species [9–12], its applications ranging from laboratory
flames [6, 13] to full-scale engines [14–16]. The use of light-matter interaction to extract
information on the local thermodynamic and chemical properties of the gas-phase flow
allows for measurements to be performed under extremely challenging experimental
conditions, such as in high temperature flames, that physical probes could not withstand.
In addition, while the introduction of physical probes in a gaseous medium necessarily
entails a modification of the flow field and can substantially alter the local properties
one sets out to measure, this is not the case when light is used as a probe. The high
spatial and temporal coherence of the light emitted by laser sources furthermore allows for
spectroscopic measurements to be performed with a resolution unavailable to alternative
measurement techniques. All these features make CRS the ideal experimental tool to
quantify important scalars in chemically reacting flows, which are ubiquitous in applied
science, and in aerospace engineering in particular.

With regard to the latter, the most obvious example is the combustion flow in aircraft or
rocket engines, where the redox reaction between fuel and oxidiser increases the internal
energy of the flow, for its later conversion into mechanical energy in the turbine and/or
nozzle. Temperature represents one of the most important parameters controlling the
evolution of the combustion process, as the rates of the underlying chemical reactions
depend strongly, and in a non-linear way, on the local temperature in the gas-phase en-
vironment [17]. Hence, the temperature field not only determines the local heat released
by the combustion reaction, but also controls the chemical pathways leading to the for-
mation of pollutant species, such as carbon monoxide (CO), nitrogen oxides (NOx) and
particulate matter (soot). Small changes in the temperature field can propagate through
the complex branching reactions, leading to utterly different emission profiles for the
investigated combustion process. In this respect the availability of accurate experimental
data is critical to validate predicting engineering models, and the requirements in terms of
precision and accuracy of the employed diagnostics can be rather demanding. Consider,
for example, methane combustion at the typical pressure and temperature found in an
aircraft turbo-engine (inlet conditions: 30 atm, 900 K): an uncertainty of ∼20 K (∼1%) in
the flame temperature results in a change of ∼20% in the amount of thermal NOx predicted
by an Arrhenius-like rate equation [18]. In this respect, CRS represents the benchmark for
high-temperature gas-phase thermometry, providing a measurement uncertainty in the
order of ∼1% in both its systematic bias (accuracy) and the measurement reproducibility
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(precision).

Next to thermometry CRS can be used to detect and measure the concentrations of
major combustion species –whose spectra appear at distinct frequencies of the scattered
radiation, depending on the specific rotational-vibrational energy of the target molecules,
thus providing unique "fingerprints". In the context of combustion science, the use of
multiplex spectroscopy to realise spatially-resolved measurements of the concentrations
of major species allows for monitoring the molecular transport processes responsible of
the flow mixing, as well as the chemical reaction, providing a direct estimation of the
progress variable or mixture fraction. Moreover, the possibility of detecting virtually
all the molecular species in the gas-phase environment under investigation makes CRS
diagnostics suitable to less conventional measurement scenarios. For example, in burning
metalised propellants, where CRS thermometry can be performed on by-products of the
solid propellant pyrolysis, such as molecular hydrogen (H2) [19].

In the past two decades, significant advancements in gas-phase CRS have been achieved
with the introduction of ultrafast lasers, providing coherent light pulses with duration in
the order of the picosecond (10-12 s) or the femtosecond (10-15 s). On such short timescales,
molecular collision in the gas-phase medium can be "frozen" and time-resolved mea-
surements can be realised, where the uncertainty due to the influence of the collisional
environment on the CRS spectra can be eschewed, thus significantly improving the accu-
racy of CRS thermometry. The enhanced spectral stability of these laser sources reduced
the mode noise and shot-to-shot amplitude fluctuations in the output pulses, significantly
improving the reproducibility of the CRS measurements and the precision of CRS thermom-
etry. These improvements in the fidelity of CRS thermometry pushed its measurement
uncertainty towards the aforementioned ideal limit of 1%, such that time-resolved CRS
is currently regarded as the gold standard for gas-phase thermometry [20]. Further ad-
vantages in the use of ultrafast laser sources to perform CRS are: (i) the high repetition
rate, allowing single-shot measurements to be realised on the 1-10 kHz range, and (ii) the
high peak power in fs laser pulses, allowing imaging measurements over one-dimensional
(1D) [21] and two-dimensional (2D)[22] fields-of-view (FOVs). Furthermore, a laser pulse
with duration lesser than ∼50 fs has sufficient bandwidth to provide both the pump and
Stokes frequencies required to excite the rotational motion of most combustion-relevant
molecules. The typical CRS instrument can thus be simplified by employing a single fs laser
pulse to excite the target molecules, and a relatively narrowband ps probe pulse to realise
time-resolved measurements with sufficient spectral resolution: this two-beam fs/ps CRS
technique [23] is at the core of the present research. Its main limitation, as compared e.g. to
spontaneous Raman spectroscopy, is the need to excite the rotational-vibrational motion of
the molecules beforehand. The spectral window that can be simultaneously interrogated on
the basis of a single laser-shot is thus inherently limited by the bandwidth of the excitation
pulse. This limitation can be overcome by employing pulse compression techniques to
increase the bandwidth of the fs laser excitation pulse to hundreds of nanometres, such
that the whole Raman spectrum can be simultaneously interrogated. This technique takes
the name of "ultrabroadband fs/ps CRS" [24], and represents the current state-of-the-art for
scalar determination in chemically reacting flows, allowing for simultaneous thermometry
and wideband detection of all the major species in the probed volume [25], with potential
for absolute concentration measurements.
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Nevertheless, significant challenges still thwart a widespread adoption of ultrabroad-
band fs/ps CRS for scalar determination in practical measurements scenarios. This is
particularly true for the use of ultrabroadband fs/ps CRS in high-pressure chambers, where
the compression of the ultrabroadband fs laser excitation pulses needs to be achieved
upon their transmission through thick optical windows and steep temperature and density
gradients in the chemically reacting flow. As short fs pulses are especially sensitive to
the frequency dispersion in different optical media, this can introduce a large uncertainty
in ultrabroadband fs/ps CRS, or forestall it altogether: to date, gas-phase ultrabroadband
fs/ps CRS measurements in closed environments have not been reported. The research
illustrated in the present thesis is therefore aimed at developing a robust methodology for
quantitative ultrabroadband fs/ps CRS in practical measurement scenarios.

The content of the thesis is organised as follows.

• Chapter 2 illustrates the background physics, describing: (i) the molecular rotational-
vibrational energy manifold of simple diatomic molecules, (ii) the basic principles of
light-matter interaction, with a particular focus on coherent Raman scattering, (iii)
the use of ultrafast lasers to realise time-resolved CRS, hybrid fs/ps CRS in particular.

• Chapter 3 introduces the main research objective: the development of ultrabroadband
fs/ps CRS for gas-phase diagnostics. Three main limitations to ultrabroadband fs/ps
CRS are identified. First of all, the need to transport the compressed fs laser excitation
pulse behind thick optical windows. Secondly, the uncertainty introduced by the
unknown spectral excitation profile provided by the ultrabroadband fs laser pulse.
Finally, the need for accurate models to simulate the ro-vibrational CRS spectra of
complex polyatomic molecules.

• Chapter 4 addresses the first limitation by introducing fs laser-induced filamentation
as an in situ-generated ultrabroadband coherent light source. The propagation and
compression of fs laser pulses in the filamentation regime is briefly outlined at the
beginning of the chapter. Thereupon the experimental setup for ultrabroadband fs/ps
CRS with in situ filamentation, as demonstrated in Paper I [26], is described and the
impact of the combustion environment on the filamentation process is discussed. The
second part of the chapter demonstrate the use of in situ filamentation to perform
single-shot ultrabroadband fs/ps CRS measurements in laboratory flames, behind a
thick optical window. The impact of the window on the pulse propagation and its
subsequent compression in the filamentation process, as reported in Paper III [27], is
quantified.

• A novel experimental protocol, introduced in Paper II [28], is discussed in Chapter 5.
This foresees the in situ measurement of the spectral excitation efficiency, concurrent
to the fs/ps CRS experiment, and it is implemented by a polarisation approach and
by the use of a polarisation-sensitive coherent imaging spectrometer. The impact of
the experimental protocol on the measurement uncertainty in pure-rotational fs/ps
CRS thermometry is first assessed by performing 1D imaging measurements across a
laminar CH4/air flame front. Thereupon, the novel experimental protocol is employed
to realise accurate ultrabroadband fs/ps CRS thermometry on H2 thermometry behind
the thick optical window.

• Chapter 6 discusses the development and validation of time-domain models for the
fs/ps CRS spectra of the four major combustion species investigated in the vibrational
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fingerprint region: H2, O2, CO2 and CH4. The increasing complexity of the Raman
spectra, with the number of molecular nuclei and vibrational degrees of freedom, is
highlighted in the description of the time-domain fs/ps CRS models. In particular, the
ro-vibrational spectrum associated to the second vibrational mode of CH4 requires
a rather large number of transitions to be taken into account to describe the intra-
molecular coupling processes and its temperature dependence.

• Chapter 7 briefly outlines the potential of ultrabroadband fs/ps CRS for the in situ
investigation of molecular transport processes and chemical reactions in gas-phase
environments. Two examples are discussed: (i) the direct observation of H2 differential
diffusion in a laminar H2/air diffusion flame, and (ii) the simultaneous detection of all
the aforementioned major combustion species across a laminar CH4/air diffusion flame
front, highlighting the buoyant transport of CH4 and its pyrolysis in the chemical
reaction zone of the flame.

• Finally, Chapter 8 summarises the results and the present development of quantitative
ultrabroadband fs/ps CRS for chemically reacting flows, and reviews the outlook for
future developments of this technique.

• Appendix A provides a detailed description of the quantised rotational and vibrational
motion of a diatomic molecule, and the derivation of the main equations reported in
Chapter 2.

• Appendix B discusses the extension of this description to more complex polyatomic
molecules. Some symmetry considerations are introduced, and their importance in
determining the rotational-vibrational wave function of these molecules is discussed,
with particular focus on the case of CH4.

• Appendix C provides the general theoretical framework for the development of time-
domain fs/ps CRS models and discusses the main simplifying assumption made to
develop the specific models in Chapter 6.

• Appendix D outlines the polarisation theory of the CRS process, with particular
regard to the polarisation strategy employed in Chapter 5 to implement the novel
experimental protocol.
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T he use of laser-based optical spectroscopy for scalar measurements in chemically
reacting flows relies on the interaction between the coherent electromagnetic (EM)

radiation and the gas-phase medium [1]. Upon this light-matter interaction, the spectrum
of the detected EM field carries information on the internal energy of the molecular
components of the medium and, in particular, it reflects the Boltzmann statistics over their
quantised rotational and vibrational energy states. Section 2.1 introduces simple classical
models for the description of the rotational and vibrational motions of simple diatomic
molecules, and summarises the main results of their canonical quantisation to provide a
simple description of the discrete rotational-vibrational energy manifold.

Section 2.2 discusses the underlying physics and basic principles of spontaneous and
coherent Raman scattering. Raman scattering is the inelastic scattering of the incident
EM radiation by the optical medium: in this process both the internal energy of the
molecules and the frequency of the input field change, so that the total energy of the
system is conserved. The ro-vibrational energy distribution of the molecular constituents
of the investigated gas can thus be measured by the spectrum of the scattered radiation.
Spontaneous Raman scattering is an incoherent optical process, leading to the isotropic,
incoherent emission of the scattered signal; furthermore, the typical Raman cross-section
in the gas-phase is in the order of 10-29 cm2/molecule·steradian [29]. The intensity of
the scattered signal can be increased by many orders of magnitude if the emission of the
scattered radiation can be stimulated, or if the molecules can be made to re-emit coherently,
i.e. in a cooperative fashion [30]. Stimulated Raman spectroscopy (SRS) and coherent
Raman spectroscopy implement precisely these two ideas. Both techniques involve a
non-linear light-matter interaction [31], employing additional input laser fields to "drive"
the rotational-vibrational motion of the target molecules, inducing a so called "Raman
coherence" in the gas-phase medium. As a result, the scattered radiation is spatially and
temporally coherent, showing the same properties of the emission from a laser [32]: this
proves beneficial for remote optical diagnostics in harsh, luminous environments such as
flames.

The commercial availability of ultrafast laser sources has prompted a stream of innova-
tions in the past two decades [33, 34], with the development of time-resolved CRS and of
imaging capabilities for gas-phase measurements. Contrary to the conventional frequency-
domain implementation of CRS, based on the use of nanosecond (10-9 s) laser sources,
time-domain CRS techniques employ ultrafast lasers to introduce a coherent excitation
of the target molecules and probe its temporal evolution [35]. Laser pulses with duration
ranging from ∼10 ps down to ∼10 fs thus provides sufficient temporal resolution to study
molecular dynamics in the time domain [36]. Time-resolved CRS and its use for gas-phase
diagnostics in chemically reacting flows is discussed in Section 2.3, with particular focus on
the two-beam hybrid fs/ps CRS technique employed throughout the course of the present
research.

2.1 Rotational-vibrational energy of molecules
Molecular spectroscopy allows the experimentalist to probe the internal energy of a
molecule or the statistical distribution of an ensemble of molecules over the internal degrees
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of freedom. The internal energy of a molecule can be broken down as:

𝑈𝑈 = 𝑍𝑍𝑍𝑍𝑍𝑍+𝑍𝑍electronic+𝑍𝑍vibrational+𝑍𝑍rotational+𝑍𝑍nuclear spin (2.1)

𝑍𝑍𝑍𝑍𝑍𝑍 is the zero-point energy, due to quantum fluctuations in the vacuum state of the
EM field [32]. 𝑍𝑍electronic is the energy associated to the electronic configuration of the
molecule as well as to the electron angular momentum, which include contributions due to
the electron motion (orbital angular momentum) and to its inherent angular momentum
(spin angular momentum). 𝑍𝑍vibrational is the energy associated to the relative motion of
the nuclei in the binding EM potential. 𝑍𝑍rotational is the energy associated to the angular
momentum due to the motion of the nuclei. 𝑍𝑍nuclear spin is the energy associated to the
angular momentum due to the spin of the subatomic components in the nuclei. As an
example, the potential energy curves of diatomic nitrogen in the three lowest electronic
states are shown in Figure 2.1.

Figure 2.1: Internal energy of diatomic nitrogen (N2). Potential energy curves of N2 in the ground (X 1Σ+g )
and first two excited (A 3Σ+u and B 3Πg) electronic states, different vibrational energy levels are marked within
each electronic state. Molecule rendered using Jmol: an open-source Java viewer for chemical structures in 3D
(http://www.jmol.org/).

Optical spectroscopic techniques, such as CRS, leverage the interaction of EM fields os-
cillating at optical frequencies with the target molecules to investigate their internal energy
distribution. In this light-matter interaction, both the electronic state of the molecule and
the rotational-vibrational motion of its nuclei can change. When the molecule transitions
between two different electronic configurations one talks about electronic spectroscopy,
and in particular vibronic and ro-vibronic, when the transition is accompanied by changes
in the vibrational and in both vibrational and rotational energy, respectively. When the in-
teraction involves only changes in the vibrational and/or rotational energy of the molecule,
one talks about ro-vibrational and pure-rotational spectroscopy. The research discussed in
the present thesis, with the only exception of Paper VI [37], is focused on pure-rotational
and ro-vibrational spectroscopy, and its use to investigate the rotational and vibrational
Boltzmann distributions in combustion environments.
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The starting point in the description of rotational-vibrational CRS is the characterisa-
tion of the rotational and vibrational degrees of freedom of the molecular scatterers. As
molecules are fundamentally quantum objects, this characterisation must take into account
the quantised nature of their vibrational and rotational motion. This cumbersome task is
not addressed directly in the present section, but deferred to Appendix A. In the following
only the basic classical models for the vibrational and rotational motion of the simplest
diatomic molecule are illustrated, and the main results concerning their quantisation are
summarised.

Figure 2.2: (a) Sketch of the classical harmonic oscillator model for the vibrational motion of a diatomic molecule.
(b) Sketch of the rigid rotor model for the rotational motion of a diatomic molecule. (c) Harmonic (red) and Morse
(blue) potential energy curves of N2 in the ground electronic state, and their quantised vibrational energy states.

2.1.1 Vibrational energy manifold
The simplest description of the vibrational motion of a diatomic molecule sees the molecule
as a linear classical harmonic oscillator [38], i.e. an equivalent mass-spring system, as
sketched in Figure 2.2(a).

The two nuclei are assimilated to point masses (𝑀𝑀1 and 𝑀𝑀2) bound by an elastic force,
with elastic constant 𝑘𝑘:

𝐹𝐹elastic = −
𝑑𝑑𝑑𝑑elastic(𝑥𝑥)

𝑑𝑑𝑥𝑥
= −𝑘𝑘𝑥𝑥 (2.2)

The potential energy associated to the elastic force in Equation (2.2) is given by:

𝑑𝑑elastic(𝑥𝑥) =
1
2
𝑘𝑘𝑥𝑥2 = 𝑚𝑚𝑚𝑚2𝑥𝑥2 (2.3)

Where 𝑚𝑚 = (𝑀𝑀1𝑀𝑀2)/(𝑀𝑀1 +𝑀𝑀2) is the reduced mass of the system, and 𝑚𝑚 =
√
𝑘𝑘/𝑚𝑚 is its

angular frequency. The Hamiltonian function for the classical harmonic oscillator is well-
known:

𝐻𝐻 =
𝑝𝑝2

2𝑚𝑚
+
1
2
𝑚𝑚𝑚𝑚2𝑥𝑥2 (2.4)

Where 𝑝𝑝 is the linear momentum component along 𝑥𝑥 .
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Introducing the results of canonical quantisation for the motion of the harmonic
oscillator (see Appendix A.1), the vibrational energymanifold is the discrete ladder sketched
as the red curve in Figure 2.2(c), with energy levels:

𝐸𝐸v =(𝑣𝑣+
1
2)

ℏ𝜔𝜔𝜔 𝑣𝑣 = 0𝜔1𝜔2𝜔⋯ (2.5)

Where 𝑣𝑣 is the vibrational quantum number.

Figure 2.3: Vibrational Boltzmann distribution. (a) Boltzmann distribution of N2 over the six lowest vibrational
energy states, computed at room temperature and at a typical hydrocarbon flame temperature. At room tempera-
ture more than 99.9% of the molecules in the statistical ensemble occupy the vibrational ground state. At high
temperature, the first four vibrational states are significantly populated. (b) Boltzmann distribution of CO2 over the
first ten vibrational energy states, computed at room temperature and at flame temperature. CO2 is a polyatomic
molecule with more than one vibrational mode. Some of these modes are significantly less energetic than the
vibrational mode of N2. Hence, more vibrational states are populated in the Boltzmann distribution computed
at the same temperature. The notation for the different vibrational states of CO2 is discussed in Section 6.3.1.
(c) Ro-vibrational coherent Stokes Raman spectrum (CSRS) of N2 acquired within the non-equilibrium (𝑇𝑇rot=296
K, 𝑇𝑇vib>8000 K) plasma generated by fs laser-induced filamentation. The ro-vibrational CSRS spectrum clearly
reflects the statistical distribution of the N2 molecules over the quantised vibrational energy levels.

The classical harmonic oscillator model above assumes the electrostatic force exerted
on the molecular nuclei to be linear in the internuclear distance, such that Hooke’s law
holds in Equation (2.2). This assumption is reasonable at the bottom of the potential curve
in Figure 2.2(c), but for large nuclear displacements the electrostatic interaction between



2

12 2 Rotational-vibrational coherent Raman spectroscopy

the nuclei and the bond electrons is no longer sufficient to hold the nuclei together and the
molecule dissociates. A more realistic description of the vibrational motion of a diatomic
molecule is then given by the Morse potential in Equation (2.6), which accounts for the
vibrational dissociation of the molecule, as represented by the blue curve in Figure 2.2(c):

𝑉𝑉 (𝑥𝑥) = 𝐷𝐷e[1− 𝑒𝑒𝑎𝑎𝑥𝑥]
2 (2.6)

With 𝐷𝐷e being the dissociation energy, and 𝑎𝑎 a species-specific constant. Contrary to the
quantum harmonic oscillator, there is no closed-formed solution to Schrödinger’s equation
when the Morse potential is employed, and the vibrational energy manifold is typically
modified by introducing anharmonic corrections to Equation (2.5) in the form:

𝐸𝐸(𝑣𝑣) = 𝜔𝜔e[(
𝑣𝑣+

1
2)

−𝑥𝑥e(𝑣𝑣+
1
2)

2
+𝑦𝑦e(𝑣𝑣+

1
2)

3
+⋯

]
(2.7)

The spacing between the vibrational energy levels in the Morse potential thus reduces with
𝑣𝑣 as shown in Figure 2.2 with important implications for vibrational spectroscopy.

The above description of the vibrational motion a single diatomic molecule can be
extended to a statistical ensemble of identical molecules in the gas-phasemedium. Assuming
the ensemble to be in thermal equilibrium at temperature 𝑇𝑇 , the statistical population of
the discrete vibrational energy states 𝑣𝑣 is described by the Boltzmann distribution:

𝜌𝜌(𝑣𝑣) =
exp(−ℏ𝐸𝐸(𝑣𝑣)/𝑘𝑘B𝑇𝑇 )

∑𝑣𝑣 exp(−ℏ𝐸𝐸(𝑣𝑣)/𝑘𝑘B𝑇𝑇 )
(2.8)

Where 𝑘𝑘B is the Boltzmann constant and the vibrational energy in each vibrational state 𝐸𝐸(𝑣𝑣)
can be computed according to Equation (2.7). An example of the vibrational Boltzmann
distribution of the N2 and CO2 molecules at three different temperatures is shown in
Figure 2.3.

2.1.2 Rotational energy manifold
Similar to the classical harmonic oscillator model employed in the previous paragraph,
description of the quantised rotational motion of a diatomic molecule also moves from
a simplified classical model. The simplest description of a rotating diatomic molecule is
that of a rigid rotor, which assumes the internuclear distance to be constant during the
rotational motion. The Hamiltonian function describing the motion of a rigid rotor is thus:

𝐻𝐻 =
𝑱𝑱 2

2𝐼𝐼
(2.9)

Where 𝑱𝑱 is the angular momentum vector associated to the rotational motion of the
molecule and 𝐼𝐼 is the moment of inertia of the system. Note that this model assumes the
angular momentum as deriving entirely from the rotational motion of the nuclei, thus
neglecting other contributions due, e.g. to the rotational motion of the electrons. A more
detailed survey of the different contributions to the total angular momentum of a molecule,
and their relevance to molecular spectroscopy, is given in Appendix A.2.
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The canonical quantisation of the Hamiltonian in Equation (2.9) leads to a discrete
rotational energy manifold with energy levels:

𝐸𝐸(𝐽𝐽 ) = 𝐵𝐵e𝐽𝐽 (𝐽𝐽 +1) (2.10)

Where 𝐵𝐵e = ℏ/(4𝜋𝜋𝜋𝜋𝜋𝜋 ) is the equilibrium rotational constant of the system (in cm-1 units),
and 𝐽𝐽 is the total angular momentum quantum number.

Figure 2.4: Rotational Boltzmann distribution. (a) Boltzmann distribution of N2 over the first fifty rotational
energy states, within the first three vibrational states, computed at room temperature. Even and odd rotational
states show a 2:1 ratio due to the nuclear spin degeneracy of the N2 molecule (see Appendix B.1). (b) Rotational
Boltzmann distribution of the N2 molecules at flame temperature (2100 K) within the first three vibrational states,
which are significantly populated at this temperature. (c) Pure-rotational coherent anti-Stokes Raman spectra
(CARS) of N2 acquired in a room-temperature N2 flow (black line) and across the reaction layer of a laminar
premixed CH4/air flame (blue line). The temperature difference is reflected on the envelope of the pure-rotational
CARS spectrum, providing a direct measurement of the rotational Boltzmann distribution of the N2 molecules.

The assumption of the molecule rotating rigidly is of course quite crude, and in open
contradiction with the existence of a vibrational motion, whereby the internuclear distance
is never constant. In analogy to the harmonic oscillator model, the rigid rotor one can
also be corrected by introducing higher order terms, accounting for the distortion of the
molecule in its rotational-vibrational motion. The first correction relates to the change in
the internuclear distance due to the centrifugal force introduced by the rotational motion
itself:

𝐸𝐸(𝐽𝐽 ) = 𝐵𝐵e𝐽𝐽 (𝐽𝐽 +1)−𝐷𝐷e[𝐽𝐽 (𝐽𝐽 +1)]2 (2.11)
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With𝐷𝐷e being the equilibrium centrifugal constant, not to be confused with the dissociation
energy in Equation (2.6).

The vibrational motion of the molecule also affects its moment of inertia, and the
resulting rotational-vibrational coupling can be accounted for by introducing a dependence
of the rotational and centrifugal constant on the vibrational quantum number, as:

𝐵𝐵v = 𝐵𝐵e−𝛼𝛼(𝑣𝑣+ 1
2)+ [𝛾𝛾(𝑣𝑣+

1
2)

2 +⋯]

𝐷𝐷v = 𝐷𝐷e−𝛽𝛽(𝑣𝑣+ 1
2)+ [𝜀𝜀(𝑣𝑣+

1
2)

2 −⋯]
(2.12)

With 𝛼𝛼, 𝛽𝛽, 𝛾𝛾 , and 𝜀𝜀 being the rotational-vibrational interaction constants.
The rotational Boltzmann distribution for a canonical ensemble of diatomic molecules

in thermal equilibrium at temperature 𝑇𝑇 can then be computed as:

𝜌𝜌(𝐽𝐽 ) = (2𝐽𝐽 +1)𝑔𝑔s
exp(−ℏ𝐸𝐸(𝐽𝐽 )/𝑘𝑘B𝑇𝑇 )

∑𝐽𝐽 (2𝐽𝐽 +1)exp(−ℏ𝐸𝐸(𝐽𝐽 )/𝑘𝑘B𝑇𝑇 )
(2.13)

Where the (2𝐽𝐽 + 1) factor quantifies the multiplicity of rotational states with identical
energy (degenerate states), but different projection along an arbitrarily defined axis (see
Appendix A.2 for details). Figure 2.4 shows an example of the rotational Boltzmann
distribution for an ensemble of N2 molecules, in thermal equilibrium at three different
temperatures. The 2:1 ratio in 𝜌𝜌(𝐽𝐽 ) for even and odd values of 𝐽𝐽 is due to the factor 𝑔𝑔s,
which quantifies the degeneracy in the nuclear spin quantum number defined in Table A.1.
This degeneracy has a significant impact on Raman spectroscopy and it is discussed in
detail in Appendix B.

2.2 Light-matter interaction
As mentioned above, optical spectroscopy relies on light-matter interaction to extract
information about the internal energy of amolecule, or tomeasure the statistical distribution
of an ensemble of molecules. For the purpose of the present thesis a classical picture of
this light-matter interaction will suffice: both the molecular electric dipole and the input
EM fields are thus treated as classical objects. The quantisation of the molecular rotational-
vibrational motion is then be introduced by assuming that the molecules have a discrete
energy spectrum as described by Equation (2.7) and Equation (2.11).

The above quantisation of the rotational-vibrational motion of a diatomic molecule
assumed the Born-Oppenheimer approximation for the decoupling of the internal energy
degrees of freedom of the molecule. Under such assumption only the electrons, whose
motion happens on a timescale of hundreds of attoseconds (10-18 s) [41], are fast enough
to follow the oscillations of the optical field applied to the molecule. The light-matter
interaction is thus described in terms of the interaction of the applied field with the
molecule’s electric multipole moments [39]:

Q =∑
𝑛𝑛
∑
𝑖𝑖
eirni (2.14)

This section is partly based on � D. Long. The Raman effect [39]. The description of coherent Raman scattering
closely follows � E. Potma and S. Mukamel. Theory of coherent Raman scattering [40].
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Where e𝑖𝑖 is the charge of the 𝑖𝑖th particle in the molecule, r𝑖𝑖 are its Cartesian coordinates,
and 𝑛𝑛 represents the order of each term in the multipole expansion –𝑛𝑛 = 1 being the dipole,
𝑛𝑛 = 2 the quadrupole, 𝑛𝑛 = 3 the octopole, etc.

A common assumption in optical spectroscopy is the so called dipole approximation.
The wavelength of an EM field oscillating at optical frequency is typically ∼380-750 nm (1
nm = 10-9 m) for visible light, and from ∼750 nm to ∼1 mm for infrared (IR) light, while
molecules have much smaller dimensions (e.g. 𝑟𝑟e ≈ 1.5Å for N2, 1Å = 10−10 m). Hence, the
electric field can be assumed as spatially uniform over the extent of the molecule [32]. Only
the first-order term in the multipole expansion in Equation (2.14), i.e. the electric dipole
𝒑𝒑(𝑡𝑡) = e𝒓𝒓(𝑡𝑡), is thus responsible for the light-matter interaction. A molecule is said to have a
permanent dipole 𝒑𝒑0 when it presents an electric dipole in absence of an externally applied
field: this permanent dipole is responsible for the absorption and emission behaviour of the
molecule, which is said to be IR-active. Even in absence of a permanent dipole, a molecule
can nonetheless have a so called induced dipole in response to an externally-applied field:
the tendency of a molecule to form an instantaneous dipole when subjected to an external
field is called its polarisability. Hence, applying the electric field 𝑬𝑬(𝑡𝑡) to a molecule, the
resulting electric dipole is:

𝒑𝒑(𝑡𝑡) = 𝒑𝒑0(𝑡𝑡)+𝜶𝜶(𝑡𝑡) ⋅𝑬𝑬(𝑡𝑡) (2.15)

Where 𝜶𝜶 is the polarisability tensor of the molecule.

2.2.1 Raman scattering
The previous paragraph mentioned the absorption and emission of EM radiation by a
molecule, the present thesis focuses on another form of light-matter interaction: scattering.
According to Equation (2.15), the scattered radiation is the one emitted by the oscillating
electric dipole induced by the input EM field. Considering an ensemble of 𝑁𝑁 molecules
with no permanent dipole and an input laser field, under the dipole approximation, the
resulting polarisation in the optical medium is:

𝑷𝑷(𝑡𝑡) = 𝑁𝑁𝒑𝒑(𝑡𝑡) = 𝜖𝜖0𝝌𝝌 (1)(𝑡𝑡)𝑬𝑬(𝑡𝑡) (2.16)

Where 𝜖𝜖0 is the vacuum susceptibility, and 𝝌𝝌 (1) is the macroscopic optical susceptibility of
the optical medium. The superscript "(1)" highlights the fact that the resulting polarisation
is linear in the amplitude of the input electric field 𝑬𝑬. The scattering in Equation (2.16) is
thus a linear optical process.

Themolecular polarisability depends on the electric charge distribution in the molecules
under consideration, and thus on the nuclear coordinates 𝑄𝑄 as:

𝜶𝜶(𝑡𝑡) = 𝜶𝜶0(𝑡𝑡)+∑
𝑘𝑘

𝜕𝜕𝜶𝜶
𝜕𝜕𝑄𝑄𝑘𝑘

||||
𝑄𝑄𝑘𝑘 +

1
2
∑
𝑘𝑘𝑘𝑘𝑘

𝜕𝜕2𝜶𝜶
𝜕𝜕𝑄𝑄𝑘𝑘𝜕𝜕𝑄𝑄𝑘𝑘

||||0
𝑄𝑄𝑘𝑘𝑄𝑄𝑘𝑘 +⋯ (2.17)

Where 𝑄𝑄𝑘𝑘𝑘𝑘𝑘 are the normal coordinates associated to the rotational or vibrational nuclear
motion with frequency 𝜔𝜔𝑘𝑘𝑘𝑘𝑘 , and the subscript "0" means that the polarisability and its
derivatives are evaluated in the equilibrium configuration.

Under the assumption of electrical harmonicity, the molecular polarisability in Equa-
tion (2.17) is linear in the normal coordinates 𝑄𝑄𝑘𝑘 . Mechanical harmonicity is furthermore
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assumed, so that the nuclear motion along the normal coordinates is that of the classical
harmonic oscillator in Equation (2.4), with frequency Ω𝑘𝑘 and phase 𝛿𝛿𝑘𝑘 :

𝑄𝑄𝑘𝑘(𝑡𝑡) = 𝑄𝑄𝑘𝑘0𝑒𝑒
−𝑖𝑖(Ω𝑘𝑘𝑡𝑡+𝛿𝛿𝑘𝑘) + c.c. = 𝑄𝑄𝑘𝑘0 cos(Ω𝑘𝑘𝑡𝑡 +𝛿𝛿𝑘𝑘) (2.18)

Substituting Equation (2.18) into Equation (2.17), the polarisability has a harmonic compo-
nent oscillating at the same frequency:

𝜶𝜶𝑘𝑘(𝑡𝑡) = 𝜶𝜶0(𝑡𝑡)+
𝜕𝜕𝜶𝜶
𝜕𝜕𝑄𝑄𝑘𝑘

||||0
𝑄𝑄𝑘𝑘0 cos(Ω𝑘𝑘𝑡𝑡 +𝛿𝛿𝑘𝑘) (2.19)

The applied laser field, oscillating at optical frequency 𝜔𝜔0 with phase 𝜙𝜙0, can be written as:

𝑬𝑬(𝑡𝑡) = 𝑬𝑬0(𝑡𝑡)𝑒𝑒−𝑖𝑖(𝜔𝜔0𝑡𝑡+𝜙𝜙0) + c.c. = 𝑬𝑬0(t)cos(𝜔𝜔0t+𝜙𝜙0) (2.20)

Substituting Equations (2.19) and (2.20) into Equation (2.16) one can finally write the
induced macroscopic polarisation of the optical medium as:

𝑷𝑷(𝑡𝑡) = 𝑁𝑁𝜶𝜶0(𝑡𝑡) ⋅𝑬𝑬0𝑒𝑒−𝑖𝑖𝜔𝜔0𝑡𝑡 +𝑁𝑁∑
𝑘𝑘

𝜕𝜕𝜶𝜶
𝜕𝜕𝑄𝑄𝑘𝑘

||||0
𝑄𝑄𝑘𝑘0 ⋅𝑬𝑬0𝑒𝑒−𝑖𝑖[(𝜔𝜔0−Ω𝑘𝑘)𝑡𝑡+𝜙𝜙0−𝛿𝛿𝑘𝑘] + c.c.

= 𝑁𝑁𝜶𝜶0(𝑡𝑡) ⋅𝑬𝑬0 cos𝜔𝜔0𝑡𝑡 +𝑁𝑁∑
𝑘𝑘

𝜕𝜕𝜶𝜶
𝜕𝜕𝑄𝑄𝑘𝑘

||||0
𝑄𝑄𝑘𝑘0 ⋅𝑬𝑬0

{
cos[(𝜔𝜔0 −Ω𝑘𝑘)𝑡𝑡 −𝜙𝜙0 +𝛿𝛿𝑘𝑘]+

cos[(𝜔𝜔0 +Ω𝑘𝑘)𝑡𝑡 +𝜙𝜙0 −𝛿𝛿𝑘𝑘]
}

(2.21)

The first term in Equation (2.21) represents the elastic scattering of the driving field 𝑬𝑬(𝑡𝑡),
called Rayleigh scattering. The second term represents Raman scattering, i.e. the inelastic
scattering of the incident radiation, which is re-emitted at a different frequency, with a
red-shifted component (Stokes radiation) at frequency 𝜔𝜔St = 𝜔𝜔0 −Ω𝑘𝑘 and a blue-shifted
component (anti-Stokes radiation) at frequency 𝜔𝜔aSt = 𝜔𝜔0 +Ω𝑘𝑘 .

The phase 𝜙𝜙 of the Raman-scattered radiation in Equation (2.21), depends on the
harmonic motion of the molecule’s nuclei. Assuming the rotational and vibrational degrees
of freedom to be in thermal equilibrium, two distinct molecules have oscillating (nuclear)
motion with no well-defined phase relationship (𝛿𝛿𝑖𝑖 ≠ 𝛿𝛿𝑗𝑗 for 𝑖𝑖 ≠ 𝑗𝑗). The molecules thus
form uncorrelated dipoles upon interaction with the incident laser radiation according to
Equation (2.19), and the phase of the scattered radiation from two oscillating dipoles is
uncorrelated as well. Spontaneous Raman scattering is thus an incoherent optical process†.

In Equation (2.18) the nuclei have a harmonic motion with frequency Ω𝑘𝑘 , and the
inelastic scattering results in a change of the rotational-vibrational energy of the molecule.
The amplitude of the scattered field is furthermore proportional to the polarisability change
with the nuclear coordinates. The polarisability of a molecule thus play a critical role in
determining its Raman activity, establishing so called selection rules for Raman scattering.
Under the assumption of mechanical and electrical harmonicity [39] the selection rules for
the change in vibrational state are:
†On the other hand, Rayleigh scattering is due to the molecular polarisability in the equilibrium configuration
according to Equation (2.21) and, as such, does not depend on the nuclear motions. Rayleigh scattering is thus a
coherent optical process [42].
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Figure 2.5: Linear optical scattering. (a) The first step in the scattering of the incoming radiation (with angular
frequency 𝜔𝜔0) by a rotating-vibrating diatomic molecule is the interaction between the EM field and the electronic
cloud surrounding the molecule, resulting in the generation of an instantaneous dipole. (b) The dipole re-emits
a field with frequency components: 𝜔𝜔0 (elastic Rayleigh scattering), 𝜔𝜔0 −Ω (inelastic Stokes Raman scattering)
and 𝜔𝜔0 +Ω (inelastic anti-Stokes Raman scattering). In the case of inelastic Raman scattering, the process is
accompanied by a change in the internal energy of the molecule, corresponding to the change in the angular
frequency of the emitted radiation by the amount Ω.

• Δ𝑣𝑣 = 0, pure-rotational Raman scattering. The vibrational state of the molecule is
unchanged in the scattering process and only the rotational state changes.

• Δ𝑣𝑣 = ±1 ro-vibrational Raman scattering. The energy of the vibrational mode consid-
ered is changed by one quantum, i.e. the corresponding quantum number changes by
one unit: this transitions define the so called fundamental band of the Raman spectrum,
and its hot bands, when the change involves vibrational energy states higher than the
ground state 𝑣𝑣 = 0.

A detailed overview of the selection rules for rotational Raman scattering is beyond the
scope of the present text, but can be found e.g. in D. Long, The Raman effect: A unified
treatment of the theory of Raman scattering by molecules [39] and P. Bernath, Spectra of
Atoms and Molecules [43]). Table 2.1 summarises the rotational Raman selection rules
for the linear and spherical top rotors (see Appendix B) of interest, such as H2 and CH4.
The selection rules for pure-rotational Raman spectroscopy are the same as for totally

Table 2.1: Selection rules for the rotational Raman scattering in linear and spherical top molecules.

Rotor Vibrational
degeneracy

Polarisation Selection rules

Linear totally symmetric polarised Δ𝐽𝐽 = 0,±2
degenerate depolarised Δ𝐽𝐽 = 0,±1,±2

Spherical top totally symmetric polarised Δ𝐽𝐽 = 0,±2
doubly degenerate depolarised Δ𝐽𝐽 = 0,±1,±2
triply degenerate depolarised Δ𝐽𝐽 = 0,±1,±2

symmetric ro-vibrational Raman transitions in Table 2.1.
The polarisation state reported in the table refer to the polarisation of the scattered

radiation as compared to the polarisation of the incident field (assumed linear). The
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depolarisation ratio of the Raman-scattered radiation is defined as:

𝜌𝜌 ≐
𝐼𝐼⟂

𝐼𝐼⟂+ 𝐼𝐼∥
(2.22)

Where 𝐼𝐼∥ and 𝐼𝐼⟂ are, respectively, the polarisation components of the scattered field parallel
and orthogonal to the incident field. The scattered light is said to be completely polarised if
its polarisation is parallel to that of the incident radiation (i.e. 𝜌𝜌 = 0), depolarised otherwise.
The depolarisation ratio has a maximum theoretical value 𝜌𝜌 = 3/4, when the Raman
scattering is entirely due to the anisotropic polarisability of the molecule as defined in
Equation (C.12), the scattered light is then said to be completely depolarised.

Figure 2.6: Selection rules for rotational-vibrational Raman scattering. The inelastic scattering of the incident
radiation is accompanied by a change of the vibrational (𝑣𝑣) and rotational (𝐽𝐽 ) quantum numbers according to the
selection rules: Δ𝑣𝑣=0, ±1 and Δ𝐽𝐽=0, ±1, ±2. The ro-vibrational transitions are labelled by the letters "O", "P", "Q",
"R", and "S" to represent a change in the rotational quantum number by the amount -2, -1, 0, 1 and 2, respectively.

2.2.2 Coherent Raman scattering
The linear relationship between the polarisation of an optical medium and the incident
EM field in Equation (2.16) can be thought of as a linearisation of the following Taylor
expansion in 𝑬𝑬(𝑡𝑡):

𝑷𝑷 = 𝑷𝑷(1) +𝑷𝑷(2) +𝑷𝑷(3) +⋯ = 𝜖𝜖0 (𝝌𝝌 (1) ⋅𝑬𝑬+𝝌𝝌 (2) ∶ 𝑬𝑬𝑬𝑬+𝝌𝝌 (3) ⋮ 𝑬𝑬𝑬𝑬𝑬𝑬+⋯) (2.23)

Where 𝑷𝑷(𝑛𝑛) is the 𝑛𝑛th-order non-linear polarisation induced by the oscillating field 𝑬𝑬(𝒓𝒓, 𝑡𝑡),
and 𝝌𝝌 (𝑛𝑛) is the 𝑛𝑛th-order non-linear susceptibility of the optical medium.

Coherent Raman scattering, the subject of this thesis, is a third-order non-linear optical
process where the medium interacts with three fields oscillating at distinct frequencies,
called the pump, the Stokes and the probe fields (indicated by the subscripts "1", "2", and "3",
respectively):

𝑃𝑃 (3)(𝒓𝒓, 𝑡𝑡) = 𝜖𝜖0𝝌𝝌 (3) ⋮ [𝑬𝑬3(𝒓𝒓, 𝑡𝑡)𝑬𝑬∗
2(𝒓𝒓, 𝑡𝑡)𝑬𝑬3(𝒓𝒓, 𝑡𝑡)] (2.24)
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Assuming that all the fields are co-propagating and have the same linear polarisation, and
the molecular polarisability to be the scalar 𝛼𝛼, the description of the non-linear polarisation
in the medium reduces to a scalar equation.

Consider a Raman-active molecule –described as a damped harmonic oscillator with
resonance frequency Ω𝑘𝑘 and damping coefficient Γ𝑘𝑘– under the action of the pump and
Stokes fields, which oscillate at optical frequencies and are assumed as far detuned from any
molecular resonance. Under the Born-Oppenheimer approximation the electrons are driven
by the fields at the fundamental frequencies 𝜔𝜔𝑖𝑖, as well as at the combinations frequencies
±(𝜔𝜔1 ±𝜔𝜔2). In the following the focus is put on the frequency difference Ω = |𝜔𝜔1 −𝜔𝜔2|,
which is responsible for the coherent Raman scattering of the probe field. The electron
motion, driven at frequency Ω, then couples to the nuclear motion through the change in
molecular polarisability. The combined pump and Stokes fields thus exert an external force
on the molecule, which determines a damped harmonic rotational-vibrational motion of
its nuclei:

𝑄𝑄𝑘𝑘(𝑡𝑡) =
1
𝑚𝑚

𝜕𝜕𝛼𝛼
𝜕𝜕𝑄𝑄𝑘𝑘

||||0
𝐸𝐸1𝐸𝐸∗2

Ω2
𝑘𝑘 −2𝑖𝑖ΩΓ𝑘𝑘 −Ω2 𝑒𝑒

−𝑖𝑖Ω𝑡𝑡 + c.c. (2.25)

The amplitude of the nuclear oscillations is maximised when the frequencies of the pump
and Stokes fields are tuned such that their difference is resonant to the rotational-vibrational
mode, i.e. Ω = Ω𝑘𝑘 .

Figure 2.7: The non-linear coherent Raman scattering process. As a kind of four-wave mixing process, CRS
involves the interaction between the molecules and four EM fields: (a) the pump field (𝜔𝜔pump) interacts with the
electrons producing instantaneous molecular dipoles, (b) the Stokes field (𝜔𝜔Stokes) interacts with these dipoles,
exerting a force that oscillates at the angular frequency Ω=|𝜔𝜔pump −𝜔𝜔Stokes |. When this force is resonant to a
rotational-vibrational mode, it excites this mode producing a coherent molecular motion. This is represented as
the alignment of the molecules in (c), followed by the interaction with the probe field (𝜔𝜔probe), which generates
new instantaneous dipoles. (d) Contrary to the spontaneous Raman scattering process, the dipoles oscillate in
phase due to the interaction between the electrons and the nuclei, so that they re-emit coherent radiation at the
frequencies 𝜔𝜔CRS=𝜔𝜔probe ±Ω.
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The driven nuclear motion described by Equation (2.25) changes the optical properties
of the material [40], so that all the incident light fields experience a different electronic
polarisability while propagating through the optical medium. The resulting third-order
polarisation is:

𝑃𝑃 (3)(𝑡𝑡) = 𝑃𝑃 (3)(𝜔𝜔1)𝑒𝑒−𝑖𝑖𝜔𝜔1𝑡𝑡 +𝑃𝑃 (3)(𝜔𝜔2)𝑒𝑒−𝑖𝑖𝜔𝜔2𝑡𝑡 +𝑃𝑃 (3)(𝜔𝜔cS)𝑒𝑒−𝑖𝑖𝜔𝜔cS𝑡𝑡 +𝑃𝑃 (3)(𝜔𝜔aS)𝑒𝑒−𝑖𝑖𝜔𝜔aS𝑡𝑡 (2.26)

The first two terms in Equation (2.26) represent stimulated Raman scattering (SRS). The
third and fourth terms represent the coherent Raman scattering of the probe field, at the
Stokes and anti-Stokes frequencies:

𝜔𝜔cS = −(𝜔𝜔1 −𝜔𝜔2)+𝜔𝜔3 = −Ω+𝜔𝜔3

𝜔𝜔aS = (𝜔𝜔1 −𝜔𝜔2)+𝜔𝜔3 = Ω+𝜔𝜔3
(2.27)

In this context the frequency difference Ω is commonly referred to as the Raman shift. The
nomenclature CSRS and CARS is vastly adopted in the literature to distinguish between
the coherent scattering at frequency 𝜔𝜔cS (Stokes) and 𝜔𝜔aS (anti-Stokes), respectively. In the
present text the acronym CRS is consistently employed, with no particular regard to the
specific process; when describing the experimental results, the notation CSRS (CARS) is
introduced to specify that the spectra are acquired on the Stokes (anti-Stokes) side.

The amplitude of the coherently scattered radiation at e.g. the anti-Stokes frequency is
given by:

𝑃𝑃 (3)(Ω) =
𝑁𝑁
𝑚𝑚(

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

||||0)

2 𝐸𝐸3𝐸𝐸∗2𝐸𝐸1
Ω2
𝑘𝑘 −2𝑖𝑖ΩΓ𝑘𝑘 −Ω2 = 6𝜖𝜖0𝜒𝜒 (3)(Ω)𝐸𝐸3𝐸𝐸∗2𝐸𝐸1 (2.28)

Where the macroscopic third-order susceptibility 𝜒𝜒 (3) of the medium is computed as:

𝜒𝜒 (3)(Ω) =
𝑁𝑁

6𝑚𝑚𝜖𝜖0(
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

||||0)

2 1
Ω2
𝑘𝑘 −2𝑖𝑖ΩΓ𝑘𝑘 −Ω2 (2.29)

In classical terms, 𝜒𝜒 (3) can be understood to represent the coordinated nuclear motion
of the Raman-active molecules in the optical medium, under the external forcing by the
combined (resonant) action of the pump and Stokes fields. Consider, for example, the pure-
rotational CRS process represented in Figure 2.7. Assuming the pump and Stokes fields to
be linearly polarised with same polarisation, their interaction with an ensemble of diatomic
molecules results in the (periodic) alignment of the rotational axes of the molecules. The
instantaneous electric dipoles generated in the following interaction with the probe field
thus inherently oscillate in phase. This coherence of the microscopic dipoles results in the
macroscopic (third-order) susceptibility of the optical medium 𝜒𝜒 (3) and the emission of
coherent radiation at the Stokes and anti-Stokes frequencies. The Raman scattering of the
probe field can also be interpreted as the effect of the periodic modulation of the refractive
index of the optical medium due to the coherent motion of its molecular components, as
discussed in the seminal work of Maker and Terhune [2].

Figure 2.8 describes the same scattering process, highlighting the conservation of
energy and momentum in the light-matter interaction. The notation employed in Figure 2.8
to represent the electronic, rotational and vibrational state of the molecule is detailed in
Appendix B. As the individual fields are assumed to be off-resonant with respect to any
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ro-vibronic transition of the molecule, the quantum states of the molecule following the
interaction with the pump and probe fields are not states of well-defined energy. These are
referred to as virtual states. The lifetime of a virtual state is fundamentally limited by the
uncertainty relation for energy [44]:

Δ𝐸𝐸Δ𝑡𝑡 ∼ ℏ (2.30)

Where Δ𝐸𝐸 is the energy perturbation of the system, and Δ𝑡𝑡 is the lifetime of the virtual state.
For molecular species and laser fields relevant to combustion diagnostics, the detuning of
the fields from any electronic transition is in the order of 105 cm-1, resulting in a lifetime of
tens to hundreds of attoseconds for the virtual states in Figure 2.8(a). As this timescale is
much shorter than those of the rotational and vibrational motions, the electronic dephasing
is typically assumed to be instantaneous.

Figure 2.8: Conservation laws for the CRS process. Energy conservation in the parametric resonant (a) and
non-resonant (b) CRS process: as the initial and final molecular states coincide in the energy diagrams, the energy
is conserved in the light-matter interaction. In the case of a non-resonant process, the combination of the pump,
Stokes and probe fields does not produce any coherent rotational-vibrational motion in the medium. These
energy diagrams apply to a two-beam CRS process (as discussed in Section 2.3.1), where a single broadband laser
pulse provides both the pump and the Stokes frequencies. (c) Phase-matching of the CRS process, representing
the conservation of linear momentum: Δ𝒌𝒌 = 𝒌𝒌1 −𝒌𝒌2 +𝒌𝒌3 −𝒌𝒌CRS. The planar BOXCARS phase-matching scheme
sketched here allows for a perfectly phase-matched CRS process (i.e. Δ𝒌𝒌 = 0) with crossed-beam geometry, thus
significantly improving the longitudinal resolution of the CRS measurements [45].

Figure 2.8(b) illustrate the existence of CRS even under fully non-resonant (NR) condi-
tions. This is the case when the frequency difference between the pump and the Stokes
fields is far-detuned from any rotational-vibrational transition, or when the scatterers do
not possess any rotational-vibrational degree of freedom, as for monatomic species. The
NR CRS process, also called NR four-wave mixing (FWM), cannot be understood in classical
terms, but requires a semi-classical treatment of the molecules and the definition of virtual
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states, which provide a pathway for the NR CRS process as shown in Figure 2.8(b). Given
the instantaneous dephasing of these virtual states, NR FWM can only happen when the
pump, Stokes and probe field interact simultaneously with the molecular scatterers, i.e.
when they overlap in time.

Like other non-linear optical processes, CRS has to satisfy conservation of linear
momentum, expressed by the so called phase-matching condition [31]:

Δ𝒌𝒌 = 𝒌𝒌1 −𝒌𝒌2 +𝒌𝒌3 −𝒌𝒌CRS (2.31)

Where the following sign convention is adopted: wave vectors for incident fields are
summed, while wave vectors for emitted radiation are subtracted. Solving Maxwell’s
equation for the propagation of the CRS field in the non-linear optical medium, with wave
vectors 𝒌𝒌1, 𝒌𝒌2 and 𝒌𝒌3 for the pump, Stokes and probe fields, yields [31]:

𝐼𝐼 (3)(𝜔𝜔CRS) =
16𝜋𝜋4𝜔𝜔2

CRS
𝑛𝑛4𝑐𝑐4

||𝜒𝜒 (Ω)||
2𝐼𝐼1 𝐼𝐼2 𝐼𝐼3 𝑙𝑙2 sinc2(

𝑙𝑙Δ𝑘𝑘
2 ) (2.32)

where 𝑛𝑛 is the refractive index of the gas-phase medium, 𝑙𝑙 is the interaction length of the
incident fields, and the sinc function is defined as sinc(𝑥𝑥) = sin(𝑥𝑥)/𝑥𝑥 . The intensity of the
CRS signal is thus maximised when the process is perfectly phase-matched, i.e. Δ𝑘𝑘 = 0,
and rapidly goes to zero for an increasing phase mismatch. While the CRS can be trivially
phase-matched by adopting a collinear scheme, this results in an interaction length as long
as the Rayleigh range of the laser sources employed, and poor spatial resolution in the
longitudinal direction. The spatial sectioning of the probe volume can be dramatically
improved in crossed-beam configurations: adopting a so called BOXCARS phase matching
scheme [45], as shown in Figure 2.8(c), a longitudinal resolution in the order of ∼1-2 mm
can be achieved. Alternative phase matching schemes have been proposed, e.g. adopting
a counter-propagating geometry for the pump and Stokes beams, which can result in an
improvement of the spatial resolution by approximately one order of magnitude [46].

2.3 Time-resolved CRS
Through the third-order non-linear optical susceptibility in Equation (2.29), the CRS spec-
trum in Equation (2.32) carries information about the statistical distribution of the Raman-
active molecules over their rotational and vibrational energy manifolds. For an ensemble of
diatomic molecules in thermal equilibrium this correspond to the Boltzmann distribution in
Equations (2.8) and (2.13): CRS can thus be employed to realise high-fidelity thermometry.
The classical theory outlined in the previous paragraph provides a simple description of
gas-phase CRS in the frequency domain, as realised by the use of narrowband laser sources,
typically Nd:YAG lasers [33], which provide pulses with a duration of ∼10 ns. This is
significantly longer than the timescale of the rotational-vibrational motion of the target
molecules, as well as of the typical dephasing of the Raman coherence –represented by the
damping coefficient Γ in Equation (2.29). A detailed survey of the dephasing mechanism in
gas-phase media is given in Section 2.3.2. While providing high spectral resolution, ns CRS
instruments thus lack the temporal resolution required to measure molecular phenomena
on these faster timescales.

The recent commercial availability of regenerative fs laser amplifiers, providing mJ-
level energies [47] with pulse duration <100 fs, has brought forward the development
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time-resolved CRS techniques. These allow for the generating of the Raman coherence
on a timescale small compared to molecular relaxation [48], and measuring its evolution
in a time-resolved fashion, with furthermore significant advantages in terms of signal
generation efficiency and measurement repetition rates [49]. The intensity of the CRS
signal can be enhanced by increasing the amplitude of the coherent molecular oscillations in
Equation (2.25), i.e. bymaximising themolecular coherence [48]. If the duration of the pump
and Stokes laser pulses is significantly shorter than the timescale for the corresponding
rotational-vibrational motion, the excitation of the rotational-vibrational Raman coherence
can be regarded as impulsive [50]. By employing a time-dependent density matrix (TDDM)
formulation of the CRS process, Lucht and co-authors showed that the impulsive excitation
by fs laser pulses can maximise the ro-vibrational coherence of gas-phase N2 [51]. The use
of ultrafast lasers also allows for the effective suppression of the NR CRS background due to
the instantaneous electronic response of the optical medium. By delaying the probe pulse,
its temporal overlap with the pump and Stokes can be minimised, effectively time-gating
the NR CRS process [52]. Furthermore, ultrafast lasers can work at significantly higher
repetition rates than ns ones, allowing for kHz-rate CRS in the case of regenerative fs
laser amplifier systems [33], while 100 kHz rates have recently been achieved using a ps
burst-mode laser [53]. Fs pulses were thus employed to perform CRS thermometry on
combustion-relevant species, such as H2 [54], N2 and CO2 [55]. In this context, the main
limitation of fs CRS relates to the uncertainty principle in Equation (2.30): the high temporal
resolution achieved by the coherent scattering of fs probe pulses comes at the price of a
limited spectral resolution. As noted in Prince et al., "[...] Raman probe techniques with
sufficient resolution (∼15 cm-1) to reasonably distinguish vibrational modes of interest have
an inherent temporal resolution limit of ∼1 ps", with an even more stringent requirement to
resolve the rotational structure of most molecules of interest (∼5 cm-1).

The need for single-shot measurements capabilities, especially in turbulent combustion
environments, thus led to further developments in time-resolved CRS. Alongside the use
coherent control techniques [56–61], and the development of chirped-probe pulse (CPP)
CRS [62–68], hybrid fs/ps CRS was proposed to realise simultaneously time- and frequency
resolved spectroscopy.

2.3.1 Hybrid femtosecond/picosecond (fs/ps) CRS
The combination of broadband fs pump and Stokes pulses and relatively narrowband ps
probe pulses to realise simultaneously time- and frequency-resolved CRS measurements in
liquid-phase toluene, rhodamine 6G and chloroform, was first demonstrated by Prince et
al. in 2006 [69]. An analogous fs/ps CRS scheme, explicitly named "hybrid", was discussed
in 2007 by Pestov et al. [70], who illustrated its use for rapid and specific detection of
molecular markers for bacterial endospores [71].

Hybrid fs/ps CRS combines the concept of time-resolved fs CRS with a frequency-
resolved probing of the Raman coherence by a narrowband ps probe. Hence, instead of
measuring its temporal evolution via a sequence of fs probe pulses, as done in fs CRS, a
single ps probe "reads" multiple quantum revivals (as illustrated in Figure 2.9, see also
Appendix C) and "encodes" the underlying Raman frequencies on a frequency-resolved
CRS spectrum. By appropriately tailoring the temporal envelope of the ps pulse and its
duration, the dephasing effect of molecular collisions can be minimised, and time-resolved
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measurements of these collisional processes can be performed (see e.g. Paper VIII [72]).
For gas-phase CRS this means that the impact of molecular collisions on the linewidth of
the CRS spectra can be minimised by employing probe pulses shorter than the collisional
timescale [73]: this mitigates a significant source of uncertainty, linked to the generally
unknown collisional environment [74]. The time-resolved measurement of the collisional
broadening of the N2 and O2 CRS spectra at pressures up to 20 bar was demonstrated in
Ref. [75]. In addition, the suppression of the NR background already achieved by ps CRS is
further optimised as the overlap between the fs excitation pulses and the ps probe pulse
can by minimised and ideally avoided altogether, e.g. by employing a time-asymmetric
probe pulse [76].

Over the last decade, hybrid fs/ps CRS has been developed into a state-of-the-art
technique for gas-phase diagnostics in combustion environments [20, 68] as well as non-
equilibrium plasmas [77–79]. In 2010 Miller and co-workers demonstrated the use of hybrid
fs/ps CRS for kHz rate thermometry in high-temperature flames [80]. In a set of follow-up
publications, the same research group applied hybrid fs/ps CRS for the investigation of the
pure-rotational Raman spectra of N2 and O2 in combustion environments [73, 75, 76, 81].
Pure-rotational fs/ps CRS was then employed to perform simultaneous thermometry and
relative O2/N2 concentration measurements in heated air by Kearney et al. [82], as well as
in the product of flat hydrocarbon flames in Ref. [83].

Major advancements in gas-phase fs/ps CRS have been achieved thenceforth in the
context of CRS imaging. The development of fs/ps CRS imaging built upon previous
attempts based on ns CRS systems ([84–87]), and on the demonstration of one-dimensional
(1D) CPP CRS by Kulatilaka et al., where the high-peak power and efficient coherence
generation provided by fs laser pulses allowed for single-shot 1D CRS thermometry at
temperatures higher than 2000 K [21]. Nevertheless, the relatively large interaction length
(∼1.2 mm) limited the longitudinal resolution of this CPP CRS instrument, hampering
the realisation of spatially-resolved measurements across the steep thermal gradient of a
premixed CH4/air flame. Pioneering work on pure-rotational fs/ps CRS imaging has been
performed since 2012 by researchers at Sandia National Laboratories in Livermore, where
Kliewer demonstrated a 1D pure-rotational CRS scheme, based on a counter-propagating
phase-matching configuration, capable of achieving a longitudinal resolution of ∼155 𝜇𝜇m
[46], one order of magnitude better than for the conventional BOXCARS configuration
shown in Figure 2.8.

In this context, the most significant development for the interest of the present thesis
was introduced one year later by Bohlin and Kliewer, with the development of two-beam
fs/ps CRS [23]. This technique employs a single broadband fs laser pulse to excite the
rotational Raman coherence of the target molecules, and a ps laser pulse as the narrowband
probe to coherently scatter off them, as shown in Figure 2.9(a). The single fs laser pulse
acts as a combined pump/Stokes pulse: constructive pump/Stokes frequency-pairs, at the
resonant frequency difference Ω, are found within the broadband spectrum of the pulse
and excite the corresponding Raman coherence. Employing imaging optics to realise
pure-rotational two-beam fs/ps CRS, Bohlin and Kliewer could retrieve spatially resolved
information over a ∼10 mm 1D field-of-view (FOV), with a line-spread function (LSF)
of ∼84 𝜇𝜇m, allowing them to resolve the steep gradient of a premixed CH4/air flame. In
subsequent works the LSF of the imaging system was reduced to ∼60 𝜇𝜇m [88] and ∼40 𝜇𝜇m
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Figure 2.9: Two-beam fs/ps CRS. (a) Schematic of two-beam fs/ps CRS in the time domain. 𝐸𝐸p/St(𝑡𝑡), and 𝐸𝐸probe(𝑡𝑡)
represent the temporal envelops of the combined pump/Stokes and probe pulses, respectively. 𝜒𝜒 (3) is the non-
linear optical susceptibility of the gas-phase medium due to the coherent motion of its molecular components. 𝑡𝑡12
and 𝑡𝑡3 are the coherence timescales during the interaction with the input laser pulses, while 𝜏𝜏23 is the intra-pulse
delay. (b) Spectral excitation in two-beam fs/ps CRS. Constructive pump/Stokes frequency-pairs at Raman
shifts Ω = |𝜔𝜔pump −𝜔𝜔Stokes | are found across the bandwidth of a single broadband fs excitation pulses. Since the
pulse has finite bandwidth, the excitation efficiency decreases monotonically with increasing Raman shift. (c)
Phase-matching of two-beam fs/ps CRS. The two-beam fs/ps CRS process sketched here can only be perfectly
phase-matched (i.e. Δ𝒌𝒌=𝟎𝟎) if all the laser beams are collinear. Adopting a crossed-beam geometry (i.e. 𝜃𝜃 ≠ 0), with
crossing angle 𝜃𝜃, necessarily results in a phase-mismatch that increases with larger Raman shifts and crossing
angle [23].

[25], thus improving on the lateral resolution of 1D fs/ps CRS. In Paper V the LSF of the
pure-rotational fs/ps CRS instrument is further improved by a factor two (i.e. 20 𝜇𝜇m), by
employing a ∼400 nm probe.

Furthermore the interaction length in Ref. [23] could be easily tuned by changing the
focusing properties and crossing angle (𝜃𝜃) between the pump/Stokes and probe beams,
and a longitudinal resolution down to 50 𝜇𝜇m was achieved in case of orthogonal crossing
(i.e. 𝜃𝜃 = 90°). It is important to notice, nevertheless, that the two-beam CRS fs/ps process
is only perfectly phase-matched for a collinear geometry (i.e. 𝜃𝜃 = 0°), as shown in Fig-
ure 2.9. Adopting a crossed-beam geometry results in a phase mismatch of the CRS process
amounting to:

Δ𝑘𝑘 = Ω+ 𝑘𝑘3 −
√
(Ω+ 𝑘𝑘3 cos𝜃𝜃)

2 +(𝑘𝑘3 sin𝜃𝜃)
2 (2.33)

If the angle 𝜃𝜃 is small, such that the envelope of the input laser fields can be assumed as
constant along their interaction length (slowly varying amplitude approximation, SVAA),
the phase-mismatch in Equation (2.33) reduces the intensity of the CRS signal according to
the sinc2 dependence in Equation (2.32). For larger crossing angles, on the contrary, the
SVAA breaks down and the functional dependence of the pump/Stokes field amplitude
on the propagation coordinate 𝑧𝑧 must be taken into account and, assuming this be the
Gaussian function 𝐸𝐸12(𝑧𝑧) ∝ exp(−𝛼𝛼𝑧𝑧2), Equation (2.32) is modified as:

𝐼𝐼 (3)(𝜔𝜔CRS) =
16𝜋𝜋4𝜔𝜔2

CRS
𝑛𝑛4𝑐𝑐4

||𝜒𝜒 (Ω)||
2 𝐼𝐼 212 𝐼𝐼3 𝑙𝑙

2 𝑒𝑒(𝑖𝑖
√
2𝜉𝜉2/𝜉𝜉1)2[erfi2𝜉𝜉2 −4ℜ(𝜉𝜉3)+ |𝜉𝜉3|2]

𝜉𝜉1 =
√
𝛼𝛼 sin𝜃𝜃

𝜉𝜉2 =
Δ𝑘𝑘
2𝜉𝜉1

𝜉𝜉3 = erfi(𝑖𝑖 𝑧𝑧 𝜉𝜉1 + 𝜉𝜉2)

(2.34)
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Where erfi is the imaginary error function. Therefore an increment in crossing angle, and
hence improved resolution, comes at the cost of a reduced excitation efficiency at larger
Raman shifts [23, 89].

Bohlin et al. employed 1D pure-rotational two-beam fs/ps CRS to investigate the
flame-wall interaction in a head-on quenching (HOQ) burner achieving time-resolved
measurement of the temperature gradient, as the premixed CH4/air flame approached the
metal wall of the HOQ burner, and throughout the quenching process [90]. More recently,
Escofet-Martin and co-authors have employed a similar CRS instrument to investigate
transient heat transfer processes in the thermal boundary layer at the gas-wall interface
[91]. Soon after their development of two-beam CRS, Bohlin and Kliewer extended its
capability to snapshot two-dimensional (2D) hyperspectral imaging [22], and demonstrated
its use to simultaneously map the temperature and relative O2/N2 concentration fields
over sections of a premixed laminar CH4/air flame [92]. Miller et al. later extended the
repetition rate of this 2D pure-rotational two-beam fs/ps CRS technique to 1 kHz [93].

2.3.2 Time-domain modelling of hybrid fs/ps CRS
Alongside the advantages discussed in the previous paragraph, hybrid fs/ps CRS allows for
a significant simplification of the numerical modelling of the CRS spectrum in the time
domain. The details of the time-domain modelling approach are deferred to Appendix C
and only the main results, pertaining specifically to two-beam fs/ps CRS, are discussed
below.

The input laser pulses are modelled in the time domain as plane waves with angular
frequency 𝜔𝜔 and wave vector 𝒌𝒌:

𝑬𝑬(𝒓𝒓, 𝑡𝑡) = 𝑬𝑬(𝑡𝑡)𝑒𝑒𝑖𝑖[(𝒌𝒌⋅𝒓𝒓)−𝜔𝜔𝑡𝑡] (2.35)

Assuming for simplicity that the lasers pulses have same linear polarisation, and the CRS
process to be perfectly phase-matched, the evolution of the third-order polarisation field in
the gas-phase medium is described as:

𝑃𝑃 (3)
CRS(𝑡𝑡, 𝑡𝑡23, 𝑡𝑡12) =(

𝑖𝑖
ℏ)

3
𝐸𝐸3(𝑡𝑡 − 𝑡𝑡3)∫

𝑡𝑡

−∞
𝑑𝑑𝑡𝑡12 𝜒𝜒 (3)(𝑡𝑡12)

𝐸𝐸∗12(𝑡𝑡 + 𝑡𝑡23 − 𝑡𝑡12)𝐸𝐸12(𝑡𝑡 + 𝑡𝑡23 − 𝑡𝑡12)𝑒𝑒𝑖𝑖(𝜔𝜔1−𝜔𝜔2)𝑡𝑡12

(2.36)

Where 𝐸𝐸12(𝑡𝑡) represents the complex electric field of the combined pump/Stokes excitation
pulse, 𝑡𝑡12 is the coherence timescale for the rotational-vibrational motion of the Raman-
active molecules in the optical medium, and 𝑡𝑡23 is the delay between the pump/Stokes and
probe pulses.

Under the assumption of impulsive excitation of the rotational-vibrational coherence,
Equation (2.36) is simplified as:

𝑃𝑃 (3)
CRS(𝑡𝑡, 𝑡𝑡23) =(

𝑖𝑖
ℏ)

3
𝐸𝐸3(𝑡𝑡 + 𝑡𝑡23)𝜒𝜒 (3)(𝑡𝑡) (2.37)

The intensity spectrum of the CRS signal is finally computed as the (squared) Fourier
transform of the time-dependent polarisation 𝑃𝑃 (3)

CRS(𝑡𝑡):

𝐼𝐼CRS(𝜔𝜔) =
|||F

{
𝑃𝑃 (3)
CRS(𝑡𝑡)

}|||
2

(2.38)
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It is important to notice here that the assumption of impulsive excitation is formally
equivalent to representing the temporal envelope of the pump/Stokes pulse as a Dirac delta.
The pump/Stokes pulse is thus assumed to have an infinite bandwidth with homogeneous
spectral density as implied by Equation (2.30). This is obviously non-physical, as even
broadband fs laser pulse have a finite bandwidth, which ultimately limits the excitation
bandwidth of the molecular Raman modes. The time-domain model in Equation (2.37) is
not capable of rendering this behaviour and the experimental spectra need to be corrected
for the finite bandwidth of the excitation pulse, so as to have a meaningful comparison to
the model. The excitation efficiency at different Raman shifts is effectively mapped by the
spectrum of the NR CRS emission, corresponding to the spectral autocorrelation of the
combined pump/Stokes pulse [94]:

𝐼𝐼NR(𝜔𝜔) =
|||F

{
𝑃𝑃 (3)
𝑁𝑁𝑁𝑁(𝑡𝑡)

}|||
2
∝ |||𝜒𝜒

(3)
NR 𝐸𝐸3(𝜔𝜔) ∗ [𝐸𝐸12(𝜔𝜔)⋆𝐸𝐸12(𝜔𝜔)]

|||
2

(2.39)

Where "∗" and "⋆" represent the convolution and correlation operator, respectively.
Hence, by measuring the NR CRS spectrum generated e.g. in a non-resonant gas

(typically Ar), and by subdividing the resonant CRS spectrum by the NR one, the effect of
the finite bandwidth of the excitation pulse can be factored out. This operation is part of
the experimental CRS protocol and is called spectral referencing, and is the main topic of
Chapter 5.

In the present thesis, the following simplified phenomenological description of the
third-order susceptibility is adopted:

𝜒𝜒 (3)(𝑡𝑡) =∑
𝑘𝑘
∑
[𝑣𝑣]

∑
𝐽𝐽 𝐽𝐽𝐽𝐽Γ

𝑋𝑋𝑘𝑘𝐼𝐼 (𝑘𝑘){[𝑣𝑣]𝑓𝑓 𝐽𝐽𝐽𝑓𝑓 𝐽𝐽𝐽𝑓𝑓 𝐽Γ𝑓𝑓 }←{[𝑣𝑣]𝑖𝑖 𝐽𝐽𝐽𝑖𝑖𝐽𝐽𝐽𝑖𝑖𝐽Γ𝑖𝑖}

exp[(𝑖𝑖𝜔𝜔
(𝑘𝑘)
{[𝑣𝑣]𝑓𝑓 𝐽𝐽𝐽𝑓𝑓 𝐽𝐽𝐽𝑓𝑓 𝐽Γ𝑓𝑓 }←{[𝑣𝑣]𝑖𝑖 𝐽𝐽𝐽𝑖𝑖𝐽𝐽𝐽𝑖𝑖𝐽Γ𝑖𝑖} −Γ(𝑘𝑘){[𝑣𝑣]𝑓𝑓 𝐽𝐽𝐽𝑓𝑓 𝐽𝐽𝐽𝑓𝑓 𝐽Γ𝑓𝑓 }←{[𝑣𝑣]𝑖𝑖 𝐽𝐽𝐽𝑖𝑖𝐽𝐽𝐽𝑖𝑖𝐽Γ𝑖𝑖})𝑡𝑡]

(2.40)

Where the labels "|[𝑣𝑣]𝑖𝑖𝐽 𝐽𝐽𝑖𝑖𝐽𝐽𝐽𝑖𝑖𝐽Γ𝑖𝑖⟩" and "|[𝑣𝑣]𝑓𝑓 𝐽 𝐽𝐽𝑓𝑓 𝐽𝐽𝐽𝑓𝑓 𝐽Γ𝑓𝑓 ⟩" indicate the initial and final molecu-
lar states, according to the notation defined in Appendix B. The index 𝑘𝑘 here represents the
different Raman-active species present in the probe volume, each with mole fraction 𝑋𝑋𝑘𝑘 .

Each damped harmonic contribution in Equation (2.40) represents, upon Fourier trans-
forming 𝑃𝑃 (3)

CRS(𝑡𝑡), an individual line in the CRS spectrum. The corresponding line strength
𝐼𝐼 (𝑘𝑘){⋯}𝑓𝑓←{⋯}𝑖𝑖 depends on the difference between the populations in the initial and final
rotational-vibrational states of the Raman transition, as well as on its Raman cross-section.

The damping coefficient Γ{⋯}𝑓𝑓←{⋯}𝑖𝑖 , already introduced in Equation (2.29), represents the
dephasing rate of the coherent rotational-vibrational motion at Raman frequency𝜔𝜔{⋯}𝑓𝑓←{⋯}𝑖𝑖 .
There are many physical phenomena contributing to the loss of Raman coherence, resulting
in the broadening of the Raman linewidths, and an overview of the most prominent
dephasing mechanisms is given in Appendix C. In the application of fs/ps CRS to gas-phase
diagnostics –in particular at atmospheric pressure, as done in the present thesis– the main
factor determining the dephasing of the rotational-vibrational Raman coherence on a ∼100
ps timescale is the effect of inelastic collisions between the coherently rotating-vibrating
molecules (the "radiators") and other collisional partners (the "perturbers"). The energy
exchange in an inelastic collision determines a population transfer from the initial and final
states, between which coherence was established by the (resonant) combined interaction
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with the pump and Stokes field. As discussed in the previous paragraph, one of the main
advantages of the hybrid fs/ps CRS technique is the possibility of minimising the effect of
molecular collisions, by probing the Raman coherence on a timescale of typically ∼10 ps.
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I n the last decade, the use of pulse compression techniques to generate high-power laser
pulses with duration down to a few fs allowed for extending the bandwidth of the fs

pump/Stokes pulses to develop ultrabroadband fs/ps CRS [24].
The concepts of duration and bandwidth of a laser pulse, as well as the relationship

between the two, have been somewhat presupposed in the previous chapter: a more proper
introduction is given in the following. Consider the single-mode EM field in Equation (2.35)
[32]: neglecting its spatial properties, the temporal evolution of 𝑬𝑬 is described by a sinu-
soidal function with frequency 𝜔𝜔 and phase 𝜙𝜙. Allowing for 𝑁𝑁 frequencies (or modes) in
the EM field, each with angular frequency 𝜔𝜔𝑛𝑛 and phase 𝜙𝜙𝑛𝑛, the resulting electric field is
[95]:

𝑬𝑬(𝑡𝑡) =
𝑁𝑁−1
∑
𝑛𝑛=0

𝑬𝑬𝑛𝑛 𝑒𝑒−𝑖𝑖(𝜔𝜔𝑛𝑛𝑡𝑡+𝜙𝜙𝑛𝑛) + c.c. (3.1)

If the modes have a fixed phase relationship, i.e. they are coherent, they give rise to a
periodic interference pattern. A laser pulse can thus be defined as the localised constructive
interference (also called a "wave packet") of the coherent modes in the emitted EM field
centred at 𝑡𝑡0. For an increasing number of modes, their destructive interference at 𝑡𝑡 ≠ 𝑡𝑡0
leads to a faster dephasing of the wave packet, corresponding to a shorter duration of the
laser pulse. The duration Δ𝑡𝑡 of a laser pulse is thus inherently connected to the bandwidth
Δ𝜔𝜔 of its spectrum, obtained by Fourier-transforming the time-domain electric field in
Equation (3.1).

According to the Fourier uncertainty principle, a function and its Fourier transform
cannot be simultaneously localised in the time-frequency domain [96]. Hence a laser pulse
cannot have arbitrarily short duration and narrow bandwidth, their product (called the
time-bandwidth product, TBP) having the lower bound:

TBP = Δ𝑡𝑡Δ𝜔𝜔 ≥ c (3.2)

Where c is a constant determined by the functional form of the temporal and spectral
envelopes of the laser pulse (e.g. c = 2ln2/𝜋𝜋 for Gaussian pulses [95]). A laser pulse for
which the inequality of Equation (3.2) is saturated is said to be Fourier transform-limited
(TL): TL pulses thus have the shortest duration allowed by their bandwidth. Throughout
the present thesis, laser pulses are assumed to be as Gaussian wave packets with spectrum:

�̃�𝐸(𝜔𝜔) =
𝐸𝐸0 Δ𝑡𝑡
2

√
𝜋𝜋

2 ln2
𝑒𝑒−𝑖𝑖[

Δ𝑡𝑡2
8 ln2 (𝜔𝜔−𝜔𝜔0)2+𝜑𝜑(𝜔𝜔)]+c.c. (3.3)

Where 𝜔𝜔0 is the carrier frequency of the optical pulse and 𝜑𝜑 is its spectral phase.
If 𝜑𝜑 is a linear function in𝜔𝜔 –or, equivalently, 𝜙𝜙 is linear in time– Equation (3.4) describes

a Gaussian TL pulse. In general, an optical pulse propagating through any optical material
is subject to group velocity dispersion (GVD) or chirp, whereby non-linear components arise
in the phase relationship between different frequency components. The spectral phase
𝜑𝜑(𝜔𝜔) can then be expressed as a Taylor series about the carrier frequency as:

𝜑𝜑(𝜔𝜔) =∑
𝑛𝑛
𝑘𝑘(𝑛𝑛)

(𝜔𝜔−𝜔𝜔0)𝑛𝑛

𝑛𝑛!
(3.4)

where 𝑘𝑘(𝑛𝑛) is the 𝑛𝑛th derivative of the wave vector 𝑘𝑘 with respect to the frequency 𝜔𝜔.
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In the two-beam fs/ps CRS technique employed in the present thesis, the excitation
efficiency of the Raman modes is mapped by the spectral autocorrelation of the single
combined pump/Stokes pulse, according to Equation (2.39). Assuming a TL pump/Stokes
pulse with duration Δ𝑡𝑡, the resulting excitation bandwidth can be estimated as:

Δ𝜔𝜔⋆ =
√
2 ln2
𝜋𝜋𝜋𝜋Δ𝑡𝑡

(3.5)

With speed of light 𝜋𝜋 = 2.998 ⋅1010 cm/s. Hence, in contrast to spontaneous Raman scattering,
two-beam fs/ps CRS is inherently limited in the spectral window it can investigate by the
bandwidth of the fs pump/Stokes pulse employed. The typical pulse duration provided by
presently commercially-available regenerative fs laser amplifiers is in the order of a few
tens of fs, such that the excitation bandwidth is limited to the pure-rotational region of the
Raman spectrum up to ∼500 cm-1, as shown in Figure 3.1.

In the context of gas phase diagnostics, there is a number of motivations to extend the
applicability of two-beam fs/ps CRS beyond the pure-rotational region:
• Pure-rotational CRS has been successfully applied in high-pressure combustion ap-

plications (e.g. in Ref. [97, 98]), but the collisional linewidths represent a source of
uncertainty that can significantly impact CRS thermometry [99]. Time-resolved CRS
alleviates this issue by probing the Raman coherence below the collisional timescale:
effective collisional-independence of pure-rotational fs/ps CRS thermometry was
demonstrated up to 15 bar by employing a 6.5 ps probe [73]. Nevertheless, the use of
short ps probe pulses determines a poor spectral resolution, leading to the congestion
of the pure-rotational region and to an unresolved rotational structure of the CRS
spectra, especially for heavy molecules with small rotational constants such as CO2
[83]. A possible strategy to overcome the congestion of the collisional-independent
fs/ps CRS spectra at high pressure is to investigate the so-called vibrational fingerprint
region† of the Raman spectrum, where the ro-vibrational Raman spectra of different
species appear as isolated "fingerprints".

• Some molecules that play a significant role in combustion are not well-suited to be
investigated by pure-rotational CRS. Important combustion products such as CO and
H2O have extremely low rotational Raman cross-sections, giving rise to weak CRS
signals in flames [100, 101]. In the case of water vapour, CRS has been employed
to investigate the 𝜈𝜈1 vibrational mode of H2O (at ∼3600 cm-1) at temperatures as
high as 2000 K [102–105]. A similar investigation by Nordström et al., employing
pure-rotational CRS, lead to the conclusion that "due to the weak resonant signal,
water vapor is an unsuitable candidate for CARS thermometry and relative concentration
measurements in combustion" [101]. This issue is even more relevant for spherical top
polyatomic molecules such as CH4, whose nuclear wave functions present a spherical
symmetry such that they are not rotationally Raman active (in the ground vibrational
state and neglecting vibrational-rotational coupling [106]).

• Another molecule of major interest in combustion, H2, has an extremely large rota-
tional constant, resulting in a pure-rotational spectrum which spans more than 1500

†The definition of the vibrational fingerprint region is borrowed from the literature on CRS microscopy, where
the biologically-relevant Raman window is defined as Ω=500-3500 cm-1, and the fingerprint region as Ω<1800
cm-1[94].
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cm-1 at flame temperatures, and the most significant rotational Raman transitions lie
outside the pure-rotational Raman region [100], as shown in Figure 3.1.

Figure 3.1: Pure-rotational two-beam fs/ps CRS. The implementation of two-beam hybrid fs/ps CRS employing
commercially-available regenerative fs laser amplifiers, with typical pulse duration of a few tens of fs (35 fs
represented here), limits the excitation efficiency to ∼500 cm-1. This fact hinders the application of gas-phase
fs/ps CRS in those measurement scenarios where the investigation of a larger spectral window is necessary: one
such case is the application of pure-rotational CRS to H2, whose spectrum extends up to ∼1500 cm-1 at 𝑇𝑇=700 K.

• In case of rotational-vibrational non-equilibrium, as often the case in plasma envi-
ronments, it is necessary to independently measure the rotational and vibrational
Boltzmann distributions. In line of principle the vibrational distribution is measured
by the vibrational hot bands in the pure-rotational CRS spectrum, but their separation
from the fundamental spectrum is typically <1 cm-1 [107], so that a probe duration
much larger than ∼15 ps is required to resolve the hot band structure. An alternative
diagnostic approach is to simultaneously perform pure-rotational and ro-vibrational
CRS: Dedic and co-authors demonstrated this in a dielectric barrier discharge by
employing a dual-pump fs/ps CRS instrument [77], and later applied it to investigate
the thermalisation dynamics in a plasma-assisted combustion environment [78].

Hence, there are clear benefits in increasing the instantaneous bandwidth of the fs pump/S-
tokes pulse to simultaneously interrogate the whole Raman spectrum. Tedder and co-
authors, for example, employed a broadband ns dye laser with a bandwidth of ∼18 nm
FWHM to realise dual-pump CRS, simultaneously probing N2, O2, H2, C2H4, CO and CO2
over the region ∼1000-2500 cm-1 [108].

Ultrabroadband fs/ps CRS makes use of a compressed supercontinuum‡ as the pump/S-
tokes pulse to realise simultaneous spectroscopy in the pure-rotational and vibrational
fingerprint regions of the Raman spectrum [24]. By extending the spectral excitation
bandwidth up to ∼4200 cm-1 (corresponding to vibrational frequency of H2 [25]) all the
fundamental Raman modes can be simultaneously excited by a single fs pump/Stokes pulse.
Ultrabroadband fs/ps CRS can thus be applied to perform simultaneous thermometry and
absolute concentration measurements of all the major molecular species present in the
probed volume.
‡In the literature there is no clear-cut value for the pulse bandwidth defining a supercontinuum. In the present
thesis a supercontinuum is defined as an optical pulse with bandwidth larger than ∼40 nm, such that when
compressed to the Fourier-transform limit its duration is lesser than 25 fs, comparable to the vibrational period
of O2 (see Paper I).
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3.1 Pulse compressionandultrabroadband fs/ps CRS
The first application of ultrabroadband fs/ps CRS to gas-phase diagnostics employed a
hollow-core optical fibre (or waveguide) filled with Ar at 0.15 MPa to generate the su-
percontinuum pulse [59]. Supercontinuum generation in hollow-core fibres relies on
the third-order non-linear optical Kerr effect, whereby the refractive index of the optical
medium the laser pulse propagates through depends quadratically on the amplitude of the
electric field as:

𝑛𝑛(𝑡𝑡) = 𝑛𝑛0 + �̄�𝑛2⟨𝐸𝐸(𝑡𝑡)⟩2 (3.6)

Where 𝑛𝑛0 is the linear refractive index of the optical medium. �̄�𝑛2 is the non-linear refractive
index, which can be computed from the third-order optical susceptibility of the medium as
[31]:

�̄�𝑛2 =
3𝜒𝜒 (3)

4𝑛𝑛0
(3.7)

The non-linearity of the refractive index introduces an intensity-dependent change in the
phase of the optical pulse, called self-phase modulation. As the intensity of the electric field
varies along the temporal envelope of the optical pulse, the non-linear time-dependent
change in the phase 𝜙𝜙(𝑡𝑡) results in a variation of the instantaneous frequency: self-phase
modulation thus generates new optical frequencies, broadening the fs laser pulse spectrum
[31]. Additional dispersive optical elements, e.g. chirped mirrors, are usually employed to
compress the pulse to its transform limit: few-cycle near-IR pulses down to ∼5 fs can be
generated thus [95].

Bohlin and Kliewer employed a hollow-core fiber and a set of chirpedmirrors to generate
a 7 fs compressed supercontinuum, which they employed as the pump/Stokes pulse in
their two-beam quasi-phase-matching configuration [24]. Thereupon they demonstrated
single-shot detection of the N2, O2, H2, CO2 and CH4 CRS signals up to the C–H stretch
region of the Raman spectrum at ∼3200 cm-1. They achieved a longitudinal resolution of
∼500 𝜇𝜇m, by adopting a crossing angle of 4° between the pump/Stokes and probe beams,
and demonstrated 1D fs/ps CRS imaging over a ∼3.5 mm measurement line. The same
authors further developed gas-phase ultrabroadband fs/ps CRS imaging by achieving 2D
hyperspectral imaging over the spectral range 0-4200 cm-1, and employed this technique
to investigate a H2 jet flame, simultaneously recording the pure-rotational (S-branch)
and ro-vibrational (Q-branch) spectra of H2, as well as the ro-vibrational spectrum of O2
[109]. Ultrabroadband fs/ps CRS imaging combines multiplex detection of combustion-
relevant chemical species and spatio-temporally correlated measurement capability: this
was demonstrated by 1D wideband chemical detection across a laminar flat premixed
C2H4/air flame in Ref. [25]. The authors reported on 1D CRS measurements over the
range 0-4200 cm-1 with a lateral resolution of 40 𝜇𝜇m (as measured by the LSF of the
imaging spectrometer), such that they could resolve the evolution of the chemical processes
across the flame front, detecting reactants (e.g. C2H4, O2) and products (e.g. CO), as
well as intermediate species (e.g. H2). As mentioned in the previous paragraph, besides
providing wideband multiplex detection capability, ultrabroadband fs/ps CRS is the only
viable approach to direct pure-rotational spectroscopy on H2, whose spectrum spans
more than 1500 cm-1 at flame temperatures. Building on the proof-of-principle of Ref.
[109], Courtney et al. developed pure-rotational H2 CRS thermometry, and quantified its



3

36 3 Ultrabroadband fs/ps CRS

performance against conventional pure-rotational N2 CRS thermometry in a heated flow
and in a diffusion flame on a Wolfhard-Parker slot burner [110].

Two-beam ultrabroadband fs/ps CRS has also been applied by researchers in Jena, to
investigate the ro-vibrational spectrum of CO2 at relatively high temperature (∼900 K)
and pressure (∼8.5 bar) [111]: the experimental setup employed a hollow-core fibre and
chirped mirrors to compress the pump/Stokes pulse to ∼7 fs. The same research group has
more recently demonstrated an alternative approach to ultrabroadband fs/ps CRS, based
on the use of an optical parametric chirped pulse amplifier (OPCPA) [112]. In an OPCPA, a
linearly chirped pump pulse is amplified in a non-collinear optical parametric amplifier
(OPA) and subsequently compressed, providing a compressed supercontinuum output (<10
fs) with moderate pulse energy (∼10 𝜇𝜇J) at high repetition rate (∼100 kHz) [95]. In Ref.
[112] the authors employed a single OPCPA to generated both the ultrabroadband 7 fs, 7.5
𝜇𝜇J pump/Stokes pulse and the 1.5 ps, 0.8 𝜇𝜇J probe pulse, at 200 kHz: they demonstrated
CO2 and H2 CRS thermometry up to ∼1100 K and CO concentration measurements in a gas
oven. In a follow-up publication, the same experimental setup has recently been employed
for the in situ investigation of carbon gasification in a CO2 atmosphere [113]: the authors
presented CO2 thermometry and simultaneous CO concentration measurements during
the gasification of carbonaceous feedstock.

An alternative approach for the efficient generation of ultrabroadband pump/Stokes
pulses was introduced by Calegari and co-authors at Politecnico di Milano [114]: they
demonstrated that fs laser-induced filamentation in Ar can result in the compression of near-
IR fs pulses down to ∼10 fs, and excite the ro-vibrational Raman modes of CO2 at ∼1400
cm-1 and of H2 at ∼4200 cm-1. Fs laser-induced filamentation is the non-linear propagation
of ultrashort laser pulses in transparent optical media [115] due to a combination of non-
linear optical phenomena, in particular Kerr self-focusing and laser-induced ionisation
due to multi-photon absorption or electron quantum tunneling [116]. In this regime, as
the laser pulse propagates in the resulting plasma filament it experiences self-compression
to a few- or even single-cycle pulse [117–119] (where a near-IR single-cycle pulse with a
carrier wavelength of 800 nm has duration ∼2.5 fs [120]). Researchers at Temple University
combined fs laser-induced filamentation in air with hybrid fs/ps CRS, in a novel approach
they called "filament-assisted impulsive Raman spectroscopy" (FAIRS) [121]. A remarkable
novelty in their approach to ultrabroadband fs/ps CRS was the in situ use of the filament to
compress the pump/Stokes pulse and excite the ro-vibrational wave packets of the target
molecules [122].

3.2 Limitations of ultrabroadband fs/ps CRS
The present thesis concerns the development of ultrabroadband fs/ps CRS for the investi-
gation of chemically reactive flows, employing in situ fs laser-induced filamentation. The
experimental methodology developed in Ref. [121] is here identified as a viable approach
to solve one of the standing limitations to the applicability of ultrabroadband fs/ps CRS in
measurement scenario of practical interest: namely, the necessity of controlling the effec-
tive excitation bandwidth at the measurement location in optically-accessible measurement
applications, such as high-pressure combustion chambers.

As a matter of fact, because of the significant GVD of its spectral components, the
transmission of a compressed supercontinuum pulse through a thick optical window is a



3.2 Limitations of ultrabroadband fs/ps CRS

3

37

challenging engineering problem. The spectrochronographic properties of the pulse and the
dispersion characteristics of the optical material must be known beforehand to effectively
compensate the dispersion of the pulse as it propagates to the measurement location (e.g. by
employing chirp mirrors). Additional factors can nonetheless change the GVD of the pulse
in real measurement applications, such as the vibrations and the thermal and pressure loads
on the optical windows of e.g. model rocket combustors, which introduce local strain in the
optical material and change its refractive index. One such example is found in the recent
application of two-beam fs/ps CRS thermometry in the post-detonation fireball produced
by a commercial detonator and contained in a polycarbonate housing [123]. The authors
reported a significant amount of non-linear chirp being introduced by the 13 mm-thick
fused silica optical window providing optical access to the explosion containment chamber,
such that the coherent excitation of the pure-rotational Raman spectrum of N2, provided by
their 35 fs pump/Stokes pulse, was limited to ∼200 cm-1. The situation described here could
only be worse in the case of ultrabroadband two-beam fs/ps CRS, as supercontinuum pulses
are inherently more "fragile", to the extent that a larger bandwidth results in a stronger
dispersion of its spectral components, as understood by Equation (3.4). Hence, increasing
the bandwidth of the fs pump/Stokes pulse could paradoxically reduce the effective Raman
excitation bandwidth behind the optical window. Fs laser-induced filamentation offers a
straightforward solution to this issue as relatively longer fs pulses, less sensitive to GVD,
can be transmitted through thick optical windows and filamentation can be used in situ to
compress them to a supercontinuum. In the present text, this strategy is named "in situ
generation/in situ use" of the ultrabroadband coherent Raman excitation.

Achieving an ultrabroadband coherent excitation of the rotational-vibrational Raman
modes in the probe volume represents only half the problem, when it comes to the robust
application of ultrabroadband fs/ps CRS for quantitative measurements in chemically
reactive flows. In order to have a meaningful comparison between the experimental CRS
spectra and the theoretical models, and perform quantitative measurements, it is necessary
to know the exact spectral excitation profile and adopt the spectral referencing protocol
introduced in Section 2.3.1. This is typically done experimentally by measuring the NR
CRS, which maps the excitation efficiency as a function of the Raman shift, as shown in
Figure 3.1. The conventional experimental protocol thus requires performing the CRS
experiment and sequentially measuring the NR CRS spectrum, generated in an optical
material with no Raman-active modes in the spectral region investigated. This approach
nevertheless cannot account for possible shot-to-shot fluctuations in the bandwidth of
the fs pump/Stokes excitation pulse, since the resonant and NR CRS signals acquired
sequentially are completely uncorrelated. The adoption of regenerative fs laser amplifiers,
with a significantly more stable spectral output than older ns laser systems, improved
the single-shot precision of CRS thermometry, reaching [25] (and recently surpassing
[124, 125]) the "dream limit" of 1% at the high temperatures typically found in the flame
products. On the other hand, typical pulse compression techniques employed to realise
ultrabroadband fs/ps CRS can suffer from a reduced shot-to-shot spectral stability of the
compressed supercontinuum. This was observed, for example, in the comparison between
pure-rotational two-beam N2 CRS thermometry realised employing a 45 fs pump/Stokes
pulse and the 7 fs output of a hollow-core fibre, where the single-shot thermometric
precision was reduced to ∼5% [25]. In addition, the conventional ex situ referencing
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protocol cannot account for local changes in the GVD along the pump/Stokes beam path
that may arise in chemically reactive flows, e.g. due to dynamic temperature gradients in the
combustion environment. The research presented hereinafter addresses these limitations
by introducing an alternative experimental protocol to measure the spectral excitation
efficiency in situ, concurrently to the generation of the ultrabroadband fs/ps CRS signal.
The uncertainty arising due to shot-to-shot fluctuations in the pulse self-compression and
to the local boundary conditions to the pulse propagation in the filamentation regime
within the reactive flow can thus be compensated by the referencing protocol.

Alongside the development of a robust experimental protocol, the practical use of
ultrabroadband fs/ps CRS for quantitative gas-phase diagnostics requires the availability
of spectroscopic models, ideally for all the Raman-active species significantly present in
the probe volume. While such models have long been developed, validated and employed
for simple diatomic molecules –N2 being a prime example– the extension to heavier, more
complex, polyatomic molecules is far from being a reality. Paper I detailed the development
of one such model for the ro-vibrational spectrum of CO2 and its validation at temperatures
as high as 2100 K. The time-domain CRS code, similar to those developed by Kerstan et al.
[111] and Gu et al. [67], includes the contribution from 180 rotational states and more than
180 vibrational states. The total number of resulting Raman transitions is still rather modest,
compared to the millions of ro-vibrational transitions that need to be considered when
modelling the CRS spectrum of even the simplest hydrocarbon, CH4 [126]. In Paper IV, a
time-domain model for the ro-vibrational Raman spectrum associated to the second normal
vibrational mode (𝜈𝜈2) of CH4 –including more than 10 million Raman lines– is discussed
and validated at temperatures up to ∼800 K.
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3.3 Research objectives
The goal of the doctoral research here reported is to overcome the three main limitations
of ultrabroadband fs/ps CRS as gas-phase diagnostic tool, as they are elaborated upon in
the previous paragraph. In this sense, the work reported on in Papers I to IV addressed
three main research questions:

1. How can fs laser-induced filamentation be employed in situ as a coherent light
source to robustly perform ultrabroadband fs/ps CRS in chemically reacting flows
behind thick optical windows?

2. To what extent can the performance of fs/ps CRS thermometry be improved by
measuring the spectral excitation efficiency in situ?

3. To what extent can phenomenological time-domain CRS models be employed to
perform high-fidelity fs/ps CRS thermometry on major combustion species in the
vibrational fingerprint region of the Raman spectrum: H2, O2, CO2, and CH4?

The first question can be further articulated into the following sub-questions:

1.1 What is the impact, on the pulse self-compression, of the local boundary condi-
tions to fs laser-induced filamentation in a chemically reacting flow?

1.2 How does the transmission through a thick optical material affect the spec-
trochronographic properties of the fs excitation laser pulse? How do these, in
turn, impact the pulse self-compression via fs laser-induced filamentation?

1.3 To what extent it is possible to control the GVD of the fs excitation laser pulse
to optimise the in situ generation of the compressed supercontinuum?

These questions are addressed in Papers I and III, a detailed discussion is provided in
Chapter 4.

The second research question is addressed in Papers II and III by answering the follow-
ing:

2.1 How large is the measurement uncertainty borne into fs/ps CRS thermometry
by the ex situ measurement of the spectral excitation efficiency?

2.2 Can a novel experimental protocol be devised for the in situ referencing of the
spectral excitation efficiency? How can such a protocol be implemented in
practice?

2.3 How much can this in situ referencing protocol improve the performance of
ultrabroadband fs/ps CRS with in situ filamentation?

Chapter 5 discusses this novel experimental protocol.

The development and validation of time-domain models for pure-rotational H2 and
ro-vibrational O2, CO2, and CH4 fs/ps CRS thermometry is discussed in Chapter 6.
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Chapter 4
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4
Ultrabroadband fs/ps CRS
with in situ filamentation

The present chapter addresses the first research question, concerning the possible in situ use
of fs laser-induced filamentation as a coherent light source to realise ultrabroadband fs/ps
CRS behind thick optical windows. The development of ultrabroadband fs/ps CRS with in situ
filamentation is discussed and the single-shot detection of the ro-vibrational Raman spectra
of O2 and CO2 is demonstrated in a canonical hydrocarbon flame. Upon the insertion of a
thick optical window on the path of the fs excitation laser beam, the in situ generation of
the compressed supercontinuum is proved and proof-of-principle ultrabroadband fs/ps CRS is
demonstrated in two laboratory flames.

Part of the results discussed in this chapter have been published in Papers I and III.

ULTRABROADBAND FS/PS CRS 
WITH IN SITU FILAMENTATION

The present chapter addresses the first research question, concerning the 
possible in situ use of fs laser-induced filamentation as a coherent light source to 
realise ultrabroadband fs/ps CRS behind thick optical windows. The development 
of ultrabroadband fs/ps CRS with in situ filamentation is discussed and the single-
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T he first step towards the development of ultrabroadband fs/ps CRS for gas-phase
chemically reactive flows is the implementation of in situ fs laser-induced filamentation

as the ultrabroadband coherent light source. A detailed description of the complex physics
of fs laser-induced filamentation is beyond the scope of the present text and the reader is
referred to the specialised literature, such as Ref. [115, 116]. Only a brief overview of the
filamentation of near-IR fs laser pulses in air is provided in the following.

The key phenomenon underpinning fs laser-induced filamentation is the aforemen-
tioned optical Kerr effected. In this third-order non-linear optical process the intensity of
the electric field is large enough to determine a change of the refractive index of the medium
the laser pulse is travelling through. When the non-linear component of the refractive
index �̄�𝑛2 dominates over the linear one, the propagation of the laser pulse is determined
by its own temporal and spatial intensity profiles. The intensity of a typical laser beam
is not homogeneous over it cross-section, but its spatial profile is usually described by a
Gaussian function as depicted in Figure 4.1(a). When focused through a convex lens with
focal length "f" the beam converges to a minimum waist radius defined by the so-called
Abbe diffraction limit:

𝑤𝑤0 =
𝜆𝜆

4𝑛𝑛sin[arctan(𝑑𝑑/2f)]
(4.1)

Where 𝜆𝜆 is the laser wavelength and 𝑑𝑑 is the beam diameter before the lens. In the following
this is referred to as the "linear" propagation regime for the fs laser pulse.

In optical Kerr effect the refractive index in Equation (4.1) depends on the local intensity
of the electric field: the non-linear contribution to the refractive index thus depends on the
radial coordinate across the beam profile, i.e. 𝑛𝑛2 = 𝑛𝑛2(𝑟𝑟 𝑟 𝑟𝑟). The resulting inhomogeneity
of the refractive index makes the medium behave as a lens, determining the self-focusing
of the beam via a positive feedback mechanism. As the beam intensity increases with 𝑧𝑧,
moving towards the focal point, so does the Kerr effect enhancing the beam focusing itself.

Figure 4.1: Linear and non-linear focusing of a fs laser beam. (a) Gaussian distribution of the field intensity over
the beam cross-section, 𝐼𝐼 (𝑟𝑟). The beam diameter is here defined as the distance between the points where 𝐼𝐼 (𝑟𝑟)
drops to 1/𝑒𝑒2 of its maximum value. (b) Linear focusing of a Gaussian beam: the light converges to the minimum
spot size 𝑤𝑤0 allowed by the diffraction limit at the focal plane of the focusing optics. 𝑧𝑧R is the corresponding
Rayleigh range, over which the beam can be considered as collimated. (c) Non-linear focusing of the beam due to
the optical Kerr effect: the local refractive index of the medium is modified according to 𝑛𝑛(𝑟𝑟)=𝑛𝑛0+�̄�𝑛2𝐼𝐼 (𝑟𝑟) leading
to a lensing effect that accelerates the beam focusing. This acceleration further steepens the intensity profile
increasing the change in the local refractive index and thus the beam focusing and leading to the beam collapse.

The high local intensity of the electric field leads to additional non-linear optical effects,
namely multi-photon ionisation and electron quantum tunneling ionisation. The generation
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of a plasma further changes the local properties of the optical medium, introducing an
additional contribution to its refractive index:

𝑛𝑛(𝑟𝑟 𝑟 𝑟𝑟) = 𝑛𝑛0 + �̄�𝑛2⟨𝐸𝐸(𝑟𝑟 𝑟 𝑟𝑟)⟩2 −
𝜌𝜌(𝑟𝑟 𝑟 𝑟𝑟)
2𝜌𝜌c

(4.2)

With 𝜌𝜌 being the local free electron density in the plasma; 𝜌𝜌c ≐ 𝜖𝜖0𝑚𝑚𝑒𝑒𝜔𝜔
2
0/𝑒𝑒2 is the critical

plasma density [115], at which the plasma becomes opaque at the frequency 𝜔𝜔0 (with
𝑚𝑚𝑒𝑒 and 𝑒𝑒 being the electron charge and mass, respectively). As the plasma generation is
dominated by non-linear optical field ionisation, its contribution to the refractive index is
also non-linear in the electric field amplitude, and it counteracts the non-linear optical Kerr
effect, determining a defocusing of the light and preventing its complete spatial collapse.
There is a lag between the generation of the plasma and its defocusing effect on the laser
beam: the leading (fore) portion of the pulse photoionises the gas medium, while the trailing
(aft) portion experiences the variation of the refractive index due to the free electrons.

The propagation of a fs laser pulse in the filamentation regime is thus the result of the
ensuing dynamic equilibrium of the non-linear refractive index terms in Equation (4.2).
Kerr-self focusing increases the irradiance of the pulse leading to the generation of the
plasma, when the plasma density is large enough for its effect to prevail the beam is
defocused, this in turns reduces its irradiance and the plasma density to the point where
the Kerr self-focusing term dominates again. This cycle of focusing and defocusing, as
illustrated in Figure 4.2(a), is what determines the generation of the plasma filament, which
acts a waveguide for the laser light, and goes on until the energy losses due to multi-
photon absorption and inverse Bremsstrahlung determine the filament collapse and the
final divergence of the beam in Figure 4.2(b).

Figure 4.2: Fs pulse propagation in the filamentation regime. (a) Schematic of the focusing-defocusing cycle
experienced by the beam in the filament propagation. The steep radial profile of the field intensity results in
Kerr-self focusing, with the local optical gradient leading to the spatial collapse of the beam. This collapse is
arrested by the defocusing effect of the plasma medium. (b) Picture of the filament generated in ambient air and
of the supercontinuum output imaged on a plate: the coloured pattern emerging of the filament is the result of
the self-phase modulation of the fs pulse, broadening the spectrum of the near-IR pulse such that it covers the
whole visible region of the EM spectrum.

In the description above the propagation of the light in the filament is explained by the
spatial distribution of the non-linear refractive index components over the cross-section
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of the laser beam. As shown by Equation (4.2) these terms also vary in time, leading to
a time-dependent change in the phase of the different frequency components across the
bandwidth of the fs laser pulse. Optical Kerr effect thus entails the self-phase modulation of
the pulse, whereby its instantaneous frequencies evolve in time according to the equation
[115]:

𝜔𝜔(𝑡𝑡) = −
𝜕𝜕𝜕𝜕
𝜕𝜕𝑡𝑡

≈ 𝜔𝜔0 −
𝑛𝑛2𝜔𝜔0

𝑐𝑐
𝑧𝑧
𝜕𝜕𝜕𝜕 (𝑟𝑟 𝑟 𝑡𝑡)
𝜕𝜕𝑡𝑡

(4.3)

With 𝑧𝑧 being the propagation distance in the Kerr medium. Self-phase modulation results in
the generation of new frequencies, proportionally to the slope of the pulse 𝜕𝜕𝜕𝜕/𝜕𝜕𝑡𝑡: the leading
portion of the pulse (for which 𝜕𝜕𝜕𝜕/𝜕𝜕𝑡𝑡 𝜕 0) generates lower (red-shifted) frequencies, while
the trailing portion generates higher (blue-shifted) frequencies. Similarly, the evolution of
the free electron density with the propagation of the pulse in the filament determines a
modulation of the pulse frequencies as [116]:

𝜔𝜔(𝑡𝑡) ≈ 𝜔𝜔0 +
2𝜋𝜋𝑧𝑧𝜋𝜋2

𝑐𝑐𝑐𝑐𝜋𝜋𝜔𝜔0

𝜕𝜕𝜕𝜕(𝑟𝑟 𝑟 𝑡𝑡)
𝜕𝜕𝑡𝑡

(4.4)

The leading portion of the pulse obviously always travels in a neutral gas medium and
only experiences a red broadening. The trailing portion of the pulse, on the other hand,
experiences both self-phase modulation and the non-linear modulation in the plasma
medium: both these effect contribute to a large broadening of the pulse to higher frequencies.
Finally, this broadening of the pulse spectrum leads to its self-compression, as the newly-
generated frequency components travel at different speed across the filament: in particular,
the blue-shifted components generated in the trailing portion of the pulse travel faster in a
plasma medium with a lesser refractive index according to Equation (4.2).

4.1 In situ generation and use of the ultrabroad-
band Raman excitation

In the present doctoral research fs laser-induced filamentation is employed as the com-
pressed supercontinuum generation mechanism to achieve an ultrabroadband excitation
of the Raman-active modes in gas-phase combustion flows. A novel in situ generation/in
situ use approach is adopted, whereby the filament is produced in close vicinity of the
measurement location, introducing the CRS probe volume after the end of the filament.
The compressed supercontinuum output by the filament inherently acted as a combined
pump/Stokes pulse, exciting the coherent ro-vibrational motion of the molecules over a
spectral region determined by the duration of the supercontinuum pulse itself.

Section 4.1.1 describes the experimental implementation of ultrabroadband fs/ps CRS,
with in situ filamentation as the supercontinuum generation mechanism. A detail descrip-
tion of the optical setup is provided: the same setup served, with minor adjustments, in
all the experiments reported in the present text. The use of ultrabroadband CRS with in
situ filamentation as a combustion diagnostic tool is first demonstrated by performing
ro-vibrational CRS simultaneously on CO2 and O2 in a laboratory flame.

The peculiar focusing properties of a fs laser pulse in the non-linear filamentation
regime pose a challenge when it comes to the estimation of the CRS probe volume. A novel
methodology for the characterisation of the supercontinuum divergence out of the filament
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and the resulting probe volume dimensions for ultrabroadband fs/ps CRS is introduced in
Paper I. This is discussed in detail in Section 4.1.2.

Section 4.1.3 finally discussed the impact of the local composition and temperature of
the gas-phase medium on the filamentation process, and on the resulting self-compression
of the fs laser pulse. Experimental evidence is presented pointing to a strong dependence
of in situ filamentation on the local boundary conditions in combustion flows.

4.1.1 Experimental setup for ultrabroadband CRS
The fs/ps CRS instrument employed in the present research was originally designed to
perform pure-rotational fs/ps CRS 1D imaging in high-temperature environments, as
detailed in Paper V. As shown in Figure 4.3, the optical setup can be roughly organised in
two main sub-systems: the pulse generation on the left-hand-side and the signal detection
on the right-hand-side.

Figure 4.3: Picture of the experimental setup employed to realise ultrabroadband fs/ps CRS. The optical table on
the left-hand side of the picture accommodates the laser system and the optics used to generate the fs pump/Stokes
and the ps probe pulses, and to deliver them at the measurement location. On the right-hand side is the coherent
imaging spectrometer employed to collect and record the CRS spectra.

A single regenerative Ti:Sapphire CPA system (Astrella, Coherent) is employed as the
main coherent light source: this provides fs laser pulses with a bandwidth of 22.6 nm at
807 nm, a total pulse energy of ∼7.5 mJ, and a repetition rate of 1 kHz. The output of the
amplifier is split in two portions: a 65% split is compressed to a ∼35 fs TL pulse and fed
to a second-harmonic bandwidth compressor (SHBC, Light Conversion), which converts
the fs pulse in a frequency-doubled (i.e. 403 nm) ∼5 ps pulse, serving as the narrowband
probe pulse. A 4f-pulse shaper is used to clean the spectrum of the probe pulse from
the spectral sidebands originating from third-order chirp terms in the second-harmonic
bandwidth compression of the fs pulse [125, 127, 128]. The pulse shaper consists of two
high-resolution transmission grating (3039 lines/mm, Ibsen Photonics), two cylindrical
lenses (focal length, f:=300 mm) and a mechanical slit in a 4f arrangement, as shown in
Figure 4.4. By changing the slit width in the focal plane the bandwidth of the ps pulse
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can be tuned in the range ∼2.7-5 cm-1, changing the pulse duration in the range ∼5-13 ps,
with a corresponding pulse energy of ∼1.2-0.3 mJ respectively [125]. A 400 nm half-wave
plate is inserted at the output of the SHBC to optimise the diffraction efficiency of the
transmission gratings in the pulse shaper (>90% for S-polarised light), while a thin film
polariser ensures the linearity of the probe polarisation and a second half-wave plate
controls its polarisation angle before the last focusing lens. The remainder of the CPA

Figure 4.4: Schematic of the experimental setup employed to perform ultrabroadband two-beam fs/ps CRS. A
single Ti:sapphire regenerative amplifier is employed to generate the 35 fs pump/Stokes and the ∼5-13 ps probe
pulses. In situ fs-laser induced filamentation is employed as the supercontinuum generation mechanism: the
ultrabroadband pump/Stokes beam is crossed by the probe beam at a distance of ∼4 mm after exiting the filament.
TG, transmission grating; S, slit; CL, cylindrical lens with vertical (v) symmetry axes; 𝜆𝜆/2, half-wave plate; B,
burner; P, polariser; SL, spherical lens; M, mirror.

output energy is temporally compressed in an external grating compressor, whose position
can be adjusted to control the amount of linear chirp in the fs pulse: negative chirp can
thus be introduced in the pulse to compensate for the GVD arising along the beam path
before the measurement location. The external compressor played a critical role in the
optimisation of the supercontinuum generation via in situ filamentation behind thick optical
windows, as is thoroughly discussed in Section 4.2. A combination of 800 nm half-wave
plate and thin-film polariser is employed to tune the pulse energy and a second half-wave
plate, placed after the polariser, controls the polarisation angle of the pump/Stokes pulse.
The relative timing between the ps probe the fs pump/Stokes pulses is controlled by an
automated delay line, composed of a retro-reflector mounted on a high-finesse translation
stage, ensuring a <10 fs resolution in the timing of the pump/Stokes pulse relative to the
probe.

In Papers I, III and IV a 500 mm spherical lens is used to focus the fs beam and generate
the filament: the beam has a diameter of ∼10.6 mm and the beam waist at the focus is
measured∗ to be ∼60 𝜇𝜇m, with a beam quality factor M2 = 1.2. The peak irradiance of the
pulse is thus computed to be >400 TW/cm2: this results in the generation of a ∼12.6 mm
filament extending before the focal plane of the focusing lens.

Figure 4.5(a) shows a single-shot image of the filament in air, acquired with a commercial
CMOS camera (Nikon D7500): the visible emission is mostly due to isotropic fluorescence
∗This measurement is performed by attenuating the pulse energy to∼50 𝜇𝜇J, so as to avoid the onset of filamentation.
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Figure 4.5: Plasma filament generated in air and in a hydrocarbon flame. (a) Filament generated in air by focusing
a 35 fs ∼1.5 mJ laser pulse through a 500 mm spherical lens. The visible emission from the filament is fluorescence
of the N+

2 ions at 391 and 428 nm. (b) Filament generated by the same pulse and focusing lens, partly extending in
the hot products of a laminar premixed CH4/air M-shaped flame. (c) Filament generated completely inside the
products of the laminar flame. TE, trailing edge; LE, leading edge. The shaded areas represent the spatial jitter of
the filament, estimated as the standard deviation (𝜎𝜎) of the TE and LE location measured shot-to-shot.

from the nitrogen cations (N+
2 ), and the filament length is measured between the location

where the integrated fluorescence trace drops to 1/𝑒𝑒2 of the maximum value. A set of 250
single-shot images of the filament is acquired to assess the spatial jitter of the filament
shot-to-shot: this is measured to be ∼300 𝜇𝜇m for the leading edge (LE) of the filament and
∼330 𝜇𝜇m for its trailing edge (TE).

The feasibility of ultrabroadband fs/ps CRS with in situ filamentation as a combustion
diagnostics tool is firstly assessed by investigating the interaction of the filament and
a typical hydrocarbon flame. Figure 4.5(b) shows a single-shot image of the filament
generated (with the same pulse energy and under the same focusing conditions) partly
inside the hot products of a laminar premixed CH4/air flame, stabilised as a M-shaped
flame on a Bunsen burner (the burner characteristics are detailed below). The focusing lens



4

48 4 Ultrabroadband fs/ps CRS with in situ filamentation

is then moved forward so as to push the filament completely inside the flame, as shown in
Figure 4.5(c). The first remarkable observation is that the filament propagation is largely
unaffected by the step temperature gradient and change in gas composition when generated
partly or entirely inside the flame. As a matter of fact the filament length is measured to
be ∼13.1 mm in Figure 4.5(b) and ∼13.0 mm in Figure 4.5(c). It should be noted that these
latter measurements are also affected by an additional uncertainty in the definition of the
filament edges due to the background emission from the flame chemiluminescence, which
is subtracted in the image post-processing. This probably explains the larger spatial jitter,
measured to be respectively ∼440 𝜇𝜇m and ∼390 𝜇𝜇m for the TE and LE of the filament in
Figure 4.5(b), and ∼700 𝜇𝜇m and ∼670 𝜇𝜇m in Figure 4.5(c).

The fact that the filament propagation is not interrupted by the large drop in the
effective refractive index in the hot product gases of the flame can be understood by
this change affecting the optical Kerr effect and the plasma density to a similar extent.
Both the beam self-focusing and the photo-ionisation processes discussed in the previous
paragraph depend non-linearly on the gas density. The dynamic equilibrium of the Kerr
self-focusing and plasma defocusing is thus maintained as the filament propagates through
the flame. This is not to say, anyhow, that all the phenomena connected to fs laser-induced
filamentation are unaffected by the presence of the flame. The reduction in the effective
refractive index of the medium is indeed expected to affect the self-phase modulation of the
pulse and thus the supercontinuum generation and its compression. This is also confirmed
by the larger energy in the supercontinuum pulse output generated in the flame than in
room-temperature air, as shown in Figure 4.6. Part of the input pulse energy is lost in the

Figure 4.6: Power scaling of the compressed supercontinuum output by in situ filamentation in room-temperature
air and in the products of a laminar premixed CH4/air flame. The pulse energy is measured after the filament
collapse and shows a linear dependence on the input fs laser pulse energy in the range 0.3–1.5 mJ. The dotted line
represents the ideal case if no energy were lost in the filamentation process. Figure reproduced from Mazza et al.
[26].

generation of the plasma medium so that the energy of the supercontinuum pulse is always
lesser than the in the input one. A clear linear dependence is found between the input and
output values. In ambient air the conversion efficiency in the supercontinuum generation
via in situ filamentation is measured to be ∼82%, while in the hot flame products this value
increases to ∼86%, attesting to the reduced photo-ionisation of the medium. The effect of
the temperature and composition of the gas-phase medium on the pulse compression via
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in situ filamentation is further discussed at the end of the present chapter.
The compressed supercontinuum output by the filament is employed as the combined

pump/Stokes pulse in a cross-beam quasi-phase-matched configuration, where the probe
beam, focused by a 300 mm spherical lens, is crossed at a shallow angle (∼3-5°) by the
pump/Stokes. The focusing lens for the fs laser beam is mounted on a linear translation
stage, so as to control the longitudinal position of the filament with respect to the probe
volume: the probe beam path intersected the output of the filament ∼3-5 mm after its
LE. The distance between the filament and the probe volume is determined as a trade-
off between the maximisation of the CRS signal intensity and spatial resolution of the
CRS measurements on the one hand, and the necessity to avoid a significant amount
of ionisation inside the probe volume on the other. It should be noted that the optical
Kerr effect determines a shift of the laser focus towards the focusing lens, such that the
filament extends "backwards" with respect of the nominal focal plain of focusing lens. This
behaviour is extremely beneficial when it comes to the in situ use of the filamentation to
perform ultrabroadband CRS: the distance between the filament and the probe volume can
be determined beforehand and is maintained (within the spatial jitter of the filament) even
if the pulse energy is increased, as the filament grows backwards.

On the detection side of the optical setup, the ultrabroadband CRS signal is collimated
by a 400 mm spherical lens and collected in a home-built spectrometer. This consists of:
• angle-tunable band-pass filter (bandwidth: ∼1110 cm-1 FWHM, edge steepness: ∼45

cm-1 10-90%, Semrock) to reject the probe beam which almost co-propagates with the
CRS signal in the shallow-angle two-beam fs/ps CRS configuration;

• spatial filter, composed of two 200 mm spherical lenses in a 2f arrangement and a
mechanical slit placed at the focal plane, which suppresses the spatially-coherent
amplified spontaneous emission (ASM) from the fluorescent N+

2 ions in the filament
(see Paper VI);

• Glan-laser polariser (Thorlabs), employed as the polarisation gate of the spectrometer
to suppress the residual probe or to measure the polarisation of the CRS signal as a
function of the input polarisation of the probe and pump/Stokes pulses;

• high-groove density transmission grating (3039 lines/mm, Ibsen Photonics) and imag-
ing lens, the focal length of the lens is changed in different experiments to adjust the
spectral window and resolution;

• sCMOS detector (Zyla 4.2, Andor).
The spectrometer configuration is adapted to different needs in the various experiments
reported in Papers I to IV: the relevant modifications are detailed in the following chapters.
Chapter 5 in particular describes the design of the polarisation-sensitive coherent imaging
spectrometer developed for 1D CRS measurements, as discussed in Paper II.

The supercontinuum generated via in situ filamentation coherently excites all the
rotational-vibrational Raman modes of the gas-phase medium up to ∼2000 cm-1, resulting
in the coherent scattering of the narrowband probe pulse on both the Stokes and anti-Stokes
sides. Figure 4.7 shows the corresponding NR CARS and CSRS signals over the spectral
window 1100-1600 cm-1. The CARS signal is measured to be ∼20 times smaller than the
CSRS one at 1553 cm-1, i.e. at the location of the fundamental vibrational mode of O2 (see
Section 6.2.1). The theoretical 𝐼𝐼CARS/𝐼𝐼CSRS ratio, on the other hand, is predicted to be 1.29,
owing to higher carrier frequency of the CARS signal in accordancewith Equation (2.32) (see
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Figure 4.7: Ultrabroadband CARS and CSRS. The ultrabroadband NR CRS signals generated with in situ filamen-
tation in Ar, and acquired in the spectral range 1100-1600 cm-1 on the anti-Stokes and anti-Stokes sides of the
probe line. Two different diffraction gratings are tested: a high-groove density transmission grating (solid lines)
and a ruled reflective grating (dashed lines). The CSRS signal is more than one order of magnitude stronger than
the CARS signal at 1553 cm-1. The small spectral feature visible at ∼1430 cm-1 in the NR CSRS spectra is due to
the coherent emission at ∼428 nm from the electronically-excited N+

2 ions in the filament [37]. Figure reproduced
from Mazza et al. [26].

also Ref. [129]). Two different diffraction gratings are tested to disperse the CARS and CSRS
signals in the spectrometer: (i) the above-mentioned high-groove density transmission
grating, and (ii) a lower-groove density ruled reflective grating (1200 lines/mm, Thorlabs).
The corresponding spectra in Figure 4.7 show a perfect agreement. The much lesser
intensity of the detected ultrabroadband CARS signal could be partly explained by the
transmission efficiency of the different optics employed in the spectrometer. Employing a
∼400 nm probe, the CSRS signal is generated at lower frequencies in the visible portion of
the EM spectrum, while the CARS signal has a blue shift towards the ultraviolet, where the
transmission efficiency of the optical elements is typically quite poor. In order to maximise
the signal intensity, especially at high temperature in combustion flows, ultrabroadband
fs/ps CSRS is preferred in all the ultrabroadband experiments reported in Papers I, III
and IV.

Ultrabroadband fs/ps CRS with in situ generation/in situ use of the compressed super-
continuum is demonstrated in Paper I by the single-shot detection of the ro-vibrational
Raman spectra of O2 and CO2 in the laminar premixed CH4/air flame shown in Figure 4.8(a).
The flame is provided on a Bunsen burner, consisting of a seamless stainless steel pipe
of ∼12 mm inner diameter, with a length-to-diameter ratio (∼100:1) chosen to dampen
coherent flow structures at the outlet plane. Figure 4.8(b) shows an example of a single-shot
ultrabroadband O2-CO2 fs/ps CSRS spectrum acquired in the products of the flame. The
signal-to-noise ratio (SNR) of the single-shot spectra acquired at this flame condition is
measured to be ∼48. The ro-vibrational O2 Raman spectrum has a fundamental Q-branch
band (labelled here as "0← 1") centred at ∼1553 cm-1, and hot bands appearing at lower
Raman shift in agreement with the compression of the vibrational levels in the Morse
potential. The ro-vibrational CO2 Raman spectrum is characterised by the 𝜈𝜈1+2𝜈𝜈2 Fermi
dyad, described in Section 6.3.1. The so-called "blue" Q-branch band appears at 1388 cm-1

and about seven hot bands are visible in the region up to ∼1450 cm-1. Since the vibrational
energy manifold of CO2 is more complex than that of diatomic O2, at any given tempera-
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Figure 4.8: Ultrabroadband O2-CO2 fs/ps CSRS for combustion diagnostics. (a) Single-shot image of the filament
generated in the product gases of a laminar premixed CH4/air flame (𝜙𝜙 = 0.77) stabilised as a V-shaped flame. (b)
Single-shot O2-CO2 CSRS spectrum acquired in the flame (Reproduced from Mazza et al. [26]). The red labels
denote the Q-branch lines of the CO2 Raman spectrum; blue labels are employed to indicate the fundamental and
hot bands of the O2 Q-branch spectrum.

ture the vibrational Boltzmann distribution spans over many more vibrational levels, as
already observed in Figure 2.3. The "red" Q-branch is typically weaker and appears at lower
Raman shifts, with a fundamental band at 1285 cm-1, and three hot bands detectable at this
flame temperature. Ro-vibrational O2-CO2 fs/ps CRS thermometry is validated in a set of
experiments performed on the laminar premixed CH4/air flame for varying equivalence
ratio in the range 0.6-1.05. The results are discussed in Section 6.3.2.

4.1.2 Probe volume characterisation
The in situ use of the filament as a coherent light source complicates the determination of
the CRS probe volume dimensions, as the fs laser pulse has different focusing properties
in the filamentation regime than in the linear propagation one. Furthermore, its high
irradiance hampers any direct measurement of the beam waist.

Figure 4.9: Schematic of the CRS probe volume. The probe beam crosses the supercontinuum some millimeters
after the LE of the filament at an angle 𝜃𝜃. The resulting probe volume is an ellipsoid, with lateral dimensions
given by the diameter of the probe beam at the focus (𝑑𝑑), and an interaction length (𝑙𝑙) that depends on the
supercontinuum beam waist and on the crossing angle.
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Conventionally the probe volume dimensions can be estimated by geometrical calcula-
tions on the focusing properties of the beams and their crossing angle [125]. Alternatively,
they are experimentally assessed by measuring the beam waists at their foci to know the
lateral dimensions of the volume 𝑑𝑑, as shown in Figure 4.9. The interaction length 𝑙𝑙 can be
measured by [130]:
• Scanning a thin glass cover slip in the longitudinal direction through the probe volume.

By measuring the variation in the intensity of the strong NR CRS signal generated in
the solid-state material at the different locations it is possible to estimate the length
of the probe volume.

• Scanning a knife-edge along the focus and measuring the intensity of the transmitted
beams.

• Moving a thin gas jet along the probe volume and measuring the change in the CRS
signal intensity.

The first two methods typically require attenuating the laser beam to avoid damaging
the cover slip or knife-edge, while the third is hard to implement in practice, considering
that the diameter of the gas jet needs to be much smaller than the probe volume, whose
dimensions are usually <1 mm.

Tedder and co-authors introduced an alternative method for the direct imaging of
the 3D probe volume, while maintaining the full laser power [130]. They placed a beam
sampler after the focusing lens, splitting a ∼7% portion of the beams and directing them
towards a common intersection point, upon further attenuation via neutral density filters,
the intersection volume was imaged onto a CCD camera mounted on a micrometer slide.
The authors could thus perform a full reconstruction of the probe volume, by acquiring
cross-sectional images at different longitudinal locations. Unfortunately, even this approach
is not suitable to measure the probe volume under in situ filamentation conditions, because
it still relies on the splitting of a small energy fraction off the laser beams to perform a
direct imaging of their intersection at the foci. The problem at hand, on the contrary,
requires one to maintain exactly the same filament properties to perform a representative
measurement of the probe volume located at the end of the filament: hence the fs beam
cannot be attenuated, nor a portion of its energy can be split off. To date there is no
established procedure to measure the CRS probe volume with in situ filamentation.

In Paper I a novel methodology is introduced to estimate the probe volume under
filamentation conditions, based on the measurement of the supercontinuum divergence
out of the filament by the coherent imaging spectrometer sketched in Figure 4.10. The
supercontinuum beam, diverging out of the filament, is collimated by a 200 mm spherical
lens and a small portion is split off by a wedge plate to avoid interference from the two
reflecting surfaces, and further attenuated by a thin-film polariser transmitting only a
residual component of the S-polarised supercontinuum. This low-energy beam is then
diffracted by the same reflective diffraction grating employed in Figure 4.7 and imaged by
a 500 mm spherical lens onto a sCMOS detector (Zyla 4.2, Andor) with 1:2.5 magnification.

The inset in Figure 4.10 shows a picture of the supercontinuum dispersed onto a plate.
The cross-section of the supercontinuum beam emitted by the filament has an annular
structure, analogous to that observed for the self-seeded 428 nm lasing emission from
filaments generated by 800 nm fs pulses in air by Liu et al. [131] and Chu et al. [132]. In
order to measure the divergence of the supercontinuum after the collapse of the filament,
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Figure 4.10: Schematic of the coherent imaging spectrometer employed to measure the divergence of the super-
continuum out of the filament generated in air. A knife-edge (KE) is inserted in the supercontinuum beam at 10
locations along the propagation direction (𝑧𝑧). SL, spherical lens; M, mirror; BS, beam stop; WP, wedge plate; P,
thin-film polariser; RG, reflective diffraction grating; FP, focal plane. Inset: spectral components of the conical
white-light emission from the filament dispersed in the spectrometer. The divergence of the supercontinuum can,
in principle, be investigated as a function of the wavelength.

a knife-edge is inserted at 10 locations, 5 mm apart from each other, along the propagation
direction of the supercontinuum beam, as sketched in Figure 4.10. These locations are
numbered consecutively from the closest to the filament at 36 mm from the CRS probe
volume: this is the closest location where the knife-edge can be inserted without being
destroyed by the high irradiance of the fs laser pulse. At each location the following
operations are performed as part of the measurement routine:
1. The knife-edge is inserted and the sCMOS detector is moved longitudinally to find

the corresponding image plane by minimising the line-spread function (LSF) of the
illuminated edge.

2. An image of the beam cross-section with the knife-edge inserted is acquired before
moving the knife-edge by 1 mm and acquiring a second image. This operation provides
the spatial calibration of the image at each measurement location.

3. The knife-edge is removed from the laser beam and a sample of 100 single-shot images
of the beam cross-section are acquired.

The intensity profile measured along the section line passing through the centre of the ring
at location 𝑧𝑧 = 76.3 mm is shown in Figure 4.11(a): the energy is not tangentially uniform
over the ring. The edges of both the whole ring structure and the largest asymmetric feature
are identified at the 1/𝑒𝑒2 drop of the signal, and provide two alternative metrics to define
the supercontinuum beam waist at each measurement location. Figure 4.11(b) shows the
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corresponding values measured along the propagation of the supercontinuum laser beam:
independently of the criterion used to define the beam waist at each location, the beam is
measured to diverge along a conical path (at least over the measured range), as showed by
the linear trend in Figure 4.11(b). The diverging cone angle is measured to be ∼3.2° and,
projecting this trend backwards, the diameter of the supercontinuum pump/Stokes beam is
estimated to be ∼130 𝜇𝜇m at the intersection with the probe beam, located ∼4 mm after the
end of the filament.

Figure 4.11: Measurement of the supercontinuum divergence out of the plasma filament. (a) Cross-sectional image
of the supercontinuum at ∼76 mm from the location of the probe volume. (b) Diameter of the supercontinuum
measured at 10 locations (black circles): the linear growth of the beam diameter confirms the conical emission
from the filament and allows for estimating the beam waist at the CRS probe volume (red marker).

The probe beam waist, on the other hand, can be assessed in a similar fashion as in
Tedder et al. [130] —as its focusing properties are independent of the pulse energy in the
linear focusing regime–, and it is measured to be ∼30 𝜇𝜇m (1/𝑒𝑒2). The interaction length is
determined from the knowledge of the waists of the probe and pump/Stokes beams at the
probe volume, and of their crossing angle. The latter is estimated by the measurement of
the interaction length at low pulse energy (i.e. without generating a filament), by scanning
a 100 𝜇𝜇m cover slip along the longitudinal dimension of the probe volume. The interaction
length, measured to be ∼1.4 mm, combined with the pump/Stokes beam waist at low power
(∼60 𝜇𝜇m), allows for estimating the crossing angle as:

𝜃𝜃 = sin−1(
2𝑤𝑤pump/Stokes

𝑙𝑙 ) (4.5)
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The crossing angle is thus measured to be ∼4.7°. This value is finally used to estimate
the interaction length under filamentation conditions, by inverting Equation (4.5) and
employing the value of the supercontinuum beam waist estimated from the measurement
of its divergence. The final result is 𝑙𝑙 ≈ 3.3 mm (1/𝑒𝑒2). The dimensions of the CRS probe
volume with in situ filamentation are thus estimated to be: ∼60 𝜇𝜇m (height, 1/𝑒𝑒2) x ∼3.3
mm (length, 1/𝑒𝑒2) x ∼60 𝜇𝜇m (width, 1/𝑒𝑒2).

In conclusion to this paragraph it should be noted that, in Paper I, the divergence
of the supercontinuum beam is only measured at ∼655 nm and the same cone angle is
assumed for all the frequencies in the spectrum of the supercontinuum. In line of principle,
the coherent imaging spectrometer could be employed to measure the divergence of any
frequency component in the compressed supercontinuum, and the methodology described
above could provide a full reconstruction of the geometry of the beam diverging out of the
filament. Future work should undertake this task to validate the assumption in Paper I and
assess its impact on the evaluation of the probe volume dimensions: this point is further
discussed in Chapter 8.

4.1.3 Effect of gas temperature and composition on in situ
filamentation

As seen in Figure 4.5, the filament propagation is not affected by the presence of the flame on
the beam path, but this is not as well the case for the pulse compression and supercontinuum
generation. In fact, the phase modulation due to optical Kerr effect in Equation (4.3) and to
the free electrons in the plasma medium in Equation (4.4) is significantly affected by the
local properties of the gas-phase medium. In chemically reacting environments such as
flames two main macroscopic variables show steep local gradients (as well as temporal, in
the case of turbulent flames), which can significantly affect the supercontinuum generation:
composition and temperature.

Figure 4.12: Effect of the local gas composition on the pulse compression via in situ filamentation. The filament is
generated by a 1 mJ, 35 fs TL pulse at atmospheric pressure, in room-temperature flows of: air (black line), Ar
(blue), CO2 (red), and CH4 (yellow). The different gases result in a widely different pulse self-compression: this
effect can be explained by the magnitude of the electronic third-order susceptibility 𝜒𝜒 (3)

NR of the tested gases.

Different molecular species of course have different third-order optical susceptibil-
ity 𝜒𝜒 (3): this not only affects their coherent Raman cross-section, but also determines
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a different magnitude of the optical Kerr effect experienced by the fs laser pulse when
travelling through the corresponding gas, as seen in Equations (3.6) and (3.7). The effect of
different combustion-relevant gases –air, Ar, CO2, and CH4– on the filamentation process
is investigated by measuring the bandwidth of the ultrabroadband NR fs/ps CRS signal
in the region ∼500-1100 cm-1, as shown in Figure 4.12. This spectral window is chosen
because none of the gases tested have active rotational-vibrational modes in this region
of the Raman spectrum. The gas flows are provided by compressed vessels and delivered
through the burner pipe described in the previous paragraph. To avoid contamination of
ambient air in the probe volume, a T-junction is mounted at the exit of the burner such
that the laser beams can pass inside the junction while this is flown with the gas under
investigation.

The results in Figure 4.12 show that the compressed supercontinuum output by the
filament has the largest bandwidth when generated in CH4, and the lowest in air, while
a similar bandwidth is measured in Ar and CO2. Table 4.1 reports the (electronic) non-
resonant third-order susceptibilies of many combustion-relevant species: the magnitude
of 𝜒𝜒 (3)

NR provides a good explanation of the different pulse compression achieved via in
situ filamentation in the different gases tested. It should be noted that the polyatomic

Table 4.1: Electronic third-order susceptibilities 𝜒𝜒 (3)
NR of various combustion-relevant gases. All the values are

given in cm3/erg⋅amagat.

Species Reference 𝜒𝜒 (3)
NR

N2 [133] 7.90 ⋅10−18
O2 [133] 7.98 ⋅10−18
H2 [133] 5.90 ⋅10−18
Ar [133] 9.46 ⋅10−18
CO2 [133] 11.80 ⋅10−18
CH4 [133] 22.70 ⋅10−18
H2O [134] 17.40 ⋅10−18

Propane (C3H8) [134] 90.90 ⋅10−18
𝑛𝑛-Butane (𝑛𝑛-C4H10) [134] 113.70 ⋅10−18

species with Raman modes that can be excited within the bandwidth of the fs pulse have
an additional (resonant) Raman-induced contribution to the optical Kerr effect:

�̄�𝑛2 =
3
4𝑛𝑛0

(𝜒𝜒
(3)
NR +𝜒𝜒 (3)

Raman) (4.6)

If the assumption of impulsive excitation of said Raman modes applies, the contribution
of the rotational-vibrational coherence to the optical Kerr effect is negligible and the
non-linear refractive index is only due to the non-resonant electronic contribution in
Equation (4.6). The large variation in the bandwidth of the compressed supercontinuum
generated by in situ filamentation in the tested gases can significantly impact the use of fs
laser induced filamentation to realise ultrabroadband fs/ps CRS in chemically reacting flows.
Consider for example a non-premixed hydrocarbon/air flame, depending on the geometry
of the problem, the composition of the flow the filament propagates through can vary
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significantly: in the oxidiser stream the average 𝜒𝜒 (3)
NR would be ∼7.92⋅10−18 cm3/erg⋅amagat,

while in the fuel stream it could be significantly larger, from 22.7⋅10−18 cm3/erg⋅amagat for
CH4 to >100⋅10−18 cm3/erg⋅amagat for heavier hydrocarbons.

The large temperature gradient developed across the chemical reaction zone of a flame
can also significantly impact the amount of self-compression produced by the filament
as it propagates through it. Deconvolving the relative contributions due to composition
and temperature in a flame is not straightforward. The effect of the temperature gradient
on in situ filamentation can nonetheless be appreciated by comparing the ultrabroadband
NR CRS spectra acquired in Ar and in the products of a laminar H2/air diffusion flame, as
shown in Figure 4.13. The only major product of H2 combustion is water vapour, so that the

Figure 4.13: Effect of the local gas temperature on the pulse compression via in situ filamentation. The filament
was generated by a 1 mJ, 35 fs TL pulse in room-temperature Ar (blue line) and in the hot products of a laminar
H2/air diffusion flame (black). The pulse self-compression via in situ filamentation in the flame is significantly
lesser than in Ar.

product gases of the flame are a mixture of N2 and H2O, whose non-resonant third-order
susceptibility is expected to be larger than that of air, according to the values in Table 4.1.
Hence, neglecting the effect of temperature on in situ filamentation one would expect
the pulse compression to be larger in the flame products. On the contrary, a significant
reduction in the Raman excitation bandwidth is observed in Figure 4.13, meaning that the
large reduction in the effective refractive index across the temperature gradient determines
a lesser compression of the pulse. As described in the introductory section to the present
chapter, the propagation of a fs pulse in the filamentation regime can be seen as the result
of the balancing act between the non-linear Kerr self-focusing and plasma defocusing. The
introduction of a temperature gradient along the filament axis reduces the local density
of the gas-phase medium, decreasing both the non-linear refractive index �̄�𝑛2 and the
plasma density 𝜌𝜌 in Equation (4.2), so that the filament propagation is virtually unaffected
as observed in Figure 4.5. On the other hand, the magnitude of the non-linear optical
processes underpinning the filamentation process (i.e. Kerr effect and photo-ionisation)
can be significantly reduced.

The effects of the local composition and temperature of the gas-phase medium on the
pulse self-compression pose an additional challenge to the implementation of ultrabroad-
band fs/ps CRS with in situ filamentation as a combustion diagnostic tool. As a matter of
fact, the dependence of the effective excitation bandwidth on the local boundary conditions
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to the filamentation process represents a large source of uncertainty and can negatively
impact the diagnostics, as shown in Chapter 5.

4.2 Ultrabroadband fs/ps CRS behind thick optical
windows

A discussed in Chapter 3, the need to transport the ultrabroadband excitation laser pulse
behind thick optical windows can significantly limit the applicability of ultrabroadband
fs/ps CRS in measurement scenarios of practical interest. One of the main research ques-
tions formulated in Section 3.3 concerns the in situ use of fs laser-induced filamentation
to generate the compressed supercontinuum directly behind thick optical windows. In
Paper III the first proof-of-principle demonstration of this approach is provided: ultrabroad-
band fs/ps CRS with in situ filamentation is performed in a laboratory flame behind a 22
mm-thick BK7 glass optical window.

The optical window is placed approximately 200 mm after the 500 mm pump/Stokes
focusing lens, as shown in Figure 4.14(a), the maximum distance of the window from
the lens being limited by the onset of filamentation inside the bulk glass material. Solid
materials typically have non-linear optical susceptibilities that are orders of magnitude
larger than gases. Therefore laser pulses with peak power in the megawatt range can
propagate through filaments in the optical material, whereas a peak power in the gigawatt
range is needed in gases [135]. Hence, if the window is placed too close to the focal plane of
the lens, the local irradiance of the focusing fs beam can be sufficient to lead to filamentation
inside the glass. The supercontinuum thus generated diverges after the filament collapse
at the solid-gas interface, so that it cannot be used as an ultrabroadband pump/Stokes
pulse at the probe volume. Quite recently, Zhao and co-authors have demonstrated the
filamentation of the ∼1 ps high-energy (60 mJ) pulse generated by a thin-disk laser, and
used the supercontinuum to perform simultaneous ro-vibrational O2-N2 fs/ps CARS in
room-temperature air [136]. The authors argued that the use of ps pulses, rather than fs
ones, could mitigate the impact of the GVD imparted by the thick optical medium and
avoid the need for its compensation e.g. by using a grating compressor as discussed in
Paper III. They demonstrated this by placing glass windows of different thickness (1 mm,
6 mm, and 12 mm) after the focusing lens: these had to be placed 17 cm after the 3 m
focusing lens (at ∼1/15 of the focal length) to avoid the filamentation of the high-energy
ps pulse. Furthermore, the length of the filament in Ref. [136] was ∼80 cm, limiting the
use of ps laser-induced filamentation to large-scale applications, such as furnaces. Despite
being more sensitive to the GVD of the optical material, fs pulses can be more efficiently
compressed via laser-induced filamentation, with a much stronger spectral broadening
than achieved by filamentation of ps laser pulses [137]. Hence, employing a relatively
low-energy (∼1.5 mJ) fs laser pulse, the filament length almost two orders of magnitude
smaller and the optical window can be placed much farther from the focusing lens (at ∼2/5
of the focal length), thus achieving a larger flexibility. Figure 4.14(b) shows a single-shot
ro-vibrational O2-CO2 CSRS spectrum acquired in the same flame of Figure 4.8: in this case
the optical window is placed on the pump/Stokes beam path. The 1.495 mJ pulse energy in
the fs beam is transmitted through the optical window with a measured loss of 116 𝜇𝜇J, due
to partial reflection by the window. The remaining 1.379 mJ are sufficient to compress the
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Figure 4.14: Ultrabroadband fs/ps CRS behind a thick optical window. (a) The fs pump/Stokes pulse is compressed
by in situ filamentation behind the 22 mm BK7 optical window, placed ∼20 cm after the focusing lens (f:=500
mm). (b) Single-shot ro-vibrational CO2-O2 CSRS spectrum acquired in a laminar premixed CH4/air flame (𝜙𝜙=0.6)
behind the optical window.

pulse to ∼17 fs, as measured by the NR CRS acquired in Ar. The estimation of the fs pulse
duration via the NR CRS spectrum is discussed in Sections 4.2.1 and 4.2.2.

In Paper III, in situ filamentation is employed to realise ultrabroadband fs/ps CRS
on the pure-rotational Raman spectrum of H2 in a laminar H2/air diffusion flame. As
already pointed out in Section 3.1, H2 has a rotational constant significantly larger than
other heavier diatomic molecules, such as N2 and O2, so that its pure-rotational spectrum
spans over 1500 cm-1 at flame temperature. Pure-rotational H2 CRS thermometry could
only recently be realised in an open flame by employing ultrabroadband fs/ps CRS [110].
Figure 4.15 presents an example of a single-shot H2 CRS spectrum, spanning the region
300-1500 cm-1, acquired in the flame experiment reported in Paper III. This is the first-ever
example of pure-rotational fs/ps H2 CRS realised behind a thick optical window.

Figure 4.15: Single-shot pure-rotational H2 CSRS spectrum acquired in a laminar H2/air diffusion flame, behind
the 22 mm-thick BK7 optical window. Six rotational lines –from O(2) (corresponding to the pure-rotational
transition 𝐽𝐽 = 0← 2) at 354 cm-1 to O(7) (transition 𝐽𝐽 = 5← 7) at 1447 cm-1– are detected simultaneously in the
spectral region 300-1500 cm-1 and within the dynamic range of the sCMOS detector.

Instrumental to the pulse compression via in situ filamentation behind the optical
window is the use of the external grating compressor mentioned in Section 4.1.1, which
allows for compensating the temporal chirp introduced by the optical window, and to
control the fs pulse duration prior its filamentation. This is demonstrated in Paper III by
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measuring the excitation bandwidth provided by the fs pump/Stokes pulse –as mapped by
the NR CRS spectrum, whichmeasures the spectral autocorrelation of the pulse according to
Equation (2.39)– as a function of its temporal chirp. Figure 4.16(a) shows 1000 shot-averaged

Figure 4.16: Effect of pump/Stokes GVD on the NR CRS signal. (a) 1000-shot-averaged NR CARS spectra recorded,
by varying the position of the compressor grating, in a flow of CH4 without the optical window. The white
dashed line identifies the condition of a near-TL pulse. (b) Corresponding NR CARS spectra after the introduction
of the BK7 optical window on the pump/Stokes beam path. The red dashed line identifies the condition of a TL
pulse obtained after transmission through the window. The dotted boxes represent the region of interest analysed
in Paper III. Figure reproduced from Mazza et al. [27].

NR CARS spectra, acquired in a room-temperature CH4 flow for different settings of the
external compressor. The pump/Stokes pulse energy is attenuated to 50 𝜇𝜇J to avoid the
onset of photo-ionisation and fs laser-induced filamentation and the dashed line represents
the spectral excitation provided by a 35 fs TL pulse. The spectral region ⪅150 cm-1 is
affected by the band-pass filter used to suppress the probe pulse. The temporal chirp
introduced to the fs pump/Stokes pulse by the external compressor has a dramatic impact
on the spectral excitation profile mapped by the NR CRS spectrum. Not only the excitation
bandwidth is reduced as the chirp increases, but multiple spectral side-bands appear next
to the central excitation peak the further the pulse is temporally stretched. The existence
of symmetrical side-bands on the Stokes side of the Raman spectrum is also confirmed.

The effect of the 22 mm-thick BK7 glass window can be appreciated by comparing this
behaviour with the one in Figure 4.16(b): the whole NR CRS surface is shifted by ∼0.4 mm,
in terms of position of the diffraction grating in the external compressor. That is to say
that the grating compressor employed in the present fs/ps CRS instrument is more than
capable of compensating the chirp introduced by 22 mm of BK7 glass, and a TL pulse can
be delivered to the measurement location behind the optical window.

4.2.1 Measurement of the fs pulse chirp
The TL condition for the pump/Stokes pulse in Figure 4.16 is identified by comparing these
experimental spectra to a time-domain model for the NR CRS signal, as discussed in the
following.

For a two-beam hybrid fs/ps CRS process the NR CRS spectrum can be computed
according to Equation (2.39). The pump/Stokes laser field is modelled in the time-domain as
a Gaussian pulse of duration Δ𝑡𝑡 = 35 fs, its Fourier transform yielding a Gaussian spectrum
in the form of Equation (3.3), where the spectral phase can be expressed as the Taylor
series in Equation (3.4). In order to derive a closed-form solution the series is stopped to
the second order, including only the quadratic phase term arising due to the GVD of the
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pulse, i.e. its linear chirp:

�̃�𝐸p/St(𝜔𝜔) =
𝐸𝐸0 Δ𝑡𝑡
2

√
𝜋𝜋

2 ln2
𝑒𝑒
−𝑖𝑖[

Δ𝑡𝑡2
8 ln2 (𝜔𝜔−𝜔𝜔0)2+𝑘𝑘0+𝑘𝑘1(𝜔𝜔−𝜔𝜔0)+

𝑘𝑘2
2 (𝜔𝜔−𝜔𝜔0)2]+c.c. (4.7)

Where 𝑘𝑘0 is a negligible phase factor [rad], 𝑘𝑘1 is the group delay (GD) experienced by the
pulse as it propagates in the optical material [fs], and 𝑘𝑘2 is the group delay dispersion (GDD)
[fs2].

Non-linear chirp terms, e.g. due to the third-order dispersion (TOD) of the pulse propa-
gating in condensed-phase optical media, could significantly alter the spectrochronographic
properties of the fs pulse, as illustrated in Figure 4.17. In Paper III, these higher-order

Figure 4.17: Wigner function of the pump/Stokes pulse. The Wigner function [95] provides a visual representation
of the spectrochronographic properties of an optical pulse, depicting simultaneously its spectral and temporal
envelope. (a) 35 fs TL pump/Stokes pulse at 806 nm. (b) Linear chirp due to a GDD of 1000 fs2. (c) Quadratic chirp
due to a TOD of 10000 fs3.

contributions are nevertheless assumed to be negligible. This assumption is justified by the
experimental observation that the presence of the optical window only introduces a minor
shift in the NR CRS spectra in Figure 4.16, with no substantial change in the envelope of
the spectra themselves. The possible TOD of the pump/Stokes pulse arising in the glass
material is thus neglected and the window is assumed to only contribute a quadratic phase
term to Equation (4.7).

The spectral autocorrelation of the pump/Stokes pulse can then be calculated as:

(�̃�𝐸p/St ⋆ �̃�𝐸p/St)(Ω) =∫
+∞

−∞
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Where Δ𝜔𝜔p/St represents the bandwidth of the pump/Stokes pulse, which is computed
according to Equation (3.3) with 𝑐𝑐 = 2ln2/𝜋𝜋 for a 35 fs TL Gaussian pulse. Equation (4.8)
has an analytical solution in the form:

(�̃�𝐸p/St ⋆ �̃�𝐸p/St)(Ω) ∝
√
𝜋𝜋(4 ln2+ 𝑖𝑖𝑖𝑖2Δ𝜔𝜔2

p/St)exp[(−
4ln2
Δ𝜔𝜔2

p/St
+ 𝑖𝑖𝑖𝑖2)Ω2

] (4.9)

It is interesting to analyse the behaviour of the complex exponential function in Equa-
tion (4.9), as represented in Figure 4.18(a) and compared to the experimental NR CRS
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Figure 4.18: Time-domain modelling of the NR CRS signal. (a) Synthetic NR CARS spectra simulated by Equa-
tion (4.9) for different values of the quadratic phase 𝜑𝜑2. (b) 1000-shot-averaged NR CARS spectra acquired for
different position of the grating compressor: the quadratic phase and pulse duration are measured by fitting these
experimental spectra to the theoretical model. The white dashed line identifies the condition of a near-TL pulse.
Figure reproduced from Mazza et al. [27].

spectra in Figure 4.18(b). The real part of the complex exponential is a Gaussian function
whose bandwidth coincide, for a TL pulse with zero GDD, to the autocorrelation bandwidth
computed in Equation (3.5). The imaginary part of the exponential, on the other hand,
introduces a non-linear oscillation due to the quadratic component of the spectral phase:
the spectrum of the NR CRS signal thus shows quadratic oscillations with a proportionality
constant given by the GDD of the optical pulse. This model well describes the behaviour
of the experimental NR CARS spectra as a function of the pulse dispersion introduced by
the external compressor in Figure 4.18(b). A large GDD effect on the second-harmonic
generation (SHG) in a non-linear crystal was experimentally measured by Broers et al.
[138]. The authors observed a non-monotonic SHG spectrum, with an increasing number
of local maxima for larger values of the linear chirp. This behaviour is, at least qualitatively,
analogous to the one observed for the stimulated Raman excitation in Figure 4.18, and
was explained by Broers and co-authors as the result of interference between the coherent
excitation pathways available at each instant in time across the bandwidth of the fs pulse
[138].

The time-domain NR CRS model is employed to generate a library of synthetic spectra,
for varying input values of the pulse GDD in the range 0-5000 fs2, to fit the experimental
data in Figure 4.18(b). This allows for estimating the GDD of the optical window to be
424 fs2, with the pump/Stokes pulse being stretched to ∼47 fs. This quantification of the
chirp introduced by the optical window furthermore confirms the ability of the external
compressor to easily compensate it and control the quadratic phase of the pump/Stokes
pulse delivered at the measurement location. As a matter of fact, the external compressor
can introduce a GDD in excess of ±4000 fs2, as shown in Figure 4.18, so that much thicker
optical windows could be employed without limiting the capabilities of the fs/ps CRS
instrument.

4.2.2 Pulse compression behind the optical window
Paper III furthermore demonstrates that the quadratic phase of the fs pulse has a significant
impact on its filamentation and self-compression. At each grating position in Figure 4.16(b),
the energy of the fs pulse is increased to ∼1.5 mJ (measured before the optical window)
to compress it via in situ filamentation, both in room-temperature air and CH4. The
comparison between the ultrabroadband NR CARS spectra generated by a TL input pulse in
CH4 and in air, in Figure 4.19, shows that fs laser-induced filamentation is characterised by a
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stronger self-phase modulation in CH4, resulting in a larger broadening of the pump/Stokes
pulse. This result confirms the observation discussed in Section 4.1.3.

Figure 4.19: Effect of the ro-vibrational wave packet on the pulse compression. (a) 1000 shot-averaged ultrabroad-
band NR CARS spectra generated via in situ filamentation in a CH4 flow behind the optical window, for a varying
amount of GDD introduced by the external compressor. The dashed white line identifies the TL condition for the
input fs pulse before filamentation, while the solid white line is the contour of the HWHM excitation bandwidth.
(b) Corresponding ultrabroadband NR CARS spectra generated by in situ filamentation in air. The red dashed line
identifies the compressor settings employed to optimise the pulse compression in the flame. In both experiments
the filament is generated under the focusing conditions discussed in Section 4.1.1, for an input pulse energy of 1.5
mJ (measured before the optical window). Figure reproduced from Mazza et al. [27].

As for the impact of the temporal chirp of the input laser pulse on the filamentation
process, the two gases also show remarkable differences as highlighted by the contour
plots (solid white line), which identify the resulting half-width-at-half-maximum (HWHM)
excitation bandwidth over the spectral range 200-1600 cm-1. For moderate amounts of GDD
in the input laser pulse (i.e. |𝑘𝑘2|< 500 fs2), the bandwidth of the compressed supercontinuum
generated by in situ filamentation in CH4 is almost unaffected. Larger amounts of pulse
dispersion result in a dramatic and monotonic decrease in the excitation bandwidth. This
behaviour is easily interpreted in terms of the reduced instantaneous peak power of the
fs laser pulse when stretched in time, resulting in a lower intensity of the electric field
in Equation (4.3). In terms of its third-order optical susceptibility, responsible for the
optical Kerr effect at the onset of fs laser-induced filamentation, CH4 can be treated as a
non-resonant molecule. As detailed in the next chapter, the vibrational modes of CH4 lie at
higher frequencies (>1300 cm-1) than accessible, via stimulated Raman scattering, by the
bandwidth of a 35 fs laser pulse. In addition, as discussed in Appendix B, CH4 is a spherical
top molecule with no rotational degree of freedom in its electronic and vibrational ground
state. Hence, the 35 fs laser pulse employed in the experimental setup cannot excite any
coherent rotational-vibrational wave packet in the CH4 flow. The pulse self-compression
in the filamentation process thus relies entirely on the electronic part of the third-order
optical susceptibility of the CH4 medium.

The molecular components of air (i.e. N2 and O2), on the other hand, have the whole
rotational energy manifold available within the bandwidth of the 35 fs pump/Stokes pulse.
In parallel to the non-resonant electronic contribution to 𝜒𝜒 (3), there is a Raman-induced
contribution to the optical Kerr effect due to the rotational wave packets of N2 and O2. An
example of how the macroscopic coherence in ensembles of diatomic molecules introduces
periodic oscillations of the non-linear refractive index of the optical medium can be found
in Avram et al.. The authors derived the expression of the coherent states for a 3D Morse
oscillator and calculated the contribution of the vibrational Raman-induced wave packet
to the optical Kerr effect. The relative magnitude of the electronic and nuclear components
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of 𝜒𝜒 (3) depends, among other things, on the duration of the laser pulse employed. If
this duration is much smaller than the rotational period of the molecules the non-linear
optical response is entirely due to the electronic susceptibility [139]. This is the very same
argument invoked to claim an impulsive excitation of the ro-vibrational Raman modes in
the time-domain CRS theory (see Section 2.3.2). Therefore, introducing a small amount of
chirp to the fs pulse can enhance the optical Kerr effect and the self-pulse compression
during the filamentation process in air, as shown in Figure 4.19(b). Two local maxima of
the HWHM excitation bandwidth are found for an input GDD of the pulse of about ±500
fs2. This result is in very good agreement with the experimental observation of a dramatic
decrease of the critical power required to trigger the filamentation of fs near-IR pulses
in air, reported e.g. by Liu and Chin [140]. In the flame experiment outlined in the next
section, the pulse compression and thus the Raman excitation bandwidth are found to be
optimised for a negative input GDD of -492 fs2, coinciding with the lower local maximum
in the contour line in Figure 4.19(b).

Figure 4.20: Pulse compression via fs laser-induced filamentation. (a) 1000 shot-averaged NR CRS spectrum of the
chirped input fs laser pulse optimised for pulse compression via in situ filamentation in the flame environment.
(b) 1000 shot-averaged ultrabroadband NR CRS spectrum generated by in situ filamentation in an Ar flow. Figure
reproduced from Mazza et al. [27].

The time-domain NR CRS model discussed in the previous paragraph is extended in
Paper III to measure the pulse compression achieved by fs laser-induced filamentation. This
extension relies on the assumption that the supercontinuum pulse output by the filament
maintains an essentially Gaussian spectrum, so that the closed-form solution for the pulse
autocorrelation in Equation (4.9) can be applied to the description of the ultrabroadband
NR CRS spectrum. The validity of this working assumption could be questioned to the
extent that an asymmetrical broadening of the pulse spectrum, with a strong blue shift,
has been experimentally observed in filamentation of tightly-focused near-IR laser pulses
in air [141, 142]. This was attributed to a large contribution of the non-linear refractive
index of the dense plasma medium. The assumption in Paper III is somewhat justified by
the fact that the focusing geometry employed there (with numerical aperture NA ≈ 0.01)
is much less tight than in the experiments by Liu et al. (NA ≈ 0.12 [141]) and Vaičaitis
et al. (NA = 0.15 [142]), as well as by the lesser density of the plasma medium in the hot
combustion environment.

The time-domain NR CRS model is thus employed to fit the ultrabroadband NR CSRS
spectrum generated by in situ filamentation to a two-dimensional library of synthetic
spectra, computed for a pulse duration varying in the range 5-35 fs, as well as for a GDD in
the range ±2000 fs2. In the flame experiment, the pulse compression is optimised directly
on the NR CSRS spectrum measured in situ, in the laminar H2/air flame, behind the optical
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window. The pulse energy is first attenuated to record the NR CSRS spectrum generated
(in Ar) by the fs laser pulse without filamentation, as shown in Figure 4.20(a), which is then
fitted to measure a GDD of -492 fs2, as mentioned above. This pulse is then compressed
in the filamentation process as shown in Figure 4.20(b), where the spectrum is fitted to
measure a pulse duration of 17 fs with virtually no residual chirp.
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5
In situ referencing of the

spectral excitation
efficiency

The present chapter illustrates the development of a novel experimental protocol for the in situ
referencing of the spectral excitation efficiency. This addresses the second research question,
concerning the uncertainty introduced in gas-phase fs/ps CRS thermometry by the unknown
effective excitation bandwidth, provided by the fs pump/Stokes pulse upon its propagation
in the chemically reacting flow. The novel in situ referencing protocol is firstly compared to
the conventional ex situ one by pure-rotational N2-O2 CRS imaging thermometry across a
laminar premixed CH4/air flame front. Thereupon, its extension to ultrabroadband fs/ps CRS
is demonstrated for pure-rotational H2 CRS thermometry across a diffusion H2/air flame front.

Part of the results discussed in this chapter have been published in Papers II and III.
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T he effective spectral excitation of the Raman modes provided by the broadband fs
pump/Stokes pulse represents an inherent source of uncertainty to fs/ps CRS. As

discussed in Section 3.1 the excitation bandwidth is limited by the finite bandwidth of the
fs excitation laser pulse. The effect of the finite bandwidth of the pump/Stokes pulse on
the CRS spectrum can be accounted for in the time-domain CRS code by modelling the
temporal envelope of the pump/Stokes pulse in Equation (2.36). This approach was indeed
discussed in the first publication on hybrid fs/ps CRS [69]. To accurately simulate the CRS
signal in real experimental scenarios one would also need to modify Equation (2.36) to
account for the exact phase of the fs laser pulse at the measurement location, including
the effects of the possible GDD and TOD arising along the beam path. The resulting
modulation of the excitation pulse, especially in terms of its phase, can dramatically change
the effective spectral excitation profile as experimentally proven in Figure 4.16. Including
these effects in the time-domain model of the CRS process often requires resorting to
the TDDM formalism and integrating the evolution of the system under the interaction
Hamiltonian [143].

When it comes to the application of time-resolved CRS as a diagnostic tool for chemically
reactive flows, maintaining a detailed knowledge of the properties of the fs laser pulse
at the measurement location is rather unfeasible. Even more so considering the use of
ultrabroadband fs/ps CRS in measurement scenarios of practical interest (e.g. high-pressure
combustion chambers), where the phase of the pulse can be severely distorted by its
transmission through thick optical windows and by the local temperature and composition
of the gas flow along the laser beam path. In this case, the question of the effective spectral
excitation of the Raman spectrum can be approached more effectively by measuring the
NR CRS signal, mapping the spectral excitation efficiency of the fs pump/Stokes pulse. The
conventional experimental protocol for a CRS experiment thus includes the sequential
measurement of the NR CRS signal in a non-resonant gas. The effect of the finite excitation
bandwidth is then accounted for by spectral referencing, i.e. subdividing the resonant CRS
spectra by the NR spectrum. This experimental approach has the advantage of taking
into account additional effects such as the imperfect phase-matching for two-beam fs/ps
CRS with a crossed-beam geometry [23, 89], and the transmission and detection efficiency
curves of the spectrometer.

The conventional spectral referencing protocol described above is here labelled as
"ex situ", because the NR CRS signal is measured sequential to the CRS experiment and
under rather different experimental conditions: typically, in room-temperature Ar. The
spectral reference provided by the NR CRS signal measured ex situ cannot perfectly map
the effective spectral excitation profile available in the CRS experiment, as it does not
account for the local flow conditions along the beam path to the measurement location.
Furthermore, the spectral excitation profile can show significant shot-to-shot variations,
due to the inherent spectral noise of the coherent light source employed. The dynamic
nature of the optical medium in turbulent flows is an additional source of noise: variations
in the local temperature and composition fields along the propagation of the fs excitation
laser pulse can introduce shot-to-shot variations in the effective excitation bandwidth
at the measurement location. An example of the limited representativeness of the NR
CRS spectrum acquired ex situ is found in Retter et al. [19], where the authors performed
ro-vibrational H2 fs/ps CARS thermometry in the the multi-phase reaction zone of a solid
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Figure 5.1: Conventional referencing of the pure-rotational fs/ps CRS signal. The experimental pure-rotational
N2 CARS spectrum (dashed red line), acquired in the high-temperature products of a laminar premixed CH4/air
flame, is subdivided by the NR CRS spectrum generated ex situ in room-temperature Ar (solid black line). The
solid blue line is the resulting referenced spectrum, which can be meaningfully compared to the time-domain
CRS model to extract the local temperature.

propellant flame. Over the course of the 2 hour-long experiment they observed significant
variations in the spectrum of the NR CARS signal acquired in room-temperature air in
the spectral range 3900-4200 cm-1. They attributed these changes to the behaviour of the
OPA employed to generate the Stokes pulse in their three-beam fs/ps CRS instrument, and
quantified the resulting thermometric imprecision to be ∼3% in validation measurements
performed on a Hencken burner.

The imprecision arising from shot-to-shot variations in the excitation bandwidth has
long been recognised as a limitation to gas-phase CRS thermometry, and the concurrent
detection of the resonant and NR CRS signals has been proposed to mitigate this uncertainty.
Grisch and co-workers demonstrated simultaneous ro-vibrational CRS on H2 and H2O, at
representative operational conditions in a high-pressure rocket combustor, by employing
a broadband ns CRS instrument. They performed ro-vibrational CRS thermometry and
deduced the H2O concentrations by measuring the modulation of the resonant H2O signal
over the continuum NR background [14]. Before transporting the laser beams inside the
combustion chamber via optical fibers, the authors focused them in an atmospheric-pressure
Ar flow and recorded the NR CRS signal to monitor the shot-to-shot fluctuations in the pulse
energies and the spectral shape of the broadband Stokes laser. A similar approach, with
sequential focusing of the beams to record the shot-to-shot spectral reference, had been
demonstrated already in 1985 by Pealat and co-authors, who claimed that "referencing on a
shot-to-shot basis improved the mean slightly and produced marginal gains in the standard
deviation of individual measurements" [144]. Van Veen and Roekaerts, on the other hand,
identified in the spectral excitation profile the "main bottleneck to obtaining high-quality
N2 CARS spectra and to arriving at species as well as accurate temperature values" [145].
They employed an echelle spectrometer to simultaneously measure the spectra of the
ro-vibrational N2 CRS signal, as well as of their modeless dye laser, which was then used
to compute the spectral excitation profile. The CRS thermometry validation measurements
performed in a McKenna burner resulted in a remarkable precision of 1.5%, comparable to
present state-of-art fs/ps CRS instruments [146]. The authors speculated that fluctuations
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in the measurements platform could be the limiting factor, and that the precision of their
CRS instrument might in fact be better than 1%. Recently Barros and co-authors have
indeed observed such instabilities in a laminar flame stabilised on a McKenna burner
and, by subtracting their dynamics, they have achieved a precision of 0.5% at 2081 K by
ro-vibrational N2 fs/ps CARS thermometry [124]. In Papers II and V analogous fluctuations
are observed in a laminar premixed CH4/air stabilised on a Bunsen burner, where the
flame front dynamics is tracked over the acquisition time by pure-rotational N2-O2 fs/ps
CRS imaging, with a temporal resolution of 1 ms. More recently, Lauriola and co-authors
developed a ps burst-mode vibrational CRS instrument and demonstrated its use to perform
N2 thermometry at 100 kHz [53]: they observed that the bandwidth of the NR CRS spectrum
changed over the burst, increasing the measurement imprecision. This was compensated
for by splitting 8% of the Stokes and pump/probe beams and focusing them in 3 mm-thick
glass window to realise the concurrent generation of the NR CRS signal.

These works proved that the concurrent generation of the NR CRS signal for spectral
referencing is an effective solution to the shot-to-shot fluctuations in the spectral excitation
profile, and can significantly improve the precision of gas-phase CRS thermometry and
concentration measurements. Nevertheless, all the approaches illustrated above resorted
to an ex situ, even if concurrent, generation of the NR CRS signal: they could only account
for the noise in the laser source employed, while they neglected that arising along the
beam path due to fluctuations in the gas-phase optical medium. Paper II introduces an
alternative referencing protocol, based on the concurrent in situ generation of the NR CRS
signal, which is thereupon extended to ultrabroadband fs/ps CRS with in situ filamentation
in Paper III.

This work builds on an old idea firstly advanced by Farrow and co-workers in 1982
[5], who demonstrated for the first time the simultaneous detection of resonant and
non-resonant CRS signals in two distinct detection channels. The authors employed the
polarisation control scheme pioneered by Oudar et al. [147] to minimise the NR background
in the ro-vibrational Q- and O-branch spectra of N2, and compared CRS thermometry
to calibrated thermocouple measurements in a diffusion flame. The O-branch spectrum,
consisting of 5 spectral lines in the 2157-2172 cm-1 spectral region investigated in this
work is completely depolarised (see Section 2.2.1). Hence, the polarisation approach
of Ref. [147] not only allowed for a significant reduction of the NR background in the
resonant spectrum, but the NR signal itself could be detected with minimal interference
of the resonant component, yielding "a more ideal normalization spectrum (spectrally
smoother)" [5]. The authors compared the temperature measured by (i) conventional
N2 Q-branch CRS with ex situ referencing (ii) ro-vibrational O-branch CRS with in situ
referencing, and (iii) thermocouples. They found the three measurements to agree within
the experimental uncertainty in the homogeneous region of the flame, with results: (i)
1816±50 K, (ii) 1826±50 K, and (iii) 1833±60 K. Nevertheless, it should be noted that the
spectral window investigated in this work was relatively small, so that the in situ NR CRS
spectrum was almost flat over the measured ∼15 cm-1, and the impact of the referencing
protocol on ro-vibrational N2 CRS thermometry was not investigated. In a later publication
the same research group applied the in situ referencing protocol to measure the relative
concentrations of CO in an atmospheric CH4/air flat flame [11]. They exploited the overlap
of the ro-vibrational CO CRS Q-branch spectrum in the region ∼2100-2180 cm-1 with the
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ro-vibrational N2 O-branch spectrum, and with line S(9) in the pure-rotational spectrum
of H2 at 2130 cm-1. The authors reported an improvement of the reproducibility of the
normalised measurements, which was observed to approach the shot-noise limit (estimated
to be 1.2%) for a single laser pulse, in a dedicated room-temperature experiment in a 10 atm
CO/Ar mixture. The significant impact of the referencing protocol was attributed to the
large shot-to-shot variations of the laser fields provided by multi-mode lasers, resulting in
a measured standard deviation of the non-normalised CRS spectra larger than 12%. Despite
the promising results of Farrow and co-authors, the in situ referencing approach to CRS
thermometry and concentration measurements was not applied in later works.

Paper II combines a polarisation-based in situ referencing approach with the imaging
capabilities of pure-rotational fs/ps CRS (see Paper V for details about the pure-rotational
fs/ps CRS imaging instrument). An innovative polarisation-sensitive coherent imaging spec-
trometer is designed to simultaneously measure the two cross-polarised one-dimensional
CRS signals extending over ∼1.3 mm, in distinct detection channels. This design represents
a significant improvement with respect to the two-channel detection system of Farrow
et al.. As a single polariser is needed to separate the resonant and NR CRS signal com-
ponents, and a single sCMOS detector acquires both spectral images at high repetition
rate. Furthermore, spectral images of the resonant and NR CRS signals can be simulta-
neously recorded with excellent spatial resolution (∼40 𝜇𝜇m) over the one-dimensional
FOV. Pure-rotational N2-O2 fs/ps CRS imaging thermometry with in situ referencing is
thus demonstrated across a laminar premixed CH4/air flame front. The novel referencing
protocol is compared to the conventional one, the latter being performed by measuring the
NR CRS signal in room-temperature Ar sequential to the flame experiment. In contrast to
the limited spectral window required to perform ro-vibrational N2 CRS thermometry in Ref.
[5], the pure-rotational N2 spectrum spans more than 300 cm-1 at high temperature. An
accurate measurement of the spectral excitation profile is thus critical to perform accurate
thermometry, as shown in Figure 5.1.

The theory of polarisation control for the generation of the two-beam fs/ps CRS signal
is outlined in Appendix D. The polarisation angle of the resonant and NR CRS signals
are derived as functions of the relative polarisation angle between the linearly polarised
pump/Stokes and probe beams, as well as of the depolarisation ratio of the Raman spectrum.
A detailed description of the coherent imaging spectrometer introduced in Paper II is
provided in Section 5.1. Section 5.2 illustrates the application of the in situ referencing
protocol to pure-rotational N2-O2 fs/ps CARS imaging thermometry. Finally, the application
of the in situ referencing protocol to ultrabroadband fs/ps CRS with in situ filamentation is
presented in Section 5.3.

5.1 Polarisation-sensitive coherent imaging spec-
trometer

The main differences in the optical setup presented in Section 4.1.1 and the one in Paper II
concern: (i) the focusing optics used to realise pure-rotational N2-O2 fs/ps CARS imaging,
and (ii) the introduction of a novel polarisation-sensitive coherent imaging spectrometer
to implement the in situ referencing protocol.

As shown in Figure 5.2, 1D fs/ps CARS imaging is realised by focusing the pump/Stokes
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and probe beams via cylindrical lenses with focal lengths f:=300 and 500 mm, respectively.
The symmetry axes of the lenses are vertically aligned (denoted as "CL(v)" in the figure) to
generate a vertical measurement line. The length of said line is adjusted by introducing
astigmatic focusing via two horizontally aligned cylindrical lenses ("CL(h)") with focal
lengths f:=1000 and 300 mm on the pump/Stokes and probe beam path, respectively. The
probe beam thus extends to ∼1.3 mm at its vertical focus, while the pump/Stokes beam
is focused at the same location on a ∼4 mm long line, both lines being measured with
a sCMOS beam profiler (WinCamD, Dataray). This arrangement ensures that the peak
irradiance of the pump/Stokes pulse, estimated to be ∼18 TW/cm2, is sufficiently low not
to result in the photo-ionisation of the gas-phase medium. The beams are crossed at a
shallow angle (∼3°), resulting in a probe volume of ∼1.3 mm (height) x ∼0.6 mm (length) x
∼30 𝜇𝜇m (width, FWHM).

Figure 5.2: The polarisation-sensitive coherent imaging spectrometer used for spatially divided detection of the
resonant and NR 1D CRS signals. The subscripts "v" (vertical) and "h" (horizontal) represent the alignment of the
symmetry axes of the cylindrical lenses (CL). Two separate detection channels for P- and S-polarised light, with
orientation determined with respect to the transmission grating (TG), are relay-imaged with ∼1:1 magnification
from the signal generation plane to the camera plane. M, mirror; 𝜆𝜆/2 half-wave plate; PBS, polarisation beam
splitter; BS, beam stop; TF, tunable band-pass filter; SL, spherical lens. Figure reproduced from Mazza et al. [28].

The CARS signal generated over the resulting ∼1.3 mm FOV is then collected by the
coherent imaging spectrometer, as shown in Figure 5.2. A 400 mm spherical lens, mounted
on a linear translation stage, collimates the vertical dimension of the CRS beam with
3:4 magnification, while the horizontal one diverges because of the astigmatism in the
focusing scheme. A single thin-film polariser is employed to discriminate the resonant
and NR CARS signals in two distinct detection channels. As sketched in Figure D.2, under
polarisation-separation conditions (i.e. 𝜙𝜙 = tan−1

√
6 ≈ 67.8°) the resonant and NR CARS

signals are linearly polarised with polarisation angles, 𝛽𝛽 ≈ −50.7°and 𝛿𝛿 ≈ 39.2°, measured
with respect to the vertically-aligned pump/Stokes polarisation. A 400 nm half-wave plate
is inserted after the collection lens to align the polarisation of the resonant and NR CRS
signal components to the transmission and reflection axes of the polariser, respectively.
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The S-polarised NR CRS signal is reflected by the polariser into the NR detection channel,
where a second 400 nm half-wave plate turns its polarisation by 𝜋𝜋/2. Thus both signals
are S-polarised with respect to the high-density transmission grating of the spectrometer,
ensuring a transmission efficiency >90%. A tunable-angle band-pass filter is inserted before
the grating to suppress the probe, which almost perfectly co-propagates with the CRS
signal for the nearly phase-matched geometry and shallow crossing angle employed. The
two signals are imaged 1:1 onto two regions of the sCMOS detector, each 100 pxl (height) x
2048 pxl (width), by a 400 mm imaging lens. The imaging properties of the spectrometer
are quantified by inserting a knife-edge at the location of the probe volume, which is thus
relay-imaged onto the imaging plane of the telescope. Placing the detector at this plane the
LSF of the image is measured to be ∼40 𝜇𝜇m. Figure 5.3 illustrates the simultaneous single-

Figure 5.3: Single-shot fs/ps CARS imaging in the pure-rotational region of the Raman spectrum, with simultaneous
detection of the resonant and NR CARS signals. The measurements are performed across a laminar premixed
CH4/air flame front (𝜙𝜙=0.95). The resonant CARS signal in "Channel 1" shows the effect of the temperature and
composition gradient across the flame front. In the lower portion of the image the low-temperature spectra of N2
and O2 are visible. Progressing in the reaction zone, O2 is consumed and the heat released in the reaction results
in the spread of the rotational Boltzmann distribution to higher rotational energy states. “Channel 2” indicates
the detection channel for the broadband NR CARS signal. Figure reproduced from Mazza et al. [28].

shot detection of the resonant and NR CRS signals generated across a laminar premixed
CH4/air flame front. The NR CRS spectra recorded in Channel 2 provides the in situ spectral
reference to normalise the resonant CARS spectra in Channel 1.

The ability of this spectrometer to discriminate the polarisation of the detected signals
is extensively employed throughout the present research to: (i) implement the in situ
referencing protocol in Papers II and III; (ii) identify the nature of additional non-linear
optical processes in Papers VI and VII [148]; (iii) implement a novel time-resolved CRS-
based detection technique for H2O in Paper VIII. The first application is discussed in detail
through the rest of the present chapter.
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5.2 Coherent Raman imaging thermometry with in
situ referencing

The use of the in situ referencing protocol is first demonstrated in Paper II by performing
pure-rotational O2-N2 fs/ps CARS imaging thermometry across a laminar premixed CH4/air
flame front. An example of the single-shot detection of the resonant and NR CARS spectra,
recorded simultaneously in the pure-rotational region up to 500 cm-1, is shown in Figure 5.3.
The change in the local temperature and composition of the medium is evident along the
measurement line, which is placed orthogonal to the flame front. In the reactant mixture
the spectra present the signatures of both O2 and N2, and only the lowest rotational energy
states are populated according to Boltzmann statistics. Progressing across the chemical
reaction layer, the temperature increases significantly while O2 is consumed, such that
for 𝑥𝑥 ⪆0.3 mm only the pure-rotational spectrum of N2 is clearly identified, and higher
rotational states become populated. The effect of the temperature change is also evident in
the reducing intensity of both the resonant and NR CARS signals along the measurement
line, in agreement with the quadratic scaling of the CRS signal intensity with the number
density of the molecular scatterers. In order to establish the location of the reaction zone
along the measurement line, conventional pure-rotational fs/ps CARS is performed on the
spectra acquired at a probe delay of ∼27 ps. At this delay there is no significant overlap
between the pump/Stokes and probe laser pulses, so that the NR CRS signal is time-gated,
and the ex situ referencing protocol is adopted, normalising the resonant CARS spectra
by the NR CARS spectrum acquired in Ar. The resulting temperature and relative O2/N2
concentration, measured across the laminar flame front, are shown in Figure 5.4.

Figure 5.4: Flame front tracking via single-shot fs/ps CRS imaging. (a) Temperature profile measured by pure-
rotational O2-N2 CARS over the ∼1.3 mm FOV. The temperature profile is tracked over 300 single-shot frames
acquired at ∼91 Hz: clear oscillations in the flame front at ∼13 Hz (as also reported in Ref. [125]) are visible. (b)
Relative O2/N2 concentrations measured over the FOV. (c) Conditional mapping of the flame front, by measuring
the temperature at a fixed distance from the flame front location, defined as the inflection point in the temperature
profile (at ∼1200 K).

As expected, the local temperature and O2 concentration show a strong inverse cor-
relation: the temperature increases across the reaction zone of the flame, due to the heat
release of the combustion reaction, where O2 is consumed. The opposite trend of the tem-
perature and concentration gradients is confirmed through the whole temporal sequence
in Figure 5.4(a) and (b), consisting of 300 single-shot frames acquired at ∼91 Hz. This
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acquisition rate is sufficient to resolve the ∼13 Hz oscillations in the flame platform, also
observed in Ref. [125] and attributed to buoyancy-driven fluctuations in the combustion
flow. In order to assess the thermometric precision of the fs/ps CARS instrument, and
compare the performance of the two referencing protocols, the temperature is measured
conditional to the position of the flame front at each single-shot frame. The latter is defined
as the location of the inflection point of the temperature profile (at 𝑇𝑇 = 1192 K) across the
one-dimensional laminar premixed CH4/air flame (𝜙𝜙 = 0.95), as predicted by the CHEM1D
code [149]. This location is tracked over the acquisition time as illustrated by the dashed
line in Figure 5.4(c). Paper II reports the temperature statistics at a distance of ∼390 𝜇𝜇m
from the flame front, represented by the solid line in Figure 5.4(c). The average temperature
measured of this location is 1843 K, resulting in an accuracy of -1.5%, assuming a true
temperature of 1870 K according to the numerical simulation. Adopting this conditional
approach the thermometric precision is estimated to be 1.2%, almost three times better
than the 3.1% standard deviation of the temperature statistics collected at the fixed location
along the measurement line (at 𝑥𝑥 = 0.82 mm). This fact points to the precision of the
fs/ps CRS instrument being fundamentally limited by the physical oscillations in the flame
employed for its calibration.

Adopting a probe delay of ∼3 ps the resonant and NR CARS spectra are concurrently
generated and recorded, so that both the conventional ex situ and the in situ referencing
protocols can be adopted, to compare their impact on fs/ps CARS thermometry. The
ex situ NR CARS spectra, acquired in room-temperature Ar sequentially to the flame
experiment, are shown in Figure 5.5(a), while the NR spectra acquired in situ are presented
in Figure 5.5(b). Note that in this case the NR CARS spectrum at each location along the
FOV is normalised to its maximum value, so that the effect of the temperature gradient
observed in Figure 5.3 is not visible in Figure 5.5(b). The NR CARS spectra acquired ex- and

Figure 5.5: Ex situ and in situ measurement of the spectral excitation profile for pure-rotational fs/ps CARS
imaging. (a) NR CARS spectrum measured in room-temperature Ar (ex situ) over the ∼1.3 mm FOV of the 1D
fs/ps CARS imaging instrument described in Ref. [125]. (b) NR CARS spectrum measured in situ concurrently to
the pure-rotational O2-N2 CARS signal across a laminar premixed CH4/air flame front. (c) Comparison of the
excitation profiles measured ex- (red) and in situ (blue) at 𝑥𝑥=0.4 mm over the FOV, in the pre-heat zone of the
flame front: the two profiles almost perfectly overlap at this location. The solid black line represents the RSTD
of the NR CARS spectra acquired in situ over the spectral range employed for pure-rotational O2-N2 CARS. (d)
Comparison of the excitation profiles measured ex- (red) and in situ (blue) in the products of the flame at location
𝑥𝑥=1 mm. The ex situ referencing protocol entails an overestimation of the temperature at this location.
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in situ have a similar envelope, but an important difference is identified when comparing
these spectra at two distinct locations along the measurement line. At location 𝑥𝑥=0.4 mm,
corresponding to the average location of the flame front as defined above, the two average
NR CARS spectra perfectly coincide. Hence, the ex situ referencing protocol does not
introduce any systematic bias in the temperature measured by pure-rotational fs/ps CARS
at this location.

In the hot product gases of the flame at location 𝑥𝑥=1 mm the average profile of the NR
CARS spectrum measured in Ar is lower than the corresponding average profile measured
in situ: the conventional referencing protocol thus introduces a systematic overestimation
of the temperature at this location. This variation of the systematic bias introduced by the
referencing protocol over the measurement line, in the flame experiment, is explained in
Paper II by the gradient of the effective refractive index across the flame front. This entails
a difference in the GDD imparted over different portions of the fs pump/Stokes beam as
it propagates through the flame. The relatively cold gas-phase medium in the reactants
and pre-heat zone of the flame introduces a larger temporal chirp than the more rarefied
hot product gases do, so that the effective excitation bandwidth varies across the flame
front. This behaviour of course cannot be rendered by the NR CARS signal acquired in the
homogeneous environment of the room-temperature Ar flow, whose refractive index is
almost identical to that of room-temperature air (at 800 nm, 𝑛𝑛=1.00027 for Ar [150] and
𝑛𝑛=1.00028 for dry air [151], both at standard pressure and temperature).

An undetected leakage of the NR CARS signal into the resonant detection channel of
the coherent imaging spectrometer –possibly due to the imperfect separation of the two
polarisation components by the thin-film polariser–, results in the contamination of the
resonant spectra acquired at ∼3 ps in the flame experiment of Paper II. This skews the
spectral envelope and results in a significant underestimation of the local temperature 390
𝜇𝜇m from the flame front, independently of the spectral referencing protocol employed.
The ex situ referencing yields 1696±11 K, while the in situ protocol results in 1674±18
K. Nevertheless, the leakage only affects the resonant CARS signal, so that a meaningful
comparison between the two protocols can still be drawn. The observed change in the
effective excitation bandwidth over the measurement line, as mapped by the in situ NR
CARS signal, results in a systematic bias of varying magnitude being introduced by the
ex situ referencing protocol. As observed in Figure 5.5(c), at the flame front the excitation
bandwidth is correctly mapped by either NR CARS spectrum so the the specific referencing
protocol does not affect the resulting measurement. This is confirmed by fs/ps CARS
thermometry resulting in 1210±18 K adopting the ex situ referencing protocol, and 1207±19
K with the in situ one. In the flame products, ∼390 𝜇𝜇m from the flame front location,
the reduced GVD of the optical medium, and consequently larger effective excitation
bandwidth, can only be accounted for by the in situ protocol. The conventional referencing
protocol results in a temperature overestimation of 22 K, corresponding to a systematic
uncertainty of ∼1.3%.

These results show that the spectral referencing protocol can have an important impact
on the accuracy of pure-rotational fs/ps CRS thermometry in combustion environments,
in particular when short fs laser pulses (<50 fs) are employed to impulsively excite the
rotational Raman coherence. The introductory chapter of the present text discussed the
importance of developing high-fidelity metrology for scalar determination in chemically
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reacting flow. In particular, the need for accurate thermometry measurements in high-
temperature combustion processes is argued in view of the significant impact that even a
∼1% uncertainty in the measured temperature can have in the prediction of the chemical
pathways and the formation of pollutant species. The results in Paper II therefore point
to the need of adopting the in situ referencing protocol in the pursuit of exact CARS
thermometry, consistently improving its accuracy below the limit of 1%.

5.3 Ultrabroadband fs/ps CRSwith in situ referenc-
ing of the spectral excitation

In Paper III the in situ referencing protocol is applied to ultrabroadband fs/ps CRS with in
situ filamentation to perform accurate pure-rotational H2 CRS thermometry behind the
thick optical window discussed in the previous chapter.

The impact of the spectral referencing protocol on the accuracy of ultrabroadband fs/ps
CRS is expected to be more significant than the one assessed in Paper II for pure-rotational
N2-O2 CRS. As a matter of fact, the shorter the temporal duration of a fs laser pulse, the
larger its sensitivity to the GVD of the optical medium it propagates through, as pointed
out in Section 3.2. The ex situ referencing protocol therefore introduces a larger bias to
pure-rotational H2 CRS thermometry employing the 17 fs output of the filament as the
ultrabroadband pump/Stokes pulse. This is be even more relevant as the pulse compression
is achieved in situ via fs laser-induced filamentation. Section 4.1.3 presents experimental
evidence of the impact of the boundary conditions to the filamentation process on the
pulse self-compression.

Both the local composition of the gas-phase medium and its temperature are found
to significantly affect the bandwidth of the compressed supercontinuum generated via
in situ filamentation in Figures 4.12 and 4.13. The introduction of the in situ referencing
protocol can also significantly improve the single-shot reproducibility of ultrabroadband
fs/ps CRS measurements, if the supercontinuum light source employed has poor spectral
stability. For example, Bohlin and Kliewer attributed the large uncertainty in the single-shot
determination of the relative concentrations of CH4 and H2 (estimated to be 13% and 4%,
respectively) to the shot-to-shot spectral fluctuations of the supercontinuum generated in
a hollow-core fiber [24].

The pure-rotational H2 spectrum is chosen in Paper III as the perfect case to demonstrate
the combination of the in situ referencing protocol with the in situ generation/in situ use of
the compressed supercontinuum, to realise accurate ultrabroadband fs/ps CRS thermometry
behind the optical window. Pure-rotational Raman spectra are completely depolarised,
such that the same polarisation settings employed in Paper II can be used in the application
of the in situ referencing protocol to H2. Furthermore, the pure-rotational spectrum of
H2 spans >1500 cm-1 at high temperature, such that CRS thermometry on this species is
particularly sensitive to the spectral referencing protocol employed. The details of this
experiment are discussed in Section 5.3.1.

Following work provides experimental confirmation of the possibility of extending the
polarisation-based in situ referencing protocol to any depolarised Raman transition, besides
pure-rotational ones. Section 5.3.2 discusses the application of the in situ referencing
protocol to the ro-vibrational Raman spectrum associated to the 𝜈𝜈2 mode of CH4, which
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appears in the vibrational fingerprint region in close proximity to the ro-vibrational spectra
of O2 and CO2.

5.3.1 In situ referencing of the pure-rotational H2 CRS spec-
trum

In order to implement the in situ referencing protocol for ultrabroadband fs/ps CRS some
modifications are introduced to the polarisation-sensitive coherent imaging spectrometer
described above, as shown in Figure 5.6.

Figure 5.6: Schematic of the ultrabroadband polarisation-sensitive coherent imaging spectrometer. A Glan-laser
polariser (GL) is employed to separate the cross-polarised resonant and NR CRS signals, while a Fresnel rhomb
(FR) rotates the polarisation of the ultrabroadband NR CRS signal so as to maximise the diffraction efficiency of
the transmission grating (TG). A thin-film polariser (P) ensures the linearity of the polarisation state for the fs
pulse prior filamentation. A 22 mm BK7 optical window (OW) is mounted on the fs beam path, ∼20 cm after the
500 mm focusing lens. SL, spherical lens; 𝜆𝜆/2, half-wave plate; M, mirror; TF, tunable band-pass filter; BS, beam
stop. Signal polarisation: ↕, in-plane polarisation; ⊙, out-of-plane polarisation. Figure reproduced from Mazza et
al. [27]. Inset: orientation of the filament propagation with respect to the laminar H2/air diffusion flame front.

Since the ultrabroadband CSRS signal acquired over the spectral region ∼300-1500 cm-1

spans over ∼24.5 nm, a single broadband Fresnel rhomb is used to turn the polarisation in
the NR CSRS detection channel of the spectrometer to maximise the diffraction efficiency of
the transmission grating. The polarisation angles of the linearly-polarised pump/Stokes and
probe pulses are set so as to satisfy the polarisation-separation condition in Equation (D.14),
and to generate the resonant signal in transmission through the Glan-laser polariser
employed as the polarisation gate in the spectrometer. A thin film polariser mounted on
the pump/Stokes beam path is used to both attenuate the pulse energy –to characterise
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the effect of its temporal chirp, as discussed in the previous sections– and to ensure the
linearity of the pump/Stokes polarisation. This is critical to the successful combination of
the polarisation-based in situ referencing protocol and the supercontinuum generation via
in situ filamentation, as it is known that the combination of electronic Kerr non-linearity,
electron plasma and molecular alignment in the filament result in an ultrafast rotation of
the polarisation ellipse during the filamentation of elliptically-polarised fs pulses [152].
Linearly-polarised fs pulses, on the other hand, have been experimentally demonstrated to
maintain their polarisation state during the filamentation process as well as in the post-
filament propagation. By minimising the polarisation ellipticity of the pump/Stokes pulse
before the focusing lens, the polarisation theory outlined in Appendix D is successfully
applied to generate cross-polarised ultrabroadband resonant and NR CSRS signals. A
fast-focusing lens (f:=100 mm) is used to image the signals onto the sCMOS detector with a
dispersion of 0.93 cm-1/pixel and an overall detection band of 1900 cm-1, ultimately limited
to 1200 cm-1 by the band-pass filter. The supercontinuum output by the filament and the
probe beam are crossed at a ∼3° angle approximately 2 mm after the end of the filament,
so that, according to the procedure and results presented in Section 4.1.1 the probe volume
dimensions are estimated to be: ∼20 𝜇𝜇m (height, FWHM) x ∼2.5 mm (length, FWHM) x
∼20 𝜇𝜇m (width, FWHM).

Figure 5.7(a) shows the ultrabroadband NR CSRS spectra (black line, average of 1200
single-shot spectra) acquired at 17 measurement location across a laminar H2/air diffusion
flame front. The probe volume is placed ∼0.5 mm above rim of a Bunsen burner (the details
of this experiment are discussed in Section 6.1.2), and moved radially from the centre
of the burner at location 𝑦𝑦=0 mm to up to 𝑦𝑦=8 mm, corresponding to the last location
in the flame front where the H2 CSRS signal is acquired with sufficient SNR to perform
thermometry. These in situ spectral references are compared with the NR CSRS spectrum

Figure 5.7: Ultrabroadband fs/ps CSRS across the H2/air flame front. (a) 1200 shot-averaged ultrabroadband
NR CSRS spectra acquired in situ (black lines) over 17 locations from the centre of the burner (𝑦𝑦=0 mm) to the
flame front (𝑦𝑦=8 mm), and ex situ in room-temperature Ar (red line). (b) Single-shot ultrabroadband H2 CSRS
spectra acquired from the centre of the burner to the flame front. Up to six pure-rotational lines are detected
simultaneously over the 300-1500 cm-1 spectral range. Figure reproduced from Mazza et al. [27].

acquired in a room-temperature argon flow (red line), revealing a dramatic difference in
the spectral excitation bandwidth as measured ex situ and the effective bandwidth available
in the combustion environment. This confirmed the observations in Section 4.1.3: the
pulse compression via in situ filamentation has a strong dependence on the local boundary
conditions, i.e. chemical composition and temperature of the gas-phase medium, to the
filamentation process itself. This fact is also highlighted by the progressive decrease of
the excitation bandwidth in the progression from the centre of the burner towards the
high-temperature reaction zone of the flame front. The change in the spectral excitation
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bandwidth is quantified by the application of the time-domain NR CRS model discussed in
the previous chapter, to measure the pulse compression at the different flame locations. At
the centre of the burner the pulse self-compression leads to an average pulse duration of 26 fs
with a residual positive chirp quantified to∼100 fs2, while moving to the higher temperature
region in the flame front the compression is reduced to 30 fs with a ∼100 fs2 GDD. The pulse
compression is thus significantly lower in the flame than in the room-temperature Ar flow,
and it reduces moving towards the flame front because of the three-dimensional curvature
of the flame. At location 𝑦𝑦=0mm the filament crosses the flame front almost perpendicularly.
On the contrary, over the burner rim (𝑦𝑦=9.5 mm) the filament is parallel to the flame front
and propagates for a larger distance inside the high-temperature reaction zone, where
the reduced effective refractive index negatively impacts the self-phase modulation and
photo-ionisation processes.

Figure 5.8: Impact of the referencing protocol on pure-rotational H2 CRS thermometry. (a) Single-shot ultrabroad-
band H2 CSRS spectrum acquired in the flame at location 𝑦𝑦=6 mm, normalised by the NR CRS signal acquired in
argon (ex situ). The spectrum is fitted to the time-domain CSRS code to measure the local temperature to 𝑇𝑇=726
K. (b) The same spectrum is normalised by the NR CRS signal simultaneously acquired in the flame (in situ), and
fitted to measure 𝑇𝑇=1071 K. Figure reproduced from Mazza et al. [27].

Figure 5.8 provides a direct comparison between the ex situ and in situ referencing
protocols applied to a single-shot pure-rotational H2 CSRS spectrum acquired at location
𝑦𝑦=6 mm. The significant difference between the pulse compression realised by fs laser-
induced filamentation in Ar (ex situ) –resulting in a 17 fs compressed supercontinuum– and
in the flame is reflected dramatically on the normalised resonant spectra in Figure 5.8. The
use of the conventional ex situ referencing protocol thus results in a largely skewed spectrum
as shown by the large misfit to the time-domain model (dotted blue line), in Figure 5.8(a).
The experimental spectrum is severely distorted upon the ex situ referencing such that its
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envelope does not correctly represent the pure-rotational Boltzmann distribution of the H2
molecules in the probed volume. On the other hand, when employing the correct excitation
profile, as mapped by the in situ NR CSRS spectrum, a more meaningful comparison to
the model is possible. This is particularly evident in the good agreement shown by the
experimental and synthetic spectra in Figure 5.8(b), in correspondence of lines O(2) and
O(7), which are in contrast completely skewed in Figure 5.8(a). As shown in the figure, the
conventional ex situ referencing protocol introduces a massive systematic bias of ∼350 K
(32%), as compared to the temperature measured by pure-rotational N2 CARS, rendering
the pure-rotational H2 CRS thermometry an all but useless tool for combustion diagnostics.
On the contrary, by adopting the in situ referencing protocol the temperature estimates by
pure-rotational H2 CSRS and pure-rotational N2 CARS agree within 0.35% over the 1200
single-shot spectra acquired at this location in the flame. A detailed characterisation of the
precision and accuracy of pure-rotational H2 CSRS is given in Section 6.1.2.

The results of Paper III demonstrate the possibility of performing accurate ultrabroad-
band fs/ps CRS measurements behind thick optical windows, by combining the in situ
generation/in situ use of the compressed supercontinuum, via fs laser-induced filamenta-
tion, with the in situ referencing protocol. The application of this protocol is also proposed
to significantly improve relative (and possible absolute) concentration measurements via
ultrabroadband fs/ps CRS. The accurate measurement of the effective spectral excitation
efficiency of the different Raman modes, paired with a reliable knowledge of the Raman
cross-section of the different molecules, would allow for determining the concentrations of
all the Raman-active species present in the probed volume.

5.3.2 In situ referencing of the ro-vibrational CH4 𝜈𝜈2 CRS
spectrum

The practical implementation of the in situ referencing protocol –setting the linear po-
larisation of the input laser fields so as to generate cross-polarised resonant and NR CRS
signals– depends on the depolarisation ratio of the Raman spectrum of interest. Accord-
ing to Equation (D.14) for a completely-depolarised Raman transition (i.e. 𝜌𝜌=3/4) the
polarisation-separation condition is satisfied by employing a probe polarisation angle of
∼67.5°. The same condition thus apply to all pure-rotational Raman spectra, independently
of the chemical species, but also to the completely-depolarised ro-vibrational bands of more
complex polyatomic molecules. One such example is the ro-vibrational Raman spectrum
of the 𝜈𝜈2 mode of CH4 [153].

Figure 5.9 presents the first demonstration of the cross-polarised CH4 𝜈𝜈2 and NR CSRS
signals generated in a room-temperature CH4 flow, simultaneously recorded in the two
detection channels of the polarisation-sensitive coherent imaging spectrometer described
in the previous paragraph. A sample of 2000 single-shot NR CSRS spectra is recorded in
room-temperature Ar to provide the ex situ spectral referencing profile. Since these have
no correlation to the resonant CH4 𝜈𝜈2 CSRS spectra, the ex situ NR spectra are averaged to
obtain the smooth referencing profile (dashed red line) in Figure 5.9(a). On the other hand,
this profile carries no information on shot-to-shot fluctuations in the pulse compression
via in situ filamentation (shaded blue area).

The different spectral excitation profiles mapped by the NR CSRS spectra acquired
ex situ in Ar and in situ in CH4 highlight the effect of the gas composition on the pulse
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Figure 5.9: Application of the in situ referencing protocol to the CH4 𝜈𝜈2 CRS spectrum. (a) NR CSRS spectra
acquired in the vibrational fingerprint region∼1500-1800 cm-1 in room-temperature Ar (ex situ) and simultaneously
to the resonant CSRS signal in CH4 (in situ). A sample of 2000 single-shot NR CSRS spectra is acquired in Ar
and averaged to obtain a smooth excitation profile (dashed red line). The solid blue line represents the sample
average of the NR CSRS spectra acquired in situ, while the shaded area quantifies the shot-to-shot fluctuation of
the excitation provided by in situ filamentation in the CH4 flow. (b) CH4 𝜈𝜈2 CSRS spectra normalised, according
to the in situ protocol, by the NR CSRS signal acquired simultaneously in CH4.

compression via in situ filamentation. As expected, considering the larger electronic
third-order susceptibility of CH4 compared to Ar, in situ filamentation in the former led
to a larger pulse compressor. In addition, the NR CSRS spectra measured in situ show
a non-monotonic behaviour: this difference is observed consistently when performing
experiments on in situ filamentation in Ar and CH4, over different spectral regions at
different pulse energy. Figure 5.9(b) shows a high-resolution ro-vibrational CH4 𝜈𝜈2 CSRS
spectrum acquired simultaneously to the NR CSRS spectrum in the region ∼1500-1800
cm-1. The solid line represents the average over the sample of 2000 single-shot spectra,
while the shaded area represents shot-to-shot fluctuations in the spectral envelope. The
stability of the pulse compression via in situ filamentation is confirmed by comparing the
fluctuations in the resonant CRS spectra upon application of the ex and in situ referencing,
with no significant change between the two.

These experimental results confirm that the in situ referencing protocol can be ef-
fectively applied to the depolarised 𝜈𝜈2 mode spectrum of CH4, and could be employed
to perform accurate concentration measurements, e.g. in CH4 pyrolysis reactors for H2
production. This technique could also be employed for the in situ investigation of more
complex molecules, whose polarisability tensor associated to some of the least-symmetric
vibrational modes typically results in completely-depolarised ro-vibrational Raman spectra,
as depolarisation ratios in Raman scattering are determined by symmetry properties [39].
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This is the case, for instance, of heavier hydrocarbons such as C2H4, C2H6 and dyme-
thil ether [154], as well as of other chemical compounds of interest for combustion and
atmospheric science, such as water vapour [155] and sulfur hexafluoride (SF6) [156].
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6
Ultrabroadband fs/ps CRS in

the fingerprint region

The present chapter discusses the development of time-domain fs/ps CRS models for simulating
the Raman spectra of the major combustion species investigated in the vibrational fingerprint
region: H2, O2, CO2 and CH4. The use of these models to perform high-fidelity fs/ps CRS
thermometry on each of these species is demonstrated in a set of laboratory flames. The
validation experiments are detailed and the results summarised.

Part of the results discussed in this chapter have been published in Papers I, III and IV.

ULTRABROADBAND FS/PS CRS 
IN THE FINGERPRINT REGION

The present chapter discusses the development of time-domain fs/ps CRS 
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T he results presented in Papers I and III demonstrate the possibility of employing in situ
filamentation as the compressed supercontinuum generation mechanism to perform

fs/ps CRS in enclosed combustion environments.

The last step in the development of ultrabroadband fs/ps CRS with in situ filamentation
as a robust diagnostic technique for quantitative measurements in chemically reacting flow
is to address the time-domain modelling of the fs/ps CRS spectra. Quantitative fs/ps CRS
requires the availability of reliable spectroscopic models as a means of comparison for
the experimental data. The work in Papers II and V makes use of well-established models
for the pure-rotational fs/ps CRS spectra of N2 and O2 [82, 83]: these are validated in Pa-
per V by performing pure-rotational N2-O2 CARS thermometry and relative concentration
measurements across a laminar premixed CH4/air flame.

In parallel to the experimental developments discussed in Chapters 4 and 5, the research
published in Papers I, III and IV focuses on the extension of said models to the Raman
spectra of some major combustion species in the vibrational fingerprint region. This
spectral region is of particular interest for the application of ultrabroadband fs/ps CRS
in chemically reactive flows, as it offers a window to investigate gas-phase processes,
identifying a large number of relevant species with high chemical specificity. The present
research focuses on four major combustion species: H2, O2, CO2, and CH4.

The combination of in situ filamentation with the in situ referencing protocol, to achieve
accurate pure-rotational H2 CRS thermometry behind the thick optical window, is discussed
in the previous chapter. The impact of the spectral referencing protocol is assessed by
fitting the experimental data, acquired in a laminar H2/air diffusion flame, to a time-domain
fs/ps CRS model. The model is described in Section 6.1.1, while the validation experiment
and the results are detailed in Section 6.1.2.

The application of ultrabroadband fs/ps CRS to perform simultaneous ro-vibrational
O2 and CO2 CSRS thermometry is demonstrated, in Paper I, in a laminar premixed CH4/air
flame. Section 6.2 details the time-domain ro-vibrational O2 fs/ps CRS model, and discusses
its validation for flame thermometry.

While the development of such a model for O2 is a straightforward extension of the well-
established model for ro-vibrational N2 fs/ps CRS (see e.g. Ref. [157, 158]), the application
of the modelling approach discussed in Section 2.3.2 to more complex polyatomic molecules
is still largely an open research question. The number of vibrational modes of a molecule
grow with the number of its atomic nuclei, so that the accurate modelling of the Raman
spectra for even relatively simple polyatomic molecules (such as CO2 and CH4) requires
the availability of detailed spectroscopic databases. The development of a time-domain
model for the ro-vibrational fs/ps CRS spectrum of CO2 is discussed in Section 6.3.2: the
model included up to 180 vibrational bands, and is validated at temperatures as high as
2200 K in Paper I.

Finally, Section 6.4 deals with the time-domain fs/ps CRS model developed for the 𝜈𝜈2
mode of CH4: this model includes more than ten million spectral line and, to the best of
the author’s knowledge, it the first of its kind to include such a large number of Raman
transitions.
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6.1 Pure-rotational fs/ps CRS on H2
The simplest molecule investigated, within the context of the present doctoral research, by
means of ultrabroadband fs/ps CRS, is the simplest diatomic molecule H2. As highlighted in
multiple occasions through the present text, the exceptionally large rotational constant of
H2 results in its pure-rotational spectrum extending way beyond the pure-rotational region
of the Raman spectrum and into the vibrational fingerprint region. This also entails that
only few rotational states are significantly populated even at relatively high temperatures
and the pure-rotational H2 spectrum thus shows a strong temperature sensitivity. In
addition, the dynamic range of the detector can also limit the number of rotational lines
simultaneously detected, as the intensities of adjacent even and odd lines differ by about
one order of magnitude in the H2 CRS spectrum, as seen in Figure 4.15.

Chapter 4 presents the first demonstration of pure-rotational H2 fs/ps CSRS behind a
thick optical window via in situ filamentation. The application of the in situ referencing
protocol for the concurrent measurement of the ultrabroadband excitation bandwidth pro-
vided by the compressed supercontinuum output by the filament is discussed in Chapter 5.
The present section addresses the validation of pure-rotational H2 fs/ps CRS thermometry
with in situ generation/in situ use and in situ referencing of the ultrabroadband excitation.
Section 6.1.1 presents the time-domain model employed to simulate the pure-rotational
H2 fs/ps CSRS spectrum as a function of temperature. The validation of this model is
performed in a laminar H2/air flame and the performance of pure-rotational H2 fs/ps CRS
thermometry, in terms of its precision and accuracy, is assessed in the comparison with
conventional pure-rotational N2 fs/ps CARS thermometry. This validation experiment and
its results are discussed in Section 6.1.2.

6.1.1 Time-domain model for pure-rotational H2 CRS
The time-domain model employed to simulate the pure-rotational H2 fs/ps CSRS spectrum
in Paper III is a straightforward implementation of the theory summarised in Section 2.3.2.
H2 is the simplest diatomic molecule and, as such, its pure-rotational Raman spectrum
is computed in the time domain along the very same lines of the pure-rotational N2
CRS model in Paper V. The main differences between these two species concern their
pure-rotational Raman frequencies and the molecule-specific parameters introduced in
Appendix C to compute: (i) the anisotropic polarisability of the molecule 𝛾𝛾2, (ii) the
Placzek-Teller coefficient for the pure-rotational O-branch transitions 𝑏𝑏O-branch, (iii) the
Herman-Wallis factor 𝐹𝐹𝛾𝛾 , and (iv) the nuclear spin degeneracy 𝑔𝑔𝑠𝑠 .

Because of the small mass of its nuclei, not only does the H2 molecule have a sparse
rotational energy manifold, but the exact frequencies associated to the different rotational
levels strongly depend on the higher-order correction terms introduced in Equations (2.11)
and (2.12). In Paper III, these frequencies are taken from Komasa et al. who calculated the
ro-vibrational levels of H2 and D2 with extremely high accuracy, including even relativistic
and quantum electrodynamics corrections, to compare with experimental measurements
by precision spectroscopy [159].

The polarisability anisotropy 𝛾𝛾2 defined in Equation (C.12) quantifies the coupling
between the electrons and the nuclei in the rotational motion of the diatomic molecule
considered, and is responsible for stimulated Raman interaction between the molecule and
the input pump and Stokes fields according to Equation (2.28). Assuming the polarisability
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anisotropy of H2 to be independent of the vibrational (𝑣𝑣) and total angular momentum
quantum (𝐽𝐽 ) numbers, 𝛾𝛾2 becomes a simple scaling factor in Equation (C.11), which could be
ignored in the simulation of the pure-rotational H2 CSRS spectrum. On the other hand, the
time-domain model in Paper III is also employed to measure the relative H2/N2 concentra-
tions in a laminar H2/air diffusion flame, as discussed in the next chapter. The simultaneous
modelling of the pure-rotational H2 and N2 CSRS spectra requires the introduction of the
specific value of 𝛾𝛾2 for the two species under consideration: these are taken from Ref. [160].

The Placzek-Teller coefficient in Equation (C.11) quantifies the coupling probability of
the angular momenta between the initial and final ro-vibrational states of the Raman tran-
sition considered, i.e. the probability of a molecule to change its total angular momentum
from initial state 𝐽𝐽𝑖𝑖 to the final 𝐽𝐽𝑓𝑓 through the resonant (combined) interaction with the
pump and Stokes fields. In the case of a simple linear rotors (see Appendix B) and linearly
polarised laser fields, the Placzek-Teller coefficient for an O-branch transition is computed
according to the algebraic formula:

𝑏𝑏O-branch(𝐽𝐽 ) =
3𝐽𝐽 (𝐽𝐽 −1)

2(2𝐽𝐽 +1)(2𝐽𝐽 −1)
(6.1)

The strong coupling between the rotational and vibrational motions of the lightweight
H2 molecule affects the Raman cross section of the molecule, and hence the strength of the
pure-rotational Raman lines, as much as their position. This has been demonstrated to have
a significant impact on CRS thermometry performed on the Q-branch of the ro-vibrational
H2 Raman spectrum [161]. The rotational-vibrational coupling is introduced in the pure-
rotational Raman cross-section of Equation (C.11) by the (anisotropic) Herman-Wallis
factor 𝐹𝐹𝛾𝛾 , which is computed in Paper III according to the formula given by Tipping and
Ogilvie [162]:

𝐹𝐹𝛾𝛾 (𝐽𝐽 ) = [1+
𝜂𝜂2

𝜒𝜒 (𝐽𝐽 2 +3𝐽𝐽 +3)]
2

(6.2)

Where 𝜂𝜂=2𝐵𝐵e/𝜔𝜔e is the ratio between the equilibrium values of the rotational (𝐵𝐵e=60.8
cm-1 [163]) and vibrational (𝜔𝜔e=4401 cm-1 [163]) constants. 𝜒𝜒 is here the ratio between the
first two terms in the Taylor expansion of the polarisability anisotropy as a function of the
internuclear distance (𝜒𝜒=0.38 [160]).

The significant difference observed in the intensity of even and odd lines in the pure-
rotational H2 CSRS spectrum in Figure 4.15 is a consequence of the nuclear spin degeneracy
of the molecule, as illustrated in Appendix B for the case of N2. In the case of H2, the 1H
nuclei are protons with nuclear spin 𝑖𝑖=1/2 so that they have a combined nuclear spin wave
function corresponding to the singlet state (para-hydrogen, 𝐼𝐼=0 and 𝑀𝑀𝐼𝐼=0)

|𝐼𝐼 𝐼𝑀𝑀𝐼𝐼 ⟩ = |0𝐼0⟩ =
1
2(

|↑↓⟩− |↓↑⟩) (6.3)

or to the triplet state (ortho-hydrogen, 𝐼𝐼=1 and 𝑀𝑀𝐼𝐼=0, ±1)

|𝐼𝐼 𝐼𝑀𝑀𝐼𝐼 ⟩ =

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

|1𝐼1⟩ = |↑↑⟩
|1𝐼0⟩ = 1

2(|↑↑⟩+ |↓↓⟩)
|1𝐼−1⟩ = |↓↓⟩

(6.4)
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Multiplying the wave functions in Equations (6.3) and (6.4) by the rotational wave function
and applying the exclusion principle, the nuclear spin degeneracy factor, 𝑔𝑔s in Equation (B.1),
for the H2 molecule is:

𝑔𝑔s = 1 𝐽𝐽 even
𝑔𝑔s = 3 𝐽𝐽 odd

(6.5)

which explains the 1:9 ratio between even and odd lines in the pure-rotational H2 spectra
in Figure 4.15. The nuclear spin degeneracy factor in Equation (6.5) is thus introduced in
Equation (2.13) to compute the rotational Boltzmann population of H2 for temperature
ranging from 200 K to 2000 K, in steps of 10 K.

It should be mentioned that the pure-rotational H2 CSRS code in Paper III does not
include any model for the collisional linewidths. This is justified by the fact that the
validation experiment are performed in an atmospheric flame, and the probe pulse delay
is <10 ps to simultaneously generate the resonant and NR CSRS spectra: the fs/ps CRS
measurements are thus effectively collisional-independent.

6.1.2 Validation of pure-rotationalH2 CRS thermometrywith
in situ referencing

In Paper III, pure-rotational H2 CSRS thermometry with in situ referencing of the ultra-
broadband spectral excitation efficiency is validated in a laminar H2/air diffusion flame,
behind the 22 mm-thick optical window. The flame is provided on a Bunsen burner, con-
sisting of a ∼60 cm-long seamless stainless steel pipe of ∼19 mm inner diameter, tapered
to the outlet section to reduce the heat losses due to heat conduction to the bulk metal.
Contrary to the flame experiments in Papers I and II (described in Section 4.1.1), the flame
employed to validate pure-rotational H2 CSRS in Paper III is a diffusion flame, produced
by a laminar fuel flow of 2 SLPM mixing with ambient air (oxidiser flow) to produce a
combustible mixture. The fuel flow consists of 50% H2 and 50% N2: the two flows are
independently regulated by digital flow controllers (Bronkhorst) and mixed before entering
the burner pipe. Seeding the flow with N2 makes it possible to perform pure-rotational N2
CARS thermometry across the whole flame front as shown in Figure 6.1(a), and validate
the pure-rotational H2 CSRS code.

Spatially-resolved fs/ps CRS measurements are performed at 25 radial locations across
the flame front –from the centre of the fuel stream at location 𝑦𝑦=0 mm, to the oxidiser
stream ∼3 mm beyond the burner rim (𝑦𝑦=12.5 mm)–, approximately 0.5 mm above the
burner rim. A steel mesh is placed ∼15 mm above the burner to stabilize the flame. At each
radial location a sample of 1200 single-shot frames, consisting of both the pure-rotational
H2 and the NR CSRS signals are recorded, as shown in Figure 5.7. Up to six rotational
lines of the pure-rotational Raman spectrum of H2 –from O(2) at 354 cm-1 to O(7) at 1447
cm-1– can be detected within the spectral detection window and dynamic range of the
spectrometer. The progression in the H2 CSRS spectra from the centre of the burner
towards the reaction zone of the flame front highlights the shift in the rotational Boltzmann
distribution with the increasing temperature.

The time-domain H2 CSRS model is thus employed to fit the experimental spectra
and extract the local temperature across the flame front, as shown in Figure 6.1. The NR
CSRS spectrum acquired ex situ in Ar cannot faithfully map the effective excitation profile
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provided by the compressed supercontinuum generated via in situ filamentation. The ex
situ referencing protocol results in a significant underestimation of the temperature by
pure-rotational H2 CRS thermometry (red markers) throughout the whole flame front as
shown in Figure 6.1(a). The resulting temperature underestimation is more significant the
more the pulse compression via in situ filamentation is affected by the temperature increase
in the flame, as seen in Figure 5.7(a). The systematic bias of pure-rotational H2 fs/ps CRS
thermometry with ex situ referencing varies from −10-20% at relatively low temperature at
the centre of the burner, up to -80% at location 𝑦𝑦=7.5 and 8 mm, as shown in Figure 5.7(b).
On the other hand, when employing the in situ referencing protocol the accuracy of pure-
rotational H2 fs/ps CRS thermometry is better than 1% for most measurement locations
across the flame front.

In terms of precision, the performance of pure-rotational H2 fs/ps CRS with in situ
referencing is comparable to that of to conventional pure-rotational N2 fs/ps CRS, with
a standard deviation over the 1200 single-shot spectra in each sample estimated in the
range 1-3% for measurements up to location 𝑦𝑦=6.5 mm. At the last three measurement
locations, the reduction in the SNR due to the higher temperature and the almost complete
consumption of the H2 fuel negatively impacts the measurement precision, increasing the
standard deviation up to 9% at location 𝑦𝑦=8 mm.

Figure 6.1: Pure-rotational H2 CSRS thermometry. (a) Comparison between the temperature profile across the
laminar H2/air diffusion flame front by conventional pure-rotational N2 CARS and ultrabroadband H2 CSRS
thermometry. The conventional ex situ referencing protocol leads to a significant underestimate of the temperature.
(b) Accuracy and precision of ultrabroadband H2 CSRS thermometry, assuming conventional N2 CARS as a
reference. Figure reproduced from Mazza et al. [27].
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6.2 Ro-vibrational fs/ps CRS on O2
The second molecular species investigated in the vibrational fingerprint region by ultra-
broadband fs/ps CRS is O2.

Its large abundance in ambient air and its vibrational constant (𝜔𝜔 ≈ 1556 cm-1 [164])
being significantly smaller than that of N2 (𝜔𝜔≈ 2320 cm-1 [165]) make O2 a natural candidate
for the first application of ultrabroadband fs/ps CRS with in situ filamentation in Paper I.
Obviously O2 is also a major combustion species, being the main oxidiser in most gas-phase
combustion environments, and ro-vibrational O2 CRS thermometry at high-temperature
has been investigated in laboratory flames ([166, 167]) and applied in furnaces [168] and
spray flames [169]. The availability of an accurate O2 CRS technique for in situ thermometry
and simultaneous concentration measurements relative to other major combustion species
(see e.g. Ref. [16, 168]) is furthermore critical in oxy-fuel flames [170]. The absence of
N2 in such combustion environments requires CRS thermometry to be simultaneously
performed on two species to reconstruct the whole temperature profile across the whole
chemical reaction zone of the flame [14].

As seen in Figures 4.8 and 4.14 the the fundamental vibrational band and (at least) the
first hot band of the ro-vibrational O2 CSRS spectrum can be detected on a single-shot basis
in the hot products of a lean hydrocarbon flame. The in situ generation of the compressed
supercontinuum via fs laser-induced filamentation makes it possible to perform these
measurements behind the thick optical window. In Paper I ro-vibrational O2 fs/ps CRS
thermometry is demonstrated by comparing the experimental spectra to a time-domain
CSRS ro-vibrational O2 model, whose details are discussed in Section 6.2.1. The validation
experiments, conducted in the products of a laminar CH4/air flame for varying equivalence
ratio 𝜙𝜙=0.6-1.05, are presented in Section 6.2.2.

6.2.1 Time-domain model for ro-vibrational O2 CRS
O2 is a homonuclear diatomic molecule, whose vibrational and rotational energy manifolds
are well described by the theory laid out in Appendix A. With respect to other homonu-
clear diatomics such as H2 and N2, the description of the O2 molecules is slightly more
complicated, as its ground electronic state X 3Σ−g has two unpaired electrons [12, 171] such
that the molecule has non-zero electron spin angular momentum (𝑆𝑆=1) as introduced in
Appendix A.2. The coupling of this angular momentum component with the nuclear angu-
lar momentum (represented by the quantum number 𝑁𝑁 , see Table A.1) leads to the total
rotational eigenstates being the triplet states 𝐽𝐽=𝑁𝑁 , 𝑁𝑁 ±1. The rotational-vibrational Raman
lines are thus split by a small frequency component (∼480 MHz for pure-rotational transi-
tions), which gives rise to a slow beating of the time-domain fs/ps CRS spectrum. Courtney
and Kliewer measured this beating in the pure-rotational O2 spectrum by two-beam fs/ps
CARS, and demonstrated that it can have a significant impact on O2 CARS thermometry
for probe delays larger than 100 ps [172]. The time-domain modelling of the ro-vibrational
O2 fs/ps CSRS spectrum is simplified, in Paper I, by neglecting the electron spin-nuclear
angular momentum coupling and treating the triplet states as degenerate. This assumption
is justified by the probe delay being well below 100 ps in the validation experiments and
the O2 CSRS spectrum being dominated by the Q-branch, whose rotational line splitting is
lesser than for the O- and S-branch transitions [164].

Under this assumption, the time-domain model is a straightforward implementation
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of the theory summarised in Chapter 2. The quantised levels in the rotational-vibrational
energy manifold of O2 are computed by employing the molecular constants experimentally
determined by Rouillé and co-workers in Ref. [164]. The time-domain model includes the
fundamental (𝑣𝑣=0← 𝑣𝑣=1) and the first two vibrational hot bands (𝑣𝑣=1← 𝑣𝑣=2 and 𝑣𝑣=2← 𝑣𝑣=3),
and rotational states up to 𝑁𝑁=119 are taken into account. Equations (C.10) and (C.11) are
then employed to compute the strength of each rotational line in the ro-vibrational O-, Q,
and S-branch spectra of O2. The Placzek-Teller coefficient for the O-branch transitions is
given in Equation (6.1), the coefficients for the Q- and S-branch transitions are calculated
as:

𝑏𝑏Q-branch(𝐽𝐽 ) =
𝐽𝐽 (𝐽𝐽 +1)

(2𝐽𝐽 −1)(2𝐽𝐽 +3)

𝑏𝑏S-branch(𝐽𝐽 ) =
3(𝐽𝐽 +1)(𝐽𝐽 +2)
2(2𝐽𝐽 +1)(2𝐽𝐽 +3)

(6.6)

The isotropic and anisotropic Herman-Wallis factors (respectively, 𝐹𝐹𝛼𝛼 and 𝐹𝐹𝛾𝛾 ) as well as
the polarisability invariants (𝛼𝛼2 and 𝛾𝛾2) in Equation (C.11) are computed according to the
algebraic formulas given by Buldakov et al. [173].

Under the atmospheric conditions investigated in Paper I, the dephasing of the O2 CRS
signal is attributed to the RET in inelastic collisions between the coherently vibrating O2
molecules responsible for the coherent scattering process and other molecular perturbers
in the gas-phase medium. The collisional dephasing of each rotational line in the Q-branch
spectrum includes the effect of O2 −O2 (self-perturbing) and O2 −N2 collisions and the
corresponding dephasing rate is computed according to the sum rule:

Γ{[𝑣𝑣]𝑓𝑓 , 𝐽𝐽 }←{[𝑣𝑣]𝑖𝑖 , 𝐽𝐽 } =∑
𝑘𝑘≠𝑗𝑗

𝛾𝛾𝑘𝑘𝑗𝑗 (6.7)

Where 𝛾𝛾𝑘𝑘𝑗𝑗 represents the collisional transition rate between the jth and kth rotational states.
The upward and downward collisional rates are computed according to the MEG scaling
law [174] as:

𝛾𝛾𝑗𝑗𝑖𝑖 = 𝛼𝛼𝛼𝛼(
𝑇𝑇0
𝑇𝑇 )

𝑛𝑛

(
1+𝑎𝑎𝑎𝑎𝑖𝑖/𝑘𝑘B𝑇𝑇 𝑇𝑇
1+𝑎𝑎𝑎𝑎𝑖𝑖/𝑘𝑘B𝑇𝑇 )exp[

−𝛽𝛽(𝑎𝑎𝑗𝑗 −𝑎𝑎𝑖𝑖)
𝑘𝑘B𝑇𝑇 ]

𝛾𝛾𝑖𝑖𝑗𝑗 =
2𝐽𝐽𝑖𝑖+1
2𝐽𝐽𝑗𝑗 +1

exp[
−𝛽𝛽(𝑎𝑎𝑗𝑗 −𝑎𝑎𝑖𝑖)

𝑘𝑘B𝑇𝑇 ]𝛾𝛾𝑗𝑗𝑖𝑖

(6.8)

Where 𝛼𝛼 is the pressure, 𝑇𝑇0=296 K is the reference temperature, 𝑎𝑎𝑖𝑖 and 𝑎𝑎𝑗𝑗 represent the
ro-vibrational energy in the lower and upper states of the transition, and 𝛼𝛼, 𝛽𝛽, 𝑇𝑇, 𝑎𝑎 and 𝑛𝑛 are
the fitting parameters for the scaling law, depending on the collisional system considered.
The fitting parameters for both the O2 −O2 and the O2 −N2 collisional system are taken
from Ref. [175].

This model is employed to perform ro-vibrational O2 fs/ps CRS thermometry in a
canonical hydrocarbon flame by comparing the experimental spectra to a library of synthetic
ro-vibrational O2 CSRS spectra, computed for an input temperature ranging 250-2300 K, in
steps of 50 K.
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6.2.2 Validation of ro-vibrational O2 CRS thermometry
Paper I reports validation measurements for the time-domain ro-vibrational O2 CSRSmodel,
performed on a laminar premixed CH4/air flame provided on the Bunsen burner described
in Section 4.1.1. The CH4 and air flows are provided by separated pressurised vessels,
independently regulated by rotametres (Omega), and mixed before entering the burner.
The volumetric flow rate of the combustible mixture is maintained below 5 SLPM, with a
resulting Reynolds number <1000, thus ensuring a laminar flow at the burner outlet. The
equivalence ratio of the combustible mixture is varied in the fuel-lean regime from 𝜙𝜙=0.6,
up to slightly fuel-rich conditions (𝜙𝜙=1.05). The probe volume is placed ∼7 mm above the
tip of the conical flame. The two leanest flames measured (i.e. 𝜙𝜙=0.6 and 0.66) are stabilized
as V-shaped flames to avoid their lean blow-off, by employing a 4 mm diameter steel rod
placed at a height of ∼12 mm above the burner rim: in these flame conditions the probe
volume is located ∼5 mm above the rod, as seen in Figure 4.8(a).

In the product gases of the lean flame the significant amount of unburnt O2 allows for
the simultaneous detection the ro-vibrational O2 and CO2 CSRS spectra in the 1100-1600
cm-1 region as shown in Figure 4.8(b). Nevertheless, the quality of the SNR at the highest
temperature tested in Paper I is deemed insufficient to provide a reliable experimental
validation: 40 laser shots are thus averaged in the validation experiment. The experimental
spectra are fitted to both the ro-vibrational O2 CSRS model above and a ro-vibrational CO2
CSRSmodel, which is discussed in the next section. The two species are fitted independently
from each other –thus providing a cross-validation of the two time-domain models– by
segmenting the experimental spectrum in regions corresponding to different spectral
features: in particular, the region 1475-1575 cm-1 is employed to perform ro-vibrational
O2 fs/ps CRS thermometry. Figure 6.2 shows an example of the resulting spectral fit
reconstructed over the whole 1200-1600 cm-1 region, for a 40-shot averaged spectrum
acquired in the second leanest flame tested (𝜙𝜙 = 0.66).

Figure 6.2: 40-shot averaged ro-vibrational CO2 and O2 CSRS spectra acquired in the hot product gases of a laminar
premixed CH4/air flame for 𝜙𝜙=0.66 (solid black line). The experimental spectra are fitted to the time-domain
CRS models discussed in Sections 6.2.1 and 6.3.1 (dashed blue line) to measure the gas temperature. The red line
represents the residuals of the spectral fit, offset by -0.25 for clarity. Figure reproduced from Mazza et al. [26]

Table 6.1 summarises the different values of the equivalence ratio used for the experi-
mental validation of ro-vibrational O2-CO2 CRS thermometry, and the resulting tempera-
ture estimates. For an increasing equivalence ratio in Table 6.1 the concentration of unburnt
O2 in the product gases of the flame is reduced, reaching 0 at stoichiometric conditions
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(𝜙𝜙=1). For 𝜙𝜙=0.93 the ro-vibrational O2 CSRS signal can be detected, but the SNR is too
low to perform quantitative spectroscopy on it, and only the CO2 CSRS signal is employed
to perform thermometry on the two richest flames tested. The accuracy of ro-vibrational
CRS thermometry is calculated by using the adiabatic flame temperature, computed by the
one-dimensional laminar flame code CHEM1D [149], as the target temperature. In addi-
tion, conventional pure-rotational N2 CARS thermometry is performed at the same flame
conditions, by attenuating the fs pump/Stokes pulse below the filamentation threshold
(∼80 𝜇𝜇J/pulse).
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6.3 Ro-vibrational fs/ps CRS on CO2
Increasing in molecular complexity, the third species investigated in the vibrational fin-
gerprint region of the Raman spectrum is CO2. This is a triatomic molecule that shares a
number of characteristics with the simpler diatomic molecules discussed in the previous
sections, owing to its being a linear rotor. In addition, CO2 belongs to the same point group
of any homonuclear diatomic molecule (𝐷𝐷∞h), as discussed in Appendix B, and therefore
has a centre of symmetry. In view of this, it is subject to the rule of mutual exclusion,
stating that no normal mode of a molecule with a centre of symmetry can be both IR- and
Raman-active [43].

As shown in Figure 6.3, CO2 has three normal vibrational modes. The first vibrational
mode (𝜈𝜈1) is the symmetric stretch of the C–O bonds: as the molecule maintain its 𝐷𝐷∞h
symmetry, it has no permanent dipole and its thus IR-inactive. On the other hand in
this vibrational mode the molecule has a non-zero polarisability, which makes the mode
Raman-active. The second (𝜈𝜈2) and third (𝜈𝜈3) vibrational modes of CO2 –respectively, the
bending and asymmetric stretch of the O–C–O bonds– on the contrary, have a permanent
dipole that make the molecule IR-active and Raman-inactive. Hence, the symmetric stretch
is the only mode responsible for the vibrational Raman scattering of the CO2 molecule.

Figure 6.3: The vibrational modes of CO2. (a) The first vibrational mode (𝜈𝜈1, at 1428 cm-1) is the symmetric stretch
of the C–O bonds. (b) The second vibrational mode (𝜈𝜈2, at 659 cm-1) is the bend of the O–C–O bonds. (c) The
third vibrational mode (𝜈𝜈3 at 2463 cm-1) is the asymmetric stretch of the C–O bonds. Molecules rendered using
Jmol: an open-source Java viewer for chemical structures in 3D (http://www.jmol.org/).

CO2 is of course a major product of the combustion of hydrocarbon fuels, as well the
main greenhouse gas in terms of radiative forcing [176], and as such is of inherent interest
for combustion diagnostics. Over the last forty years, multiple studies have demonstrated
the use of CRS on the ro-vibrational Raman spectrum of CO2 to perform quantitative
measurements in laboratory flames as well as in practical combustion applications (see e.g.
[15, 16, 67, 170, 177, 178]).

In stark contrast to pure-rotational H2 fs/ps CRS, which requires the use of a compressed
supercontinuum due to the sparse rotational energy manifold of H2, the application of pure-
rotational fs/ps CRS to CO2 is complicated by the small rotational constant of this molecule
(𝐵𝐵 = 0.39, roughly one fifth of the rotational constant of N2). The pure-rotational Raman
spectrum of CO2 spans less than 200 cm-1 even at 2000 K, imposing strong requirements on
the spectral resolution of the fs/ps CRS instrument: a probe pulse longer than 25 ps is needed
to resolve individual lines in the pure-rotational CO2 CRS spectrum at atmospheric pressure.
The use of shorter ps probe pulses, as required to perform time-resolved measurements in
high-pressure combustion applications, results in either one of two pitfalls, as illustrated
by the synthetic spectra in Figure 6.4, simulated at two different probe delays employing
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a 5 ps probe pulse. As the duration of the pulse is comparable to the revival period of
the pure-rotational coherence, as shown in Figure 6.4(a), only one revival peak in the
time-domain optical response is sampled by the probe pulse. This results in (i) a poor
spectral resolution in the frequency domain, if the probe overlaps with one (fractional)
revival of the molecular response, as shown in Figure 6.4(a) for a probe delay of 10 ps, or
(ii) a suppression of the signal generation, as the probe pulse falls between two consecutive
revival peaks, e.g. for a probe delay of 5 ps.

Figure 6.4: Pure-rotational CO2 CRS. (a) Pure-rotational coherence of gas-phase CO2 at room temperature (296 K):
the interferogram representing the molecular coherence has a revival time of ∼42.8 ps. By employing a short 5 ps
probe pulse, only one revival structure can be read at a time. (b) Pure-rotational CO2 CRS spectra simulated for
𝜏𝜏probe=5 and 10 ps: the short duration of the probe pulse results in a poor spectral resolution. In addition, when
the probe pulse arrives between two fractional revivals of the Raman coherence (e.g. at 5 ps), the CRS process is
almost entirely suppressed.

This fact clarifies the need for a robust time-domain fs/ps CRS model to perform
quantitative measurements on the ro-vibrational Raman spectrum of CO2 at temperatures
higher than 2000 K. In Paper I such a model is reported, taking into account up to 180
vibrational bands as discussed in Section 6.3.1, and validated in a canonical premixed
CH4/air flame at temperatures as high as ∼2100 K. The validation experiment has been
already described in Section 6.2.2 and only a brief discussion of the main results for ro-
vibrational CO2 fs/ps CRS thermometry is given in Section 6.3.2.

6.3.1 Time-domain model for ro-vibrational CO2 CRS
As mentioned in the previous paragraph, the symmetric stretch mode is the only one
responsible for the vibrational Raman-activity of the CO2 molecule. Nevertheless, its dense
vibrational manifold entails that multiple vibrational states are populated according to
Boltzmann statistics even at low temperature, as seen in Figure 2.3. The time-domain
ro-vibrational CO2 CSRS code in Paper I therefore includes up to 180 vibrational states
and 120 rotational lines within each vibrational band. The vibrational states of CO2 are
labelled following the notation in Herzberg [179]: [𝑣𝑣] = [𝑣𝑣1𝑣𝑣𝑙𝑙2𝑣𝑣3]. The quantum number 𝑙𝑙
here quantifies the additional angular momentum component arising from the bending
motion of the molecule when 𝑣𝑣2 ≠ 0. In this case the molecule is not linear anymore and it
can acquire an angular momentum component about the original internuclear axis 𝑧𝑧. This
vibrational angular momentum is quantised with quantum number 𝑙𝑙=−𝑣𝑣2, 𝑣𝑣2 +2,..., 𝑣𝑣2 −2,
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𝑣𝑣2, and the rotational energy term in Equation (2.11) is modified according to:

𝐹𝐹([𝑣𝑣], 𝐽𝐽 ) = 𝐵𝐵[𝑣𝑣][𝐽𝐽 (𝐽𝐽 +1)− 𝑙𝑙2]−𝐷𝐷[𝑣𝑣][𝐽𝐽 (𝐽𝐽 +1)− 𝑙𝑙2]
2 (6.9)

The Raman frequencies associated to the 180 vibrational bands considered in the time-
domain model of Paper I are take from Ref. [180], and Equation (6.9) is employed for the
calculation of the rotational frequencies within each vibrational band.

As the vibrational angular momentum quantum number in Equation (6.9) is squared,
vibrational energy states with active bending mode are (𝑙𝑙+1)-fold degenerate: more specif-
ically, each sub-state with a non-zero vibrational angular momentum quantum number is
twice degenerate. In analogy to the Λ-doubling due to spin-orbit coupling [181] the same
notation employed for the electronic configuration of diatomic molecules (e.g. X1Σ+g for
the ground state of N2) is used to label the vibrational wave function of CO2, as shown in
Figure 6.5. Capital Greek letters represent the value of 𝑙𝑙: "Σ" meaning 𝑙𝑙=0, "Π" 𝑙𝑙=1, and so
on following the labelling of the electronic orbitals with the Latin alphabet. The subscript
"g" and "u" identify symmetric ("gerade") and anti-symmetric ("ungerade") vibrational wave
functions, respectively.

As already seen in the case of H2, the symmetry of the wave function plays a critical
role in the calculation of the Boltzmann distribution, since it constrains the values of the
nuclear spin degeneracy factor 𝑔𝑔s according to Pauli’s exclusion principle. For the specific
case of CO2, 𝑔𝑔s is respectively 1 and 0 for even and odd rotational states in those vibrational
states characterised by an even symmetry of the wave function, while the opposite holds
for anti-symmetric states.

In addition, the existence of vibrational angular momentum components needs to be
accounted for in the total angular momentum of the molecule and, in particular, in the
calculation of the Placzek-Teller coefficient for the coupling of the angular momenta in a
Raman transition. Since the vibrational angular momentum is parallel to the internuclear
axis, when it is in a degenerate bending state the CO2 molecules behaves as a prolate
symmetric top molecule [39] (see Appendix B), and the Placzek-Teller coefficients for a
Q-branch band are calculated as:

𝑏𝑏Q-branch(𝐽𝐽 , 𝑙𝑙) =
[𝐽𝐽 (𝐽𝐽 +1)−3𝑙𝑙2]

2

𝐽𝐽 (𝐽𝐽 +1)(2𝐽𝐽 −1)(2𝐽𝐽 +3)
(6.10)

The ro-vibrational Raman spectrum of CO2 is further complicated by a phenomenon
known as Fermi resonance, whereby the wave functions associated to different vibrational
modes of the molecules can mix when they have the same symmetry and almost the same
energy [182]. Looking at Figure 6.5 for example, it is evident that such a resonance is
possible between state 1000Σ+g (where only one quantum is assigned to the symmetric
stretch) and state 0200Σ+g , where two quanta are assigned to the bending mode with zero
vibrational angular momentum quantum number. As the 𝜈𝜈1 mode has almost twice the
frequency of the 𝜈𝜈2 mode, all the vibrational states where only the symmetric stretch is
active (i.e. [𝑣𝑣] = [𝑛𝑛000]) are Fermi-resonant with even overtones of the bending mode
([𝑣𝑣] = [0(2𝑛𝑛)𝑙𝑙0]). Fermi resonance results in the appearance in the Raman spectrum of the
Raman-inactive 2𝜈𝜈2 lines, and the anharmonic terms in the exact rotational-vibrational
Hamiltonian determine a "repulsion" of the spectral lines [43]. Hence, the Raman spectrum
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Figure 6.5: Vibrational energy manifold of CO2 up to 3500 cm-1. Vibrational states characterised by an active
bending mode (i.e. 𝑣𝑣2 ≠ 0) are (𝑣𝑣2 +1)-fold degenerate, as the vibrational angular momentum has quantised values
𝑙𝑙 = −𝑣𝑣2,−𝑣𝑣2 +2,… , 𝑣𝑣2 −2, 𝑣𝑣2. Each degenerate bending with non-zero vibrational angular momentum (i.e. 𝑙𝑙 ≠ 0) is
doubly degenerate, and capital Greek letters are used to label these states: Σ, Π, Δ, Γ, Φ, and H representing 𝑙𝑙=1, 2,
3, 4, 5, and 6, respectively. Two different vibrational states characterised by the same vibrational wave function
symmetry and having similar energy show a Fermi resonance. Molecules rendered using Jmol: an open-source
Java viewer for chemical structures in 3D (http://www.jmol.org/). Figure reproduced from Mazza et al. [26].

the shape of a 𝜈𝜈1+2𝜈𝜈2 Fermi dyad with fundamental bands at 1285 cm-1 (the "red" dyad
[183]) and 1388 cm-1 (the "blue" dyad [184]), as shown in Figures 4.8 and 4.14.

The values of the isotropic (𝛼𝛼2) and anisotropic (𝛾𝛾2) transition polarisability invariants
are taken from Lemus et al., who used an algebraic approach to compute the vibrational
dipole moments for 180 vibrational bands in the spectral range 1100-1600 cm-1 [180]. On
the other hand, no reliable measurements of the dependence of these transition dipole
moments on the rotational energy states could be found in the literature and the same
value is assumed for all the rotational transitions within the same vibrational band.

Similarly, the polarisability anisotropy of the CO2 molecule is not known with sufficient
accuracy and only the isotropic contribution to the CO2 Q-branch spectrum is considered
[67]. This assumption is justified in the light of the extremely small value of the depolari-
sation ratio of the fundamental vibrational band in the CO2 Raman spectrum at 1388 cm-1,
experimentally measured to be 0.027 [185].

The dephasing rate of each of the rotational lines in the ro-vibrational CO2 Q-branch
CSRS spectrum, due to self-perturbing CO2 −CO2 collisions is computed according to the
MEG model in Equations (6.7) and (6.8) with fitting parameter taken from Ref. [186].

Analogously to the case of O2 discussed in the previous section, the time-domain
ro-vibrational CO2 CSRS model is used to compute a library of synthetic spectra, for
temperatures ranging, in steps of 50 K, from 250 K to 2300 K.
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6.3.2 Validation of ro-vibrational CO2 CRS thermometry
The details of flame experiment performed to validate ro-vibrational O2-CO2 fs/ps CRS
have already been discussed in Section 6.2.2.

As mentioned above, the experimental ultrabroadband spectra are segmented in three
spectral regions corresponding to different spectral features: the "red" CO2 Q-branch
spectrum in the region 1200-1300 cm-1, the "blue" CO2 Q-branch spectrum in the region
1350-1450 cm-1, and the O2 Q-branch in the region 1475-1575 cm-1. The temperature is
thus measured independently by fitting the O2 and the CO2 "blue" Q-branch CSRS spectra.
Single-shot CO2 fs/ps CRS thermometry is demonstrated in Paper I by fitting the single-shot
spectra acquired in the lean flame shown in Figure 4.8: the temperature is measured to be
1921 K over a sample of 1000 single-shot spectra, thus resulting in an accuracy of -1.5%, as
compared to the adiabatic flame temperature of 1951 K.

40-shot averaged spectra are furthermore fitted to extend the validation of the time-
domain ro-vibrational CO2 CSRS model at temperatures higher than 2000 K: the results
are summarised in Table 6.1. The inaccuracy of ro-vibrational CO2 fs/ps CRS thermometry,
despite not insignificant when compared to the adiabatic flame temperature computed
by the 1D laminar flame code, is comparable to the one of pure-rotational N2-O2 CRS
thermometry performed in the same flame conditions. In particular at the highest tempera-
ture tested (𝜙𝜙 = 0.95 and 1.05), the temperature measured independently by the two CRS
techniques agrees to within 0.9%.

The single-shot precision of ro-vibrational CO2 fs/ps CRS is assessed in Paper I on
the measurements performed at relatively lower temperature, in the lean flame condition
𝜙𝜙=0.77. With a standard deviation of 27 K, the single-shot precision is estimated thus
to be 1.4%, in line with the values reported in the literature for ro-vibrational N2 fs/ps
CRS performed in a similar flame [146]. The 40-shot-averaged measurements reported in
Table 6.1 show an interesting trend, as far as the precision of CO2 fs/ps CRS is concerned.
As the flame temperature increased, the relative standard deviation decreases from 1.5% for
𝜙𝜙= 0.60 to 0.7% for 𝜙𝜙= 1.05. This behaviour is partly attributed, in Paper I, to the increased
CO2 concentrations in the products of the flame for increasing values of 𝜙𝜙. Furthermore, at
higher temperatures many more vibrational states become thermally populated according
to Boltzmann distribution, increasing the number of Raman transitions probed in the
ro-vibrational CO2 CRS spectrum. This results in a more robust spectral fit than what
performed at lower temperatures, or on simpler diatomic molecules such as O2, whose
ro-vibrational CRS spectrum shows at most two vibrational hot bands, as seen in Figure 6.2.

6.4 Ro-vibrational fs/ps CRS on the 𝜈𝜈2 mode of CH4
Paper IV presents the first application of ultrabroadband CRS with in situ filamentation
to investigate the so-called "dyad region" of the ro-vibrational Raman spectrum of CH4
between ∼1200 cm-1 and 2000 cm-1.

As discussed in Appendix B, the CH4 molecule is a spherical-top rotor belonging to the
tetrahedral point symmetry group 𝑇𝑇𝑑𝑑 , with four normal modes of vibrations represented in
Figure 6.6. The first vibrational mode (𝜈𝜈1) is the symmetric stretch of the C–H bonds of the
molecules, with vibrational (angular) frequency 2932 cm-1: this mode is non-degenerate,
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Figure 6.6: Vibrational modes of the CH4 molecule. (a) The first vibrational mode, 𝜈𝜈1 at 2932 cm-1 in the Raman
spectrum, is the symmetric stretch of the four C−H bonds, whereby the molecule maintains the spherical
symmetry Γ = A1. (b) The second vibrational mode, 𝜈𝜈2 at 1533 cm-1, is the E-symmetric bending of the H−C−H
bonds. (c) 𝜈𝜈3 at 3019 cm-1, is the asymmetric stretch of the C−H bonds, with symmetry label Γ = F2. (d) 𝜈𝜈3 at 3019
cm-1, is the least symmetric bend of the H−C−H bonds, with symmetry label Γ = F2. Molecules rendered using
Jmol: an open-source Java viewer for chemical structures in 3D (http://www.jmol.org/). Figure reproduced from
Mazza et al. [187].

and the associated symmetry label is A1
∗. Since this vibrational mode preserves the

original symmetry of the molecule in its ground vibrational state, the CH4 molecule has no
permanent dipole in state |[𝑣𝑣1,0,0,0]⟩: the 𝜈𝜈1 mode is thus Raman-active, but IR-inactive.
The second vibrational mode (𝜈𝜈2) is the doubly-degenerate (Γ = E) twisting bend of the
H–C–H bonds, at 1533 cm-1. The third vibrational mode (𝜈𝜈3) is the triply-degenerate (Γ = F2)
asymmetric stretch of the C–H bonds, at 3019 cm-1. The last normal vibrational mode (𝜈𝜈4)
is the triply-degenerate (Γ = F2) scissoring bend of the H–C–H bonds, at 1311 cm-1. The
second, third and fourth normal vibrational modes reduce the symmetry of the molecule
introducing a permanent dipole, so that these modes are both IR- and Raman-active.

Since the the vibrational stretching modes 𝜈𝜈1 and 𝜈𝜈3 have approximately twice the
energy of the bendingmodes 𝜈𝜈2 and 𝜈𝜈4, the resulting ro-vibrational IR and Raman spectra are
organised in isolated vibrational bands called "polyads" [188], allowing for the construction
of effective Hamiltonian and transition moment operators (dipole moment for the IR

∗The subscript "1" ("2") in the symmetry labels indicates the (anti-)symmetry of the vibrational wave function
with respect to the symmetry operation 𝜎𝜎 defined in Appendix B [38].
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spectrum, polarisability for the Raman one) adapted to the following polyad scheme [189].
A vibrational mode of the CH4 molecule belongs to the polyad 𝑃𝑃𝑛𝑛

𝑛𝑛 =
𝑗𝑗=4

∑
𝑗𝑗=1

𝑖𝑖𝑗𝑗 𝑣𝑣𝑗𝑗 (6.11)

with 𝑛𝑛 being the polyad number, 𝑣𝑣𝑗𝑗 the vibrational quantum number for the 𝑗𝑗 th vibrational
mode 𝜈𝜈𝑗𝑗 , and (𝑖𝑖1, 𝑖𝑖2, 𝑖𝑖3, 𝑖𝑖4)=(2, 1, 2, 1) the polyad scheme for the CH4 molecule. The polyad
number then satisfies the relationship:

𝑛𝑛 = 2(𝑣𝑣1 + 𝑣𝑣3)+ 𝑣𝑣2 + 𝑣𝑣4 (6.12)

The first polyad (𝑃𝑃0, also referred to as the "monad") obviously represents the ground
vibrational state of the CH4 molecule; the "dyad" 𝑃𝑃1 consists of the fundamental 𝜈𝜈2 and
𝜈𝜈4 bending modes, occurring at ∼1500 cm-1; the "pentad" of the fundamental 𝜈𝜈1 and 𝜈𝜈3
stretching modes, as well as of the overtones (2𝜈𝜈2 and 2𝜈𝜈4) and combination (𝜈𝜈2 +𝜈𝜈4) of the
bending modes at ∼3000 cm-1, etc. [188]

CRS techniques have been applied to investigate the pentad region in the Raman
spectrum of CH4: high-resolution continuous-wave (CW) SRS [190, 191] and CRS [192–195]
measurements allowed to assign individual rotational lines within the isotropic Q-branch
spectrum of the symmetric C–H stretch mode, and to investigate the collisional RET in
gas-phase mixtures of CH4 with He, Ar, and N2 [196–198]. CH4 𝜈𝜈1 CRS has also been
employed as a combustion diagnostic tool to measure the local gas temperature in furnaces,
laminar flames and supercritical LOX/CH4 combustion [168, 199, 200]. More recently,
time-resolved CRS techniques have been applied to measure relative CH4 concentrations
in binary mixtures with N2 [201], and to realise imaging thermometry at temperatures
up to 1000 K [126]. Bohlin and Kliewer also demonstrated single-shot detection of the
CH4 Raman spectrum in the pentad region via ultrabroadband fs/ps CARS in a gas cell
[24] as well as in a SWQ burner [90]: rotational thermometry and relative concentration
measurements of N2, O2, H2, CO2, and CH4 could be simultaneously performed via the
ultrabroadband approach.

Paper IV presents what, to the best of the author’s knowledge, is the first-ever CRS
investigation of the CH4 Raman spectrum in the dyad region. The spectrum in this region
consists of the ro-vibrational lines due to the 𝜈𝜈2 and 𝜈𝜈4 vibrational modes, but the latter is
much weaker than the first [154, 202] and cannot be detected. In the following reference is
only made to the CH4 𝜈𝜈2 mode spectrum.

In order to perform quantitative CH4 𝜈𝜈2 CRS measurements a time-domain CRS model
is developed, which includes more than ten million Raman transitions, involving ro-
vibrational states up to the tetradecad (i.e. the 𝑃𝑃4 polyad at ∼6200 cm-1). The spectral
constants employed in the model were provided by Prof. Thomas Butterworth from the
University of Maastricht and Dr. Cyril Richard and Prof. Vincent Boudon from the Univer-
sity of Burgundy. The details of the time-domain modelling of the CH4 𝜈𝜈2 CRS spectrum
are discussed in Section 6.4.1.

Section 6.4.2 discusses the experimental observation of a strong coherence beating
of the experimental CH4 𝜈𝜈2 fs/ps CRS spectra acquired at room temperature. This effect
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is attributed to the Coriolis-splitting of the ro-vibrational lines, as demonstrated by the
comparison with the time-domain ro-vibrational CH4 𝜈𝜈2 CSRS model.

Ultrabroadband fs/ps CRSwith in situ filamentation is furthermore employed in Paper IV
to perform spatially-resolved measurements across a laminar CH4/air diffusion flame front.
Ro-vibrational CH4 𝜈𝜈2 CSRS thermometry is validated against ro-vibrational CO2 CSRS at
temperatures as high as 800 K: the results are discussed in Section 6.4.3

6.4.1 Time-domain model for ro-vibrational CH4 𝜈𝜈2 CRS
The modelling framework for the time-domain CH4 𝜈𝜈2 CSRS signal reported in Paper IV is
the same as outlined in Chapter 2 and employed in the previous sections. Nonetheless, the
higher complexity of the CH4 molecule, as compared to simple diatomics or even linear
triatomic CO2, leads to a much larger number of ro-vibrational transitions to be taken into
account [126]. Furthermore symmetry considerations, more complex than those outlined
in the previous section for CO2, play a critical role in constraining the symmetry of the
total molecular wave function, and thus its physical realisation. A more detailed discussion
of this point is deferred to Appendix B.2.

In order to compute the time-domain non-linear optical response associated to the
𝜈𝜈2 vibrational mode of CH4 the associated Raman frequencies and Raman cross-sections
need be known. For this purpose Paper IV employs the values computed at the University
of Burgundy [189, 203] and available in the MeCaSDa spectroscopic database (accessible
at http://vamdc.icb.cnrs.fr/PHP/methane.php). This spectral database was employed by
Butterworth and co-authors to develop a spontaneous Raman model for the 𝜈𝜈1 mode
spectrum of CH4 and perform rotational-vibrational thermometry in a non-equilibrium
pulsed microwave plasma, which was validated up to 860 K [204]. More recently, Chen
and co-authors used the same database to develop a time-domain CARS model for the 𝜈𝜈1
mode of CH4 and validated ro-vibrational CH4 𝜈𝜈1 fs/ps CRS thermometry in a tube furnace
at temperatures up to 1000 K. The spontaneous Raman line-strengths in the MeCaSDa
database are computed adopting a tetrahedral formalism developed for the analysis of
spherical top molecules [188], which removes inter-polyad contributions to the higher order
using implicit contact transformations [205], while retaining inter-polyad contributions
due to the strong coupling between vibrational states within individual polyads.

The Raman line strength for the transition between the ro-vibrational energy states
|[𝑣𝑣]𝑖𝑖, 𝐽𝐽𝑖𝑖,Γ𝑖𝑖⟩ and |[𝑣𝑣]𝑓𝑓 , 𝐽𝐽𝑓𝑓 ,Γ𝑓𝑓 ⟩ can be expressed as:

𝐼𝐼Raman ∝ 𝜌𝜌{[𝑣𝑣]𝑖𝑖 ,𝐽𝐽𝑖𝑖,Γ𝑖𝑖}(𝑇𝑇0)(𝑆𝑆0I
2
{[𝑣𝑣]𝑓𝑓 ,𝐽𝐽𝑓𝑓 ,Γ𝑓𝑓 }←{[𝑣𝑣]𝑖𝑖 ,𝐽𝐽𝑖𝑖,Γ𝑖𝑖} + 𝑆𝑆2A 2

{[𝑣𝑣]𝑓𝑓 ,𝐽𝐽𝑓𝑓 ,Γ𝑓𝑓 }←{[𝑣𝑣]𝑖𝑖 ,𝐽𝐽𝑖𝑖,Γ𝑖𝑖}) (6.13)

Where 𝑆𝑆0 and 𝑆𝑆2 are the Stones coefficients, which depend on the the observation geometry
in a spontaneous Raman experiment [204]. I and A are the transition values of the
isotropic and anisotropic components of the polarisability tensor defined in Equation (C.12):

I = ⟨[𝑣𝑣]𝑓𝑓 , 𝐽𝐽𝑓𝑓 ,Γ𝑓𝑓 | �̂�𝑎 |[𝑣𝑣]𝑖𝑖, 𝐽𝐽𝑖𝑖,Γ𝑖𝑖⟩
A = ⟨[𝑣𝑣]𝑓𝑓 , 𝐽𝐽𝑓𝑓 ,Γ𝑓𝑓 | �̂�𝛾 |[𝑣𝑣]𝑖𝑖, 𝐽𝐽𝑖𝑖,Γ𝑖𝑖⟩

(6.14)

The Raman cross-section for the ro-vibrational CH4 𝜈𝜈2 spectrum can thus be computed
by the spontaneous Raman line-strengths in the spectral database by factoring out the
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Boltzmann population computed at the reference temperature (𝑇𝑇0=1450 K). The coherent
Raman line-strengths are thus computed as:

𝐼𝐼CRS =
𝜌𝜌{[𝑣𝑣]𝑓𝑓 ,𝐽𝐽𝑓𝑓 ,Γ𝑓𝑓 } −𝜌𝜌{[𝑣𝑣]𝑖𝑖 ,𝐽𝐽𝑖𝑖,Γ𝑖𝑖}

𝜌𝜌{[𝑣𝑣]𝑖𝑖 ,𝐽𝐽𝑖𝑖,Γ𝑖𝑖}||𝑇𝑇0
𝐼𝐼Raman (6.15)

The time-domain model in Paper IV includes self-perturbed collisional dephasing
coefficients Γ(CH4−CH4)

{[𝑣𝑣]𝑓𝑓 ,𝐽𝐽𝑓𝑓 ,Γ𝑓𝑓 }←{[𝑣𝑣]𝑖𝑖 ,𝐽𝐽𝑖𝑖,Γ𝑖𝑖}, computed according to the MEG scaling law given in
Equations (6.7) and (6.8). The application of this scaling law to compute the collisional
dephasing of the CH4 𝜈𝜈2 Q-branch spectrum is based on the extension of the sum rule
in Equation (6.7) beyond its rigorous definition, which is only valid for isotropic non-
degenerate vibrational transitions. To a first approximation, the effect of collisional re-
orientation is neglected and the CH4 𝜈𝜈2 transitions are treated as if they were completely
isotropic and non-degenerate. This is of course a rough approximation, but it has a
precedent in thework of DePristo and co-authors, who successfully extended the sum rule to
model the collisional line broadening of the P- and R-branch lines in the absorption spectra
of CO2 [206]. The application of the MEG scaling law to model the collisional dephasing
of the anisotropic CH4 𝜈𝜈2 Q-branch spectrum is thus justified in view of the fact that
experiments are only performed at atmospheric pressure, so that collisional re-orientation
and intra-branch coupling can be reasonably neglected. A further simplification introduced
in Paper IV is to assume the same dephasing rate for all the irreducible representations
of the rotational wave function corresponding to the same total angular momentum in
Table B.3 [198]. Similarly, the same RET rates computed for the fundamental Q-branch
lines are applied to all the vibrational hot bands. Following the time-domain modelling of
the CH4 𝜈𝜈1 CRS spectrum in Chen et al., the species-specific parameter 𝑎𝑎 in Equation (6.8)
is set to 2, and the fitting parameters are reduced to 𝛼𝛼 and 𝛽𝛽 at standard pressure and
temperature conditions (i.e. 𝛿𝛿 = 1 and 𝑛𝑛 = 0) [126].

Figure 6.7(a) illustrates the dephasing of the spectrally-integrated CH4 𝜈𝜈2 Q-branch
spectrum, measured in a flow of CH4, for probe delays varying in the range ∼30-210 ps in
steps of 5 ps. Under standard pressure and temperature conditions, the effect of inelastic
collisions is virtually negligible for values of the probe delay lesser than ∼80 ps, where the
dynamic behaviour of the integrated CH4 CSRS signal is dominated by a strong coherence
beating, as addressed in the next section. The experimental behaviour is fitted in Paper IV
to the MEG model to simultaneously determine the scaling parameters 𝛼𝛼 and 𝛽𝛽, which
are fitted to 4.45E-2 and 1.52 respectively. The theoretical evolution of the CSRS signal in
absence of collisional dephasing is also shown as the dashed line in Figure 6.7(a): for probe
delays greater than ∼80 ps the collisions start to dominate the signal dynamics determining
a change of about two orders of magnitude at 200 ps. The satisfactory agreement of the
experimental data and MEG scaling law proves that, at least to a first approximation, the
sum rule in Equation (6.7) can be extended to model the effectively collisional dephasing
of the anisotropic CH4 𝜈𝜈2 Q-branch spectrum at atmospheric pressure. Figure 6.7. The
state-to-state relaxation rates computed by Equation (6.8) including the fitted values of 𝛼𝛼
and 𝛽𝛽 are thus used to calculate the Q-branch linewidths in the time-domain CH4 𝜈𝜈2 CSRS
model.

The dephasing rates for the O-, P-, R- and S-branch transitions, on the other hand, are
computed from the Q-branch ones by introducing the random phase approximation (RPA),
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Figure 6.7: Experimental and modelled dephasing of the CH4 𝜈𝜈2 CSRS spectrum. (a) The collisional dephasing of
the Q-branch spectrum under standard pressure and temperature conditions is measured in the range ∼30-210 ps
(circles) and fitted to the MEG scaling law (solid line) to determine the values of the 𝛼𝛼 and 𝛽𝛽 parameters. For
comparison the theoretical behaviour of the spectrum in absence of collisions is also shown as the dashed line. (b)
Two isolated lines in the P- and O-branch spectra illustrate the comparison between the experimental dephasing
of the CSRS signal and the theoretical behaviour computed by employing the RPA. Figure reproduced from Mazza
et al. [187].

whereby the collisional dephasing of a spectral line involving a change in the rotational
quantum number depends only on the dephasing rate of the rotational states involved in
the transition [206, 207], as:

Γ{[𝑣𝑣]𝑓𝑓 , 𝐽𝐽𝑓𝑓 }←{[𝑣𝑣]𝑖𝑖 , 𝐽𝐽𝑖𝑖} =
1
2(

Γ{[𝑣𝑣]𝑓𝑓 , 𝐽𝐽𝑖𝑖}←{[𝑣𝑣]𝑖𝑖 , 𝐽𝐽𝑖𝑖} +Γ{[𝑣𝑣]𝑓𝑓 , 𝐽𝐽𝑓𝑓 }←{[𝑣𝑣]𝑖𝑖 , 𝐽𝐽𝑓𝑓 }) (6.16)

Figure 6.7(b) shows the comparison between the theoretical dephasing of two isolated
lines in the O- and P-branches of the CH4 𝜈𝜈2 CSRS spectrum calculated including these
linewidths and the experimental data. A very good agreement is found for the dephasing
of line O(9), while in the case of line P(5) the agreement between the experimental and
theoretical dephasing is quite satisfactory up to ∼150 ps, but an insufficient dumping of
the coherence beating is found in the predicted dynamics at larger probe delays. All in all,
these results prove that to a first approximation both the MEG scaling law and the RPA
can be applied to predict the self-perturbed dephasing of the CH4 𝜈𝜈2 CSRS signal under
standard pressure and temperature conditions.

6.4.2 Time-resolved Coriolis effect on the 𝜈𝜈2 mode spectrum
of CH4

The experimental CH4 𝜈𝜈2 CSRS spectrum shows a stark dynamic behaviour even for probe
delays <80 ps, i.e. on a timescale where the effect of molecular collisions can be safely
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neglected at atmospheric pressure. This behaviour is interpreted in Paper IV as the effect
of coherence beating between unresolved lines in the CSRS spectrum. In particular the
beating of seemingly well-resolved rotational lines in the P- and R-branch spectra points
to the existence of a fine splitting mechanism, which is attributed to an additional energy
term introduced by Coriolis forces.

The effect of non-inertial Coriolis forces on the rotational-vibrational motion of the
CH4 molecule was first experimentally observed in 1935 by Nielsen and Nielsen in the 𝜈𝜈4
band of its IR absorption spectrum [208], and explained in a series of theoretical papers by
Jahn as the gyroscopic coupling of the 𝜈𝜈2 and 𝜈𝜈4 vibrational modes [209–212]. Analogous
to the description in classical mechanics, Coriolis effect is manifested in the motion of
the molecular nuclei as a non-inertial force, arising from the gyroscopic coupling of the
vibrational and rotational motion [213]. A simple depiction of Coriolis effect on the CH4
molecule is given in Figure 6.8: in the inertial frame of reference 𝑋𝑋𝑋𝑋𝑋𝑋 , the nuclei of the
molecule move linearly with respect to one another in to the 𝜈𝜈2 vibrational mode, and
rigidly in the rotational motion about the 𝑋𝑋 axis. In the molecule-fixed reference 𝑥𝑥𝑥𝑥𝑥𝑥 the
combination of the rotational and vibrational motions gives rise to a non-inertial perturba-
tion, interpreted as a fictitious Coriolis force. This force introduces an additional bending
component to the vibrational motion, with same frequency as the inertial vibrational mode
[38].

Figure 6.8: Coriolis effect in the coupling in the rotational-vibrational motion of the CH4 molecule. The yellow
vectors in the molecule sketch represent the motion of the 1H nuclei in the inertial reference frame 𝑋𝑋𝑋𝑋𝑋𝑋 . In
the Eckart (molecule-fixed) frame 𝑥𝑥𝑥𝑥𝑥𝑥, the coupling of the rotational motion about e.g. the 𝑥𝑥 axis results in the
appearance of a fictitious Coriolis force, which introduces a tangential velocity component in the non-inertial
motion (blue vectors). Molecule rendered using Jmol: an open-source Java viewer for chemical structures in 3D
(http://www.jmol.org/).

To within the harmonic oscillator and rigid rotor approximations, i.e. assuming a
complete decoupling of the vibrational and rotational motions of the CH4 molecules, the
corresponding rotational-vibrational Hamiltonian is symmetrical with respect to rotations
of the total angular momentum in the Eckart frame 𝑥𝑥𝑥𝑥𝑥𝑥, so that the 𝐾𝐾 -states all have the
same energy and each rotational state is (2𝐽𝐽 +1)2-fold degenerate (see Appendix B). The
introduction of rotational-vibrational coupling terms in the Eckart Hamiltonian, due to
non-inertial fictitious (centrifugal and Coriolis) forces breaks this symmetry, resulting in a
split of the |𝐽𝐽 𝐽𝐾𝐾⟩ rotational sub-states. In Ref. [211] Childs and Jahn demonstrated that the
Coriolis coupling terms in the Eckart Hamiltonian transform according to the F1 irreducible
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representation of 𝑇𝑇𝑑𝑑 . A first-order Coriolis interaction between two vibrational states can
thus occur if the following condition is satisfied:

Γ(𝜓𝜓𝜈𝜈𝑖𝑖) ×Γ(𝜓𝜓𝜈𝜈𝑗𝑗 ) ⊃ F1 (6.17)

Hence, only the triply-degenerate 𝜈𝜈3 and 𝜈𝜈4 vibrational modes, with irreducible represen-
tation F2, present a first-order Coriolis splitting of the ro-vibrational levels [214]. On the
other hand, the symmetry condition in Equation (6.17) allows for a second-order gyroscopic
coupling between the 𝜈𝜈2 and 𝜈𝜈4 modes [215], which results in a split of the |𝐽𝐽 𝐽𝐽𝐽⟩ rotational
sub-states in Table B.3.

The fine structure of the Coriolis-split rotational lines in the 𝜈𝜈2 Raman spectrum of CH4
was experimentally observed by Thomas and Welsh [216], and later assigned by Champion
at the Laboratoire de Spectronomie Moléculaire of the University of Burgundy [217, 218].
The spectral database employed in Paper IV was computed at the University of Burgundy,
including the effect of the second-order Coriolis coupling between the 𝜈𝜈2 and 𝜈𝜈4 modes.
The time-domain model is thus able to faithfully reproduce the strong coherence beating
of the unresolved Coriolis-split rotational lines in the experimental CH4 𝜈𝜈2 CSRS spectrum,
as shown in Figure 6.9.

Figure 6.9: Coherence beating in the spectrochronogram of the CH4 𝜈𝜈2 CSRS signal. (a) Experimental ultrabroad-
band CSRS spectra acquired in a room-temperature CH4 flow in the spectral region ∼1100-2000 cm-1, for probe
delays varying in the range ∼30-85 ps with a 2.2 ps step. (b) Synthetic CSRS spectra computed by the time-domain
model by including only the fundamental ro-vibrational transitions 0000← 0100 and rotational states up to 𝐽𝐽=23.
Figure reproduced from Mazza et al. [187].

The Coriolis effect is particularly evident in the coherence beating of the (otherwise
well-resolved) odd rotational lines in the P- and R-branches of the CH4 𝜈𝜈2 CSRS spectrum.
As a matter of fact, the rotational structure of the Q-branch is completely unresolved
for the 4.1 cm-1 (top-hat) probe employed in this experiment, while the rotational O-
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and S-branch lines, spaced as 2𝐵𝐵(2𝐽𝐽 + 3), overlap with the even lines of the P- and R-
branch spectra, spaced as 2𝐵𝐵(𝐽𝐽 +1). Neglecting the rotational-vibrational coupling and
assuming a negligible contribution from the vibrational hot bands at room temperature,
odd lines in the P- and S-branch spectra should be perfectly resolved and would not
give rise to any coherence beating. This contradicts the experimental observation, as

Figure 6.10: Coriolis splitting of the well-resolved R(5) line in the CH4 𝜈𝜈2 CSRS spectrum. (a) Coherence beating
between the unresolved Raman transitions between the irreducible representations of the ro-vibrational wave
functions |[0,0,0,0], 𝐽𝐽 = 5⟩ and |[0,1,0,0], 𝐽𝐽 = 4⟩, split by Coriolis effect. (b) The Coriolis split of the Raman line is
included in the time-domain model, where the individual symmetry components are considered independently in
terms of Raman frequency and line-strength. These are indicated by the red circles for each of the Coriolis-split
Raman lines, corresponding to two A-labelled states, one E state, and nine F states.

illustrated in Figure 6.10(a) for the P(5) line in the CH4 𝜈𝜈2 CSRS spectrum recorded for
a probe delay varying in steps of 2.2 ps in the range 30-85 ps. In order to rule out the
possible coherence beating arising from unresolved vibrational hot bands, the time-domain
CSRS spectra in Figure 6.10(b) are simulated including only the fundamental 𝜈𝜈2 Raman
transitions. The spectrochronogram in Figure 6.10(a) thus illustrates the time-domain
behaviour of the Raman transition |[0000],5, (2E⊕9F)⟩← |[0100],6,E× (2A⊕2E⊕9F)⟩: the
coherence beating of the P(5) line arises from the Coriolis-splitting of the rotational sub-
states, resulting in 12 unresolved lines whose position, rotational symmetry labels and
CSRS intensities are represented by the red circles. Hybrid fs/ps CRS on CH4 thus provides
a means to investigate the intra-molecular coupling in the time domain, as the Coriolis
coupling of the 𝜈𝜈2 and 𝜈𝜈4 vibrational modes is manifested in the time-resolved coherence
beating of Figures 6.9 and 6.10.

These results demonstrate the ability of the time-domain CH2 𝜈𝜈2 CSRS model to render
the complex ro-vibrational motion of the CH4 molecule at room temperature, accurately
reproducing its coherence beating. This validation is a first important step towards the
application of the time-domain model to perform direct ro-vibrational fs/ps CRS thermom-
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etry on the 𝜈𝜈2 mode spectrum of CH4 at higher temperatures, where the complexity of the
Raman spectrum increases enormously as vibrational hot bands must be accounted for.

6.4.3 Validation of ro-vibrational CH4 𝜈𝜈2 CRS thermometry
In order to validate the time-domain CH4 𝜈𝜈2 CSRS code at elevated temperatures, spatially-
resolved ultrabroadband fs/ps CRS measurements are performed at 25 locations across a
laminar CH4/air diffusion flame in Paper IV. The flame is provided on the same Bunsen
burner of Paper III, described in Section 6.1.2; a pure CH4 flow is provided from a pressurised
vessel and regulated by a digital flow controller (Bronkhorst) so that the flow velocity at the
outlet section of the burner is estimated to be ∼2.7 cm/s. This low velocity results in a very
small Reynolds number (∼35) thus guaranteeing a laminar CH4 flow, which, upon mixing
with the surrounding ambient air, produces the laminar diffusion flame. A steel mesh is
furthermore placed ∼15 mm above the burner to stabilise the flame. The spatially-resolved
fs/ps CRS measurements are performed ∼1 mm above the burner rim, by moving the probe
volume from the centre of the fuel stream (at 𝑦𝑦=0 mm) in steps of 0.5 mm up into the
oxidiser stream at 𝑦𝑦=12.5 mm.

The CH4 𝜈𝜈2 signal can be detected in the 1200-2000 cm-1 region of the single-shot fs/ps
CSRS spectra up to location 𝑦𝑦=6.5 mm, where the average temperature is measured to be
∼800 K by ro-vibrational CO2 fs/ps CRS thermometry. In order to validate the time-domain
model up to this temperature, 10-shot-averaged spectra are recorded at each measurement
location: CH4 𝜈𝜈2 fs/ps CRS thermometry can thus be performed up to 𝑦𝑦=6.5 mm. This
is validated by comparison to ro-vibrational CO2 fs/ps CRS thermometry, performed
independently on the "blue" Q-branch spectrum of CO2, which can detected at all the 25
measurement locations across the flame front (see Section 7.2 for details). Figure 6.11(a)

Figure 6.11: Ro-vibrational CH4 𝜈𝜈2 fs/ps CSRS thermometry. (a) 10 shot-averaged CH4 𝜈𝜈2 CSRS spectrum acquired
in the flame (𝑦𝑦=0 mm) and compared to the time-domain CRS model. (b) Average temperature profile across the
flame front measured by ro-vibrational CO2 (black markers) and CH4 𝜈𝜈2 CSRS thermometry (blue markers). (c)
Temporal dynamics of the local temperature measured at 𝑦𝑦=5.5 mm by ro-vibrational CH4 𝜈𝜈2 and CO2 CSRS
thermometry. (d) Accuracy and precision of CH4 𝜈𝜈2 CSRS thermometry: accuracy (blue bars) is better than 3% at
all measurement locations, precision is limited by the physical fluctuations of the flame. Concordance correlation
(black dots) quantifies the agreement of the temperature dynamics measured by CO2 and CH4 𝜈𝜈2 CSRS at each
location. Figure reproduced from Mazza et al. [187].
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presents an example of the fitting of the experimental CH4 𝜈𝜈2 CSRS spectrum acquired at the
centre of the burner (𝑦𝑦=0 mm). This contour fit includes all the five ro-vibrational branches
of the CH4 𝜈𝜈2 spectrum in the region ∼1400-1950 cm-1. At locations 𝑦𝑦=4-6.5 mm the fit is
limited to the P- and O-branch spectra, as the R- and S-branch lines overlap to the hot bands
of the "blue" CO2 dyad at higher temperature, while the Q-branch overlaps significantly
with the ro-vibrational O2 spectrum moving towards the oxidiser stream. The resulting
temperature profiles in the fuel stream up to location 𝑦𝑦=6.5 mm and across the whole
flame front, measured respectively by ro-vibrational CH4 𝜈𝜈2 and CO2 CSRS thermometry,
are shown in Figure 6.11(b). A good agreement is obtained for each spectrum within the
1000-frame sample acquired at each measurement location, as shown in Figure 6.11(c) for
location 𝑦𝑦=0 mm.

This agreement is quantified in Paper IV by computing a concordance correlation
coefficient as in Ref. [219]:

𝜌𝜌𝑐𝑐 =
2𝜎𝜎CO2 ,CH4

𝜎𝜎2
CO2

+𝜎𝜎2
CH4

+(𝜇𝜇CO2 −𝜇𝜇CH4)
2 (6.18)

Where 𝜇𝜇CO2 and 𝜇𝜇CH4 are the mean temperatures measured by CO2 and CH4 CSRS, respec-
tively, with standard deviation 𝜎𝜎CO2 and 𝜎𝜎CH4 , and covariance 𝜎𝜎CO2 ,CH4 . The 𝜌𝜌𝑐𝑐 values given
in Figure 6.11(d) thus quantify the correlation between the local temperature measured by
CH4 𝜈𝜈2 and CO2 CSRS, independently of the possible systematic bias in the former, and of
the temperature fluctuations in the sample. The accuracy of CH4 𝜈𝜈2 CSRS thermometry
is found to be better than 3% at all measurement locations, while the limiting factor in
the thermometric precision is identified in the oscillations of the flame, as evident in the
common fluctuations of the temperature profiles in Figure 6.11(c). By Fourier transform-
ing these temporal sequences 𝑇𝑇CH4 and 𝑇𝑇CO2 , common frequencies in the corresponding
spectra can be identified and attributed to physical fluctuations in the flame. Following
the methodology employed in Ref. [124], these common frequencies in the spectral range
∼0.1-12.5 Hz are filtered off, thus suppressing the physical oscillations in 𝑇𝑇CH4 and 𝑇𝑇CO2
and leaving the inherent noise in the fs/ps CRS measurements. The resulting precision of
CH4 𝜈𝜈2 CSRS thermometry is estimated to be better than 2% at all measurement locations.
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7
Ultrabroadband fs/ps CRS
for combustion diagnostics

The present chapter discusses some preliminary results demonstrating the use of ultrabroadband
fs/ps CRS with in situ filamentation to investigate chemical and molecular transport processes
in chemically reacting flows. The differential diffusion of the H2 molecule in a laminar H2/air
diffusion flame is experimentally observed by the spatially-resolved fs/ps CRS measurements
of the local temperature and absolute concentrations of N2 and H2 in the fuel stream. The
simultaneous detection of four major combustion species across a laminar CH4/air diffusion
flame sheds light on the buoyancy of CH4 in the fuel stream and its pyrolysis, which produces
H2 in the reaction zone of a laminar CH4/air diffusion flame.

Part of the results discussed in this chapter have been published in Papers III and IV.

ULTRABROADBAND FS/
PS CRS FOR COMBUSTION 

DIAGNOSTICS

The present chapter discusses some preliminary results demonstrating the use 
of ultrabroadband fs/ps CRS with in situ filamentation to investigate chemical 

and molecular transport processes in chemically reacting flows. The differential 
diffusion of the H2 molecule in a laminar H2/air diffusion flame is experimentally 

observed by the spatially-resolved fs/ps CRS measurements of the local 
temperature and absolute concentrations of N2 and H2 in the fuel stream.  

The simultaneous detection of four major combustion species across a laminar 
CH4 air diffusion flame sheds light on the buoyancy of CH4 in the fuel stream and 

its pyrolysis, which produces H2 in the reaction zone of a laminar CH4/air diffusion 
flame. 

 
Part of the results discussed in this chapter have 

been published in Papers III and IV.
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T he results discussed in Chapters 4 to 6 answer the research questions formulated in
Section 3.3, elucidating the development of quantitative ultrabroadband fs/ps CRS with

in situ filamentation as a combustion diagnostic tool. The present chapter discusses the
application of spatially-resolved ultrabroadband fs/ps CRS measurements to investigate
chemical and molecular transport processes in different laboratory flames.

Section 7.1 details the direct observation of H2 differential diffusion in a laminar H2/air
diffusion flame. This is demonstrated in Paper III by performing simultaneous pure-
rotational N2 fs/ps CRS thermometry and absolute N2 and H2 concentration measurements.
The pure-rotational Raman coherence of both the N2 and H2 is excited by the compressed
supercontinuum pump/Stokes pulse generated by in situ filamentation behind the thick
optical window.

The second application of ultrabroadband fs/ps CRS with in situ filamentation as a
combustion diagnostics tool is presented in Paper IV. This concerns the detection of the
four major combustion species discussed in the previous chapter across a laminar CH4/air
diffusion flame.

7.1 CRS in a H2/air diffusion flame
The first example, illustrating the suitability of ultrabroadband fs/ps CRS to investigate
transport processes on a molecular scale in chemically reacting flow, is the direct observa-
tion of H2 differential diffusion in the laminar H2/air diffusion flame of Paper III.

The term "differential" refers to the fact that each species in a multi-component flow
has a different diffusion velocity [220]. A different but related phenomenon observed in
the combustion of H2 is called "preferential" diffusion, referring to the mass diffusivity (𝐷𝐷)
being larger than the thermal diffusivity (𝛼𝛼) [221], as quantified by a non-unitary Lewis
number, defined as the ratio of the two diffusivity constants:

Le ≐
𝛼𝛼
𝐷𝐷

(7.1)

An assumption often made in the simplest description of e.g. laminar premixed flames
is that of unit Lewis number, such that the heat diffusion is assumed to have the same
magnitude as the mass diffusion in the combustion flow [17].

In the combustion of H2, or where H2 transport has a significant impact on the flame
propagation [222], this assumption can lead to significant misrepresentations of the combus-
tion dynamics and local flame structure [223]. As a matter of fact, the light weight of the H2
molecule reflects on its high diffusivity, according to Graham’s law [220], thus determining
the existence of strong preferential and differential diffusion in H2/air flames. Despite these
effects being well-known in combustion science, to the best of the author’s knowledge, they
have never been directly observed, but only indirect experimental confirmations of their
impact on the combustion process exists. Meier and co-authors, for example, employed
spontaneous Raman scattering to characterise two turbulent H2/N2/air jet diffusion flames,
and discussed the effect of the differential diffusion of H2 as determining a super-adiabatic
flame temperature, as plotted against the local O2 mole fraction [223].

Paper III reports the direct observation of differential diffusion of H2 towards the reac-
tion zone of the laminar H2/air diffusion flame described in Section 6.1. In order to investi-
gate the local molecular transport processes in this flame, a second set of spatially-resolved
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Figure 7.1: Differential diffusion of the H2 molecules. (a) Temperature and relative H2/N2 concentration profiles
measured by ultrabroadband fs/ps CSRS in a laminar H2/air diffusion flame. (b) Detail of the measured scalars in
the fuel stream up to 3.5 mm from the centre of the burner: the temperature increases by ∼50 K over this range,
due to the heat transfer from the chemical reaction zone, while the H2 concentration reduces significantly from
50% in the centre of the fuel stream to 40% at location 𝑦𝑦=3.5 mm. The change in the relative H2/N2 concentration
is attributed to the large mass diffusivity of H2, which is thus more easily transported to the chemical reaction
zone in the flame. Figure reproduced from Mazza et al. [27].

measurements is performed, at the same radial locations employed for the validation of the
time-domain H2 CSRS model, ∼1 mm above the burner rim. The spectrometer is modified
to perform high-resolution pure-rotational fs/ps CSRS in the spectral region ∼50-600 cm-1:
a slower-focusing spherical lens (f:=400 mm) is employed as the imaging lens, resulting in
a signal dispersion on the sCMOS sensor of ∼0.27 cm-1/pixel. The pure-rotational CSRS
spectra of N2 and O2, as well as the first two lines of the pure-rotational spectrum of H2
–O(2) at 354 cm-1 and O(3) at 587 cm-1– are employed to simultaneously measure the local
temperature and the relative O2/N2 and H2/N2 concentrations at each radial location across
the flame front. The resulting temperature and relative H2/N2 concentration profiles are
shown in Figure 7.1(a).

The fuel stream at the burner outlet consists of a mixture of 50% H2-50% N2, providing
the N2 CARS signal employed to validate pure-rotational H2 fs/ps CRS thermometry. The
simultaneous detection of the N2 and H2 CARS signal thus results in absolute concentra-
tion measurements of these two species, thus allowing for the in situ monitoring of the
molecular transport processes within the fuel stream. The differential diffusion of H2 is
more pronounced at the centre of the fuel stream, as highlighted in Figure 7.1(b), where a
detail of the temperature and absolute H2 concentration profiles over the radial locations
0-3.5 mm is provided. Progressing from the centre of the burner to location 𝑦𝑦=3.5 mm,
the H2 concentration is reduced from 50% to 40% (i.e. a relative variation of 20%). The
measured temperature, on the other hand, increases only so slightly from ∼780 K, at the
centre of the burner, to ∼830 at location 𝑦𝑦=3.5 mm. This increment of ∼50 K (i.e. ∼6.4%) is
attributed in Paper III to the heat transfer from the high-temperature reaction zone, rather
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than to the onset of the combustion reaction in the pre-heat region of the flame front.
The reducing H2 concentration thus reflects the diffusion of H2 ahead of N2 towards the

reaction zone of the flame, where it is consumed in the chemical reaction. In this sense, the
measured concentration profile in Figure 7.1(b) provides a direct experimental observation
of the differential diffusion of H2 in this flame.

7.2 CRS in a CH4/air diffusion flame
Beside the validation of the time-domain CRS model, Paper IV demonstrates the use of
ultrabroadband fs/ps CRS to detect four major combustion species across the laminar
CH4/air diffusion flame in Figure 7.2.

Figure 7.2: Molecular transport in laminar CH4/air diffusion flame. (a) Picture of the laminar CH4/air diffusion
flame provided on the Bunsen burner. (b) Schematic of the buoyancy-driven transport of the CH4 molecules and
the back-diffusion of the heavier CO2 molecules produced in the reaction zone of the flame. Molecules rendered
using Jmol: an open-source Java viewer for chemical structures in 3D (http://www.jmol.org/).

The pure-rotational spectrum of H2 is detected along with the ro-vibrational spectra
of O2, CO2 and CH4 in the vibrational fingerprint region ∼1100-2000 cm-1, as shown in
Figure 7.3. The ro-vibrational CH4 𝜈𝜈2 spectrum spans from 1300 to 1950 cm-1, as shown
in the CSRS spectrum acquired in the fuel stream at location 𝑦𝑦=1 mm, in Figure 7.3(a).
This spectrum partly overlaps with the fundamental and first hot band in the Q-branch of
the Fermi-split ro-vibrational CO2 spectrum, which dominates the vibrational fingerprint
region of the Raman spectrum in the flame. The small spectral feature at 1553 cm-1, on the
other hand, is identified as to the ro-vibrational Q-branch spectrum of O2.

Figure 7.3(b) shows the CSRS spectrum acquired in the reaction zone of the flame (𝑦𝑦=8.5
mm). At this location, CH4 is almost entirely consumed in the reaction with O2, and the
heat realised in the reaction raises the local temperature, as attested by the detection of the
first hot band in the ro-vibrational O2 spectrum and of several hot bands in the spectrum of
CO2. The more complex structure of the vibrational energy manifold of the triatomic CO2
molecule, as compared to diatomic O2, explains on the one hand its larger specific heat
capacity and on the other the spreading of the vibrational Boltzmann distribution over
a larger number of vibrational states. Figure 7.3(c) illustrates the CSRS spectrum in the
oxidiser stream, dominated by the ro-vibrational spectrum of O2, with well-resolved the S-
and O-branch spectra on the lower- and higher-frequency side of the unresolved Q-branch.
A small amount of CO2 is also detected at this location (𝑦𝑦=11.5 mm) in the ambient air
constituting the oxidiser stream for the flame investigated in Paper IV.
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Figure 7.3: 10 shot-averaged ultrabroadband CSRS spectra in the vibrational fingerprint region measured across
the laminar CH4/air diffusion flame. Gamma compression was employed in the image post-processing to highlight
some spectral features. (a) Fuel stream (𝑦𝑦=1 mm): low-temperature ro-vibrational spectra of CO2 and CH4. (b)
Reaction layer (𝑦𝑦=8.5 mm): at temperatures greater than ∼1300 K CH4 undergoes pyrolysis producing H2, which
is then rapidly consumed. Four lines of the pure-rotational H2 CSRS spectrum are detected in the spectral region
∼1100–2000 cm-1. (c) Oxidizer stream (𝑦𝑦=11.5 mm): the oxidizer is ambient air so that the CSRS spectrum is
dominated by the ro-vibrational O2 Q-branch at ∼1553 cm-1; a small amount of CO2 diffuses into the oxidizer
stream. Figure reproduced from Mazza et al. [187].

The detection of these four major combustion species within the vibrational region
of the Raman spectrum provides valuable insights into the molecular transport processes
within the fuel stream and the pyrolysis of CH4 in the chemical reaction zone of the flame.

The abundance of CO2 at the centre of the fuel stream is explained in Paper IV as the
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result of the gravity-driven transport of this heavier molecule within the flow of much
lighter CH4. Due to its larger molecular mass (𝑚𝑚CO2=44), the CO2 produced in the reaction
zone of the conical diffusion flame diffuses against the flow of buoyant CH4 (𝑚𝑚CH4=16). The
resulting internal recirculation of CO2 within the fuel stream has a two-fold effect on the
temperature profile across the flame front, as independently measured by ro-vibrational
CO2 and CH4 𝜈𝜈2 fs/ps CRS thermometry. The local temperature at the centre of the fuel
stream (𝑦𝑦=0 mm) is increased to ∼600 K by the mixing of the fresh CH4 flow with the hot
CO2 flow. On the other hand, CO2 has a larger specific heat capacity than the molecular
components of air (𝐶𝐶CO2 ,𝑝𝑝=37.35 J/mol⋅K, 𝐶𝐶O2 ,𝑝𝑝=29.39 J/mol⋅K and 𝐶𝐶N2 ,𝑝𝑝=29.12 J/mol⋅K at
300 K). Hence, when introduced as a diluent in the combustible mixture, CO2 acts as heat
sink, resulting in a drastic reduction of the flame temperature [224]. This is observed in
Paper IV, where the maximum temperature measured across the flame front (∼1430 K
at location 𝑦𝑦=9.5 mm, see Figure 6.11) is significantly lower than expected for a laminar
axisymmetric CH4/air diffusion flame [225], and comparable to the effect of a 20% CO2
dilution in a laminar premixed CH4/air flame (𝜙𝜙=0.8) [226].

Four lines belonging to the pure-rotational O-branch spectrum of H2 are also visible
in Figure 7.3(b): O(6) at 1246 cm-1, O(7) at 1447 cm-1, O(8) at 1637 cm-1 and O(9) at 1815
cm-1. H2 is produced by methane pyrolysis, i.e. by the thermal decomposition of the CH4
molecules, which typically happens at temperatures higher than ∼1300 K at atmospheric
pressure and in absence of catalytic species [227].

This fact is of particular interest in view of the potential application of ultrabroadband
fs/ps CRS with in situ filamentation to study the chemical reforming of CH4 for carbon-
neutral H2 production within catalytic or plasma reactors [227, 228]. The pure-rotational
H2 and ro-vibrational CH4 𝜈𝜈2 spectra could be acquired simultaneously in the vibrational
fingerprint region up to ∼2000 cm-1. An accurate measurement of the relative H2/CH4
concentrations would require the simultaneous measurement of the NR CRS signal to
map the effective excitation bandwidth and implement the in situ referencing protocol.
As remarked above, the 𝜈𝜈2 mode spectrum of CH4 is completely depolarised, such that
the same polarisation angle 𝜙𝜙 = arctan

√
6 could be employed to simultaneously apply

the in situ referencing to the Raman spectra of H2 and CH4 in the vibrational fingerprint
region. Accurate concentration measurements of these two critical species could thus be
performed by ultrabroadband fs/ps CRS with in situ referencing of the spectral excitation,
providing a means for the in situ monitoring of the CH4 conversion process in chemical
reactors.
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T he present dissertation reports on the development of ultrabroadband fs/ps CRS for
scalar measurements in chemically reacting flows, with a particular focus on its appli-

cation as a combustion diagnostic tool. Moving from a number of significant advances in
gas-phase CRS demonstrated in the last decade, this research aims at developing a quanti-
tative ultrabroadband fs/ps CRS technique that could be robustly applied in measurements
scenarios of practical interests.

In this perspective, twomajor hurdles are identified to the application of ultrabroadband
fs/ps CRS outside the ideal, simplified settings of the experiments carried out in optical
laboratories, where the boundary conditions can be well characterised and arbitrarily
chosen: (i) the necessity of transmitting frail supercontinuum pulses through thick optical
materials, and (ii) the a priori unknown dependence of the effective spectral excitation
efficiency on the local boundary conditions in the pulse transmission to the measurement
location. A third element to be considered, when aiming at the use of in the vibrational
fingerprint region of the Raman spectrum for quantitative CRS measurements in the
gas phase, is the need of accurate spectroscopic models. Time-domain CRS models for
diatomic molecules, in particular N2, have long been developed, validated in a range
of operational pressure and temperature condition [229, 230], and employed in diverse
practical measurement scenarios [19, 78, 90, 123, 231, 232]. Polyatomic molecules, on the
other hand, are still largely unexplored and only recently some efforts have been spent
on the development of time-domain ro-vibrational CRS models for some of the simplest
combustion-relevant polyatomic molecules, such as CO2 [67, 111] and CH4 [126].

Therefore, the doctoral research here reported is articulated along the lines of the
research questions formulated in Section 3.3, and addresses the three aforementioned
challenges to the use of ultrabroadband fs/ps CRS for quantitative gas-phase diagnostics.

The first main research question is framed as:

1. How can fs laser-induced filamentation be employed in situ as a coherent light
source to robustly perform ultrabroadband fs/ps CRS in chemically reacting flows
behind thick optical windows?

In this respect, one of the most important outputs of the present doctoral research is the
demonstration of in situ filamentation as a straightforward and effective strategy to perform
ultrabroadband fs/ps CRS behind thick optical windows.

In particular, fs laser-induced filamentation proves to be an efficient and robust super-
continuum generation mechanism. Even a modest fs pulse energy (<1.5 mJ) is sufficient
to achieve the in situ self-compression of the pump/Stokes pulse to <20 fs (as measured
in Ar), enough to perform single-shot ultrabroadband fs/ps CRS in the fingerprint region
up to 2000 cm-1, as demonstrated in Papers I, III and IV. A robust filament propagation is
shown through steep concentration and temperature gradients in the combustion flow, and
the compressed supercontinuum output is measured to have an excellent spectral stability
shot-to-shot, limiting the impact of the spectral noise on the reproducibility of the fs/ps
CRS measurements. Nevertheless, the in situ use/in situ generation of the compressed
supercontinuum has so far only been demonstrated in laminar laboratory flames. The
filament generation and the fs laser pulse self-compression in turbulent chemically react-
ing flows should be the subject of future research activities, aimed at demonstrating the
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suitability of fs laser-induced filamentation as the supercontinuum generation mechanism
for ultrabroadband fs/ps CRS in turbulent environments.

Since the use of fs laser-induced filamentation in the context of fs/ps CRS is a recent
development, no established methodology exists for the determination of the CRS probe
volume dimensions with in situ filamentation. Paper I introduces a novel experimental ap-
proach to address this question, by measuring the divergence of the supercontinuum beam
output by the filament through a coherent imaging spectrometer. These measurements are
carried out, in Paper I, on a single wavelength (at ∼655 nm), and the same divergence angle
is assumed for all the relevant wavelengths in the spectrum of the supercontinuum beam.
Future work should investigate the validity of this assumption and assess its impact on the
estimated probe volume dimensions. Nevertheless, the methodology proposed in Paper I is
entirely general and the coherent imaging spectrometer described in Section 4.1.2 could
be readily employed to characterise the wavelength-dependence of the supercontinuum
divergence, resulting in a more sophisticated description of the CRS probe volume.

In situ filamentation is furthermore employed in Paper III to realise the first demon-
stration of ultrabroadband fs/ps CRS in the gas phase behind a thick optical window. The
introduction of an external grating compressor in the fs/ps CRS instrument is instrumental
to this achievement, as the compressor unit can easily compensate the GDD introduced
by the window, granting a fine control over the quadratic spectral phase of the fs pulse,
to optimise its in situ compression in the combustion environment. The combination
of GDD control and in situ filamentation of relatively low-energy fs pulses grants the
ultrabroadband fs/ps CRS instrument a large flexibility in terms of the minimum distance
between the optical windows and the focal plane of the fs beam, which would be critical
in practical measurement scenarios. A parametric investigation of the impact of the fo-
cusing geometry for the fs pump/Stokes beam on its self-compression during the filament
propagation should be carried out as a follow-up study. Moreover, the dependence of the
supercontinuum beam divergence out of the filament, and the resulting dimensions of the
CRS probe volume, on the focusing geometry should be assessed.

It is also worth mentioning here that fs laser-induced filamentation could be the gate-
way to stand-off fs/ps CRS in the gas-phase, exploiting the backward coherent emission
from excited atomic [233–235] and molecular species [236–238] in the filament. This in
situ-generated "air lasing" emission could be used to probe the rotational-vibrational coher-
ence induced by the compressed supercontinuum pulse, thus realising stand-off fs/ps CRS
measurements for single-ended probing in enclosed environments or atmospheric moni-
toring [239, 240]. Furthermore, spectral imaging measurements reported on in Paper VI
reveal a coherent emission from electronically-excited N+

2 ions within sub-filamentary
structures with diameter (∼10 𝜇𝜇m) smaller than the diffraction limit of the probe beam
(∼20 𝜇𝜇m). Hence air lasing could be employed as a probe for ultrabroadband fs/ps CRS
with the potential for spatially-resolved measurements beyond the diffraction limit.

The second research question concerns the uncertainty introduced in fs/ps CRS ther-
mometry by the spectral referencing protocol. The question is formulated as:

2. Is it possible to improve the performance of fs/ps CRS thermometry by measuring
the spectral excitation efficiency in situ?
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As pointed out in Section 2.3.1, the excitation bandwidth of the two-beam fs/ps CRS
instrument is limited by the bandwidth of the single combined fs pump/Stokes pulse,
and a spectral referencing protocol is implemented to measure the resulting spectral
excitation efficiency. In the practical application of fs/ps CRS, this efficiency depends
on the spectrochronographic properties of the fs pump/Stokes pulse at the measurement
location, i.e. upon its propagation through optical material and the gas-phase medium
in the chemically reacting flow. The conventional experimental protocol –foreseeing the
ex situ measurement of the spectral excitation profile as mapped by the NR CRS signal,
typically generated in room-temperature Ar– therefore introduces an inherent uncertainty
in fs/ps CRS thermometry.

Hence, the second cornerstone in the present research is the development of a novel
experimental protocol for the in situ referencing of the spectral excitation efficiency. A
simple polarisation theory of the gas-phase CRS process establishes the input linear po-
larisation of the pump/Stokes and probe laser fields that allows for the simultaneous
generation of cross-polarised resonant and NR CRS signals. A novel coherent imaging
spectrometer is introduced in Paper II for the simultaneous recording of these signals in
two distinct detection channels. The application of the in situ referencing protocol is firstly
demonstrated on conventional pure-rotational N2 CRS thermometry, realised in two-beam
1D imaging configuration, and the results are compared the conventional experimental
protocol. The spectral referencing protocol is shown to introduce a systematic bias in fs/ps
CRS thermometry, depending on the measurement location across the laminar premixed
CH4/air flame front investigated. In the hot products of the flame, the difference in the
density of the gas-phase medium along the fs beam path results in a lesser GDD of the pulse
and, therefore, in a larger excitation bandwidth than measured by the NR CRS spectrum
recorded ex situ. The conventional ex situ referencing protocol is thus demonstrated to
result in a ∼1.3% overestimation of the temperature measured in the product gases of the
flame.

The need for an in situ referencing protocol to perform accurate fs/ps CRSmeasurements
becomes even more relevant when fs laser-induced filamentation is employed as the in
situ supercontinuum generation mechanism. The investigation of in situ filamentation in
combustion environments, as reported in Section 4.1.3, demonstrates a strong dependence
of the underlying non-linear optical phenomena on the local composition and temperature
of the gas-phase flow, with temperature gradients in particular limiting the ultimate pulse
compression achievable by fs laser-induced filamentation.

The novel in situ referencing protocol introduced in Paper II is therefore employed
in Paper III to measure the ultrabroadband excitation of the pure-rotational spectrum
of H2 over more than 1000 cm-1, in a laminar H2/air diffusion flame. On the one hand,
the in situ measurement of the NR CRS signal allows for estimating the duration and
quadratic spectral phase of the compressed supercontinuum generated via fs laser-induced
filamentation at different locations across the flame front, quantifying the impact of the
local temperature and composition of the gas-phase medium on the pulse self-compression.
On the other hand, the in situ referencing protocol proves crucial to achieve accurate
pure-rotational H2 fs/ps CRS thermometry: while the ex situ referencing introduces a
systematic underestimation of the temperature as large as 80%, the accuracy of H2 fs/ps
CRS thermometry with in situ referencing is better than 1% at most measurement locations.
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While these results demonstrate the critical need for in situ measurements of the
effective spectral excitation efficiency to perform accurate H2 fs/ps CRS thermometry, the
impact of the referencing protocol on fs/ps CRS concentration measurements is yet to be
explored. As demonstrated in the case of the ro-vibrational 𝜈𝜈2 mode spectrum of CH4,
the in situ referencing protocol can be applied, with the same relative polarisation angle
between the pump/Stokes and probe fields, to any completely depolarised Raman spectrum.
Hence, two-beam fs/ps CRS with in situ referencing of the ultrabroadband excitation
efficiency could be used to simultaneously investigate the pure-rotational region of the
Raman spectrum, as well as most of the bending vibrational modes of complex polyatomic
molecules in the fingerprint region. One such application would the investigation of the
chemical conversion of CH4 into H2 by pyrolysis in either catalytic or plasma reactors.
Ultrabroadband fs/ps CRS could provide accurate H2/CH4 concentration measurements
and allow for monitoring the chemical conversion process, with high spatio-temporal
resolution and mode specificity in the investigation of the vibrational excitation of the CH4
molecule [241].

Nevertheless, the issue of the spectral referencing for strongly polarised Raman spectra
–such as the isotropic Q-branch spectra of most diatomic molecules, as well as the Q-branch
spectrum of CO2 [242]– is still open and new strategies needs to be developed to apply the
in situ referencing protocol to these spectra.

Lastly, the need for accurate spectroscopic models to simulate the ro-vibrational fs/ps
CRS spectra of complex polyatomic molecules in the vibrational fingerprint region is
considered:

3. To what extent can phenomenological time-domain CRS models be employed to
perform high-fidelity fs/ps CRS thermometry on major combustion species in the
vibrational fingerprint region of the Raman spectrum: H2, O2, CO2, and CH4?

The complexity of the rotational-vibrational motion of a polyatomic molecule grows with
the number of nuclei and chemical bonds. This is not only due to the growing number
of normal vibrational modes, but also to (i) the possible resonance between individual
vibrational modes –as in the case of the 𝜈𝜈1+2𝜈𝜈2 Fermi resonance in the Raman spectrum of
CO2–, and (ii) the higher-order coupling between the vibrational and rotational degrees
of freedom of the molecule –as in the Coriolis effect observed in the Raman spectrum
of the 𝜈𝜈2 mode of CH4. Furthermore, at any given temperature, the larger number of
normal vibrational modes for polyatomic molecules obviously reflects on a larger number
of vibrational energy states being significantly populated according to Boltzmann statistics.
The Raman spectra of polyatomic molecules thus have more pronounced vibrational hot
bands than those of the simplest diatomic molecules, as observed in the case of CO2 (see e.g.
Figures 2.3 and 4.8). While this fact can increase the temperature sensitivity of fs/ps CRS
thermometry performed on polyatomic molecules, as shown in the comparison between
ro-vibrational O2 and CO2 fs/ps CRS (see Sections 6.2.2 and 6.3.2), it also makes the need
for accurate spectroscopic models more demanding.

The present doctoral research covers the development of time-domain fs/ps CRS models
for four major combustion species in the vibrational fingerprint region of the Raman
spectrum, in order of complexity: H2, O2, CO2, and CH4. All the models are based on a
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simplified phenomenological description of the CRS process, as outlined in Appendix C,
whereby the fs pump/Stokes laser pulse is assumed to impulsively excite the rotational-
vibrational coherence of the target molecules, and the resulting macroscopic third-order
susceptibility is computed as the interferogram in Equation (2.40). All the models are
compared to the experimental CRS spectra acquired in the laboratory flames discussed in
Chapter 6, providing a validation at temperatures up to: ∼1450 K for the pure-rotational
H2 CRS model, ∼2050 K and ∼2100 K for the ro-vibrational O2 and CO2 CRS models,
respectively, and ∼800 K for the ro-vibrational CH4 𝜈𝜈2 CRS model.

These results demonstrate the wide applicability of the phenomenological description
in Equation (2.40) to model the time-domain CRS spectra not only of simple diatomic
molecules (H2 and O2), but also of more complex polyatomic molecules (CO2 and CH4).
The time-domain CH4 𝜈𝜈2 CRS model in particular includes more than 10 million spectral
lines, which is, to the best of the author’s knowledge, the largest spectroscopic database ever
employed in a time-domain CRS model for quantitative gas-phase fs/ps CRS. In this respect,
the modelling efforts reported in Papers I and IV represent a first important step towards
the development of a fully quantitative ultrabroadband fs/ps CRS technique for scalar
determination in chemically reacting flows, and could pave the way to the application
of fs/ps CRS to new domains of gas-phase diagnostics [243]. The time-domain model
developed for ro-vibrational CH4 𝜈𝜈2 CRS, for example, could be readily extended to more
complex spherical top molecules such as SF6 [244], for which comprehensive spectroscopic
databases already exist [245].

Nonetheless, while the pulse compression provided by in situ filamentation is clearly
sufficient to excite the Raman coherence for molecular modes in the vibrational fingerprint
region up to ∼2000 cm-1, the measured pulse duration of 17 fs should raise some concerns
about the assumption of an impulsive excitation of the ro-vibrational Raman modes in
this region. Such a pulse duration is indeed comparable to, if only slightly shorter than,
e.g. the vibrational periods of CO2 (𝜏𝜏vib ≈ 24.9 fs) and O2 (𝜏𝜏vib ≈ 21.5 fs). Future research
efforts should therefore be devoted to investigating the validity limits of this assumption,
and to developing more accurate models that might take into account the experimental
time-domain envelope of the pump/Stokes pulse.

Finally, it should be noted that the time-domain CRS models for the four major combus-
tion species discussed in the present theses are validated at moderate-to-high temperatures
for fs/ps CRS thermometry, but could be readily extended to perform simultaneous con-
centration measurements. This would require a careful experimental calibration of the
numerical codes at different concentrations, to validate values reported in the literature for
the Raman-cross section of the different molecular species. The availability of validated
time-domain CRS models for all the major combustion species, paired with the in situ
referencing protocol, could establish ultrabroadband fs/ps CRS as the state-of-the-art for
accurate absolute concentration measurements in gas-phase environments.

In conclusion, the present research demonstrates that a straightforward path exists
towards the use of ultrabroadband fs/ps CRS as a robust diagnostic tool for scalar determi-
nation in practical measurement scenarios, and lays the ground work for the development
of quantitative ultrabroadband fs/ps CRS in chemically reacting flows.
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A
Quantisation of the

rotational-vibrational
energy

The present appendix illustrates the fundamentals of the canonical quantisation of the rota-
tional and vibrational motions of simple diatomic molecules, whose results are employed to
describe spontaneous and coherent Raman scattering in Chapter 2.

QUANTISATION OF 
THE ROTATIONAL-

VIBRATIONAL ENERGY

The present appendix illustrates the fundamentals of the canonical 
quantisation of the rotational and vibrational motions of simple 

diatomic molecules, whose results are employed to describe 
spontaneous and coherent Raman scattering in Chapter 2.
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Consider a simple diatomic molecule as sketched in Figure 2.1: each of its sub-atomic
components (i.e. nuclei and electrons) is described, according to quantum mechanics, by
the wave function |𝜓𝜓(r, 𝑡𝑡)⟩, whose temporal evolution is prescribed by the time-dependent
Schrödinger’s equation [44]:

𝑖𝑖𝑖
𝜕𝜕 |𝜓𝜓⟩
𝜕𝜕𝑡𝑡

= �̂�𝐻 |𝜓𝜓⟩ = −(
𝑖2

2𝑚𝑚)Δ |𝜓𝜓⟩+𝑉𝑉 (𝒓𝒓) |𝜓𝜓⟩ (A.1)

Where �̂�𝐻 is the Hermitian operator representing the quantum equivalent of the classical
Hamiltonian function 𝐻𝐻 , defined as the difference between the kinetic (−𝑖2Δ/2𝑚𝑚) and
potential (𝑉𝑉 ) energies of the system under consideration. In rigorous terms, the entire
molecule as a physical system should have a wave function |𝜓𝜓⟩ assigned to it, depending
on the whole set of coordinates associated to its components. However it is customary to
invoke the Born-Oppenheimer approximation, whereby the contributions due to different
coordinates are treated as independent of each other, and the molecular wave function can
be factored as [246]:

|𝜓𝜓⟩ = |𝜓𝜓e⟩ |𝜓𝜓s⟩ |𝜓𝜓v⟩ |𝜓𝜓r⟩ |𝜓𝜓t⟩ (A.2)
Where 𝜓𝜓e is the part of the wave function that depends on the electronic coordinates
(including the electron spin), 𝜓𝜓s depends on the nuclear spin coordinates, 𝜓𝜓v depends on
the vibrational nuclear coordinates, 𝜓𝜓r depends on the rotational nuclear coordinates, and
𝜓𝜓t depends on the molecular coordinates.

The Born-Oppenheimer approximation thus entails neglecting the possible coupling
between the different degrees of freedom. This has important implications in the light-
matter interaction described in Section 2.2, as decoupling the electron and nuclear motion
allows one to assume that only the former is fast enough to follow the oscillations of
externally-applied EM fields at optical frequencies (∼1011-1016 Hz). On the other hand, the
coupling between the vibrational and rotational motion of the nuclei plays an essential
role in molecular spectroscopy, and it is taken into account via first- and second-order
correction terms to ro-vibrational energy of diatomic molecules in Appendices A.1 and A.2,
and of polyatomic molecules in Appendix B.

As mentioned in the introduction of Chapter 2, the internal energy contributions
associated to the electronic and nuclear spin coordinates is of no concern for the present
thesis: hence, the task a hand is to define the vibrational |𝜓𝜓v⟩ and rotational |𝜓𝜓r⟩ wave
functions of a diatomic molecules and the corresponding energy levels. Intuitively these
wave functions can be understood as describing the motion of the two nuclei in Figure 2.1 in
the reference frame defined by the nuclear coordinates. Their motion along the internuclear
axis results in the molecular vibrations, while the rigid motion about the centre of mass
of the system determines the molecular rotation about an arbitrary axis in the plane
orthogonal to the internuclear axis. In absence of external forces, the stationary states
of these motions are found by solving the eigenvalue problem of the time-independent
Schrödinger’s equation:

�̂�𝐻 |𝜓𝜓⟩ = 𝐸𝐸 |𝜓𝜓⟩ (A.3)
Where the eigenvalues 𝐸𝐸 represent the only observable values of the rotational-vibrational
energy, i.e. the only possible outcomes of an experimental measurement. The quantisation
of the rotational-vibrational energy thus entails discrete molecular spectra, with spectral
lines corresponding to specific transitions between these energy states.
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A.1Quantisation of the vibrational motion
The description of the vibrational motion of a diatomicmoleculemoves from the assumption
that this behaves as a linear classical harmonic oscillator [38]. The two nuclei, with masses
𝑀𝑀1 and 𝑀𝑀2, are bound by an electrostatic potential, modelled as the elastic force along the
internuclear axis 𝑥𝑥:

𝐹𝐹elastic = −
𝑑𝑑𝑑𝑑elastic(𝑥𝑥)

𝑑𝑑𝑥𝑥
= −𝑘𝑘𝑥𝑥 (A.4)

Where 𝑘𝑘 is the equivalent elastic constant of the system. Defining the reduced mass of the
system as 𝑚𝑚 = (𝑀𝑀1𝑀𝑀2)/(𝑀𝑀1 +𝑀𝑀2), the vibrating molecule is described by an equivalent
mass-spring system with harmonic (angular) frequency 𝜔𝜔 =

√
𝑘𝑘/𝑚𝑚. The potential energy

associated to the elastic force in Equation (A.4) is given by:

𝑑𝑑elastic(𝑥𝑥) =
1
2
𝑘𝑘𝑥𝑥2 = 𝑚𝑚𝜔𝜔2𝑥𝑥2 (A.5)

The dynamics of such a system are described in terms of the well-known Hamiltonian
function:

𝐻𝐻 =
𝑝𝑝2

2𝑚𝑚
+
1
2
𝑚𝑚𝜔𝜔2𝑥𝑥2 (A.6)

Where 𝑝𝑝 is the linear momentum component along 𝑥𝑥 . Solving the Hamilton-Jacobi equa-
tions with the Hamiltonian in Equation (A.6) gives the textbook solution for motion of a
classical harmonic oscillator [213].

Following the canonical quantisation procedure introduce by Paul Dirac in 1926, the
quantisation of this motion can be carried out by operating the substitutions [247]:

𝑥𝑥 ⟶ �̂�𝑥

𝑝𝑝⟶ �̂�𝑝 = −𝑖𝑖𝑖
𝑑𝑑
𝑑𝑑𝑥𝑥

(A.7)

Where �̂�𝑥 and �̂�𝑝 are Hermitian operators acting on the Hilbert space of the wave functions |𝜓𝜓⟩.
Introducing the transformations of Equation (A.7) in Equation (A.6) the systemHamiltonian
is recast as the operator:

�̂�𝐻v = −
𝑖2

2𝑚𝑚
𝑑𝑑2

𝑑𝑑2𝑥𝑥
+
1
2
𝑚𝑚𝜔𝜔2�̂�𝑥2 (A.8)

It is now possible to rewrite the Schrödinger’s equation for the molecular vibrational wave
function, by substituting the Hamiltonian of Equation (A.8) into Equation (A.1):

𝑑𝑑2 |𝜓𝜓v⟩
𝑑𝑑𝑥𝑥2

+(
2𝑚𝑚𝑚𝑚v
𝑖2

−
𝜔𝜔2𝑥𝑥2

𝑖2 )|𝜓𝜓v⟩ (A.9)

Finally, the time-independent Schrödinger’s equation can be solved to find the observable
vibrational energy levels of the diatomic molecule, i.e. the eigenvalues of �̂�𝐻v [44]:

𝑚𝑚v =(𝑣𝑣+
1
2)

𝑖𝜔𝜔𝜔 𝑣𝑣 = 0𝜔1𝜔2𝜔⋯ (A.10)
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The corresponding vibrational wave functions (i.e. the eigenstates |𝑣𝑣⟩) are given in terms
of the Hermite polynomials 𝐻𝐻v, represented over the potential energy curve in Figure A.1:

|𝑣𝑣⟩ =
1√

2𝑣𝑣𝑣𝑣!𝜋𝜋1/2
exp(−

𝜔𝜔𝜔𝜔
2ℏ

(𝑟𝑟 − 𝑟𝑟e)2)𝐻𝐻v(

√𝜔𝜔𝜔𝜔
ℏ

(𝑟𝑟 − 𝑟𝑟e)) (A.11)

The potential energy curve as well as the vibrational energy levels and wave functions
have been obtained from the assumption the that the vibrational motion obeys Hooke’s
law in Equation (A.4). This assumption holds well as long as the internuclear distance
𝑟𝑟 is close to its equilibrium value 𝑟𝑟e, while for 𝑟𝑟 → ∞ the electrostatic potential binding
the nuclei is negligible and the molecule dissociates into two neutral atoms. The energy
required to overcome the electrostatic potential is thus called the dissociation energy 𝐷𝐷0. For
vibrational energies larger than 𝐷𝐷0 then the internuclear distance can grow with no upper
bound without a corresponding increment in the potential energy 𝑉𝑉 [38]. This is a clear
deviation from the behaviour predicted by the linear harmonic oscillator model adopted
thus far. A more realistic description of the vibrational motion is found by adopting the
Morse potential curve shown in Figure A.1(a):

𝑉𝑉 (𝑥𝑥) = 𝐷𝐷e[1− 𝑒𝑒𝑎𝑎𝑥𝑥]
2 (A.12)

Where 𝐷𝐷e is the dissociation energy measured relative to the equilibrium potential energy
and 𝑎𝑎 is an experimental constant depending on the electronic state of the molecule
considered. There are no analytical solutions to the time-independent Schrödinger’s
equation when the anharmonic potential energy in Equation (A.12) is employed and the
vibrational energy term values are modified by introducing higher-order terms of a power
series in (𝑣𝑣+ 1

2):

𝐺𝐺(𝑣𝑣) = 𝜔𝜔e[(
𝑣𝑣+

1
2)

−𝑥𝑥e(𝑣𝑣+
1
2)

2
+𝑦𝑦e(𝑣𝑣+

1
2)

3
+⋯

]
(A.13)

Hence, in the anharmonic potential, the vibrational energy levels are not equally spaced as
predicted by the quantum harmonic oscillator model, but the spacing decreases for larger
values of the vibrational quantum number 𝑣𝑣.

It is worth noting here an important fact about Schrödinger’s equation: since Equa-
tion (A.1) is linear in |𝜙𝜙⟩, any linear combination of the eigenfunctions |𝑣𝑣⟩ is also a valid
solution to it. The general form of the vibrational wave function for a diatomic molecule is
then:

|𝜓𝜓v⟩ =∑
𝑣𝑣
𝑐𝑐𝑣𝑣 |𝑣𝑣⟩ 𝑐𝑐𝑣𝑣 ∈ ℂ (A.14)

Equation (A.14) is said to represent a coherent superposition of vibrational eigenstates |𝑣𝑣⟩: in
the present dissertation reference is often made to vibrational coherence to mean vibrational
states of the form in Eq. A.14. As the present thesis deals with statistical ensembles of
molecules in gas-phase media, it is useful to represent the state of a molecule by means
of the so called density operator �̂�𝜌, which evolves according to the Liouville-von Neumann
equation:

𝑖𝑖ℏ
𝜕𝜕�̂�𝜌
𝜕𝜕𝜕𝜕

= [�̂�𝐻 𝐻 �̂�𝜌] (A.15)
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Figure A.1: The vibrational energy manifold of a diatomic molecule. (a) The harmonic (red) and Morse (blue)
potential energy curves of N2 in the ground electronic state are represented along with the corresponding
vibrational energy states. The harmonic potential has a quadratic dependence on the nuclear displacement
from the equilibrium position according to Hooke’s law, resulting in equidistant energy levels. The mechanical
anharmonicity of the Morse potential, on the other hand, determines a reducing energy gap between increasingly
higher vibrational states up to the dissociation energy 𝐷𝐷e. (b) Vibrational wave function associated to the
vibrational quantum numbers 𝑣𝑣 = 0, 11, and 21 in the harmonic (red) and Morse (blue) potential energy curves,
computed according to Equation (A.11) and by solving Schrödinger’s equationwith the potential in Equation (A.12),
respectively.

The vibrational state of a diatomic molecule in a statistical ensemble is then represented
by the operator:

𝜌𝜌v = |𝜓𝜓v⟩ ⟨𝜓𝜓v| =∑
𝑣𝑣
∑
𝑣𝑣′

𝑐𝑐𝑣𝑣𝑐𝑐∗𝑣𝑣′ |𝑣𝑣⟩ ⟨𝑣𝑣
′| coherent state

𝜌𝜌v =∑
𝑣𝑣
𝑝𝑝𝑣𝑣 |𝑣𝑣⟩ ⟨𝑣𝑣| 𝑝𝑝𝑣𝑣 ∈ ℝ mixed state

(A.16)

The first definition in Equation (A.16) applies to a coherent superposition in the sense
outlined above, while the second definition represents a statistical mixture of vibrational
eigenstates, each one weighted by its own probability 𝑝𝑝𝑣𝑣 . The latter is the case for an
ensemble of molecule in thermal equilibrium, whose probability distribution over the
vibrational energy states is given by Boltzmann statistics:

�̂�𝜌Th =
exp(−�̂�𝐻/𝑘𝑘B𝑇𝑇 )

Tr[exp(−�̂�𝐻/𝑘𝑘B𝑇𝑇 )]
(A.17)

Substituting the vibrational energy term for an anharmonic oscillator in Equation (A.13)
into Equation (A.17) the vibrational Boltzmann distribution is computed for an ensemble
of diatomic molecules in thermal equilibrium, at temperature 𝑇𝑇 :

𝜌𝜌(𝑣𝑣) =
exp(−ℏ𝐺𝐺(𝑣𝑣)/𝑘𝑘B𝑇𝑇 )

∑𝑣𝑣 exp(−ℏ𝐺𝐺(𝑣𝑣)/𝑘𝑘B𝑇𝑇 )
(A.18)

An example of the vibrational Boltzmann distribution of the N2 and CO2 molecules at three
different temperatures is shown in Figure 2.3.
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A.2Quantisation of the rotational motion
In order to describe the rotational motion of a diatomic molecule and operate its quan-
tisation, it is necessary to introduce the angular momentum. The starting point is the
definition of the classical angular momentum 𝒍𝒍 for a single particle, with tensor of inertia 𝑰𝑰
and angular velocity 𝝎𝝎 defined in the Cartesian reference frame 𝑋𝑋𝑋𝑋𝑋𝑋 with unit vectors 𝒊𝒊,
𝒋𝒋, and 𝒌𝒌:

𝒍𝒍 = 𝑙𝑙𝑋𝑋 𝒊𝒊+ 𝑙𝑙𝑋𝑋 𝒋𝒋 + 𝑙𝑙𝑋𝑋𝒌𝒌 = 𝑰𝑰 ⋅𝝎𝝎 (A.19)

In a body-fixed frame 𝑥𝑥𝑥𝑥𝑥𝑥 (unit vectors 𝒊𝒊′, 𝒋𝒋′, and 𝒌𝒌′), Galilean relativity and conservation
of the angular momentum entail that the rotation of the reference axes is compensated by
changes in the angular momentum components as:

𝑑𝑑𝑙𝑙𝑥𝑥
𝑑𝑑𝑑𝑑

𝒊𝒊′+
𝑑𝑑𝑙𝑙𝑥𝑥
𝑑𝑑𝑑𝑑

𝒋𝒋′+
𝑑𝑑𝑙𝑙𝑥𝑥
𝑑𝑑𝑑𝑑

𝒌𝒌′+𝝎𝝎× 𝒍𝒍 = 𝟎𝟎 (A.20)

Equation (A.19) can then be recast as three scalar equations:

𝑑𝑑𝑙𝑙𝑥𝑥
𝑑𝑑𝑑𝑑

+(
1
𝐼𝐼𝑥𝑥
−

1
𝐼𝐼𝑥𝑥)

𝑙𝑙𝑥𝑥 𝑙𝑙𝑥𝑥 = 0

𝑑𝑑𝑙𝑙𝑥𝑥
𝑑𝑑𝑑𝑑

+(
1
𝐼𝐼𝑥𝑥
−

1
𝐼𝐼𝑥𝑥 )

𝑙𝑙𝑥𝑥𝑙𝑙𝑥𝑥 = 0

𝑑𝑑𝑙𝑙𝑥𝑥
𝑑𝑑𝑑𝑑

+(
1
𝐼𝐼𝑥𝑥
−

1
𝐼𝐼𝑥𝑥)

𝑙𝑙𝑥𝑥 𝑙𝑙𝑥𝑥 = 0

(A.21)

Similar to the canonical quantisation of the linear harmonic oscillator, the angular
momentum of the single-particle system here considered can be quantised by introducing
the angular momentum operator:

�̂�𝒍 = 𝒓𝒓 × �̂�𝒑 = −𝑖𝑖𝑖𝒓𝒓 ×𝛁𝛁 (A.22)

The three scalar components of the angular momentum operator satisfy the commutation
relations:

[𝑙𝑙𝑖𝑖, 𝑙𝑙𝑖𝑖] = 𝑖𝑖𝑖𝑖𝑖𝑖𝑖,𝑖𝑖 ,𝑖𝑖𝑙𝑙𝑖𝑖 (A.23)

Where 𝑖𝑖𝑖𝑖,𝑖𝑖 ,𝑖𝑖 is the Levi-Civita symbol, taking values ±1 for even and odd permutation of the
indexes 𝑖𝑖, 𝑖𝑖 and 𝑖𝑖. The commutation relations in Equation (A.23) imply that the projections
of the angular momentum along two orthogonal axes cannot be measured simultaneously,
according to the uncertainty principle. It is also useful to define the Casimir operator as
the squared modulus of the total angular momentum 𝑙𝑙:

�̂�𝒍
2
= 𝑙𝑙2𝑖𝑖 + 𝑙𝑙2𝑙𝑙 + 𝑙𝑙2𝑖𝑖 (A.24)

The operator �̂�𝒍
2
commuteswith all the components of themomentumoperator, i.e. [�̂�𝒍

2
, 𝑙𝑙𝑖𝑖,𝑖𝑖 ,𝑖𝑖]=0,

meaning that it is possible to simultaneously measure the total angular momentum of the
system and its projection over an arbitrarily chosen axis. It is customary (see e.g. Ref. [44])
to choose 𝑥𝑥 as the quantisation axis, the conservation of the angular momentum along this
axis leads to an eigenvalue problem with solution:

𝑙𝑙𝑥𝑥 = 𝑖𝑚𝑚, 𝑚𝑚 = 0,±1,±2,⋯ (A.25)
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From the conservation of the total angular momentum 𝑙𝑙2 follows naturally that the modulus
of the eigenvalues 𝑙𝑙𝑧𝑧 must have an upper boundary 𝑙𝑙, such that 𝑙𝑙𝑧𝑧=𝑚𝑚=−𝑙𝑙, −𝑙𝑙+1,..., 𝑙𝑙−1, 𝑙𝑙.
The eigenvalues of the Casimir operator then are found to be:

𝒍𝒍2 = ℏ2𝑙𝑙(𝑙𝑙+1), 𝑙𝑙 = 0,1,2,⋯ (A.26)

From the commutation of the �̂�𝒍
2
and 𝑙𝑙𝑧𝑧 operators, follows that they have common eigenstates,

denoted as |𝑙𝑙,𝑚𝑚⟩. The quantisation of the angular momentum for a single particle in the
Euclidian 3D space is summarised by the following equations:

�̂�𝒍
2
|𝑙𝑙,𝑚𝑚⟩ = ℏ2𝑙𝑙(𝑙𝑙+1) |𝑙𝑙,𝑚𝑚⟩

𝑙𝑙𝑧𝑧 |𝑙𝑙,𝑚𝑚⟩ = ℏ𝑚𝑚 |𝑙𝑙,𝑚𝑚⟩
(A.27)

Finally, the Hamiltonian 𝐻𝐻 of the system can be written in terms of the angular momentum
𝑙𝑙2 [213], so that the corresponding operator is:

�̂�𝐻 =
�̂�𝒍
2

2𝐼𝐼
(A.28)

As it is obvious from its definition, the (rotational) Hamiltonian commutes with the Casimir
operator, and the eigenstates of the momentum operators �̂�𝒍

2
and 𝑙𝑙𝑧𝑧 also represent states of

well-defined rotational energy:

�̂�𝐻 |𝑙𝑙,𝑚𝑚⟩ =
ℏ2

2𝐼𝐼
𝑙𝑙(𝑙𝑙+1) |𝑙𝑙,𝑚𝑚⟩ (A.29)

Of the stationary states defined by Equation (A.29), those which differ only in the value
of 𝑚𝑚 have the same rotational energy: this follows from the fact that the direction of
the quantisation axis 𝑧𝑧 is chosen arbitrarily [44]. Hence, the energy levels |𝑙𝑙,𝑚𝑚⟩ of a
system whose angular momentum is conserved are (2𝑙𝑙+1)-times degenerate. These (2𝑙𝑙+1)
degenerate rotational sublevels are sometimes referred to as "Zeeman states" [248]. The
rotational eigenfunctions |𝑙𝑙,𝑚𝑚⟩ are Laplace’s spherical harmonics:

𝑌𝑌 𝑚𝑚𝑙𝑙 (𝜃𝜃,𝜃𝜃) =
1√
(2𝜋𝜋)

𝑒𝑒𝑖𝑖𝑚𝑚𝜃𝜃(−1)𝑚𝑚𝑖𝑖𝑙𝑙
√
(2𝑙𝑙+1)

(𝑙𝑙−𝑚𝑚)!
2(𝑙𝑙+𝑚𝑚)!

𝑃𝑃𝑚𝑚
𝑙𝑙 (cos𝜃𝜃) (A.30)

Where 𝑃𝑃𝑚𝑚
𝑙𝑙 are the associated Legendre polynomials. The spherical harmonics associated to

an angular momentum quantum number 𝑙𝑙=0,..., 3 are shown in Figure A.2. These can be
interpreted as the wave functions associated to different degrees of alignment with respect
to the chosen quantisation axis 𝑧𝑧.

The above model for the quantisation of angular momentum can be applied to the
different angular momentum components in a diatomic molecule [38]. These are sum-
marised in Table A.1, along with the associated quantum number and eigenvalues, and
sketched in Figure A.3. In the following, the total angular momentum of the investigated
molecules is assumed as only due to the nuclear motion, thus neglecting the electronic and
nuclear spin components. While this assumption holds well for e.g. N2 and H2, which have
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Figure A.2: Angular momentum wave functions. The wave function associated with the eigenstates of the
rotational Hamiltonian in Eq. A.29 has the form of Laplace’s spherical harmonics as in Eq. Equation (A.30), where
the quantum number 𝑙𝑙 represents the discrete values of the angular momentum, while 𝑚𝑚 represents its projection
along the quantisation axis 𝑧𝑧. The case 𝑚𝑚=|𝑙𝑙| represent the alignment of the angular momentum to the to the
quantisation axis, while the case 𝑚𝑚=0 represents its anti-alignment.

null electron spin angular momentum (𝑆𝑆,𝐿𝐿=0), it does not so for O2, which has 𝑆𝑆=1 and
whose coupling between the electron spin and nuclear angular momentum can influence
its rotational spectrum (see e.g. Ref. [172]). Nevertheless, within the scope of the present
thesis this assumption produces reasonable results and is retained in the description of all
homonuclear diatomic species of interest (i.e. N2, O2 and H2).

The quantisation of the angular momentum described above can now be applied to
define the rotational states |𝐽𝐽 𝐽𝐽𝐽⟩ of a diatomic molecule. The first step is the assumption
of the nuclear motion being described by the rigid rotor model, whereby the internuclear
distance is assumed to be constant and equal to 𝑟𝑟𝑒𝑒 through the molecular motion. The
rotational Hamiltonian for this system is then:

�̂�𝐻 |𝐽𝐽 𝐽𝐽𝐽⟩ =
ℏ2

2𝐼𝐼
𝐽𝐽 (𝐽𝐽 +1) |𝐽𝐽 𝐽𝐽𝐽⟩ (A.31)

In analogy to the vibrational energy term in Equation (A.13), the rotational energy of the
rigid rotor can be expressed in units of angular frequency as [249]:

𝐹𝐹(𝐽𝐽 ) = 𝐵𝐵e𝐽𝐽 (𝐽𝐽 +1) (A.32)

Where 𝐵𝐵e is the rotational constant of the system (in cm-1 units), defined as:

𝐵𝐵e =
ℏ

4𝜋𝜋𝜋𝜋𝐼𝐼
(A.33)

The assumption of the molecule behaving as a rigid rotor is in obvious contrast to the
vibrational motion described in Appendix A.1: the internuclear distance is not constant, but
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Table A.1: Quantisation of the angular momentum components of a rotating molecule.

Physical variable Quantum
number

Quantised value Value of
quantum
number

Electron orbital
angular
momentum

𝐿𝐿 ℏ
√
𝐿𝐿(𝐿𝐿+1) 𝐿𝐿 = 0,1,2,⋯

𝑍𝑍-component of 𝐿𝐿 𝑀𝑀𝐿𝐿 ℏ𝑀𝑀𝐿𝐿 𝑀𝑀𝐿𝐿 = 0,±1,⋯ ,±𝐿𝐿
Electron spin
angular
momentum

𝑆𝑆 ℏ
√
𝑆𝑆(𝑆𝑆+1) 𝑆𝑆 = 0, 12 ,1,⋯

𝑍𝑍-component of 𝑆𝑆 𝑀𝑀𝑆𝑆 ℏ𝑀𝑀𝑆𝑆 𝑀𝑀𝑆𝑆 = 0,±1
2 ,⋯ ,±𝑆𝑆

Nuclear spin
angular
momentum

𝐼𝐼 ℏ
√
𝐼𝐼 (𝐼𝐼 +1) 𝐼𝐼 = 0, 12 ,1,⋯

𝑍𝑍-component of 𝐼𝐼 𝑀𝑀𝐼𝐼 ℏ𝑀𝑀𝐼𝐼 𝑀𝑀𝐼𝐼 = 0,±1
2 ,⋯ ,±𝐼𝐼

Nuclear angular
momentum

𝑁𝑁 ℏ
√
𝑁𝑁 (𝑁𝑁 +1) 𝑁𝑁 = 0,1,2,⋯

𝑍𝑍-component of 𝑁𝑁 𝑀𝑀𝑁𝑁 ℏ𝑀𝑀𝑁𝑁 𝑀𝑀𝑁𝑁 = 0,±1,⋯ ,±𝑁𝑁
Total angular
momentum

𝐽𝐽 ℏ
√
𝐽𝐽 (𝐽𝐽 +1) 𝐽𝐽 = 0,1,2,⋯

𝑍𝑍-component of 𝐽𝐽 𝑀𝑀 ℏ𝑀𝑀 𝑀𝑀 = 0,±1,⋯ ,±𝐽𝐽
𝑧𝑧-component of 𝐽𝐽 𝐾𝐾 ℏ𝐾𝐾 𝐾𝐾 = 0,±1,⋯ ,±𝐽𝐽

changes about the equilibrium value 𝑟𝑟e. Two first-order corrections are then introduced to
the rotational energy term of Equation (A.32). The first correction introduces the centrifugal
distortion of the molecular bond: the existence of non-inertial centrifugal forces in the
molecule-fixed reference frame (Eckart frame∗) increases the internuclear distance 𝑟𝑟 and
the inertia of the molecule 𝐼𝐼 , thus reducing the effective rotational constant 𝐵𝐵. This effect
is modelled by introducing a correction term proportional to the rotational energy of the
molecule in the form:

𝐹𝐹(𝐽𝐽 ) = 𝐵𝐵e𝐽𝐽 (𝐽𝐽 +1)−𝐷𝐷e[𝐽𝐽 (𝐽𝐽 +1)]2 (A.34)

Where 𝐷𝐷e is here the equilibrium centrifugal constant, not to be confused with the dissoci-
ation energy in Equation (A.12). Higher-order correction terms might be introduced in
Equation (A.22) to account for the mechanical anharmonicity [38], i.e. the fact that the
vibrational motion is not properly described by the simple harmonic oscillator, but requires
a more accurate potential curve (e.g. Morse’s potential in Eq. A.12). This very same effect
is at the base of the vibrational-rotational coupling, introduced as an additional first-order
correction to Equation (A.32) by including the dependence of the rotational and centrifugal

∗Non-inertial forces in the body-fixed frame of reference can also lead to second-order effects, such as the Coriolis
coupling of different vibrational modes in polyatomic molecules (see Appendix B).
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constants on the vibrational quantum number [163]:

𝐵𝐵v = 𝐵𝐵e−𝛼𝛼(𝑣𝑣+ 1
2)+ [𝛾𝛾(𝑣𝑣+

1
2)

2 +⋯]

𝐷𝐷v = 𝐷𝐷e−𝛽𝛽(𝑣𝑣+ 1
2)+ [𝜀𝜀(𝑣𝑣+

1
2)

2 −⋯]
(A.35)

With 𝛼𝛼, 𝛽𝛽, 𝛾𝛾 , and 𝜀𝜀 being the rotational-vibrational interaction constants.

Figure A.3: Angular momentum of a diatomic molecule. (a) The rotating H2 molecule represented in the inertial
reference frame 𝑋𝑋𝑋𝑋𝑋𝑋 and molecule-fixed frame 𝑥𝑥𝑥𝑥𝑥𝑥. The angle 𝜃𝜃 represents the molecular orientation angle,
defined as the angle between the inertial axis 𝑋𝑋 and the molecule-fixed internuclear axis 𝑥𝑥. (b) Angular momentum
components for the H2 molecule in the 𝑋𝑋𝑋𝑋𝑋𝑋 reference frame and their projections on the 𝑥𝑥 axis.

In analogy to the density operator used to represent the vibrational state of the molecule,
the rotational wave function |𝐽𝐽 𝐽𝐽𝐽⟩ can be used to define coherent and mixed rotational
states:

𝜌𝜌r = |𝜓𝜓r⟩ ⟨𝜓𝜓r| =∑
𝐽𝐽 𝐽𝐽𝐽

∑
𝐽𝐽 ′ 𝐽𝐽𝐽′

𝑐𝑐𝐽𝐽 𝐽𝐽𝐽𝑐𝑐∗𝐽𝐽 ′ 𝐽𝐽𝐽′ |𝐽𝐽 𝐽𝐽𝐽⟩ ⟨𝐽𝐽 ′𝐽𝐽𝐽 ′| coherent state

𝜌𝜌r =∑
𝐽𝐽 𝐽𝐽𝐽

𝑝𝑝𝐽𝐽 𝐽𝐽𝐽 |𝐽𝐽 𝐽𝐽𝐽⟩ ⟨𝐽𝐽 𝐽𝐽𝐽 | mixed state
(A.36)

Assuming a canonical ensemble of diatomic molecules, the thermal distribution of Equa-
tion (A.17) is recast to compute the rotational Boltzmann distribution:

𝜌𝜌(𝐽𝐽 ) = (2𝐽𝐽 +1)
exp(−ℏ𝐹𝐹(𝐽𝐽 )/𝑘𝑘B𝑇𝑇 )

∑𝐽𝐽 (2𝐽𝐽 +1)exp(−ℏ𝐹𝐹(𝐽𝐽 )/𝑘𝑘B𝑇𝑇 )
(A.37)

Where the (2𝑙𝑙+1) factor represents the rotational multiplicity due to the degeneracy of
the |𝐽𝐽 𝐽𝐽𝐽⟩ states with the projection quantum number 𝐽𝐽 , and is sometimes indicated as
𝑔𝑔𝑟𝑟 . As the 𝐽𝐽 quantum number is defined with respect to an inertial reference frame its
degeneracy can only be lifted by providing and external reference, e.g. in the form of an EM
field which couples to the nuclear motion. This is known as the Zeeman [250], Stark [251],
or Autler-Townes effect [252], depending on whether an external magnetic, electrostatic or
EM field is applied.
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B
Polyatomic molecules

The present appendix discusses the extension of the models in Appendix A, employed to describe
the rotational-vibrational motion of simple diatomic molecules, to the more complex case of
polyatomic molecules. Some symmetry considerations based on group theory are provided,
and their application to the wave function of CH4 is discussed.

POLYATOMIC MOLECULES

The present appendix discusses the extension of the models in Appendix A,  
employed to describe the rotational-vibrational motion of simple 

diatomic molecules, to the more complex case of polyatomic molecules. 
Some symmetry considerations based on group theory are provided, 

and their application to the wave function of CH4 is discussed.
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The rotational-vibrational motion in polyatomic molecules is significantly more compli-
cated than in diatomic ones, owing to the increased number of nuclei and bonds. Consider
a 𝑁𝑁 -atomic molecule in the inertial frame of reference 𝑋𝑋𝑋𝑋𝑋𝑋 : 3 degrees of freedom are
assigned to the 𝑖𝑖th nucleus, corresponding to the coordinates (𝑄𝑄

(𝑖𝑖)
𝑋𝑋 ,𝑄𝑄(𝑖𝑖)

𝑋𝑋 ,𝑄𝑄(𝑖𝑖)
𝑋𝑋 ). The whole

molecule will thus have 3𝑁𝑁 degrees of freedom associated to the nuclear coordinates,
i.e. to the translational, rotational and vibrational motions. Molecular translation entails
the rigid motion of all the nuclei with equal velocity components (𝑣𝑣𝑋𝑋 , 𝑣𝑣𝑋𝑋 , 𝑣𝑣𝑋𝑋 ) along the
reference axes: 3 degrees of freedom are thus associated to the translational kinetic energy
of the molecule. Similarly, a maximum of three degrees of freedom are associated to the
rotational motion of the molecule with angular velocity components (𝜔𝜔𝑋𝑋 ,𝜔𝜔𝑋𝑋 ,𝜔𝜔𝑋𝑋 ). In the
case of linear molecules, assuming the nuclei to be point masses, the moment of inertia
about the internuclear axis will be null: hence, only 2 degrees of freedom are associated
to their rotational motion. The vibrational degrees of freedom of a 𝑁𝑁 -atomic molecule
are thus (3𝑁𝑁 −6) in the most general case or (3𝑁𝑁 −5) for linear molecules, and to each a
different vibrational wave function is associated. The number of these vibrational modes
can grow significantly with the complexity of the molecule considered: relatively simple
hydrocarbon molecules, such as acetylene (C2H2), ethylene (C2H4), or ethane (C2H6), have
respectively 7, 13, and 18 vibrational modes.

B.1 Symmetry of polyatomic molecules
The problem of describing the vibrational motion of polyatomic molecules can be greatly
simplified by introducing the concept of molecular symmetry and the connected results
of group theory. Every molecule possesses elements of symmetry, corresponding to the
symmetry operations [38]:
• 𝐼𝐼 , identity element of symmetry, for which no operation is performed on the molecule;
• 𝐶𝐶𝑛𝑛, 𝑛𝑛-fold axis of symmetry, for which the molecule is symmetric when rotated about

this axis by 2𝜋𝜋/𝑛𝑛 rad;
• 𝜎𝜎, plane of symmetry, for which the molecule is symmetric under reflection of the

nuclear coordinates with respect to this plane;
• 𝑖𝑖, centre of symmetry, for which the molecule is symmetric under reflection of the

nuclear coordinates with respect to this point;
• 𝑆𝑆𝑛𝑛, 𝑛𝑛-fold rotation-reflection axis of symmetry, for which the molecule is symmetric

under rotation of 2𝜋𝜋/𝑛𝑛 rad about such axis, and subsequent reflection of the nuclear
coordinates with respect to a plane orthogonal to the axis and through the centre of
the molecule.

Molecules sharing the same symmetry elements are then said to belong to the same point
group. Two point groups are relevant to the molecules treated in the present thesis. The first
point group is 𝐷𝐷∞h, representing linear molecules with an inversion centre: homonuclear
diatomic molecules such as N2, O2 and H2, and triatomic CO2 all belong to this group. CH4,
which will be thoroughly discussed in Appendix B.2, belongs to the tetrahedral point group
𝑇𝑇𝑑𝑑 .

Group theory allows one to identify so called irreducible representations of the wave
function describing the vibrational motion of the molecule under consideration [253].
Vibrational wave functions that present the same symmetry, i.e. have the same irreducible
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representation, share the same energy, and can then be considered degenerate represen-
tations of the same normal vibrational mode. In the example of CH4, of the 9 possible
vibrational modes, one is non-degenerate, one is doubly-degenerate, and two are triply-
degenerate: CH4 has only four normal vibrational modes (see Appendix B.2). As a first
approximation, these normal vibrational modes can be treated as independent of each other,
and each one can be modelled as a harmonic oscillator, thus extending the theory outlined
in Appendix A.1. To each irreducible wave function is associated a quantum number 𝑣𝑣, and
a symmetry label Γ𝑣𝑣 to represent its vibrational degeneracy: the labels "A", "E" and "F" are
employed to indicate non-degenerate, doubly-degenerate and triply-degenerate vibrations,
respectively.

Considering a 𝑁𝑁 -atomic molecule in the body-fixed reference frame 𝑥𝑥𝑥𝑥𝑥𝑥, the tensor of
inertia I can be diagonalised by defining the principal momenta axes 𝑎𝑎𝑎𝑎𝑎𝑎, and the diagonal
elements (𝐼𝐼𝑎𝑎, 𝐼𝐼𝑎𝑎, 𝐼𝐼𝑎𝑎) are called the principal moments of inertia. Conventionally, the principal
moments of inertia are defined such that 𝐼𝐼𝑎𝑎 is the minimum moment of inertia, while 𝐼𝐼𝑎𝑎 is
always the maximum. Depending on the value of the principal moments of inertia, the
following classification of the molecular rotors is defined:
• Symmetric top molecules have two identical moments of inertia, while the third one

can be lesser or greater;
– Prolate symmetric topmolecules have 𝐼𝐼𝑎𝑎 = 𝐼𝐼𝑎𝑎 > 𝐼𝐼𝑎𝑎. A linear molecule (e.g. diatomic)

is a particular example of a prolate symmetric rotor, since 𝐼𝐼𝑎𝑎 = 𝐼𝐼𝑎𝑎 and 𝐼𝐼𝑎𝑎 = 0.
– Oblate symmetric top molecules have 𝐼𝐼𝑎𝑎 > 𝐼𝐼𝑎𝑎 = 𝐼𝐼𝑎𝑎. An example of an oblate sym-

metric rotor is the planar benzene (C6H6) molecule.
• Asymmetric top molecules have 𝐼𝐼𝑎𝑎 > 𝐼𝐼𝑎𝑎 > 𝐼𝐼𝑎𝑎. The water molecule (H2O) is an example

of an asymmetric rotor.
• Spherical top molecules have 𝐼𝐼𝑎𝑎 = 𝐼𝐼𝑎𝑎 = 𝐼𝐼𝑎𝑎. Spherical rotors are highly symmetric, and

include all molecules in the tetrahedral point group (e.g. CH4).

Figure B.1: Polyatomic molecules. (a) Sketch of the CO2 molecule, an example of a linear molecule with 𝐼𝐼𝑎𝑎=𝐼𝐼𝑎𝑎 and
𝐼𝐼𝑎𝑎=0 (symmetric top rotor). (b) Sketch of the H2O molecule, an asymmetric top rotor with 𝐼𝐼𝑎𝑎>𝐼𝐼𝑎𝑎>𝐼𝐼𝑎𝑎. (c) Sketch
of the CH4 molecule, a spherical top rotor with 𝐼𝐼𝑎𝑎=𝐼𝐼𝑎𝑎=𝐼𝐼𝑎𝑎. Molecules rendered using Jmol: an open-source Java
viewer for chemical structures in 3D (http://www.jmol.org/).

The quantum numbers necessary to describe the rotation of a polyatomic molecule,
according to the rigid rotor model in Appendix A.2, depend on which operators commute
with the rotational Hamiltonian. In prolate symmetric top molecules, for example, neglect-
ing the electron angular momentum and nuclear spin, Ĵ 2, 𝐽𝐽𝑍𝑍 and 𝐽𝐽𝑥𝑥 all commute with �̂�𝐻r,
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and the rotational state is described by the quantum numbers (𝐽𝐽 𝐽𝐽𝐽𝐽𝐽𝐽)†. On the other
hand, there are no closed-form solutions for the rotational energy term of asymmetric and
spherical top molecules [38]. A detailed description of the rotational energy manifold of
polyatomic molecules and its effect on their CRS spectra (see e.g. [254–258]) is beyond the
scope of the present thesis. The focus here will be put on linear CO2 and tetrahedral CH4,
and details about their rotational energy manifold will be discussed in Section 6.3.1 and
Section 6.4.1, respectively.

In the following, the total wave function representing the rotational-vibrational motion
of a polyatomic molecule are indicated as |[𝑣𝑣]𝐽 𝐽𝐽 𝐽𝐽𝐽𝐽Γ⟩, where [𝑣𝑣] represents the set of
vibrational quantum numbers associated to the normal vibrational modes, and Γ=Γv ×Γr
is the product of the vibrational and rotational symmetry labels. Assuming an ensemble
of polyatomic molecules in thermal equilibrium, the rotational-vibrational Boltzmann
distribution is then computed as:

𝜌𝜌([𝑣𝑣]𝐽 𝐽𝐽 𝐽Γ) = 𝑔𝑔𝑣𝑣𝑔𝑔𝑟𝑟𝑔𝑔𝑠𝑠
exp(−ℏ[𝐺𝐺([𝑣𝑣])+ 𝐹𝐹(𝐽𝐽 )]/𝑘𝑘B𝑇𝑇)

𝑍𝑍
(B.1)

Where 𝑍𝑍 is the partition function, and 𝑔𝑔v, 𝑔𝑔r and 𝑔𝑔s represent the multiplicity of wave
functions due to vibrational, rotational, and nuclear spin degeneracy. The latter is worth
mentioning here, as it is responsible for the 2:1 alternation of even and odd 𝐽𝐽 -states in
the rotational Boltzmann population of N2 shown in Figure 2.4. As pointed out in Table
Table A.1, for a nuclear spin quantum number 𝐼𝐼 there exist (2𝐼𝐼+1) degenerate spin sub-states
corresponding to 𝐽𝐽𝐼𝐼=0, ±1,..., ±𝐼𝐼 . The overall symmetry of the molecular wave function is
then given, neglecting the electron wave function, by the product of the symmetry labels
of the rotational, vibrational, and the nuclear spin wave functions. According to Pauli’s
exclusion principle this overall symmetry is constrained under the operation of exchange of
identical nuclei, so that only certain combinations of Γv, Γr and Γs are physically realisable
[259]. In the example of N2, the nuclei are bosonswith integer nuclear spin quantumnumber
𝑖𝑖=1 and, assuming the molecule to be in the ground electronic and vibrational states, the
overall wave function must by symmetric with respect to their exchange. The nuclear spin
wave function is asymmetric for odd values of 𝐼𝐼 (para-nitrogen) –corresponding to the spin
triplet 𝐼𝐼=1, and 𝐽𝐽𝐼𝐼=0, ±1– and symmetric for even values (ortho-nitrogen) –the sextet 𝐼𝐼=0,
𝐽𝐽𝐼𝐼=0 and 𝐼𝐼=2, 𝐽𝐽𝐼𝐼=0, ±1, ±2. Analogously, the rotational wave function is (a)symmetric
for (odd) even values of 𝐽𝐽 . The constraint on the overall molecular wave function being
symmetric implies that only even values of 𝐽𝐽 are admissible for ortho-nitrogen, and only
odd for para-nitrogen. The nuclear spin multiplicity thus reads

𝑔𝑔s = 6 𝐽𝐽 even
𝑔𝑔s = 3 𝐽𝐽 odd

(B.2)

The more complex case of the nuclear spin degeneracy in polyatomic CH4 is discussed in
the following section.
†The projection of the angular momentum on the molecule-fixed quantisation axis 𝑧𝑧 introduces an additional
energy term to Equation (A.32) as (𝐴𝐴v −𝐵𝐵v)𝐽𝐽 2, where 𝐴𝐴v and 𝐵𝐵v are the rotational constants about the 𝑎𝑎 and 𝑏𝑏
principal axes of inertia, defined as in Equations (A.33) and (A.35). In a diatomic molecule the 𝑧𝑧 axis is defined
as the internuclear axis (see Figure A.3), hence 𝐽𝐽𝑧𝑧 = 0 and 𝐽𝐽=0, and the rotational energy term reduces to
Equation (A.32).
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B.2 The ro-vibrational 𝜈𝜈2 mode of CH4
The exclusion principle for the CH4 molecule can be formulated as follows: as the 1H nuclei
are protons and obey the Fermi-Dirac statistics, the total molecular wave function |𝜓𝜓⟩ must
be symmetrical with respect to all proper rotations of the 𝑇𝑇𝑑𝑑 point group, meaning that |𝜓𝜓⟩
must have a symmetry label "A". Since the translational and electronic wave functions are
completely symmetrical, the exclusion principle then constrains the combination of the
vibrational, rotational and nuclear spin wave functions in Equation (A.2) as:

Γ(|𝜓𝜓v⟩)×Γ(|𝜓𝜓r⟩)×Γ(|𝜓𝜓s⟩) ⊇ A (B.3)

where the product of the symmetry labels Γ is defined according to the rules in Table B.1.

Table B.1: Direct product of wave function representations. Table reproduced from Ref. [38].

A E1 E2 F
A A E1 E2 F
E1 E1 E2 A F
E2 A E2 A E1
F F F F A⊕E1⊕E2⊕2F

The symmetry labels of the vibrational wave function |𝜓𝜓v⟩ for the four normal modes
of CH4 are summarised in Figure 6.6. The nuclear spin wave functions |𝜓𝜓s⟩ form a basis for
the representation of the group of permutations of identical nuclei, which are equivalent
to rotations. CH4 has four identical 1H nuclei, each consisting of only one proton with
spin 𝑖𝑖=1/2 and two possible projections (𝑚𝑚𝑖𝑖=±1/2) with corresponding eigenstates |↑⟩ and
|↓⟩, so that 16 possible combinations of these eigenstates exist, which span the space of
all possible nuclear spin wave functions for the CH4 molecule. With the exception of the
states |↑↑↑↑⟩ and |↓↓↓↓⟩, which have total nuclear spin 𝐼𝐼=2 and spin projections 𝑀𝑀𝐼𝐼=±2
respectively, the other wave functions do not have a well-defined total nuclear spin, so
that it is impossible to establish their symmetry with respect to the exchange of identical
nuclei. This problem is solved by defining the linear combinations (i.e. the superposition
spin states) in Table B.2, for which the nuclear spin quantum number can be defined, along
with its projection on the quantisation axis and its symmetry with respect to the exchange
of two identical nuclei (Γs). Since wave functions which have the same symmetry are
(2𝐼𝐼+1)-degenerate (unless this symmetry is somehow broken), 5 irreducible representations
are found for the nuclear spin wave function: A1 is five-fold degenerate, E1 and E2 are
non-degenerate, and F1,x , F1,y , and F1,z are three-fold degenerate.

The irreducible representation of the rotational wave function of CH4 in terms of the
total angular momentum quantum number 𝐽𝐽 was derived by Bright Wilson Jr. by apply-
ing the methods of group theory in Ref. [259]: his results are summarised in Table B.3.
Considering a specific ro-vibrational state for the CH4 molecule |[𝑣𝑣], 𝐽𝐽 ,Γ⟩, one can thus
compute the vibrational (𝑔𝑔v), rotational (𝑔𝑔r) and nuclear spin (𝑔𝑔s) multiplicity factors in the
ro-vibrational Boltzmann distribution in Equation (B.1), considering only those representa-
tions of the molecular wave function that are not symmetry-forbidden. Combining the
product rules in Table B.1 and the exclusion principle, as formulated in Equation (B.3), one
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Table B.2: Molecular superposition of the nuclear spin eigenstates with well defined nuclear spin angular momen-
tum (𝐼𝐼 ) and projection (𝑀𝑀𝐼𝐼 ). Table reproduced from https://www.nist.gov/pml/methane-symmetry-operations/
methane-symmetry-operations-nuclear-spin-functions.

Nuclear spin wave function, |𝝍𝝍s⟩ 𝑰𝑰 𝑴𝑴𝑰𝑰 𝚪𝚪s
|↑↑↑↑⟩ 2 2 A1

1
2(|↓↑↑↑⟩+ |↑↓↑↑⟩+ |↑↑↓↑⟩+ |↑↑↑↓⟩) 2 1 A1

1√
6(|↑↓↑↓⟩+ |↓↑↓↑⟩+ |↑↓↓↑⟩+ |↓↑↑↓⟩+ |↑↑↓↓⟩+ |↓↓↑↑⟩) 2 0 A1

1
2(|↑↓↓↓⟩+ |↓↑↓↓⟩+ |↓↓↑↓⟩+ |↓↓↓↑⟩) 2 −1 A1

|↓↓↓↓⟩ 2 −2 A1
1√
12(2 |↑↑↓↓⟩+2 |↓↓↑↑⟩− |↑↓↑↓⟩− |↓↑↓↑⟩− |↓↑↑↓⟩− |↑↓↓↑⟩) 0 0 E1

1
2(|↑↓↑↓⟩+ |↓↑↓↑⟩− |↓↑↑↓⟩− |↑↓↓↑⟩) 0 0 E2

1
2(− |↓↑↑↑⟩+ |↑↓↑↑⟩− |↑↑↓↑⟩+ |↑↓↓↓⟩) 1 1 F2,x

1√
2(|↑↓↑↓⟩− |↓↑↓↑⟩) 1 0 F2,x

1
2(|↑↓↓↓⟩− |↓↑↓↓⟩+ |↓↓↑↓⟩− |↓↓↓↑⟩) 1 −1 F2,x
1
2(|↓↑↑↑⟩− |↑↓↑↑⟩− |↑↑↓↑⟩+ |↑↑↑↓⟩) 1 1 F2,y

1√
2(|↓↑↑↓⟩+ |↑↓↓↑⟩) 1 0 F2,y

1
2(− |↑↓↓↓⟩+ |↓↑↓↓⟩+ |↓↓↑↓⟩− |↓↓↓↑⟩) 1 −1 F2,y
1
2(− |↓↑↑↑⟩− |↑↓↑↑⟩+ |↑↑↓↑⟩+ |↑↑↑↓⟩) 1 1 F2,z

1√
2(|↑↑↓↓⟩− |↓↓↑↑⟩) 1 0 F2,z

1
2(|↑↓↓↓⟩+ |↓↑↓↓⟩− |↓↓↑↓⟩− |↓↓↓↑⟩) 1 −1 F2,z

obtains the multiplication rules in Table B.4. The vibrational multiplicity factor takes of
course value 𝑔𝑔v=1, 2, or 3 for non-degenerate and doubly- and triply-degenerate vibrational
modes, respectively.

Table B.3: Irreducible representations of the rotational wave function of CH4, with 𝑝𝑝 = 0, 1, 2, 3, 4, or, 5. Table
reproduced from Ref. [259].

𝐽𝐽 = 6𝑝𝑝 (2𝐽𝐽 +1)[(𝑝𝑝+1) A⊕2𝑝𝑝 E⊕9𝑝𝑝 F]
𝐽𝐽 = 6𝑝𝑝+1 (2𝐽𝐽 +1)[𝑝𝑝 A⊕2𝑝𝑝 E⊕3(3𝑝𝑝+1) F]
𝐽𝐽 = 6𝑝𝑝+2 (2𝐽𝐽 +1)[𝑝𝑝 A⊕2(𝑝𝑝+1) E⊕3(3𝑝𝑝+1) F]
𝐽𝐽 = 6𝑝𝑝+3 (2𝐽𝐽 +1)[(𝑝𝑝+1) A⊕2𝑝𝑝 E⊕3(3𝑝𝑝+2) F]
𝐽𝐽 = 6𝑝𝑝+4 (2𝐽𝐽 +1)[(𝑝𝑝+1) A⊕2(𝑝𝑝+1) E⊕3(3𝑝𝑝+2) F]
𝐽𝐽 = 6𝑝𝑝+5 (2𝐽𝐽 +1)[𝑝𝑝 A⊕2(𝑝𝑝+1) E⊕3(3𝑝𝑝+3) F]

The rotational multiplicity is due to two distinct components, as highlighted in table B.3:
the (2𝐽𝐽+1) factor is due to the degeneracy of the 𝑍𝑍-projection quantum number 𝑀𝑀=-𝐽𝐽 ,
-𝐽𝐽+1,..., 𝐽𝐽 -1, 𝐽𝐽 (see Appendix A.2), which cannot be lifted by internal molecular forces, but
only by the application of an external EM field (e.g. in the Stark effect). For the purpose of
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the research reported in Paper IV, the (2𝐽𝐽+1) Zeeman states are here always considered as
degenerate. The other multiplicity component arises from the (2𝐽𝐽+1)-fold degeneracy of
the total angular momentum projection on the body-fixed reference frame (𝐾𝐾=-𝐽𝐽 , -𝐽𝐽+1,...,
𝐽𝐽 -1, 𝐽𝐽 ), whose symmetry components are provided at each entry in Table B.3. Nevertheless,
this degeneracy is lifted in the 𝜈𝜈2 vibrational mode of CH4 by Coriolis effect, as discussed
in Section 6.4.2. Finally, the value of nuclear spin multiplicity (𝑔𝑔s=5, 2, or 3) depends on the
specific ro-vibrational state considered as the multiplication rules in Table B.4 constrain
the physically-realisable combinations of ro-vibrational and nuclear spin wave functions.

Table B.4: Multiplication table for the irreducible representation labels. Table reproduced from Ref. [38].

A E F
A A = A E ⊅ A F ⊅ A
E E ⊅ A (2A⊕E) ⊇ A F ⊅ A
F F ⊅ A F ⊅ A (A⊕E⊕2F) ⊇ A
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C
Time-domain modelling of

hybrid fs/ps CRS

The present appendix provides some details on the time-domain modelling of the fs/ps CRS
process outlining the main assumptions needed to simplify the mathematical description. The
main quantities used to compute the CRS line strengths and the Raman cross-sections are also
defined.

TIME-DOMAIN MODELLING 
OF HYBRID FS/PS CRS

The present appendix provides some details on the time-domain modelling 
of the fs/ps CRS process outlining the main assumptions needed to simplify 

the mathematical description. The main quantities used to compute the 
CRS line strengths and the Raman cross-sections are also defined.
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The description of the hybrid fs/ps CRS process in the time-domain summarised in
Section 2.3.2 follows the theoretical treatment by Prince et al. [69].

The first step is to define the complex electric field as the sum of the pump, Stokes and
probe laser pulses, with electric field amplitude 𝑬𝑬𝑖𝑖(𝑡𝑡), carrier (angular) frequency 𝜔𝜔𝑖𝑖, and
wave vector 𝒌𝒌𝑖𝑖:

𝑬𝑬(𝒓𝒓, 𝑡𝑡) = 𝑬𝑬1(𝑡𝑡 + 𝜏𝜏23 + 𝜏𝜏12)𝑒𝑒𝑖𝑖[(𝒌𝒌1 ⋅𝒓𝒓)−𝜔𝜔1𝑡𝑡] +𝑬𝑬2(𝑡𝑡 + 𝜏𝜏23)𝑒𝑒𝑖𝑖[(𝒌𝒌2 ⋅𝒓𝒓)−𝜔𝜔2𝑡𝑡] +𝑬𝑬1(𝑡𝑡)𝑒𝑒𝑖𝑖[(𝒌𝒌3 ⋅𝒓𝒓)−𝜔𝜔3𝑡𝑡] (C.1)

Where 𝜏𝜏12 and 𝜏𝜏23 represent the delay between the Stokes and pump pulses, and the probe
and Stokes pulses, respectively. The non-linear polarisation induced by the interaction of
𝑬𝑬(𝒓𝒓, 𝑡𝑡) with the gas-phase optical medium is given by Equation (2.24).

As the duration of the fs pump and Stokes pulses is comparable to, or smaller than, the
timescale of the nuclear motion of the Raman-active molecules, the interaction between
the pulses and the optical medium must be treated as time-dependent [157]. Under the
assumption of (i) parallel polarisation of all the laser pulses, (ii) rotatingwave approximation
(RWA) [260] for the light-matter interaction, and (iii) phase matched CRS process 𝒌𝒌CRS=𝒌𝒌1 −
𝒌𝒌2 +𝒌𝒌3, the third-order polarisation is computed as the convolution of the third-order
susceptibility with the electric field in Equation (C.1):

𝑃𝑃 (3)(𝑡𝑡, 𝜏𝜏23, 𝜏𝜏12) =(
𝑖𝑖
ℏ)

3

∫
𝑡𝑡

−∞
𝑑𝑑𝑡𝑡3∫

𝑡𝑡3

−∞
𝑑𝑑𝑡𝑡2∫

𝑡𝑡2

−∞
𝑑𝑑𝑡𝑡1 𝜒𝜒 (3)(𝑡𝑡 − 𝑡𝑡3, 𝑡𝑡3 − 𝑡𝑡2, 𝑡𝑡2 − 𝑡𝑡1)

𝐸𝐸3(𝑡𝑡3)𝐸𝐸∗2(𝑡𝑡2 + 𝜏𝜏23)𝐸𝐸1(𝑡𝑡1 + 𝜏𝜏23 + 𝜏𝜏12)𝑒𝑒−𝑖𝑖𝜔𝜔3𝑡𝑡3 𝑒𝑒𝑖𝑖𝜔𝜔2𝑡𝑡2 𝑒𝑒−𝑖𝑖𝜔𝜔1𝑡𝑡1 𝑒𝑒𝑖𝑖(𝜔𝜔3−𝜔𝜔2+𝜔𝜔1)𝑡𝑡

(C.2)

Where 𝑡𝑡𝑖𝑖 is the coherence timescale during the interaction of the medium with the 𝑖𝑖th laser
pulse, as illustrated in Figure C.1. The third-order optical susceptibility can be written as
the sum of two distinct contributions: 𝜒𝜒 (3)

CRS, representing the resonant contribution due to
the coherent rotational-vibrational motion of the molecular scatterers, and 𝜒𝜒 (3)

NR, the purely
non-resonant contribution due to the electronic response of the medium.

Figure C.1: Schematic of hybrid fs/ps CRS in the time domain: 𝐸𝐸pump(𝑡𝑡), 𝐸𝐸Stokes(𝑡𝑡), and 𝐸𝐸probe(𝑡𝑡) represent the
temporal envelops of the input laser pulses; 𝜒𝜒 (3) is the non-linear optical susceptibility of the gas-phase medium
due to the coherent motion of its molecular components; 𝑡𝑡1, 𝑡𝑡2, and 𝑡𝑡3 are the coherence timescales during the
interaction with the input laser pulses; 𝜏𝜏12 and 𝜏𝜏23 are the intra-pulse delays.

Under the assumption of far detuned optical pulses, upon its interactions with the
pump and probe (and Stokes, in case of a NR pathway) pulses the molecule is in a virtual
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state, for which an instantaneous dephasing is assumed as discussed in Section 2.2.2. The
non-linear susceptibility of the medium can then be written as:

𝜒𝜒 (3)
CRS(𝑡𝑡 − 𝑡𝑡3, 𝑡𝑡3 − 𝑡𝑡2, 𝑡𝑡2 − 𝑡𝑡1) = 𝛿𝛿(𝑡𝑡 − 𝑡𝑡3)𝜒𝜒 (3)(𝑡𝑡3 − 𝑡𝑡2)𝛿𝛿(𝑡𝑡2 − 𝑡𝑡1)

𝜒𝜒 (3)
NR(𝑡𝑡 − 𝑡𝑡3, 𝑡𝑡3 − 𝑡𝑡2, 𝑡𝑡2 − 𝑡𝑡1) = 𝛿𝛿(𝑡𝑡 − 𝑡𝑡3)𝛿𝛿(𝑡𝑡3 − 𝑡𝑡2)𝛿𝛿(𝑡𝑡2 − 𝑡𝑡1)

(C.3)

Where 𝛿𝛿(𝑡𝑡) is the Dirac delta distribution. Using the well-known sifting property of 𝛿𝛿, the
NR third-order polarisation field in the medium can then be written as:

𝑃𝑃 (3)
NR(𝑡𝑡, 𝑡𝑡23, 𝑡𝑡12) =(

𝑖𝑖
ℏ)

3
𝐸𝐸3(𝑡𝑡 + 𝑡𝑡23 + 𝑡𝑡12)𝐸𝐸∗2(𝑡𝑡 + 𝑡𝑡12)𝐸𝐸1(𝑡𝑡) (C.4)

Similarly the resonant contribution to the third-order polarisation field in the medium can
be simplified as:

𝑃𝑃 (3)
CRS(𝑡𝑡, 𝑡𝑡23, 𝑡𝑡12) =(

𝑖𝑖
ℏ)

3
𝐸𝐸3(𝑡𝑡 − 𝑡𝑡3)∫

𝑡𝑡

−∞
𝑑𝑑𝑡𝑡2 𝜒𝜒 (3)(𝑡𝑡2)

𝐸𝐸∗2(𝑡𝑡 + 𝑡𝑡23 − 𝑡𝑡2)𝐸𝐸1(𝑡𝑡 + 𝑡𝑡23 − 𝑡𝑡2 + 𝑡𝑡12 − 𝑡𝑡1)𝑒𝑒𝑖𝑖(𝜔𝜔1−𝜔𝜔2)𝑡𝑡2

(C.5)

The research discussed in the present thesis is carried out employing the two-beam
fs/ps CRS instrument detailed in Paper V [125]. As discussed in Section 2.3.1, the two-beam
CRS phase-matching scheme makes use of a single broadband fs pulse to deliver the pump
and Stokes frequencies. The time-domain modelling of the two-beam CRS process can
then be simplified by introducing a single complex electric field to represent the combined
pump/Stokes excitation pulse 𝑬𝑬12(𝑡𝑡)𝑒𝑒𝑖𝑖(𝒌𝒌12 ⋅𝒓𝒓−𝜔𝜔12𝑡𝑡), substituting this field into Equation (C.5)
yields:

𝑃𝑃 (3)
CRS(𝑡𝑡, 𝑡𝑡23, 𝑡𝑡12) =(

𝑖𝑖
ℏ)

3
𝐸𝐸3(𝑡𝑡 − 𝑡𝑡3)∫

𝑡𝑡

−∞
𝑑𝑑𝑡𝑡12 𝜒𝜒 (3)(𝑡𝑡12)

𝐸𝐸∗12(𝑡𝑡 + 𝑡𝑡23 − 𝑡𝑡12)𝐸𝐸12(𝑡𝑡 + 𝑡𝑡23 − 𝑡𝑡12)𝑒𝑒𝑖𝑖(𝜔𝜔1−𝜔𝜔2)𝑡𝑡12

(C.6)

Where 𝑡𝑡12 represents the coherence timescale for the rotational-vibrational motion of the
Raman-active molecules in the optical medium, after the interaction with the combined
pump/Stokes pulse, as shown in Figure C.2.

As discussed in Section 2.3, if the temporal envelope of the pump/Stokes pulse has
a duration much smaller than the rotational-vibration motion of the target molecules,
the Raman coherence is generated impulsively. This is modelled mathematically by the
so-called sudden approximation [261], whereby the convolution in Equation (C.6) reduces to
the value of the third-order susceptibility computed at time 𝑡𝑡. The third-order polarisation
field is then simplified thus:

𝑃𝑃 (3)
CRS(𝑡𝑡, 𝑡𝑡23) =(

𝑖𝑖
ℏ)

3
𝐸𝐸3(𝑡𝑡 + 𝑡𝑡23)𝜒𝜒 (3)(𝑡𝑡) (C.7)

Finally, the intensity spectrum of the CRS signal is computed by Fourier transforming the
time-dependent polarisation, and taking its squared modulus:

𝐼𝐼CRS(𝜔𝜔) =
|||F

{
𝑃𝑃 (3)
CRS(𝑡𝑡)

}|||
2

(C.8)
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Figure C.2: Schematic of two-beam fs/ps CRS in the time domain: 𝐸𝐸p/St(𝑡𝑡) represents the temporal envelop of the
single combined pump/Stokes pulse; 𝜏𝜏23 is the probe pulse delays.

The theory outlined above allows for a straightforward description description of
the CRS process in the time domain, provided that the third-order susceptibility of the
optical medium is known. 𝜒𝜒 (3) can be properly computed solving the TDDM equations,
with the interaction-free rotational-vibrational Hamiltonian to describe the quantised
internal energy structure of the Raman active molecules, and the interaction Hamiltonian
derived under the dipole approximation. This was done e.g. by Patnaik et al. in Ref.
[262], and Gu et al. in Ref. [143]. Alternatively, a simplified phenomenological description
of 𝜒𝜒 (3) can be adopted, whereby the time-dependent optical response of the medium is
modelled as the interferogram of damped harmonic contributions, due to the individual
rotational-vibrational Raman transitions (see Figure C.3):

𝜒𝜒 (3)(𝑡𝑡) =∑
𝑘𝑘
∑
[𝑣𝑣]

∑
𝐽𝐽 𝐽𝐽𝐽𝐽Γ

𝑋𝑋𝑘𝑘𝐼𝐼 (𝑘𝑘){[𝑣𝑣]𝑓𝑓 𝐽𝐽𝐽𝑓𝑓 𝐽𝐽𝐽𝑓𝑓 𝐽Γ𝑓𝑓 }←{[𝑣𝑣]𝑖𝑖 𝐽𝐽𝐽𝑖𝑖𝐽𝐽𝐽𝑖𝑖𝐽Γ𝑖𝑖}

exp[(𝑖𝑖𝑖𝑖
(𝑘𝑘)
{[𝑣𝑣]𝑓𝑓 𝐽𝐽𝐽𝑓𝑓 𝐽𝐽𝐽𝑓𝑓 𝐽Γ𝑓𝑓 }←{[𝑣𝑣]𝑖𝑖 𝐽𝐽𝐽𝑖𝑖𝐽𝐽𝐽𝑖𝑖𝐽Γ𝑖𝑖} −Γ(𝑘𝑘){[𝑣𝑣]𝑓𝑓 𝐽𝐽𝐽𝑓𝑓 𝐽𝐽𝐽𝑓𝑓 𝐽Γ𝑓𝑓 }←{[𝑣𝑣]𝑖𝑖 𝐽𝐽𝐽𝑖𝑖𝐽𝐽𝐽𝑖𝑖𝐽Γ𝑖𝑖})𝑡𝑡]

(C.9)

Where the labels "|[𝑣𝑣]𝑖𝑖𝐽 𝐽𝐽𝑖𝑖𝐽𝐽𝐽𝑖𝑖𝐽Γ𝑖𝑖⟩" and "|[𝑣𝑣]𝑓𝑓 𝐽 𝐽𝐽𝑓𝑓 𝐽𝐽𝐽𝑓𝑓 𝐽Γ𝑓𝑓 ⟩" indicate the initial and final molec-
ular states. The index 𝑘𝑘 here represents the different Raman-active species present in the
probe volume, each with mole fraction 𝑋𝑋𝑘𝑘 ; 𝑖𝑖(𝑘𝑘)

{⋯}𝑓𝑓←{⋯}𝑖𝑖 is of course the angular frequency of

the Raman transition, and Γ(𝑘𝑘){⋯}𝑓𝑓←{⋯}𝑖𝑖 is the damping coefficient representing the dephasing
rate of the rotational-vibrational Raman coherence (not to be confused with the symmetry
labels in the subscripts). Each complex exponential term in Equation (C.9) represents an
individual line in the CRS spectrum 𝐼𝐼CRS(𝑖𝑖), and the corresponding line intensity depends
quadratically on the mole fraction of the molecular scatterers, as well as on the line strength
𝐼𝐼 (𝑘𝑘){⋯}𝑓𝑓←{⋯}𝑖𝑖 .

The strength of a CRS spectral line can be computed as the product of the Raman cross-
section 𝛿𝛿𝛿𝛿

𝛿𝛿Ω and the difference between the molecular populations in rotational-vibrational
states involved in the Raman transition Δ𝜌𝜌:

𝐼𝐼 (𝑘𝑘){[𝑣𝑣]𝑓𝑓 𝐽𝐽𝐽𝑓𝑓 𝐽𝐽𝐽𝑓𝑓 𝐽Γ𝑓𝑓 }←{[𝑣𝑣]𝑖𝑖 𝐽𝐽𝐽𝑖𝑖𝐽𝐽𝐽𝑖𝑖𝐽Γ𝑖𝑖} ∝ Δ𝜌𝜌(𝑇𝑇 )(
𝛿𝛿𝛿𝛿
𝛿𝛿Ω){[𝑣𝑣]𝑓𝑓 𝐽𝐽𝐽𝑓𝑓 𝐽𝐽𝐽𝑓𝑓 𝐽Γ𝑓𝑓 }←{[𝑣𝑣]𝑖𝑖 𝐽𝐽𝐽𝑖𝑖𝐽𝐽𝐽𝑖𝑖𝐽Γ𝑖𝑖}

(C.10)
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Figure C.3: Temporal evolution of the Raman coherence. (a) The third-order optical susceptibility of
the gas-phase medium is modelled as the interferogram of the molecular Raman modes with frequencies
𝜔𝜔(𝑘𝑘)
{[𝑣𝑣]𝑓𝑓 ,𝐽𝐽𝑓𝑓 ,𝑀𝑀𝑓𝑓 ,Γ𝑓𝑓 }←{[𝑣𝑣]𝑖𝑖 ,𝐽𝐽𝑖𝑖 ,𝑀𝑀𝑖𝑖,Γ𝑖𝑖}. The interference of the different modes gives rise to a periodic modulation of the

non-linear refractive index of the medium showing quantum revivals. Shown here is the pure-rotational coher-
ence of a room-temperature ensemble of N2 molecules. (b) The quantum revival exhibited by the pure-rotational
Raman coherence can be interpreted as due to a periodic field-free alignment of the molecular rotors (see Ap-
pendix A.2), following the impulsive alignment induced by the pump/Stokes pulse to its own polarisation plane. In
the case of N2, the revival period is 𝜏𝜏rev=8.38 ps: at half this period, the molecules show a nearly-classical behaviour
with perfect anti-alignment, as measured by the expectation value of the molecular alignment ⟨cos2(𝜃𝜃)⟩ = −1.
The Raman coherence also shows fractional revivals (e.g at 1/4𝜏𝜏rev), where the molecules have a partial alignment
(or anti-alignment) to the polarisation plane of the excitation field. Alignment probability densities reproduced
from Weber et al. [263], using the tool in Ref. [264].

Assuming the optical medium to be a gas in thermal equilibrium at temperature 𝑇𝑇 , the
molecular populations in the initial and final rotational-vibrational energy states can be
computed according to the Boltzmann distribution in Equation (B.1).

The cross-section of a Raman transition quantifies the transition probability, accounting
for (i) the polarisability of the molecules, (ii) the coupling of angular momenta in the
interaction between the molecules and the applied fields [265], and (iii) the coupling of the
rotational and vibrational motions. Assuming the incident pulses to be linearly polarised,
the Raman cross-section can be expressed in terms of the isotropic (𝑎𝑎2) and anisotropic (𝛾𝛾2)
transition polarisability invariants [39] as:

(
𝛿𝛿𝛿𝛿
𝛿𝛿Ω){[𝑣𝑣]𝑓𝑓 ,𝐽𝐽𝑓𝑓 ,𝑀𝑀𝑓𝑓 ,Γ𝑓𝑓 }←{[𝑣𝑣]𝑖𝑖 ,𝐽𝐽𝑖𝑖,𝑀𝑀𝑖𝑖,Γ𝑖𝑖}

∝ 𝑎𝑎2 𝐹𝐹𝑎𝑎(𝐽𝐽 )+
4
45

𝛾𝛾2 𝑏𝑏{[𝑣𝑣]𝑓𝑓 ,𝐽𝐽𝑓𝑓 ,𝑀𝑀𝑓𝑓 ,Γ𝑓𝑓 }←{[𝑣𝑣]𝑖𝑖 ,𝐽𝐽𝑖𝑖,𝑀𝑀𝑖𝑖,Γ𝑖𝑖} 𝐹𝐹𝛾𝛾 (𝐽𝐽 ) (C.11)

With polarisability invariants defined as:

𝑎𝑎 =
1
3[

|𝛼𝛼𝑥𝑥𝑥𝑥 +𝛼𝛼𝑦𝑦𝑦𝑦 +𝛼𝛼𝑧𝑧𝑧𝑧 |2]

𝛾𝛾 =
1
2[

|𝛼𝛼𝑥𝑥𝑥𝑥 −𝛼𝛼𝑦𝑦𝑦𝑦 |2 + |𝛼𝛼𝑦𝑦𝑦𝑦 −𝛼𝛼𝑧𝑧𝑧𝑧 |2 + |𝛼𝛼𝑧𝑧𝑧𝑧 −𝛼𝛼𝑥𝑥𝑥𝑥 |2]

+
3
4[

|𝛼𝛼𝑥𝑥𝑦𝑦 +𝛼𝛼𝑦𝑦𝑥𝑥 |2 + |𝛼𝛼𝑧𝑧𝑥𝑥 +𝛼𝛼𝑥𝑥𝑧𝑧 |2 + |𝛼𝛼𝑦𝑦𝑧𝑧 +𝛼𝛼𝑧𝑧𝑦𝑦 |2]

(C.12)

For simple diatomic molecules the transition polarisability invariants can be easily com-
puted according to closed-form expressions given e.g. in Buldakov et al. for N2 and O2
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[173]. In the case of more complex polyatomic molecules, more sophisticated mathematical
tools (e.g. algebraic description of the vibrational excitation) are employed to compute the
transition moments of the molecular polarisability. For example, Lemus and coworkers
used an algebraic approach to compute the transition polarisability of CO2 [180, 266] (see
Section 6.3.1), while Boudon and co-workers employed a tensorial formalism to derive the
polarisability of spherical top molecules, such as CH4 [267] (see Section 6.4.1).

The coupling of the angular momenta in the Raman transition between two rotational-
vibrational states is quantified by the Placzek-Teller coefficients 𝑏𝑏{⋯}𝑓𝑓←{⋯}𝑖𝑖 [268], for which
closed formulas can be obtained, following Altmann and Strey [269], employing a spherical
representation of the polarisability tensor 𝜶𝜶 and Wigner 3-j symbols. The exact formulas
depend on the nature of the molecular rotor considered (e.g. spherical top) and can be
rather cumbersome, hence only the Placzek-Teller coefficients for linear rotors are explicitly
given in Section 6.2.1.

The effect of the rotational-vibrational coupling on the line strength in the Raman
spectrum of diatomic molecules is quantified in Equation (C.11) by the Herman-Wallis
factors, 𝐹𝐹𝑎𝑎 and 𝐹𝐹𝛾𝛾 [270]. These can play a significant role in pure-rotational CRS, especially
at high temperatures [271] and for lightweight molecules such as H2 [272] (see Section 6.1.1),
and many formulas have been proposed to compute 𝐹𝐹𝛾𝛾 [162, 173, 273, 274].

The damping coefficient Γ{⋯}𝑓𝑓←{⋯}𝑖𝑖 in Equation (C.9) represent the dephasing rate of
the coherent rotational-vibrational motion at Raman frequency 𝜔𝜔{⋯}𝑓𝑓←{⋯}𝑖𝑖 . A number of
physical mechanisms contribute to the dephasing of the Raman coherence in the gas-phase
medium, and are briefly summarised here:
• Spontaneous emission, a molecule in the coherent rotational-vibrational state consid-

ered can couple to a lower energy state via spontaneous emission of one (or more)
photons. For molecules with no permanent dipole moment (as is the case for homonu-
clear diatomics) in the ground electronic state, a single-photon transition between to
rotational-vibrational energy states is forbidden: in this case the coherence dephasing
via spontaneous emission happens on a timescale of seconds [262]. This mechanism
is thus neglected in the present thesis.

• Frequency spread, if the rotational-vibrational energy levels are degenerate, and this
degeneracy is lifted for any reason, the resulting spread of the frequencies involved in
the transition leads to their interference and to the dephasing of the corresponding
coherence. This dephasing mechanism is further discussed in the application of fs/ps
CRS to the ro-vibrational spectrum of CH4 in Section 6.4.2;

• Doppler effect, due to the velocity distribution of the Raman-active molecules in the
gas, which introduces a Gaussian broadening of the Raman transition. The resulting
frequency spread limits the lifetime of the Raman coherence. The magnitude of the
Doppler effect is dictated by the thermal velocity of the molecules according to their
Maxwell-Boltzmann distribution: at atmospheric pressure and above this is limited by
molecular collisions and Doppler broadening is typically negligible.

• Molecular collisions, the interaction between the coherent molecules (the radiators)
and the bath of colliders in the surrounding environment is the main dephasing
mechanism of the Raman coherence in the gas-phase at atmospheric conditions.
Molecular collisions can be broadly subdivided in two kinds:
– Inelastic collisions, responsible for the loss of rotational-vibrational Raman co-
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herence as population is transferred between the rotational and/or vibrational
energy states. Considering the N2 molecule at room temperature, the rotational
energy transfer (RET) rate (ΓRET ∼ 2.7 × 1010𝑠𝑠−1) is orders of magnitude larger
than the vibrational energy transfer (VET) rate (ΓVET ∼ 106𝑠𝑠−1) [262], so that it
typically represents the major contribution to the collisional dephasing of the
gas-phase CRS signal;

– Elastic collisions or pure dephasing (quantum decoherence), in classical terms this
can be interpreted as a molecular re-orientation upon collision. Owschimikow
and co-author have experimentally demonstrated that, under standard pressure
and temperature conditions, the contribution of elastic collisions to the dephasing
of the rotational Raman coherence of N2 is negligible [275].

The collisional dephasing of the rotational-vibrational Raman coherence can signifi-
cantly impact gas-phase CRS measurements, especially in high pressure environments,
such as internal combustion engines [98] or aeronautical combustors [231]. Hence, the
RET process between a number the Raman-active species and other combustion-relevant
species had been the object of significant research efforts, both numerical and experi-
mental [74, 175, 274, 276, 277]. Many approaches are found in the literature concerning
the modelling of the RET in molecular collisions, but the most beaten track is to employ
so-called dynamical scaling laws to fit experimental linewidth data sets provided by inverse
or stimulated Raman scattering [249]. The most commonly employed scaling laws are
the energy-corrected sudden exponential law (ECS) [206], and the modified exponential-gap
(MEG) [174]. The MEG scaling law is employed in the present thesis to extract the colli-
sional dephasing rate of self-perturbed CH4 from the complex time-domain dependence of
the CH4 CRS signal: this work is discussed more in details in Section 6.4.1.

The introduction of time-resolved CRS techniques, on the other hand, allowed for
the direct measurement of the collisional dephasing of the rotational-vibrational Raman
coherence. Magnitskiı̆ and Tunkin were the first to employ a ps laser to measure the
dephasing time of the Q(1) line of H2 in the Dicke narrowing regime [278]. Following
studies have provided direct measurements of the collisional line broadening coefficients for
a number of combustion-relevant species [171, 230, 279–283]. As discussed in Section 2.3.1,
the influence of molecular collisions can be minimised in the hybrid fs/ps CRS scheme by
operating below the typical collisional timescale, at least for moderate pressure applications
(up to ∼20 bar [33]), by employing a short ps probe pulse (<10 ps), while collisional
broadening needs to be taken into account at larger pressures [284]. In the present thesis,
the temporal resolution provided by hybrid fs/ps CRS has been exploited to measure the
collisional dephasing of the Raman coherence of the CH4 molecule in mixtures with other
combustion-relevant species (see Paper IV).
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D
Polarisation theory of CRS

The present appendix introduces the theoretical description of the polarisation of the CRS
field as a function of the, assumed linear, polarisation of the pump, Stokes and probe fields.
Assuming the pump and Stokes fields to be combined in a single fs excitation pulse, the relative
angle of the probe polarisation resulting in cross-polarised resonant and NR CRS signals is
derived in terms of the depolarisation ratio of the Raman spectrum. This solution represents
the cornerstone for the development of the polarisation-based in situ referencing protocol
introduced in Chapter 5.

POLARISATION 
THEORY OF CRS

The present appendix introduces the theoretical description of the polarisation 
of the CRS field as a function of the, assumed linear, polarisation of the 

pump, Stokes and probe fields. Assuming the pump and Stokes fields to 
be combined in a single fs excitation pulse, the relative angle of the probe 

polarisation resulting in cross-polarised resonant and NR CRS signals 
is derived in terms of the depolarisation ratio of the Raman spectrum. 

This solution represents the cornerstone for the development of the 
polarisation-based in situ referencing protocol introduced in Chapter 5.
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The implementation of the in situ referencing protocol in Papers II and III is based on
the control of the polarisation state of the resonant and NR CRS signals as a function of
the linear polarisation of the input laser fields. In the theoretical description of the CRS

Figure D.1: The resonant and non-resonant CRS processes. (a) Double-sided Feynman and energy diagrams for
one resonant CRS pathway. As a result of the interaction with the pump (𝜔𝜔p) and Stokes (𝜔𝜔St) fields, the medium
–represented by the density operator �̂�𝜌 = |[𝑣𝑣], 𝐽𝐽 ,𝐽𝐽,Γ⟩ ⟨[𝑣𝑣], 𝐽𝐽 ,𝐽𝐽,Γ|– evolves into a coherent rotational-vibrational
state. (b) Double-sided Feynman and energy diagrams for one NR CRS pathway. All the intermediate states
following the interaction of the medium with the input laser fields are virtual electronic states: no nuclear
resonance is involved in this process.

process given in Chapter 2 the tensor nature of Equations (2.23) and (2.24) is neglected as
well as the effect of the polarisation of the pump, Stokes and probe fields, by assuming all
the fields to have the same linear polarisation. The resulting CRS field is thus described by
Equation (2.28), where the third-order optical susceptibility is reduced to the scalar quantity
𝜒𝜒 (3)(Ω) computed according to Equation (2.29). In order to introduce the polarisation
dependence of the CRS signal on the input laser fields, the tensorial nature of 𝝌𝝌 (3) is
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considered in the following:

𝝌𝝌 (𝟑𝟑𝟑 = 𝝌𝝌 (3)
res +𝝌𝝌 (3)

NR = [𝜒𝜒 (3)]𝑖𝑖𝑖𝑖𝑖 𝑖𝑖𝑖𝑖𝑖𝑖 (D.1)

Where the indexes 𝑖𝑖, 𝑖𝑖 , 𝑖𝑖 and 𝑖𝑖 identify, respectively, the polarisation directions of the
CRS, pump, Stokes, and probe fields. 𝜒𝜒 (3)

𝑖𝑖𝑖𝑖𝑖 𝑖𝑖𝑖𝑖𝑖𝑖 is thus the 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
th element of the fourth-rank

non-linear susceptibility tensor.
𝝌𝝌 (3)
res in Equation (D.1) introduces the contributions to the third-order susceptibility due

to all the possible interactions of the input laser fields with the optical medium resulting in
rotational-vibrational Raman coherence. 𝝌𝝌 (3)

NR on the contrary represents contributions that
are entirely electronic in nature, without a coupling to the nuclear motion of the molecules.
According to the semi-classical description of third-order non-linear optical phenomena
(see e.g. Ref. [31]), unless there is a strict temporal ordering of the input laser pulses, a total
of 48 possible combinations of the input laser fields (also called "pathways") contribute to
the non-linear polarisation field 𝑷𝑷(3). These contributions can be represented by double-
sided Feynman diagrams, which depict the interaction of the input laser fields with the
density of operator of the optical medium (see Appendix A), as shown in Figure D.1.

The resonant pathway in Figure D.1(a) can then be interpreted as follows:
1. At time 𝑡𝑡=0 a molecule in the gas-phase medium is assumed to be in the initial state

|[𝑣𝑣]𝑖𝑖𝑖 𝐽𝐽𝑖𝑖𝑖𝑀𝑀𝑖𝑖𝑖Γ𝑖𝑖⟩, such that it is described by the density operator �̂�𝜌(0)=|[𝑣𝑣]𝑖𝑖𝑖 𝐽𝐽𝑖𝑖𝑖𝑀𝑀𝑖𝑖𝑖Γ𝑖𝑖⟩
⟨[𝑣𝑣]𝑖𝑖𝑖 𝐽𝐽𝑖𝑖𝑖𝑀𝑀𝑖𝑖𝑖Γ𝑖𝑖|;

2. At time 𝑡𝑡=𝑡𝑡1 the molecule interact with the pump field oscillating at angular fre-
quency 𝜔𝜔1: under the Born-Oppenheimer approximation, the field only interacts
with the electrons and the molecule is assumed to instantaneously change its state to
�̂�𝜌(𝑡𝑡1)=�̂�𝐻pump |[𝑣𝑣]𝑖𝑖𝑖 𝐽𝐽𝑖𝑖𝑖𝑀𝑀𝑖𝑖𝑖Γ𝑖𝑖⟩ ⟨[𝑣𝑣]𝑖𝑖𝑖 𝐽𝐽𝑖𝑖𝑖𝑀𝑀𝑖𝑖𝑖Γ𝑖𝑖|=|𝑒𝑒⟩ ⟨[𝑣𝑣]𝑖𝑖𝑖 𝐽𝐽𝑖𝑖𝑖𝑀𝑀𝑖𝑖𝑖Γ𝑖𝑖|;

3. At time 𝑡𝑡=𝑡𝑡2 the interaction with the Stokes field (𝜔𝜔2) brings the molecule into the
coherent nuclear state �̂�𝜌(𝑡𝑡2)=|[𝑣𝑣]𝑓𝑓 𝑖 𝐽𝐽𝑓𝑓 𝑖𝑀𝑀𝑓𝑓 𝑖Γ𝑓𝑓 ⟩ ⟨[𝑣𝑣]𝑖𝑖𝑖 𝐽𝐽𝑖𝑖𝑖𝑀𝑀𝑖𝑖𝑖Γ𝑖𝑖|;

4. At time 𝑡𝑡=𝑡𝑡3 the (off-resonant) probe field (𝜔𝜔3) interacts with the molecule as �̂�𝜌(𝑡𝑡3) =
�̂�𝐻probe |[𝑣𝑣]𝑓𝑓 𝑖 𝐽𝐽𝑓𝑓 𝑖𝑀𝑀𝑓𝑓 𝑖Γ𝑓𝑓 ⟩ ⟨[𝑣𝑣]𝑖𝑖𝑖 𝐽𝐽𝑖𝑖𝑖𝑀𝑀𝑖𝑖𝑖Γ𝑖𝑖|=|𝑒𝑒′⟩ ⟨[𝑣𝑣]𝑖𝑖𝑖 𝐽𝐽𝑖𝑖𝑖𝑀𝑀𝑖𝑖𝑖Γ𝑖𝑖|;

5. With the emission of the CRS field (𝜔𝜔4) at time 𝑡𝑡=𝑡𝑡4 the molecule returns to the initial
state |[𝑣𝑣]𝑖𝑖𝑖 𝐽𝐽𝑖𝑖𝑖𝑀𝑀𝑖𝑖𝑖Γ𝑖𝑖⟩, and the total energy of the system is conserved in this parametric
process.

Figure D.1(b) represents a parametric non-resonant pathway, as no nuclear coherence is
established in this process; it also illustrates why the pump, Stokes and probe fields must
temporally overlap to generate a NR CRS signal.

The polarisation theory of the CRS process employed in Papers II and III is based on
the model of the non-linear optical response of isotropic media developed by Owyoung
[285]. The third-order optical susceptibility of the gas-phase medium is written as a linear
combination of the electronic (𝜎𝜎) and nuclear response functions, the latter being divided
in a isotropic (𝑎𝑎) and an anisotropic (𝑏𝑏) contribution (see appendix C) as:

𝜒𝜒 (3)
𝑖𝑖𝑖𝑖𝑖 𝑖𝑖𝑖𝑖𝑖𝑖(−𝜔𝜔4;𝜔𝜔1𝑖−𝜔𝜔2𝑖𝜔𝜔3) =

1
24

{
[𝜎𝜎+2𝑎𝑎(−𝜔𝜔2 +𝜔𝜔3)+ 𝑏𝑏(𝜔𝜔1 +𝜔𝜔3)+ 𝑏𝑏(𝜔𝜔1 −𝜔𝜔2)]𝛿𝛿𝑖𝑖𝑖𝑖 𝛿𝛿𝑖𝑖𝑖𝑖

+ [𝜎𝜎+2𝑎𝑎(𝜔𝜔1 −𝜔𝜔2)+ 𝑏𝑏(𝜔𝜔1 +𝜔𝜔3)+ 𝑏𝑏(−𝜔𝜔2 +𝜔𝜔3)]𝛿𝛿𝑖𝑖𝑖𝑖𝛿𝛿𝑖𝑖𝑖𝑖

+ [𝜎𝜎+2𝑎𝑎(𝜔𝜔1 +𝜔𝜔3)+ 𝑏𝑏(−𝜔𝜔2 +𝜔𝜔3)+ 𝑏𝑏(𝜔𝜔1 −𝜔𝜔2)]𝛿𝛿𝑖𝑖𝑖𝑖𝛿𝛿𝑖𝑖𝑖𝑖
}

(D.2)
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With 𝛿𝛿 being the Kronecker delta, and the input laser fields being modelled as monochro-
matic waves. Note that Equation (D.2) assumes that the non-resonant response of the
medium is independent of the laser frequencies when these are off-resonant with the
optical medium, a condition known as Kleinman symmetry [286]. The depolarisation ratio
defined in Equation (2.22) can be recast in terms of the isotropic and anisotropic response
functions as:

𝜌𝜌 =
𝑏𝑏

2(𝑎𝑎+ 𝑏𝑏)
(D.3)

Using the depolarisation ratio is possible to write the anisotropic response function as
proportional to the isotropic one:

𝑏𝑏 =
2𝜌𝜌

1−2𝜌𝜌
𝑎𝑎 = 𝜉𝜉𝑎𝑎 (D.4)

The 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖th element of the susceptibility tensor is thus written as

𝜒𝜒 (3)
𝑖𝑖𝑖𝑖𝑖 𝑖𝑖𝑖𝑖𝑖𝑖(−𝜔𝜔4;𝜔𝜔1𝑖−𝜔𝜔2𝑖𝜔𝜔3) =

1
24

{
𝜎𝜎+𝑎𝑎[2(−𝜔𝜔2 +𝜔𝜔3)+ 𝜉𝜉(𝜔𝜔1 +𝜔𝜔3)+ 𝜉𝜉(𝜔𝜔1 −𝜔𝜔2)]

}
𝛿𝛿𝑖𝑖𝑖𝑖 𝛿𝛿𝑖𝑖𝑖𝑖

+
1
24

{
𝜎𝜎+𝑎𝑎[2(𝜔𝜔1 +𝜔𝜔3)+ 𝜉𝜉(−𝜔𝜔2 +𝜔𝜔3)+ 𝜉𝜉(𝜔𝜔1 −𝜔𝜔2)]

}
𝛿𝛿𝑖𝑖𝑖𝑖𝛿𝛿𝑖𝑖𝑖𝑖

+
1
24

{
𝜎𝜎+𝑎𝑎[2(𝜔𝜔1 +𝜔𝜔3)+ 𝜉𝜉(−𝜔𝜔2 +𝜔𝜔3)+ 𝜉𝜉(𝜔𝜔1 −𝜔𝜔2)]𝛿𝛿𝑖𝑖𝑖𝑖𝛿𝛿𝑖𝑖𝑖𝑖

}
(D.5)

Equation (D.5) can be simplified by invoking the RWA, whereby terms of the form |𝜔𝜔𝑖𝑖+𝜔𝜔𝑖𝑖 |
that oscillate at optical frequencies are neglected. The only non-vanishing components of
the third-order optical susceptibility tensor are:

𝜒𝜒 (3)
1111 =

1
24

{
3𝜎𝜎+2(1+ 𝜉𝜉)[(−𝜔𝜔2 +𝜔𝜔3)+ (𝜔𝜔1 −𝜔𝜔2)]

}

𝜒𝜒 (3)
1122 =

1
24

{
𝜎𝜎+𝑎𝑎[2(−𝜔𝜔2 +𝜔𝜔3)+ 𝜉𝜉(𝜔𝜔1 −𝜔𝜔2)]

}

𝜒𝜒 (3)
1221 =

1
24

{
𝜎𝜎+𝑎𝑎[𝜉𝜉(−𝜔𝜔2 +𝜔𝜔3)+2(𝜔𝜔1 −𝜔𝜔2)]

}

𝜒𝜒 (3)
1212 =

1
24

{
𝜎𝜎+𝑎𝑎𝜉𝜉[(−𝜔𝜔2 +𝜔𝜔3)+ (𝜔𝜔1 −𝜔𝜔2)]

}

(D.6)

The non-linear polarisation field at the CRS frequency can be written as:

𝑃𝑃 (3)
𝑖𝑖 (𝜔𝜔4) = 𝜀𝜀0∑

𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝜒𝜒 (3)
𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 ⋅𝐸𝐸𝑖𝑖(𝜔𝜔3) ⋅𝐸𝐸∗𝑖𝑖(𝜔𝜔2) ⋅𝐸𝐸𝑖𝑖 (𝜔𝜔1) (D.7)

The input fields are all assumed as linearly polarised and the polarisation angles of the
CRS, Stokes and probe fields, relative to the polarisation of the pump field, are named 𝛼𝛼, 𝜃𝜃
and 𝜙𝜙 respectively, as shown in Figure D.2(a). Introducing the relations in Equation (D.6)
into Equation (D.7) and projecting the resulting field onto the polarisation direction of the
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pump field:

𝑃𝑃 (3)
𝛼𝛼 (𝜔𝜔4) =

{
𝑎𝑎[((𝜉𝜉(−𝜔𝜔2 +𝜔𝜔3)+2(𝜔𝜔1 −𝜔𝜔2))cos𝜃𝜃 sin𝜙𝜙

+(2(−𝜔𝜔2 +𝜔𝜔3)+ 𝜉𝜉(𝜔𝜔1 −𝜔𝜔2))sin𝜃𝜃 cos𝜙𝜙)sin𝛼𝛼

+(2(1+ 𝜉𝜉)((−𝜔𝜔2 +𝜔𝜔3)+ (𝜔𝜔1 −𝜔𝜔2))cos𝜃𝜃 cos𝜙𝜙

+(𝜉𝜉(−𝜔𝜔2 +𝜔𝜔3)+ (𝜔𝜔1 −𝜔𝜔2))sin𝜃𝜃 sin𝜙𝜙)cos𝛼𝛼]

+𝜎𝜎[(cos𝜃𝜃 sin𝜙𝜙+sin𝜃𝜃 cos𝜙𝜙)sin𝛼𝛼

+(3cos𝜃𝜃 cos𝜙𝜙+sin𝜃𝜃 sin𝜙𝜙)cos𝛼𝛼]
}
𝐸𝐸(𝜔𝜔1)𝐸𝐸∗(𝜔𝜔2)𝐸𝐸(𝜔𝜔3)

(D.8)

As discussed in Section 4.1.1 the probe pulse is generated at double the frequency of the
pump/Stokes one (𝜔𝜔3 ≈ 2𝜔𝜔1 ≈ 𝜔𝜔2), so that the term proportional to (−𝜔𝜔2 +𝜔𝜔3) oscillates at
optical frequency and can be neglected under the RWA:

𝑃𝑃 (3)
𝛼𝛼 (𝜔𝜔4) =

{
𝑎𝑎[(2cos𝜃𝜃 sin𝜙𝜙+ 𝜉𝜉 sin𝜃𝜃 cos𝜙𝜙)sin𝛼𝛼

+(2(1+ 𝜉𝜉)cos𝜃𝜃 cos𝜙𝜙+ 𝜉𝜉 sin𝜃𝜃 sin𝜙𝜙)cos𝛼𝛼]
+𝜎𝜎[(cos𝜃𝜃 sin𝜙𝜙+sin𝜃𝜃 cos𝜙𝜙)sin𝛼𝛼

+(3cos𝜃𝜃 cos𝜙𝜙+sin𝜃𝜃 sin𝜙𝜙)cos𝛼𝛼]
}
𝐸𝐸(𝜔𝜔1)𝐸𝐸∗(𝜔𝜔2)𝐸𝐸(𝜔𝜔3)

(D.9)

The resonant and non-resonant components of the CRS field can thus be separated as the
ones originating from the nuclear and electronic response functions, respectively:

𝑃𝑃 (3)
res (𝜔𝜔4) = 𝑎𝑎[(2cos𝜃𝜃 sin𝜙𝜙+ 𝜉𝜉 sin𝜃𝜃 cos𝜙𝜙)sin𝛼𝛼

+(2(1+ 𝜉𝜉)cos𝜃𝜃 cos𝜙𝜙+ 𝜉𝜉 sin𝜃𝜃 sin𝜙𝜙)cos𝛼𝛼]𝐸𝐸(𝜔𝜔1)𝐸𝐸∗(𝜔𝜔2)𝐸𝐸(𝜔𝜔3)

𝑃𝑃 (3)
NR(𝜔𝜔4) = 𝜎𝜎[(cos𝜃𝜃 sin𝜙𝜙+sin𝜃𝜃 cos𝜙𝜙)sin𝛼𝛼

+(3cos𝜃𝜃 cos𝜙𝜙+sin𝜃𝜃 sin𝜙𝜙)cos𝛼𝛼]𝐸𝐸(𝜔𝜔1)𝐸𝐸∗(𝜔𝜔2)𝐸𝐸(𝜔𝜔3)

(D.10)

The polarisation angles of the resonant and NR CRS signals are thus computed as:

tan𝛽𝛽 =
(1−2𝜌𝜌)cos𝜃𝜃 sin𝜙𝜙+𝜌𝜌 sin𝜃𝜃 cos𝜙𝜙

cos𝜃𝜃 cos𝜙𝜙+𝜌𝜌 sin𝜃𝜃 sin𝜙𝜙

tan𝛿𝛿 =
cos𝜃𝜃 sin𝜙𝜙+sin𝜃𝜃 cos𝜙𝜙
3cos𝜃𝜃 cos𝜙𝜙+sin𝜃𝜃 sin𝜙𝜙

(D.11)

The formulas in Equation (D.11) describe the polarisation of the CRS signals for a general
three-beam CRS instrument. In the case of the two-beam fs/ps CRS instrument employed
in Papers II and III the pump and Stokes fields are combined in a single broadband fs laser
pulse (i.e. 𝜃𝜃=0), hence:

tan𝛽𝛽 = (1−2𝜌𝜌) tan𝜙𝜙

tan𝛿𝛿 =
1
3
tan𝜙𝜙

(D.12)
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Figure D.2: Polarisation of the resonant and NR CRS signals. (a) Angle convention for the linearly polarised
laser fields: all the angles are measured with respect to the polarisation direction of the pump/Stokes beam. 𝜙𝜙,
probe polarisation angle; 𝛽𝛽, resonant CRS polarisation angle; 𝛿𝛿, NR CRS polarisation angle. (b) Polarisation
curves for the resonant and NR CRS signals as functions of the probe polarisation angle, represented on the unit
sphere (reproduced from Ref. [27]). For clarity the polarisation curve of the resonant signal is turned by 𝜋𝜋/2: the
polarisation separation of the resonant and NR components of the CRS signals is thus possible at the intersection
of the two curves. For a completely depolarised Raman transition this condition is satisfied for 𝜙𝜙=tan−1

√
6.

In order to implement the polarisation-based in situ referencing protocol, the resonant
and NR CRS signals must be cross-polarised:

|𝛽𝛽−𝛿𝛿| =
𝜋𝜋
2

(D.13)

Substituting this polarisation separation condition into Equation (D.12) and solving for the
polarisation angle of the probe field 𝜙𝜙:

𝜙𝜙 = tan−1(±
√
3

√
2𝜌𝜌−1)

(D.14)

Equation (D.14) has real solutions only if the depolarisation ratio is 𝜌𝜌 ≥ 1/2.
As discussed in Section 2.2.1, completely depolarised Raman transitions have the

maximum possible value of the depolarisation ratio (i.e. 𝜌𝜌 = 3/4), so that the in situ
referencing protocol is always possible for the corresponding CRS spectra. This is the case
for pure-rotational CRS and e.g. for the ro-vibrational 𝜈𝜈2 mode spectrum of CH4 discussed
in Section 6.4. For partially polarised Raman transitions, on the other hand, the in situ
referencing can only be implemented as long as the depolarisation ratio is greater or equal
to the limit value of 0.5, for which the probe angle that generates cross-polarised resonant
and NR CRS signals is 𝜙𝜙=±𝜋𝜋/2. In Figure D.2(b) the solutions to Equation (D.12) in the
case 𝜌𝜌=3/4 are represented as curves on the unit sphere. The probe polarisation angle
(relative to the pump/Stokes) is the azimuth and the polarisation angle angle of the NR
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signal is represented as the elevation of the dashed curve. The elevation angle of the solid
curve represents the polarisation angle of the resonant signal, offset by 𝜋𝜋/2 for clarity: the
polarisation separation condition in Equation (D.13) is thus represented by the crossing of
the two curves for 𝜙𝜙=tan−1

√
6.
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a b s t r a c t 

We present ultrabroadband two-beam femtosecond/picosecond coherent Raman spectroscopy on the ro- 
vibrational spectra of CO 2 and O 2 , applied for multispecies thermometry and relative concentration mea- 
surements in a standard laminar premixed hydrocarbon flame. The experimental system employs fs- 
laser-induced filamentation to generate the compressed supercontinuum in-situ , resulting in a ∼24 fs 
full-width-at-half-maximum pump/Stokes pulse with sufficient bandwidth to excite all the ro-vibrational 
Raman transitions up to 1600 cm -1 . We report the simultaneous recording of the ro-vibrational CO 2 Q- 
branch and the ro-vibrational O 2 O-, Q- and S-branch coherent Stokes Raman spectra (CSRS) on the basis 
of a single-laser-shot. The use of filamentation as the supercontinuum generation mechanism has the 
advantage of greatly simplifying the experimental setup, as it avoids the use of hollow-core fibres and 
chirped mirrors to deliver a near-transform-limited ultrabroadband pulse at the measurement location. 
Time-domain models for the ro-vibrational Q-branch spectrum of CO 2 and the ro-vibrational O-, Q- and 
S-branch spectra of O 2 were developed. The modelling of the CO 2 Q-branch spectrum accounts for up to 
180 vibrational bands and for their interaction in Fermi polyads, and is based on recently available, com- 
prehensive calculations of the vibrational transition dipole moments of the CO 2 molecule: the availability 
of spectroscopic data for these many vibrational bands is crucial to model the high-temperature spectra 
acquired in the flue gases of hydrocarbon flames, where the temperature can exceed 20 0 0 K. The nu- 
merical code was employed to evaluate the CSRS spectra acquired in the products of a laminar premixed 
methane/air flame provided on a Bunsen burner, for varying equivalence ratio in the range 0.6–1.05. The 
performance of the CO 2 spectral model is assessed by extracting temperatures from 40-laser-shots aver- 
aged spectra, resulting in thermometry accuracy and precision of ∼5% and ∼1%, respectively, at temper- 
atures as high as 2220 K. 

© 2021 The Author(s). Published by Elsevier Inc. on behalf of The Combustion Institute. 
This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 

1. Introduction 

Coherent Raman scattering spectroscopy – both in its Stokes 
(CSRS) and anti-Stokes (CARS) implementation [1 , 2] – has found 
vast application in the experimental study of chemically-reacting 
flows, especially in the context of combustion [3] and non- 
equilibrium thermodynamics [4] . CARS in particular has been 
extensively employed in combustion diagnostics for temperature 

∗ Corresponding author. 
E-mail address: f.mazza@tudelft.nl (F. Mazza). 

[5–7] and concentration measurements [8–10] , and is regarded as 
the gold-standard for high-fidelity thermometry in flames [11–13] . 
In principle, CARS is a form of four-wave mixing (FWM) [14] , i.e. 
a third-order non-linear optical process, in which the frequency 
difference of two photons –called the “pump” photon (with an- 
gular frequency ω p ) and the “Stokes” photon ( ω St )– coherently 
excite a Raman-active molecule to a higher rotational-vibrational 
(ro-vibrational) energy state; a third photon, the “probe” ( ω pr ), 
is then scattered by the molecule, resulting in the emission of a 
coherent CARS photon at frequency ω CARS = ω p – ω St + ω pr . In 
the CARS process, the pump/Stokes photon-pairs couple to the 
internal energy states of the Raman-active molecules: the CARS 

https://doi.org/10.1016/j.combustflame.2021.111738 
0010-2180/© 2021 The Author(s). Published by Elsevier Inc. on behalf of The Combustion Institute. This is an open access article under the CC BY license 
( http://creativecommons.org/licenses/by/4.0/ ) 
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signal thus carries information on the molecular distribution over 
the ro-vibrational energy manifold, usually described in terms of 
the vibrational and total-angular-momentum quantum numbers ( v 
and J ̧ respectively). In the context of ro-vibrational spectroscopy 
( �v = ±1) it is customary to use the labels “Q-”, “O-”, and “S- 
branch” to indicate ro-vibrational transitions with �J = 0, −2, and 
+ 2, respectively [15] . 

The commercial availability, in recent years, of ultrafast regen- 
erative amplifiers, has prompted the development of a number 
of time-resolved CARS techniques, allowing for nearly collision- 
independent measurements at high repetition rate [10] . In addi- 
tion, the typical CARS setup can be greatly simplified when a 
broadband laser source is employed, as the constructive photon- 
pairs, typically provided by two distinct laser pulses, can be found 
across the bandwidth of a single pump/Stokes pulse. This tech- 
nique is called “two-beam CARS” [11] . A single ultrafast regen- 
erative amplifier, providing < 50 fs duration pulses, can impul- 
sively excite all the rotational energy states that are significantly 
populated by N 2 molecules at flame temperatures [16] . Neverthe- 
less, the bandwidth of the laser pulses provided by commercially- 
available ultrafast regenerative amplifiers is not sufficient to effi- 
ciently excite Raman transitions further than ∼400 cm -1 . In order 
to achieve impulsive excitation and perform ro-vibrational two- 
beam CARS spectroscopy in the “molecular fingerprint” region (i.e. 
in the range 80 0–180 0 cm -1 ) it is necessary to compress the 
pump/Stokes pulse to a duration comparable to the vibrational pe- 
riod of the target molecules [17] , this being e.g. ∼25 fs for CO 2 and 
∼21 fs for O 2 . Thus, when compressing the pump/Stokes pulse be- 
low 25 fs duration, the resulting ultrabroadband pulse has enough 
spectral bandwidth to provide a significant number of construc- 
tive photon-pairs at Raman shifts up to ∼1600 cm -1 . The use of 
ultrabroadband laser pulses to excite the whole ro-vibrational en- 
ergy manifold of the Raman-active molecules in the probe vol- 
ume dramatically enlarges the interrogation window for quanti- 
tative multiplex spectroscopy. Roy et al. [18] demonstrated the 
use of supercontinuum generation, through an argon-filled hollow- 
core fibre, in a single-beam CARS setup to measure the num- 
ber density of CO 2 in a binary mixture with argon at room tem- 
perature and at different pressures. Bohlin and Kliewer [19] em- 
ployed a hollow-core fibre to compress the 45 fs duration out- 
put of a Ti:Sapphire regenerative amplifier below 7 fs, enough to 
impulsively excite Raman transitions in the spectral range 0–4200 
cm -1 . They demonstrated single-shot one-dimensional imaging of 
the ro-vibrational spectra of N 2 , O 2 , H 2 , CO 2 , and CH 4 in a two- 
beam femtosecond/picosecond (fs/ps) CARS setup. The application 
of this experimental technique to combustion diagnostics was fur- 
thermore demonstrated, firstly in a flat hydrocarbon flame [20] and 
subsequently in the investigation of flame-wall interaction [21] . 
Odhner et al. [22] demonstrated time-resolved ultrabroadband Ra- 
man spectroscopy employing fs-laser-induced air filamentation to 
generate the supercontinuum excitation pulse. They employed a 2 
mJ, 45 fs duration laser pulse to generate a plasma filament in at- 
mospheric air: the self-phase modulation experienced by the pulse 
resulted in its temporal compression to ∼14 fs; furthermore, they 
showed the use of this “heterodyned, impulsive filament-based, 
stimulated Raman technique” in a CH 4 /O 2 flame. 

The diagnostic technique presented in this work relies on such 
filament-based supercontinuum generation to achieve quantitative 
time-resolved coherent Raman spectroscopy in the molecular fin- 
gerprint region. The possibility of performing measurements in the 
molecular fingerprint region is particularly appealing for combus- 
tion diagnostics, as almost all major combustion species possess 
ro-vibrational Raman spectral lines in this spectral range. The ro- 
vibrational Raman spectrum of O 2 is located at ∼1556 cm -1 [23] , 
while CO 2 appears a Fermi dyad at ∼1285 cm -1 and ∼1388 cm -1 

[24] , and the pure-rotational Raman spectrum of H 2 spans from 

∼354 cm -1 to ∼1815 cm -1 , at high temperatures [25] . In addition, 
almost all hydrocarbons (e.g. methane, ethylene and ethane) have 
Raman-active vibrational transitions in the range ∼882–1791 cm -1 

[26] , corresponding to the bending mode of the H –C-H bond. The 
scope of the present work is limited to the development of ultra- 
broadband two-beam fs/ps coherent Raman spectroscopy for the 
measurement of the ro-vibrational CO 2 and O 2 spectra in the re- 
gion 120 0–160 0 cm -1 . The simultaneous detection of these two 
main combustion species makes the technique appealing for the 
study of Moderate or Intense Low oxygen Dilution (MILD) com- 
bustion [27–29] applications, where hot flue gases are recircu- 
lated as a thermal control mechanism to abate the emission of 
nitric oxide, leading to O 2 dilution and relatively low tempera- 
tures. Moreover, the availability of both O 2 and CO 2 as thermomet- 
ric species in this spectral region makes the technique suited to 
applications such as oxy-fuel combustion, where molecular nitro- 
gen is not available as a thermometer [30] . Multiplex CARS spec- 
troscopy on the CO 2 Q-branch spectrum has been an active re- 
search area since the first applications of CARS to gas-phase me- 
dia. In 1984, Hall and Stufflebeam [31] reported on CO 2 CARS ther- 
mometry performed at temperatures up to ∼1600 K in a gas cell. A 
dual-pump nanosecond CARS system was employed by Lucht et al. 
[32] to simultaneously detect the Q-branch spectra of CO 2 and N 2 
( at ∼2330 cm -1 ): they measured temperatures up to ∼20 0 0 K 
and achieved single-shot detection of the CO 2 signal at values of 
the mole fraction down to ∼1–2%. Dual-pump N 2 -CO 2 CARS was 
furthermore used for thermometry and CO 2 concentration mea- 
surements in the exhaust of a swirl-stabilized JP-8-fuelled com- 
bustor [33] . Recently, Kerstan et al. [34] demonstrated the first 
use of ultrabroadband two-beam fs/ps CARS for CO 2 thermom- 
etry. They used a neon-filled hollow-core fibre to compress the 
∼35 fs duration laser pulse, resulting in a ∼7 fs duration, ∼25 μJ 
pump/Stokes pulse. Due to the relatively low average power of the 
laser pulses employed, their measurements were limited to a pres- 
surized gas-cell and the maximum temperature measured from the 
CO 2 spectrum was 937 K. The same research group demonstrated 
the use of ultrabroadband CARS –attained in this case through 
an optical parametric chirped-pulse amplifier, providing a ∼7 fs 
duration, 7.5 μJ pump/Stokes pulse– to measure relative CO/CO 2 
concentrations, as well as temperature, in a gas oven heated up 
to ∼800 K [35] . 

In the present work, we employ fs-laser-induced filamen- 
tation for the in-situ generation of the compressed supercon- 
tinuum. Two-beam ultrabroadband fs/ps coherent Raman spec- 
troscopy on the ro-vibrational spectra of O 2 and CO 2 is demon- 
strated in the hot flue gases of a standard laminar premixed 
CH 4 /air flame, at temperatures higher than 20 0 0 K, allowing 
for simultaneous thermometry and relative O 2 /CO 2 concentration 
measurements. 

2. Experimental setup 

2.1. Two-beam femtosecond/picosecond CARS setup 

The experimental setup for two-beam fs/ps coherent Raman 
thermometry is detailed in [16] and depicted in Fig. 1 ; in the 
following a brief summary of the main features of the system 
is given. The two laser pulses employed are provided by a sin- 
gle regenerative amplifier system (Astrella, Coherent), operating 
at 1 kHz and providing an overall pulse energy of 7.5 mJ at 
800 nm. The temporally uncompressed output of the amplifier is 
split 65% −35%: the larger portion is compressed before being fed 
to a second-harmonic bandwidth compressor (SHBC, Light Conver- 
sion), providing a 5 ps duration pulse at 402.7 nm, to serve as 
the probe pulse. A spatial 4f-filter in transmission, placed in the 
probe beam path, allows for tuning the duration of the pulse: in 
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Fig. 1. Schematic of the ultrabroadband two-beam CSRS system. The output of a 1 kHz Ti:Sapphire regenerative amplifier system is split 65% −35% to feed a second-harmonic 
bandwidth compressor (SHBC) and an external compressor, respectively. The transform-limited 35 fs duration output of the external compressor is focused by a 500 mm 
focal-length spherical lens (SL) resulting in fs-laser-induced filamentation. The ultrabroadband pump/Stokes beam is crossed by the probe beam at a distance of ∼4 mm after 
exiting the filament: the resulting probe volume is located over the Bunsen burner (B). The ultrabroadband CSRS signal is collected in a coherent imaging spectrometer and 
imaged to a sCMOS detector. TG, transmission gratings; S, slit; CL v , cylindrical lenses with vertical alignment symmetry axis; TS, automated translation stage; λ/2, half-wave 
plates; P, polarizer; PBS, polarization beam splitter; TF, angle-tuneable band-pass filter; BS, beam stop. 

the present work, a ∼6.6 ps duration probe pulse is employed, 
with ∼300 μJ/pulse. The second output beam is compressed by 
an external compressor unit providing a transform-limited 35 fs 
duration pump/Stokes pulse, with 2.3 mJ/pulse. The external com- 
pressor furthermore provides an active control on the pulse dis- 
persion, allowing for pulse pre-chirping, to compensate for the 
effect of group velocity dispersion of the different optical media 
along the beam path. The use of a single regenerative amplifier to 
provide all the laser pulses has the advantage of the pulses be- 
ing automatically synchronised with no temporal jitter. The path- 
length difference between the pump/Stokes and the probe pulses 
is compensated for by an optical delay line, and the probe de- 
lay is set by the position of an automated translation stage (Thor- 
labs), with a resolution < 10 fs. Half-wave plates for 800 nm and 
400 nm (Eksma Optics) are employed to control the orientation of 
the linearly-polarized pump/Stokes and probe pulses, respectively. 
In order to ensure the same polarization of the different spectral 
branches in the CSRS signal, the probe polarization is set paral- 
lel to the pump/Stokes: under this condition, both the CO 2 and 
O 2 Q-branch and the ro-vibrational O 2 O- and S-branch have the 
same polarization as the pump/Stokes and probe pulses [36 , 37] . 
The pump/Stokes and probe beams are both focused at the mea- 
surement location by spherical lenses and crossed according to the 
phase-matching scheme demonstrated in [38] . The probe pulse is 
focused by a 300 mm focal-length lens, resulting in a measured 
beam waist of ∼30 μm (1/e 2 ), and its energy at the measure- 
ment location is measured to be 194 μJ; the pump/Stokes pulse 
energy, focused by a 500 mm focal-length lens, is measured to 
be 1.6 mJ. The extremely high peak irradiance (estimated to be 
∼4.46 × 10 14 W/cm 2 ) of the fs pulse results in the non-linear self- 
focusing of the pulse (Kerr effect) and the multiphoton ionization 
of the gas medium, producing a visible plasma channel (i.e. the 
filament), which can be observed near the focal plane of the fo- 
cusing lens. This process is also accompanied by the non-linear 
self-phase modulation of the pulse, resulting in supercontinuum 
generation and providing, at the measurement location, an ultra- 
broadband pump/Stokes pulse. The interaction length is estimated 
by measuring the beam crossing angle ( ∼5 °) and the divergence 
of the beam out of the filament, yielding a pump/Stokes beam 
waist of ∼130 μm (1/e 2 ) at the probe volume location. The probe 
volume is thus measured to be ∼60 μm (width, 1/e 2 ) × 3.3 mm 
(length, 1/e 2 ) × ∼60 μm (height, 1/e 2 ), and is located ∼4 mm after 
the filament. The details of the fs-laser-induced filamentation and 
of the resulting compressed ultrabroadband pulse are discussed in 
Section 2.2 . 

The co-propagating probe beam and CSRS signals are collected 
by a collimating lens (f: = 400 mm). The angle-tuning of a spec- 
tral band-pass filter (Semrock) is used to suppress the probe beam 
and select the spectral window of interest ( ∼120 0–160 0 cm -1 ) 
and a 400 nm half-wave plate (Eksma Optics) turns the polariza- 
tion of the CARS signal to maximize the diffraction efficiency of 
a high-resolution transmission grating (3040 lines/mm, Ibsen Pho- 
tonics). The dispersed signal is then collected by an imaging lens 
(f: = 200 mm) onto a cropped region (100 × 2048 pixels) of the sC- 
MOS detector (Zyla 4.2, Andor) frame, providing 1 kHz frame-rate 
signal acquisition. 

2.2. Compressed supercontinuum generation 

In order to achieve the ultrabroadband excitation of the ro- 
vibrational Raman coherences, we employ a pulse compression 
technique based on in-situ filamentation, as demonstrated in [22] . 
The propagation of ultrashort pulses in any dielectric medium is 
accompanied by several nonlinear effects such as Kerr effect, self- 
phase modulation, and multiphoton ionization [39] . The Kerr ef- 
fect causes a transient increase of the refractive index of the opti- 
cal medium at high-pulse intensity, resulting in the self-focusing of 
the laser beam and the self-phase modulation of the pulse, lead- 
ing to the generation of new spectral components. Above an input 
pulse energy threshold of ∼40 μJ (corresponding to an estimated 
irradiance of ∼1.14 × 10 13 W/cm 2 ), a fraction of the molecules 
is ionized through multiphoton absorption (11 photons for N 2 
[40] and 8 photons for O 2 [41] , at 800 nm laser wavelength) re- 
ducing the refractive index and causing self-defocusing of the laser 
beam. The competition between self-focusing and self-defocusing 
occurs until the pulse energy, consumed in multiphoton ionization, 
is sufficient to maintain the nonlinear optical processes. Moreover, 
the complex dispersion of the ionized gas medium causes self- 
pulse compression, which may result in pulse durations as low as 
< 5 fs with sufficiently long filaments [42] . In this work we employ 
relatively fast focusing of the pump/Stokes femtosecond pulse with 
f: = 500 mm, with the Gaussian beam diameter being ∼10.5 mm 
(1/e 2 ) and the pulse energy being ∼1.6 mJ, producing a visible fil- 
ament with a measured length of ∼13.2 mm (1/e 2 ). The longitu- 
dinal spatial jitter of the filament is assessed by detecting the ini- 
tiation and the ending point of the visible filament in a sample 
of 300 single-shot images, and it is measured to be ∼350 μm and 
∼300 μm, respectively. We characterise the supercontinuum gener- 
ation by measuring the pulse energy of the ultrabroadband pulse, 
output by the filament, as a function of the input energy of the 35 
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Fig. 2. Power scaling of the ultrabroadband pump/Stokes pulse output by the fila- 
ment generated in room-temperature air and in the products of a laminar premixed 
methane/air flame. The pulse energy is measured after the filament collapse: for 
varying input pulse energy in the range 0.3–1.5 mJ, before the filament initiation, 
the energy of the compressed ultrabroadband pulse out of the filament scales lin- 
early. The dotted line represents the ideal limit when no pulse energy is lost to the 
filamentation process. 

fs duration pulse, measured before the initiation of the filament. 
Figure 2 illustrates the dependence of the ultrabroadband pulse en- 
ergy on the energy of the fs laser pulse, for the filament generated 
in room-temperature air and in the product gases of a laminar pre- 
mixed CH 4 /air flame. The energy output of the filament scales lin- 
early with the energy of the input laser pulse over the whole mea- 
sured range of 0.3–1.5 mJ, with the energy-conversion efficiency of 
the supercontinuum generation being ∼82% in air and ∼86% in the 
flame (see Fig. 2 ). The higher energy conversion of the filamen- 
tation process in the flame is explained by the ionization rate of 
the gas medium being larger in the denser room-temperature air 
than in the hot flame products. The increment of the input energy, 
from 0.3 mJ to 1.5 mJ, leads to higher irradiance and an earlier on- 
set of the Kerr effect, resulting in the elongation of the filament 
towards the laser focusing lens, while the location of the ending 
point of the filament is unaltered: therefore, the probe volume is 
always maintained at a fixed distance from the filament. Although 
the filament is partly generated inside the flame, the coherent Ra- 
man signal is generated on a ps timescale, so that the molecular 
ensemble probed in the measurement is not affected by the per- 
turbation of the flame introduced by the ionization process. Fur- 
thermore, the electron-ion recombination timescale is in the order 
of nanoseconds [39] , which is much faster than the repetition rate 
of the regenerative amplifier system, operating at 1 kHz. Hence, 
even if multiple laser-shots are averaged in the signal acquisition, 
each measurement is unaffected by the filament generated by the 
previous laser-shot. In this respect, coherent Raman spectroscopy 
with ultrabroadband femtosecond laser excitation generated in-situ 
can be claimed to be a non-intrusive diagnostic technique for gas- 
phase measurements. 

In the present work, we demonstrate the in-situ generation and 
in-situ use of the filament to compress the pump/Stokes pulse and 
excite the ro-vibrational Raman transitions of O 2 and CO 2 in the 
range 120 0–160 0 cm -1 , on the Stokes side. The choice of acquir- 
ing the CSRS signal rather than the CARS is motivated by the in- 
tensity of the former being significantly larger: at room tempera- 
ture, the O 2 Q-branch spectrum was detected with two orders of 
magnitude higher intensity on the Stokes side than on the anti- 
Stokes side. This is in contrast with the predicted theoretical ratio 
of the CARS and CSRS signals, which is computed to be ∼1.29, ow- 
ing to the higher carrier frequency of the CARS signal [43] . The 
observed enhancement in the CSRS signal intensity can be partly 
attributed to the quantum efficiency (QE) of the sCMOS detector. 
According to the QE curve reported by the manufacturer, at 1556 
cm -1 , i.e. at the fundamental band of the O 2 Q-branch spectrum, 
the QE is approximately 1.75 times higher on the Stokes side than 
on the anti-Stokes side. In addition, the diffraction efficiency of the 
transmission grating employed in the coherent imaging spectrom- 

Fig. 3. Averaged NR CSRS spectrum acquired in room temperature argon generated 
with 0.3–1.5 mJ pump/Stokes pulse energy and the theoretical curve corresponding 
to 24–28.5 fs pulse duration. The coloured area represents the standard deviation of 
the NR spectrum over 300 single-shot acquisitions. The visible dip in the NR CSRS 
spectrum at ∼1350 cm -1 is due to interference with the N 2 + fluorescence emission 
from the filament (see e.g., [45] ). 

eter (see Section 2.1) is reduced on the anti-Stokes side by a factor 
of ∼1.20, according to the diffraction efficiency curve reported by 
the manufacturer. Finally, we report an asymmetric excitation pro- 
file delivered by the ultrabroadband pump/Stokes pulse, as mapped 
by the non-resonant (NR) signal recorded on the Stokes and anti- 
Stokes sides: the NR CSRS spectrum at 1556 cm -1 is ∼20 times 
higher than the NR CARS spectrum measured at the same Ra- 
man shift (see Supplementary Figure S1). Additional experiments 
are required to explain the asymmetric excitation profile observed 
in coherent Raman spectroscopy with ultrabroadband femtosecond 
laser excitation generated in-situ . 

We estimate the duration of the self-compressed pump/Stokes 
pulse using the NR CSRS signal. This signal is routinely employed 
in CARS spectroscopy to map the frequency-dependant excitation 
efficiency of the Raman coherence: the standard experimental pro- 
tocols thus entail the generation of the NR CSRS signal from the 
electronic susceptibility in argon, by setting zero-delay time be- 
tween the pump/Stokes and probe pulses. The third-order polariza- 
tion induced by the electronic susceptibility of the optical medium 
can be estimated as [44] : 

P ( 3 ) 
NR ( t ) ∝ 

(
− i 
h̄ 

)3 

E ∗12 ( t ) E 12 ( t ) E 3 ( t ) (1) 

where E 12 and E ∗12 are the envelopes of the pump/Stokes pulse and 
its complex conjugate, E 3 is the probe pulse envelope. The spec- 
trum of the NR CSRS signal can then be computed as the Fourier 
transform of P (3) 

NR (t) . The compressed time-domain pump/Stokes 
pulse envelope ( E 12 ) is assumed to be transform-limited (TL) and 
to have a Gaussian profile, with the pulse duration being a fit- 
ting parameter to determine the pulse compression in the fila- 
ment. The time-domain envelope of the probe pulse ( E 3 ) is mea- 
sured experimentally, by performing a probe delay-scan in room- 
temperature argon, employing a pump/Stokes pulse energy below 
the filamentation threshold. Figure 3 shows the NR CSRS spectra 
(averaged over 300 single-shots) acquired for a pump/Stokes pulse 
energy varying between 0.3 and 1.5 mJ and the fit to the theo- 
retical spectra computed according to Eq. (1) . The increase of the 
pulse energy leads to a stronger self-phase modulation, resulting 
in a larger bandwidth of the laser pulse at the output of the fila- 
ment, as shown by the increased excitation efficiency at larger Ra- 
man shifts. The fit to the theoretical NR spectrum simulated for a 
Gaussian TL pulse shows the corresponding temporal compression 
of the pump/Stokes pulse from 28.5 fs to 24 fs. A plateau in the 
pulse compression is reached at ∼1 mJ/pulse: increasing the pulse 
energy above this threshold does not result in a further compres- 
sion of the pulse, but only increases the electronic Raman coher- 
ence, enhancing the NR signal intensity. The experimental NR spec- 
tra presented in Fig. 3 show a consistent dip at ∼1350 cm -1 due to 
the destructive interference at the detector of the NR CSRS signal 
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and the fluorescence signal produced by the N 2 + ions generated 
in the filament [45 , 46] . The shot-to-shot fluctuations in the over- 
all energy of the pump/Stokes pulse output by the filament stay 
within ∼0.5% and the relative standard deviation of its bandwidth, 
evaluated in the region 120 0–160 0 cm -1 , is below 10%. 

2.3. Bunsen burner 

We performed ultrabroadband two-beam fs/ps coherent Raman 
spectroscopy in a quasi-adiabatic laminar premixed CH 4 /air flame, 
provided on a Bunsen burner. The burner consists of a seamless 
stainless steel pipe with ∼12 mm inner diameter and a length-to- 
diameter ratio ( ∼100:1) chosen to dampen coherent flow struc- 
tures at the exit plane. The fuel and the oxidizer are provided 
by separated pressurised vessels and the flows are independently 
controlled by rotameters (Omega), and mixed afterwards to de- 
liver the combustible mixture to the burner. The volumetric flow 
rate is maintained below 5 standard litre per minute (SLPM): the 
Reynolds number is thus computed to be < 10 0 0, resulting in a 
laminar flow. The probe volume is placed ∼ 7 mm above the tip of 
the conical flame. The equivalence ratio of the combustible mixture 
is varied in the fuel-lean regime from ϕ= 0.6 to slightly fuel rich 
conditions ( ϕ= 1.05), to simultaneously acquire the CSRS spectra by 
O 2 and CO 2 . In correspondence of the two leanest cases tested, the 
flame is stabilized as a V-shaped flame to avoid lean blow-off, em- 
ploying a 4 mm diameter steel rod placed at a height of ∼12 mm 
above the burner rim; in these flame conditions the probe volume 
is placed ∼5 mm above the rod. 

3. Time-resolved CSRS model 

3.1. Ro-vibrational fs/ps CSRS processes 

The principles underlying the time-domain modelling of the 
fs/ps coherent Raman scattering process have been thoroughly 

elaborated upon in the literature (e.g., [47–50] ), for both pure- 
rotational and ro-vibrational CARS: in the following, we provide 
only a brief summary of the main assumptions and equations em- 
ployed. In the present work, we report on the experimental acqui- 
sition of CSRS spectra; however, from a theoretical perspective, the 
time-resolved model of the ro-vibrational O 2 –CO 2 CARS spectra can 
be readily extended to simulate the CSRS spectra, under electroni- 
cally non-resonant conditions [51 , 52] . 

The third-order polarisation resulting from the FWM process 
can be described, in the time domain, as the convolution of the 
envelopes of the input electromagnetic fields with the ordinary 
response function of the gas-phase medium, represented by its 
macroscopic electric susceptibility χ (3) [14 , 49] : 

P ( 3 ) ( t, t 12 , τ23 , t 3 ) = 

(
− i 
h̄ 

)3 ∫ t 
−∞ 

d t 3 

∫ t 3 
−∞ 

d t 12 χ( 3 ) 

× ( t, t 3 , t 12 ) E 3 ( t − t 3 ) e 
i ( ω 1 −ω 2 + ω 3 ) t 3 (2) 

× E ∗12 ( t + τ23 − t 3 − t 12 ) e 
i ( ω 1 −ω 2 ) t 12 E 12 ( t + τ23 − t 3 − t 12 ) e 

i ω 1 t 12 

where ω i is the frequency of the i th photon (with index i = 1, 

2 and 3 corresponding to the pump, Stokes and probe photons, 
respectively), E 12 and E ∗

12 are the envelopes of the pump/Stokes 
pulse and its complex conjugate, E 3 is the envelope of the probe 
pulse, t 12 is the coherence timescale between the pump/Stokes and 
probe pulse, t 3 is the coherence timescale in the scattering of the 
probe pulse, and τ23 is the delay of the probe pulse relative to the 
pump/Stokes pulse. Under the assumptions of instantaneous de- 
phasing of the electronic coherence in non-resonant single-photon 
interactions, and of infinite bandwidth of the pump/Stokes excita- 
tion pulse [44] , Eq. (2) is greatly simplified as: 

P ( 3 ) ( t ) = 

(
− i 
h̄ 

)3 

E 3 ( t − t 3 ) χ( 3 ) ( t ) (3) 

Under these assumptions, the conceptual core in the fs/ps CSRS 
model is represented by the third-order non-linear susceptibility of 
the optical medium. This term is typically treated phenomenolog- 
ically [47] , as the weighted sum of dampened oscillations at the 
frequencies corresponding to the transitions in the ro-vibrational 
energy manifold of the Raman-active species in the medium: 

χ( 3 ) 
CSRS ( t ) = 

∑ 

k 

∑ 

v 

∑ 

J 
X k I 

( k ) 
( v f , J f ) ← ( v i , J i ) exp 

[ (
iω ( k ) 

( v f , J f ) ← ( v i , J i ) − �( k ) 
( v f , J f ) ← ( v i , J i ) 

)
t 
] 

(4) 

where X k is the mole fraction of the k -th species considered, 
I ( v f , J f ) ← ( v i , J i ) is the strength of the spectral line corresponding to 
the Raman transition between the initial ( v i , J i ) and the final en- 
ergy state ( v f , J f ) , which carries the temperature sensitivity of 
the Raman spectrum as a dependence on the Boltzmann distri- 
bution over these ro-vibrational energy states. ω (k ) 

( v f , J f ) ← ( v i , J i ) 
and 

�(k ) 
( v f , J f ) ← ( v i , J i ) 

are, respectively, the frequency and the dephasing co- 

efficient of the Raman transition, representing the position and 
the linewidth (full-width-at-half-maximum, FWHM) of the corre- 
sponding spectral line in the frequency domain. The strength of 
the ro-vibrational Raman lines is computed according to [4 , 15] : 

(5) 

where α(k ) 
( v f , J f ) ← ( v i , J i ) 

and γ (k ) 
( v f , J f ) ← ( v i , J i ) 

are the isotropic and 

anisotropic invariants of the (transition) polarizability tensor, b (k ) 
J f , J i 

is the Placzek-Teller coefficient for the rotational transition ( J f ← 
J i ), F 

(k ) 
α/γ are the Herman-Wallis factors for isotropic/anisotropic 

transitions, N (k ) is the number density of the k -th species, 
and �ρ( v i , J i ) → ( v f , J f ) is the differential Boltzmann distribution be- 
tween the initial and the final energy states. The summations in 
Eq. (4) are intended over all the Raman-active species ( k ), and for 
all the ro-vibrational energy levels ( v , J) that are significantly pop- 
ulated in the thermal ensemble. The labels ”v ” and “J” are em- 
ployed here to represent the quantised vibrational and rotational 
levels in the energy manifold of a certain species. In reality, more 
than two quantum numbers might be required to completely char- 
acterise the quantum state of a specific molecule: this is the case 
e.g. for CO 2 . 

The phenomenological model represented by Eq. (4) can thus 
be employed to compute the non-linear optical response of 
the gas-phase medium, for different input values of its tem- 
perature and composition. By combining this response with the 
experimentally-measured envelope of the probe pulse, one can 
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Fig. 4. Energy diagram detailing the structure of the vibrational energy manifold for the CO 2 molecule up to 3500 cm -1 . The vibrational energy state of the molecule is 
described by four quantum numbers, v 1 v 2 lv 3 , according to the notation in [53] : v 1 is the symmetric stretch quantum number, v 2 is the bending mode quantum number, l is 
the vibrational angular momentum quantum number, and v 3 is the asymmetric stretch quantum number. 

simulate the ro-vibrational CO 2 and O 2 Raman spectra for temper- 
atures and compositions relevant to combustion studies. 

3.2. Ro-vibrational CO 2 spectrum 

In order to synthesise the ro-vibrational Q-branch spectrum of 
CO 2 , an accurate description of the structure of its ro-vibrational 
energy manifold is required. CO 2 is a triatomic molecule made of 
two oxygen atoms and a carbon atom forming two double cova- 
lent bonds: the resulting molecule is linear and centrosymmetric. 
This structure results in three distinct normal vibrational modes: 
the symmetric stretch, the scissoring bend and the asymmetric 
stretch mode (see inlet in Fig. 4 ). Because of the point-symmetry 
of the molecule, the symmetric stretch is the only Raman-active 
mode, while the bending and asymmetric mode are IR-active only. 
The vibrational energy states of the CO 2 molecule can thus be 
labelled, according to the notation in Herzberg [53] , as v 1 v 2 lv 3 , 
where v 1 is the symmetric stretch quantum number, v 2 is the 
bending quantum number, l is the vibrational angular momentum 
quantum number, and v 3 is the asymmetric stretch quantum num- 
ber. The vibrational angular momentum is due to the asymmetric 
motion of the nuclei with respect to the inter-nuclear axis in the 
bending mode, resulting in a rotational motion about the (equi- 
librium) inter-nuclear axis [15 , 53 , 54] . This additional angular mo- 
mentum is quantized, with quantum number l = - v 2 ,- v 2 + 2,…, v 2 –
2, v 2 . The energy levels associated to the bending mode are there- 
fore ( v 2 + 1)-fold degenerate and the corresponding ro-vibrational 
energy is computed according to [54] : 

E ( v , J ) = G v + B v 
[
J ( J + 1 ) − l 2 

]
− D v 

[
J ( J + 1 ) − l 2 

]2 

+ H v 
[
J ( J + 1 ) − l 2 

]3 
(6) 

where G v , B v , D v and H v are the spectroscopic constants of CO 2 
(with v = v 1 v 2 lv 3 ), and J is the total angular momentum quantum 
number, which includes the contribution of the vibrational angular 
momentum, so that J ≥ | l| [15 , 54] . In addition, as the vibrational 
angular momentum is parallel to the inter-nuclear axis, when it is 
in a degenerate bending state, CO 2 behaves as a prolate symmetric 
top molecule [15] , and the Placzek-Teller coefficients for the corre- 
sponding Raman band are computed as: 

b ( J, l ) = 

[
J ( J + 1 ) − 3 l 2 

]2 
J ( J + 1 ) ( 2 J − 1 ) ( 2 J + 3 ) 

(7) 

The ro-vibrational Q-branch CARS spectrum of CO 2 is thus 
made of the spectral lines corresponding to the excitation of 
the symmetric stretch mode, according to the selection rules: 
�v 1 = 1, �v 2 =�v 3 =�l = 0. Vibrational states characterised by an ac- 
tive bending mode (i.e. for v 2 � = 0) are ( v 2 + 1)-fold degenerate, as 
the vibrational angular momentum has quantized values l = - v 2 ,- 
v 2 + 2,…, v 2 –2, v 2 . Each degenerate bending mode accompanied by 
vibrational angular momentum (i.e. for l � = 0) is double-degenerate 
and, in analogy with the �-type doubling due to spin-orbit inter- 
action, capital Greek letters are used to label these states, as shown 
in Fig. 4 . Moreover, when two different vibrational states char- 
acterised by the same vibrational wave function symmetry have 
similar energy, their respective wave function can “mix”, a phe- 
nomenon known as Fermi resonance [32 , 55] . As the unperturbed 
(i.e. as described by a harmonic potential Hamiltonian) v 1 and 2 v 2 
states have almost identical energy, due to Fermi resonance the 
IR-active 2 v 2 lines appear in the Raman spectrum and the anhar- 
monic terms in the exact Hamiltonian result in the “repulsion” of 
the spectral lines in the v 1 + 2 v 2 dyad [54] . 

The ro-vibrational CO 2 fs/ps CARS model developed in the 
present work employs the ro-vibrational constants given in [56] , 
to compute the molecular energy according to Eq. (6) . In the ther- 
mal ensemble, these energy levels are populated as described by 
Boltzmann distribution: 

ρ( v , J ) = g S g v g J 
exp ( −E ( v , J ) / ( k B T ) ) 

Z 
(8) 

where k B is the Boltzmann constant, T is the temperature, Z is the 
partition function, g J = 2 J + 1 is the rotational degeneracy, g v is the 
vibrational degeneracy, and g S is the nuclear spin degeneracy. The 
latter is respectively 1 and 0 for even and odd rotational states in 
those vibrational bands characterised by an even symmetry of the 
nuclear wave function (e.g. in the vibrational ground state), while 
the opposite holds for odd-symmetric states. As the temperature 
increases, higher energy states became substantially populated in 
the vibrational Boltzmann population of CO 2 . The values of the 
transition polarizability isotropic ( α) and anisotropic ( γ ) invariants 
are required to compute the Raman line-strengths in Eq. (5) . Lemus 
et al. [57] used an algebraic approach to compute the vibrational 
transition dipole moments of CO 2 : their calculations are in good 
agreement with experimental values in [58] . The resulting polariz- 
ability transition moments for ro-vibrational transition in the range 
110 0–160 0 cm -1 are employed extensively in the present work. On 
the other hand, no reliable measurement of the dependence of the 
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Fig. 5. (a) Spectrochronogram of the ro-vibrational CO 2 Q-branch spectrum, sim- 
ulated by the time-domain CSRS code for an input temperature of 2200 K and 
an experimental probe duration measured to be 6.6 ps. The simulated fs/ps CO 2 
CSRS spectrum is affected by a severe beating of all the spectral lines, due to the 
unresolved transitions between the many ro-vibrational energy states populated 
at flame temperature. (b) CO 2 Q-branch spectrum simulated for a probe delay of 
30.7 ps. The main ro-vibrational bands contributing to the unresolved spectral lines 
are reported, the labelling follows the notation in [34] . 

transition dipole moments on the rotational energy state could be 
found in the literature, and the same values of αv +1 → v are em- 
ployed for all the rotational lines within the same vibrational band 
[59] . To the best of our knowledge, the anisotropic polarizability 
γv +1 → v , is also not known with sufficient accuracy: in absence of 
accurate experimental data or computations, the CO 2 model only 
includes the isotropic contribution to the Q-branch CO 2 spectrum. 
This assumption is justified by the well-established value of the 
depolarization ratio of the fundamental vibrational band in the CO 2 
Raman spectrum at 1388 cm -1 , amounting to 0.027 [60] . The spec- 
tral model includes temperature-dependant linewidths for self- 
broadened CO 2 and for CO 2 perturbed by N 2 , as this is the most 
abundant species in air-fed combustion. The linewidths are fitted, 
according to the modified exponential energy-gap (MEG) scaling 
law [61] , from the experimental data reported in [24] for the self- 
broadened CO 2 spectral lines; the collisional broadening due to ni- 
trogen, on the other hand, is modelled according to [62] . 

Figure 5 shows the ro-vibrational Q-branch spectrum of CO 2 , in 
the spectral range 120 0–150 0 cm -1 , simulated by the time-domain 
CARS code, for an input temperature of 2200 K and assuming a 
probe duration of 6.6 ps. The spectrochronogram in Fig. 5 (a) re- 
veals the strong beating of the vibrational hot bands due to unre- 
solved ro-vibrational lines pertaining to different vibrational transi- 
tions: these unresolved vibrational bands are identified in Fig. 5 (b), 
and labelled according to the notation in Herzberg. The structure 
of the Fermi resonances between the v 1 and 2 v 2 vibrational bands 
is clearly visible and identified in the labels by the subscripts. The 
fundamental band corresponding to the first symmetric stretch is 
the Fermi dyad, comprising a lower-frequency spectral line located 
at 1285 cm -1 (referred to the “red” branch of the dyad [63] ), and a 
higher-frequency line at 1388 cm -1 (the “blue” branch of the dyad 
[64] ). The beating of the spectrum with the probe pulse delay is 
particularly evident on the second, third and fourth hot bands on 
the blue Q-branch spectrum (spanning the spectral region > 1350 
cm -1 ), which are characterised by similar beating patterns, with a 
period of about 36 ps. This behaviour is explained by the close sep- 
aration ( ∼0.2 cm -1 ) of two distinct vibrational bands, in each spec- 

tral peak, being smaller than the probe bandwidth ( ∼2.23 cm -1 ). In 
this respect, the use of a single regenerative amplifier system, pro- 
viding automatically synchronised pump/Stokes and probe beam 
pulses at the measurement location, can improve the single-shot 
precision of vibrational CO 2 coherent Raman thermometry. 

3.3. Ro-vibrational O 2 spectrum 

Compared to CO 2 , the oxygen molecule presents a much sim- 
pler energy manifold: molecular vibration is only possible along 
the direction of the inter-nuclear axis: only one quantum number 
( v ) is thus required to describe the vibrational energy state of O 2 . 
On the other hand, the ground electronic state of O 2 (X 3 �g −) is 
characterised by unpaired electrons [65 , 66] , resulting in an elec- 
tronic spin angular momentum quantum number S = 1: the cou- 
pling of this angular momentum component to the nuclear an- 
gular momentum (with quantum number N ) is accounted for by 
adopting the Hund’s case (b) [53] . Under such conditions, the to- 
tal angular momentum J is the direct sum of the electronic spin 
and nuclear components, J = N + S , resulting in each energy state 
with nuclear angular momentum N , being a triplet with J = N, 
N ± 1. Courtney and Kliewer [67] experimentally demonstrated 
the effect of this coupling on the S-branch Raman spectrum: a 
significant temporal beating was measured the time-resolved hy- 
brid fs/ps CARS signal, for probe delays larger than 100 ps. In 
the present work, the ro-vibrational time-domain model of the O 2 
CSRS spectra is simplified by considering the triplets as degener- 
ate states: this assumption is justified by the lower transition fre- 
quency separation for the ro-vibrational Q-branch lines, with re- 
spect to the O- and S-branch lines [23] , and the relatively short 
probe delay of ∼31 ps employed in the flame experiment. The en- 
ergy of a molecule in the ro-vibrational state ( v, J ) is thus described 
by a simplified form of Eq. (6) , as: 

E ( v , J ) = G v + B v [ J ( J + 1 ) ] − D v [ J ( J + 1 ) ] 2 + H v [ J ( J + 1 ) ] 3 (9) 

The ro-vibrational constants of diatomic oxygen in the ground 
electronic state can be found in [23] . Eq. (8) and (9) are used 
to compute the differential Boltzmann population for the ro- 
vibrational Q-, O- and S-branch Raman transitions. Placzek-Teller 
coefficients are computed for the line strengths of the Q-, O- and 
S-branch spectra respectively, as [15] : 

b J ← J −2 ( J ) = 
3 J ( J − 1 ) 

2 ( 2 J + 1 ) ( 2 J − 1 ) 

b J← J ( J ) = 
J ( J + 1 ) 

( 2 J − 1 ) ( 2 J + 3 ) 

b J ← J +2 ( J ) = 
3 ( J + 1 ) ( J + 2 ) 

2 ( 2 J + 1 ) ( 2 J + 3 ) 
(10) 

According to Eq. (5) , the intensity of the spectral lines further- 
more depends on the Herman-Wallis factor, and on the isotropic 
( α) and anisotropic ( γ ) invariants of the transition polarizability 
tensor, here computed according to the formulae provided in [68] . 
The spectral linewidths employed in the model account for the col- 
lisional broadening due to self-perturbed O 2 and for the O 2 –N 2 col- 
lisional system. The temperature-dependant Q-branch linewidths 
are determined by applying the MEG law to the experimental data 
reported by Millot et al. [69] for both O 2 -O 2 and O 2 -N 2 colli- 
sional broadening. The linewidths of the ro-vibrational O 2 O- and 
S-branch spectra are computed from the Q-branch linewidths, by 
applying the random phase approximation [70] . 
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Fig. 6. Single-shot O 2 -CO 2 CSRS spectrum acquired in the products of a laminar 
premixed CH 4 /air flame ( ϕ= 0.77). The red labels denote the Q-branch CO 2 transi- 
tions according to the notation in [53] ; blue labels are employed to indicate the 
fundamental and hot band transitions in the O 2 Q-branch spectrum. 

4. Results and discussion 

4.1. O 2 -CO 2 coherent Raman spectroscopy in a laminar premixed 
CH 4 /air flame 

We demonstrate the use of ultrabroadband coherent Raman 
spectroscopy, over the spectral range 120 0–160 0 cm -1 , to perform 
thermometry and relative O 2 /CO 2 concentration measurements in 
a typical hydrocarbon flame. As discussed in Section 2.3, the mea- 
surements were performed in the products of a laminar premixed 
CH 4 /air flame, provided on a Bunsen burner: six different values 
of the equivalence ratio, from 0.6 to 1.05, were tested in the flame 
experiments. 

An example of a single-shot ro-vibrational O 2 -CO 2 CSRS spec- 
trum, acquired in the products of the laminar premixed CH 4 /air 
flame ( ϕ= 0.77), is depicted in Fig. 6 . The three peaks visible in the 
range ∼120 0–130 0 cm -1 represent the “red” CO 2 Q-branch spec- 
trum, consisting of the fundamental and the first three hot bands; 
the “blue” CO 2 Q-branch lies in the spectral region from the fun- 
damental transition at 1388 cm -1 to ∼1450 cm -1 , with many vibra- 
tional bands convolved with each other and giving rise to the beat- 
ing patterns simulated in Fig. 5 (a). The ro-vibrational O 2 Q-branch 
is positioned at larger Raman shifts and consists, at the present 
temperature, of the fundamental band –labelled as “0 ← 1”, accord- 
ing to the change in its only vibrational number–, and the first two 
hot bands. The signal-to-noise ratio (SNR) of the single-shot spec- 
tra acquired at this flame condition is measured to be ∼48, em- 
ploying full-vertical binning and a factor of 2 horizontal binning 
(effective pixel width of 11 μm) as the acquisition mode. A sample 
of one thousand single-shot spectra, acquired in these flame condi- 
tions, is fitted to the theoretical models discussed in the previous 
section to extract the temperature and the relative O 2 /CO 2 concen- 
tration. The temperature assessed from the CO 2 spectrum is 1921 K 
with a standard deviation of 27 K, which, compared to the adia- 
batic flame temperature (1951 K), result in an accuracy of −1.5% 
and a single-shot precision of 1.4%. The O 2 thermometry yields an 
average temperature of 1749 K, with a standard deviation of 81 K, 
corresponding to an accuracy of −11.6% and a single-shot precision 
of 4.7%. The relative O 2 /CO 2 concentration is measured to be 0.66, 
with a standard deviation of 0.03: the corresponding accuracy and 
precision are thus assessed to 33.0% and 4.1%, respectively. A sig- 
nificant bias in the measured relative O 2 /CO 2 concentration is re- 
ported at all flame conditions: this issue is addressed more in the 
details in Section 4.3 . 

While single-shot detection of the CSRS signal is possible in 
all the flame conditions tested in the present work, the SNR is 
severely affected by the increased temperature, resulting in SNR ∼3 
at ϕ= 1.05. In order to assess the performance of the time-domain 
CSRS model at temperatures higher than 20 0 0 K, 40 flame spec- T
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Table 2 
Comparison of the CARS relative concentration measurements performed on the ro-vibrational Q-branch spec- 
tra of the CO 2 and O 2 molecules in the product of the laminar premixed CH 4 /air flame, for the different values 
of the equivalence ratio. The relative O 2 /CO 2 concentrations assessed from the 40-shot averaged ro-vibrational 
CSRS spectra of O 2 and CO 2 are compared to the values predicted by a one-dimensional laminar flame code 
[72] . 

Equivalence ratio ϕ Relative O 2 /CO 2 concentration X O 2 −C O 2 Relative O 2 /CO 2 CARS measurements 

X O 2 −C O 2 �X / X O 2 −C O 2 σ X / X O 2 −C O 2 
[-] [-] [-] [%] [%] 

0.60 0.97 1.56 + 61.2 5.9 
0.66 0.75 1.16 + 54.4 5.4 
0.77 0.44 0.79 + 79.9 3.5 
0.84 0.28 0.38 + 32.9 2.1 
0.93 0.13 – – –

1.05 0.02 – – –

Fig. 7. (a) Single-shot ro-vibrational CO 2 and O 2 CSRS spectra acquired, in the spec- 
tral range 120 0–160 0 cm -1 , in a room-temperature CO 2 /air mixture (9% −91%). The 
O 2 CSRS signal is dominated by the Q-branch spectrum, centred at ∼1556 cm -1 ; the 
CO 2 Q-branch spectrum is represented, at this temperature, by the sole Fermi dyad 
at 1285 cm -1 and 1388 cm -1 . The inset shows the ro-vibrational O- and S-branch 
spectra of O 2 , these are two orders of magnitude weaker than the ro-vibrational 
Q-branch spectrum. (b) 40-shot averaged ro-vibrational CO 2 and O 2 CSRS spectra 
acquired in the hot product gases of a laminar premixed CH 4 /air flame at ϕ= 0.66. 
(c) 40-shot averaged ro-vibrational CO 2 and O 2 CSRS spectra acquired in the hot 
product gases of a laminar premixed CH 4 /air flame at ϕ= 1.05. 

tra are averaged so as to guarantee a sufficient signal level over 
the whole set of experimental conditions. Therefore, 40-shot aver- 
aged spectra are presented in Fig. 7 and employed to assess the ro- 
vibrational thermometry and relative concentration measurements 
in Tables 1 and 2 , respectively. 

Figure 7 (a) shows a single-shot ro-vibrational CSRS spec- 
trum acquired in a room-temperature (295 K) air/CO 2 mixture 
(9% −91%); Fig. 7 (b) and (c) show 40-shot averaged CSRS spectra 
acquired in the product gases of the flame for ϕ = 0.66 and 1.05, 
respectively: for better clarity the absolute value of the Raman 
shift is given on the abscissa. Comparing the Raman spectra in 
the progression from Fig. 7 (a) to Fig. 7 (c), one should notice the 
combined effect of the temperature increment and of the varia- 

tion in the relative O 2 /CO 2 concentrations. At room temperature, 
only the ground vibrational states of the CO 2 and O 2 molecules 
are significantly populated so that only one vibrational band can 
be identified in the resulting Q-branch CSRS spectra. The inset in 
Fig. 7 (a) shows the ro-vibrational O- and S-branch spectra of O 2 
detected on the sides of the ro-vibrational Q-branch spectrum. As 
the corresponding transitions are only due to the anisotropic polar- 
izability of the molecule, as shown in Eq. (5) , the ro-vibrational O- 
and S-branch spectra are two orders of magnitude weaker than the 
Q-branch spectrum. The O 2 Q-branch spectra in Fig. 7 (a) and (b) 
show a clear temperature dependence as higher vibrational energy 
states become populated in the Boltzmann distribution, and the 
corresponding spectral bands appear at lower Raman shifts with 
respect to the fundamental band centred at ∼1556 cm -1 . An even 
stronger temperature dependence is shown by the CO 2 Q-branch 
spectrum, where the energy states corresponding to all the nor- 
mal vibrational modes become populated at high temperature: this 
behaviour is reflected in a number of vibrational spectral bands 
appearing in both the red and blue Q-branch spectra. At slightly 
fuel-rich conditions ( ϕ= 1.05), O 2 is completely consumed in the 
chemical reaction and is absent from the CSRS spectra acquired in 
the flame products; on the other hand, the spectral signature of 
molecular hydrogen (H 2 ) appears as a strong spectral line, corre- 
sponding to O(7) at ∼1447 cm -1 , and a much weaker line at 1246 
cm -1 , corresponding to O(6) [71] . As shown in Fig. 7 (c), these lines 
are overlapped to the CO 2 Q-branch spectrum and skew the exper- 
imental spectrum with respect to the synthetic one. This is partic- 
ularly evident for the O(7) line being approximately stronger than 
O(6), as the nuclear spin degeneracy of H 2 is respectively 1 and 
3 for even and odd values of J ; this line was therefore excluded 
by the spectral fitting routine. The comparison of the experimental 
and synthetic spectra presented in Fig. 7 moreover shows a mis- 
match in correspondence of the second and fourth hot bands of 
the CO 2 blue Q-branch spectrum: this is attributed to the uncer- 
tainty in the experimental and computed line positions and tran- 
sition dipole moments for higher vibrational bands found in the 
literature, resulting in a different beating pattern between the un- 
derlying ro-vibrational transitions. 

4.2. Ro-vibrational coherent Raman thermometry 

In the present work, CO 2 is employed as the main thermomet- 
ric species as, being one of the main combustion products, it is 
present in the hot flue gases in significant concentrations for any 
equivalence ratio employed in the experiment. The time-domain 
CO 2 CSRS code was validated by performing coherent Raman ther- 
mometry on a sample of one thousand Raman spectra acquired 
in a room-temperature CO 2 /air mixture: the average temperature 
was estimated to 308 K with a standard deviation of 12 K, re- 
sulting in a measurement accuracy of 2.7% and precision of 4.0%. 
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The relatively low accuracy of the low-temperature ro-vibrational 
CO 2 thermometry is not surprising as only two lines, correspond- 
ing to the Fermi dyad of the fundamental vibrational band, are 
available for the spectral fitting. In the flame experiment, on the 
other hand, the CSRS spectra are dominated by a number of spec- 
tral lines, corresponding to the ro-vibrational transitions between 
the many vibrational energy states populated at higher tempera- 
tures. Table 1 presents the results of ro-vibrational CO 2 thermom- 
etry performed at the six values of the equivalence ratio employed 
in the experiment: a sample of one thousand CSRS spectra was ac- 
quired at each flame condition. The experimental results are val- 
idated by the comparison to both the adiabatic flame tempera- 
tures and to the temperatures measured by pure-rotational CARS 
thermometry. The adiabatic flame temperature is predicted for the 
different values of equivalence ratio by a one-dimensional lami- 
nar flame code (CHEM1D [72] ), while the single-shot CARS mea- 
surements were performed on the pure-rotational spectra of N 2 
and O 2 in the spectral region 0–400 cm -1 according to [16] . Ro- 
vibrational CO 2 thermometry shows a reasonable agreement with 
pure-rotational N 2 -O 2 thermometry and with the expected flame 
temperature: depending on the equivalence ratio considered, the 
agreement between the pure-rotational N 2 -O 2 and ro-vibrational 
CO 2 thermometry varies between 0.2% (for ϕ= 0.60 and 0.93) and 
4% (for ϕ= 0.84). When compared to the adiabatic flame tempera- 
ture, the accuracy of CO 2 thermometry, quantified in terms of the 
systematic bias of the experimental temperature, varies between 
3.1% (for ϕ= 0.60) and 6.3% (for ϕ= 0.77 and 0.84). These values are 
in line with those computed for the corresponding RCARS mea- 
surements at the same flame conditions, yielding a systematic bias 
between 0.5% (for ϕ= 0.66) and 4.4% (for ϕ= 1.05). As far as the 
precision of ro-vibrational CO 2 thermometry is concerned, it is in- 
teresting to point out how the relative standard deviation ( σ T /T avg ) 
of the temperature measurements decreases for increasing equiva- 
lence ratios and flame temperatures. The corresponding thermo- 
metric precision is improved from 1.5% (for ϕ= 0.60) to 0.7% (for 
ϕ= 1.05). This result is in contrast with the most commonly re- 
ported CARS measurements, where in general the precision is neg- 
atively impacted by the increasing temperature, which determines 
a reduction in the number density of the scattering species and, 
consequently, a degrading SNR [73 , 74] : indeed, this the case for ro- 
vibrational CO 2 thermometry as well. At higher equivalence ratio, 
on the other hand, CO 2 thermometry benefits both from the in- 
creased CO 2 concentration and from the much richer ro-vibrational 
spectrum with pronounced hot bands, resulting in a more robust 
temperature assessment. 

Furthermore, for values of the equivalence ratio below 0.84, the 
concentration of excess oxygen in the hot products is large enough 
to experimentally detect the O 2 CSRS signal with a signal-to-noise 
ratio greater than ∼3. As shown in Fig. 7 (b), at high temperature 
the O 2 Q-branch spectrum presents a number of vibrational bands: 
alongside the fundamental band at ∼1556 cm -1 , the second and 
third vibrational hot bands can be identified at ∼1532 and ∼1509 
cm -1 [23] , respectively. Due to the limited spectral resolution, each 
vibrational band appears as two distinct peaks in the experimental 
spectrum (see Supplementary Figure S2). The comparison between 
the temperature measurements performed on the CO 2 and O 2 CSRS 
spectra is provided in Table 1 , for values of the equivalence ra- 
tio up to 0.84. Ro-vibrational thermometry was performed by two 
independent contour-fitting routines on the ro-vibrational O 2 and 
CO 2 spectra acquired simultaneously in the 120 0–160 0 cm -1 spec- 
tral region. The good agreement of the temperatures measured 
by independently fitting the spectra of the two chemicals thus 
provides an additional mean of validation for the time-domain 
CARS code developed in the present work. As a matter of fact, 
ro-vibrational CO 2 and O 2 thermometry agree to within 2.7% of 
the measured temperature for all the considered equivalence ra- 

tios, with the only exception of ϕ= 0.84, where the two temper- 
ature measurements diverge by 5.5%. At this latter flame condi- 
tion, the O 2 signal is significantly affected by the reduction in O 2 
concentration (SNR ∼3), as attested by the reduced precision of the 
corresponding thermometry (5.4%). 

4.3. Relative O 2 /CO 2 concentration measurements 

The relative O 2 /CO 2 concentrations in the flue gases of the hy- 
drocarbon flame can be measured by comparing the spectral sig- 
natures of the O 2 and CO 2 molecules in the experimental CSRS 
spectra. A contour-fitting routine is employed to compare the ex- 
perimental ro-vibrational O 2 -CO 2 spectra to a library of synthetic 
spectra, computed for relative O 2 /CO 2 concentrations ranging from 
0 to 4, in steps of 0.1. As mentioned in the previous paragraph, in 
the flame experiment the O 2 spectrum is only detected with a rea- 
sonable SNR up to ϕ= 0.84, so that the relative O 2 /CO 2 concentra- 
tions can be measured for four lean flame conditions. Table 2 sum- 
marises the experimental relative O 2 /CO 2 concentrations measured 
from the ro-vibrational Raman spectra, at the different flame con- 
ditions. As expected, the relative oxygen content in the product 
of the premixed laminar flame is reduced for increasing values of 
the equivalence ratio up to 0.84: for the richer flame conditions 
tested ( ϕ= 0.93, 1.05) the ro-vibrational O 2 spectrum was, respec- 
tively, too weak to perform quantitative measurements on it and 
not detected altogether. When compared to the expected relative 
concentrations, the experimental measurements result in a signifi- 
cant overestimation of the oxygen content relative to carbon diox- 
ide. 

One of the possible reasons for this measurement bias is iden- 
tified in the spectral referencing of the ro-vibrational O 2 -CO 2 spec- 
tra, performed by subdividing the experimental resonant spectra 
by the spectrum of the NR CSRS signal, generated in a gas with no 
ro-vibrational degree of freedom (i.e. argon), which maps the exci- 
tation efficiency at different Raman shifts. As it propagates through 
different optical media, the ultrabroadband pump/Stokes pulse can 
be affected by changes in the group velocity dispersion [75] , re- 
sulting in temporal chirp, which limits the bandwidth effective ex- 
citation efficiency at the measurement location [76–80] . In addi- 
tion, the self-phase modulation experienced by the pulse during 
the pulse propagation in the filament –being a third-order non- 
linear optical process– depends on the composition and tempera- 
ture of the gas-phase medium. It is, therefore, possible that the NR 
CSRS signal acquired ex-situ , in argon, does not perfectly map the 
ultrabroadband excitation efficiency, when this is generated in-situ . 
This would have a negligible effect on ro-vibrational thermometry, 
as the ro-vibrational O 2 and the “blue” CO 2 Q-branch spectra span 
less than 60 cm -1 at high temperatures. An imperfect spectral ref- 
erencing, on the other hand, could significantly affect the relative 
intensity of the ro-vibrational spectra of the two species and, thus, 
the relative O 2 /CO 2 concentration measurements. 

5. Conclusions and outlook 

We have demonstrated ultrabroadband two-beam fs/ps co- 
herent Raman spectroscopy for simultaneous O 2 -CO 2 thermome- 
try and relative concentration measurements, employing fs-laser- 
induced filamentation for the supercontinuum generation. The 35 
fs duration output of a regenerative Ti:Sapphire amplifier system, 
with 1.6 mJ/pulse, is focused to the measurement location so as to 
induce Kerr effect in the gas-phase medium resulting in the beam 
self-focusing and the generation of a plasma filament. While trav- 
elling inside this filament the pulse experiences self-phase mod- 
ulation and temporal compression resulting in the generation of 
a compressed supercontinuum. The pulse energy conversion ef- 
ficiency in the filamentation process is constant over the whole 
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range of input pulse energy measured, and it only slightly depends 
on the temperature and composition of the gas-phase medium: in 
the hot products of a CH 4 /air flame the conversion efficiency was 
measured to be ∼86%, as compared to the ∼82% efficiency mea- 
sured in air. The resulting ∼24 fs duration output of the filament 
is thus employed as the pump/Stokes pulse in a two-beam fs/ps 
CARS setup: the bandwidth of the pulse is sufficient to impulsively 
excite the ro-vibrational coherences of the Raman-active molecules 
up to 1600 cm -1 . The use of the fs-laser-induced filament as the 
supercontinuum source thus allows for the practical implementa- 
tion of ultrabroadband coherent Raman spectroscopy with a sin- 
gle regenerative laser amplifier. Furthermore, the in-situ generation 
and in-situ use of the filament can pave the way to the applica- 
tion of ultrabroadband CARS spectroscopy in combustion scenar- 
ios where the pulse needs to be transmitted through thick opti- 
cal windows, which severely limit the effective excitation band- 
width delivered by broadband pulses generated ex-situ [81] . The 
demonstration of coherent Raman spectroscopy with ultrabroad- 
band femtosecond laser excitation generated in-situ behind thick 
optical ports, and the characterization of its performance for ther- 
mometry and relative species concentration measurements repre- 
sents the next step in our research on this topic. 

A time-domain model for the ro-vibrational O 2 and CO 2 CSRS 
signal has been developed, in order to fit the experimental spectra 
and extract temperatures and relative O 2 /CO 2 concentrations. The 
time-domain modelling of the CO 2 spectrum, in particular, employs 
recently available comprehensive calculations of the polarizability 
transition moments for Raman transitions in the range 1150–1500 
cm -1 [57] . The availability of these data allows for up to 180 vibra- 
tional bands to be included in the time-domain simulation of the 
CSRS signal. In order to validate this spectral model, and demon- 
strate simultaneous ro-vibrational thermometry and relative con- 
centration measurements on the ro-vibrational O 2 and CO 2 spec- 
tra, filament-based ultrabroadband coherent Raman spectroscopy 
was successfully employed in the product gases of a laminar pre- 
mixed methane/air flame. The flame measurements are performed 
on a Bunsen burner, at six different values of the equivalence ra- 
tio, from 0.6 to 1.05. The experimental spectra are acquired on the 
Stokes side (CSRS), rather than on the anti-Stokes one (CARS), ow- 
ing to the larger excitation efficiency provided on the Stokes side 
by the ultrabroadband pump/Stokes pulse generated in-situ . Single- 
shot detection of the ro-vibrational O 2 and CO 2 spectra is demon- 
strated in all of the flame conditions tested; nevertheless, the sig- 
nal rapidly degrades with the temperature increment, significantly 
reducing the single-to-noise-ratio. This fact limits the applicability 
of the proposed diagnostic technique to high temperatures: such a 
limitation could be overcome by increasing the energy content of 
the probe pulse or by employing a separate high-power ps laser 
source. In addition, the signal detection could be improved by em- 
ploying a more sensitive CCD detector, instead of the sCMOS one 
currently in use in our set-up. In order to guarantee a sufficient 
SNR to validate the spectral model at temperatures higher than 
20 0 0 K, in the present work, the CSRS spectra acquired in the 
flame are therefore averaged over 40 laser-shots. 

The ro-vibrational temperature is independently measured by 
fitting the ro-vibrational spectra of the two species –ranging 1480–
1560 cm -1 for O 2 and 1375–1450 cm -1 for the CO 2 “blue” dyad–

to distinct spectral libraries: the experimental results show a good 
agreement between O 2 and CO 2 thermometry. The measured tem- 
peratures are moreover validated by comparison to the adiabatic 
flame temperature and by performing pure-rotational N 2 -O 2 CARS 
thermometry at the same flame conditions: ro-vibrational CO 2 
thermometry presents an accuracy of −5.3% and a precision of 
0.7% at 2200 K. The relatively complex vibrational energy struc- 
ture of the CO 2 molecule results in the high temperature sensi- 
tivity of its ro-vibrational Raman spectrum. In this respect, possi- 

ble refinements of the position and strength of its ro-vibrational 
spectral lines could further improve CO 2 vibrational thermometry 
at temperatures higher than 20 0 0 K. Simultaneously to thermome- 
try, relative O 2 /CO 2 concentration measurements are performed by 
comparing the relative intensity of the ro-vibrational spectra of the 
two species. When employed to measure the relative concentra- 
tions in the flame products, this technique results in a significant 
overestimation of the oxygen content, relative to carbon dioxide. 
We speculate that this mismatch can be attributed, at least in part, 
to the ex-situ spectral referencing of the ultrabroadband femtosec- 
ond laser excitation generated in-situ . 

In conclusion, the present work represents a further step to- 
wards quantitative ultrabroadband fs/ps coherent Raman spec- 
troscopy in the molecular fingerprint region, for simultaneous ther- 
mometry and relative concentration measurements in chemically- 
reacting flows. We are currently pursuing the development and 
validation of time-domain models of the ro-vibrational Raman 
spectra of major species for combustion diagnostics, such as CH 4 
[82] and H 2 . 
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Supplementary Figures

Fig. S1 Spectra of the non-resonant CARS and CSRS signals recorded in argon in the spectral region 1100-1600 cm-1. Two different 
diffraction gratings were tested: a high-resolution transmission grating (3040 lines/mm), and a ruled reflective grating (1200 lines/mm).
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Fig. S2 (a) Spectrochronogram of the O2 ro-vibrational Q-branch spectrum, simulated by the time-domain CSRS code for an input 
temperature of 1800 K and an experimental probe duration measured to be 6.6 ps. The simulated fs/ps O2 CSRS spectrum is affected by a 
severe beating, due to the unresolved transitions between the many ro-vibrational energy states populated at flame temperature. (b) O2 Q-
branch spectrum simulated for a probe delay of 30.7 ps. Labels are employed to identify the fundamental vibrational band 0←1 at ~1556 cm-

1, and the first two hot bands 1←2 and 2←3, at ~1532 cm-1 and 1509 cm-1, respectively.
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Abstract 

Simultaneous detection of resonant and non-resonant femtosecond/picosecond coherent anti-Stokes Ra- 
man spectroscopy (CARS) signals has been developed as a viable technique to provide in-situ referencing of 
the impulsive excitation efficiency for temperature assessments in flames. In the framework of CARS ther- 
mometry, the occurrence of both a resonant and a non-resonant contribution to the third-order susceptibility 
is well known. While the resonant part conceives the useful spectral information for deriving temperature and 
species concentrations in the probed volume, the non-resonant part is often disregarded. It nonetheless serves 
the CARS technique as an essential reference to map the finite bandwidth of the laser excitation fields and 
the transmission characteristics of the signal along the detection path. Hence, the standard protocols for 
CARS flame measurements include the time-averaged recording of the non-resonant signal, to be performed 
sequentially to the experiment. In the present work we present the successful single-shot recordings of both 
the resonant and non-resonant CARS signals, split on the same detector frame, realizing the in-situ refer- 
encing of the impulsive excitation efficiency. We demonstrate the use of this technique on one-dimensional 
CARS imaging spectra, acquired across the flame front of a laminar premixed methane/air flame. The effect 
of pulse dispersion on the laser excitation fields, while propagating in the participating medium, is proved to 
result, if not accounted for, in an ∼1.3% systematic bias of the CARS-evaluated temperature in the oxidation 
region of the flame. 
© 2020 The Combustion Institute. Published by Elsevier Inc. All rights reserved. 

Keywords: Gas-phase thermometry; CARS; Femtosecond laser excitation; Non-linear optical spectroscopy; Combustion 
diagnostics 

1. Introduction 

Laser diagnostics is an important tool in the 
effort to develop clean combustion technologies, 
which is on the agenda for the propulsion and 

∗ Corresponding author. 
E-mail address: g.a.bohlin@tudelft.nl (A. Bohlin). 

power industry, in-line with the current energy tran- 
sition. These optical techniques have the ability to 
realize non-intrusive measurements in-situ, and to 
provide scalar information (e.g. temperature and 
species) with excellent spatial and temporal reso- 
lution. Laser diagnostics has been successfully em- 
ployed over the years in multiple energy and com- 
bustion science applications where high-fidelity 
data are needed [1 , 2] , e.g. by providing direct obser- 

https://doi.org/10.1016/j.proci.2020.06.360 
1540-7489 © 2020 The Combustion Institute. Published by Elsevier Inc. All rights reserved. 
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vations and validating results from predictive engi- 
neering combustion models. 

Coherent anti-Stokes Raman spectroscopy 
(CARS) is a versatile technique for assessing 
temperature and species concentrations in flames. 
It is unparalleled in the level of accuracy and 
precision it can provide, and the strong “laser-like”
signal, which can be remotely detected, makes it 
well-suited for the application in extremely harsh 
and luminous environments such as combustion 
flows [3–5] . The conventional setup for CARS is 
based on nanosecond pulses; however, many vari- 
ants exist, in which the inaccuracy and precision 
are technique-specific and need to be quantified 
respective to the measurement environment (e.g. 
nanosecond CARS thermometry has an approx- 
imate inaccuracy of ∼2–3%, and a single-shot 
imprecision of ∼4–5% [6 , 7] ). In air-fed flames, 
the temperature sensitivity arises from the relative 
strength of the N 2 spectral lines. The spectrum 
uncovers the Boltzmann distribution (in principle) 
over the entire manifold of molecular rotational- 
vibrational states in the thermal ensemble. The 
retrieval of the quantitative temperature infor- 
mation from a CARS experiment is enabled by 
the combination of unobstructed detection of 
the spectrum and adequate spectroscopic mod- 
elling: the recorded data is evaluated using a 
goodness-of-fit routine [8] . 

The uncertainty in the CARS-evaluated temper- 
ature is related to critical parameters leading to ei- 
ther systematic (inaccuracy) or stochastic (impre- 
cision) deviation from the true temperature. Much 
effort has been spent in quantifying the overall 
accuracy of the technique and limiting the im- 
pact of uncertainties originating e.g. from pres- 
sure broadening (Raman linewidths) [9] , from the 
vibrational-rotational matrix-elements (Herman–
Wallis factor) [10] , and from the mode-amplitude 
and phase-mode fluctuations on the broadband 
laser emission profiles [11 , 12] . The influence of the 
uncertainty originating from the non-resonant sus- 
ceptibility has also been investigated [13] , although 
most of the effort in dealing with this parameter in 
CARS thermometry has been spent on the spectral 
fitting routine. This is partly because the total non- 
resonant susceptibility depends not only on the ac- 
tive molecule (e.g. N 2 ), but also on contributions 
from the background species [14 , 15] . A perfectly 
validated theoretical value of the non-resonant sus- 
ceptibility, to be included in the spectral fitting rou- 
tine, would then require the complete experimen- 
tal retrieval of the chemical composition of the 
sample. The relative strength of the resonant and 
non-resonant CARS susceptibility is not only rel- 
evant for thermometry, but has been commonly 
employed for extracting species concentrations as 
well. This technique is particularly interesting for 
detecting water vapour [16 , 17] , which is a recog- 
nized challenge for CARS diagnostics because of 

the relatively low Raman cross-section of the H 2 O 
molecule [18] . 

The implementation of time-resolved CARS 
allows for reducing the impact of many of the 
aforementioned sources of uncertainty [19–21] . 
With “time-resolved CARS probing” we refer not 
only to the freezing of the energy-containing scale 
in the combustion flow, but also to the fact that 
the probing time is well within the characteristic 
molecular response time (dephasing). This tem- 
poral window for probing combustion-relevant 
species is usually on a picosecond timescale, the rel- 
atively long dephasing time of hydrogen being an 
exception [22] . On this short timescale the impact 
on the CARS spectrum of the Raman linewidths is 
small. Also the mode-amplitude and phase-mode 
fluctuations, affecting the emission profile of the 
broadband laser, are significantly reduced by using 
a near transform-limited femtosecond laser pulse, 
as compared to the broadband output from a 
nanosecond pumped dye-laser. In addition, with 
a time-resolved CARS technique, it is possible 
to suppress the non-resonant four-wave mixing 
signal by simply delaying the probe pulse rela- 
tive the pump and Stokes pulses [23 , 24] . Recent 
investigations aimed at the benchmarking of time- 
resolved CARS thermometry [25–27] have shown 
a considerably reduced relative standard deviation 
with respect to nanosecond CARS thermometry, 
reaching the unprecedented single-shot precision 
of ∼1% in room air and ∼1-3% in flames. When 
operating in flames, it is nonetheless difficult to 
make perfect statements about the statistical un- 
certainty inherent to the CARS technique. Indeed, 
the measured temperature might be affected by 
fluctuations in the experimental boundary con- 
ditions e.g. originating from factors related to 
the flow controllers and vibrations of the plat- 
form. In order to determine the overall accuracy of 
CARS-evaluated temperature, a similarity test with 
other experimental techniques and comparison to 
numerical simulations is thus important [28] . 

In the present work, we develop a technique 
aimed at minimizing the influence of the CARS 
thermometric uncertainty resulting from the effec- 
tive bandwidth of the laser excitation fields. In 
turbulent flames and flows, the temperature and 
species gradients (and, accordingly, the number 
density of the gas mixture) change constantly with 
respect to the alignment of the laser excitation 
fields [29] . Therefore, shot-to-shot fluctuations may 
occur in-situ , affecting the delivery of a uniform 
bandwidth and the phase-matching condition nec- 
essary to coherently drive the temperature-sensitive 
Raman transitions. However, even in more still, sta- 
tionary measurement conditions (e.g. in a laminar 
flame), which allow statistics to be obtained from 
signal averaging, the CARS spectrum depends on 
the effective bandwidth of the laser excitation fields 
as imposed by the measurement condition. In this 
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framework, the simultaneous referencing of the ex- 
citation efficiency has been developed to improve 
the CARS thermometric measurements obtained 
on the principle of a single-laser-shot [16 , 30] . Here, 
we use the non-resonant CARS susceptibility, mea- 
sured in-situ , to extract information on the effec- 
tive impulsive efficiency, as mapped directly by 
the spectrum of the non-resonant four-wave mix- 
ing signal. Concurrent resonant and non-resonant 
CARS signals are generated in the flame, and si- 
multaneous, spatially divided detection of both 
signals is achieved through a novel polarization- 
sensitive wide-field coherent imaging spectrometer. 
We demonstrate the use of this spectrometer on 
spatially-correlated data, generated through single- 
shot hybrid femtosecond/picosecond 1D-CARS. 
We analyze the potential of the simultaneous, in- 
situ referencing in reducing the thermometric un- 
certainty, as compared to a standard protocol, 
where the spectral referencing is provided by a 
recording sequential to the experiment. 

2. Theoretical considerations 

In dual-broadband pure-rotational CARS 
[31 , 32] , two-photon constructive pairs, available 
across the bandwidth of the laser excitation fields, 
coherently drive specific Raman shifts in the 
spectral range ∼0–500 cm −1 . This corresponds 
to N 2 pure-rotational S-branch transitions from 
quantum numbers J ‘s = 0–60, zwith line separa- 
tion �εJ , J + 2 = 4 B ( J + 3/2), and 4 B ∼8 cm −1 

for N 2 . In hybrid femtosecond/picosecond CARS 
[26 , 33–39] , the excitation efficiency across a spe- 
cific Raman-active window is dictated by the finite 
bandwidth of the transform-limited fs-duration 
driving pulse. When considering pure-rotational 
CARS transitions ( �v = 0, �J =+ / −2, �M J = 0), 
the laser excitation of the molecules results in a 
non-adiabatic interaction (here termed “impul- 
sive”) if the laser pulse duration is about one 
tenth of the molecular rotational period [40] . The 
impulsive excitation of N 2 , for which the rotational 
periods are in the order of ∼500 fs, would thus 
require a ∼50 fs duration laser pulse. The high exci- 
tation efficiency provided by the impulsive drive of 
the rotational Raman transitions, is a prerequisite 
for generating non-resonant four-wave mixing at 
appreciable signal levels, for the instantaneous de- 
tection in high-temperature gaseous environments. 
In general, the strength of the CARS signal scales 
to the number density squared, and the number 
density is inversely proportional to the temperature 
in the sample. 

The polarization dependence on the resonant 
and non-resonant CARS signals [41] is described 
with angles tan β = - sin φ / 2 cos φ for the reso- 
nant CARS signal, and tan δ = sin φ / 3 cos φ for the 
non-resonant CARS signal, determined as a func- 
tion of the relative polarization angle, φ, between 

the probe beam and the pump/Stokes beams, re- 
spectively. A probe angle of 67.5 °, relative to the 
vertically polarized pump/Stokes beam, results in 
orthogonally polarized resonant and non-resonant 
CARS signals. 

3. Experimental 

The experimental setup was developed ac- 
cording to the two-beam femtosecond/picosecond 
phase-matching scheme for 1D-CARS imaging 
[42] , here implemented with a single regenerative 
amplifier laser system [43] . The laser pulses origi- 
nate as the ∼35 fs output of a high-power femtosec- 
ond regenerative amplifier, with a pulse energy of 
∼7.5 mJ provided at a 1 kHz repetition-rate (As- 
trella, Coherent). A narrowband ∼7 ps-duration 
full-width-at-half-maximum (FWHM) probe pulse 
centered at ∼402 nm, is efficiently produced by 
means of the second-harmonic bandwidth com- 
pression [44 , 45] (Light Conversion) of a ∼65% por- 
tion of the fs laser output. This results in the ps 
probe pulse being both repetition-wise synchro- 
nized with the fs pump/Stokes pulse and auto- 
matically phase-locked at the CARS measurement, 
with an arbitrary arrival time. The near transform- 
limited fs pump/Stokes pulse is produced by an 
external compressor operating on a ∼35% por- 
tion of the uncompressed output from the ampli- 
fier. This design allows for flexible compensation 
(pre-chirping) of dispersion terms possibly aris- 
ing along the optical path, thus providing impul- 
sive excitation in the CARS measurement. The 
alignment of the laser beams and the polarization- 
sensitive detection of the single-shot hybrid fem- 
tosecond/picosecond 1D-CARS signals is depicted 
in Fig. 1 . 

The ∼2.3 mJ impulsive excitation beam (fem- 
tosecond laser pulse) and the ∼0.4 mJ probe 
beam (picosecond laser pulse) are intersected 
in a crossed-plane geometry, forming a one- 
dimensional spatial coordinate. The two beams 
are synchronized by an optical delay-line made 
of a high-finesse translation stage, ensuring sub- 
picosecond temporal resolution. The leveling and 
relative polarization of the laser beams are con- 
trolled with turning periscopes and a half-wave 
plate (Eksma optics) mounted in the pump/Stokes 
beam path; the shaping of the laser beams is per- 
formed with low-dispersion, sheet-forming optics. 
The irradiance of the probe beam ( ∼1 J/cm 2 ) 
is significantly enhanced at the measurement lo- 
cation by means of astigmatic convergence [46] , 
here realized by two cylindrical lenses with focal 
lengths f: = 300 mm ( v ,h) -the indexes v (vertically) 
and h (horizontally) express the alignment symme- 
try axis. In efforts to match the phase-matching 
condition homogeneously across the line-image, a 
combination of focal lengths f: = 500 mm (v) and 
f: = 1000 mm (h) is employed in the pump/Stokes 
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Fig. 1. The polarization-sensitive wide-field coherent imaging spectrometer used for spatially divided detection of reso- 
nant - and non-resonant hybrid femtosecond/picosecond one-dimensional (1D) coherent anti-Stokes Raman spectroscopy 
(CARS) signals. The indexes v (vertically) and h (horizontally) express the alignment symmetry axis of the cylindrical 
lenses cylindrical lenses (CL). Two separate detection channels for P- and S-polarized light, with orientation determined 
with respect to the transmission grating (TG), are relay-imaged with ∼1:1 magnification from the signal generation plane 
to the position of the detector. DM-dichroic mirror, PCS-polarization cube splitter, BS-beam stop, TF-tunable filter, and 
SL-spherical lens. 

beam path. However, the phase-matching condi- 
tion is relaxed for driving pure-rotational N 2 CARS 
transitions with the current beam configuration. 
The excitation beam is dumped before the first col- 
lection lens in the wide-field, one-to-one plane, co- 
herent imaging spectrometer, while the probe beam 
is separated from the pure-rotational CARS signal 
through the angle-tuning of a spectral bandpass 
filter (Semrock). The resonant and non-resonant 
CARS signals are separated in two polarization- 
dependent detection channels, composed by two 
400 nm half-wave plates and a polarization cube 
splitter (Eksma optics). Both channels are directed 
through a transmission grating (3040 lines/mm, Ib- 
sen Photonics) and relay-imaged onto the same de- 
tector plane (Zyla 4.2, Andor). The first half-wave 
plate rotates the cross-polarized resonant and non- 
resonant CARS signals to fit the orthogonal S- 
and P-polarization transmission axes of the anal- 
yser. The second half-wave plate is mounted after 
the analyser to turn the polarization of the non- 
resonant CARS signal from P- to S-polarization 
and achieve the maximum grating transmission ef- 
ficiency of > 90% at 400 nm. 

The measurement was performed across the 
flame front of a laminar premixed methane/air 
flame ( �= 0.95), provided on a Bunsen burner. The 
fuel (methane) and oxidizer (air) are delivered from 
separate containers, and variable-area flow meters 
(rotameters) provide independent control over each 
of the flows. Upon exiting the rotameters the flow 
lines are connected to a junction, after which the 
gases are mixed and the mixture is provided with 
a total bulk flow velocity of ∼1 m/s. The com- 
bustible mixture is then channeled through a seam- 
less stainless burner pipe, designed with a length- 

to-diameter ratio ( ∼1:100) sufficient to dampen 
coherent flow structures and provide a laminar 
flow at the exit (Reynolds number < 2000). The 
10 mm inner diameter nozzle is tapered to mini- 
mize heat losses at the burner rim. The probe vol- 
ume was positioned in proximity of the chemical 
reaction layer, and oriented so as to provide mea- 
surements along a line orthogonal to the flame 
front. 

The crossing angle ( θ ) of the pump/Stokes and 
probe beams was measured to 3 °, providing a 
probe volume of ∼0.03 mm (width) x ∼0.6 mm 
(length) x ∼1.3 mm (height), estimated from the as- 
sumption of a near diffraction-limited beam waist 
(e 0 ) of 30 μm FWHM (width), yielding an in- 
teraction length of e 0 /sin( θ ) = 0.6 mm. The total 
field-of-view (FOV) was measured to ∼1.3 mm 
(height) and the image quality was retrieved with a 
∼40 μm line-spread function (LSF). These param- 
eters were measured as the translation and steep- 
ness of an edge response in the signal, by insert- 
ing a razor blade at the plane of the two-beam 
crossing. A ∼3 ps relative temporal delay between 
the excitation beam and the probe beam was em- 
ployed in the experiment, to generate the reso- 
nant and non-resonant CARS signals simultane- 
ously. The “time equal zero” and the probe pulse 
duration were calibrated by performing a probe- 
delay measurement scan in argon, a monoatomic 
gas with no rotational degree of freedom. Con- 
sequently, the only signal component is the in- 
stantaneous four-wave mixing signal, which maps 
the temporal profile of the ps probe beam, syn- 
chronized with the fs pump/Stokes beam. The 
time-averaged argon spectrum also quantifies the 
constructive two-photon pairs available for the ex- 
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Fig. 2. Single-shot detection of concurrent resonant and non-resonant pure-rotational femtosecond/picosecond 1D- 
CARS signals acquired in-situ across the flame-front of a laminar premixed methane/air flame ( �= 0.95). The label “Chan- 
nel 1” indicates the portion of the detector frame employed for the acquisition of the resonant CARS signal, which is 
dominated by the characteristic spectral signature of N 2 . “Channel 2” indicates the detection channel for the broadband 
non-resonant CARS signal (due to four-wave-mixing), which is scattered from all the species present in the probed volume. 

citation of a specific Raman shift and is thus em- 
ployed for the spectral referencing in standard pro- 
tocols. 

A sample of 900 single-shot, resonant and non- 
resonant CARS spectra was recorded simultane- 
ously in the flame and analyzed to assess the 
thermometric accuracy and precision. The proce- 
dure was compared to a standard protocol, where 
the single-shot resonant CARS spectra are instead 
referenced by a time-averaged spectrum recorded in 
argon sequentially to the experiment. 

4. Results and discussion 

Figure 2 shows the simultaneous, single-shot de- 
tection of resonant and non-resonant 1D-CARS 
signals, generated across the flame front of a lam- 
inar premixed methane/air flame, and acquired on 
two distinct portions of the same detector frame. 
The labels “Channel 1” and “Channel 2” iden- 
tify the portions of the detector where the reso- 
nant and non-resonant CARS signals are relayed, 
respectively. 

As it can be seen in Fig. 2 , the resonant CARS 
signal is dominated by the spectral lines of the 
nitrogen molecules, spanning Raman shifts from 
∼60 cm −1 to ∼300 cm −1 , which result from the 
high-rotational energy levels being populated by 
the elevated temperature in the flame. The non- 
resonant CARS signal is instead continuous in na- 
ture, resulting from the four-wave-mixing from all 
the molecular species present in the sample. The 
highest signal intensity is detected in both channels 
around 180 cm −1 , while at frequencies lower than 
∼150 cm −1 the signals are attenuated by the angle- 
tuning of a spectral band-pass filter, to avoid spu- 
rious stray-light and residual probe beam reaching 
the detector. 

Figure 3 shows a single-shot resonant spectrum 
acquired in the first detection channel, which is ref- 

erenced by the non-resonant spectrum measured 
in-situ and detected simultaneously in the second 
channel. 

The spectral resolution of the resonant CARS 
signal is dictated by the linewidth of the probe 
beam, measured to 2.1 cm −1 (FWHM), as well as 
by the instrumental broadening resulting from the 
wide-field coherent imaging spectrometer. In addi- 
tion, the stray light covering the leftmost portion 
of the detector currently limits the spectral range 
available. This is nevertheless considered to have an 
insignificant impact on the N 2 thermometry, since, 
in correspondence of the elevated temperature in 
the product gases of the flame, the energy levels 
above 160 cm −1 are the most populated. The res- 
onant CARS signal strength at room-temperature 
is several orders of magnitude stronger than the 
flame-temperature signal: the signal to background 
ratio (SNB) rapidly degrades as a function of tem- 
perature. The estimation of the temperature from 
the experimental CARS spectra was performed 
through a non-linear least-square contour fitting 
routine, comparing the acquired resonant spectra 
to a library of theoretical spectra pre-calculated 
for different input temperatures. These synthetic 
Raman spectra were computed by means of a 
time-domain CARS model, similar to previously- 
reported ones [34 , 26] . The broadening of the spec- 
tral linewidths due to the imaging system was ac- 
counted for by convolving the synthetic spectra 
with a Voigt instrument-response-function with a 
1.6 cm −1 -wide Gaussian component (FWHM) and 
a 0.5 cm −1 -wide Lorentzian component (FWHM). 
The acquired resonant spectra were background- 
subtracted, introducing an area-averaged factor, 
thus accounting for possible shot-to-shot fluctua- 
tion in the magnitude of the background. Subse- 
quently, the spectral referencing of the impulsive 
excitation efficiency was performed by dividing the 
resonant spectrum with the non-resonant spectrum 
(NR) obtained through two independent meth- 
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Fig. 3. Single-shot hybrid femtosecond/picosecond CARS spectrum, generated at short pump-probe pulse delay ( ∼3 ps) 
in the flame. The resulting temperature in the measurement location was estimated to 1630 K. The performance of the 
spectral fitting can be evaluated by the residuals of the theoretical and experimental spectra, which are presented in the 
figure, with an offset of −0.2 for clarity purposes. 

ods: 1. non-resonant spectrum acquired in room- 
temperature argon ( ex-situ ); 2. non-resonant spec- 
trum acquired in the flame ( in-situ ). 

In Fig. 4 , the comparison of the non-resonant 
CARS signal, as provided by the two techniques, 
is presented. The measurements were performed 
with spatially and temporally overlapped probe and 
pump/Stokes fields, at a ∼3 ps relative delay, for 
concurrent generation of the non-resonant CARS 
signal. 

The signal quality from each of the single-shot 
recordings is sufficient to perform the spectral ref- 
erencing: the signal counts of the single-shot spec- 
tra for the most critical condition (i.e. non-resonant 
signal from the flame) was ∼700 counts above the 
detector baseline. The non-resonant spectra show 
a clear decay for increasing values of the Raman 
shift: in this respect, the non-resonant signal pro- 
vides an effective mapping of the laser bandwidth 
available for the excitation of the Raman-active 
molecules in the ensemble. If this pronounced slope 
were not taken into account in the spectral fitting 
routine (by spectral referencing), its effect would re- 
semble a strong J -dependence similar to any other 
critical uncertainty factor, and result in a systematic 
bias (inaccuracy) in the CARS evaluated temper- 
ature. The comparison of the non-resonant spec- 
tra acquired ex-situ and in-situ clearly shows that 
the effective bandwidth available for the excitation 
of the temperature-sensitive Raman transitions in 
the combustion products is broader than the one 
mapped by the non-resonant spectrum acquired 
in room-temperature argon. This is explained by 
the strong dependence of the refractive index of 
the participating medium (i.e. the gaseous mix- 

ture in the probe volume) on its temperature. In- 
deed, the group-velocity dispersion (GVD) of the 
fs pump/Stokes pulse induces a temporal broad- 
ening of the pulse itself as it propagates through 
the medium, resulting in a reduction of the effec- 
tive bandwidth [47] . As the GVD for most gases at 
atmospheric pressure scales linearly with the den- 
sity, the high temperature of the product gases in 
the flame determines a significant reduction of the 
GVD of the pump/Stokes pulse and the increase in 
the effective bandwidth shown in Fig. 4 . 

Furthermore, if a time-average NR spectrum, 
acquired ex-situ , is employed for the spectral refer- 
encing, possible variations in the excitation band- 
width available shot-to-shot would be neglected. 
This behavior is expected e.g. in turbulent flames, 
where the temperature field, as well as the chem- 
ical composition of the gas mixture in the probe 
volume, is highly dynamic in nature. Seemingly, 
this shot-to-shot variability in the slope of the NR 
spectra measured in the flame ( in-situ ) is neglected 
in the ex-situ measurement of the NR spectrum: 
this would lead to a stochastic uncertainty in the 
measurement. The bottom panel in Fig. 4 shows 
the relative standard deviation (RSTD) of the NR 
spectra acquired in-situ and ex-situ , as a function 
of the Raman shift: the trend of these curves thus 
represents the J -dependence of the shot-to-shot 
fluctuations in the NR spectrum, i.e. in the impul- 
sive excitation efficiency. The RSTD of the in-situ 
NR spectrum is one order of magnitude higher 
across the whole spectral range compared to the 
ex-situ one: this is due to the reduced SNB available 
in the in-situ measurement, as compared to the ex- 
situ , because of the decreased number density of 
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Fig. 4. (Top) Comparison of the average non-resonant spectra acquired in room-temperature argon ( ex-situ ) and at 
∼390 μm from the flame-front in the oxidation region of the flame. (Bottom) The relative standard deviation as obtained 
from the 900 single-shot recordings. 

the participating medium at high temperature. The 
difference in the RSTD values is more significant 
at the high-rotational energy levels populated at 
elevated temperatures: the variance of the available 
effective bandwidth in the fs pulse is shown to be 
higher in the in-situ measurements. 

The use of the in-situ referencing of the impul- 
sive excitation was demonstrated in CARS imaging 
ther mometry, perfor med across the flame front of 
a laminar premixed methane/air flame ( �= 0.95). 
In the scope of the present work, the location 
of the flame front is defined as the measure- 
ment point yielding the closest temperature to 
1192 K; this value corresponding to the inflection 
point of the temperature profile across the reac- 
tion layer of the measured flame, as computed by 
the CHEM1D code [48] . The comparison of the 
temperature evaluations, obtained by applying the 
two referencing methods on 900 single-shot CARS 
spectra acquired in the flame, is discussed in the 
following. 

In Fig. 5 , the probability density functions 
(PDFs) of the temperature measurements are pro- 
vided as a mean of comparison for the ex-situ and 
in-situ referencing techniques. The same resonant 
spectra, acquired in a 900 frames sample, were thus 
referenced by: 1. the time-averaged non-resonant 
spectrum acquired in room-temperature argon ( ex- 

situ ), and 2. the single-shot non-resonant spectra 
acquired in the second detection channel, simulta- 
neously to the resonant one ( in-situ ). 

In the temperature measurements at ∼390 μm 
from the flame front, the ex-situ and in-situ refer- 
encing of the resonant spectra yielded, respectively: 
1. an average temperature of 1696 K, with stan- 
dard deviation 11 K ( ∼0.7%); 2. an average tem- 
perature of 1674 K with standard deviation 18 K 
( ∼1.1%). The ex-situ referencing of the resonant 
CARS spectra results in a consistent bias towards 
higher temperatures, as compared to the results 
of the in-situ referencing: the systematic bias be- 
ing quantified in 22 K ( ∼1.3%) at this flame lo- 
cation. This behavior is in good agreement with 
the aforementioned discrepancy in the available ex- 
citation bandwidth as mapped by NR spectra ac- 
quired in-situ and ex-situ : the lower density of the 
hot product gases is expected to have a lesser GVD 
on the laser excitation fields, thus resulting in a 
broader effective bandwidth. The effect of the tem- 
perature of the gaseous medium on the GVD of the 
fs pump/Stokes pulse, is even more evident when 
comparing the CARS measurements provided by 
ex-situ and in-situ referencing at lower tempera- 
tures. Indeed, at the flame front the two refer- 
encing techniques yielded the following results: 1. 
an average temperature of 1210 K ( ex-situ ) and 
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Fig. 5. Probability density functions of the 900 single-shot CARS-evaluated temperatures in the oxidation region of a 
laminar premixed methane/air flame. (a,b) Comparison for the measurements performed at the flame front. The ex-situ 
CARS measurement resulted in an average temperature of 1210 K, with standard deviation of 18 K ( ∼1.5%); the in-situ 
referencing provided an average temperature of 1207 K, with standard deviation of 19 K ( ∼1.6%). (c,d) Comparison of 
the temperature assessment provided by ex-situ and in-situ referencing of the resonant CARS spectra acquired at ∼390 μm 
from the flame front. The ex-situ referencing resulted in an average temperature of 1696 K, with standard deviation 11 K 
( ∼0.7%); the in-situ provided an average temperature of 1674 K with standard deviation 18 K ( ∼1.1%). 

2. an average temperature of 1207 K ( in-situ ). The 
evident decrease in the systematic bias of the 
ex-situ -referenced CARS thermometry is well un- 
derstood as a lesser impact the GVD on the fs 
pump/Stokes pulse. 

It is nonetheless important to note that the 
CARS-evaluated temperatures seem to be signif- 
icantly lower than as predicted by the numerical 
model in this spatial region of the flame: the ex- 
pected temperature is indeed ∼1870 K. This higher 
temperature value was moreover confirmed by 
performing CARS measurements at longer probe 
pulse delay ( ∼27 ps), i.e. where the probe pulse 
is not temporally overlapped to the pump/Stokes 
pulse, and the self-referencing technique can thus 
not be employed. As a matter of fact, these 
measurement provide an average temperature of 
∼1840 K (inacurracy: ∼1.6%). The reported dis- 
crepancy between the temperature measurements 
performed at long and short (i.e. within the tempo- 
ral overlap of the pump/Stokes and probe pulses) 
pump-probe delays was consistently observed in 
different measurement locations within the flame 
front and for different values of the delay itself. 
This behavior seems to indicate the presence of 
a source of uncertainty in the evaluation of the 
temperature through the resonant CARS spectra 
generated at short pump-probe delays, which our 
theoretical model fails to take into account. Nev- 
ertheless, this uncertainty is not inherent to the 
in-situ referencing of the impulsive excitation, as 
it was also clearly observed in the temperature 

measurements provided by the standard proto- 
col, with ex-situ referencing by room-temperature 
argon. 

As far as the relative standard deviation of the 
temperature measurements is concerned, the self- 
referencing shows a slightly worse precision as com- 
pared to the ex-situ referencing. This is attributed 
to the reduced SNB ratio available in the single-shot 
detection of the non-resonant signal in the self- 
referencing approach. Seemingly, this effect was 
more pronounced than any shot-to-shot variation 
in the effective excitation bandwidth, that the in-situ 
referencing could have accounted for. Nonetheless, 
the use of the self-referencing technique here de- 
scribed is foreseen to provide a substantial improve- 
ment in the precision of the CARS thermometric 
measurements in a number of applications of prac- 
tical interest. We anticipate, for example, that the 
inherent compensation of the shot-to-shot fluctua- 
tions of the laser excitation fields can improve the 
thermometry in turbulent flows and flames. Future 
work in our laboratory will moreover quantify the 
impact of this technique on the performance of 
CARS systems employing laser sources which are 
more unstable in nature, such as supercontinuum 
generation. 

5. Conclusions 

In the present work, we have presented the 
application of a novel, in-situ referencing tech- 
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nique for CARS imaging thermometry. The 
simultaneous, in-situ referencing of the resonant 
Raman spectra was achieved by the concurrent, 
spatially divided detection of the resonant and 
non-resonant CARS signals in two distinct por- 
tions of the same detector frame. The non-resonant 
CARS signal detected in Channel 2 was thus em- 
ployed as a spectral reference to the resonant 
CARS signal detected in Channel 1. Furthermore, 
we successfully demonstrated the application of 
this technique to the spatially correlated data 
provided by a single-shot one-dimensional CARS 
imaging system. Moreover, we have investigated 
the impact of the spectral referencing on CARS 
flame thermometry. A consistent bias of the ex- 
situ referencing towards higher temperatures was 
reported. This is understood in terms of the effect 
of the GVD change in the less dense product 
gases, as compared to the room-temperature argon 
employed to measure the ex-situ non-resonant 
spectrum. Nonetheless, the mean temperatures 
provided by both referencing methods were lower 
than predicted by the numerical evaluation of the 
measured flame front. This temperature bias was 
further more confir med by additional CARS mea- 
surements performed at longer pump-probe delays, 
where no in-situ referencing is possible. In terms of 
relative standard deviation, the CARS-evaluated 
temperature obtained by applying the in-situ ref- 
erencing was slightly worse than the ex-situ case. 
Nevertheless, the self-referencing technique here 
proposed is foreseen to improve the thermomet- 
ric precision in more challenging measurement 
conditions. 
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Abstract: Time-resolved spectroscopy can provide valuable insights in hydrogen chemistry,
with applications ranging from fundamental physics to the use of hydrogen as a commercial
fuel. This work represents the first-ever demonstration of in-situ femtosecond laser-induced
filamentation to generate a compressed supercontinuum behind a thick optical window, and
its in-situ use to perform femtosecond/picosecond coherent Raman spectroscopy (CRS) on
molecular hydrogen (H2). The ultrabroadband coherent excitation of Raman active molecules
in measurement scenarios within an enclosed space has been hindered thus far by the window
material imparting temporal stretch to the pulse. We overcome this challenge and present the
simultaneous single-shot detection of the rotational H2 and the non-resonant CRS spectra in a
laminar H2/air diffusion flame. Implementing an in-situ referencing protocol, the non-resonant
spectrum measures the spectral phase of the supercontinuum pulse and maps the efficiency of
the ultrabroadband coherent excitation achieved behind the window. This approach provides a
straightforward path for the implementation of ultrabroadband H2 CRS in enclosed environment
such as next-generation hydrogen combustors and reforming reactors.

© 2022 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Molecular hydrogen (H2) is the object of an ever-increasing scientific interest, in view of its
prospect use as the main energy carrier in the current energy transition [1], and a significant
research effort is being spent on the development of technologies enabling H2-based carbon-neutral
combustion. The experimental investigation of H2 chemistry [2,3], which plays a significant role
in its storage and utilization, requires the availability of time-resolved spectroscopic techniques,
providing information on the molecular dynamics on picosecond (ps) and femtosecond (fs)
timescales [4]. The current state-of-the-art technique for gas-phase molecular spectroscopy
is coherent Raman scattering (CRS) spectroscopy [5], which has found vast application to
high fidelity in-situ measurements of the temperature field and chemical flow composition in
combustion environments [6,7], and in non-equilibrium thermodynamic systems [8,9]. Since
the first observation of rotational coherent Raman scattering in gas-phase media [10], CRS has
been successfully demonstrated in gaseous H2, both as a test-bench for fundamental physics (e.g.
dynamic Stark effect [11]) and for enabling the development of novel photonic technologies
[12]. Despite the research effort spent over the years, the application of CRS techniques to
perform direct broadband multiplex spectroscopy on H2 still presents a significant challenge
due to sparse ro-vibrational energy manifold of the H2 molecule [13]. Vibrational H2 CRS

#465817 https://doi.org/10.1364/OE.465817
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spectroscopy has been applied in combustion environments [14], as well as in plasmas [15],
by employing broadband nanosecond dye lasers. Further development of H2 CRS has been
more recently promoted by the availability of ultrafast regenerative laser amplifiers, producing
pulses a few tens of fs long, which have sprung the development of time-resolved spectroscopic
techniques to investigate chemical reactions in real time [16]. Lang et al. were the first to employ
fs pulses to perform coherent anti-Stokes Raman spectroscopy (CARS) on H2, resolving the
temporal dynamics of its ro-vibrational wave packet with sub-ps resolution [17]. Tran et al. used
fs-CRS to study the H2-N2 collisional system and the speed-memory effects due to the high
motility of the H2 molecules [18]. Magnitskiı̆ and Tunkin investigated the Dicke narrowing
of the H2 Q-branch, using ps-CRS to measure its coherence lifetime with high temporal and
spectral resolution [19]; similar ps-CRS measurements of the H2 Q-branch coherence lifetime
were performed by Kulatilaka et al. [20]. The idea of combining broadband fs pulses to generate
maximal quantum coherence of the Raman-active molecules [21] and relatively-narrowband ps
pulses to perform simultaneously temporally- and spectrally-resolved measurements [22] has
led to the development of hybrid fs/ps CRS [23]. The introduction of ultrabroadband fs laser
sources greatly enhanced the spectral interrogation window of fs/ps CRS [24], allowing for the
detection of virtually all the rotationally Raman-active species in the probed volume and for
the investigation of their chemistry. Bohlin and Kliewer [25] demonstrated the use of a ∼7 fs
compressed supercontinuum, generated in an argon-filled hollow-core fiber, to simultaneously
excite both the pure-rotational H2 S-branch and the vibrational H2 Q-branch transitions, in the
range 0-4200 cm−1. Despite the huge versatility of ultrabroadband fs/ps CRS, its application to
perform measurements behind thick optical windows is limited by the significant chirp that these
impart to broadband [26] and ultrabroadband fs pulses.

In the present work, we employ fs laser-induced filamentation [27] to generate a compressed
supercontinuum pulse in-situ, where it is employed as a single pump/Stokes excitation pulse [28]
to drive the pure-rotational Raman coherence up to ∼1500 cm−1. This approach is combined

Fig. 1. (a) Energy and Feynman diagrams of a resonant (left) and a non-resonant (right)
CRS pathways. (b) Polarization angles of the resonant (blue line) and non-resonant (red line)
CRS signals, β and γ, represented as the elevation angle on the unit sphere as a function of
the relative polarization angle (azimuthal angle) of the pump/Stokes and probe fields, α. (c)
Schematic of the polarization-sensitive coherent imaging spectrometer. OW, optical window;
SL, spherical lenses; M, mirror; BPF, band-pass filter; PBS, polarization beam splitter; FR,
Fresnel rhomb; BS, beam stop. Inset: probe volume. The probe crosses the ultrabroadband
pump/Stokes beam ∼2mm after the end of the filament. The increment of input energy
results in the elongation of the filament towards the focusing optics (arrow direction) (d)
Measurements points across the H2/air flame front, the dashed red line identifies the location
of the burner rim at y= 9.5 mm.
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with the simultaneous shot-to-shot measurement of the non-resonant (NR) CRS signal, due to
the instantaneous electronic optical response of the medium (Fig. 1(a)), to map the spectral
efficiency of the coherent excitation, which can significantly impact the accuracy and precision
of the H2 spectroscopy [29]. We use a polarization approach to simultaneously generate and
detect the resonant and NR CRS signals with orthogonal polarization [30], as shown in Fig. 1(b).
This in-situ spectral referencing allows us to monitor the spectrochronographic properties of
the compressed supercontinuum and the bandwidth of the coherent Raman excitation. We
demonstrate the application of fs/ps H2 CRS with in-situ generation, use and referencing of the
ultrabroadband coherent excitation to perform thermometric measurements in a laminar H2/air
diffusion flame as shown in Fig. 1(d), and to experimentally demonstrate preferential diffusion of
H2 [31].

2. Theory and methods

2.1. Analytical framework

The excitation efficiency of the H2 Raman active modes depends on the spectrochronographic
characteristics of the broadband pump/Stokes pulse, and is effectively controlled by its spectral
phase [32,33], as shown in the application of coherent control theory to CRS [34,35]. We
measure the excitation bandwidth provided by the combined pump/Stokes pulse using the intensity
spectrum of the NR CRS signal. The NR CRS signal is here modelled in the time domain
under the assumptions of instantaneous dephasing of the electronic coherence induced by the
non-resonant two-photon excitation pathways in Fig. 1(a) and temporal overlap of the probe field
E3 with the pump/Stokes field E12 [24]:

P(3)
NR(t) =

(︃
i
ℏ

)︃3
χ
(3)
NR · E3(t) · E∗

12(t) · E12(t) (1)

The pump/Stokes pulse is assumed to have a Gaussian envelope in the time domain with
duration ∆t12 (FWHM):

E12(t) ∝ exp[−2 ln 2(t − t12)2/∆t212] · exp(iω12t) + c.c. (2)

with t12 being the arrival time of the combined pump/Stokes pulse, and ω12 the carrier (angular)
frequency of the pulse (ω12 = 2.34 rad/fs for 806.7 nm). The spectrum of the NR CRS field,
resulting from the pump/Stokes photon-pairs found across the instantaneous bandwidth of the
pulse, is then computed via the Fourier transform of Eq. (1), and is thus proportional to the
spectral autocorrelation of the pump/Stokes laser field [36]:

P(3)
NR(ω) ∝ χ

(3)
NRE3(ω) ∗ [E12(ω)⋆E12(ω)] (3)

INR(ω) ∝ |χ(3)NRE3(ω) ∗ [E12(ω)⋆E12(ω)]|2 (4)
where⋆ and ∗ represent the cross-correlation and convolution operators, respectively. Hence, the
intensity spectrum in Eq. (4) is used to measure the spectral autocorrelation of the fs pump/Stokes
pulse and deduce information on its spectral phase. Equation (2) and Eq. (4) are employed to
generate a library of synthetic NR CRS spectra for varying pulse duration, and fit the experimental
NR CRS spectra acquired in a non-resonant gas (e.g. methane or argon) flow. The spectral phase
of the pump/Stokes pulse is introduced in the model through the Taylor expansion:

φ(ω) =
∑︂

n
L · k(n) (ω12) · (ω − ω12)n

n!
(5)

with L being the thickness of the optical window, and k(n) the nth-order derivative of the wave
vector k(ω) in the dispersive medium (k(2) thus representing the group velocity dispersion of the
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fs pulse). The chirped pump/Stokes pulse is thus represented in the frequency domain as:

E12(ω) ∝ exp
[︁−2 ln 2(ω − ω12)2/∆ω2

12
]︁ · exp

[︄
−i

∑︂
n
φ(n) · (ω − ω12)n

n!

]︄
(6)

Substituting Eq. (6) into Eq. (3), the spectral autocorrelation of the pump/Stokes pulse is
computed according to the integral:

(E12 ⋆E12)(Ω) =
∞∫

−∞
dωE∗

12(ω)E12(ω +Ω) ∝

exp

[︄
−
(︄

ln 2
∆ω2

12
+ i
φ2
2

)︄
Ω2

]︄
·

∞∫
−∞

dω exp

{︄
4 ln 2
∆ω2

12

[︃
Ω +

(ω − ω12)
2

]︃2
− iφ2Ω

(ω − ω12)
2

}︄

(7)
where only the quadratic phase term (φ2) has been included. Note that including the third-order
dispersion (TOD, φ3) would only contribute to the real part of the argument of the exponential
integrand, as the imaginary part factors out in the product with the complex-conjugated field: this
is true for all the odd terms in the spectral phase expansion of Eq. (5). A closed-form solution to
the integral in Eq. (7) is given in the form:

(E12 ⋆E12)(Ω) ∝
√︂
π(4 log 2 + iφ2∆ω

2
12) exp

[︄(︄
−4 ln 2
∆ω2

12
+ iφ2

)︄
Ω2

]︄
(8)

which represents a Gaussian envelope modulated by non-linear harmonic oscillations, having the
form of the derivative of Fresnel sine integral function, with local frequency proportional to the
quadratic phase term. Equation (4) and Eq. (8) are employed to generate a library of synthetic
NR CRS spectra for varying pulse duration, and fit the experimental NR CRS spectra, as shown
in Fig. 2.

2.2. Experimental setup

The laser system employed for ultrabroadband fs/ps CRS spectroscopy is detailed in Ref. [37].
A single ultrafast regenerative amplifier system (Astrella, Coherent) combined with a second-
harmonic bandwidth compressor unit (Light Conversion), provides the combined pump/Stokes
(35 fs, 1650 µJ/pulse at 806.7 nm) and the probe (12.6 ps, 117 µJ/pulse at 403.4 nm) fields
which are auto-synchronized at 1 kHz repetition rate and focused to the measurement location
using spherical lenses (f: 500 and 300 mm, respectively). We demonstrate its applicability to
measurements behind thick optical windows by transmitting the fs beam through a ∼22 mm thick
BK7 glass window. This glass has larger group velocity dispersion at 800 nm (∼45 fs2/mm)
than other optical window materials (e.g. fused silica ∼36 fs2/mm), which demonstrates the
application of this methodology to the more extreme conditions. The window is placed ∼200
mm after the focusing lens to prevent white light generation inside the glass. The energy of the
fs beam after the transmission thought the optical window is ∼1500 µJ/pulse. We control the
temporal chirp of the fs pulse prior the in-situ filamentation using an external pulse-compressor.
Thin-film polarizers ensure the linear polarization of the pump/Stokes and the probe beams, and
half-wave plates control their polarization angles. Ensuring the linearity of the polarization
of the fs beam before it undergoes filamentation is critical to control the polarization state
of the compressed supercontinuum, since electronic Kerr nonlinearity, electron plasma, and
molecular alignment in the filament result in the rotation of the polarization ellipse [38]. Linearly
polarized pulses maintain their polarization state in fs laser-induced filamentation and in the
post-filamentation propagation [39]. Adopting a two-beam nearly phase-matched configuration
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Fig. 2. (a) 1000-shot-averaged NR CRS spectra recorded, by varying the position of the
compressor grating, in a flow of CH4 without the optical window (No OW). The white dashed
line identifies the condition of a near transform-limited (TL) pulse. (b) Corresponding NR
CRS spectra after the introduction of a BK7 optical window (OW) in the pump/Stokes beam
path. The red dashed line identifies the condition of a TL pulse obtained after transmission
through the window. The dotted boxes represent the region of interest (ROI) analyzed in the
present work. (c) NR CRS spectrum for a near TL pump/Stokes pulse as compared to the
time-domain NR CRS model (No OW). (d) NR CRS spectrum for TL pump/Stokes pulse
transmitted through the optical window (OW). (e) NR CRS signal for varying linear chirp
in the input fs pump/Stokes pulse, as predicted by the time-domain model. For values of
the pulse GDD larger than ∼1000 fs2 the spectral autocorrelation of the pulse results in the
formation of sidebands in the CRS spectrum and in the narrowing of the excitation window.
(f) Experimental autocorrelation of the fs pulse as measured by the NR CRS signal of room
temperature CH4 in the ROI. The opaque box represents the spectral region affected by the
edge of the band pass filter (BPF).

[28], the pump/Stokes beam is crossed by the probe beam ∼2 mm after the end of the filament to
avoid ionization inside the probe volume. The ending point of the filamentation generated both
across the flame and in non-resonant gases (i.e. argon and methane) is always fixed regardless of
the input pulse energy and the local thermodynamic properties of the gas [37]. The resulting
dimensions of the probe volume are thus estimated geometrically to be 20 µm (width, FWHM)
x 2.5 mm (length, FWHM) x 20 µm (height, FWHM). The coherent imaging spectrometer
developed for the simultaneous acquisition of the resonant and NR CRS signals in Ref. [30] is
here adapted for the in-situ referencing of the ultrabroadband excitation generated in the flame.
A Fresnel Rhomb rotates the polarization of the NR signal to maximize the efficiency of a
high-resolution transmission diffraction grating (>90% diffraction efficiency for S-polarization,
Ibsen Photonics). The signals are imaged onto the sCMOS detector (Zyla, Andor) through a
fast-focusing lens (f: 100 mm), resulting in a detection bandwidth of 1900 cm−1, with a dispersion
of 0.93 cm−1/pixel. The resolution of the H2 CRS spectra is limited by the linewidth of the
ps probe pulse which is measured to be ∼2.7 cm−1, and by the instrumental broadening of the
spectrometer, which is fitted to a Voigt profile with a ∼0.1 cm−1 FWHM Lorentzian and a ∼1.7
cm−1 FWHM Gaussian contribution. For high-resolution spectroscopy in the pure-rotational
region (∼50-600 cm−1) the spectrometer is adapted by changing the imaging lens to a slower
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focus (f: 400 mm), resulting in a dispersion of ∼0.27 cm−1. H2 CRS measurements were
performed across the flame front of a laminar H2/air diffusion flame, provided on a Bunsen
burner: the probe volume was moved from the center of the burner towards its rim, in steps of
0.5 mm as shown in Fig. 1(d). A steel mesh was placed ∼15 mm above the burner to stabilize
the flame and the measurements were performed ∼0.5 mm (H2 CRS thermometry) and ∼1
mm (preferential diffusion) above its nozzle. The H2 flow was diluted in a 50% mixture with
nitrogen (N2) to perform conventional N2 CRS thermometry for validation purposes. The ex-situ
spectral referencing protocol is performed by measuring the NR CRS signal from the compressed
supercontinuum generated in a flow of room temperature argon (which has no rotational degree
of freedom).

3. Results

3.1. Autocorrelation measurements of the fs pump/Stokes pulse

The effect of temporal chirp in the pump/Stokes pulse on the spectral excitation efficiency is
illustrated in Fig. 2. 1000-shot-averaged NR CRS spectra were recorded as a function of the pulse
dispersion, controlled by the external compressor unit in Fig. 2 (a) and introduced by the optical
window in Fig. 2 (b), in a non-resonant gas flow (methane, CH4). The input pump/Stokes pulse
energy was 50 µJ, i.e. lower than the filamentation onset. The amount of chirp in the input pulse is
controlled by varying the angle of the diffraction grating in the external compressor unit (details in
Supplement 1). A strong periodic modulation of the NR CRS spectra in Fig. 2(a) results from the
introduction of quadratic phase to the pump/Stokes pulse, in accordance with the theoretical result
of Eq. (8). The pulse transmission through the thick optical material only introduces linear chirp,
as proven by the translation of the spectrochronogram from Fig. 2(a) to Fig. 2(b). The dependence
of the NR CRS spectrum on the spectral phase of the pump/Stokes pulse can be exploited to
measure its spectrochronographic properties: we do this by fitting the experimental spectra to
our time-domain NR CRS model. We quantify the quadratic phase introduced by the external
compressor, resulting in a stretching of the 35 fs near transform-limited (TL) pump/Stokes pulse
in Fig. 2(c) to ∼150 fs by either negative or positive dispersion. The same input chirp is combined
with transmission through the window in Fig. 2(d), allowing for a direct evaluation of the positive
group delay dispersion (GDD) arising due to the optical material: this is measured to be 424 fs2,
resulting in a stretching of the pulse duration to 47 fs. When the combined GDD is larger (in
magnitude) than ∼1000 fs2, the autocorrelation of the pump/Stokes pulse results in the shift of the
local maximum of the spectral excitation in the range ∼300-1000 cm−1, evident in the raw data
of Fig. 2(a-b). For large pulse GDD, the NR CRS spectrum departs from the usual monotonic
trend with the Raman shift, presenting multiple local maxima at locations which depend on the
GDD itself. This behavior is similar to what has been shown by applying spectral focusing [40]
and pulse shaping [41] techniques, but is here realized without any intra-pulse delay as our CRS
system employs a single combined pump/Stokes pulse. Figure 2(e-f) shows the comparison
of the experimental and the theoretical spectral autocorrelation of the fs pump/Stokes pulse as
measured by the NR CRS signal. The time-domain CRS model illustrated by Fig. 2(e) predicts
the parallel formation of spectral sidebands: this prediction is experimentally verified in Fig. 2(f).
This behavior is analogous to the spectral focusing technique first demonstrated by T. Hellerer
et al. [42] for CARS microscopy: introducing the same amount of GDD in their broadband fs
pump and Stokes pulses, they demonstrated the coherent excitation of a narrow spectral region
with spectral selectivity enabled by the tuning of the intrapulse delay. The experimental NR CRS
spectra in Fig. 2(f) thus map the effect of the linear chirp in the input fs pulse, which results in
the narrowing of the spectral excitation, and in its shift to values of the Raman shift |Ω| > 0, even
with a null intrapulse delay for our combined pump/Stokes pulse.
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3.2. Generation of ultrabroadband coherent excitation behind the optical window

The use of ultrabroadband CRS techniques at measurement scenarios with an enclosed space (e.g.
high-pressure combustors, optical cells, etc.) requires the experimentalist to maintain control of
the spectral phase while the compressed supercontinuum pulse is transported through the optical
windows, which is impractical, perhaps even impossible. In the present work we demonstrate that
fs laser-induced filamentation [43,44] can be used to generate a compressed supercontinuum pulse
in-situ behind an optical window, thus maximizing the rotational Raman coherence in gaseous
H2. The time-domain NR CSR model is extended to the ultrabroadband NR signal generated by
the compressed supercontinuum acting as the pump/Stokes pulse. We let the duration of the fs
pulse vary and used it as an additional fitting parameter, thus accounting for the increment of the
pulse bandwidth due to its self-phase modulation in the filamentation process. The temporal
compression of the resulting spectrally-broadened pulse, due to its non-linear propagation in the
plasma medium, is again modelled by the GDD of the medium. The most stringent assumption
introduced here is that of a symmetric broadening of the pulse spectrum, preserving its original
Gaussian shape. The validity of this assumption could be limited when the pulse is compressed
in air under tight focusing conditions: if the contribution of the non-linear refractive index of the
dense plasma medium to self-phase modulation is greater than the one due to Kerr effect, an
asymmetric broadening of the pulse spectrum would result to higher frequencies. Within the
scope of the present work we nonetheless find the assumption reasonable, given the limited energy
of the input fs pulse and the much-reduced density of the plasma generated in the hot environment
of the flame. The pulse compression achieved via fs laser-induced filamentation can also be
experimentally investigated as a function of the linear chirp in the input fs pulse, as shown in
Fig. 3. The generation of the compressed supercontinuum in the filament depends on the complex
interplay between multiple non-linear optical processes, whose relative magnitude is determined
by the non-linear susceptibility of the gaseous medium where the filament is generated. While for
non-resonant molecules (e.g. argon) the third-order non-linear susceptibility is entirely electronic
in nature, the generation of rotational nuclear wave packets in Raman-active molecules (e.g. N2
and O2) can play a role in the pulse compression through self-phase modulation and non-linear
light propagation. This explain the different output of the filamentation process, in terms of pulse
compression and corresponding ultra-broad excitation bandwidth, in CH4 and in air.

Figure 3(b) shows the ultrabroadband NR CRS spectra acquired in a room-temperature flow of
CH4, as a function of the linear chirp in the input pulse. The pulse compression –here quantified
by the contour line at half maximum of the NR CRS spectrum in the region 200-1600 cm−1

(i.e. HWHM)– shows only a slight dependence on the input chirp pulse in the range between
-500 fs2 and 500 fs2, and it decreases dramatically for larger (absolute) values of the pulse GDD.
When realized in air, on the other hand, fs laser-induced filamentation has a more complex
dependence on the input chirp, and the HWHM bandwidth contour shown in Fig. 3(a) remarkably
presents a local minimum close to the condition of a TL pulse. Introducing a small amount of
GDD in the input pulse enhances the pulse compression resulting in two local maxima of the
excitation bandwidth for φ2 = 397 fs2 and φ2 = -492 fs2; the latter was found to optimize the pulse
compression for ultrabroadband H2 CRS spectroscopy in the flame. Furthermore, comparing the
bandwidth of the compressed supercontinuum generated in CH4 and in air, the higher electronic
third-order susceptibility of CH4, being almost thrice as large as that of N2 and O2 (see Table S1
in Supplement 1), results in a larger pulse compression via fs laser-induced filamentation. We
operated the external compressor so as to optimize the pulse compression via filamentation in the
flame environment, introducing a GDD of -492 fs2 to the input pulse, which is thus stretched to
∼52 fs, as measured by the NR CRS signal in Fig. 3(c), recorded in flow of a non-resonant gas
(argon) at low pulse energy (i.e. without filamentation).

Figure 3(d) shows the application of the NR CRS model to estimate the duration and the
residual chirp of the compressed supercontinuum generated via fs laser-induced filamentation
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Fig. 3. Pulse compression by fs laser-induced filamentation behind the optical window.
The ultrabroadband NR CRS signal is generated in room-temperature (a) air and (b) CH4,
for varying linear chirp in the input fs pump/Stokes pulse. 1000-shot-averaged spectra
are shown. The white contour line identifies the HWHM excitation bandwidth. For
moderate input chirp (i.e. |φ2 | < 500 fs2) the bandwidth of the compressed supercontinuum
generated in CH4 is almost unaffected by the input chirp. In air, a local minimum in
the bandwidth of the supercontinuum pulse is obtained for a TL input pulse, while two
local maxima are achieved for slightly chirped pulses. The setting φ2 = -492 fs2 (dashed
red line) of the external compressor was employed to optimize the pulse compression in
the flame experiments. (c) 1000-shot-averaged NR CRS spectrum of the chirped input
fs pulse optimized for pulse compression via filamentation in the flame environment (d)
1000-shot-averaged ultrabroadband NR CRS spectrum recorded in a flow of argon. The
spectrum clearly displays the success of generating a compressed supercontinuum behind
the optical window, which can be used for ultrabroadband CRS in enclosed spaces.

in argon (ex-situ): this is measured to be a near-TL pulse with a duration of 17 fs. Finally,
we can estimate the impact that the optical window would have on the transmission of this
supercontinuum pulse generated ex-situ, when employed as the pump/Stokes pulse for H2 CRS
behind the window itself. The ∼424 fs2 GDD introduced by 22 mm of BK7 glass would result in
a significant stretch of the compressed supercontinuum generated ex-situ, to ∼68 fs requiring
additional phase control techniques to guarantee a sufficient excitation bandwidth and perform
ultrabroadband CRS on H2.

3.3. In-situ referencing of the compressed supercontinuum generated in the flame

The experimental protocol for the in-situ referencing [30] of the fs laser excitation of the Raman-
active modes relies on the simultaneous generation of the resonant and NR CRS signals with
orthogonal polarization. The theory of polarization control over the generation of the resonant
and NR CRS signals is detailed in Supplement 1. We assume the polarization of our combined
pump/Stokes pulse as a reference, and define the relative polarization angles of the probe, and the
resonant and the NR components of the CRS signal respectively as α, β, and γ. The polarization
angles of the resonant and NR CRS signals, as a function of the relative probe polarization angle,
are:

tan β = (1 − 2ρ) tanα

tan γ = 1
3 tanα

(9)

where ρ is the depolarization ratio of the Raman-active molecules. The functional relations in
Eq. (9) are represented on the unit sphere in Fig. 1(b). Coupling Eq. (9) with the condition for
simultaneous generation of cross-polarized resonant and NR CRS signals, i.e. |β – γ | = π/2, we
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determine the required relative probe polarization angle:

α = tan−1

(︄
±

√
3√︁

2ρ − 1

)︄
(10)

Equation (10) has real solutions only for ρ>1/2: the applicability of the in-situ referencing
protocol is thus limited to weakly-polarized or depolarized Raman transitions. In the present
work we are interested in applying the in-situ referencing protocol to the pure-rotational CRS
spectrum of H2, whose Raman-activity is entirely due to their anisotropic polarizability: the
pure-rotational H2 Raman spectrum is thus entirely depolarized and ρ= 3/4. Equation (10) then
gives the relative probe polarization angle that results in cross-polarized resonant H2 and NR
CRS signals: α = tan−1√6.

Figure 4(a) shows the average NR CRS spectra acquired in-situ at each measurement location
across the flame front (see Fig. 1(d)) and is compared to the average NR CRS spectrum generated
ex-situ in room-temperature argon (same as Fig. 3 (d)). The ultrabroadband CRS signal spans
over 1600 cm−1, and the band-pass filter is tuned to transmit the spectral region ∼300-1500
cm−1. The comparison between the fs laser excitation efficiency, as mapped by the NR signal
generated in-situ versus ex-situ, illustrates the significant impact of the boundary conditions
to the supercontinuum generation via in-situ filamentation in the flame. The instantaneous
bandwidth of the compressed supercontinuum is here defined as half-width-at-half-maximum
(HWHM) of the signal over the measured spectral range ∼300-1500 cm−1, and it is measured to
be 394 cm−1 for the compressed supercontinuum generated ex-situ in argon. For comparison
the excitation bandwidth provided by a 35 fs TL pump/Stokes pulse over the spectral range
∼300-1500 cm−1 is 126 cm−1. In the flame, the bandwidth of the supercontinuum varies from
206 cm−1 at y= 0 mm to 136 cm−1 at y= 8 mm, corresponding to a pulse duration of respectively
26 fs (GDD= 100 fs2) and 30 fs (GDD= 100 fs2). This reduction in the pulse compression is due
to the lower effective refractive index of the optical medium along the filament propagation across
the flame front. This has a comparable effect on the two non-linear optical effects underlying
fs laser-induced filamentation, i.e. optical Kerr effect and multi-photon ionization. The lesser
effective refractive index of the optical medium at higher temperatures determines a reduction
of the self-phase modulation of the fs pulse and of the plasma density in the filament, resulting
in a lesser pulse compression. This effect is of course highly dependent on the spatio-temporal
boundary conditions to the filamentation process, requiring the in-situ referencing protocol
to faithfully map the excitation efficiency of the different Raman transitions. The locality of
the supercontinuum generation is moreover evident looking at the progressive reduction in the
excitation bandwidth from the center of the burner to its rim, due to the three-dimensional
curvature of the conical flame.

3.4. Pure-rotational H2 CSR spectroscopy

Figure 4(b) presents the single-shot resonant H2 CRS spectra acquired across the flame front. Six
rotational lines of H2 –from O(2) at 354 cm−1 to O(7) at 1447 cm−1– were detected simultaneously,
at high temperature, in the detection bandwidth of the spectrometer and within the dynamic
range of the sCMOS detector. The rotational lines in the resonant spectra show the characteristic
alternating intensity of even and odd lines, in accordance with the degeneracy of the single and
triplet spin states [29]. The progression along the transverse axis clearly shows the shift in the
rotational Boltzmann population of the H2 molecules with the increasing temperature across the
flame front. At y= 0 the relatively low temperature of the molecular ensemble results in the
lower rotational states, in particular J= 1←3, being the most populated. Moving towards the rim
of the burner, the increment in temperature results in the shift of the rotational population toward
higher energy states: for y> 4.5 mm the transition J= 3←5 dominates the rotational spectrum.



Research Article Vol. 30, No. 20 / 26 Sep 2022 / Optics Express 35241

Fig. 4. (a) Ultrabroadband NR CRS spectra acquired ex-situ in room temperature argon
(red curve) and in-situ at the different measurement locations across the flame front (black
curves). Each curve represents the average of 1200 single-shot spectra. (b) Single-shot
pure-rotational H2 CRS spectra acquired across the flame front of a laminar H2/air diffusion
flame. Up to six rotational lines are detected simultaneously within the dynamic range of the
sCMOS detector.

The single-shot H2 spectra are fitted to a time-domain model similar to that presented in
Ref. [29] (details in Supplement 1) to extract the local temperature across the flame front. An
example of the spectral fit is shown in Fig. 5(a) and Fig. 5(b), where the comparison between the
conventional ex-situ and the in-situ referencing protocol is presented. The larger bandwidth of the
NR CRS signal generated ex-situ in room-temperature argon (Fig. 5(a)) overestimates the effective
excitation efficiency of the higher Raman transitions, resulting in spectral cooling. This behavior
severely skews the envelope of the Raman spectrum so that, even for the best-fitting temperature,
the ex-situ-referenced spectrum does not follow Boltzmann distribution, as illustrated by the
large misfit of most rotational lines. The use of the correct spectral reference, provided by the
NR signal generated in-situ (Fig. 5(b)), is thus critical to perform quantitative spectroscopy on
the pure-rotational H2 spectrum. The temperature profile across the flame front, as measured by
H2 CRS thermometry, is shown in Fig. 5(c), along with the validation measurements performed
by conventional N2 CRS thermometry. As N2-dilution of the H2 flow is employed, conventional
N2 CRS measurements are possible on both sides of the flame front, allowing for a complete
reconstruction of the temperature profile. H2 on the other hand is rapidly consumed in the
chemical reaction, so that the H2 CRS signal rapidly decreases moving towards the burner
rim, for the combined effect of the increasing temperature and the reduced H2 concentration:
ultrabroadband H2 CRS measurements were performed up to y= 8 mm. The temperatures
measured by N2 CRS and H2 CRS are well in agreement when the in-situ NR signal is employed
for the spectral referencing of the ultrabroadband H2 CRS spectra: the accuracy of the H2
thermometry is below 1% for most measurement locations across the flame front. H2 CRS
thermometry employing ex-situ referencing, on the other hand, results in a significant bias (up to
80%) towards lower temperatures at all the measurement locations, as shown in Fig. 5(d).

The precision of ultrabroadband H2 CRS thermometry was estimated as the standard deviation
of the measured temperature over a sample of 1200 single-shot spectra. This is comparable to
that of conventional N2 CRS, varying in the range ∼1-3%, for y ≤ 6.5 mm, while it is negatively
impacted by the H2 consumption in the reaction zone of the flame, with a significant reduction
of the signal intensity. At the last three measurement locations, this abatement of the signal
impaired the detection of the O(2) line (see Fig. 4(b)), and the signal-to-background ratio (SBR)
of the O(6) line was reduced to ∼2. At the last measurement point, the O(5) line was barely
detectable (SBR∼1.3) and the spectral fit only relied on four lines, reducing the precision to ∼9%.
These temperature measurements are in good agreement with the values reported by Toro et al
for a similar laminar H2/air diffusion flame [45].

Ultrabroadband CRS further provides new insights in the molecular transport processes taking
place in the measurement environment presented here. Figure 6(a) shows the experimental
temperature and relative H2/N2 concentration profiles, measured by ultrabroadband CRS across
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Fig. 5. (a) Single-shot experimental H2 CRS spectrum (solid line) acquired in the flame at
y= 6 mm, referenced by the NR CRS (dot-dashed line) spectrum acquired ex-situ in argon, and
comparison to the time-domain H2 CRS model (dotted line) to fit the Boltzmann distribution.
(b) The same experimental spectrum is referenced by the NR CRS spectrum simultaneously
acquired in-situ, and fitted to the time-domain H2 CRS model. (c) Temperature profile
measured by conventional pure-rotational N2 CRS and ultrabroadband H2 CRS spectroscopy.
(d) Comparison of the measurement accuracy of H2 CRS thermometry for the ex-situ
and in-situ referencing protocols: the standard (ex-situ) protocol results in a consistent
underestimation of the H2 temperature.

the flame front: moving from the center of the burner to the chemical reaction zone, the H2
concentration significantly reduces, from 50% to 40%, while the temperature presents only a
minor increment up to y= 3.5 mm as shown in Fig. 6(b). This small change in temperature (∼57
K) is attributed to heat transfer from the high-temperature reaction zone, rather than to the onset
of the chemical reaction itself: H2 is not consumed in this region, but it is rapidly transported
towards the reaction zone, owing to its large mass diffusivity [31]. To the best of our knowledge,
this represents the first direct observation of molecular preferential diffusion in a H2/air flame.

Fig. 6. (a) Simultaneous CRS measurement of the temperature and relative H2/N2
concentration across the flame front (1 mm above the nozzle). The black box represents
the area of interest for H2 preferential diffusion. (a) A significant reduction of the H2
concentration, from 50% at y= 0 mm to 40% at y= 3.5 mm, is measured in the face of an
almost constant temperature profile and is thus attributed to preferential diffusion.



Research Article Vol. 30, No. 20 / 26 Sep 2022 / Optics Express 35243

4. Conclusions

A novel approach to ultrabroadband CRS is proposed as a straightforward pathway to rotational H2
spectroscopy in closed environments, such as high-pressure combustors or chemical reactors. The
investigation of H2 chemistry by time-resolved coherent Raman techniques requires a compressed
supercontinuum to generate coherence between the widely spaced states in the rotational energy
manifold [29], but is hindered by the introduction of non-linear contributions to its spectral phase.
To date ultrabroadband fs/ps H2 CRS has not been applied in closed measurement scenarios.

The technique here proposed is based on the in-situ generation, use and referencing of the
coherent excitation provided by supercontinuum compression in fs laser-induced filamentation.
The 35 fs output of a regenerative fs laser amplifier was negatively chirped before its transmission
through a 22 mm BK7 glass window, resulting in a residual negative chirp of ∼490 fs2: this
value is experimentally demonstrated to optimize the multiphoton ionization and the optical Kerr
effects that underpin the pulse compression in the filamentation process. We have shown that the
NR CRS signal, which has often been considered detrimental to CRS, with much effort dedicated
to its suppression [24,46], not only maps the efficiency of the coherent excitation delivered by the
pump/Stokes pulse, but can be effectively used to perform spectral autocorrelation measurements
of the pump/Stokes pulse and to characterize its transmission through optical media. This result
is particularly powerful when combined to the last piece of the present diagnostic puzzle: the
in-situ referencing protocol to monitor the ultrabroadband spectral excitation delivered by the
compressed supercontinuum. This novel experimental protocol utilizes polarization control
over the input laser fields to generate the resonant and NR signals with relative orthogonal
polarization, and realizes their simultaneous separated detection in a polarization-sensitive
coherent imaging spectrometer. Altogether in-situ generation, in-situ use, and in-situ referencing
of the ultrabroadband coherent Raman excitation define a new diagnostics to investigate the
rotational energy distribution in gaseous H2.

Ultrabroadband H2 CRS measurements were demonstrated over a wide range of temperature
and H2 concentration across a canonical H2/air diffusion flame (Fig. 5), and validated against
conventional N2 CRS thermometry. The potential of our technique is further exemplified by what,
to the best of our knowledge, is the first direct observation of H2 preferential diffusion in H2/air
flames. The effect of the mass transport mechanism for the lightweight H2 molecules is uncovered
by the spatial mismatch of the temperature and relative H2/N2 concentration, as measured by
pure-rotational CRS (Fig. 6). Although this configuration is designed for rather large-scale
combustor test rigs (approximately 0.5 m in width), it can be extended to smaller-scale housings
as in Ref. [26], provided that the numerical aperture and therefore the filament properties are
maintained. For instance, the input beam diameter can be modified accordingly to reduce the
field irradiance inside the window when short focal-length optics are required. We prospect the
far ranging application of this diagnostics in all the research fields where H2 chemistry plays a key
role, from novel sustainable combustion technologies to methane reforming for H2 production.
To name one, liquid oxygen/gaseous H2 rocket combustion is a thriving research field with
application to low-Earth commercialization and sustainable space exploration [47]. Our technique
has clear advantages in such high-pressure environments, where both the fs pulse compression
and the coherent Raman excitations are enhanced, while time-resolved measurements can be
realized probing the Raman coherences below the collisional time-scale.
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This document provides supplementary information to “Coherent Raman spectroscopy on hydrogen with in-
situ generation, in-situ use, and in-situ referencing of the ultrabroadband excitation”. The theory of the 
polarization of the non-linear CRS field is presented along with the derivation of the relative polarization angle 
between the probe and pump/Stokes beams to generate the resonant and non-resonant (NR) CRS signals with 
orthogonal polarization. The details of the time-domain model employed to simulate the H2 CSRS signal, are 
provided. The experimental details of the NR CRS signal measurements are discussed along with the use of the 
time-domain NR CRS model to measure the spectrochronographic properties of the fs pump/Stokes pulse 
transmitted through a thick optical window.

1. Polarization theory of coherent Raman scattering

The theory of polarization control over the generation of the resonant and NR CRS signals relies on the model of the 
non-linear optical response of isotropic media developed by A. Owyoung [1]. The third-order susceptibility tensor ( )3χ

of gaseous H2 is written as a linear combination of the electronic response function σ, and the nuclear response function 
with isotropic and anisotropic components, respectively a and b:
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where the indexes l, k, j and i represent the polarization direction of the pump, Stokes, probe and CRS field, modelled 
in the frequency domain as monochromatic waves at frequencies ω1, ω2, ω3 and ω4. The CRS polarization field is thus 
computed as the combination of the input pump, Stokes and probe fields with the susceptibility tensor:

( ) ( ) ( ) ( ) ( ) ( ) ( )3 3 *

4 0 4 1 2 3 3 2 1
, , ,

i ijkl l k j
ijkl

P E E E         = − −    (S2)

where ε0 is the dielectric constant of vacuum and Ej, Ek, and El represent the complex spectral envelopes of the pump, 
Stokes and probe fields, respectively. We can here invoke the rotating wave approximation (RWA) to simplify 
Eq. (S1), neglecting the terms of the form |ωi+ωj|, which oscillate at optical frequencies, and introduce the parameter 
ζ = 2ρ/(1–ρ), with ρ = b/2(a+b) being the depolarization ratio of the Raman-active molecules. The only non-vanishing 
terms in Eq. (S1) are then:

( ) ( ) ( ) ( ) 
( ) ( ) ( ) 
( ) ( ) ( ) 
( ) ( ) ( ) 

3

1111 2 3 1 2

3

1122 2 3 1 2

3

1221 2 3 1 2

3

1212 2 3 1 2

1 3 2 1
24
1 2
24
1 2
24
1
24

a

a

a

      

      

      

      

  = + + − + + −  

  = + − + + − 

  = + − + + − 

  = + − + + − 

(S3)



2

Substituting Eq. (S3) into Eq. (S2), and defining α the relative polarization angles of the probe with respect to the 
polarization direction of the combined pump/Stokes field (with frequency ω12), we can project the CRS polarization 
along an arbitrary direction, identified by the angle ξ, as:
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Eq. (S4) can be further simplified assuming the probe field to be far detuned from any electronic resonance of the 
Raman active molecules so that |ω3–ω2|>>|ω1–ω2|, and by again invoking the RWA:
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We now define the relative polarization angles of the resonant and the non-resonant components of the CRS field 
respectively as β and γ:
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Eq. (S6) is used to compute the polarization angles of the resonant and NR CRS fields as functions of the relative 
probe polarization angle:

( )tan 1 2 tan
1tan tan
3

  

 

= −

=
(S7)

The functional relationships in Eq. (S7) are represented on the unit sphere in Fig. S1, representing the probe 
polarization angle as the azimuthal angle and the polarization angles of the resonant and non-resonant CRS signals as 
the elevation angle.

Fig. S1. (a) Polarization angle of the resonant pure-rotational H2 CRS signal (β), represented as the elevation angle of a point on the unit sphere, as 
a function of the polarization of the probe field with respect to the pump/Stokes field (α), represented as the azimuthal angle of said point, according 
to Eq. (S7). (a) Polarization angle of the non-resonant CRS signal (γ) as a function of the polarization of the probe field with respect to the 
pump/Stokes field (α), according to Eq. (S7).

2. Time-domain H2 CSRS model

The time-domain model of the H2 CSRS signal follows the mathematical treatment presented in Ref. [2]. The third-
order non-linear polarization field can be modelled in the time domain as:
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with E1, E2, and E3 being the complex time-domain envelopes of the pump, Stokes and probe fields, oscillating at
frequencies ω1, ω2, and ω3, respectively. The integration times t1, t2, and t3 represent the coherence timescales after 
the interaction with the corresponding fields, while τ12 and τ23 are the intra-pulse delay between the pump and Stokes 
and the Stokes and probe pulses, respectively.
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The two contributions to the third-order optical susceptibility χ(3) represent the effect of the resonant and 
non-resonant non-linearities in the optical response of the Raman-active molecules, where the first one is due to the 
stimulated Raman excitation of ro-vibrational wave packets for the nuclear wave function, by the pump and Stokes 
fields. The second contribution is due to the electronic coherence induced in the medium by the far-detuned pump, 
Stokes and probe fields, and is discussed in details in the next section. The resonant contribution to the third-order 
non-linear polarization field in Eq. (S8) is computed assuming that the molecular Raman frequencies of the gas-phase 
medium are matched by frequency pairs found across the bandwidth of a single broadband combined pump/Stokes 
pulse, ( ) ( )2 1

12
. .i tE t e c c − + with “c.c.” denoting the complex conjugate. Eq. (S8) is thus recast as:
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Under the assumptions of impulsive excitation of the rotational Raman coherence by the combined pump/Stokes 
field, and of instantaneous dephasing of the electronic coherence induced by the detuned probe field, the resonant 
non-linear susceptibility induced in the medium as a function of time can be written as:

( ) ( ) ( ) ( ) ( )3 3

CSRS CSRS 3 3
, δt t t t = (S10)

The temporal evolution of the resonant CSRS field is thus obtained by substituting Eq. (S10) into Eq. (S9):
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The resonant CSRS signal can thus be computed in the time domain as the product of the experimentally-measured 
temporal envelope of the probe field and the third-order non-linear optical susceptibility of the gas-phase medium. 
The latter is computed according to a phenomenological model as the linear combination of dampened harmonic 
oscillators at the frequencies of the rotational Raman resonances of the H2 molecules [3], with the combination 
coefficients representing the probability for the different rotational transitions:

( ) ( ) ( )3

, 2 , , 2 , , 2 ,
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v J

t W i t 
−  −  − 

 =  −  (S12)

Here, ωv,J-2←v,J is the angular frequencies of the pure-rotational Stokes Raman transition , 2 ,v J v J−  taken from
Ref. [4], Гv,J-2←v,J is the coefficient associated to its temporal dephasing due to molecular collisions, and Wv,J-2←v,J is 
the overall transition probability. In the present work we neglect the effect of collisional dephasing of the H2 Raman 
coherences in the light of its large timescale at ambient pressure [5] and of the short probe delay employed to 
simultaneously generate the resonant and NR CRS signals. The transition probabilities are computed as:

2

, 2 , , 2 , , 2v J v J v J J J J v J v J
W b F N N

−  −  −
=    − (S13)

with 2

,v J
 being the polarizability anisotropy of the H2 molecule, bJ-2←J the Placzek-Teller coefficients accounting for 

the coupling of the angular momenta, FJ the Herman-Wallis factors accounting for the vibrational-rotational coupling, 
Nv,J and Nv,J-2 the Boltzmann populations in the initial and final ro-vibrational states, respectively. The Placzek-Teller 
coefficients for the pure-rotational O-branch spectrum is given by the algebraic formula

( )
( )( )2

3 1
2 2 3 2 1J J

J J
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J J− 

−
=

+ +
(S14)

The Herman-Wallis factors play a significant role in the Raman spectra of light-weight molecules, such as H2,
which show a significant coupling between the vibrational and rotational degrees of freedom [6]. In the present work 
the Herman-Wallis factors are computed as [7]:

( )
22

21 3 3
J

F J J


 
= + + + 
 

(S15)

where η = 2Be/ωe is the ratio between the equilibrium values of the rotational (Be = 60.8 cm-1 [8]) and vibrational 
constants (ωe = 4401 cm-1 [8]), and χ here represents the ratio of the first two terms in the Taylor expansion of 
polarizability anisotropy as a function of the inter-nuclear distance, with value χ = 0.38 for H2 [9].
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Fig. S2. Coherent transition between rotational states of the H2 molecule. According to the selection rules of the pure-rotational CSRS process 
(ΔJ = –2 and ΔM = 0), transitions are only possible between states of equal magnetic quantum number: the multiplicity of these degenerate Zeeman 
substates is thus taken to be gz = 2J’+1, with J’ being the lower (final) rotational state in the transition. An example is here presented, where the 
stimulated Raman transition from the Zeeman substates J = 4, M = ±3 and J = 4, M = ±4 are forbidden, and the Zeeman multiplicity is gz = 5.

The differential Boltzmann population between the initial and final ro-vibrational states is computed as the product 
of the number density of scatters N, the difference between the Boltzmann populations in the initial and final states,
their nuclear spin degeneracy, and the Zeeman degeneracy of the lower J-state:

, , 2 , , 2v J v J N Z v J v J
N N N g g  

− −
− =    − (S16)

with nuclear spin degeneracy gN being respectively 1 or 3 for even or odd values of the total angular momentum 
quantum number J (called the “para-” and “ortho-” spin-isomeric forms of the H2 molecule), and the Zeeman 
degeneracy (gz = 2J – 3), quantifying the multiplicity of magnetic sub-states. According to the selection rules for the 
pure-rotational Raman transitions, ΔJ = –2 and ΔM = 0 (with M magnetic quantum number), the multiplicity of 
magnetic sub-states is taken to be the one of the final rotational state (i.e. the lower energy state, ', 'J M ) for the 
O-branch spectrum, as shown in Fig. S2.

The time-domain model was further simplified, with regard to the spectral linewidths, by assuming the dephasing 
of the H2 CRS signal to be entirely due to the frequency spread of the rotational wave packet, and neglecting the effect 
of molecular collisions. This assumption is justified, under the experimental conditions of the present work, as the H2
CRS signal shows a low rotational energy transfer at ambient pressure (as compared to other diatomic molecules such 
as N2), and the H2 CRS signal was generated with a probe pulse delay varying in the range 0-10 ps, so that the effect 
of molecular collisions is negligible.

3. Autocorrelation measurements – Experimental details

A folded grating compressor [10] is employed in the setup to compress the output of the regenerative chirped-pulse 
amplifier, and the diffraction grating is mounted on a motorized tilt stage to control its angle relative to the beam path.
This can be changed to introduce linear pre-chirp to the pulse, and compensate for the group delay dispersion (GDD)
introduced along the fs beam path, e.g. by the thick optical window.

Table S1 Electronic third-order susceptibilities of various gases.

Gas ( )3
NR

Ar 9.46
CH4 22.7
N2 7.90
O2 7.98
H2 5.90
Experimental values taken from Ref. [11].

Methane was selected for this experiment owing to its large third-order electronic susceptibility –more than twice 
the one of argon and almost four times the one of H2, as shown in Table S1–, which allowed us to maintain a 
signal-to-background ratio greater than 10 for all the acquired datasets. Modelling the output of the regenerative 
Ti:Sapphire amplifier as a Gaussian laser pulse with a measured bandwidth of 27.2 nm at 806.7 nm, the 
spectrochronographic properties of the pump/Stokes pulse are represented in Fig. S3(a-c) by the Wigner function for 
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a negatively-chirped, TL and positively-chirped pulse, respectively, corresponding to a two-dimensional Gaussian 
function. A sketch of the behavior of the spectral autocorrelation for a linearly chirped degenerate pump/Stokes pulse, 
and thus for of the NR CRS spectrum, is provided in Fig. S3(d-l).

Fig. S3 (a) Wigner function of a negatively-chirped pump/Stokes pulse (φ2 = -1000 fs2). (b) Wigner function of a transform-limited pump/Stokes 
pulse. (c) Wigner function of a positively-chirped pump/Stokes pulse (φ2 = 1000 fs2). (d) Amplitude spectrum of the negatively-chirped pulse field 
at different times: the red curve represents the spectrum of the instantaneous sub-pulse at time t = -20 fs. The linear chirp results in an asymmetric 
profile of the sub-pulse spectrum for t ≠ 0 fs. (e) Amplitude spectrum of the TL pulse field at different times: the red curve represents the spectrum 
of the instantaneous sub-pulse at time t = -20 fs. As the spectral phase is linear for the TL pulse, all the instantaneous sup-pulses have Gaussian 
spectra. (f) Amplitude spectrum of the positively-chirped pulse field at different times: the red curve represents the spectrum of the instantaneous 
sub-pulse at time t = -20 fs. (g) Spectral autocorrelation of the negatively-chirped sub-pulse at time t = -20 fs: the maximum excitation efficiency 
available at this time instant is shifted to Ω < 0. (h) Spectral autocorrelation of the TL sub-pulse at time t = -20 fs: the resulting excitation efficiency 
profile is a Gaussian with maximum at Ω = 0. (i) Spectral autocorrelation of the positively-chirped sub-pulse at time t = -20 fs: the maximum 
excitation efficiency available at this time instant is shifted to Ω > 0. (j) Amplitude spectrum of the NR CRS signal generated by the 
negatively-chirped pump/Stokes pulse: this results from the temporal integration of the excitation efficiency provided by each instantaneous 
sub-pulse. The introduction of negative chirp in the pump/Stokes pulse thus results in the shift of the maximum at |Ω| ≠ 0, and in the formation of 
spectral sidebands. (k) Amplitude spectrum of the NR CRS signal generated by the TL pump/Stokes pulse: in absence of the quadratic phase term, 
the spectrum is a Gaussian centered at Ω = 0. (l) Amplitude spectrum of the NR CRS signal generated by the negatively-chirped pump/Stokes pulse: 
analogous to the case of negative chirp, the quadratic phase results in the generation of spectral sidebands, but the magnitude of the focusing effect 
is not symmetric with respect to ±φ2.

The temporal instantaneous intensity of the pulse can be obtained by integration of the Wigner function over 
the frequency domain, while integration over the time domain yields the power spectrum of the pulse [12]. Introducing 
a quadratic phase –represented in Fig. S3(a-c) by the change in color– to the pump/Stokes pulse, the covariance matrix 
of the time and frequency variables is non-diagonal and thus quantifies the linear change in the carrier frequency over 
the temporal duration of the pulse. The NR CRS is generated by the FWM interaction of the degenerate pump/Stokes 
and probe fields, through the virtual electronic states represented in Fig. 1(a) of the main text, so that the process is 
assumed to be instantaneous. Hence, at each instant of time, the coherent excitation delivered by the pump/Stokes 
pulse, as mapped by the NR CRS signal, is the spectral autocorrelation of the sub-pulse given as the local section of 
the Wigner surface, an example being given by the red curves in Fig. S3(d-f), representing the sub pulse at time t = -
20 fs. The results of the autocorrelation of these sub pulses, shown in Fig. S3(g-i), depends on the shape of the 
spectrum of each sub pulse: in case of a TL pump/Stokes pulse, this is obviously a Gaussian. When a linear chirp is 
introduced in the pump/Stokes pulse, on the other hand, the resulting spectral asymmetry determines a shift of the 
maximum excitation efficiency at values of the Raman shift |Ω| ≠ 0, with the sign depending on the chirp being 
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negative or positive, as well as on the instant of time considered. The NR CRS signal of course results from the 
integration of this process over the duration of the pump/Stokes pulse: the experimental NR CRS spectrum being 
recorded by the sCMOS detector over a timeframe (1 ms) much larger than the tens of fs spanned by the pump/Stokes 
pulse. Fig. S3(j-l) show the resulting amplitude spectra of the NR CRS signal: in case of a TL pulse this is trivially a 
Gaussian, but when temporal chirp is present in the pulse, the quadratic phase term results in the periodic modulation 
predicted by the NR CRS model.
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ABSTRACT
We present the first experimental application of coherent Raman spectroscopy (CRS) on the ro-vibrational ν2 mode spectrum
of methane (CH4). Ultrabroadband femtosecond/picosecond (fs/ps) CRS is performed in the molecular fingerprint region from 
1100 to 2000 cm-1, employing fs laser-induced filamentation as the supercontinuum generation mechanism to provide the 
ultrabroadband excitation pulses. We introduce a time-domain model of the CH4 ν2 CRS spectrum, including all the five 
ro-vibrational branches allowed by the selection rules Δv=1, ΔJ=0, ±1, ±2; the model includes collisional linewidths, computed 
according to a modified exponential gap scaling law and validated experimentally. The use of ultrabroadband CRS for in-situ
monitoring of the CH4 chemistry is demonstrated in a laboratory CH4/air diffusion flame: CRS measurements in the fingerprint 
region, performed across the laminar flame front, allow the simultaneous detection of molecular oxygen (O2), carbon dioxide 
(CO2), and molecular hydrogen (H2), along with CH4. Fundamental physicochemical processes, such as H2 production via CH4

pyrolysis, are observed through the Raman spectra of these chemical species. In addition, we demonstrate ro-vibrational CH4

v2 CRS thermometry, and we validate it against CO2 CRS measurements. The present technique offers an interesting diagnostics 
approach to in-situ measurement of CH4-rich environments e.g. in plasma reactors for CH4 pyrolysis and H2 production.

I. INTRODUCTION
Methane (CH4) is the simplest hydrocarbon molecule and 

one of the most abundant chemical species in the universe, 
with its ubiquitous chemistry having important implications 
in planetary1,2 and life3 science. In recent years, the challenges
posed by anthropogenic climate change have highlighted the 
critical role played by CH4 in the oil and gas industry and in 
combustion technologies. CH4 is one of the most powerful 
greenhouse gases and, despite being short-lived in the Earth’s 
atmosphere, it has the second largest effective climate forcing 
potential after carbon dioxide (CO2)4: CH4 is the major 
component of natural gas and it’s associated with all 
hydrocarbon fuels. On the other hand, (compressed or 
liquefied) natural gas is the main alternative fuel for internal 

combustion engines5, reducing the emission of transport 
vehicles with respect to typical diesel and gasoil engines, and 
CH4 can be produced in a sustainable fashion as a bio-6 and 
e-fuel7. In this respect, CH4 can also be used as a chemical 
energy storage to enable the development of the hydrogen 
economy7: CH4 can be transported within the existing 
infrastructure for natural gas and valorised via chemical 
reforming to molecular hydrogen8 (H2) or other commodity 
hydrocarbons9,10.

In view of this, CH4 has been extensively investigated by 
laser diagnostics with linear optical techniques, based on 
absorption or scattering, providing in-situ detection and ro-
vibrational spectroscopy in energy systems. Optical probes 
based on laser absorption have been developed using e.g. 
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near-11 and mid-IR12 diode lasers, quantum-cascade lasers13,
and frequency combs14, and have been vastly employed for 
CH4 detection in atmospheric environments15 and for 
combustion diagnostics16. Absorption techniques have the 
advantage of simplicity and robustness, as well as the 
availability of large spectroscopic databases for the 
interpretation of experimental spectra17, they can realise 
ultrafast spectroscopy employing femtosecond (fs) laser 
sources18, and the capability for imaging measurements has 
also been demonstrated19,20. On the other hand they suffer 
from the lack of spatial resolution in the longitudinal direction 
as they are line-of-site techniques16, which can severely limit 
the accuracy of quantitative spectroscopy in inhomogeneous 
gas-phase media, such as turbulent combustion 
environments.

FIG. 1. The normal vibrational modes of methane21. (a) Symmetric 
C-H stretch mode. (b) Doubly degenerate H-C-H bend mode. (c) 
Triply degenerate asymmetric C-H stretch mode. (d) Triply 
degenerate H-C-H bend mode. (Jmol: an open-source Java viewer for 
chemical structures in 3D. http://www.jmol.org/)

The use of spontaneous Raman scattering in these 
contexts allows for spatially-resolved measurements, with the 
possibility for  imaging and high repetition rates22.
Spontaneous Raman spectroscopy has been thoroughly 
applied to the study of CH4

23,24, both in combustion25–29 and 
plasma21,30 environments, demonstrating its suitability as a 
probe molecule for the direct measurement of the rotational 
and vibrational temperature even in non-equilibrium systems,
with important implications for CH4 chemistry31. The main 
drawback of spontaneous Raman is the typically low cross 
section for this incoherent scattering process, which 
complicates its application in luminous environments, 
requiring large laser pulse energies to achieve single-shot 
measurements, with the risk of inducing the optical
breakdown of the gas-phase medium or molecular 
photofragmentation27. Additionally, further incoherent 

emission processes (e.g. chemiluminescence, fluorescence, 
etc.) can shadow the Raman signal, and the use of nanosecond 
(ns) laser pulses limits the temporal resolution so that 
spontaneous Raman spectroscopy cannot resolve ultrafast 
dynamics such as energy redistribution and relaxation 
processes32.

The limitations due to the incoherent nature of the Raman 
scattering process can be overcome by resorting to non-linear 
optics, in particular in the form of stimulated (SRS) and 
coherent Raman scattering (CRS). Despite the different 
nature of their emission33, SRS and CRS share the use of 
driving pump and Stokes laser fields with frequency 
difference matching the ro-vibrational transitions of the 
Raman-active molecules, resulting in the emission of a 
coherent signal, which can be remotely detected even in harsh 
environments. Since the very beginning of their development, 
continuous-wave SRS34,35 and CRS36–39 have been employed 
to perform high-resolution measurements of the ro-
vibrational Raman spectrum of CH4 in the so-called pentad 
region, allowing for the assignment of individual rotational 
lines in the isotropic Q-branch of the symmetric C-H stretch 
(v1 mode, see FIG. 1(a)). They were further employed to 
investigate the rotational energy transfer in molecular 
collisions40–42 between the vibrationally coherent CH4

molecules and other collisional partners, e.g. N2 and argon 
(Ar). In the context of combustion diagnostics, the CH4 CRS 
signal was recorded at temperatures as high as 1273 K in a 
furnace43, and CH4 ns CRS was used to measure the 
temperature in a laminar CH4/air diffusion flame44 and in 
supercritical LOX/CH4 combustion45.

In recent years, the introduction of ultrafast laser sources, 
providing pulses of the duration of pico- (ps) and 
femtosecond (fs), has led to the development of various kind 
of time-resolved CRS techniques, able to directly measure the 
rotational and vibrational wave packets of Raman-active 
molecules46. In particular, hybrid fs/ps CRS47, employing a 
combination of broadband fs pump and Stokes and 
narrowband ps probe pulses, achieved simultaneous time-
and frequency resolution, measuring the CRS spectrum 
below the relaxation timescale of the ro-vibrational energy.
Different kinds of time-resolved CRS have been applied to 
CH4. Relative CH4 concentrations measurements in binary 
mixtures with N2 were demonstrated via hybrid CRS by 
Engel et al.48 and via chirped-probe-pulse (CPP) CRS by 
Dennis et al.49. Bohlin and Kliewer at Sandia National 
Laboratories (SNL), Livermore, CA, employed a hollow-core 
fibre to compress a 45 fs pulse to <7 fs supercontinuum to 
excite the ro-vibrational Raman modes up to the pentad 
region of the CH4 Raman spectrum, realising ultrabroadband 
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fs/ps CRS imaging50. In a later work51, the same group 
employed ultrabroadband CRS imaging to investigate 
CH4/air flame-wall interaction, realising the simultaneous 
detection of N2, H2, molecular oxygen (O2), carbon monoxide 
(CO), CO2, and CH4. Recently, researchers at SNL Livermore 
and at the Plasma Physics Laboratory, Princeton, NJ, have 
presented a thorough investigation of the v1 mode spectrum 
of by hybrid fs/ps CRS52: they demonstrated the viability of 
CH4 CRS thermometry up to 1000 K, realised time-resolved 
measurements of the collisional dephasing of the Raman 
coherence of CH4 perturbed by itself, by N2 and by Ar, and 
developed a time-domain model of the CH4 v1 CRS spectrum.

All the applications of CRS to CH4 have been focused on 
the pentad region of its spectrum (~2600-3300 cm-1), which 
is dominated by the fundamental bands of the v1 mode and of 
the asymmetric C-H stretch (v3) mode (see FIG. 1(c)). The 
so-called dyad region (~1200-1900 cm-1), due to the doubly 
and triply degenerate bending of the H-C-H bonds23 (v2 and 
v4 modes, in FIG. 1(b) and FIG. 1(d) respectively), has been 
thus far neglected as the Raman cross section of the bending 
modes is more than one order of magnitude smaller than that 
of the stretch modes. On the other hand, this represents an 
important region for combustion and plasma diagnostics, as 
it overlaps with the ro-vibrational spectra of CO2

53 and O2
54,

as well as with the pure-rotational spectrum of H2, thus 
offering an interesting window for the study of CH4 chemistry 
with high spatio-temporal resolution. In view of this we here
present the first CRS investigation of the v2 mode of CH4,
dominating the dyad region of its Raman spectrum. We 
employ a two-beam hybrid fs/ps CRS system55 to perform 
ultrabroadband CRS spectroscopy in the region 1100-1200 
cm-1 of the Raman spectrum, using in-situ fs-laser-induced
filamentation as the compressed supercontinuum generation 
mechanism54,56,57. The use of hybrid fs/ps allows us to 
simultaneously access the frequency and time-domain to 
investigate the coupling of the rotational and vibrational 
energy degrees of freedom of the CH4 molecule, as well as 
the rotational energy transfer in molecular collisions. In order 
to demonstrate the potential of CH4 v2 CRS as a diagnostic 
tool for combustion and plasma technologies, we performed 
spatially-resolved multiplexed measurements across a 
laminar CH4/air diffusion flame.

II. METHODS
A. Optical setup

The experimental setup for two-beam ultrabroadband 
fs/ps CRS is similar to the one detailed in a previous work54,
only a brief summary is here provided. A regenerative 

chirped-pulse amplifier (CPA) system (Astrella, Coherent) is 
employed as the single light source, providing fs laser pulses 
at 800 nm, with a pulse energy of ~7.5 mJ, at a repetition rate 
of 1 kHz. A 65% split of the total pulse energy is temporally 
compressed to 35 fs and fed to a second-harmonic bandwidth 
compressor (SHBC, Light Conversion), to generate a 
frequency-doubled ~5 ps pulse, which serves as the narrow-
band probe pulse. Its duration and spectral linewidth are tuned 
by a 4f-pulse shaper to 7.3 ps and 4.1 cm-1 (time-bandwidth
product: 0.89 for a top-hat pulse58), with a resulting probe 
pulse energy of 200 µJ. The remainder of the CPA output is 
employed as a single degenerate fs pump/Stokes pulse in a 
two-beam phase CRS matching configuration55,59: an external 
compressor unit provides independent control the spectral 
phase of the fs pulse, so as to compensate for the dispersion 
due to the optical elements on the pump/Stokes beam path.
As demonstrated in previous works54,60, fs laser-induced 
filamentation can be used to generate a compressed 
supercontinuum, which acts as a single ultrabroadband 
pump/Stokes pulse, coherently exciting all the Raman-active 
modes whose characteristic period is longer than the 
supercontinuum pulse. Here this in-situ generation/in-situ use 
scheme is employed to perform ultrabroadband CRS in the 
vibrational fingerprint region: a spherical lens (f:=500 mm) 
focuses the ~1.2 mJ pump/Stokes pulse, with a theoretical 
irradiance of ~357 TW/cm2 at the focal point, thus resulting 
in the formation of a laser-induced plasma filament, which 
propagates for ~13 mm before collapsing. The laser focusing 
lens is mounted on a linear stage, whose position is adjusted 
to maintain the filament ~4 mm before the probe volume. As 
the fs pulse experiences self-phase modulation and non-linear 
propagation in the plasma medium inside the filament, these 
result in a compressed supercontinuum output, which serves 
as the ultrabroadband pump/Stokes pulse.

FIG. 2. Schematic of the ultrabroadband two-beam fs/ps CRS 
instrument. A single Ti:sapphire regenerative amplifier is employed to 
generate the 35 fs pump/Stokes and the 7 ps probe pulses. In-situ fs 
filamentation is employed as the supercontinuum generation 
mechanism: the ultrabroadband pump/Stokes beam is crossed by the 
probe beam at a distance of ∼4 mm after exiting the filament. TG, 
transmission grating; S, slit; TS, translation stage; CL, cylindrical lens 
with horizontal (h) and vertical (v) symmetry axes; λ/2, half-wave plate; 
WP, wedge plate; BP, beam profiler; B, burner; P, polariser; SL, 
spherical lens; M, mirror.
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A crossed beam quasi-phase-matched configuration is 
adopted with the probe beam focused by a spherical lens 
(f:=300 mm) to the measurement location and crossing the 
pump/Stokes at a ~3° angle, resulting in an estimated 20 μm 
(width, FWHM) x 2.5 mm (length, FWHM) x 20 μm (height, 
FWHM) probe volume. The relative delay of the probe pulse 
is tuned by controlling an automated delay line on the 
pump/Stokes beam path with a <10 fs resolution (Thorlabs).
A combination of 800 nm half-wave plate and thin-film 
polariser is employed to split a ~50 μJ portion of the beam: a 
single reflection from a wedge plate is focused by a 
cylindrical lens (f:=300 mm) onto a sCMOS beam profiler 
(WinCamD, Dataray), so as to monitor the (most sensitive) 
vertical alignment of the pump/Stokes beam over the whole 
range of motion of the automated stage. The ultrabroadband 
CRS signal is collimated through a spherical lens 
(f:=400 mm) and a band-pass filter (20 nm bandwidth 
FWHM, Semrock) is employed to suppress the probe, almost 
co-propagating with the signal in this geometry. The signal is 
finally dispersed through a high-resolution transmission
grating (3039 lines/mm, Ibsen Photonics) and imaged by a 
relatively fast-focusing lens (f:=200 mm) onto the sCMOS 
detector (Zyla, Andor), resulting in a detection bandwidth of 
900 cm-1, with a dispersion of 0.43 cm-1/pixel. The 4.1 cm-1

spectral linewidth of the ps probe pulse is the limiting factor 
for the resolution of the ultrabroadband CRS signal; the 
instrumental broadening due to the spectrometer is evaluated 
by fitting a Voigt profile with ∼0.1 cm-1 FWHM Lorentzian 
and ∼1.7 cm-1 FWHM Gaussian contributions. Half-wave 
plates are employed to maximise the efficiency of the 
transmission grating (measured to >90% for S-polarisation at 
400 nm) in the 4f-filter and to control the relative polarisation 
angle between the pump/Stokes and the probe field: in the 
present work the beams were set to have same polarisation, 
so as to maximise the signal generation efficiency, and a 400 
nm half-wave plate is employed to turn the polarisation of the 
(completely depolarised) CH4 v2 CRS signal and optimise its 
diffraction efficiency in the spectrometer.

B. Time-resolved CRS measurements
The v2 mode Raman spectrum of CH4 is here investigated 

under a number of different experimental conditions, by 
varying the collisional environment to measure its dephasing 
coefficients, and by performing ultrabroadband spectroscopy 
in a CH4/air flame, demonstrating single-shot detection of the 
CH4 v2 CRS spectrum at temperatures as high as ~800 K.

The collisional dephasing of the CH4 v2 CARs signal was
measured by performing time-resolved measurements of its
spectrum and delaying the probe pulse relative to the 

pump/Stokes up to 220 ps, in steps of 5.1 ps. Samples of 1000 
single-shot CH4 v2 CRS spectra were recorded up to ~80-100
ps, where the collisional dephasing  results in a reduction of 
the signal-to-background ratio (SBR) to ~3.3, and 10-shot-
averaged spectra were recorded from that point onward: at the 
transition point both single-shot and shot-averaged datasets 
were acquired and compared, computing a scaling factor over
the different dynamic ranges of the dephasing experiments.
Collisional dephasing measurements were performed, at 
atmospheric pressure, in different mixtures of combustion-
relevant gases. The measurements were performed in an open 
flow, regulated by digital flow controllers (Bronkhorst), 
provided inside a stainless steel T-junction: two set of 
measurements for binary mixtures of 75% and 50% CH4 in 
combination with N2, H2 and argon were performed. The 
demonstration of the single-shot detection of the CH4 v2 CRS 
spectrum at high temperatures in a chemically-reacting flow 
was realised in a laminar CH4/air flame, provided on a 
Bunsen burner. The burner is a seamless steel pipe with an 
inner diameter of 19 mm, through which the CH4 flow was
delivered with an exit plane velocity of 2.65 cm/s, ensuring a 
laminar flow (Reynolds number ~35); a steel mesh was
placed ~15 mm above the burner to stabilise the flame, while 
the measurements were performed ~1 mm above its nozzle.
Point-wise ultrabroadband CRS measurements were 
performed at 25 locations across the flame front, moving from 
the centre of the burner (location y=0 mm) with a 0.5 mm step 
size. In order to extend the detection limit at lower 
concentrations and higher temperatures, a set of 1000 10-
shot-averaged CRS spectra was acquired at each 
measurement location.

C. Time-domain CRS model
The modelling of the CH4 v2 coherent Raman spectrum 

follows the modelling approach of the CH4 v1 spectrum 
presented by T. Chen et al.52, based on assumption of 
impulsive excitation of the Raman coherence, and on a
phenomenological description of the resulting third-order 
nonlinear optical susceptibility following Prince et al.47 This 
approach has been successfully demonstrated for both pure-
rotational61–63 and ro-vibrational54,64 CRS of multiple 
combustion-relevant species. The main assumptions of the 
time-domain model can be outlined as follows: the nonlinear 
interaction of the electronically off-resonant pump, Stokes 
probe laser fields (at angular frequencies ωi with i=1, 2, and 
3, for the pump, Stokes and probe) with the gas-phase 
medium induces the macroscopic third-order polarisation:
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(1)

where iE and *
iE are the envelope of the ith field and its 

complex conjugate, it is the coherence timescale for the 
molecules after the interaction with the ith field, ij is the delay 

of the interaction with the ith and jth fields, δ is the Dirac 
function, representing the instantaneous dephasing of the
(virtual) electronic coherence, and ( )3 is the third-order 
susceptibility of the gas-phase medium. Under the 
assumption of impulsive excitation of the ro-vibrational
Raman coherence we can disregard the temporal envelope of 
the combined pump/Stokes field (in case of two-beam CRS55)
and write:

( ) ( ) ( ) ( ) ( )
3

3 3

23 3 23 2 2, iP t E t t t   = − + − 
 

(2)

Hence the CRS intensity spectrum is obtained, upon Fourier 
transforming the polarisation field, as:

( ) ( ) ( )  2
3

CRS 23 23, ,I P t  = FF (3)
( )3 represents the core of the model outlined so far, and is 

typically treated phenomenologically as:
( ) ( ) ( ) ( )

( )
( ) ( ) ( ) ( )( )i f f i f f i f f

3

2 , i , , i , , i , 
,

expv J v J v J v J v J v J
v J

t W i t 
→ → →

 = −  (4)

with summation running over all the possible initial and final 
ro-vibrational states (represented by the total angular 
momentum and vibrational quantum numbers, v and J)
allowed by the Raman selection rules for the molecular 
species considered. The temporal evolution of ( )3 is thus 
computed as the interferogram of damped harmonic 
oscillations –at the Raman frequencies ( ) ( )i f fv , i v , J J

→
and with 

damping coefficients ( ) ( )i f f, i , v J v J→
 dominated by the collisional 

rotational energy transfer (RET) at atmospheric pressure65–,
weighted by the semi-classical transition probabilities66. Eq. 
(4) thus introduces in the time-domain CRS model the 
spectroscopic properties of the Raman-active species, which 
in turn depend on the chemical structure of the molecule 
considered.

The case of CH4 is considerably more complicated than 
simple diatomic molecules, as early studies of its absorption 
spectrum revealed67. CH4 is a polyatomic spherical top
molecule, possessing three 3-fold and 2-fold axes of 
symmetry, and six planes of symmetry: in terms of these 
symmetry elements, CH4 belongs to the tetrahedral point 

group (Td)68. Since the molecule has five nuclei, there are nine 
possible vibrational modes which, according to group theory, 
can be clustered in the four normal modes illustrated FIG. 1,
called by the Greek letter “ν” and identified by the vibrational 
quantum numbers (v1, v2, v3, v4) and by the symmetry labels 
A, E, and F, for non-degenerate, doubly degenerate and triply 
degenerate modes, respectively. The first normal mode (ν1 at 
2932.4 cm-1), as already mentioned, is the non-degenerate 
symmetric stretch of the C-H bonds, which preserves the 
symmetry of the molecule in the vibrational ground state 
(0000), so that the instantaneous polarisability tensor has zero 
anisotropic invariant, and the associated Raman spectrum 
consists only of the isotropic Q-branch (with selection rules:
Δv=1, ΔJ=0). The v2 mode (at 1533.3 cm-1) is a doubly 
degenerate bend of the H-C-H bonds: this mode, as all the 
other vibrational modes of CH4 is Raman active, with 
selection rules ΔJ=0, ±1, ±2, so that the Raman spectrum is 
composed of O-, P-, Q-, R- and S-branch lines. The 
asymmetric C-H stretch mode (v3 at 3018.5 cm-1) and the v4

bend mode (at 1310.8 cm-1), being the least symmetric 
modes, are triply degenerate and the reduced symmetry 
results in the selection rules: ΔJ=0, ±1, ±2. Experimental 
measurements on the depolarisation ratio of the fundamental 
v2 and v3 Raman spectra have shown that these modes are 
completely depolarised (i.e. ρ=0.75), with the Raman activity 
entirely due to the anisotropic part of the polarisability tensor.
The normal frequencies of the stretch modes are roughly 
double than the bending modes (i.e. v1 ≈ v3 ≈ 2v2 ≈ 2v4), so 
that vibrational bands can be grouped into polyads, denoted 
Pn, with polyad number n = (2v1 + 2v3 + v2 + v4). P0 is the 
vibrational ground state; P1 has two vibrational levels, and 
Raman transitions P0← P1 involving the fundamental bands 
of v2 and v4 constitute the dyad region of the Raman spectrum; 
similarly, P2 has five vibrational levels, and transitions 
P1← P2 involve the fundamental v1 and v3 modes, as well as 
the overtones (2v2 and 2v4) and combination (v2+v4) of the 
bending modes, defining the pentad region.

The concept of symmetry plays an essential role in 
molecular spectroscopy, as it constraints the form of the 
molecular wave function according to Pauli’s exclusion 
principle. Under the assumption of the Born-Oppenheimer 
approximation, the total wave function of the CH4 molecule 
is written as the product of separable functions:

T E V R S     = (5)

with T translational wave function, E electronic wave 

function (including the electron spin), V vibrational wave 

function, R rotational wave function, and S nuclear spin
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6

wave function. As the translational motion doesn’t involve 
any internal degree of freedom, T is completely symmetrical 

(A symmetry), and so is E in the electronic ground state. The 
symmetry of the vibrational wave function depends on the 
symmetry of the irreducible representations of the Td point 
group corresponding to the normal vibrational modes in FIG. 
1. The rotational state of a CH4 molecule can be specified by 
the quantum numbers J, M, where M represents the projection 
of the total angular momentum with respect to an inertial 
frame of reference: the associated wave function is a solution 
of the spherical top wave equation. E.W. Wilson Jr. showed 
that this solution is a linear combination of irreducible 
representations of symmetry A, E and F69: his results are 
summarised in TABLE 1. The rotational wave function has 
(2J+1) degenerate projections with respect to an arbitrary
inertial axis (i.e. M = 0, ±1, … , ±J), hence the common 
factor in the table: this degeneracy cannot be lifted by 
intramolecular interaction, but only by application of an 
external field (e.g. in Stark effect)68.

TABLE 1 Symmetry of the rotational wave function of CH4 (with p = 0,
1, 2, 3, 4, or 5).

J = 6p (2J+1) [ (p+1)A + 2p E + 3p F ]
J = 6p+1 (2J+1) [ p A + 2p E + 3(3p+1) F ]
J = 6p+2 (2J+1) [ p A + 2(p+1) E + 3(3p+1) F ]
J = 6p+3 (2J+1) [ (p+1)A + 2p E + 3(3p+2) F ]
J = 6p+4 (2J+1) [ (p+1)A + 2(3p+1) E + 3(3p+2) F ]
J = 6p+5 (2J+1) [ p A + 2(p+1) E + 3(3p+3) F ]

Finally, CH4 has 16 possible nuclear spin wave functions: 2 
are singlet states (with nuclear spin quantum number I = 0, 
and associated projection MI = 0), 3 are triplet states (I = 1, 
MI = 0, ±1) and one is a quintet states (I = 2, MI = 0, ±1, ±2). 
In terms of symmetry, S is the combination69: 5A + E + 3F.
The CH4 molecule has 4 identical 1H nuclei, which obey the 
Fermi-Dirac statistics: according to Pauli’s principle, the total 
wave function must be symmetric with respect to any proper 
rotation of the Td point group, so that its overall symmetry 
must be A.

TABLE 2 Multiplication table for the irreducible representations. 

A E F
A A A E ⊅ A F ⊅ A
E E ⊅ A (2A + E) ⊇ F ⊅ A
F F ⊅ A F ⊅ A (A + E + 2F) ⊇

Under the multiplication in Eq. (5) the symmetry label obeys 
the rules in TABLE 2, and only wave functions with resulting 
symmetry A are allowed. This has important implications for 

the statistical weights of the ro-vibrational energy levels 
included in the calculation of Boltzmann distribution:

( )v, B

V R S

exp kJcE T
g g g

Z


−
= (6)

where v ,JE is the ro-vibrational energy (expressed in cm-1) of

the molecule (v is a short-hand notation for the complete set 
of vibrational quantum numbers), Vg is the vibrational 

degeneracy, Rg is the degeneracy of the rotational wave 

function according to the entries of TABLE 1, and Sg is the 
nuclear spin degeneracy, being 5, 2 and 3 for A, E and F
symmetry labels, respectively. According to the symmetry 
multiplication rules in TABLE 2 only the product of identical 
symmetry labels produces a representation with A symmetry: 
hence the often statement, in the literature, that ro-vibrational 
states (i.e. V R  ) of symmetry A, E, and F are 5-, 2- and 
3-fold degenerate.

In order to model the temporal evolution of the nonlinear 
susceptibility according to Eq. (4), one must know the 
frequencies of the allowed Raman transitions, and the 
corresponding polarisabilities of the CH4 molecule, which 
enter the weighting factors as44:

( ) ( ) ( ) ( )( )i i f f f f i i

2

i i f fv , v , v , v , 
ˆv , v , J J J JW J J  

→
= − (7)

These quantities can be computed adopting a tetrahedral 
formalism developed for the analysis of spherical top 
molecules70, which removes inter-polyad contributions to the 
higher order thanks to implicit contact transformations71,
while explicitly retaining inter-polyad contributions, due to 
the strong coupling between vibrational states within 
individual polyads. This approach was developed at the 
University of Burgundy and allowed the derivation of 
effective ro-vibrational Hamiltonians for polyads up to the 
tetradecad (i.e. P4, at ~6200 cm-1), from which the position 
and intensities of the spontaneous Raman spectrum of CH4

are computed72–74. The resulting spectral database has been 
employed by multiple research groups to simulate the 
spontaneous CH4 Raman spectrum in both the dyad75 and 
pentad region21,30,76, and recently its application has been 
extended to the v1 CH4 CRS spectrum52. According to the 
notation of Jourdanneau et al. the spontaneous Raman line 
intensities in the spectral database are computed as76:

( ) ( ) ( ) ( ) ( ) ( ) ( )i i f f i i i i f f i i f f

2 2
0 2v , v , v , v , v , v , v , J J J J J J JI S S

→ → →
  + II AA (8)

where 0,2S are the Stone coefficients, depending on the 

observation geometry in a spontaneous Raman experiment, 
while II andAA are the transition values of the isotropic and 
anisotropic components of the polarisability tensor. As 
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7

already mentioned, the v2 mode Raman spectrum is 
completely depolarised, so that its transition polarisability has 
only an anisotropic component, and the corresponding Stone 
coefficient become an irrelevant scaling factor. In contrast to 
the incoherent spontaneous Raman scattering, the probability 
amplitude for the coherent Raman scattering process depends 
on the differential of the Boltzmann population in the initial 
and final ro-vibrational states, as shown in Eq. (7). The 
weight factors in Eq. (4) are thus computed from the line 
intensities in the spectral database as:

( ) ( ) ( ) ( )
( ) ( )

( )

f f i i

i i f f i i f f

i i 0

v , v , 

v , v , v , v , 

v , 

J J

J J J J

J T

W I
 

→ →

 − =
  
 

(9)

with T0 (~1500 K) being the reference temperature for the 
calculation of the line intensities in the spectral database21.
The spectral database contains ~16 million lines in the dyad 
region –involving vibrational states up to the tetradecad and 
rotational states up to J = 23: of these ~11 million correspond 
to v2 mode Raman transitions (i.e. Δv2 = 1, Δv4 = 0) and ~5
million are v4 mode transitions. The v4 mode band is the 
weakest of the ro-vibrational Raman spectrum of CH4 and 
could not be observed in our CRS experiments: the time-
domain CH4 CRS model was thus limited to the v2 mode 
spectrum. Each of the v2 mode transitions gives rise to a 
damped harmonic contribution which is computationally 
evaluated on a temporal grid up to 1 ns, with 8 fs step size,
corresponding to a resolution of 0.03 cm-1 for the Fourier-
transformed CRS signal. As pointed out by Chen et al.52, the 
main challenge in the development of an accurate time-
domain model for the CH4 CRS spectrum is the staggering 
number of Raman transitions included in the MeCaSDa 
calculated spectral database computed at the University of 
Burgundy72,73 (and accessible at the following url: 
http://vamdc.icb.cnrs.fr/PHP/methane.php) and the resulting 
computational cost. Implementing the calculation of ( )3 as a 
running sum for every transition input avoids exceeding 
memory limits of the available computational resources; each 
spectral calculation still needs to be iterated for different input 
values of temperature and, if the effects of molecular 
collisions are not negligible, of species concentrations in the 
probe volume. Hence, the calculation of spectral libraries for 
quantitative spectroscopy can be a cumbersome task, 
especially when the possibility of CH4 CRS thermometry in 
non-equilibrium environments is considered21. The
computational cost can be reduced by implementing a filter 
to exclude transitions whose intensity is lesser than the a cut-
off value of strongest transition in the spectrum52, depending 

on both the strength of the associated instantaneous dipole 
and on the Boltzmann population.

FIG. 3. The spontaneous Raman cross-section for CH4 v2 mode 
transitions. (a) Transition moment of the polarisability anisotropy for 
the fundamental band (0000←0100) and the first two hot bands
(0100←0200 and 0001←0101) of the ν2 mode, according to the 
different Raman selection rules. (b) The cumulative distribution 
function, representing the fraction of the Boltzmann population 
included in the calculation of ( )3 as a function of the input temperature 
and cut-off value selected for the filtering of the spectral database.

FIG. 3(a) shows the transition polarisability for a small 
fraction of the Raman transitions considered in the database, 
corresponding to the fundamental band of the v2 mode 
spectrum (0000←0100) and its first two hot bands 
(0001←0101 and 0100←0002): the overall database spans 
more than 18 orders of magnitude in the Raman polarisability.
These are combined with the differential Boltzmann 
population between the initial and final transition states at 
different temperatures, between 300 and 1500 K in FIG. 3(b),
to compute the overall line intensities of the CRS spectrum.
Implementing different cut-off values the number of Raman 
transitions taken into account in the calculation of ( )3 can be 
significantly reduced, at cost of considering only a fraction of 
the Boltzmann population. In particular, adopting a tolerance 
of 1% or 0.1% of the strongest line in each branch most of the 
cumulative distribution function (CDF) is neglected. 
Increasing the tolerance to a millionth (billionth) of the 
strongest line, more than 40% (90%) of the CDF is taken into 
account at all temperatures considered in the theoretical CRS 
library. The non-monotonic behaviour shown by the 
corresponding curve in FIG. 3(b) depends on the 
combination of the different Raman polarisabilities and of the 
spreading Boltzmann distribution at higher temperatures. A 
cut-off value of 1E-4 was found to be sufficient to model the 
time-domain behaviour of the CH4 v2 CRS spectrum at room 
temperature, where the effect of vibrational hot bands is 
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measured to be negligible. In the flame experiment, on the 
other hand, the cut-off value needs to be increased to 
guarantee the independence of CH4 v2 CRS thermometry 
from the spectral filtering. An unfiltered spectral library was 
used to fit the flame spectra up to ~800 K, and a cut-off value 
of 1E-6 was then found to perfectly reproduce these results
while including only half of the cumulative Boltzmann
distribution as shown in FIG. 3(b).

The time-domain CH4 v2 CRS model is complemented by 
the inclusion of Raman linewidths, representing the 
collisional dephasing of the signal. The collisional dephasing 
coefficients of the Q-branch spectrum ( ) ( )i fv , v , J J→

 are modelled 

according to the modified exponential gap (MEG) law77,78, as:

( ) ( )i fv , v , kjJ J
k j


→



 = (10)

with upward and downward collisional transition rates, 
between the ith and jth rotational energy states, given by:

( )2

0 B

B B

1 k
exp

1 k k

n
j ii

ji

i

E ET a E T
p

T a E T T


 
 − − + =     +      

(11)

B

2 1
exp

2 1 k
j ii

ij ij

j

E EJ
J T

 
− +

=  +  
(12)

where p is the pressure, T0=296 K is the reference 
temperature, Ei and Ej represent the ro-vibrational energy in 
the upper and lower vibrational states (so that the energy gap 
is always positive), and α, β, δ, a and n are fitting parameter 
for the scaling law. In the present linewidth model the effect 
of the symmetry of ro-vibrational wave function is 
neglected42, so that the linewidth computed for a specific 
value of the rotational quantum number J is applied to all its 
symmetry components in TABLE 1; similarly, the same RET 
rate is assumed for all the vibrational hot bands. Following 
the work of Chen et al.52 the species-specific constant a is set 
to 2, and the number of fitting parameter to be simultaneously 
determined is reduced by independently fitting α and β at 
room temperature, assuming δ=1 and n=0. While the MEG 
model has been successfully applied to isotropic v1 Q-branch 
CRS spectrum of CH4 in multiple studies44,45,52, the sum rule 
in Eq. (10) is not rigorously satisfied in the case of the 
anisotropic CH4 v2 lines, where molecular reorientation and 
degenerate levels are present79. To a first approximation this 
fact can be neglected, and the corresponding Raman lines can 
be assumed to satisfy Eq. (10): this approximation, though 
coarse, was employed with satisfactory results to model the 
collisional line broadening of the P- and R-branch lines in the 
absorption spectra of CO2

80. We justify the present use of the 
MEG scaling law as a first-approximation model of the 
collisional dephasing of the anisotropic CH4 v2 Q-branch 

spectrum in view of the fact that only atmospheric pressure 
experiments are here reported, so that the molecular 
reorientation in inelastic collisions and the intra-branch 
coupling can be reasonably neglected. On the other hand, the 
sum rule in Eq. (10) is not directly used to compute the 
dephasing coefficients of the O-, P-, R- and S-branch lines, as 
the inter-branch coupling is assumed to dominate over the 
intra-branch contribution79. The collisional dephasing rates of
these lines are computed assuming the “random phase 
approximation” (RPA), whereby the width of an anisotropic 
line involving a change in the rotational quantum number 
(Ji → Jf) depends only on the relaxation of the rotational 
energy levels labelled by the quantum numbers Ji and Jf, as81:

( ) ( ) ( ) ( ) ( ) ( )( )i i f f i i f i i f f fv , v , v , v , v , v , 

1
2J J J J J J→ → →

 =  + (13)

III. RESULTS AND DISCUSSION
A. Time-resolved CH4 v2 spectrum
An example of a single-shot CH4 v2 coherent Raman Stokes 
spectrum (CSRS), acquired in a room-temperature methane 
flow, in the spectral range 1100-2000 cm-1 is given in FIG. 4.
The CH4 v2 spectrum presents all five branches corresponding 
to the selection rules ΔJ=0, ±1, and ±2. The spectral 
resolution of our CRS instrument (limited by the 4.1 cm-1

width of the probe spectrum) is insufficient to resolve the 
rotational structure of the Q-branch, which is then a single 
convolved feature at ~1535 cm-1. The ordering of the branch 
labels with the Raman shift on the Stokes of the probe line is 
opposite to the one on the anti-Stokes side (CARS), as shown 
in FIG. 4: the O- and P-branch appearing at larger Raman 
shifts than the R- and S-branch.

FIG. 4. Single-shot CH4 ν2 CSRS spectrum at room-temperature. The 
v2 mode Raman-activity is completely anisotropic and the selection 
rules allow for O-, P-, Q-, R-, and S-branch transitions. Note that, as 
the CRS signal is acquired in the Stokes side, the usual branch 
ordering is reverted, with negative changes in the total angular 
momentum quantum number (ΔJ=-1,-2 for the P- and O-branch, 
respectively) determining a larger frequency transition.

The spectroscopic data for the CH4 Raman spectrum 
discussed in Section II can be directly applied to the CSRS 
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spectrum, with the only caveat that the branch labels for 
negative and positive changes in J need to be interchanged. A
comparison of the experimental measurements and model 

prediction of the dynamic behaviour of the CH4 v2 CRS 
spectrum is provided in FIG. 5.

FIG. 5. Time-resolved CH4 ν2 CRS spectra: comparison between experiments and time-domain model. (a) Experimental spectrochronogram of 
the ro-vibrational CH4 ν2 mode, acquired in a room-temperature CH4 flow over for values of the probe pulse delay spanning over 50 ps. A 1000-
shot-averaged CRS spectrum is shown at each probe delay. (b) Modelled spectrochronogram including only the fundamental band of the ν2
mode (i.e. 0000←0100), and rotational states up to J=23. (c) Experimental spectrochronogram of the ν2 Q-branch spectrum. (d) Modelled 
spectrochronogram of the ν2 Q-branch spectrum. (e) Experimental spectrochronogram of the convolved P(7) and O(4) ro-vibrational lines. (f) 
Modelled spectrochronogram of the convolved P(7) and O(4) ro-vibrational lines. (g) Experimental spectrochronogram of the R(5) line of the 
P-branch spectrum. (h) Modelled spectrochronogram of the P(6) line of the P-branch spectrum.

The coherence beating in time-resolved CRS spectra is a
well-known phenomenon, due to the presence of unresolved 
spectral lines at the resolution of the CRS instrument. 
Examples of this are found in hybrid fs/ps CRS spectra of air, 
where some N2 and O2 lines cannot be resolved for probe 
pulse durations lesser then ~60 ps, and in high-temperature 
N2 spectra due to the presence of unresolved hot bands82. The 

presence of significant vibrational hot bands in room-
temperature CRS spectra is uncommon for diatomic 
molecules, with relatively high vibrational constant (e.g. 
~2330 cm-1 for N2), but more complex polyatomic molecules 
can have vibrational modes at lower frequencies (e.g. ~667 
cm-1 for the bending mode of CO2), so that excited vibrational 
states can have a significant Boltzmann population54. In order 
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to assess the impact of vibrational hot bands on the temporal 
beating of the room-temperature CH4 v2 CRS spectrum, the 
time-domain model was here limited to the inclusion of 
fundamental transitions between the ground and first 
vibrationally excited states: as the model correctly reproduces 
the beating pattern in the experimental spectrogram, 
vibrational hot bands must have a negligible impact on this 
behaviour.

It is useful to distinguish the dynamics of the different 
branches in the CH4 v2 CRS spectrum to understand the origin 
of its beating. As shown in FIG. 5(c), the Q-branch lines 
appear as a single unresolved spectral feature centred 
approximately at 1535 cm-1 and shifting by ~5 cm-1 on either 
side, depending on the probe pulse delay. Its beating is 
captured by the model in FIG. 5(d), including rotational lines 
up to state J=23: it is reasonable to interpret this as the 
interferogram of these unresolved lines. It is then interesting 
to analyse the other spectral branches, which are fully 
resolved in FIG. 5. As an example, the dynamic behaviour 
O(4) at ~1610 cm-1 is represented in FIG. 5(e) and modelled 
in FIG. 5(f): a severe beating is still observed, which even 
leads to the line splitting at a probe delay of ~80 ps. While the 
beating can be partly attributed to the fact that the O- (and S-)
branch lines are as a matter of fact not isolated, but overlap to 
the P- (R-) branch lines, the interference of only two 
harmonic contribution is expected to give rise to a simple 
sinusoidal pattern. A non-trivial beating pattern is also 
observed for line R(5) in FIG. 5(g),(h), which does not 

overlap to any line of the S-branch and is perfectly isolated. 
Besides unresolved lines due to different chemical species, 
and to vibrational hot bands, coherence beating in time-
resolved CRS spectra can arise from intra-molecular 
interaction, whereby the coupling of two energy degrees of 
freedom breaks some implicit symmetry of the molecular 
wave function, thus splitting otherwise degenerate energy 
states. This is the case e.g. in the pure-rotational CRS 
spectrum of O2, where the spin-orbit coupling give rise to the 
beating of unresolved triplet transitions83, and for the v2 mode 
Raman spectrum of CH4. In this case, the gyroscopic coupling 
between the ro-vibrational levels of the v2 and v4 modes in the 
CH4 dyad, lifts the degeneracy of the ro-vibrational energy 
associated to the total angular momentum quantum number J.
This effect can be thought of in classical terms as the 
introduction of a non-inertial Coriolis force84,85 in the 
molecule-fixed frame of reference, which introduces an 
orientation-dependent contribution to the rotational energy of 
the molecule. The v2-v4 Coriolis coupling is explicitly taken 
into account in the tetrahedral formalism employed to 
compute the spectral database86, so that the rotational sub-
states associated to the same J are treated as non-degenerate, 
and the time-domain CRS model correctly reproduce their 
coherence beating.

B. Linewidth measurements
The collisional dephasing of the CH4 v2 CRS spectrum is 

presented in FIG. 6.

FIG. 6. Collisional dephasing of the CH4 ν2 CRS signal. (a) Comparison of the experimental dephasing of the spectrally-integrated Q-branch 
signal and the MEG model in a room-temperature atmospheric CH4 flow. (b) Experimental dephasing of isolated lines of the CH4 ν2 spectrum in 
a room-temperature atmospheric CH4 flow: O(9), and P(6) are selected as an example. The experimental behaviour is compared to the linewidths 
computed adopting the RPA. (c) Experimental dephasing of the of the spectrally-integrated isotropic Q-branch signal in binary mixtures with N2,
H2 and argon, compared to the dephasing in a pure CH4 flow. (d) Detail of the experimental dephasing of the CH4 signal self-perturbed and in 
50%-50% binary mixtures with N2, H2 and argon, for probe delays 100-225 ps.
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First, the dephasing of the spectrally-integrated Q-branch 
signal in a room-temperature, atmospheric flow of CH4 is 
shown in FIG. 6(a): the beating of the unresolved J-lines in 
the Q-branch spectrum has a significant impact on the CRS 
signal intensity. The temporal behaviour of the CRS signal is 
thus determined by both the coherence beating and the 
collisional dephasing of the rotational lines. The collisional 
dephasing is modelled according to the MEG scaling law in
Eq. (10)-(12), by fitting simultaneously the α and β
parameters. In order to highlight the effect of the molecular 
collisions, the theoretical behaviour in their absence is also 
given (dashed line) in FIG. 6(a). The experimental dephasing 
of the CH4 v2 Q-branch spectrum and the prediction of the 
collisional model show a satisfactory agreement over the 
measured probe delay range 20-180 ps, and prove that, at least 
to a first approximation and at ambient conditions, the 
collisional dephasing of the anisotropic Q-branch lines can be 
well approximated by the sum rule with a MEG scaling law 
for the state-to-state relaxation rates. The effect of inter-
branch coupling on the other hand is taken into account in the 
collisional dephasing model for the O-, P-, R- and S-branch 
lines, by introducing the RPA. The corresponding dephasing 
rates are thus computed according to Eq. (13) from the 
dephasing of the Q-branch lines, previously calculated by the 
MEG scaling law. FIG. 6(b) shows the experimental 
dephasing of two isolated lines in the O- and P- branches 
(namely O(9) and P(6)) and presents a comparison to the 
prediction of the RPA applied to the MEG-modelled Q-
branch dephasing coefficients. The model predicts the 
collisional dephasing of these lines to a reasonable agreement 
with the experimental data, in particular for line O(6), 
although the predicted dephasing introduces an undue 
damping of the coherence beating of P(9) for probe delays 
larger than ~150 ps.

The effect of different collisional partners in binary 
mixtures with CH4 was also investigated, as shown in FIG. 
6(c). The experimental decay of the CH4 v2 Q-branch signal, 
as measured in pure CH4 or in the binary mixtures with N2,
H2, and argon, shows a negligible dependence on the actual 
mixture composition for a probe delay lesser than ~80 ps. 
This observation confirms for the v2 mode spectrum the same 
behaviour reported for the CH4 v1 Q-branch in binary 
mixtures with N2 by Engel et al.48. Chen et al. defined a 
critical probe delay for the collisional partner independence 
of the CH4 v1 CRS signal and estimated this to be ~100 ps52:
they experimentally confirmed it by measuring the collisional 
dephasing of the CH4 CRS signal in binary mixtures with 
argon, as well as N2. They employed a simple model based 
on gas kinetics to estimate the mean time between molecular 

collisions and thus define a collision sensitivity time. Below 
such a timescale, coherence beating dominates the temporal 
evolution of the CH4 v2 CRS signal in FIG. 6(c). For probe 
delays larger than ~80 ps the dephasing of the signal shows 
sensitivity to the collisional environment, as shown more in 
details in FIG. 6(d). N2 and argon present similar behaviours 
as collisional partners to the CH4 molecules: this and confirm 
the findings by Chen et al., who estimated the collisional 
linewidths of the CH4 v1 Q-branch at room temperature and 
500 Torr to be 0.167 cm-1 and 0.158 cm-1 for binary mixtures 
with 90% N2 and argon, respectively. On the other hand, H2

is a much weaker perturber to the CH4 v2 CRS signal as 
demonstrated by the comparison with the self-perturbed 
behaviour in FIG. 6(d): at 210 ps, the CH4 CRS signal in a 
binary mixture with 50% H2 is almost two orders of 
magnitude larger than the corresponding signal in a flow of 
pure CH4. This observation is explained by the largely 
different rotational energy manifolds of the CH4 and H2

molecules, such that any rotational state of the CH4 scatterers
has a low density of neighbouring states of the H2 perturbers. 
The collisional RET is thus significantly lessened in case of 
binary mixtures of CH4 and H2. In the case of N2, on the other 
hand, radiator and perturber have plenty neighbouring 
rotational energy states, promoting the RET in inelastic 
collisions.

C. CH4/air diffusion flame spectroscopy
The potential of CH4 v2 CRS spectroscopy for in-situ

diagnostics in chemically reactive flows is demonstrated by 
performing spatially-resolved measurements across a laminar 
CH4/air diffusion flame.

FIG. 7. Single-shot CRS spectra acquired at locations y=2.5, 5.5 and 
6.5 mm across the CH4/air diffusion flame front. The probe delay 30.7 
ps is for all spectra. The peaks at 1265 and 1285 cm-1 belong to the 
“red” dyad of the CO2 spectrum, while the peaks at 1388 and 1409 
cm-1 belong to the “blue” dyad. O2 can also be detected by its ro-
vibrational Q-branch spectrum at 1553 cm-1, which presents a clear 
increment moving towards the oxidiser stream. The rest of the 
spectral lines are attributed to the ν2 mode spectrum of CH4.

CRS measurements over the spectral range ~1100-2000 
cm-1 were performed with a probe delay of 30.7 ps at each of 
the 25 locations, spaced by 0.5 mm across the flame front, 
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moving from the fuel stream at the centre of the burner (y = 0 
mm) to the oxidiser stream (y = 12 mm). The probe delay was 
chosen to time-gate the NR background and to maximise the 
signal-to-noise ratio (SNR), balancing the detection of the 
different branches of the CH4 spectrum as visible in FIG. 6(a)
and FIG. 6(b). The single-shot detection of the CH4 v2 CRS 
signal was achieved up to location 6.5 mm, at temperatures as 
high as ~800 K: FIG. 7 presents different examples of single-
shot CH4 v2 CRS spectra acquired at three different locations 
(y=2.5, 5.5 and 6.5 mm) in the flame. Moving from the centre 
of the burner towards the chemical reaction zone of the flame, 
the CH4 v2 CRS signal is negatively impacted by the 
combination of increasing temperature and reducing CH4

concentration so that at y=6.5 mm the SNR is reduced to less 
than 10. In order to extend the detection limit of the CH4 v2

CRS signal and validate the time-domain model at higher 
temperatures, 10-shot-averaged spectra were acquired at each 
flame location: the CH4 could be detected up to 1020 K at 
y=8 mm. FIG. 8 shows the ultrabroadband CRS spectra 
acquired across the CH4/air flame front. Four different 
chemical species are detected in the vibrational fingerprint 
region of the Raman spectrum from 1100 to 2000 cm-1:
namely, the ro-vibrational v2 spectrum of CH4 (from 1300 to 
1950 cm-1), the CO2 Fermi dyad (with fundamental Q-branch 
at 1285 and 1388 cm-1), the pure-rotational spectrum of H2

(four O-branch lines at 1246, 1447, 1637, and 1815 cm-1), and 
the ro-vibrational spectrum of O2 (with fundamental Q-
branch at 1556 cm-1). Spatially-resolved ultrabroadband CRS 
thus provide a window to monitor the physical-chemical 
processes in-situ, by measuring the local temperature and 
detecting some of the major reactants and products. The 
spectrum in FIG. 8(a) is representative of the fuel stream 
from the centre of the burner to y≈5 mm (as shown also in the 
comparison of the single-shot spectra at y=2.5 and 5.5 mm in
FIG. 7): the spectrum is dominated by the ro-vibrational v2

mode lines of CH4 and by the characteristics Fermi dyad of 
the CO2 spectrum, in particular the “blue” fundamental band 
of CO2 at 1388 cm-1 is the single highest spectral feature. 
Such an abundance of CO2 at the centre of the fuel stream can 
be explained by buoyancy of the lightweight CH4 molecule 
(relative molecular mass: m=16) against the heavier CO2

(m=44) produced in the whole reaction zone volume of the 
flame. This results in the internal recirculation of the high-
temperature CO2 and its local mixing with the room-
temperature CH4 flow at the burner inlet: upon thermalisation 
the local temperature is higher than 296 K as attested by the 
clear detection of the first hot band in the CO2 spectrum54 at 
~1265 and ~1409 cm-1, and even a second hot band in the red 
dyad at 1244 cm-1 as shown in the inset of FIG. 8(a). It is 

worth noting here that this local CO2 recirculation is expected 
to impact on the combustion chemistry due to its large heat 
capacity: this point will be further discussed when presenting 
the results of CRS thermometry. A small amount of fuel 
mixing with air is also visible in the spectrum: the small peak 
at 1556 cm-1 is indeed the ro-vibrational Q-branch of O2. This 
becomes much more pronounced in the high-temperature 
spectrum of FIG. 8(b), acquired in the reaction zone at 
y=8.5 mm.

FIG. 8. Ultrabroadband CRS spectra in the molecular fingerprint 
region, measured across the laminar CH4/air diffusion flame. The 
probe delay 30.7 ps is for all spectra. Note that gamma compression 
is employed in the image post-processing. (a) Fuel steam (y=1 mm): 
low-temperature ro-vibrational spectra of CO2 and CH4 (b) Reaction 
layer (y=8.5 mm): moving toward the reaction zone, CH4 undergoes 
pyrolysis producing H2, which is then rapidly consumed in the 
chemical reaction. Four lines of the pure-rotational Raman spectrum 
of H2 are detected in the window ~1100-2000 cm-1. The increased 
temperature is evident in the multiple hot bands of the ro-vibrational 
CO2 and O2 spectra (c) Oxidiser stream (y=11.5 mm): the oxidiser is 
ambient air, so that the Raman spectrum in the fingerprint region is 
dominated by the ro-vibrational spectrum of O2. A small amount of the 
CO2 produced in the combustion reaction diffuses into the oxidiser 
stream.
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In this region of the flame the combustion reaction 
sustains itself by releasing heat that in turns provides the 
activation energy for the dissociation of the CH4 molecules 
into radicals leading to the generation of H2, which is then 
rapidly oxidised. Indeed the CH4 v2 CRS spectrum is barely 
detectable at this location, while four lines of the 
pure-rotational H2 O-branch spectrum are identified: namely, 
O(6) at 1246 cm-1 (overlapping with the second hot band of 
the CO2 spectrum, as highlighted in the inset), O(7) at 1447 
cm-1, O(8) at 1637 cm-1 and O(9) at 1815 cm-1. The heat 
released in the oxidation of the fuel increases the local 
temperature as marked by the pronounced hot bands in the Q-
branch spectra of CO2, these are marked in the figure by the 
lowest vibrational state, denoted according to the notation in 
Herzberg87 as ν1ν2

lν3. As the oxidiser is ambient air, the 
temperature rapidly drops moving away from the reaction 
zone and the spectrum at y=11.5 mm is dominated by the low-
temperature O2 CRS signal, with the ro-vibrational O- and S-
branch spectra also visible in FIG. 8(c).

FIG. 9. Temperature dependence of the CH4 ν2 CRS spectrum. 
Single-shot spectrum acquired in an open room-temperature CH4 flow 
(light green), and 10-shot-averaged spectra acquired at 550 K (dark 
green) and 700 K (black) at location y=3.5 and 6 mm, respectively.

FIG. 9 illustrates how the CH4 ν2 CRS spectrum is 
affected by temperature, by comparing a single-shot spectrum 
acquired in at room temperature, and two 10-shot-averaged 
spectra acquired at two different locations across the flame 
and fitted to the time-domain model measuring the local 
temperature to 550 K and 700 K, respectively. As the 
temperature increases higher rotational state become 
populated, as reflected by the spread of the spectral envelope; 
in addition, the coherence beating of the O- and P-branch 
lines, and possibly of the vibrational hot bands, determines a 
shift of the strongest line from O(6) at room temperature to 
O(10) in the flame, while the probe delay is kept at 30.7 ps 
for all the spectra. An analogous behaviour is shown by the 
S-branch spectrum, with the dominating line at room 
temperature being S(0), and shifting to S(2) at 550 K. The 
small peak at 1447 cm-1 at 700 K is attributed to line O(7) in 
the pure-rotational H2 CRS spectrum. A significant change is 
also observed in the unresolved Q-branch spectrum as the 

temperature increases, although the effect is somewhat 
obscured at T=700 K because of the overlap with the ro-
vibrational O2 Q-branch spectrum, whose intensity increases 
moving towards the oxidiser stream.

Ultrabroadband CRS in the fingerprint region has so far 
provided us with qualitative insights into the mixing and 
chemical processes taking place across the diffusion flame. In 
order to perform quantitative measurements, it is necessary to 
validate the time-domain model for the CH4 v2 CRS spectrum 
at high temperature. This is done by performing direct CH4

thermometry –matching the experimental 10-shot-averaged 
spectra up to y=6.5 mm against the synthetic library– and 
comparing the results to CO2 CRS thermometry, developed 
and validated in our previous study54. An example of the 
fitting of an experimental CH4 v2 CRS spectrum (at y=0 mm) 
to the time-domain CRS model is shown in FIG. 10(a). All
the five ro-vibrational branches of the CH4 v2 spectrum in the 
region ~1400-1950 cm-1 are fitted simultaneously to the 
synthetic spectra in the library employing a damped least-
squares algorithm. As the temperature increases toward the 
reaction zone, the hot bands of the CO2 spectrum cover the S-
and R-branch lines of the CH4 spectrum; similarly, the 
increasing oxygen concentration moving to the oxidiser 
stream, results in the mixing of the Q-branch lines of the CH4

and O2 spectra. Hence, from location y=4 mm up to 7 mm the 
fit was limited to the P- and O-branch lines of the CH4 v2

spectrum. All the five ro-vibrational branches of the CH4 v2

spectrum in the region ~1400-1950 cm-1 are fitted 
simultaneously to the synthetic spectra in the library 
employing a damped least-squares algorithm. As the 
temperature increases toward the reaction zone, the hot bands 
of the CO2 spectrum cover the S- and R-branch lines of the 
CH4 spectrum; similarly, the increasing oxygen concentration 
moving to the oxidiser stream, results in the mixing of the Q-
branch lines of the CH4 and O2 spectra. Hence, from location 
y=4 mm up to 7 mm the fit was limited to the P- and O-branch 
lines of the CH4 v2 spectrum.

FIG. 10(b) presents the validation of CH4 v2 CRS 
thermometry (green markers) by means of comparison with 
ro-vibrational CO2 CRS (black markers): the abundance of 
CO2 in the diffusion flame tested and its detection at all the 
measurement locations allow us to use CO2 to measure the 
temperature profile across the whole flame front. As briefly 
mentioned in the previous paragraph, the large concentration 
of CO2 in the centre of the burner, as detected in the 
ultrabroadband CRS spectra of FIG. 8, has a significant 
impact on the combustion chemistry, given the large heat 
capacity of the CO2 molecules, which thus act as heat sinks 
in the reaction zone on the flame. The result is a smoother 
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temperature profile than expected for a laminar CH4/air 
diffusion flame88: the temperature at the centre of the fuel 
stream (y=0 mm) is larger than the room-temperature of the 
inlet CH4 flow, while the maximum temperature in the 
reaction zone (~1430 K) is significantly lower than expected 
for a laminar axisymmetric methane/air diffusion flame88.
The thermal effect of the back-diffusing CO2 on the measured 
flame temperature in our experiment is comparable to the 
reduction in the adiabatic flame temperature measured in 

laminar premixed CH4/air flames for a 20% CO2 dilution89.
Comparing the temperature measurements obtained by CH4

v2 CRS and CO2 CRS we can validate our time-domain CH4

CRS model at temperatures as high as ~800 K, and quantify 
the accuracy of CH4 v2 CRS thermometry. The two 
thermometric techniques show a very satisfactory agreement 
not only in terms of the average temperature measured at each 
flame location, but also within each temporal sequence of 
1000 frames, as shown in FIG. 10(c) for y=0 mm.

FIG. 10. Ro-vibrational CH4 ν2 CRS thermometry. (a) Experimental 10-shot-averaged CH4 ν2 CRS spectrum acquired at location y=0 mm and 
comparison to the time-domain CRS model for thermometry. (b) Average temperature profile across the laminar CH4/air diffusion flame as 
measured by ultrabroadband fs/ps CRS thermometry: ro-vibrational CO2 thermometry (black) provides validation to ro-vibrational CH4
thermometry (green). (c) Comparison of CO2 and CH4 CRS thermometry over sample of 1000 ultrabroadband spectra, acquired at y=5.5 mm: 
the same dynamics is reproduced by the two independent methods, which proves the physical nature of the temperature oscillations.
(d) Accuracy and precision of CH4 ν2 CRS thermometry as compared to CO2 CRS thermometry: the thermometric accuracy (green bars) is better 
than 3% at all measurement locations, while the precision is fundamentally limited by the physical fluctuations in the flame. Concordance 
correlation (black dots) quantifies the agreement of the temperature dynamics measured by CO2 and CH4 CRS at each location.

The agreement between CH4 v2 and CO2 CRS 
thermometry is quantified in FIG. 10(d) evaluating the 
systematic bias between the two methodologies (bar plot), 
and by means of Lin’s concordance correlation coefficient, 
defined as90:

( )
2 4

2 4 2 4

CO ,CH

2c 2 2
CO CH CO CH

2


   
=

+ + −
(14)

where
2CO and 

4CH are the mean temperature measured by 

CO2 and CH4 CRS respectively, with corresponding standard 
deviations

2CO ,
4CO , and covariance

2 4CO ,CH .

The formula in Eq. (14) quantifies the correlation between 
the two temperature measurements independently of the 
possible systematic bias between them and of the temperature 
fluctuations in the sample. The temperature dynamics 
measured by CO2 CRS thermometry can thus be adequately 
reproduced by CH4 v2 CRS, with an accuracy better than 3% 
at all measurements location. The satisfactory frame-by-

frame comparison between CO2 and CH4 v2 CRS 
thermometry, as quantifies by the concordance correlation 
factor, also allow us two establish the origin of the 
fluctuations in the measured temperature, due to oscillations 
in the flame.

FIG. 11(a) shows the spectra of the temperature dynamics 
as measured by CO2 and CH4 v2 CRS thermometry at y=3 mm 
and represented by circles in FIG. 11(b). These spectra 
present common frequencies in the range ~0.1-12.5 Hz (the 
upper limit being the value where the spectra of 

4CHT and
2COT

diverge), corresponding to the frequencies associated to the 
flame oscillations. Applying a spectral filter in this window91,
it is possible to isolate the inherent noise in the measurements, 
represented by the solid lines in FIG. 11(b), even though a 
lower-frequency oscillation (<0.1 Hz), unresolved over the 
10 s acquisition window, can still be made out in the 
smoothened profiles. The thermometric precision was thus 
improved from 1.9% for CH4 ν2 CRS and 2.4 % for CO2 CRS 
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to 0.57% and 0.91%, respectively. The identification of the 
frequency at which the two spectra diverge depends on the 
metric used to define this divergence, but this has only a 
minor effect on the quantification of the measurement 
precision: filtering oscillations only up to 10 Hz resulted in a 
precision of 0.61% for CH4 ν2 CRS and 1.0% for CO2 CRS, 
while extending the filter to 15 Hz changed it to 0.54% and 
0.90% respectively. The 12.5 Hz value was found to be the 
lowest applicable to all the datasets acquired in the flame: the 
resulting thermometric precision was better than 2% at all 
measurements locations for both CO2 and CH4 v2 CRS 
thermometry.

FIG. 11. Temperature dynamics measured by ro-vibrational CRS 
thermometry performed on CO2 (black) and CH4 (green). (a) Spectrum 
of the temperature dynamics: common frequencies, due to physical 
oscillations in the flame environment, are identified in the range ~0.1-
12.5 Hz. (b) Original (circle) and filtered (solid line) temperature 
dynamics: removing the temperature fluctuations with common 
frequencies we estimate the inherent precision of CH4 ν2 CRS 
thermometry to be better than 1% for this sample.

IV. CONCLUSIONS
We have reported the first investigation of the v2 mode 

Raman spectrum of CH4 by means of coherent Raman 
spectroscopy: ultrabroadband two-beam fs/ps CRS was 
employed to perform time-resolved measurements of the ro-
vibrational CH4 v2 spectrum and to demonstrate its 
application as a combustion diagnostic tool. Our CRS 
instrument employs a single regenerative fs amplifier to 
generate both broadband fs and narrowband ps pulses; fs 
laser-induced filamentation is employed in-situ to compress 
the fs pulse to <20 fs, so as to excite the ro-vibrational Raman 
modes in the vibrational fingerprint region. This spectral 
region is of particular interest in the investigation of chemical 
reactions in gas-phase environments, as a number of Raman-

active species have a spectral signature in the range ~1100-
2000 cm-1.

We developed a time-domain CRS model for the CH4 v2

spectrum employing the MeCaSDa calculated spectroscopic 
database with the position and cross section of ~10 million 
Raman lines, as computed at the University of Burgundy72,73.
We employed this line list by rescaling the spontaneous 
Raman cross section by the differential Boltzmann population 
between the two ro-vibrational states involved in the CRS
process, and we applied a spectral filter, considering only 
CRS lines stronger than a cut-off value of the strongest lines,
to reduce the computational time of the temperature-
dependent synthetic CRS libraries. We then validated the 
CRS model by performing CH4 v2 thermometry in a laminar 
CH4/air diffusion flame: the temperature estimations by CH4

v2 CRS were found to converge for cut-off values smaller than 
1E-6, for all the measured temperatures up to ~800 K.

The CRS model include collisional Raman linewidths 
computed by a modified energy-gap scaling law for the Q-
branch lines and adopting the random phase approximation
for the derivation of the O-, P-, R- and S-branch collisional 
dephasing rates. The collisional dephasing of the self-
perturbed CRS signal in a room-temperature CH4 flow is used 
to fit the α and β parameters of the MEG model. The use of 
the sum rule for the calculation of the total collisional 
dephasing rate of the anisotropic Q-branch for the completely 
depolarized CH4 v2 Raman spectrum is a rather coarse 
approximation, but it is here justified by the fact that only 
atmospheric measurements are reported. The extension of the 
present model to high pressure measurements should include 
the impact of inelastic collisions, determining molecular 
reorientation92,93, and the effect of intra-branch coupling of 
the vibrationally-degenerate lines94 of the CH4 v2 spectrum.
The effect of different collisional partners was furthermore 
investigated by performing dephasing measurements in 
binary mixtures of CH4 with N2, H2, and Ar, in varying 
concentrations. We employed the model to study the time-
domain behaviour of the CH4 v2 CRS spectrum at room 
temperature: a strong coherence beating is observed, not only 
for the unresolved rotational lines in the Q-branch, but also 
for the well-resolved lines in the other branches. The beating 
of perfectly isolated in the P- and R-branch spectra, in 
particular, was demonstrated to be due to the Coriolis 
splitting23,84,85 of the fine structure of the rotational states due 
to the different symmetry of the wave function components, 
and was well captured by our the time-domain CRS model.

We then performed spatially resolved ultrabroadband 
fs/ps CRS measurements across the laminar CH4/air diffusion 
flame front, identifying the Raman signature of four major 
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combustion species. We demonstrated the single-shot 
detection of the CH4 v2 CRS signal at temperatures as high as 
~800 K, and we employed the ro-vibrational CO2 CRS 
spectrum, detected at all measurement locations, to perform 
(10-shot-averaged) CRS thermometry across the flame front 
and to validate CH4 v2 thermometry. The accuracy of CH4 v2

thermometry was better than 2% at all measurement 
locations, while the precision was intrinsically limited by 
fluctuations in the flame, as proven by the same temperature 
dynamics being measured independently by CO2 and CH4 v2

CRS.
The detection of CH4, CO2, O2 and H2 across the flame 

front is particularly appealing for the prospect use of 
ultrabroadband fs/ps CRS the in-situ investigation of CH4

pyrolysis and chemical reforming in non-equilibrium 
environments, such as plasma reactors, for e.g. production of 
turquoise hydrogen95. The extension of the present work to 
concentration measurements is currently limited by the lack 
of reported data on the absolute Raman cross section for the 
CH4 ν2 mode, which are required to meaningfully compare 
the CRS spectra of different chemical species, and should be 
addressed in future works. An additional difficulty is 
represented by the unknown spectral excitation efficiency 
provided by the compressed supercontinuum generated by 
filamentation in the flame environment: in a recent work we 
have demonstrated a novel experimental protocol for the in-
situ referencing of the ultrabroadband spectral excitation57.
The implementation of this protocol is based on the 
polarisation control of the CRS signal generation and required 
the Raman spectrum to have a depolarisation ratio larger than 
0.5. The completely depolarised CH4 v2 CRS signal could 
thus be generated with the same polarisation as the pure-
rotational H2 CRS signal for accurate H2/CH4 concentration 
measurements via ultrabroadband fs/ps CRS.

Furthermore, the modelling of the CH4 ν2 Raman 
spectrum can serve as blueprint for heavier hydrocarbon 
molecules, such as ethane and dimethyl ether, which also 
have a Raman-active vibrational mode due to the bending of 
the H-C-H bond27,96. The availability of spectral data for such 
molecules could pave the way to the extension of 
ultrabroadband fs/ps CRS to the in-situ investigation of 
oxy-fuel combustion in a number of practical applications97.
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We report on the generation of coherent emission from fs laser-induced filaments mediated by ultrabroadband coherent 
Raman scattering (CRS), and we investigate its application for high-resolution gas-phase thermometry. Broadband 35 fs, 
800 nm pump pulses generate the filament through photoionization of the N2 molecules, while narrowband ps pulses at 
400 nm seed the fluorescent plasma medium via generation of a ultrabroadband CRS signal, resulting in a narrowband 
and highly spatiotemporally coherent emission at 428 nm. This emission satisfies the phase-matching for the crossed
pump-probe beams geometry, and its polarization follows the CRS signal polarization. We perform spectroscopy on the
coherent N2+ signal to investigate the rotational energy distribution of the N2+ ions in the excited B 2Σu+ electronic state, 
and demonstrate that the ionization mechanism of the N2 molecules preserves the original Boltzmann distribution to 
within the experimental conditions tested.
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