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Abstract

Explicit expressions and computational approaches are given for the Fortet—-Mourier distance between
a positively weighted sum of Dirac measures on a metric space and a positive finite Borel measure.
Explicit expressions are given for the distance to a single Dirac measure. For the case of a sum of
several Dirac measures one needs to resort to a computational approach. In particular, two algorithms
are given to compute the Fortet—-Mourier norm of a molecular measure, i.e. a finite weighted sum of
Dirac measures. It is discussed how one of these can be modified to allow computation of the dual
bounded Lipschitz (or Dudley) norm of such measures.
© 2023 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

MSC: 28A33; 46E27; 90C05; 90C25
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1. Introduction

Let (S, d) be a metric space, equipped with its Borel o-algebra B(S). We denote by BL(S)
the real vector space of bounded Lipschitz functions on (S, d). The Lipschitz constant of
f € BL(S) is written as | f|;. Following Lasota, Szarek and co-workers (e.g. [28,29]) we
define the Fortet-Mourier norm on the finite signed Borel measures M(S) on S by

lelifn = sup{{pe, £) 0 f € BL(S), IIfllec < 1, [fl, <1}, n € M(S), ey
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where the indicated pairing is given by integration: (i, f) := [, ¢ J du. In this paper we provide
explicit expressions and computational methods for Fortet—-Mourier norms of the form

N
1> " aibe, — 1]y NeN, o, >0, x; € S and u € M*(S). )
i=1

Here, 8, denotes the Dirac (or point) measure located at x € S and M™(S) is the convex cone
of positive measures in M(S).

This norm, or the equivalent dual bounded Lipschitz norm (also called Dudley norm or
flat metric — for the derived metric), is used much in the study of dynamical systems in
spaces of measures. For example, one encounters these norms in the context of Markov
operators and semigroups on (probability) measures [13,25,29], like those defined by Iterated
Function Systems [28] or Piecewise Deterministic Markov Processes [4,13,23]. Deterministic
systems in spaces of measures appeared e.g. in models for population dynamics and biological
systems [1,2,10], transport equations [3,21,34] and interacting particle systems or crowd
dynamics [20,35].

Many authors have used the extensively studied family of Wasserstein distances, from opti-
mal transport theory [39,40], in settings where the dynamics conserve total mass (e.g. [5,33]),
or where the associated optimal transport scheme provides useful additional information, like
in image processing and analysis (see e.g. [30,37], and references found there). These metrics
were originally defined for measures of positive equal mass only. Moreover, theoretically, on
spaces with infinite diameter, the measures must also have finite first moment. Because of both
the desire to apply these to measures with unequal mass and application in image analysis,
extensions of the Wasserstein metrics have been developed and explored in such settings,
see [30,34,37]. Because of Kantorovich duality and the Kantorovich—Rubinstein formula (see
e.g. [40], Remark 5.16 or [8], Theorem 8.10.45, p. 235), the Wasserstein-1-type metrics are
well-amenable to extension. Moreover, they have better computational properties than other
metrics in the Wasserstein family [37]. The extensions provided in [37] include the family of
metrics

WiR o (10, 1) = sup{(u — v, f): f € CS). [f1 < Ats [ f oo < A2}

defined in [30] of which the metric derived from the Fortet—Mourier norm is a member.

The ‘classical’ Wasserstein-1-metric, Wi(u, v) = Wkr 1,00(, v), has the property that the
embedding x > §, is isometric, i.e. Wi(8y, 8,) = d(x, y). The Fortet-Mourier distance has a
typical saturation if d(x, y) > 2, see Eq. (5). This may limit its applicability in the context of
image processing and analysis (though, see [30] for application of the related metrics Wkg 1,1,
in this setting). For theoretical purposes however, the Fortet-Mourier norm is appreciated for
its ease of use in proofs (see e.g. [41], Chapter 4, p. 101). This is illustrated too by the results
presented in this paper. Similar results for the equivalent Dudley norm

Il = sup{(u, £): f € BL(S), I flloo + £l <1} G)

cannot be easily obtained. See [24] for first steps in this direction. Some researchers mix the
use of the Wasserstein-1 and Dudley metrics, see [5]. In applications with parameter estimation,
where differentiability in parameter is needed, a metric may be needed that is defined by duality
with a Holder class of functions [21].

More specifically — in settings with varying total mass — norms of the form (2) or (3)
are of interest for several reasons. In a measure framework, continuum models and discrete
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interacting particle descriptions can be framed within one functional analytic setting. A
weighted sum of Dirac measures then represents the particle model, while a measure p that
is absolutely continuous with respect to Lebesgue measure represents the other. Norm (2)
then quantifies the deviation between these two descriptions. For example, in so-called Patlak—
Keller—Segel type chemotactic models it has been shown that the continuum solution converges
to sums of Dirac measures in finite time [16,22], yielding blow-up in the used L”-norm (p > 1).
Expressions like (2) may trace such ‘concentration of mass’ and express a rate of convergence.

In numerical analysis of particular continuum models it may be advantageous to simulate a
well-chosen interacting particle system instead of simulating the partial differential equations.
See e.g. [12] where this was advocated for the two-dimensional Navier—Stokes problem, to
limit numerical diffusion. Estimates of norms of the form (2) then appear naturally in error
estimates.

Within the single setting of a particle model, a question is to quantify deviation between
two instances of the model, with different particle number. Then, u is also a weighted sum of
Dirac measures. Expression (2) then reduces to computing norms of the form

17 s with 7 € Mol(S) := spang {8, : x € S}, 4)

the subspace of so-called molecular measures [32].

There exist a few results that provide exact algorithms to compute norms of molecular
measures. Jabtofiski and Marciniak-Czochra [26] provided an algorithm to compute |75y
with T € Mol(S) and S = R with the Euclidean metric or a bounded closed interval therein
(see also [19] Appendix, for a description and application of their algorithm). Their approach
depends heavily on the total ordering that is available on R. Generalization of this approach
to higher dimension or to any Polish space is therefore inhibited. Sriperumbudur et al. [38]
provided an algorithm for computing the (equivalent) Dudley norm of a difference of two
empirical measures. That is, t = v — u with v = % ZzN=1 dy, and a similar expression for u,
possibly with a different number of point measures (see [38] Theorem 2.3, p. 1557). The state
space S can be any metric space.

Up till now, to our knowledge, neither for a specific choice of S, nor in the generality of an
arbitrary metric space (S, d), there are hardly any explicit expressions for (2), except for the
well-known

|8: = 8yl;yy =27 d(x,y),  x,y€S )

(see e.g. [25,32]). Our main results, Theorems 2.1 and 3.1, will allow to extend this e.g. to the
expression

I8 — i)y = (w2 Ad(x, ), x €S, uePs), (©6)

where P(S) is the subset of probability measures in M™(S) (see Proposition 3.1 and various
corollaries of Theorem 3.1 in Section 3), or the expression

lecde — By | pg = loe — Bl + (@ A B2 Ad(x, ), a,B>0, x,y€esS. (7)

(see Corollary 3.4). Such explicit expressions may be useful in obtaining (better) estimates
of Fortet—-Mourier norms of the indicated form. Moreover, expression (6) enables the explicit
computation of e.g. the Fortet—-Mourier distance of a Dirac measure to a measure that is
absolutely continuous with respect to Lebesgue measure, which is a novel result.
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Another motivation for determining expressions for norms like (2) comes from approxima-
tion theory. The mathematical question in which these explicit formulae may be of help is in
that of existence and computation of best approximation of u € M™(S) by a positive sum
of at most N Dirac measures in Fortet-Mourier distance, where N is fixed a priori. This is
e.g. relevant for an interacting particle approach to solving a continuum model. The continuum
initial condition must then be replaced by a number of particles. How can these be ‘best’
distributed over space, such that the error caused by the approximation of the initial condition
is minimal? Is there such a best approximation? Can it be found computationally? Moreover,
this question is also relevant for efficiently computing norms ||ut|lf,, for general finite signed
measures i, see Remark 5.1 in Section 5.

General results for the existence of a best approximation have been known for a long time,
e.g. for reflexive Banach spaces and closed convex sets therein, see e.g. [15]. Although the
indicated set of sums of N Dirac measures is closed, it is not convex. Moreover, the completion
of the space M(S) for the || - [|f,-norm is hardly ever reflexive. (In fact, it is isometrically
isomorphic to BL(S) with norm || - [[gm := max(|| f ||, | f|;), Which can be proven in similar
way as [25], Theorem 3.7, p.360). Nevertheless, a best approximation can be shown to exist on
compact and complete metric spaces, essentially by exploiting the compactness of the space
of probability measures that is provided by Prokhorov’s Theorem.

On non-compact spaces, the situation is much more delicate, as can be illustrated by the
following particular case. Expression (6) allows to reformulate the special case N =1 and ¢ a
convex sum of finitely many Dirac measures located at x; to the problem of minimizing over
x € § the expression

180 =D ajbe, o = D _t; @ Ad(x. x))). (@ >0, Y a;=1). 8)
j=1 j=1
This minimization problem is the Fermat—Weber problem for the metric ' := 2 A d on

S, with weights «;. In economic terms, a solution to Weber’s problem provides an optimal
location x for a production site such that products produced there, can be distributed to the
distribution sites at x; with minimal cost, when the «; represent the transport cost per item
per unit distance [17]. Fermat’s original problem was to construct a point x for which the
sum of the distances to three given points is minimal. For n > 3 and equal weights, in
Euclidean space, there does not exist a geometric construction for the best point. Existence of a
minimizer to the general Fermat—Weber problem is guaranteed for so-called Hadamard spaces
(also called complete CAT(0) spaces) by [6], Lemma 2.2.19. Various numerical schemes have
been developed to determine a minimizer, e.g. [17,27]. Research on the Fermat—Weber problem
continues to this date [11].

In Section 2 and Section 3 we present our main results on explicit expressions, Theorem 2.1
and Theorem 3.1, and various consequences derived from these. We shall present an algorithmic
approach to computing Fortet—-Mourier norms of the form (2) with v a positive molecular
measure in Section 4. Section 5 is concerned with algorithms for computing ||7||f, for any
7 € Mol(S). In both sections, S is assumed to be a metric space, without additional constraints,
like separability or completeness. This substantially generalizes [26]. Section 6 discusses how
the results of Section 5 can be modified to compute the Dudley norm of any molecular measure.
This generalizes the result in [38] on this topic.
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1.1. Preliminary results and notation

For a metric space (S,d) we let BL(S) denote the ordered vector space of real-valued
bounded Lipschitz functions on S, with point-wise partial order. We suppress the metric in
notation, because there will be no need to consider multiple metrics on the same space. For
S € BL(S),

[fx)—FI
d(x—,y).x,yeS, x;éy}

denotes the Lipschitz constant of f. Occasionally, we shall write | f]; ¢ if we wish to stress
the underlying metric space. BL(S) is an algebra for point-wise multiplication, with unit 1 —
the constant function that is 1 on S. It is also an ordered vector space for point-wise ordering,
even a vector lattice (Riesz space) with supremum f Vv g and infimum f A g of two elements
f, & € BL(S) given by point-wise maximum and minimum:

(f Vo) =max(f(x),gx)),  (f Ag)x)=min(f(x),g(x)), xeS.
One has

| f1, = sup{

If Vgl =max(|fl,[gl) and [f Agly, <max(|f].. gl

see e.g. [18]. We consider the norm on | flgm = max(||f||oo, |f|L) on BL(S), which
turns BL(S) into a Banach space. The unit ball in BL(S) for this norm is denoted by BI§M.
Accordingly, for a subset P of S with the metric induced by that on S, Bl will denote the
| - |lEm-unit ball in BL(P).

The following lemma yields a result on a recurring construction related to BFSM that will
appear in several proofs later.

Lemma 1.1. Let (S, d) be a metric space. The following statements hold:

(i) LetgeBgM, NeNandletx; € S(i=1,...,N). Define

N
h=(—1) v \/(g(x:) — d(xi. ). ©)
i=1
Then h € Bng h <gand h(x;) = g(x;) foralli € {1,..., N}.
(ii) Let P = {x1, ..., xn} be a subset of S of distinct points, equipped with the restriction of
the metric on S. If g € B}fM, then h defined by (9) is in BgM and satisfies h(x;) = g(x;)
for all i. Moreover; |h|, s < 18|, p-

Proof. (i). The functions, x +— g(x;) — d(x;, x) are Lipschitz on § with Lipschitz constant
at most 1 and bounded from above by 1, since |gllcc < 1. Hence —1 < h < 1 and
|h|; < 1. Thus, h € B1§M. First we show that & < g. Take x € S. Then either A(x) = —1
or h(x) = g(x;) — d(x;,x) for some i € {1,...,N}. In the first case, one trivially has
h(x) = —1 < —||gllec < g(x). In the other case, one has g(x;)—g(x) < |g| d(x;, x) < d(x;, x).
So h(x) = g(x;)—d(x;, x) < g(x). Next, by construction of # it holds for every i € {1, ..., N}
that A(x;) > g(x;) — d(xi, x;) = g(x;). Thus h(x;) = g(x;).
(ii). Follows from part (i) and the McShane Extension Theorem, [31] Theorem 1. O
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The following lemma gives two elementary properties of the maximum operator, which will
be useful in Section 4.

Lemma 1.2. Letn € Nanda;,b; eR fori =1,...,n. Then

(i) max;(a; + b;) < max; a; + max; b;,
(ii) | max; a; — max; b,| < max; |a; — b;|.

Proof. Part (i) is obvious. For part (ii), without loss of generality, assume that max; a; >
max; b;. let j € {1,..., n} be such that a; = max; a;. Then

’maxai—maxb,-‘ = a;—maxb; < aj—b; < |a; —bj| < max|a; —b;|. O
1 1 1 1

For a metric space (S, d), M(S) embeds naturally into the dual space BL(S)* of continuous
linear functionals on BL(S) by means of the ‘integration functional with respect to w’, I,:

1.(f) = / Fdp= (e f),  peMS). feBLES).
S

The map u + I, is injective, because the indicator function of any closed set C C §
can be approximated point-wise by a decreasing sequence of functions in BL(S), namely
fir = [1 —nd(-,C)]", and any u € M(S) is regular, because S is a metric space (cf [8].
Theorem 7.17). By means of the mentioned embedding, the norm || - ||pv introduces a norm on
M(S) through the dual space BL(S)*, which is precisely given by (1) and which can be found
in part of the literature under the name ‘Fortet—-Mourier norm’.

2. Dimensional reduction for determining the defining supremum

Let (S, d) be a metric space. Neither completeness, nor separability is required. The defining
expression for the Fortet—-Mourier norm (1) cannot be conveniently used for the computation of
this norm in practice. The main issue is, that there is no convenient method (yet) to determine
the supremum over the full unit ball By,

The following key result allows to substantially reduce the dimension of the set over which
to take the supremum, provided one of the two measures is molecular.

Theorem 2.1. Let v € Mol (S) with P := supp(v) = {xi, ..., xy}, with the x; all distinct.
Let 1 € M™(S). Then

N
v =t = sup (v —p. (=) v \/(fx:) — d(x;, ) (10)
feBl, i=1
N
= sup (v—pu DV /@ —dx, ). (1D
oe[—1,11N i=1
Proof. First of all, ||[v — ulgy = supgeBgM(v — W, g). Moreover, v = Zf\,:l a;dy,, with

o > 0. Let g € BgM. Note that its restriction to P, g|p, is in BlfM and g(x;) = glp(x;)
for all i € {1,..., N}. Define

N
he=(=1)v \/(etx) —d(x;, ). (12)

i=1



S.C. Hille and E.S. Theewis Journal of Approximation Theory 294 (2023) 105947

According to Lemma 1.1, h € BEM, h < g and h(x;) = g(x;) for all i. Therefore,

N N
k) = Y aigln) = (nh) = Y ag) = (.g) = (v—u.g). (13)
i=1 i=1
This proves inequality ‘<’ in (10). The other inequality in this equation is an immediate
consequence of the observation that for any f € B}fM the function (—]l)v\/f.V: {(fxp)—d(x;, )
is in BgM (using Lemma 1.1 (ii)).

For proving equality (11), let € [—1, 1] and define

N
he(x) = (—=1) Vv \/(Qi —d(x;, x)), x€S. (14)
i=1
By definition, —1 < hy < 1. Moreover, |hg|; < maxlf,-SN(| — 1, 16; —d(x;, -)|L) = 1. Thus,
hy € B3y So “>’ holds in (11). For ‘<’: let f € BL, and define

N
g(x) = (=) v \/(f(x;) — d(x;, x))
i=1
According to Lemma 1.1 (ii), g € BlfM and g(x;) = f(x;) for all i. Thus, if 6, = f(x;),
i=1,...,N,then6; € [—1, 1] and hy = g. So, the supremum in (11) is over a larger set than
that in (10). Hence, ‘<’ holds. [

The difference between the similarly looking functions in (10) and (11) is, that hg(x;) > 6;
for all i in (11), but equality need not hold, while for g € BIfM, the function h defined by (12),
which is used in (10), does satisfy h(x;) = g(x;) for all i.

If we restrict our attention to v and p being probability measures, the dimension of the set
over which one takes the supremum in (11) can be further reduced by one, as the following
result ascertains.

Proposition 2.1. Let v € Mol™(S) N P(S), with supp(v) = {x1, ..., xn}, all x; € S distinct,
and let p € P(S). Then

N
v —wllfy =sup] (v—p, (-1)v \/(9,- —d(xi,)): O, Oy € [—1,1], miax(Qi) =1
i=1

15)

Proof. The inequality ‘>’ follows immediately from (11), since the supremum in (15) is taken
over a subset of that in (11). For the other inequality, let g € BIEM. Put ¢ = min;<;<y(1 —
gx;))>0and 6; .= g(x;)+efori =1,...,N. Note that §; € [—1,1]. Letk € {1,..., N}
be such that ¢ = 1 — g(xy). Then 6; = 1, so max;(6;) = 1. With 8 = (64, ...,6x) and hy as
defined in (14),

ho(x;) > 0; — d(x;, x;) = g(x;) + &. (16)

We claim that by < g + €. Indeed, if x € § is such that hy(x) = —1, then the inequality holds
trivially, since g > —1 and ¢ > 0. If hy(x) > —1, then for some j € {1, ..., N},

ho(x) = 0 —d(xj,x) = gxj)+e—dxj,x) = glx)+e—dxj,x)+gx;)—gx)

< g0 +6—dxj,x)+dxj,x) = gx) +e, (17)

7



S.C. Hille and E.S. Theewis Journal of Approximation Theory 294 (2023) 105947

because g € Bj, and consequently, |g|; < 1. Write v = Z,N=1 o;8y,, witho; > 0, Z,N=1 o = 1.
The two bounds (16) and (17) yield

N N
Zaih(xi)_/sha dp = Zai(g(xi)+8)—/s(g+€)d,u
i=1 i=1

(v — . ho)

N N
Zaig(xi)JrEZai—/gdu—su(S) = (v—ug).
i=1 i=1 S

Since [lv — ullify = SngeBgM<V — W, g), we obtain inequality ‘<’ in (15). O

These results give rise to novel explicit expressions for the Fortet-Mourier distance to a
single point mass.

3. Explicit expressions for the distance to a single point mass

Theorem 2.1 and Proposition 2.1 reduce the supremum expression for the distance to a
positive molecular measure to a maximization problem of a suitable continuous function over a
particular compact set. In this section we show, that if v is a single (weighted) Dirac measure, a
location where this maximum is attained can be explicitly determined. Moreover, it will become
clear, that this location need not be unique. It results into various novel explicit expressions
for norms of the form ||ad, — il for x € S, @ > 0 and pu € M*H(S).

Proposition 3.1. Let x € S and u € P(S). Then
I8 — mlim = (8 — . DV (1 —d(x, ) = (w.2Ad(x, ).

Proof. Specifying the result of Proposition 2.1 to the case N = 1 yields the first equality.
Then observe that

(—DVv A —dx, ) =—(LAW@x,-)—1D)=—(2rdx,) +1. (18)

Applying the measure 6, — p to the latter function gives the result, since u € P(S). U

Example 3.1. (1) Applying Proposition 3.1 in the special case i = §, yields the well-known
expression |8 — 8y |lfy = 2 A d(x, y), shown in (5).

Q) If u = ady, + (1 —a)dy, with y;, y» € S and 0 < o < 1, then Proposition 3.1 gives the
explicit expression

[8: — by, — (1 =)y, |y = @@ Ad(x, y)) + (1 —a)2Ad(x, y2)). (19)

(3) Let § = [0, 1], equipped with the Euclidean metric and let A be the Borel-Lebesgue
measure on S, A([0, 1]) = 1. Then for any x € S,

1 X 1
6 = Ml = / 2ALx —yldy = f (x—y)dy+/ (y=x)dy = §—x+x°. (20)
0 0 X

Notice that expression (20) is minimal for x = 1/2 with value 1/4. Thus, there exists a (unique)
best approximation in P(S) of A by a single Dirac measure in Fortet—-Mourier:

. * " 1
;g”fsx—)‘”FM = H51/2_)‘||FM =g 2D

8
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The location of best approximation is in this case the median of the uniform distribution on
[0, 1], which is given by A.
(4) Let S be as in part (3) and f > 0 a probability distribution function. Then

1 X 1
I8 = £ drly = [ 1 =500y = [ =gy = [ =nrody.
0 0 x
For specific f the latter expression can be computed, in principle.
The following result is an immediate corollary of Theorem 2.1. It should be compared with
Proposition 3.1 for the case u € P(S):
Corollary 3.1. Let x € S and 1 € M™T(S). Then
[8: =l = sup (82 — p. (=) v (@ —d(x, ).
fel-1,1]
Proposition 3.1 states that for . € P(S) the supremum above is attained at the value § = 1.
Such a stronger result can be obtained for general positive measures too.
Let B(x,r):={y € S : d(x, y) < r} be the open ball in (S, d) of radius r, centred at x. In

the following result the function (x, r) — w(B(x, r)) plays a key role. It ‘measures’ in a way
the mass distribution of p over space.

Theorem 3.1. Let x € S and ;o € MY(S). Then
18: = ]l jyy = (85 — 1. (1) v (B0 — d(x, ),
where 6y = 0p(x) == (2 Ainf{r > 0: u(B(x,r)) > 1}) = 1 € [-1, 1].

(We use the convention, that inf @ = +00).

Proof. Define ¢(0) = (5, — u, (—1) v (@ — d(x, -))). Note that ¢ is continuous. In Yiew of
Corollary 3.1 we have to maximize ¢ over [—1, 1]. Let 6,0 € [—1, 1], such that 8 > 6. Then

$(6) — p(6) =6 — / 6 —d(x,y)du(y) — / ~ldp
B(x,0+1) S\B(x,0+1)
i+ / 6= d(x ) dply) + f  —ldu
B(x,0+1) S\B(x,0+1)
= 0= B(1 - u(Bed+ 1) - [ 0 —d(, )+ Ldp(y).
B(x,0+1)\B(x,0+1)

Here we used that

f ]ldu—/ ~ ldp = —[u(BGx.04+ 1) — u(Bx,0+1)] (22)
S\B(x,0+1) S\B(x,0+1)
= —u(B(x,0 4+ 1D\ B(x,0 + 1)). (23)
Therefore, ¢(6) > ¢(5) if and only if
O —0)(1 —pn(Bx,0+1)) > / 0 —d(x,y)+ 1dp(y). (24)
B(x,04+1)\B(x,6+1)

The function 6 > w(B(x, 0+ 1) is non-decreasing_, since w is a positive measure. According
to the definition of 6y, w(B(x,0 + 1)) > 1 for all & > 6. In that case, inequality (24) cannot

9
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hold, because the right-hand side is non-negative. We conclude that ¢ is non-increasing on
(6o, 1]. (If 6y = 1, then (6, 1] = @ and this statement is true trivially.)

We claim that ¢ is strictly increasing on [—1, 6y). If 8y = —1, then [—1, 6y) = @ and there
is nothing to prove. So assume 6y > —1. To prove the claim in this case, take 6, 0 e [—1, 6p),
6 >60.Forall y € B(x,0+1)\B(x,0+1) one has d(x, y) > 0+1,5060 —0 > 0 —d(x, y)+1.
So if the condition

O —0)(1 —p(Bx,0+1)) > / 0 —0duy) (25)
B(x,0+D\B(x,0+1)

is satisfied, then also condition (24). Since 6 > 6, condition (25) holds if and only if
1—u(B(x,0+1) > u(B(x,0+ 1)\ B(x,0 + 1)),

which is equivalent to the condition
n(B(x, 6+ 1) < 1. (26)

Thus, if condition (26) holds, then (24) is satisfied and ¢(8) > ¢(8). By definition of 8y, (26)
holds for all 8 < 6y. Thus, ¢ is strictly increasing on [—1, ).

Because ¢ is continuous on [—1, 1], strictly increasing on [—1, 6y) and non-increasing on
(6o, 1], ¢ attains its maximum value at 6y. [

Remark 3.1. Paradoxically, in the special case that u € P(S), Proposition 3.1 claims that the
value of the norm |8, — |5y can be obtained by taking 6 = 1, instead of & = 6y, which
is possibly less than 1. However, the proof of Theorem 3.1 shows that the minimum value
for 6 at which the maximum of the function ¢ is attained, which equals the stated Fortet—
Mourier norm, is 6y. Since ¢ is non-increasing on (8y, 1], there must exist also a maximum
value at which this (same) maximum value is attained, say 6;. In case u is a probability
measure, Proposition 3.1 shows that #; = 1. So there is no contradiction between the result of
Theorem 3.1 and Proposition 3.1.

Let us collect some immediate consequences of Theorem 3.1.

Corollary 3.2. Let x € S and pu € M™(S) with u(S) < 1. Then 6y = 1 and
18 = il = (8 = 1. D)V (A = dx, D) = 1= wl(S) + (. 2 Ad(x, ).

Corollary 3.3. Letx € S, a > 0 and ;r € M*(S). Then
e — ]y = (@8 — p (=) V(O — d(x, ) = b — (i, (1) v (6§ — d(x, ")),

where 0§ = 05(x) =2 Ainf{r = 0: u(B(x,r)) =a} —1€[-1,1].
Proof. One has |8, — plfy = @8y — @' wllfy- Now apply Theorem 3.1 to the measure
o~ ' instead of u. O

The following corollary nicely generalizes the expression for the well-known Fortet—-Mourier
distance between two Dirac measures, see (5):
Corollary 3.4. Let x,y € S and o, 8 > 0. Then

| = B8 [ oy =l = Bl + (@ A BY2 A d(x, Y)). 27)
10
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Proof. Corollary 3.3 yields
sy — By [ opg = 05 — B((—1) v (65 — d(x, y))). (28)
with 6§ = (2 Ainf{r > 0:8,(B(x,r)) > a/B}) — 1 € [—1, 1]. One easily checks that

{r=0:8,(B(x,r)>a/B} = [rir>dx,y), ifa/p<l,
- - . ifa/B > 1.
Therefore,

dix,y)—1, ifa<pBandd(x,y) <2,

L, otherwise.

From (28) we find that

05 =

a(d(x,y)— 1)+ 8, ifoa <Bandd(x,y) <2,

HaSX — Bdy ”FM = oa—B((—=1)Vv1—d(x,y)), otherwise,

_ B—a+adlx,y), ife < B andd(x,y) <2,

- ,3(1 —2Ad(x, y)), otherwise,

e =Bl +ed(x, y), ifo < B andd(x,y) <2,

e =B+ B2 Adx,y), otherwise,

=la — Bl + (@A B2 Adx,y)). (29)

Here we used (18) in the second step. To get to (29), for the case ¢ < f and d(x, y) > 2, we
used that 2@ A B)=a+ B — |l —B]. O

Remark 3.2. Without the use of the results that we presented, one could estimate as follows.
Putz:=xifa > p and z :=y if o« < B. Then

leas = B3, [ = 6o A BYG: = 8) + o = Bls: [y
< (@ AB)|: = 8] s M* + o — BIIIS: I
= (@A B2 ANd(x,y)+ |a— Bl
The point of Corollary 3.4 is, that equality holds.

We could not obtain an explicit expression for the suprema in (10) or (11), like (27), when
v is a weighted sum of two or more Dirac measures. The distance can be computed though in
those cases, by algorithms that we shall exhibit in the next section.

4. Distance to positive molecular measures — an algorithmic approach

We are now concerned with computing [[v — |5y, where v € Mol*(S) and u € MT(S).
Explicit expressions, like those presented for v = «d, in the previous section, could not be
obtained. It is possible to compute the norm in particular cases, most importantly when
is also a positive molecular measure. Put otherwise, we shall provide an exact algorithm to
compute ||u|lfy for any u € Mol(S). Note we assume the generality of (S, d) being a metric
space. Thus, our results provide a substantial generalization of both [26,38].

Let v € Mol*(S) and u € M™(S) and write v = ZlN:l @;8,; with all x; distinct and o; > 0.
Put P := supp(v) = {x1,...,xy} and view P as a metric space for the restriction of d to P.

11
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Define ¢ : Bfy, — [—1, 11 by u«(f) := (f(x1),..., f(xn)). Since for any f,g € Bl and
jef{l,...,N},
i(f)j = @i < If = glloo < ILf = gllrm,

1 is a non-expansive map when [—1, 11" is equipped with the max-distance or the Euclidean
metric. For any t € M(S), define

N
Yot LY S R0 (r (-1 v /6 —d(xi, ). (30)
i=1
The motivation for studying this function is given by Theorem 2.1:

lv—rlpg= swp Y@= sup Yo (). (31)

— N P
fel-1.1] reBhy

Proposition 4.1. If[—1, 11V is equipped with the max-distance or the Euclidean metric, then
V. is Lipschitz continuous and ||, < ||t|rv. For T € M*(S), ¥, is convex on [—1, 1]V,

Proof. Let 6,0 € [—1, 1]V. Recall the definition of Ay in (14). According to Lemma 1.2 (ii),
for every x € § one has

|ho(x) = hg(x)| < max |6; — i (32)
This yields that for any T € M(S),
[Y:(0) = @) = |(z.ho —hg)| < ltllrvlihe — hglloo

N 1/2
~ ~ 2
< litllv max 6, — 6] < ity (Zwi—w) : (33)
T i=1

So, ¥ is Lipschitz with [¥|;, < [[T]lTv.
Now assume that T € M*(S). Let 6,6 € [—1,1]Y and 0 < ¢ < 1. Then, using Lemma 1.2
(ii) and the positivity of T to get to inequalities (34) and (35), we arrive at
N
(r.(-D)v \/(1(95 —d(x;, ) + (1 = )@ — d(x;, ) )

i=1

Ve (10 + (1 —1)0)

IA

N N
[z, (t((=1) + (1 = )(=1)) v (z V@ —dxi, )+ 0 =0\ @ - dxi, ~>)> )
i=1 i=1

(34
N N _
(z.1 ((—n) v\/; - d(x;, -))) +(1—1) ((—1) v \/@ —dx, -))) ) (35)

i=1 i=1

IA

= 1y:(6) + (1 =0y (0).
Thus, ¥, is convex on [—1, 11V. O

Because v,_,, is continuous, the suprema in (31) are attained on the compact sets [—1, v
and «(Bfy,), respectively.

For general signed measure 7, v, is the difference of the convex functions .+ and
¥.-. Consequently, no particular ‘convexity properties’ of i, can be claimed. However, for
T = v — u with v and p positive measures as above, one can derive:

12
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Proposition 4.2. Let v € Mol™(S) with P = supp(v) = {x1,...,xy} and n € M*(S).
Then v, is ‘linear’ on t(BéJM) C [=1, V. In particular, Yoy = Yy — ¥, is concave.

Proof. One has ¥,_, = ¥, — ¥,. ¥, is convex on [—1, 11V, according to Proposition 4.1,
so —, is concave. We conclude by showing that ¥, is concave on «(Bf,). For general
6 € [—1, 1]V one has hg(x;) > 6; for all i € {I,..., N}. However, for 6 € «(B[l,,) there
is f € BIfM such that & = «(f). Therefore, according to Lemma 1.1 (ii), ho(x;) = f(x;) for all
i. Thus, for any f € B{M, writing f; = «(f); = f(x;),

N N
Yo (f) = (D by hup) = D aifr. (36)
i=1 i=1

So ¥, on «(Bfy,) is the restriction of a linear functional on RY to the convex subset ¢(Bfy,). In
particular, ¥, is concave on L(BIfM). O

Thus, in view of (31) and Proposition 4.2 the problem of computing the Fortet—-Mourier
distance ||[v — ullfy for v e Mol*(S) and u© € M™(S) is equivalent to the problem of
maximizing the concave and Lipschitzian function v,_, over the compact convex set ((Bfy,
in RY, where P = supp(v) C S, consisting of N distinct points. This is again equivalent to
minimizing the convex function —,_, over «(Bfy,), which is a polyhedral convex set given
by linear constraints that can be easily expressed explicitly (see (37)).

Minimization of convex functions has been widely studied (cf. e.g. [7,9,36]) and a wide
variety of algorithms have been developed for convex minimization in the field of convex
optimization. Generally, these problems can be solved highly efficiently by now, with specific
algorithms for specific cases. Boyd and VandenBerghe even state ([9] p.8):

‘With only a bit of exaggeration, we can say that, if you formulate a practical problem as
a convex optimization problem, then you have solved the original problem.’

Therefore, we consider the theoretical side of computing distances of the form [|v — 1llfy
with v € Molt(S) and u € M*(S) as solved.

Of course, in a practical setting, the implementation of the convex optimization algorithm
of choice for a specific measure u may require additional practical issues to be resolved. For
example, one must be able to compute v, (approximately). In the following section we shall
consider the special case where u € Mol*(S), i.e. computing the Fortet—-Mourier norm of a
molecular measure. But let us provide another example first.

Example 4.1. Let S = [0, 0o), equipped with the Euclidean metric and take
po=eVdx,  vi=180428) + 181 + 16
3 2

We implemented an algorithm to minimize —v,_, over L(BfM , with P = {0, %, %, 3}, using
the MATLAB ‘fmincon’ function, see Appendix A.l. It resulted in

[v—ulliy = —(—Von(f) ~2.3921...,  with f=]1, 1, 2, 1].

5. Computing the Fortet-Mourier norm of a molecular measure

We conclude by specializing to the particular case where both v and p are positive molecular
measures. That is, we show how to compute ||7||f, for T € Mol(S). We present two ways to
proceed: one by specializing the results of the previous section and one that is special to this

13
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1
0.5 0.5
f3 O f3 0
-0.5 -0.5
-1 -1
1 1
fa f2 0

-1 0 0.5
N 05
! fi

Fig. 1. The unit ball BlffM for the norm || - |[pm on the space BL(P, d), where P = {x1, x2, x3} and f € BL(P,d)
is represented by (f;) € R® with f; := f(x;). The defining conditions are given by (37). The metric d is defined
by d;;j :=d(x;, x;) and differs for the two cases shown.

Left: dip = 1, di3 =2, da3 = 3. Right: d1p =0.75, di3 = 1, d3 = 1.25.

specific case. Each has its benefits and drawbacks, which we shall discuss. We start with the
latter method. We note that [26] (see also [19] Appendix) provides an algorithm to compute
IllEy When S = R or an interval therein. [38] exhibits a method that works for general space
S, but T must be the difference of two empirical measures. That is, the coefficients of the Diracs
are quite specific. Before starting any further considerations, note that if ¢ or —7 is positive,
then ||7llfy = lltlltv = Y, lai| if T =), ;8. Thus, we shall assume 7+ # 0 and 7~ # 0.

As before, let (S, d be a metric space and P = {xi, ...x,} a set of n distinct points in S. P
inherits the metric structure of S, by restriction. Put d;; := d(x;, x;). It is readily verified that

WBhy = (N {ferR i<t} 0 () {feR :1fi — fild;" <1}

1<k<n I<i<j<n
= N {a=yn{-f=t) n () {G-rmg' =tn{y - fd;' <1} G7)
1<k<n I<i<j<n

Expression (37) is in the form of the standard linear programming representation of the domain
of the objective function as an intersection of finitely many half-spaces (see e.g. [14]). Fig. 1
shows two unit balls Bfy,, with P consisting of three points, for two different metrics.

Write 7 = Z;’zl(xizﬁxi with 0 # «; € R and x; € S, and put P := supp(t) = {x,...x,}.
Lemma 1.1 (ii) implies that restriction to P gives a surjective map from Bj,, onto B[
Therefore,

ltlin = sup (r,8,) = sup (tlp, f) = max Y o f;. (38)

»
8€B3y reBby, fedBey) o

Thus, ||7|Ify can be computed using one of the many existing — very efficient — optimization
algorithms that use linear programming, such as Gurobi and CPLEX, or the built-in ‘linprog’
function in MATLAB, using the standard domain description (37). In these algorithms there
is an initial step in which an extreme point of the domain is sought to start the search for

14
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the optimum. Here, +(1, ..., 1) are always extreme points. If ) ;o; > 0 one may start at
(1,...,1).If >, a; < O,0ne may start at (—1, ..., —1). This reduces the number of vertices
of BL, that needs to be examined by the optimization algorithm in the worst case by a factor
two.

Example 5.1. Let P = {x,x,x3} and dj = 1, dj3 = 2 and dp3 = 3. Notice that the

prescribed distances are consistent with the triangle inequality. Take o) = 1, ap = —% and
o3 = —%. Eq. (19) gives an explicit result in this case:
% 1 2 5
1D eide [y = leal@Adi) + (1 = leah@Adi) = 2 1+32=3.

We implemented an algorithm for computing the Fortet—-Mourier norms of molecular measures
in MATLAB, using the ‘linprog’ algorithm, see Appendix A.2. It returned the same result
for the norm, but also an f at which the optimum is attained. In this case f = (1, 0, —1). This
f corresponds precisely to the function (—1) Vv (1 — d(xy, -)) that appears in the theoretical
result, Proposition 3.1.

The above linear programming algorithm for computing ||7||f,, has as domain for the
objective function a polygon in R", where n is the number of points in the support of
7 € Mol(S). The dimensionality of the optimization problem can be reduced by halve, by
resorting to the results of Section 4. The number of points in the support of either T+ or T~ is
less than n/2 or both have precisely n/2 points in their support. The one with the least number
of points, say v~ with N < n/2 points, can play the role of v in Section 4, while the other

takes up the role of wu, simply because ||T|lfy = I — Tlifum-
Thus, with v = 7~ (say) and P = supp(v) = {x1, ..., xn},
Il = e~ =t [py = max vo(f)=— min (=y¥(/),
o= lr =y = min (V)

according to (31) and the further discussion in Section 4. The polygonal domain of optimization
L(B}I;DM) is still given by (37), but now has reduced dimension N < n/2. In this setting, V.- is
‘linear’ on «(Bfy,) (Proposition 4.2). If

n—N N
IZZ:BJ'(S)'] - Zai(sxia aiaﬂj>07
j=1 i=1
then for 6 € «(Bly,

N n—N

¥ (0) = Ea,@i - Zl Bi((=1) v max (6 — d(xi, ;). (39)
1= J=

So, the reduction in dimension of the domain is to the cost of (part of the) ‘linearity’ of

the objective function —_, on L(BlfM), although it is still convex. Application of one of the

existing (efficient) convex optimization algorithms now yields ||7||%; on a lower dimensional

domain.

Remark 5.1. Our proposed algorithmic approaches for computing Fortet-Mourier norms
of molecular measures make it possible in principle to approximate distances [u — vlliy
for arbitrary wu,v € M™(S) too. Two approaches can be envisioned, based upon the results
presented so far.

15
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First, one could approximate both p and v first by particular positive molecular measures,
namely rescaled empirical measures u, and v,, as proposed in [38] for the Dudley distance
and p, v probability measures. This can be done arbitrarily well, by increasing the number of
points in the support. Then, one can approximate |1 — v|lfy bY li4n — Vallfpg» Where the latter
can be computed using (38), (37) and linear programming. Convergence rates of the initial
approximation of the measures by molecular measures, when S a bounded subset of R¢ and
W, v of equal mass, are given in [38] Corollary 3.5 for the Dudley distance.

A second — similar — approach is to approximate only one of the measures, say v, by rescaled
empirical measures v, and approximate || — V|l by Il — v, llfp using (31), (37) and convex
optimization.

In computational practice, a key question is to determine what number of Dirac measures
is needed such that the approximation of the arbitrary positive measure by the positive
molecular measure is as small as desired. The smaller that number, the more efficient the norm
litn — vallem or |0 — vy llfy can be computed. The above mentioned empirical measures do
approximate the original measure, but possibly with ‘far too many’ points in the support when
compared to a molecular measure in which the weights may differ among the Dirac measures.
While results (in [38]) exist for empirical measures, for approximation with arbitrary positive
combinations of Dirac measures there are no results available to our knowledge that guarantee
a minimal number of Dirac measures that is needed to obtain an approximation of the norm
It — vl that is within tolerance. Also recall the discussion in the Introduction about the best
approximation problem. These topics deserve further research.

6. Computing Dudley norms

So far we have been discussing expressions for and the computation of Fortet—-Mourier
norms only. The dual bounded Lipschitz norm on M(S), also known as Dudley norm, or flat
metric — for the associated metric — is also considered often. It is given by

lulg, = sup (u, f), By = {f €BL(S) : I flloo + | 1, < 1}.
f eBgL
The results presented in Sections 2 and 3 do not readily generalize to the || - ||} -norm.
The main issue is, that the geometric shape of BgL is more complicated than that of BEM.
For example, we could change the | - [|o-norm of a function in By, ‘independently’ from its
Lipschitz constant. For BgL that is not possible, since the constraint || f|loc + | f|;, < 1 should
be maintained.
However, the results of Section 5 can be carried over to the || - ||5; -norm. The corresponding
statement of (38) is still valid with ‘FM’ replaced by ‘BL’. The description of «(Bj; ) becomes
more awkward though. Without giving the lengthy proof here, we obtained

Lemma 6.1. Letrn > 2 and P = {xy,...,x,} C S, consisting of distinct points. Put
dij = d(x;, xj). Then
B = [ U= Syt <10 f=ho= o= Syt < 1

L<i,jksn, kitj+k

N () {f+Ui— fody <1hn{—fi — (i — fdy' <1}

1<ik<n, ik
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0.5

-0.5

-1 . 05 0 0.5
fi

Fig. 2. The unit ball Bé’L for the norm || - ||gL. on the space BL(P, d), where P = {x|, x2, x3} and f € BL(P, d)
is represented by (f;) € R® with f; := f(x;). The defining conditions are given by those in Lemma 6.1, while the
metric d is defined by d,'j = d(xi,xj) with djp =1, di3 =2, dy3 = 3.

In Fig. 2 an example is shown of a unit ball B, for P consisting of three points. Compare
the more complex geometric structure with those of Bfy; presented in Fig. 1.
Thus, one has — with P as in Lemma 6.1 and 0 # «; € R:

n

1> eisy |y = max Y aifi = — min (=) aif), (40)
i=1

FeuBg) i T —

which optimum can again be found by a linear programming algorithm, now by using
Lemma 6.1 for the standard description of the domain of optimization as intersection of
half-spaces.
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Appendix A. MATLAB implementations

A.l. FM-distance between a positive linear combination of Dirac measures and a positive
measure

% Computes | |[\nu-\mu||_FM~* for \nu in Mol~+(S), \mu in M"+(S),

% S=(Smin, Smax)\subset\R (possibly Smin=-Inf, Smax=+Inf)

% \mu=h d\lambda, \mu abs ct wrt Lebesgue measure, \nu=sum a_i delta_{s_i}
Smin = 0;

Smax = Inf;

a=1[1/221/51/3]; n = length(a);

P [0 1/3 1/2 3];

h = @(s) exp(-s~2);

integrand = @(s,f)h(s)*max(-1,max(f-abs(P-s)));

psi = @(£f) -dot(a,f)+integral(@(s) integrand(s,f),Smin,Smax,’ArrayValued’,true);
A=11;

for i =1:n

for j = i+l:n
B = zeros(1,n);
B(i) = abs(P(i)-P(j))"(-1);

B(j) = -B(i);
A = [A;B];
end
end
A = [Ajeye(n)];
A= [A;-A];

b = ones(n”2+n,1);

f0 = zeros(1,n);

[f,val] = fmincon(psi,f0,A,b);
f

norm = -val

A.2. FM-norm of a linear combination of Dirac measures

function [norm,f] = FMdualnorm(a,dist)
%a=la_1a_2 ... a_n], mu=sum_i=1"n a_i delta_s_i, dist=[d_ij]l_i,j=1"n matrix
f%norm =| |mu| | _FM"*, f=ext pt for which <mu,f>=norm
n=length(a) ;
A=[1;
for i=1:n
for j=i+l:n

B=zeros(1,n);

B(i)=dist(i,j)~(-1);

B(j)=-B(1);

A=[A;B];

18
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end

end

A=[A;eye(n)];

A=[A;-Al;

b=ones(n~2+n,1); %m=#rows of A=2n+2(n choose 2)=2n+n(n-1)=n"2+n
minus_a=-a;

f=linprog(minus_a,A,b);

norm=ax*f ;
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