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Generalized Positive Energy Representations of Groups of Jets

Niestijl, M.
November 7, 2023

Abstract

Let V' be a finite-dimensional real vector space and K a compact simple Lie group with Lie algebra ¢.
Consider the Fréchet-Lie group G := J5°(V; K) of oco-jets at 0 € V of smooth maps V' — K, with Lie
algebra g = J5°(V;£). Let P be a Lie group and write p := Lie(P). Let a be a smooth P-action on G. We
study smooth projective unitary representations p of G x P that satisfy a so-called generalized positive
energy condition. In particular, this class captures representations that are in a suitable sense compatible
with a KMS state on the von Neumann algebra generated by p(G). We show that this condition imposes
severe restrictions on the derived representation dp of g x p, leading in particular to sufficient conditions
for p| to factor through Jg(V; K), or even through K.

1 Introduction

This paper is concerned with projective representations of groups and Lie algebras of jets. Let K denote a
compact simple Lie group with Lie algebra £ and let V' be a finite-dimensional real vector space. Then we
consider the Fréchet-Lie group G := J§°(V; K) with Lie algebra g := J§°(V; £) = R[V*] ® . These consist of
oo-jets at 0 € V' of smooth K- and £-valued functions, respectively. We are interested in smooth projective
unitary representations of G which satisfy either a so-called positive energy, or a KMS condition.

To describe these, let P be a finite-dimensional Lie group with Lie algebra p. Assume that there is a smooth
action o of P on G. A continuous projective unitary representation 5 : G X, P — PU(H,) is of positive
energy at the cone C C p if for every p € C, there is a strongly continuous homomorphic lift ¢ — e*H of
t — p(e'?) whose generator H satisfies Spec(H) > 0. We say that p is KMS at p € p if there is a normal state
¢ on the von Neumann algebra M := p(G)"” generated by p(G) such that ¢ satisfies the KMS condition for
the one-parameter group R — Aut(M), ¢t — Ad(p(e'?)). As we shall see, these two seemingly very different
classes of representations exhibit similar behavior in certain respects. In particular, they both give rise to
so-called generalized positive energy representations, a notion which relaxes the positive energy condition and
is introduced in Section 4 below. We study these generalized positive energy representations and thereby also
those which satisfy either the positive energy or the KMS condition.

The motivation for looking at the positive energy and KMS representations of the group G x,, P originates in
prior work by B. Janssens and K.-H. Neeb, who studied in [JN21] a class of projective unitary representations
of the group of compactly supported gauge transformations G := I'.(M; Ad(K)) of a principal K-bundle K over
M, where Ad(K) denotes the corresponding adjoint bundle. Suppose that the Lie group P acts smoothly on
K by automorphisms of the principal bundle K. This induces a smooth action of P on the infinite-dimensional
Lie group G. Their main result is:

Theorem 1.1. ([JN21, Theorem 7.19)):

Let (p,H) be a projective unitary representation of G x P which has a dense set of smooth rays and is of
positive energy at the cone C C p. If the cone C has no fized points in M, then there exists a 1-dimensional P-
equivariantly embedded submanifold S C M s.t. on the connected component Gy of the identity, the projective
representation p factors through the restriction map r : Go — I'c(S; Ad(K)).

Thus, if there are no fixed points in M for C, then the problem of classifying the projective unitary positive
energy representations of G x P is essentially reduced to the one-dimensional case, which has been exten-
sively studied, see for example [PS86, Was98, Tan11, Kac90, KR87, GW84, TL99]. Moreover, if there are no
one-dimensional P-equivariantly embedded submanifolds in M, one is essentially reduced to the case where p
factors through the germs at the fixed point set ¥ C M of the cone C C p. In the present paper, we address
the setting where fixed points do exist and where p actually factors through the germs at a single fixed point.



Thus, let a € M be a fixed point of the P-action on M and let V' := T,(M). If a smooth projective unitary
representation p of G factors through the germs at a € M, then the continuity of p implies that it must further
factor through the oo-jets J°(Ad(K)) = J§°(V; K) = G at a € M, as is shown in Section A of the appendix.
This brings us to groups of jets and motivates the study of smooth projective unitary representations of
G x4 P. Clearly, any smooth projective unitary representation of G' x,, P defines one of G x P via the jet
homomorphism j$° : G — J°(Ad(K)) = G. In this way, the present paper contributes to the understanding
of positive energy and KMS-representations of gauge groups.

In [Sim23], KMS-representations were very recently studied in the context of finite-dimensional Lie groups,
leading to complete characterization of such representations that generate a factor of type I. In relation to
the unitary representation theory of gauge groups, let us also mention the papers [GGV77, AHKT78, PS76]
and [Ism76], in which unitary representations of gauge groups C°(M; K) are constructed which are non-
local in the sense that they do not factor through the restriction map C°(M; K) — C>(N; K) for some
proper submanifold N C M. When dim(M) > 3, these are irreducible ([Wal87] and [AHKT81]). They
are also considered in [ADGV16] and [AHKM193]. Unitary representations of groups of jets have also been
considered in [GG68] and [AT94].

Structure of the paper

The paper is divided in two parts. In Part I, we introduce both the (generalized) positive energy and the
KMS condition. We start in Section 2 by briefly recalling the relation between continuous projective unitary
representations, central extensions and the second Lie algebra cohomology HZ (g, R). We move on to consider
positive energy representations in Section 3 and discuss some of their properties. In Section 4 we relax the
positive energy condition and introduce the so-called generalized positive energy condition. We show that for
a projective unitary representation which of is generalized positive energy, its kernel is related to a particular
quadratic form canonically associated to the corresponding class in HZ (g, R). This observation will play a key
role in Part II. In Section 5, we briefly recall the modular theory of von Neumann algebras and then proceed
to define KMS representations. We consider a number of examples and discuss some of their properties, in
particular making the important observation that KMS representations give rise to generalized positive energy
ones. To some extent, this unifies the positive energy and KMS conditions, allowing their simultaneous study.
We remark also that Part I is formulated in the general context of possibly infinite-dimensional locally convex
Lie groups, which is the appropriate context within the larger program that studies the projective unitary
representations of gauge groups.

In Part II, we return to the Fréchet-Lie group G := J°(V; K) of oo-jets at 0 € V. After fixing our notation, we
discuss in Section 7 a normal-form problem for the p-action on g = JS°(V;£). Using the general observations
made in Part I together with the normal-form results obtained in Section 7, we proceed in Section 8 with the
study of (generalized) positive energy representations of the Lie algebra g x p p, where D : p — der(g) denotes
the p-action on g corresponding to a.

Overview of main results

Let us describe the main results of Section 8. We will first need to introduce some notation. We write Xy for
the Lie algebra of formal vector fields on V' vanishing at the origin. The p-action D splits into a horizontal
and a vertical part according to D(p) = —Ly(p) + ady(p), for some Lie algebra homomorphism v : p — X
and a linear map o : p — g satisfying the Maurer-Cartan equation

—Loy(p)(P2) + Loypy)0(p1) — o([p1,p2]) + [0(p1), 0(p2)] = 0, Vp1,p2 € 9.

For any p € p, the formal vector field v(p) splits further as v(p) = vi(p) + vho(p), into its linearization
vi(p) and its higher order part vpho(p), which is a formal vector field on V' vanishing up to first order at the
origin. Let oo(p) be the constant part of the formal power series o(p). Let £, C C denote the additive
subsemigroup of C generated by Spec(vi(p)). Let V.5(p) denote the span in V¢ of all generalized eigenspaces
of vi(p) corresponding to eigenvalues with zero real part. Set V.(p) := VE(p)NV. If € C p is a subset,
define V¢ (€) := (,c¢ Ve(p), which we call the ‘center subspace of V' associated to €', in analogy with the
center manifold of a fixed point of a dynamical system. Let V.(€)~ C V* be its annihilator in V*. If 7 is a
continuous projective unitary representation of g xp p, let €(7) be the set of all points p € p for which 7 is
of generalized positive energy at p. Write R := R[V*] :=[[, P"(V) for the ring of formal power series on
V, where P™(V') denotes the set of degree-n homogeneous polynomials on V.



The first main result concerns positive energy representations. It states that unless the spectrum of v(p) and
oo(p) happens to intersect non-trivially, any smooth projective unitary representation p of G %, P which is
of positive energy at p € p factors through the 2-jets J3(V; K) x,, P:

Theorem 8.1. Let p be a smooth projective unitary representation of G X, P which is of positive energy at
p € p. Assume that Spec(ad,, () N Spec(vi(p)) = 0. Then p factors through J3(V;K) x4 P. Moreover the
image of —Lay,(p) + adg,(p) in P2(V)®t C J3(V;K) is contained in ker p.

The second main result determines restrictions imposed by the generalized positive energy condition. If
p € €(7), then unless possibly when the “non-resonance condition” Spec(ad,, ) N X, = 0 is violated, it
suffices to consider the case where all eigenvalues of v(p) are purely imaginary. The precise statement is:

Theorem 8.3. Let T be a continuous projective unitary representation of gxpp. Let € C €(T). Assume that
Spec(ad,, () NEp =0 for all p € €. Then RV, (€)* @t C ker 7, and hence 7|, factors through R[V.(€)* ] @¢.

Since R[V.(€)*] ® € = £ whenever V,(€) = {0}, Theorem 8.3 in particular gives sufficient conditions for 7 to
factor through ¢, that depend only on the spectrum of oy and v(p). For the third main result, we consider
the special case where p is non-compact and simple:

Theorem 8.6. Assume that p is non-compact and simple. Suppose that vy defines a non-trivial irreducible
p-representation on V. Let T be a continuous projective unitary representation of g xp p. Let € C &(T) be a
P-invariant convex cone. FEither € is pointed or ﬂg factors through %.

Remark 1.2. If p is a smooth projective unitary representation of G x, P which is of generalized positive
energy at the cone C C p, then its derived representation dp on the space of smooth vectors H7° is so,
too. Moreover, as we shall see in Lemma 6.3 below, the exponential map of G = J§°(V; K) restricts to a
diffeomorphism from the pro-nilpotent ideal ker (evo : J§°(V; ) — £) onto ker (evq : J§°(V; K) — K). Thus,
the above results all have immediate analogous consequences on the group level.
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Part 1
Positive Energy and KMS Representations

2 Projective Representations and Central Extensions

In the following, the category of infinite-dimensional manifolds and smooth maps between them is defined in
the Michal-Bastiani sense [Bas64, Mil84, Nee06]. This also defines the notion of a locally convex Lie group.
Throughout the section, let G denote a locally convex Lie group which is regular in the sense of [Nee06, Def.
I1.5.2]. Then G in particular admits an exponential map exps : g — G, see e.g. [Nee06, Rem. I1.5.3].

Definition 2.1.

— A (projective) unitary representation of G is said to be continuous if it is so w.r.t. the strong operator
topology on U(#,,).

— Let (p,#,) be a unitary representation of G on H,. A vector ¢y € H, is called smooth if the orbit
map G — H,, g — p(g)¢ is smooth. Denote by H;° C H, the subspace of smooth vectors. The
representation p is called smooth if H7° is dense in H,.

— Let (p,M,) be a projective unitary representation of G on H,. A ray [¢)] € P(H,) is called smooth if
the orbit map G — P(H,), g — p(g)[¢] is smooth. Denote by P(H,)> the subspace of smooth rays.
The projective representation p is called smooth if P(#,)> is dense in P(H,).



Definition 2.2. If D is a complex vector space, denote by £(D) the Lie algebra of linear operators on D.
If D is a pre-Hilbert space with Hilbert space completion H, we also write

LYD):={X € L(D): D C dom(X*) and X*DCD}.

For X € L1(D) set X' := X*|5. Then (X")T = X and (—)' endows L£T(D) with an involution [Sch90, Ch. 2].
If D is a pre-Hilbert space, define the Lie algebra

wD):={XeLl(D): XT+X=0}.
Definition 2.3. Let D be a complex pre-Hilbert space.

— A unitary representation of the Lie algebra g on D is a Lie algebra homomorphism 7 : g — u(D). A
projective unitary representation is a Lie algebra homomorphism 7 : g — pu(D) := u(D)/iRI.

— A unitary representation m of g is called continuous if & — 7(£)1 is continuous for any ¢ € D. A
projective unitary representation 7 is continuous if £ — m(£)[¢] is continuous for every [¢)] € P(D).

Remark 2.4. Any unitary G-representation on H, defines a unitary g-representation dp : g — u(HS") on
Hy° by dp(§)y = %|t20 p(et*)y. We will always consider elements of dp(g) as unbounded operators de-
fined on the invariant domain H7°. Projective unitary G-representations similarly define projective unitary
g-representations on P(’H‘;O) by differentiation at the identity. If G is finite-dimensional, then H°° is dense in

P
H, for any continuous unitary representation p of G, by a result of Garding [War72, Prop. 4.4.1.1].

A continuous projective unitary representation p : G — PU(H,) is equivalently given by a continuous central
T-extension G together with a unitary representation p : G = U(H,) which satisfies p(z) = zI for z in the
central T component. Of course, G is the pull-back of the central T-extension U(H,) — PU(#,) along 5. We
say that p lifts p. Suppose p; and p, are two projective unitary representations, inducing by pull-back the lifts
p1 e GL— U(H,p,) and po : Gy — U(H,,) of p; and p,, respectively. Then 5, and p, are unitarily equivalent
if and only if there is an isomorphism @ : é’l — GOQ of central G-extensions and a unitary U : H,, — H,,

such that pa(®(z)) = Upy(2)U ! for all z € G Analogously, any projective unitary g-representation 7T with
domain D can be lifted to a unitary representation 7 : g — u(D) of some central R-extension g of g. The con-
tinuous central extensions of g by R are up to isomorphism classified by H2 (g, R), the continuous second Lie
algebra cohomology with trivial coefficients [JN19, Def. 6.2, Prop. 6.3]. Thus, to study the projective unitary
representations of g up to equivalence, one may first determine HZ (g, R), choose for each class [w] € HZ (g, R)
a representative w and then proceed to determine the equivalence classes of unitary representations m of the
central extension R, g satisfying 7(1,0) = il. We will also write ¢ := (1,0) € R, g for the central generator.

Remark 2.5. In the literature, one encounters the notion of the level of a unitary representation m of Re&®,, g,
which is the number I € R such that w(e) = ilI (see e.g. [PS86, sec. 9.3]). Let us briefly clarify how
such representations are included in the program outlined above, even though 7(c) = il is always assumed.
Simply notice that such a representation of level [ factors through the map Re @, g — Re @;.,, g induced by
multiplication by [ on the central factor. The corresponding representation 7o of Re®., g satisfies ma(c) = il.
Notice that Re®,, g — R®;., g is an isomorphism of Lie algebras whenever [ # 0, but not as central extensions
unless [ = 1, because a morphism of central extensions is required to be the identity on the central component.
For 1 # 1 € R, the cocycles w and [ - w are not equivalent unless [w] = 0 in H2 (g, R).

Remark 2.6. If a projective unitary representation p of G is smooth, then the corresponding central T-extension
G is again a locally convex Lie group [JN19, Thm. 4.3]. Moreover, there is a similar correspondence between

smooth projective unitary representations p of G and their lifts p : G — U(HM,), which are then again smooth
[JN19, Cor. 4.5, Thm. 7.3]. We furthermore have P(#,)> = P(#;°) by [JN19, Thm. 4.3].

3 Positive Energy Representations

Let us introduce the class of positive energy representations. After defining the notion, some immediate
consequences are considered that will be relevant in Part II. Let G be a regular locally convex Lie group
with Lie algebra g. If ¢ € R, D is a pre-Hilbert space and X € LT(D) satisfies XT = X, we write X > c if
(1, X1p) > c||9||? for every o € D.



Definition 3.1. Let C C g be a convex cone and D be a pre-Hilbert space.

— A continuous unitary representation m of g on D is said to be of positive energy (p.e.) at & € g if
—im(§) > 0. It is of p.e. at C if it is of p.e. at every £ € C. Write C(w) ={& €g: 7isof p.e. at £ }.

— Let 7 be a continuous projective unitary representation of g on D with lift 7 : § — u(D). Then T is of

p.e. at £ if there exists E € C(m) C g covering £&. Write D(7) for the set of all such £. We say that 7 is
of p.e. at C if C C C(7).

— A smooth (projective) unitary representation of G on H,, is said to be of p.e. at £ € g if the corresponding
derived (projective) unitary representation of g on H3° is so. It is said to be of p.e. at C if it is so at
every & € C.

Remark 3.2. Let p be a smooth unitary representation of G. Then C := C(dp) is always a closed, G-invariant
convex cone. Consequently, C N —C and C — C are ideals in g, called the edge and span of C, respectively. If
& € CN —C then £ € kerdp, so by passing to the quotient g/ ker dp one may always achieve that C is pointed.

Next, we define the notion of a semibounded representation.

Definition 3.3. Let p: G — U(H) be a smooth unitary G-representation. Define its momentum set by:

I, = conv { & = (b, —idp(E)) : v € M, |l = 1) C .

The representation p is said to be semibounded if W, contains an interior point, where

W, :={& € g : inf Spec(—idp(§)) > —o0 }.

Remark 3.4. For finite-dimensional Lie groups, the class of semibounded representations has been subject to
detailed study in [Nee00]. In particular, they are highest weight representations [Nee00, Def. X.2.9, Thm.
X.3.9]. For a consideration of semibounded representations in the context of infinite-dimensional Lie groups,
we refer to [Neel7] and [NeelOb].

In the finite-dimensional context, the semiboundedness condition turns out to be extremely restrictive, which
in turn has consequences for arbitrary positive energy representations. The following result, Theorem 3.5, is
based on the results in the monograph [Nee00].

Theorem 3.5. Assume that G is connected and locally exponential. Toke d € g and let a = (d) < g be the
closed ideal in g generated by d. Assume that dim(a) < co and that a is stable, in the sense that Adg(a) C a.
Let A<G be a connected normal Lie subgroup integrating a. Let (p, H,) be a smooth unitary G-representation
which is of p.e. at d € g. Write y := a/kerdp. The following assertions hold:

1. a=C —C, where C C g is the closed G-invariant convex cone in g generated by d.

2. The closure of C + kerdp in b is a pointed, closed, generating and G-invariant convexr cone. Thus
CN—C C kerdp.

3. pl, is semibounded.

4. Let by, denote the mazimal nilpotent ideal of h. Then [h,,b,] C 3(h). Moreover, there exists a reductive
Lie algebra | such that h = b, x L.

5. Let a,, denote the maximal nilpotent ideal of a. Then [a, [a,, a,]] C ker dp.

Proof. For the first point, let a’ be the closure of C — C in g. As a’ is a closed ideal in g containing d, we
have a C a’. On the other hand, we know that Adg(d) C a because a is stable. Thus C C a and hence
a’ Ca. So d = a. In particular dim(a’) < co and so C —C = @ = a. Next we prove the second statement.
Take £ € (C +kerdp) N —(C +kerdp). Then dp(§) > 0 and dp(§) < 0, in view of Remark 3.2, and hence
Spec(dp(€)) = {0}. As dp(€) is essentially skew-adjoint, it follows that & € ker dp. Thus C + ker dp is pointed
in h. As C is G-invariant and convex, it is clear that the same holds for the cone C + kerdp in h. The latter
is also generating in h because a = C — C. Next we show that p|, is semibounded. As a is spanned by C and
dima < oo, it follows that C C a has interior points. As C C W, this implies that W, has interior points.
Hence p|, is semibounded. For the remaining points, we use the results in [Nee00]. We first show that b is
admissible, in the sense of [Nee00, Def. VII.3.2]. Using the second point, the convex cone (C + ker dp) & R>
in h & R is closed, pointed, generating and Inn(fh)-invariant. By [Nee00, Lem. VIL.3.1, Def. VII1.3.2] this
implies that b is admissible. By [Nee00, Thm. VIL.3.10], it follows that [h,,b,] C 3(h) and that h contains




a compactly embedded Cartan subalgebra t (where as in [Nee00, Def. VII.1.1], a subalgebra t C b is called
compactly embedded if (e2d(V) is compact in Aut(h)). Using [Nee00, Lem. VII.2.26(iv)], we obtain that there
exists some reductive Lie algebra [ with h = b,, x [. Since [b, [hn, bn]] = 0 and b = a/kerdp, it follows in
particular that [a, [a,, a,]] C ker dp. O

For projective p.e. representations, this leads to:

Corollary 3.6. Let G, d,a and a,, be as Theorem 3.5. Let (p,H,) be a smooth projective unitary represen-
tation of G. Suppose that p is of p.e. at d € g. Then [a, [a,, a,]] C ker dp.

o

Proof. Let p: G- U(H,) be the lift of p to a central T-extension G of G. Let ¢ := Lie((7). There exists some

d € §s.t. dpisof pee. at d € §. Let & denote the ideal in § generated by d and let &, denote the maximal
nilpotent ideal in a. Then dp([a, [a,, a,]]) = {0} by Theorem 3.5. Thus dp([a, [a,, a,]]) = {0}, where we used
that the quotient map g — g projects a and d,, onto a and a,, respectively. O

The following simple lemma will also be useful.

Lemma 3.7. Assume that dim(G) < co. Let p: G — PU(H,) be a continuous projective unitary repre-
sentation of G which is of p.e. at every element of g. Then p is continuous w.r.t. the norm-topology on

U(H,).

Proof. Let dp : § — u(H;°) be the lift of dp. Identify g = R @, g for some 2-cocycle w : g x g — R. The
assumptions imply that for every £ € g there exists Ee € R s.t. —idp(§) > E¢. As this holds in particular for
both £ and —¢, dp(&) is a bounded operator for any £ € g. As dim(g) < oo, one finds by choosing a basis
(en) of g that there exists C' > 0 s.t. [|dp(&)[| < C||€]| where ||| := sup,,[§u] if £ =3_, {uen. Thus £ — dp(€)

is norm-continuous. This implies norm-continuity of p because B(H,) — B(H,), T + e’ is norm-continuous
and pexp(€)) = [e?(®)] € PU(H,,) for € € g. O

4 Generalized Positive Energy Representations

Let G denote a regular locally convex Lie group with Lie algebra g. The class of p.e. representations can
be generalized by relaxing the condition —idp(¢) > 0 in Definition 3.1. We define a suitable relaxed notion,
the generalized positive energy condition, and show that it can still be very restrictive. In Section 5, we will
encounter a class of representations which are not of p.e. but are of generalized positive energy.

Definition 4.1. Let D be a pre-Hilbert space with Hilbert space completion H. Let §h be a locally convex
topological Lie algebra.

— A continuous unitary representation m : h — u(D) is of generalized positive energy (g.p.e.) at & € b if
there exists a 1-connected Lie group H with Lie algebra h and a dense subspace Dy C D such that

Vi € Dy By(m€) = inf (1, —in(Ady(€))) > —oc. (1)

We write €(7) :={& €g:misof g.pe at £}. If € C g, we say that 7 is of g.p.e. at € if € C €(7).

— Let 7 : h — pu(D) be a continuous projective unitary representation of h on D with lift 7 : 6 — u(D).
Let €(7) C b denote the image of €(7) C b under the quotient map h — h. Then 7 is said to be of
generalized positive energy at £ € b if £ € €(7). Similarly, we say it is of g.p.e. at € C b if € C €(7).

— Let p: G — U(H,) be a smooth unitary representation of G. Then p is said to be of g.p.e. at § € g if
its derived representation dp on H7° is so.

— Let p: G — PU(H,) be a smooth projective unitary representation of G with lift p : G — U(H,). Let
g be the Lie algebra of G. Then pis of g.p.e. at & € g if p is of g.p.e. at some & € g covering &.

Remark 4.2. If 7 is a (projective) continuous unitary representation of g, then the set €(7) C g is always an
Adg-invariant cone.

An important observation for the class of g.p.e. representations is the following one:



Lemma 4.3. Let 7 : g — u(D) be a continuous unitary representation of g on the pre-Hilbert space D. Let
& € €(m). Suppose that n € g satisfies [[€,n],n] € 3(g). Then for every 1 in some dense subspace Dy we have:

0 < (b, —im([[€, m], n))¥),

, 2 : . (2)
(¢, —im (& n]))” < 2, —im([[€, nl, n))¥) ((1/1, —im(§)Y) — Ew(m&)))-

In particular, if [[§,1],n] = 0 then n([§,n]) = 0.

Proof. Let Dy C D be a dense subspace for which (1) is valid. Let ¢ € Dy. Then (v, —im(et®dn&))) > By (7, &)
for all t € R. As [[¢,7],n] € 3(g), the third derivative y®) : R — g of the smooth path v : R — g, t + e!2dn¢
vanishes. From Taylor’s formula (which holds for smooth maps between locally convex vector spaces by

[Nee06, Prop. 1.2.3]), it follows that e®dn¢ = ¢ + ¢[n, ] + g[[f,n], n] for all t € R. Thus

2

(s, —im(€)) + 14, —in(in, D) + =, —in([E Al n)Y) 2 By(m,8),  VeR

The equations (2) follows from the fact that at? + bt +c¢ >0 for all t € R if and only if a,c > 0 and b2 < 4ac.
In particular, if [[§,n],n] = 0 then (¢, —iw([§,n])) = 0 for all vb € Dy. As Dy is a complex vector space, this
implies by the polarization identity that 7([£,n]) = 0. O

In the projective context, this sets up a relation between ker 7 and the class [w] € HZ (g;R) defined by the
corresponding central R-extension g of g. This is exploited in Section 8.

Proposition 4.4. Let 7 be a continuous projective unitary g-representation on the pre-Hilbert space D with
lift m: g — w(D) for some continuous central R-extension § of g. Let w represent the corresponding class in
HZ2(g,R). Let £ € €(T). Suppose that n € g satisfies [[€,n],n] = 0. Then w([¢,n],n) > 0 and

w([&n],m) =0 < 7([¢,1]) =0.

Proof. Identify § with R @, g. Let £ € &(n) and % € § be lifts of ¢ and 7, respectively. We have that
[[fo,fﬂ,ﬁ] = w([¢,n],n) € 3(g), because [[£,n],n] = 0. Using Lemma 4.3 it follows that w([¢,n],n) > 0.
If w([¢,n],n) = 0, then [[50, n],7] = 0 and so Lemma 4.3 implies that 7r([§o, n]) = 0. Hence 7([£,n]) = 0.
Conversely, if 7([¢, 7]) = 0, then iw([¢, 1], n) = [7 ([, n]), 7(n)] — =([[§, n],n]) = 0, because [[§,n],n] =0. O

Remark 4.5. Notice in the setting of Proposition 4.4 that whenever [[¢, n], ] = 0, the value of w([£, n],n) does
not depend on the choice of representative w of the class [w] € HZ (g, R).

In Part II, a particular special case of Proposition 4.4 is used extensively:

Corollary 4.6. Let p and g be locally convex Lie algebras. Let D : p — der(g) be a homomorphism for
which the corresponding action p X g — g is continuous. Let D be a complex pre-Hilbert space and let
T:gXpp — pu(D) be a continuous projective unitary representation of gxpp on D. Let [w] € HZ (g xpp;R)
be the corresponding class in H% (g xp p;R). Let n € g, p € €(7) N p and assume that [D(p)n,n] = 0. Then
w(D(p)n,n) = 0 and w(D(p)n,n) =0 <= 7(D(p)n) =0.

5 KMS Representations

In the following, we introduce the class of KMS representations. We will see in particular that these give
rise to generalized positive energy representations. Consequently, they can be studied using the results of
Section 4. Its definition makes use of the modular theory of von Neumann algebras, which we recall first.

5.1 Modular Theory of von Neumann Algebras

Let us recall the modular condition and the notion of a KMS state on a von Neumann algebra M, whilst
fixing our conventions and notation. We refer to [Tak03a, Ch. VIII], [BR87, Ch. 2.5] and [BR97, Ch. 5.3] for
a detailed consideration of the modular theory of von Neumann algebras and of KMS states.

If M is a von Neumann algebra, write M, for its pre-dual, equipped with the o(M., M)-topology. Write
S(M) C M, for the set of normal states on M. Further, if ¢ € S(M), write 7y : M — B(H,) for the
GNS-representation of M relative to ¢. Write My := my(M)”. Let Q4 € H, denote the canonical cyclic
vector satisfying ¢(z) = (Qy, m4(x)Qy) for all x € M. Whenever Q, is separating for My, let Sy denote the
unique closed conjugate-linear operator satisfying SyxQy = x*Qy for all x € My. Let Sy = J¢A§ be its
polar decomposition, where the operators A, and Jy4 are positive and anti-unitary, respectively.



Definition 5.1. A map o : R — Aut(M) is said to be o(M,, M)-continuous if for every x € M, the map
R — M, t + o(z) is continuous w.r.t. the o(M.,, M)-topology on M.

Definition 5.2. Let ¢ € S(M) be a normal state. Let ¢ : R — Aut(M) be a one-parameter group of
automorphisms of M. Define St :={z:2€C, 0 <Im(z) <1}.

— ¢ is said to satisfy the modular condition for o if the following two conditions are satisfied:

1. ¢ =¢ooy forall t € R.

2. For every z,y € M, there exists a bounded continuous function F; , : St — C which is holomorphic
on St and s.t. for every ¢t € R:

Fyy(t) = o(ow(x)y),
Fouy(t +1) = ¢(yoi(z)).

— ¢ is said to be KMS w.r.t. o at inverse temperature 5 > 0 if it satisfies the modular condition for
t — o_g¢. In that case, we also say that ¢ is c-KMS at inverse-temperature 5. If 5 = 1 we simply say
that ¢ is a o-KMS state.

Remark 5.3.

1. Suppose that ¢ € S(M) is faithful. Then there exists a unique automorphism group o¢ : R —
Aut(M) for which ¢ satisfies the modular condition [Tak03a, Thm. VIIL.1.2], [BR87, Thm. 2.5.14].
The automorphism group o is o (M., M)-continuous. As ¢ is faithful, ms : M — M is injective and
hence a *-isomorphism between M and My [BR87, Thm. 2.4.24]. Thus one may identify M with M,
via Ty : M — My C B(Hg). Finally, there is a unique conditional expectation & : M — M® s.t.
¢ =¢oo&, where ME:={z e M :of(z)=z VteR}and ¢g:= ®| = [Tak03a, Thm. IX.4.2].

2. If ¢ is not necessarily faithful, then ¢ satisfies the modular condition for some o(M.,, M)-continuous
1-parameter group o : R — Aut(M) of x-automorphisms of M if and only if 0, € H4 is separating for
My = mg(M)" C B(Hy). In that case, there is a central projection p € Z(M) such that ¢(1 —p) =0
and ¢ is faithful on Mp. Moreover, o(p) = p for all t € R and 0| My 18 uniquely determined by the
modular condition for ¢ [BR97, Thm. 5.3.10].

3. In particular, if M is a factor and ¢ is KMS w.r.t. o : R — Aut(M), then necessarily p = I and whence

¢ must be faithful. Consequently o = af is necessary.

4. In the converse direction, given a o(M., M)-continuous automorphism group o : R — Aut(M), there
may be no, precisely one, or multiple states in S(M) that are KMS w.r.t. o. The set of o-KMS states
in §(M) is considered in [BR97, Ch. 5.3.2]. In particular, if ¢ € S(M) is a faithful o-KMS state and
P € S(M), then 1 is o-KMS if and only if there is a (necessarily unique) positive operator T affiliated
to Z(M) such that ¢(z) = ¢(T22T2) for all z € M [BRI7, Prop. 5.3.29]. In [BEKS0] and [BEKS6],
the set Kz of normal o-KMS states at inverse temperature 3 is studied in the setting of C*-dynamical
systems.

5. As a consequence of the previous points, if M is a factor and ¢, € S(M) are both o-KMS, then ¢ = v,
so that two distinct normal states can not share the same modular automorphism group.

Remark 5.4.  Suppose ¢ € S(M) is KMS w.rt. o : R — Aut(M). Let 0? : R — Aut(M,) denote the
modular automorphism group defined by the faithful state (4, Q4) on My = m45(M)”. It then holds true
that crf(m)(a:)) = my(o_¢(z)) for any x € M and ¢t € R. Indeed, by [BRI7, Cor. 5.3.4], the state (Q4,* Q) on
M, is KMS w.r.t. the unique automorphism group 7 : R — Aut(My) satisfying 7. (m4(2))Qy = mg(0e(x)) Qg
for all t € R. Then of = 7_; by uniqueness of the modular automorphism group (and the minus sign in the
definition of KMS states). As ) is separating for My, it follows that O’?(ﬂ'¢(l‘)) = my(o_¢(z)).

Example 5.5 (Gibbs States). Let M = B(H) and oy(z) = e xe " for some self-adjoint operator H
satisfying Zz := Tr(e ) < oo for some 3 > 0. Consider the normal state ¢(z) = Z%} Tr(e ") on M.

The modular automorphism group corresponding to ¢ is given by of (z) = e~ #tH geiftH — o_p(z) [BR87,
Example 2.5.16]. Thus ¢ satisfies the modular condition for o_g; and is therefore KMS at inverse-temperature
B w.rt. o

Gibbs states ¢(z) = Z%a Tr(e~PHz) constitute the simplest class of examples of KMS states. We will encounter
a variety of different KMS states in Section 5.2.2 below.



5.2 KMS Representations

In the following, let G be a regular locally convex Lie group with Lie algebra g. Let N C G be an embedded
Lie subgroup.

Definition 5.6. Let (p, H,) be a continuous unitary G-representation. Let N := p(N)"” C B(H,) be the von
Neumann-algebra generated by p(N). For ¢ € N,, define the function ¢ : N — C by ¢(n) := ¢(p(n)). Write
Ne={peN,:¢peC®N;C)} and set S(N)>® :=SWN)NNX.

— Let £ € gand ¢ € S(N). We say that ¢ is KMS-compatible with (p,&, N) if e®* Ne=* C N for all t € R
and ¢ is KMS w.r.t. the automorphism group R — Aut(N) defined by ¢ — Ad(p(e'?)).

— Define KMS(p, &, N) :={¢ € S(NV) : ¢ is KMS-compatible with (p,&, N) }.
Similarly, let KMS(p, &, N)>® := KMS(p, &, N) N S(N)>.

— pis said to be KMS at £ € g relative to N if KMS(p,&, N) # 0.
It is called smoothly-KMS at £ relative to N if KMS(p, &, N)> # (.

If the subgroup N is clear from the context, we drop N from the notation and simply write KMS(p, £) and
KMS(p,£)>°. We then also say that p is KMS at £ if it is so relative to N.

Remark 5.7. For any fixed ¢ € g satisfying Ad(e!*)N C N for all t € R, one may as well consider the semidi-
rect product N x, R, where o : R — Aut(N) is defined by a; := Ad(ef¢) ‘N. Definition 5.6 additionally allows
for the situation where p is KMS at multiple &; € g, relative to possibly distinct subgroups N; C G, where
I € T for some indexing set Z. We will see an example of this in Example 5.21 below.

In the following, let (p,,) be a continuous unitary G-representation and let N := p(N)"” C B(H,) be the von
Neumann-algebra generated by p(N). If ¢ € S(N), write 7y : N' — B(H,) for the GNS-representation of N
relative to ¢. Let Q4 € Hy denote the canonical N-cyclic vector satisfying ¢(x) = (Qg, mg(2)Qy) for all z € N.
Write pg :=my 0 p: N — U(Hg) for the unitary N-representation on Hg. Define Ny := pg(N)" C B(Hy).

Lemma 5.8. Let ¢ € S(N). Then $ is smooth on N if and only if Q4 € HS. In this case M7 is dense, so
Pe ts smooth.

Proof. Assume that ¢ is smooth on N. Then n — (Q4, pp(n)Qy) is smooth. By [NeelOa, Thm. 7.2], it follows
n — py(n)Qy is smooth N — H,. The converse direction is trivial. Assume that Qg € HZ7. As HY is
N-invariant and € is cyclic for N, it follows that Hpo s dense in Hy.

Consider the left action of G on S(N) defined by (g.¢)(z) := ¢(p(g) " *zp(g)) for x € N. Notice that this
action leaves S(N)* invariant.

Lemma 5.9. Let g € G and £ € g. Then ¢ € KMS(p,&,N) <> g.¢ € KMS(p, Ad,(£),gNg™1).

Proof. Write Ny, := p(g)N'p(g)~!. Let ¢ € KMS(p,&, N). As e’ Ne7* C N it follows that etA9s(¢) normalizes
gNg~! for every t € R. Define the following automorphism groups:

o* : R — Aut(N), ot := Ad(p(e')),
n*:R— Aut(N), 1t = Ad(p(etA9s€)).

In order to show g.¢p € KMS(p, Ad,(€),gNg™!), we must verify that g.¢ satisfies the modular condition for
the automorphism group 77§_t of Ny. Notice that as isomorphisms N, — N we have

of o Ad(p(9)™") = Ad(p(g) ") ong,  VEER. (3)
As ¢ € KMS(p, &, N), we know that ¢ o af = ¢ for all t € R. It then follows immediately from (3) that

(9-¢) omf = poAd(p(g) ") omf = dpoos o Ad(p(g) ™) = poAd(p(g)!) =g.6,  VtER,

Next, take z,y € Ny. Then = = p(g)x’p(g)~" and y = p(g9)y’'p(g)~" for some ',y € N. Let the function
Fy . : St = C be continuous and bounded, holomorphic on St and satisfy Fy. . (t) = ¢(c°,(z')y’) and



Fpy(t+1) = d(y'o® () for all t € R. Define ﬁzy : St — C by ﬁmy(z) = Fp 4(2). Then ﬁmy satisfies the
conditions of Definition 5.2 for 71°,. Indeed, notice using Equation (3) that o%(2') = p(g)~'n (x)p(g). Thus

Foy(t) = For gy (t) = ¢(0%,(2')y) = ¢<p(g)‘1n§t(x)yp(g)> = (9.0) (", (x)y),

Foy(t+1) = Fpy(t+1i) = ¢(y'0* () = ¢<p(9)‘1yn€t(w)p(9)> = (9.0)(yn’,(2)).

Thus g.¢ € KMS(p, Ad, (), gNg™t). O

Let ¢ € KMS(p,&, N). Let o denote the smooth R-action on N defined by ay(n) := e“ne~*. We extend py
to N x4 R by setting py(n,t) = p(z,(n)A;”. Define

N©? =Lz e N :(n,t) = pg(n,t)my(x)Qy is smooth N xR — Hy },

— 00,¢p oo (4)
Dd? = 7T¢(N ’ )Q¢ - HP¢'

Notice that N'°¢ and Dy are invariant under the left N- and N x, R-actions, respectively.

Lemma 5.10. If ¢ € KMS(p,&, N)°°, then N°°? is SOT-dense in N and Dy is dense in H.
In particular, py is smooth when considered as representation of N x4 R.

Proof. Since ¢ € S(N')>°, the vector Q4 is smooth for the N-action p, by Lemma 5.8. Let m € N. Then
P (n,1)ps (M) = ps(n)A; " ps (M) AL Qs = ps(n)?,(ps(m))Qy = py(ne'me™)Q,  Vne N, LR,

where the last equality follows by Remark 5.4. Thus (n,t) — pg(n,t)ps(m)Qy is smooth N x4 R — Hy and
so p(m) € N°¢. Thus p(N) C N°% and ps(N)Qy C Dy. Since p(N)” = N and ps(N)Q, is total for
Hg, it follows that N°>? is SOT-dense in N and that D, is dense in Hy. As Dy is contained in the set of
N x4 R-smooth vectors by definition, the final observation follows. O

5.2.1 Restrictions Imposed by the KMS Condition

Let us next determine some consequences of the KMS condition. Most notably, we will show that representa-
tions p which are smoothly-KMS give rise to generalized positive energy representations ps on the GNS-Hilbert
space Hg of the corresponding state ¢.

We continue in the notation of Section 5.2. Fixing a Lie subgroup N C G and some element £ € g satisfying
Ad(e**)N C N for all t € R, we may as well suppose that G = N x, R for some smooth R-action o on N
by automorphisms. Let g := Lie(G), n := Lie(N) and write D € der(n) for the derivation on n corresponding
to a. Thus g = n xp Rd, where d := 1 € R denotes the standard basis element. Assume that p is KMS
at d relative to N, and let ¢ € KMS(p,d, N). We extend the N-representation ps, = my o p on the GNS-
Hilbert space Hy to G = N X4 R by setting py(n,t) = p¢(n)A;it. Define further Hy := —log Ay = —idpy(d).

A first observation is the following:

Proposition 5.11. Let A be an Abelian Lie subgroup of N such that a;(A) C A for allt € R.
Then py(ai(a)) = pe(a) for everyt € R and a € A. In particular, if N is a factor then p(ay(a)) = p(a) for
everyt € R and a € A.

Proof. Let Ay = ps(A)”. Write again ¢ for the vector state (g, Qp) on Ny. Let ¢ := ¢|A¢ denote its

restriction to As. As A is R-invariant, so is Ay C Ny. Thus, the modular automorphism group a? of Ny
leaves Ay, invariant. As ¢ satisfies the modular condition for o?, so does 1 for the automorphism group

t|—>at¢

. Recall from Remark 5.3(2) that Qg4 is separating for N,. Hence it is so for A,. In view of
é
Remark 5.3(1) this implies that the modular automorphism group o% on A, is uniquely determined by the

modular condition. Thus ¢f = ¢ M for all t € R. As A, is Abelian, we know by [BR97, Prop. 5.3.28] that
¢

of = id4,. Thus Uf‘A = id4,. We know from Remark 5.4 that pyoa_; = of 0 pg. Thus py(ai(a)) = ps(a)
@

for all a € Aand t € R. If V is a factor, then ¢ is faithful and 7, is injective by Remark 5.3(1,3). Thus
plai(a)) = p(a) follows from py(as(a)) = pe(a). O

10



Let us illustrate Proposition 5.11 with the following noteworthy consequence for loop groups:

Corollary 5.12. Let K be a compact 1-connected simple Lie group with Lie algebra . Define LK :=
C>(SY; K) and Lt := C*°(S';€). Let a denote the T-action on LK by rotations, with corresponding derivation
D = d% on Lt. Consider the Lie group G := LK x, T with Lie algebra g := L€ xp Rd, where d :== 1 € R.
Suppose that the smooth unitary G-representation p is KMS at d € g relative to LK. Assume that p(LK)" is
a factor. Then LK C ker p.

Proof. Suppose T' C K is a maximal torus with Lie algebra t. Then LT C LK is an Abelian a-invariant
subgroup. By Proposition 5.11 it follows that dp(DLt) = {0}. As any X € £ is contained in a maximal torus,
it follows that dp(g—g ® X) = 0 for any f € C*°(S') and X € £ Consequently dp(Dg) = {0} and hence
Dgc C kerdp, where we have extended dp : g — L1 (7—[3") C-linearly to the complexification gc. As kerdp is
an ideal in g¢ and Léc = DL + [DLEc, DLEc], it follows that Léc C kerdp. Notice that LK is connected
because K is 1-connected. It is also locally exponential by [NeeO1l, Thm. IT.1]. It follows that LK C kerp. [

Thus, one necessarily has to pass to a non-trivial central T-extension LK of LK Xo T to allow for interesting
KMS-representations of LK that are smoothly-KMS at some d € Lt covering d € Lt x p Rd, as one may have
expected from the positive energy analogue (which follows from [PS86, Thm 9.3.5]).

We now proceed with the observation that KMS representations give rise to generalized positive energy
representations on the GNS-Hilbert space corresponding to the KMS state:

Theorem 5.13. Let ¢ € KMS(p,d,N)>®. Let z € N*> and assume 1 := 74(x)Qs € Dy has unit norm.
Then
(16(2)Q9, —idpy(Ady(d))ms(2)Qp) > —log (|mg(2)[?)  Vne N. (5)

In particular the representation pg of N xqo R on Hy is of generalized positive energy at d € n xp Rd.
Lemma 5.14. Let x € N be such that 0 # ¢ := m4(2)Qy € dom(Hy). Then
H, Se||?
(¥, ¢2¢> > log <|| ¢¢2|| )
I 4]l

Proof. In view of the correlation lower bounds satisfied by KMS states, see e.g. [BR97, Thm. 5.3.15 (1) =
(2)] or [FV77, Thm. 11.4, (i) = (iii)], we have

(6)

Irte) 0l
176 ()82 2

Since HyQy = 0, it follows that (my(z)Qg, [He, 7e(2)]Qs) = (7 (2)Qy, Heme(x)y). The assertion follows.
O

(g (), [Hy g ()]0} > — 0 ()2 og (

Proof of Theorem 5.13:
Recall that Dy C H7° and that Dy, C dom(Sy), because the stronger condition Ny C dom(Sy) is satisfied.

Let n € N. Notice that ||Sype(n)]| = ||ms(@*)pe(n) Q4| < ||7s(z)||. Recalling that Dy is N-invariant, we
can apply equation (6) to the vector ps(n)y. Using —idpy(d) = —log Ay = Hy it follows that

(W, ~idpy(Ad, -1 (d))) = (po(n), ~idpo(d)ps()) > —log (| Spps(n)b]?) > ~log (Imo(@)]?). O

As a consequence of Theorem 5.13, we find that the observations of Section 4 impose restrictions on KMS
representations. Let us illustrate this with the following immediate consequence:

Corollary 5.15. Let p be a smooth projective unitary representation of G on H,. Assume that N :=p(N)"
is a factor. Let p : G- U(H,) be the lift of p, for some central T-extension G of G with Lie algebra g. Let
N - G cover N. Let w represent the class in H%(g,R) corresponding to g. Let & € g and suppose fo € g
covers €. Let ¢ € KMS(p, 50, ]if)oo Assume that 1 € n satisfies [[€,n],n] = 0. Then w([¢,n],n) > 0 and

w([&nl,n) =0 < dp([¢;n]) = 0.

Proof. Consider the representation py of N xR on the GNS Hilbert space Hg, where R acts on N by Ad(etg ) o

and where py(1,t) = A;it for ¢ € R. Let p,, be the corresponding projective unitary representation of N xR on
H s, where R acts on N by Ad(e'*) ’N. By Theorem 5.13, py is of g.p.e. at d € nxRd and so Py isof g.p.e. at d.
It follows from Proposition 4.4 that w([¢,n],n) > 0 and w([¢,n],n) =0 <= dp,([§,n]) = 0. As N is a factor,
the KMS state ¢ € S(N) is faithful and the corresponding GNS-representation 7y : N — B(H) is injective,
by Remark 5.3(1,3). This implies that ker dpy = ker dp. Thus w([§,n],n) =0 <= dp([§,n]) =0. O
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Remark 5.16. A related notation is that of a passive state, which is usually considered in the context of
a C*-dynamical system (A,0), where A is a C*-algebra and ¢ : R — Aut(A) is a strongly continuous
homomorphism. If § is the generator of o with domain D(J§) C A, a state ¢ on A is said to be passive if

—ig(wd(w) =0,  Vue Ug(A) N D), (7)

where Ug(A) denotes the identity component of the group U(A) of unitary elements in .A. In this case, ¢
is necessarily o-invariant [PW78, Thm. 1.1], so that o is canonically implemented by a strongly-continuous
unitary 1-parameter group t — e?’¢ on the GNS-Hilbert space Hy. Let mg : A — B(Hg) be the GNS-
representation of A associated to ¢ and let €, € Hy4 be the corresponding cyclic vector. Then (7) becomes

—i<Q¢,7T¢(’U,>_1H¢7T¢(U)Q¢> >0, Yu € Uo(.A) n D((5>7

which is similar to equation (1). It was moreover shown in [PW78] that any ground- or o-KMS state is
necessarily passive (cf. [BR97, Thm. 5.3.22]), which is analogous to the observation that both positive energy
and KMS representations provide examples of generalized positive energy ones, in view of Theorem 5.13. We
refer to [PW78] and [BR97] for more information on (completely) passive states.

5.2.2 Some Examples of KMS Representations

Let us consider a variety of examples of KMS representations, thereby showing in various situations that a
well-known o-KMS state ¢ on a von Neumann algebra A admits some underlying smooth structure. More
precisely, we construct a continuous unitary representation p of a (typically infinite-dimensional) Lie group
G such that N' = p(N)", ¢ € KMS(p, &, N)*>° and o, = Ad(p(e'*)) for some ¢ € g and Lie subgroup N of G.
In particular, in this case the 1-parameter group o on N implements the R-action ¢ — Ad(e'® )’ y on the Lie
subgroup NN of G.

Let us begin with the simplest class of examples, which correspond to Gibbs states, as in Example 5.5:

Example 5.17. Take for N simply N = G. Let (p, H) be a continuous irreducible unitary G-representation.
Then N = B(H). Let £ € g and define the self-adjoint operator H := —i % |t:0 p(e'?). Let B > 0 and assume

that Z5 := Tr(e #H) < co. Define the Gibbs state ¢(z) := Z% Tr(e PHz) for € N. As in Example 5.5, we

have 02, (z) = ePH e~ itBH — (P81 p(e~5¢) for any = € N. Consequently, ¢ € KMS(p, 3¢) and so p is a
KMS representation at 8¢ € g. If in addition ¢ : G — C is smooth, then p is smoothly-KMS at 8¢ € g. By
Lemma 5.9, p is also KMS at any element in the adjoint orbit of S¢. In view of Example 5.5, the representation
pp of G xR on Hy := B(’HP)P’A") is given by py(g,)xQs = p(g)p(e!®)xp(e )0y = p(g)o?,(2)Qy, Where
Qg =1 € B(H,) C My denotes the cyclic vector.

In fact, Proposition 5.18 below entails that any KMS representation p for which A is a factor of type I is of
the form described in Example 5.17. Moreover a complete characterization of such representations was very
recently obtained in the context where N is a finite-dimensional Lie group [Sim23].

Proposition 5.18. Let & € g and > 0. Suppose that p|y is irreducible and that ¢ € KMS(p, B¢, N). Let
H:=—i %|t20 p(et®). Then Zg := Tr(e PH) < 0o and ¢(x) = Z%; Tr(e PHyz).

Proof. As pl|y is irreducible, it follows that ' = B(H,). Thus ¢(z) = Tr(dz) for some § € L'(H,)+
satisfying Tr(6) = 1, where L'(#,) denotes Banach space of trace-class operators on H,. Moreover, in view
of Remark 5.3(3), we know that ¢ is faithful on N. By assumption, ¢ satisfies the modular condition for
the automorphism group t — Ad(p(e~*#¢)) =: 0_p;. On the other hand, as ¢ is faithful, there exists by
Remark 5.3(1) a unique automorphism group Uf of NV for which ¢ satisfies the modular condition. It follows
that o_g, = Uf. When N = B(H,) and ¢(z) = Tr(dz), the modular automorphism group Uf corresponding
to ¢ is of (z) = 6x6~ . In view of 0¥ = o_yp, it follows that §tzd— = p(e~ 8¢ )zp(etP¢) for every x € N.
As Z(N) = CI and both ¢ ~ §* and t + p(e!P¢) are strongly continuous unitary 1-parameter groups, it
follows that there is some continuous homomorphism ¢ : R — T such that 6 = c(t)p(e~*%¢) = c(t)e " H for
all t € R. Thus there exists y € R such that 0" = e~ ®#BH+1) for all ¢t € R. So logd = —(BH + ul). Since
Tr(6) = 1, we have Zg = Tr(e ) = Tr(e= B+ el 1) = Tr(de!1) = etp(1) = e < co. Tt follows that

ZL Tr(e #Hz) = e # Tr(e PHz) = Tr(e”PHTM ) = Tr(dz) = ¢(), Vz € B(H). O

B

For more interesting examples, one has to consider a Lie subgroup N of G which is not of type I, so that the
von Neumann algebra A need not be type I.
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Example 5.19 (Powers’ factors). Define G,, := [];_, SU(2) and let 7, : G,, <= G,41 be defined by

LG L G, xSU2) = Gy

Write g, := Lie(G,,) and L(n,) := Lie(n,). The direct limit G := lign(Gn, 7)) consists of sequences (uy) in
SU(2) with ux = 1 for all but finitely many values of k. It can be equipped with the structure of a regular
Lie group that is modeled on the locally convex inductive limit g := lign(gn, L(n,)) [Glo05, Thm. 4.3] and
(1) _01> and & := iH € su(2).
Consider the following R-action a on G defined by (v (u))s := e*¢uge~* for u € G. The corresponding action
R x G — G is smooth. Indeed, the restriction of o to R x G,, yields a smooth action a™ R x G, = G, for
every n € N. It follows from [G1605, Thm. 3.1] that lim ol mnn(Rx G,) — G is smooth. By [Gl605, Prop.
3.7] we further have h_H)ln(R X Gp) =R x G as smooth manifolds. This shows that a : R x G — G is smooth.
Consider the Lie group G* := G x4 R with Lie algebra g* := g xp Rd, where d := (0,1). Using the so-called
Powers’ factors, we define unitary representations p of G* which are smoothly-KMS at d relative to G < G*
and for which p(G)"” is a factor of type III, for arbitrary A € (0,1). Define the finite-dimensional C*-algebra
M, = Qj_, B(C?) for every n € N. Let 3 > 0. Define the state ¢(z) := £ Tr(e ?#z) on B(C?), where
Z :=Tr(e ") = 2cosh(B). Let ¢, be the state on M,, defined by ¢y, (21 ®- - -®x,,) = [[_; ¢(2x). The GNS-
representation of B(C?) defined by ¢ is H, := B(C?) equipped with left B(C?)-action and the inner product
(a,b) := % Tr(e PHa*p). Similarly the GNS-representation of M, corresponding to ¢y, is He, = Qjp_; He.
The isometric inclusions Hgy,, < Hg,, .., — 2®1 define a directed system of Hilbert spaces, and the algebraic
direct limit li 7-[¢ becomes naturally a pre-Hilbert space. Let H denote its Hilbert space completion. Let

tHe, — H denote the canonical inclusion. For every n € N, there is a *-representation m, of M, on H
deﬁned fore=21® - -®x, € M, by

has the exponential map expg = lim expg, [G1605, Prop. 4.6]. Let H := (

T ()t (Y1 @ -+ @ Yp) 1=ty (211 @ - - Ty, @ Y1 @ -+ - @ Uy ), m > n.

Let Mo := (UneN 7rn(./\/ln)> . The vector Q:=1®1®--- € H is cyclic and separating for M, [Tak03b,

X1V, Prop. 1.11], so H may be identified with the GNS-representation of M, w.r.t. the state oo := (Q,+ Q)
on My,. Observe that ¢o, satisfies doo(tn(z)) = ¢n(x) for all n € N and z € M,,. The von Neumann

algebra (Moo, o) = @rey (B(C?), ¢) is the so-called Powers’ factor with parameter a := #f(ﬁ) € (0,%),

which is a factor of type III, with A = e™2f = 7% € (0,1) [Tak03b, XVIII, Theorem 1.1]. The modular

automorphism group o7 on M, defined by ¢ is given by Uf > = @), Ad(e~P!¢) [Tak03b, XIV, Prop.
1.11], where @, ; Ad(e’*) € Aut(M) satisfies @ro ; Ad(e”€) 0 1), = 1,, 0 @), Ad(e*) for all ¢ € R and
n € N and is defined from this condition by continuity, where we used [Tak03b, XIV, Thm. 1.13] and that
¢ o Ad(eP*€) = ¢ for all t € R. Consider the unitary representation p : G x4 R — U(H) defined by

p(u, ft) := <®uk>oA;::, ueG,teR
k=1

which is well-defined because u = (ug) € G is a sequence in SU(2) with uy = 1 for all & sufficiently large.
Since p(f5t) = _z: and p(G)" = Mo, it follows that p is KMS at 8d € g relative to G' < G*. To see that

¢oo : G — C is smooth, it suffices to show that its restriction to G,, is smooth for every n € N, using the
universal property of the smooth manifold structure on G = hgn G, [Glo05, Thm. 3.1). This is the case, as
(Q, p(u)Q) = [Ty #(us) for any u € G, which is smooth G, — C. Thus Q € H° and so p is smoothly-KMS
at Bd € g relative to G < G*.

Example 5.20 (Standard real subspaces and Heisenberg representations). Let H be a complex Hilbert space.
Consider the real Heisenberg group G := H(H,w), where w(v,w) = Im(v, w). An R-linear closed subspace
K C H is called cyclic if K + iK is dense in H. It is called separating if K Nik = {0}. A standard subspace
is a closed R-linear subspace KL C H which is both cyclic and separating. We show that any standard real
subspace gives rise to a smooth KMS representation. Let I C H be a standard real subspace. Write dx for
the corresponding modular operator on H, which is generally unbounded, positive and self-adjoint, see e.g.
[NO17, Sec. 3]. Then t — §it is a strongly-continuous unitary 1-parameter group on H satisfying in particular
SRIC C K. We first pass to the R-smooth vectors K> to obtain a regular Lie group H(K>,w) x R. We then
construct a KMS representation thereof using second-quantization. The details are given below.

Let K denote the set R-smooth vectors in . Then K is dense in K and R-invariant. It moreover
carries a Fréchet topology which is finer than the one inherited as a subspace of K and for which the action
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R x £ — K is smooth [NeelOa, Thm. 4.4, Lem. 5.2]. As w : K> x K — R is bilinear and continuous
w.r.t. this topology, it is smooth. Thus the generalized Heisenberg group N := H(K*,w) is a Lie group.
(Notice that w|. may be degenerate.) It is as a subgroup of G generated by K. As K is a Frechet space,
it is Mackey complete by [KM97, Thm. 1.4.11], which implies using [Nee06, Thm. V.1.8] that N is regular.
Write n := Lie(N). By construction R acts smoothly on N by i, so that N* := N x R is a regular Lie
group. Let nf := n x Rd denote its Lie algebra. We construct a representation of N* which is smoothly KMS
at d € nf relative to N < N¥. Let us recall the standard representation of H(#,w) on the Bosonic Fock space
F(H). Equip the symmetric algebra S®(#) with the inner product

(o1 vy wg) = S [[(05w0,)- (8)

o€Sy j=1

Let F(H) denote the Hilbert space completion of S®(#H) and let Q := 1 € H denote the vacuum vector.
Then H contains (and is generated by) the vectors eV := 3 >° | Lo™ € H for v € H. There is a continuous
irreducible unitary representation W of H(H,w) on F(H) satisfying W (z,v)e® = ze~2llvl*—(ww)gotw for
v,w € H and z € T [PS86, Sec. 9.5]. Moreover, any unitary u € U(H) extends canonically to a unitary

F(u) € U(F(H)). We further have:
W(uw) = F(u)W (v)F(u)"?, Vu e UH),veH 9)

In view of (9), W and F together define a representation p of the Lie group N* by p(n,t) :== W(n)F(5i).
Let N := W(N)"”. As K is a standard real subspace and K> is dense in K, it follows that Q is cyclic and
separating for NV [NO17, Lem. 6.2]. Let ¢ denote the faithful vector state on A defined by ¢(x) = (2, zQ).
Using [NO17, Prop. 6.10] we have AY = F(3}¢) for all t € R. Consequently p is KMS at —d n? relative

to N < N* (notice the minus sign in Definition 5.2). To see it is smoothly KMS, observe that g’g :N - Cis
smooth because it is given by

o~ 2

Oz,v) = (W (2,0)Q) = ze 21", (10)

The following provides an example where p is smoothly-KMS at various &; € g, relative to distinct subgroups
N; C G, where I € 7 for some indexing set Z:

Example 5.21 (Bisognano-Wichmann and SU(1, 1)-covariant nets).

Recall that SU(1, 1) acts on S*. Explicitly, for g = (; g) € SU(1,1) with a, 8 € C satisfying |a|*—|8]? = 1,
define g(z) := %j%f for z € C with |z| = 1. With g as above, define the unitary action of SU(1,1) on the

complex Hilbert space L2(S';C) by (u(g)f)(z) := (o — Bz) " f(97(2)) for f € L*(S*;C). Let H3(S*;C) be
the closed subspace of L?(S*;C) spanned by the non-negative Fourier modes. Let H? (S';C) be its orthog-
onal complement in L?(S1;C). Notice that SU(1,1) leaves these subspaces invariant. Consider the complex
Hilbert space V := H?(S%;C) @ H2(S';C), where H?(S';C) denotes the Hilbert space complex-conjugate
to H?(S1;C). Let Vg = L?(S%;C) denote the real vector space underlying V. Define the real Fréchet
space Vi£° := C°°(S1;C) and consider the symplectic vector space (Vi£°,w), where w(v, w) := Im(v, w)y for
v,w € VE°. Let H(VE®,w) be the corresponding real Heisenberg group. Consider the regular Fréchet-Lie
group G := H(V§®,w) x SU(1,1). Let r:= % ((1) _01) and d := <(1) (1)> denote the generators in su(1, 1)
of the rotation and the dilation subgroups in SU(1, 1), respectively. By an interval of S!, we mean a con-
nected, open, non-empty and non-dense subset of St. Write Z for the set of intervals of S', on which SU(1,1)
acts naturally, and let Iy denote the upper-semicircle. For I € Z, define &7 € su(1,1) by & := Ady(d), where
g € SU(1,1) is any element satisfying g.Ip = I. Notice that £; is well-defined. Define further the closed real
subspace V; := L%(I;C) of Vg and set V2° := V;NVE®. Let Ny := H(V°,w) C G be the corresponding closed
subgroup of G. We construct a unitary representation p of G which is of p.e. at » € su(1,1) and which is
KMS at &; € su(1,1) relative to Ny, for every I € Z. The details are given below.

As the SU(1, 1)-action u on L?(S;C) leaves both H? (S';C) and H?(S';C) invariant, we obtain a unitary
representation u of SU(1,1) on V = H2(S';C) & H2(S';C) which is by construction of p.e. at r € su(1,1).
As in Example 5.20, let W denote the standard representation of the real Heisenberg group H(V,Im(—, —))
on the Fock space F(V). Letting SU(1,1) act on F(V) by second quantization, we obtain a smooth unitary
representation p of G on F(V') which is of p.e. at r € su(1,1). Explicitly, p is given by p(v,g) = W (v)F(a(g))
for v € H(Vg®,w) and g € SU(1,1). It follows from [Was98, Sec. I1.14] that V; C V is a standard real subspace
for any interval I € Z. Let 6% denote the corresponding modular 1-parameter group, as in Example 5.20.
The assignment I — V;, called a net of standard subspaces, satisfies I; C Iy = Vi, C Vi, (isotony),
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Vg1 = u(g)Vr for g € SU(1,1) (SU(1,1)-covariance) and Iy NI =0 = Vi, C Vﬁ“’ (locality). It moreover
follows from [Was98, Sec. I1.14] that 6% = u(e=2"1) for all t € R and I € Z (cf. [Lon08, Thm. 3.3.1]
and [Bor92, Thm. I1.9]). Passing to the second quantization, let N7 := p(N;)” = W(V;°)” denote the von
Neumann algebra generated by W (V) for I € Z. By Example 5.20, we obtain that

p(ef2ﬂ't.fj) = F(u(e 2™%1)) = F(5it) = A¥,

where A denotes the modular operator on F (V) defined from Nj using the cyclic and separating vector
Q:=1¢€ F(V). Let ¢ = (Q,+ Q) be the corresponding state on AN;. Then (10) shows that ¢: Ny — Cis
smooth. Thus p is smoothly-KMS at 27&; € su(1,1) relative to Ny C G, for any I € Z. For more details on
the Bisognano-Wichmann property and nets of standard subspaces, see e.g. [Morl18] or [Mun01].

Part 11
Generalized Positive Energy Representations
of Jet Lie Groups and Algebras

We now depart from the general context of Part I. Using the observations made in Part I, we study projective
unitary representations of jet Lie groups and algebras that are of generalized positive energy. Let us first fix
our notation, which is kept throughout Part II.

6 Notation

Let V be a finite-dimensional real vector space and K a l-connected compact simple Lie group with Lie
algebra ¢. For any n € N>q, we denote by P"(V) C R the space of homogeneous polynomials on V' of degree
n. Let R := R[V*] := [[,2, P"(V) denote the ring of formal power series on V with coefficients in R,
equipped with the product topology. Let I = (V*) be the maximal ideal of R, containing those elements with
vanishing constant term. We write evg : R — R = R/I for the corresponding quotient map. Let g be the
R-module g := R ® ¢ of formal power series on V with coefficients in £. Then g is a topological Lie algebra
with the Lie bracket defined by

feXgeY]:=fio[X,Y], fgeR XYEet

We also write fX instead of f ® X for f € R and X € ¢. Define Ry, := R/I*', I, := I/I**! and
gr == g/(I*"1.g) for k € N>g. Then R = T&le and g = @gk as topological vector spaces and Lie al-
gebras, respectively. For k € N>, let G, = JE(V; K) be the unique 1-connected Lie group integrating the
finite-dimensional Lie algebra gi. Let G := J§°(V; K) := lim G, be the corresponding projective limit, which
is a pro-Lie group with topological Lie algebra g = Lﬂlk gr. (See e.g. [HMO7] for a detailed consideration
of pro-Lie groups). Write X; for the Lie algebra of formal vector fields on V vanishing at the origin. Iden-
tify X1 = der(I) using the Lie derivative v — £,. Notice further that der(/) = I ® V. Define similarly
X[k = XI/(I]H_lX[) = der(Ik).

Let p be a finite-dimensional Lie algebra acting on g by the homomorphism D : p — der(g). Using the fact
that all derivations of ¢ are inner, by Whitehead’s first Lemma [Jac79, II1.7. Lem. 3], it follows from [Kac90,
Ex. 7.4] that D(p) splits into a horizontal and vertical part according to D(p) = —Lyp) + ad,(p), Where
v:p — X" is a homomorphism of Lie algebras and where o : p — g is a linear map that necessarily satisfies
the following Maurer-Cartan equation:

—Loyp)0(P2) + Lo(py)0(P1) — o([p1,p2]) + [0(p1),0(p2)] =0,  Vp1,p2 € p. (11)

Remark 6.1. As we shall see in Section 7.3 below, Equation (11) can be written as do + 1[o,0] = 0 in the
differential graded Lie algebra (A°® p*)®g, whose differential is that of the Chevalley-Eilenberg complex, where
g is considered as p-module according to p — —Lyp)-

We will refer to D as a lift of the p-action on R to g and we call o the vertical twist of the lift D. We remark
also that D(p) satisfies the following Leibniz rule:

D(p)(f&) = =L (f)E + fDP)S, feEREeyg,  Vpenp. (12)
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We will denote by j* various k-jet projections R — Ry, g — gi and X7 — X7 . It should be clear from the
context which map is being used. Also, we will freely identify the quotient gg = € with the Lie subalgebra ¢ C g
of formal power series having only a non-trivial constant term. Similarly, we identify j1X; = &7, = gl(V)
with the subalgebra gl(V)) C X of linear vector fields on V.

A first observation is the fact that G = J§°(V; K) is not just a pro-Lie group, but actually a regular Lie group
modeled on the Fréchet space g = J§°(V; ).

Proposition 6.2. Both G and G %, P are reqular Fréchet-Lie groups.

Proof. It is clear that the Lie algebras g and gx pp are Fréchet. For every n € N, the Lie group G,, = J}'(V; K)
is 1-connected, because K is so. Then also G is 1-connected, since 7 (G) = Wk(@ln Gn) = h&ln 7 (Gp) for
every k € N, see e.g. [Hat02, Prop. 4.67]. Thus G is the unique 1-connected pro-Lie group with Lie(G) = g,
which is locally contractible by [HN09, Theorem 1.2]. Then [HN09, Theorem 1.3, Prop. 5.7] entails that G is
a regular Lie group. As the action a: P x G — G is smooth, also G x,, P is a Lie group and it is regular by
[Nee06, Thm. V.1.8], because both G and P are so. O

Moreover, we have the following useful fact:

Lemma 6.3. The exponential map expq : g — G restricts to a diffeomorphism from I @+¢ = ker (evo g — E)
onto ker (evo G — K)

Proof. For k € N>, let H, := ker (evo : Gy — K) < G be the maximal nilpotent normal subgroup of
G. Then by := Lie(Hg) = ker (evo DOk — E) = ([x ®t) agi. Write H := @k Hy, for the corresponding
normal subgroup of G and §h = @bk for its Lie algebra. Let k € N. Notice that Hj is nilpotent and
1-connected. Consequently, its exponential map is a diffeomorphism expy, : by — Hy [CG90, Thm. 1.2.1].
Write logy;, : Hi — by for its inverse. If m > k, then expy, oj* = j* oexpy  : by — Hj and consequently
log g, oj* =4k o logy : Hpy — by. Passing to the projective limit, we obtain the inverse logy = l&nk logy,
of expy. It is smooth because H = 'mk Hy, carries the projective limit topology and logy, is smooth for
every k € N. Thus expy : h — H is a global diffeomorphism. O

7 Normal Form Results

By choosing suitable local coordinates, one may attempt to simplify the vector fields v(p) and the vertical
twist o(p) of the lift D(p) = —Ly(p) + ady(p) simultaneously. One might for example try to show that there
are local coordinates in which the formal vector fields v(p) are linear for every p € p simultaneously, thereby
linearizing the formal p-action. Similarly, one might aim to show that in suitable coordinates, o(p) € ¢ C R®*t
is constant for all p € p, so that o is a Lie algebra homomorphism p — £. In the following, this ‘normal form
problem’ is considered. The results of Section 8 will depend on the availability of suitable normal forms,
whose existence we study in the present section.

In Section 7.1, we briefly recall the transformation behavior of v and ¢ under suitable automorphisms of g.
We proceed in Section 7.2 to recollect some known results regarding normal forms for Lie algebras of vector
fields with a common fixed point. Finally, we consider in Section 7.3 the vertical twist o.

7.1 Transformation Behavior

Definition 7.1.

— A formal diffeomorphism of V is an automorphism h of R. An automorphism of g is said to be horizontal
if it is of the form h ® ide for some h € Aut(R). We write h.§ or h(&) instead of (h ®ide)(§) for £ € g.

— A gauge transformation is an automorphism of g of the form e*d¢ for some ¢ € g.

Remark 7.2. Any formal diffeomorphism h € Aut(R) preserves the maximal proper ideal I and is determined
by its restriction h|,., which can be regarded as an element hof I ®V for which j1l~1 eV eV =gl(V)is
invertible. It is then a consequence of Borel’s Lemma [H6r03, Thm. 1.2.6] and the Inverse Function Theorem
that for any automorphism h of R, there exist 0-neighborhoods U, U’ C V and a diffeomorphism hg : U — U’
satisfying ho(0) = 0 such that h(j$°(f)) = j5°(f o hg'). Similarly, for £ € g there exists n € C(V;¥) s.t.
§&°(n) = &, where we have identified g = J$°(V; ). We then have e®d¢ o j&° = jo° o e2dn.
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To determine the transformation behavior of D : p — der(g), we have to consider the adjoint action of Aut(g)
on der(g). Instead of considering arbitrary automorphisms of g, we will specialize to horizontal ones and to
gauge transformations. For h € Aut(R) and v € X;*, we write h.v for the action of Aut(R) on X;” obtained
from the adjoint action of Aut(R) on der(R) = X7 = X;P. The following two proofs are due to K.-H. Neeb
and B. Janssens. They appear in the presently unpublished article [JN].

Lemma 7.3 ([JN]). Let D € der(g) and £ € g. Then
el 0o Doe ¢ = D + ad(F(ad¢) DE),

where F(w) = — fol etvdt = -3 707, ﬁwn

Proof. Let k € N be arbitrary. Consider the continuous path « : I — der(g) defined by v(t) = efads De~tade,
Notice that j* oy : I — der(gg) is smooth for all k& and consequently so is 7. Moreover

’y/(t) _ 6tadg [adg, D]eftadg _ _etadgadeeftadg — _ad(etangg),
where the last step uses that a oad, = ad,(, o a for any o € Aut(g). Thus

1 1 1
edcoDoe ™ D= [ ~(t)dt = — / ad (e D¢)dt = —ad( / etadfdt> (D¢) = ad(F(ad¢)DE). O
0

0 0
Proposition 7.4 ([JN]). Let h € Aut(R) C Aut(g), 0, € g and v € A]J.
Consider the derivation D := —L, + ad, € der(g). Then

hoDoh™ = —Lp.,+ ad(h.o),

13
e*eoDoe e = £, +ad <eadfa + F(adg)(—ﬁvg)) (13)

Proof. Tt is trivial that hoL,oh™! = L}, ,. Moreover, hoad,oh™! = ad}, , is valid because coad, = adq(o) 0
for any a € Aut(g). Notice next that F(ade)([0,¢]) = > e | Sade"o = e*dco —o. It follows from Lemma 7.3:

n=1 n!

™o Doe 4 — £, +ad, +ad(F(ade)(—L,€)) + ad(F(ade)o, €))

=—L,+ad <eadaa + F(adg)(—ﬁvf)) . O

Definition 7.5.

— Two homomorphisms v,w : p — X, are said to be formally-equivalent if there is a formal diffeomor-
phism h € Aut(R) such that h.v(p) = w(p) for all p € p.

— Two linear maps 0,7 : p — R® ¢ satisfying the Maurer-Cartan equation (11) are called gauge-equivalent
if there is some £ € g such that

n(p) = e*%o(p) + Flade)(—Lop€),  YpEP. (14)

In this case, we write o ~ 7 and say that o and 7 are related by the gauge transformation e®d.

7.2 Lie Algebras of Formal Vector Fields with a Common Fixed Point

The normal form problem for vector fields near a fixed point has been subject to extensive study. Let us first
gather some relevant known results.

The case of a single vector field

Naturally, the special case which has been considered most is the case where p is simply R, in which case
one is looking for normal forms of dynamical systems near a fixed point, in the formal context. This case is
already quite interesting. Let us recollect some relevant results. For more information, we refer to [Arn88|.

Let v be a vector field on V. Write v = v; + vp,, where v; = ji(v) € gl(V) C A7 is the linearization of v at
0 € V and vy, € &2 is a vector field vanishing up to first order at 0 € V. Let v; = v1 s + v1n be the Jordan
decomposition of v; over C, where v is semisimple and v ,, is nilpotent. Write V¢ :=V @ C. Let (ej)j-l:1
be a basis of eigenvectors of v in V¢ with dual basis (Ij)?:1 of V*. Let (uj)?zl denote the corresponding
eigenvalues.
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Definition 7.6. Let n € N%o be a multi-index. A monomial vector field 2™0,; with [n| > 2 is called resonant
if (n, u) = pj, where (n, p) = Z?Zl n;p;. ldentifying v s with the linear vector field Z?Zl 105, on C4,
this is equivalent to [v)s, 2™0,,] = 0.

Theorem 7.7 (Poincaré-Dulac Theorem [Dul04] [Arn88, ch.5]).
There exists wyo, € X2 which is a C-linear combination of resonant monomials s.t. v is formally equivalent
to w = v + wyo € X1. In particular [vy s, who] =0 in AJ.

Corollary 7.8 (Poincaré [Poi79]). If there are no resonances, that is to say, if (n, u) # p; for alln € Ngo
with |n| > 2 and j € {1,---,d}, then the vector field v can be formally linearized, so that v is formally
equivalent to the linear vector field vy.

The case of actions by a compact Lie group
For actions of compact Lie groups there is the following well-known result, see also [DK00, Ch. 2.2].

Theorem 7.9 (Bochner’s Linearization Theorem [Boc45]).
Let G x M — M be a smooth action of compact Lie group on a smooth manifold which has a fized point
a € M. Then, in suitably chosen smooth local coordinates around the fixed point, the action is linear.

The case of actions by semisimple Lie algebras

Next, we move to Lie algebra representations by formal vector fields of semisimple Lie algebras. As nicely
explained in [FM04] and first observed by Hermann in [Her68], in the formal setting the obstructions to being
able to linearize a Lie algebra of vector fields simultaneously lie in various first Lie algebra cohomology groups
H'(p,W) for suitable finite-dimensional p-modules W. In view of Whitehead’s First Lemma [Jac79, II1.7.
Lem. 3], this results in:

Theorem 7.10 ([Her68]). Let p be a semisimple Lie algebra and v : p — X7 be a Lie algebra homomorphism.
Then v is formally equivalent to its linearization j'v : p — gl(V) C X7P around the origin.

Remark 7.11. Corresponding statements of Theorem 7.10 in the setting of germs of smooth/analytic vector
fields and diffeomorphisms have been proven in [GS68] and [FM04] under additional assumptions. They are
false in general without suitable extra conditions, as was shown in [GS68].

7.3 Normal Form Results for the Vertical Twist

Let us next consider the vertical twist o : p — g of the lift D(p) = —L,(,) +ad, () to g of the p-action —L, )
on R, which has to satisfy the Maurer Cartan equation (11). We fix the horizontal part v : p — X;” and
act by gauge transformations. The main results of this section are the following two theorems, whose proof
comprises the remainder of the section. The reader who is eager to consider the projective unitary g.p.e.
representations of g can proceed to Section 8 after reading Theorem 7.12 and Theorem 7.13 below.

Let us also remark that the methods used in this section to prove Theorem 7.12 and Theorem 7.13 were
communicated to the author by B. Janssens and K.H. Neeb and appear in similar form in their presently
unpublished work [JN], albeit in a more specific context. The author has placed their approach in a more
general context and extracted the two theorems below.

Theorem 7.12. Assume that p is semisimple. Let the linear map o : p — g satisfy the Maurer-Cartan
equation (11). Then o is gauge-equivalent to oo := evgoo : p — €. If p has no non-trivial compact ideals,
then o is gauge-equivalent to 0.

The next result concerns the case p =R, in which case we identify v with v(1) € X7 and o with o(1) € g. In
this case, the Maurer-Cartan equation (11) is trivially satisfied for any o € g and v € X7.

Theorem 7.13. Assume that p =R. Let 0 € g and v € X;. Let v) := jlv € gl(V) be the linearization of v
at 0 € V. Assume w.l.o.g. that og := evo(o) € t for some mazimal torus t C t. The following assertions hold:

1. Assume that (n, p) # a(og) for any root o € it* of £ and n € N&y with [n| > 1.
Then o is gauge-equivalent to some o’ € R ® t.

2. If vy is semisimple, then o is gauge-equivalent to some v € R ® t satisfying — Ly, v + |09, v] = 0.

3. Suppose that v = v is linear. Assume that D = —L,+ad, integrates to a continuous T = R/2nxZ-action
on g. Then o is gauge-equivalent to oy € t. Moreover Spec(v;) U Spec(ad,,) C 2miZ.
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Remark 7.14. Suppose that  — M is a principal fiber bundle with compact simple structure group K. Let
a: T — Aut(K) be a smooth action on K by bundle automorphisms. Suppose that a € M is a fixed point
of the induced T-action on M and set V := T,(M). By Theorem 7.9, the T-action on M is linear in suitable
local coordinates around a € M. Passing to J°(M) = R and J°(Ad(8R)) = g, one obtains a T-action on
both R and g. The corresponding derivations are given by —L, and D = —L, + ad, respectively, for some
linear semisimple vector field v on V' and some o € g. This is the setting of the third item in Theorem 7.13,
according to which we may further assume that o € t, where t C ¢ is a maximal torus, by acting with gauge
transformations.

The remainder of this section is devoted to the proof of Theorem 7.12 and Theorem 7.13.

Reformulation using differential graded Lie algebras

In order to classify the equivalence classes of vertical twists o : p — g, we interpret equation (11) as the Maurer
Cartan equation in the differential graded Lie algebra (DGLA) L := Lg := (\® p*)®g. As a cochain complex,
L is the Chevalley-Eilenberg complex associated to the p-module g, where p acts on g by p.9p = —Ly;,)?.
Explicitly, the differential § is given by

6(0&)(])1, e 7p1€+1) = Z(_l)i+1pi'a(plv e 7@7 e 7pk+1)+2(_1)i+ja([piapj]apla e aﬁia e 71337 e 7pk+1)7
i i<j

where as usual, the arguments with a caret are to be omitted. The graded Lie bracket on L is the unique

bilinear map [—, —] : L x L — L satisfying [a® 0, B@1] := (aAB)®][0, 1] for a, 3 € \°* p* and 0,¢ € g. Write

Lk .= (/\kp*) ® g for the degree k-elements in L. Interpreting o as a degree-1 element of L, equation (11)

can now equivalently be written as the usual MC-equation do + %[O’, o]=0in L.

Let us next reformulate the gauge-action (14) of g on the set of vertical twists, using the DGLA L. Consider
the extended DGLA L x RD, where D is a degree-1 element satisfying [D, o] = §(o) for any o € L. Notice
for £ € g = L that §(£)(p) = —Ly€&. We define the gauge-action of L° = g on L by

o =D +0) = D =e*é(0) + Flade)0(€), €€, (15)
considered as an expression in L x RD, where F(w) = —> 7, ﬁw” = — fol e'dt. Let us check that

the above is indeed well-defined, even though L is not a nilpotent DGLA. Since G = I'Ln]C Gy, is a regular Lie

group, it has an exponential map and so the automorphism e3¢ := Ad(ef) on g is defined. Consequently, so
is

1
Flade) (~Logt) = /0 e (L, €)dt

for any p € p. Thus the expression in equation (15) makes sense. Notice further that for o € L', the above
reduces precisely to the transformation behavior (14) of the vertical twist. In accordance with Definition 7.5,
we say that the MC-elements o,0’ € L' are gauge-equivalent if they satisfy ¢/ = £.0 for some ¢ € L?, in
which case we write o ~ ¢’. Our goal is to study the MC-elements in L' up to gauge-equivalence.

Let n € N>¢. Define analogously the following DGLAs, where we consider P"(V') as p-module by identifying
P™(V) with I"/I"*! for n € N>, so that p.f = ~Loy(p)f for pepand f e P*(V):

L=\ o(lxt), Lr, =\ p"® (R, ®¥),
Ly, =\p" @, 0¥), Lpn = A\"p* @ (P"(V)®¥).

Shifted DGLAs

It will be beneficial to split off the constants terms of the ¢-valued formal power series, because contrary to
Lpg, Ly is a projective limit of nilpotent DGLAs. We discuss next how this can be done.

For any MC-element x € L}%O =p* @t C Lg of degree 1, define the "shifted” DGLA L7, which agrees with
Lg as a graded Lie algebra but has a shifted differential given by 4, (c) := d(o) + [x,0]. The differential
0y agrees with the Chevalley-Eilenberg differential of ( A° p*) ® g if g is considered as p-module with the
twisted action p.o := =L,y + [x, —]. In particular, 5>2< = 0. Let us write R ®, £ for this module structure to
distinguish it form the usual one on g = R ® £, which was given by p.§ = —L,,)§. Define also the extended
DGLA L} xRD,, where [D,, 0] = 6,(c). Define in analogous fashion L , Ly and L, , where we have used
that the p-action on R ®, ¢ leaves I,, ® ¢ invariant for every n, so that P*(V) ® ¢ = (I, ® 8)/(I,11 ® £) is
naturally a p-module. The following is a standard result:
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Lemma 7.15.

1. Leto € LY. Then x + o is a MC-element in Ly if and only if o is a MC-element in LY.

2. Let 0,0’ € L}, be degree-1 MC-elements. Then x + o ~ x + ¢’ in Lg if and only if o ~ o’ in L.

3. Let ¢ € L}, be a MC-element. Then 1 = x + o for some degree-1 MC-elements o € LY and x € Lp,.
Proof.

1. As x is a MC-element and [o, x] = [x, o] we have

o(x+o)+ %[X—Fo,x—ka] =d(0) + %[a,a} + [x, 0] =6y (o) + %[a,a}.

2. Observe that —F (adg)([¢, x]) = e*¢(x) — x. Consequently

F(ade)(0,(8)) = F(ade)(8(8)) + F(ade) ([x, €]) = F(ade)(3(€)) + e (x) — x. (16)

Thus, for any £ € g we have
e (x +0) + Flade)(3(6)) = x + (d (0) + Flade) (5, (5))) |

3. Since R = Ry & I as a vector space, we can write ¢ = x + o, where y = j(¢)) € Lg, and o € LY. As j°
is a morphism of DGLAs, it is clear that x = j°(3) is a MC-element in Lp, C Lg. By the first point it
follows that o is a MC-element in LY C L. O

Study of MC-elements

In view of Lemma 7.15, let us first study the classification problem of gauge-orbits of MC-elements in L}%
and then, for each MC-element y € L}% consider the orbits in L} under the gauge-action.

Lemma 7.16.

1. Let x : p — ¢ be linear. Then x is a MC-element in L}%U if and only if it is a Lie algebra homomorphism.
Thus if there are no homomorphisms p — £, then any MC-element x € L}{o =p* ® ¢t is trivial.

2. The gauge-action of X € £ = L%O on Lg, is given by X.x = eXx.

Proof. Notice that §(X) = 0 for any X € € C g, because —L, ;X = 0 for any p € p. So p acts trivially on
£ = go = j°g. Thus the Maurer-Cartan condition reads simply x([p1,p2]) — [x(p1), X(p2)] = 0 for all p1,ps € p,
proving the first statement. The second statement follows at once from the definition (15), using once more
that the p-action on ¢ is trivial. O

Next, we fix a homomorphism x : p — £ and turn to the MC-elements of the twisted DGLAs LY. Consider
the following diagram of DGLAs:

SRR N L Ly = {0}

Any MC-element in L} projects to one in L}‘k for any k£ € N, and all maps in the above diagram are equivariant
w.r.t. the gauge-actions. Notice further that each L}‘k is nilpotent. To study the MC-elements in LY, we
consider lifts of MC-elements from L}Ck to L}‘Hl, so as to solve the problem step-by-step. This can be done

using the following central extension of nilpotent DGLAs, where L’I‘0 = {0} is trivial:
0— Ly, — L}, — Ly —0, keN (17)

in combination with the following known result from deformation theory (cf. [Man04, Sec. V.6]):
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Lemma 7.17. Let 0 -+ K — L — M — 0 be a central extension of nilpotent DGLAs. Let oy € M be a
MC-element.

1. Suppose that or, € L projects to opr. Then h := 6o + 3[op,0p] € K? is closed and [h] € H*(K) is
independent of the lift oy, of opr. Moreover, there is some n € K such that op, +n is a MC-element in
L' if and only if [h] =0 in H*(K).

2. If o1, and o}, are two lifts of o that are both MC-elements in LY, then A := o —or € K1 s closed.
Conversely, if A € K' is closed and oy, is a lift of op which is a MC-element, then o} := op + A is
also a lift of oy which is a MC-element. Moreover, the class [A] € HY(K) vanishes if and only if oy,
and o1, are related by a gauge transformation of some element & € K°.

3. If o is any lift of opr which is a MC-element, then the map A — op + A induces a bijection between
HY(K) and K°-orbits of MC-elements in L* lifting ops.

Proof.

1. Tt is clear that h € K? as it projects to zero in M2. Since §h = [0y, 01] (by the graded Leibniz rule),
we find using do;, = h — %[UL,O'L] that

1
oh =T[h,o1] — 5[[UL7UL]70'L] =0,

where the second term vanishes by the graded Jacobi identity and the first term vanishes because h € K is
central. Thus h is closed. Suppose that o7, is some other lift of o and define &’ := o +3[07,07] € K2
Then A := 0} — oy, € K lies in the center, so that b’ = h + §A. It follows that [h] € H?(K) does not
depend on the lift. If there is some 7 € K! such that o7 + 7 is a MC-element in L', then

1
0:5(0L+77)+§[0L+77,0L+n]:5n+h.

Hence [h] = 0. Conversely, if [h] = 0 € H?(K), then there exists n € K such that h + dn = 0. Then
or, +n is a MC-element, by the same computation.

2. Let o and o, be MC-elements in L' lifting o);. We have already noticed that b’ = h + §A, where
A =0} — o € K'. Since h = b/ = 0 by assumption, it follows that JA = 0. Conversely, suppose
A € K' is closed and that oy, is a MC-element projecting to ops. Then o := o7, + A projects to oy
as well. Also, o is a MC-element, because do;, + 3[07,0] = 6o + 2[or,0.] + 6A = 0. To see that
[A] = 0 in H'(K) if and only if o7, and ¢} = o1 + A are related by a gauge transformation by some
element ¢ € K°, observe that if £ € K, then as ¢ is central we have

o :ead5(0L+D)*D:O’L*[Da§] =or — 6.

3. This is immediate from the previous point.

Next, we apply Lemma 7.17 to the exact sequences (17).

Lemma 7.18. For every sequence (§)ken of degree-0 elements in LY with & € PE(V) ®y € for every k € N,
there exists n € I ®y t such that j™(n.0) = &,.6n—1.- -+ 1.0 for every o € LY and n € N.

Proof. Consider the Lie subgroup H := ker (evo G — K) <G with Lie algebra b := ker (evo g — E) =I®¢t
Similarly, for n € N let H, := ker(evo : G, — K) and b, := Lie(H,). Recall that the exponential
map exp : h — H is a global diffeomorphism, by Lemma 6.3. Write log : H — b for its inverse. From
jmoexp = expoj” : h — H,, we obtain that logoj™ = j"olog: H — b, for any n € N. As [¢,, [®¥€] C [* 1ot
and the & are of increasing order, we claim that the limit 7 := limy_, o log (ngl 65’“) exists in I ® € w.r.t.
the projective limit-topology, where k increases from right to left in the expression. Indeed, to see this it
suffices to show that for each n € N the sequence (j"nn)3F_, stabilizes for large enough values of N, where

nn = log (ngl efk). This is the case because for N > n we have

N N n
iy = 3" log ( H e£k> = log ( H e.?'"(fk)) =log < H ei"(ﬁk)) = "
k=1

k=1 k=1
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where it was used that j™(£x) = 0 for all £ > n, because & € I¥. Thus n = limy ny is well-defined and
satisfies j"n = j"n, for all n € N. Let o € LY. Using the fact that

S0 = X0 (1.0 + Dy) = D,

= ™ttt (D, + o) = Dy = ¢V (Dy 4 0) = Dy = 1.0,
it follows by induction that for any n € N, the equality n,.0 = £,.&,—1 - - &1.0 is valid. We thus get:

JH(TIU) :]n(nng) :]n(gnfn—lgla'), Vn € N. OJ

Proposition 7.19. Assume that H'(p, P*(V) @, €) = 0 for every k € N. Then every degree-1 MC-element
in LY is gauge-equivalent to 0 in LY.

Proof. Fix a MC-element o € L. Recall that j"(¢.0) is again a MC-element in L} for any n € Nand ¢ € Ly
of degree 0. Notice also that ;¢ = 0. As H!(p, P*(V)®, £) = 0 for every k € N, it follows using Lemma 7.17
and the exact sequences (17), by induction on n € N, that we can find a sequence of degree-0 elements (£x)xen
in LY with & € P*(V) ® € such that j"(&,.6p—1--&1.0) = 0 for every n € N. It follows from Lemma 7.18
that there is some 1 € I ®, ¢ such that j"(n.0) = &,.{n—1.- - .&1.0 =0in L} for all n € N. Thus o ~0. O

Lemma 7.20. Letp be a semisimple Lie algebra with no nontrivial compact ideals. If  is a compact semisim-
ple Lie algebra, then there are no non-trivial homomorphisms p — €.

Proof. Let x : p — € be a homomorphism. Then p/ker x is isomorphic to a subalgebra of ¢ and is therefore
compact. As p is semisimple and has no nontrivial compact ideals, it also has no non-trivial compact quotients.
Thus p/ ker x = {0} or equivalently p = ker y, so x is trivial. O

Proposition 7.21. Assume that p is semisimple. Let x : p — € be a homomorphism and let o’ € LY. Suppose
that o := x + o’ is a degree-1 MC-element in Lg. Then o is gauge-equivalent to x in Lg.

Proof. Since H'(p, P*(V) ®, £) = 0 for all k € N>¢ by Whitehead’s Lemma [Jac79, IIL.7. Lem. 3], Proposi-
tion 7.19 implies that o is equivalent to 0 in Ly. Equivalently x + o is equivalent to x in Lg. O

Theorem 7.12. Assume that p is semisimple. Let the linear map o : p — g satisfy the Maurer-Cartan
equation (11). Then o is gauge-equivalent to oy := evgoo : p — €. If p has no non-trivial compact ideals,
then o is gauge-equivalent to 0.

Proof. Since 0 € p* @ g is a MC-element in Lp, there is some degree-1 MC-element ¢’ € L7° such that
o = o0g+0’, by Lemma 7.15. Then Proposition 7.21 implies that o is gauge-equivalent to og. By Lemma 7.16
we further know that og : p — £ is a homomorphism of Lie algebras. Thus, if p has no non-compact ideals
then g is trivial by Lemma 7.20. O

Remark 7.22. Alternatively, Theorem 7.12 also follows from the structure theory of pro-Lie algebras, developed
in [HMO7]. To see this, assume that p is semisimple. Consider the pro-Lie algebra h xp, p, were h := @€ C g
and where Dy : p — der(bh) is given by Do(p) = —Ley(p) + adey(p) for p € p. Since p is semisimple, the radical
and Levi-factor of h xp, p are b and p, respectively. A Levi subalgebra of (g xp, p) is equivalently given by
a splitting of the exact sequence

0—=h—=hxp,p—p—0, (18)

which in turn is equivalently given by a linear map o’ : p — b satisfying the Maurer-Cartan equation
o'(Ip1,p2]) = [0'(p1), 0" (p2)] + Do(p1)o’ (p2) — Do(p2)o’(p1),  Vp1,p2 € p.

That is, by a degree-1 MC-element ¢’ in the DGLA L7°. The splitting s, and Levi subalgebra [, corre-
sponding o o’ are given by 5,1 : p — b 1, P, 55/(p) = (' (p),p), and Loy := { (o/(p),p) : pE P} C b 11, p,
respectively. Any two Levi subalgebras in h xp, p are conjugate by an automorphism of the form e*d¢ for
some § € b, by [HMO7, Thm. 7.77(7)]. So if ¢’ € L{° is a degree-1 MC-element, there exists £ € § such that
e*de (g’ (p), p) = (0,p) for all p € p. Notice for p € p that e*d< (o’ (p),p) = ((£.0')(p), p), where

(€.0")(p) = €0’ (p) + F(adg)(Do(p)€) = ™0’ (p) + F(ade) (35, () (p))

is precisely the gauge action of the degree-zero elements (L7°)° = h on L7°. We thus find that £&.0’ = 0, so
o' ~0in L7". By Lemma 7.16, this is equivalent with o ~ ¢ in Lg.

We now prove Theorem 7.13:

22



Theorem 7.13. Assume that p =R. Let 0 € g and v € X;. Let v; := jlv € gl(V) be the linearization of v
at 0 € V. Assume w.l.o.g. that oo = evo(o) € t for some mazimal torus t C €. The following assertions hold:

1.

Assume that (n, p) # a(oo) for any root a € it* of € and n € N& with |n| > 1.
Then o is gauge-equivalent to some o’ € R ® t.

If vy is semisimple, then o is gauge-equivalent to some v € R ® ¢ satisfying — Ly v + [00,v] = 0.

Suppose that v = vy is linear. Assume that D = —L,+ad, integrates to a continuous T = R/2nZ-action
on g. Then o is gauge-equivalent to oo € t. Moreover Spec(vy) U Spec(ad,) C 2miZ.

Proof.

1.

Using Lemma 7.15, write 0 = o + o', where ¢’ € L7° is a degree-1 MC-element in the shifted DGLA
L7°. Passing to the complexification, observe for n € N that

P™(V2) ®q, (¢/t)c = @D P (Vi) @4, (tc)a

[e%

as p-modules. The eigenvalues of —L,, + ad,, acting on P"(V) ®,, (£c)a are given by a(og) — (n, u),
as n ranges over the multi-indices n € N%o with |n| = n, and « over the roots of &. Thus —L,, + ad,,
is invertible on P™(V) ®¢, (fc)a. Consequently

HC(p, P"(Vc) ®a, (kc)a) = H' (p, P" (V) o, (Ec)a) =0

for any n € N and root a, which in turn implies that H(p, P"(V) ®,, €/t) = H'(p, P"(V) @4, &/t) = 0.
By the long exact sequence of cohomology groups associated to the short exact sequence

0— </\' p*> QP (V)ot— (/\' p*) QR P"(V) R, & — (/\' p*) ®@ P (V) @y, &/t — 0,

it follows that for every n € N, the inclusion p* @ P*"(V)®@t — p* @ P"(V) ®,, t induces an isomorphism
Hi(p,P"(V)®t) = H(p, P"(V) @y, £). It then follows using Lemma 7.17 by induction on n € N that
we can find elements &, € P*(V)®4, € s.t. 7% (&0.&n1 -+ €1.07) € I, @t for every n € N, the gauge action
taking place in L7°. By Lemma 7.18 there exists n € I®q,ts.t. j"(n.0") = j"(§n-§n-1. -+ &1.0") € I, @t
for every n € N. Hence ¢ := n.0’ € I ® t and ¢’ is gauge-equivalent to ¢ in L7°. By Lemma 7.15 it
follows that o = og + ¢’ is gauge-equivalent to o9 +( € R® t.

As before, decompose 0 = 0¢ + ¢’ using Lemma 7.15, where ¢’ € L7° is a degree-1 MC-element in the
shifted DGLA L7°. Let n € N. Identify p* ® P™(V) ®q, & with P"(V) ®,, £ by evaluating elements of
p* at 1 € p =R. This induces an isomorphism

H' (p, P"(V) @4, £) = (P"(V) @, )/Im(— Lo, + )

Since v is semisimple, so is —L,, + ady, as operator on P"(V) ®,, &. Consequently, the inclusion
(P*(V) ®g, )P — P"(V) ®,, t induces an isomorphism

(P"(V) ®q, £)" = (P*(V) Qg 8)/Im(—Loy, + adoy)-

So every element of H!(p, P"(V) ®,, £) admits a representative in p* @ (P*(V) ®,, £)?, for any n € N.
By a similar argument as in the previous item, it follows that ¢’ is gauge-equivalent to some ¢ € I ®,, ¢
in L7° that satisfies — Ly, (¢) + [00, (] = 0. By Lemma 7.15 it follows that o9 +0¢’ ~ 09+ (¢ in Lr. Notice
that v := oo + ¢ satisfies —L,,v + [00,v] = 0.

Observe first that any derivation D’ € der(g) satisfying D'(I @ £) C (I ® ¥) integrates to a unique
1-parameter group t + e'”" of automorphisms on g that leave the ideal I ® ¢ C g invariant. Indeed, this
follows from fact that the corresponding statement is true for the finite-dimensional Lie algebra der(g,,)

for every n € N, where we use that g is the projective limit g = mn gn. In particular this applies to

the T-action e'” on g, which therefore leaves I ® € invariant. It thus induces a continuous T-action on

V @t (I®t)/(I?®¢E), which integrates the linear operator —L,, ® 1+1®ad,, on V*®¢€. This implies
that v; € gl(V) and ad,, € der() integrate to continuous T = R/2nZ-actions on V and &, respectively.
As T is compact it follows in particular that v is semisimple and that Spec(v;) U Spec(ady,) C 2miZ.
By Lemma 7.15 we know that there is some degree-1 MC-element ¢’ € L{° such that ¢ = ¢ + 0’. By
the previous item, it follows that we may assume that ¢’ satisfies — L0’ + [0, 0’] = 0, by acting with
gauge transformations in L7° if necessary. Let n € N. The T-action on g, = R,, ® £ must be unitarizable
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because T is compact, so that its generator D,, := —L,, +[j"0, —] € der(g,,) must be semisimple. Notice
further that —L,, +[0g, —] is semisimple on g,, whereas [j™¢’, —] is nilpotent. Since —L,, 0’ +[09, '] = 0,
the operators — Ly, +[00, —] and [j"0’, =] on g,, commute. Thus D,, = (— Ly, +[00, —]) +[j"0’, -] is the
Jordan decomposition of D,,. As D, is semisimple, this implies that [j"¢’, —] = 0. Thus j"¢’ € 3(gn),
where 3(g,) denotes the center of g,. As ¢ is simple, we know that 3(g,) = P*"(V)® t C g,. Thus
o' e I""t @t for every n € N, where I° := R. As (,cy(I""* @ £) = {0}, it follows that ¢/ = 0. Hence
o=o0g €t O]

8 Projective Unitary G.P.E. Representations of (R ® ¢) xp p

Having obtained the normal form results Theorem 7.12 and Theorem 7.13, we now proceed with the study
of continuous projective unitary representation of jet Lie groups and algebras that are of generalized positive
energy.

Let us begin by briefly recalling the setting and our notation. We have that V is a finite-dimensional real
vector space, R = R[V*] := [[°_, P*(V) is the ring of formal power series on V with coefficients in R and
equipped with the product topology. Moreover, g denotes the topological Lie algebra g = R ® €, where £ is a
compact simple Lie algebra and p is a finite-dimensional real Lie algebra acting on g by the homomorphism
D : p — der(g), which splits into a horizontal and a vertical part according to D(p) = —Loypy + adg(p),
where v : p — X;® is a homomorphism and where the linear map o : p — g satisfies the Maurer Cartan
equation (11). Let P and K be the 1-connected Lie groups integrating p and K, respectively. For n € N
write G, := J&(V; K), G% := J§(V; K) x P and gf, := g,, xp p. Define further G := J*(V; K) := m G,

G* := G x4 P and g* ;:gMDp%@lng%-

In the following, we are interested in understanding the extent to which the linearization v, of v and the
values of o(p) at the origin already determine properties of the class of representations which are of g.p.e. at
a given cone € C p. To describe the main results, we first have to introduce some more notation.

Define o := evgoo : p — € and let v; = jlv : p — gl(V) be the linearization of v at the origin. For p € p,
the vector fields v(p) splits as v(p) = vi(p) + Vuo(p) for some formal vector field vy (p) € Xj2 vanishing up to
first order at the origin. Let vi(p) = v1(p)s + v1(p)n be the Jordan decomposition of vj(p) over C. Let V.C(p)
denote the span in V¢ of all generalized eigenspaces of v)(p) corresponding to eigenvalues with zero real part.

Set Vo(p) := VE(p) NV, If € C p is a subset, define V,(€) := MNpee Ve(p). We call V. (€) the ‘center subspace

associated to €’, in analogy with the center manifold of a fixed point of a dynamical system. Let V,(€)* C V*
denote the annihilator of V¢(€) in V*. For any p € p, let ¥, C C denote the additive subsemigroup of C
generated by Spec(vi(p)). Recall from Definition 4.1 that for any continuous projective unitary representation
7 of g xp p, the set €(T) consists of all points p € p for which 7 is of generalized positive energy at p.

Let us describe the main results of this section. In the context of positive energy representations, we have:

Theorem 8.1. Let p be a smooth projective unitary representation of G X, P which is of positive energy at
p € p. Assume that Spec(ady, () N Spec(vi(p)) = 0. Then p factors through J3(V; K) x4 P. Moreover the
image of —Lay,(p) + adg,(p) in P2(V)®t C J3(V;K) is contained in ker p.

Remark 8.2. Notice that Spec(ady, ) = { a(oo(p)) : « € A} U{0} is a finite subset of iR. In particular, the
condition Spec(vi(p)) N Spec(ady,(p)) = 0 is satisfied if v} has no purely imaginary eigenvalues.

This is complemented by the following results, which in particular give sufficient conditions for 7| o o factor
through £, because R[V,(€)*] ® ¢ = ¢ whenever V,(€) = {0}.

Theorem 8.3. Let T be a continuous projective unitary representation of g xpp. Let € C €(T). Assume that
Spec(ad,, ) NEp = 0 for all p € €. Then RV, (€)* @t C ker 7, and hence 7|, factors through R[Vo(€)* ] @ L.

Theorem 8.4. Let t C ¢ be a mazximal Abelian subalgebra. Let T be a continuous projective unitary repre-
sentation of g*. Let € C €(7). Assume for every p € € that o(p) € R®t and [vi(p)s, Vno(p)] = 0. Then
RV, (€)* ® ¢ C ker 7 and hence 7|, factors through R[Ve(€)*] @ ¢.

To prove these results, we consider in Section 8.1 the second continuous Lie algebra cohomology HZ (gx pp; R)
S0 as to obtain particular representatives w of cohomology classes therein. We proceed in Section 8.2 to show
that any irreducible smooth projective unitary representation G x, P factors through the finite-dimensional
G, x P for some n € N. This gives us access to techniques that are available for finite-dimensional Lie groups,
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and in particular to Corollary 3.6, which leads to Theorem 8.1. In Section 8.3 and Section 8.4 we study the
kernel of the quadratic form & — w(D(p)&, ). Recalling from Corollary 4.6 that

[D(p)n,n] =0 = (w(D(p)n,n) =0 < 7(D(p)n) = 0>7 Vn € g,

this leads to an ideal in g contained in ker 7, and to the proof of Theorem 8.3 and Theorem 8.4. These results
are supplemented in Section 8.5 by a consideration of the special case where p is a simple non-compact Lie
algebra, in which case Theorem 7.12 is available. This leads to the following:

Theorem 8.5. Assume that p is non-compact and simple. Let T be a continuous projective unitary represen-
tation of g xp p. Write € :=&(7) C p. Then 7|, factors through R[Ve(€)*] @ t.

Theorem 8.6. Assume that p is non-compact and simple. Suppose that vy defines a non-trivial irreducible
p-representation on V. Let T be a continuous projective unitary representation of g xp p. Let € C &(T) be a
P-invariant convezx cone. FEither € is pointed or ﬂg factors through t.

8.1 The Second Lie Algebra Cohomology H2(g xp p,R).

We next determine suitable representatives of classes in the second Lie algebra cohomology HZ2 (g xp p,R),
which classifies the continuous R-central extensions of g X p =: g* up to equivalence. As an intermediate step
we first consider HZ (g, R), which is completely understood.

Define Q% = R® /\k V*, equipped with projective limit topology obtained from QF, = ]'&nn Q’f%n, where
ok =R, ® /\k V*. This makes QF into a Fréchet space. In particular Q% = R. Since J§°(Q*(V)) = Qk,
we can define a continuous differential d : QF, — Q% by djgea = jgda € Jgo(Q (V) = Q% which is
indeed well-defined. Choosing a basis (eu)fﬁ:l of V with dual basis (da:“)z:1 of V*, the above differential d
is on R given by df = Zu(auf) ®dx, for f € R.

Lemma 8.7. Let E be a topological R-module and let D : R — E be a continuous derivation. Then there
exists a unique continuous R-linear map D : Q}z — E such that D = D od.

Proof. Let R[V*] denote the ring of polynomial functions on V. As R[V*] C R, E is also a R[V*]-module
and D\R[V*] : R[V*] — FE is a derivation. Using the universal property of the Kéhler differential forms
- = RV @ V*, there is a unique R[V*]_lirfar map D : Qg .y — B such that Do d|R[V*] = Dlgjy+-
As Qﬁ{[v*] is dense in 0}, it remains to extend D continuously to the Fréchet space Q. Let a € Q} and
let (an)nen be a sequence in in%[v*] s.t. a, — a in Q. We show that Da := lim,_, Da,, exists and is

independent of the approximating sequence (a;,). Choose a basis (dncu)fi:1 of V*. Write o, = ZZZI fun)dxu

and o = Zi:l fudz,, for some unique fﬁ") € R[V*] and f, € R. Then ;(Ln) — fu in R for every p and hence
limy, 00 Doty = Zzzlﬂmnﬁw f,(tn)Dacu = Zﬁzl fuDz,,, which is independent of the approximﬂing sequence
(o). It follows that D extends to a continuous R-linear map D : Q) — E, which satisfies D od = D by

construction. It is unique with these properties because its restriction to the dense subspace R[V*] C R is
S0. [

Remark 8.8. Lemma 8.7 entails that d : R — QF, is the universal differential module R in the category of
complete locally convex R-modules, in the sense of [Mai02, Thm. 6]

Proposition 8.9. Any class [w] € H2(g,R) has a unique representative of the form w(&,n) = A(k(&,dn)),
where \ € Q}%* is closed and continuous functional on Q) and k is the Killing form on . (Closed meaning
that A(dR) = 0.) Conwversely, any such \ defines a 2-cocycle representing some non-zero class in H% (g, R).
Consequently, the center of the universal central extension of g is (Q%/dR).

Proof. This is a special case of [Mai02, Theorem 16], seeing as g = R® ¢, where R is a unital, associative and
commutative Fréchet algebra and ¢ is a simple Lie algebra. O

Lemma 8.10. Let w be an extension of the 2-cocycle A(k(&,dn)) on g to a 2-cocycle on gt = g x p. Then A
is p-invariant in the sense that ALy, Q) = 0 for every p € p.
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Proof. Take £ = f @ X and n=g® X for f,g € Rand 0 # X € £. Notice that [{,7] =0 in R ® £. Using the
cocycle identity, this implies

w(D(p)€,n) + w(& D(p)n) = w(D(p), & 1)) =
w([o(p), &lsn) + w(& lo(p),nl) = wlo(p), [§,1]) = 0.

Using D(p)§ = —Lyp)é + [0(p), €] it follows that 0 = w(Lyp&,n) + W&, Lop)n) = AMLypy fdg)r(X, X). As
k(X,X) # 0 and RdR = Q}, this shows the claim. O

Lemma 8.11. Let w : gf x g* — R be a continuous 2-cocycle on g* = g xp p. Then there exists n € N and a
2-cocycle wy, on gt such that w(&,n) = wp(57&,5™n) for all £€,m € g.

Proof. Let w : g* x g* — R be a continuous 2-cocycle on g#. Choose norms ||—||,, on the finite-dimensional
Lie algebras gf, s.t. the quotient maps j™ : gf, — gf are contractive for any n,m € N with n < m. The
topology on gf = Lgn is specified by the seminorms ¢ + [|j"¢||,, for n € N and € € g*. As w is continuous
and the maps gf, — g are contractive for n < m, there exist n € N such that lw(& )| < 7™ ||nlld™n]n for
all £, € g* (e.g. using [Tre67, Prop. 43.1 and Prop. 43.4]). As j” : g* — g is surjective, it follows that
w(&,n) = wn (7€, j™n) for a unique 2-cocycle w, on g . O

8.2 Factorization Through Finite Jets

In the context of smooth projective unitary representations p of the Lie group G¥, it is no loss of generality
to consider the case where 7 factors through the finite-dimensional Lie group G% for some n € N:

Theorem 8.12. Let 5 be a smooth projective unitary representation of G with lift p : G — U(H,) for some

central T-extension G of G*. Then p decomposes as a (possibly uncountable) direct sum p = P,z pi s.t. for
every i € I there exists n € N s.t. the projective unitary representations p; associated to p; factors through
G%. In particular, if p is irreducible then it factors through G, for some n € N.

Proof. Write Nf := ker (jm N CLI G%) and nf := ker (jm st — g%) for any m € N>, so that

G!, = G*/N}, for any m € N>q. Notice that Nf, C N} whenever n < m. Since p is a smooth projective
representation, it follows from [JN19, Thm. 4.3] that G is a Lie group. It is moreover regular by [Nee06, Thm.
V.1.8], because both G¥ and T are so. Let g := Lie(é). Then g is a central R-extension of g* in the category
of locally convex Lie algebras. Let the continuous 2-cocycle w : g x gf — R represent the corresponding class
in H2 (g%, R). By Lemrna 8.11, there is some n € N such that for all ¢ € g* we have j7¢ =0 = w(&,n) =0
for all n € gb. Let N be the closed normal 5ubgroup of G covering N¥ and let n,, be its Lie algebra Then

Nn is a central T-extension of N} i integrating n,. Since w| 1. .4+ = 0, the central R-extension 1, is trivial.

I'l W X1,
Hence 1, = R @ nf, as central R-extensions of nf. As N is regular and 1-connected, it follows from [Nee06,
Thm. IT1.1.5] that there is a commutative diagram

R—— RxN} —— Nt

}2”' ﬁ Jid

T N, Nt

n

of locally convex regular Lie groups. Observe that ;5 is surjective and that kerg = 7. Thus N,, = T x Ni
as central T-extension of Ni. Let ¢ : T x Nf — N realize the isomorphism. For any integer m > n, let
N = ¢({1} x NE) C N,, C G, which is a closed normal subgroup of G isomorphic to and covering NE..
Then N := {N,, }m>n is a filter basis of (decreasing) closed normal subgroups of G satisfying hﬂj\/ = {1},
in the sense that for any l-neighborhood U of é there exists m > m such that N, € U. Indeed, since
Gt = I'an GEH carries the projective limit topology and G is a locally trivial principal T-bundle over G*
[JN19, Thm. 4.3], it follows that any 1l-neighborhood U C G contains #(I x NE)) for large enough m and
some open 1l-neighborhood I C T. It now follows from [NeelOa, Thm.12.2] that p decomposes as a possibly

uncountable direct sum p = @, p; such that for every i € T there exists some m > n with p;(N,,) = {1},
which implies that ﬁi(an) = {1}.

Theorem 8.12 gives us access to techniques that are available for finite-dimensional Lie groups, and in partic-
ular to Corollary 3.6. This can be used to prove Theorem 8.1.
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Theorem 8.1. Let p be a smooth projective unitary representation of G X, P which is of positive energy at
p € p. Assume that Spec(ady, () N Spec(vi(p)) = 0. Then p factors through J3(V; K) x4 P. Moreover the
image of —Ly,(p) + ady, () in P2(V) @t C J5(V; K) is contained in ker p.

To prove Theorem 8.1, it suffices by Theorem 8.12 to consider the case where p factors through the finite-
dimensional Lie group Gﬁk for some k € N, which we thus assume. Write a for the ideal in g?c generated by p € p.
Let a,, C a denote the maximal nilpotent ideal in a. According to Corollary 3.6 we have [a, [a,,, a,,]] C ker dp.
Recall that I, := I /T%+1.

Lemma 8.13. Suppose that V* @ € C j'a,. Then I; @ € C a,,.

Proof. By assumption V* @ € C a,, + I7 ® & As ¢ is perfect it follows that
IMet=V'otlletCa,+ (et =0+t ViecN

Thus it follows by induction that V* ® ¢ C a,, + I,/ @ € for all { € N. As (,(a, + [} ® €) = a,,, it follows
that V* ® £ C a,, and hence I ® £ C qa,,. O]

Proof of Theorem 8.1. We may assume that p factors through G’; for some k € N. It suffices to show that
dp factors through gg and that the image of —L, ;) + adg,(p) in P2(V) ® € C go is contained in ker dp.
By Corollary 3.6 we know that [a, [a,,a,]] € kerdp. Moreover I} ® & = [[;; ® &, [, ® &, I, ® €]], because
t is perfect. To see that dp factors through gg it thus suffices to show that I ® ¢ C a,,. By Lemma 8.13
it is further sufficient to show that V* ® ¢ C j'(a,). Write Di(p) := —Ly(p) + [00(p), —]. Notice that
71 (D(p)¢) = Di(p)¢ for £ € V* @ €. The assumption Spec(vy(p)) N Spec(ady,(,)) = @ implies that Dy(p) is
invertible on V* ® €. Thus if n € V* ® ¢ is arbitrary, there exists £ € V* ® ¢ such that n = D;(p)§. Then
n = Di(p)¢ = j1(D(p)¢) = i ([p,€]) € j'(a,). Thus V* @ € C jl(a,). We obtain that I, ® &€ C a, and
I} @ € C kerdp, so dp factors through gg. We may thus assume that &k = 2. We then obtain

Dy(p)(P*(V) @) = D(p)(I; @ 8) = [p, [Ix @ &, I @ ¥]] C [a, [an, a,] C ker dp. O

8.3 The Case Where p =R

We proceed with the study of projective unitary representations 7 of g* = g xp p which are of generalized
positive energy. We first specialize to the case where p = R, aiming to consider its consequences for the
general case afterwards.

As p = R, we may as well identify v with v(1) € X7, D with D(1) and o with o(1) € g. Recall that the
derivation D is given by D = —L,, + [0, —]. Write v = v) + v}, where v) := jlv € gl(V) is the linearization
of v at 0 € V and where vy, € Xj2. Let v) = v)5 + v, denote the Jordan decomposition of v; over C. Write
VC‘C for the span of the eigenspaces of v; whose corresponding eigenvalue has zero real part. Set V, := VC(C nv.
Write d := (0,1) € gf = g xp R. Let V;* C V* denote the annihilator of V; in V*, so VX = (V/V,)*.

Theorem 8.14. Let t C £ be a mazimal Abelian subalgebra. Assume that o € R®tC g and [v1g, Uno] =0 in
X;. Let T be a continuous projective unitary representation of g¢ on the pre-Hilbert space D. Assume that T
is of g.p.e. at d € g xp Rd. Then RV;* C ker7. Consequently, ﬁ|g factors through R[V}] ® €. In particular,
if Vo = {0} then 7|, factors through t.

Remark 8.15. By acting with formal diffeomorphisms if necessary, one may by Theorem 7.7 always bring
v into a normal form, in the sense that [v)s, vho] = 0 in X;. Moreover, Theorem 7.13 provides sufficient
conditions guaranteeing that o is gauge equivalent to some element in R ® t.

Proof of Theorem 8.14

Let w be a continuous 2-cocycle on g# that represents the class in H2 (g%, R) corresponding to the central
R-extension of g* obtained from 7 by pulling back u(D) — pu(D) along 7. In view of Proposition 8.9 and
Lemma 8.10, we may and do assume that w satisfies w(£,n) = A(k(§,dn)) for any &, € g, where A : Qr — R
is continuous, p-invariant and closed. We write fX instead of f ® X for f € R¢ and X € £¢. Let A C it*
denote the set of roots of £. Finally, write b := t¢ C &c. Recall from Corollary 4.6 that

[Dn,n) =0 = (w(Dn,n) =0 < 7(Dn) = O), Vn € g. (19)

Moreover, w(Dn,n) > 0 whenever [Dn,n] = 0. In the present setting, this yields:
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Proposition 8.16. Fiz f € R. Then T(RL,f ®@¥€) = {0} <= A(fdL,f) =0.

Proof. For any H € t, observe that DfH = —L,, fH because 0 € R®t, so [DfH, fH| = —[L,fH, fH| =0.
Using (19) we obtain that

k(H, HINLo(f)df) =0 <= T(LofH) =0, VHeHL. (20)

Assume that T(RL, f @ €) = {0}. Then 7(L, fH) =0 for any H € t, so A(Ly(f)df) = 0 by (20). Conversely,
suppose that A(L,(f)df) = 0. Then 7(L,fH) = 0 for all H € t, by (20). Taking the commutator with
T(9Xa), where g € R, o € A is a root and X, € (¥¢), is a corresponding root vector, it follows that

T(gLofXa) =0 VX4 € (Bc)a, g € R. (21)

Take X, € (tc)o and Y_,, € (f¢)—o. Write H, = [Xa,Y_o]. By taking commutators with 7(1 ® Y_,,) in
equation (21) we find that 7(gL, fHa) = 0. As h =" [(Ec)a, (Ec)—a], this shows by linearity together with
equation (21) and the root space decomposition that T(RL,f ® €) = {0}. O

Define the quadratic form q(f) := ALy (f)df) = —A(fdLyf) on R. Let N := kerq denote its kernel. By
Proposition 8.16, N/ generates an ideal J ® € on which 7 vanishes, where J := RL,N.

Corollary 8.17. Set J := RL,N. Then J @ £ C ker(7).

Together with the fact that A vanishes on exact forms and is L£,-invariant, this puts severe restrictions on the
representation 7 and leads to Theorem 8.14. Let us also remark the following:

Lemma 8.18. The bilinear form Bq(f,g) := AMLy(f)dg) on R associated to q is symmetric, the quadratic
form q is positive semi-definite and N ={f € R: B4(f,g9) =0 Vg€ R}.

Proof. As X is closed and L,-invariant, it follows that g is symmetric. To see that ¢ is positive semi-definite,
let f € Rand 0 # H € t. Write n := fH and notice that [Dn,n] = 0. By Corollary 4.6 we know that
—k(H, H)X(Ly(f)df) = w(Dn,n) > 0. As & is negative definite on ¢ we obtain that ¢ is positive semi-definite.
It follows that |3,(f, 9)|> < q(f)q(g), which implies N'={ f € R: B,(f,9) =0 Vg€ R}. O

The following observation is also noteworthy, although it will not be used:
Lemma 8.19. N C R is a subalgebra.

Proof. Let f,g € N. Then using the Leibniz rule and Proposition 8.16 we obtain

T(RLy(fg) @) CT(fRLyg ®E) +T(gRL, f @ F) C {0},
Applying Proposition 8.16 once more, we conclude that fg € N. O
Lemma 8.20. Ao L, = 0.

Proof. As A : Q} — R is continuous, it factors through the finite-dimensional space Q}zk = R, ® V* for some
k € N. Notice that both L, , and L, are nilpotent on Q}%k ®@r C, whereas Ly, is semisimple on it. Also
(Lo, Lo, + Loy,] = 0 because [v1, Vho) = [V15,v1,n] = 0. Thus Ly = Lo, + (Lo, + Lu,,) is the Jordan
decomposition of £, acting on Qf ®r C. Thus Im(L,, ) € Im(L,) when Ly, and L, are considered as
operators on Q}%k @ C. As X is Ly-invariant, we know A o L, = 0. Thus Ao L, . = 0. O

In particular, A vanishes on the eigenspaces in Q}%C of Ly , corresponding to non-zero eigenvalues. We
introduce some more notation. Let Ec denote the span of all eigenspaces in R¢ of L, . corresponding to
eigenvalues with non-zero real part. Define £ := Fc N R and E" := ENI".

Lemma 8.21. £ C N.

Proof. Let i € Spec(Ly, ) with Re(u) # 0. Set E), := ker(L,,, — pul) € Rc. Suppose first that p € R. If
1 € E, N R then because L, leaves the eigenspaces of L, , invariant, the 1-form ¢dL, is an eigenvector of
Lo, ., with non-zero eigenvalue 24 By Lemma 8.20 it follows that ¢(¢)) = 0 and hence ¢ € N'. Thus E,, C N.
Next, suppose that j is not real. Then also 7z is an eigenvalue of £, .. Write W¢ := E, @ Ezand W := WcNR.
Take ¢» € W arbitrary. Then ¢ = 1 4 7 for some n € E, (and hence 7 € Ey). As p+ i = 2Re(n) # 0
and L, leaves the eigenspaces of L, , invariant, each of the 1-forms ndLlyn, ndLy7, NdLyn and 7dLy7 are
eigenvectors of L,, . with non-zero eigenvalue. Using Lemma 8.20 it follows that ¢(¢)) = 0 and hence ¢ € N.
Thus W C N. As N is a linear subspace, we have shown E C . O

Lemma 8.22. RE C RL,E.
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Proof. Write J := RL,E. As J is an ideal in R it suffices to show E C J. We claim that E™ C J 4+ E™*!
for every n € N>¢. Indeed, take ¢ € E™. As L,, is invertible on E™ (which is true because L, is invertible
on every finite-dimensional and L,,-invariant subspace E N P*¥(V) C E), there exists some n € E™ s.t.
Ly = 1. Observe that L, E C E because [Ly, ,Ly,,] = 0. Also Ly, I" C I"! since vy, € Xp2. Thus
Loy, E™ C E"FL. In particular Lo, 7 € E"TL. Then ¢ = Ly 0 = LN — Ly,,n € J + E™HL as required. By
induction it follows that E = E° C J 4+ E™ for every n € N. As (", cn(J + E™) = J, this implies £ C J. [

Proof of Theorem 8.14:

Using Lemma 8.21 we obtain £ C A. By Corollary 8.17, this implies J ® £ C ker 7, where J = RL,E. By
Lemma 8.22, we know RE C J. Notice that ENV* = VCJ-7 so in particular RVCJ- C J. Thus RVCJ- ®t C kerm.
Notice that R/(RV;") = R[V], because V. = V*/V:-. We conclude that 7 factors through the quotient
(Ret)/(RV: @) = (R[VI] @) O

8.4 The Case of General p

Let us return to the case where P is a 1-connected finite-dimensional Lie group with Lie algebra p. Let us
recall some of the notation introduced earlier in Section 8.

Define 0y := evgoo : p — € and let v = jlv : p — gl(V) be the linearization of v at 0 € V. For p € p,
the vector fields v(p) splits as v(p) = vi(p) + Vuo(p) for some formal vector field vyo(p) € Xr2 vanishing up
to first order at the origin. Let vi(p) = vi(p)s + vi(p)n be the Jordan decomposition of v)(p) over C. Let
VE(p) denote the span in V¢ of all generalized eigenspaces of v)(p) corresponding to eigenvalues with zero
real part. Set V.(p) := V.C(p) NV, If € C p is a subset, define V,(€) := MNpee Ve(p). Let Ve(€)+ C V* denote
the annihilator of V;(€) in V*. Let ¥, C C denote the additive subsemigroup of C generated by Spec(vi(p)).
For any continuous projective unitary representation 7 of g X p p, the set €(7) consists of all points p € p for

which 7 is of generalized positive energy at p.

We use Theorem 8.14 combined with suitable normal form results to prove Theorem 8.3 and Theorem 8.4.

Lemma 8.23. Let W be a finite-dimensional real vector space and let W; C W be a collection of linear
subspaces, where i € I for some indexing set I. Then ((;cr Wi)L = Span,; .7 W;.

]L. Applying this observation to the subspaces W;- C W*,

Proof. Notice first that ;o7 Wit = [SpanieIWi
we obtain that (),.; Wi = N;ez (W) = [SpanieZWf]l, where we also used that (W)L = W; for any

i € Z. Taking annihilators, this implies (niGI Wi)L = SpanieIVVil. O

Theorem 8.3. Let T be a continuous projective unitary representation of gxpp. Let € C €(T). Assume that
Spec(ad,, ) NEp =0 for all p € €. Then RV, (€)* @t C ker 7, and hence 7|, factors through R[Vo(€)* ] @ L.

Proof. Let p € €. By Theorem 7.7, there is a formal vector field wy,(p) € X2 satisfying [vi(p)s, who(p)] = 0
s.t. v(p) is formally equivalent to w(p) := vi(p) + wno(p). If h € Aut(R) C Aut(g) is a formal diffeomorphism
s.t. w(p) = h.v(p), then h leaves the constant part og(p) of o(p) fixed, so evo(h.o(p)) = evgo(p) = oo(p).
Thus, we may assume that [vi(p)s, Vno(p)] = 0 and Spec(ady,(p)) NE, = . By acting with gauge transforma-
tions, we may by Theorem 7.13 further assume that o € R ® t, where t is a maximal torus containing o (p).
By Theorem 8.14, it follows that RV, (p)* C ker 7. The above holds for all p € €, so Span,cq RV, (p)* C kerT.
By Lemma 8.23 we know Span,,c¢ (Ve(p)) = Ve(€)*, so that R/(Span,cq RV.(p)*) = R[Ve(€)*]. O

Theorem 8.4. Let t C € be a maximal Abelian subalgebra. Let T be a continuous projective unitary repre-
sentation of gf. Let € C €(7). Assume for every p € € that o(p) € R®t and [vi(p)s, Vno(p)] = 0. Then
RV, (€)* ® ¢ C ker 7 and hence 7|, factors through R[Ve(€)*] @ ¢.

Proof. By Theorem 8.14 it follows that Span,csRVe(p)* = RV.(€)+ C kerT. O

8.5 The Case Where p is Simple.

Let us consider the special case where p is simple. Let P be a 1-connected Lie group with Lie(P) = p. In
this case, suitable normal form theorems for v and o are available (see Theorem 7.10 and Theorem 7.12).
In particular, v : p — X;P is always formally equivalent to its linearization v, at 0 € V. Similarly, by
Theorem 7.12, the vertical twist o : p — g is gauge-equivalent to some Lie algebra homomorphism oq : p — &.
In particular, if p is not compact then we may and do assume that o = 0 by acting with gauge transformations
if necessary, for in that case there are no homomorphisms p — ¢ (because £ is compact, see Lemma 7.20).

Combined with Theorem 8.4 we immediately obtain Theorem 8.5 below, where V¢ (&) := (¢ Ve(p)-
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Theorem 8.5. Assume that p is non-compact and simple. Let T be a continuous projective unitary represen-
tation of g xp p. Write € :=&(7) C p. Then 7|, factors through R[V.(€)*] @ t.

Let p = €y @ pg be a Cartan decomposition of p, so that €, and py are the +1 and —1 eigenspaces of a Cartan-
involution 6, respectively [Kna96, Cor. 6.18]. Let ag C po be a maximal Abelian subalgebra of pg. According
to the Iwasawa decomposition [Kna96, Prop. 6.43], p decomposes as p = £, @ ag Bng, where ng C p is nilpotent.
For p € p we write p = pe + pr, + py for the corresponding decomposition of p, where p. € €y, pp € ag and
Pn € ng. Then Spec(ad,,) C iR, Spec(ady,) C R and ad,, is nilpotent [Kna96, Lem. 6.45]. Moreover, ay is
contained in a Cartan subalgebra of py [Kna96, Cor. 6.47).

Proposition 8.24. Suppose that p is simple and that the p-representation vy on V is non-trivial and irre-
ducible. Let € C p be an Adp-invariant convex cone and let Vo(€) := [ c¢ Ve(p). Assume that € contains
some non-zero py, € ag. Then V(€) = {0}.

Proof. Notice first that as P is 1-connected, the p-action v : p — gl(V) integrates to a continuous repre-
sentation of P on V. As € is Adp-invariant, the subspace V,(€) is P-invariant. Thus either V,(€) = {0} or
Ve(€) =V, so it suffices to show V,(€) # V. By assumption p;, # 0. In view of Cartan’s unitary trick, see
e.g. [Kna01l, V. Prop. 5.3], the image of elements in gy in any finite-dimensional representation are semisimple
and have real spectrum. Thus Spec(vi(pr)) C R. As p is simple and v is a non-trivial p-representation
by assumption, it follows that v is injective. As wvi(pn) € gl(V) is semisimple, there exists 0 # v € V s.t.
vi(pp)v = po for some 0 # p € R. Thus 0 # v ¢ V,(€). Hence V,(€) # V and so V.(€) = {0}. O

Theorem 8.6. Assume that p is non-compact and simple. Suppose that vy defines a non-trivial irreducible
p-representation on V. Let T be a continuous projective unitary representation of g xp p. Let € C &(T) be a
P-invariant convex cone. FEither € is pointed or ﬁ|g factors through t.

Remark 8.25. Notice that if p is simple and C is a closed Adp-invariant convex cone which is not pointed,
then C N —C = p and hence C = p.

Proof of Theorem 8.6: The edge ¢ := € N —€ of the closure € of € is an ideal in p. Assume that ¢ is not
pointed. Then neither is €. As p is simple, it follows that ¢ = p and hence € = p. Thus € is a dense
convex cone in the finite-dimensional real vector space p, which implies that € = p. As p is non-compact,
it contains some hyperbolic element. Thus, so does €. By Proposition 8.24 it follows that V.(€) = {0} and

hence Theorem 8.5 implies that 7 factors through €. O

Thus if C is an Ad p-invariant convex cone which is not pointed, then g admits no continuous projective unitary
representations which are of g.p.e. at C C p other than those which factor through €. On the other hand, we
know by [Pan81, Cor. 2.3] that if p is simple, then a non-trivial pointed closed and P-invariant convex cone
exists in p if and only if p is of hermitian type, meaning that dim(3(¢y)) = 1, where p = &, @ po is a Cartan
decomposition of p and where & is the Lie algebra of a compact Lie group.

Let us shift our attention to positive energy representations, in which case a different argument is available.

Lemma 8.26. Suppose that P is a non-compact simple connected Lie group. If (o,H,) is a unitary P-
representation that is norm-continuous, then o is trivial.

Proof. Asp is simple, do is either injective or trivial. Assume that do is not trivial. Let p = £g@ ag@Sng be the
Iwasawa decomposition of p. Take x € ag. Then ad, is semisimple and Spec(ad,) C R. As ¢ is unitary and do
is injective, z — ||do(2)||p(3) defines a P-invariant norm on p. With respect to this norm, e’ is an isometry
on p for every t € R. As ad, is semisimple, it follows that Spec(ad,) C iR. So Spec(ad,) C RNiR = {0} and
hence ad,; = 0. Since p has trivial center it follows that x = 0. So ap = {0} and hence p is compact. But P
is non-compact by assumption. So do must be trivial. As P is connected, it follows that o is trivial. O

Proposition 8.27. Suppose that P is a non-compact 1-connected simple Lie group. Assume that the P-action
on V is irreducible and non-trivial. Let p be a continuous projective unitary representation of G which is of
positive energy at C :=p. Then p|, factors through K.

Proof. By Theorem 8.12 it suffices to consider the case where p factors through Gy for some k € N. From
Whitehead’s Second Lemma, [Jac79, IT11.9. Lem. 6], we know that H?(p,R) = {0}. Using in addition that P
is simply connected, it follows that p|, lifts to a continuous unitary representation ¢ : P — U(#,) of P, so
that p(p) = [o(p)] in PU(#,) for all p € P. By Lemma 3.7, the fact that 5|, is of p.e. at C = p implies that
o is norm-continuous. It follows from Lemma 8.26 that o is trivial. Thus p(a,(g)) = p(g) for all g € G and
p € P. Tt follows that dp vanishes on D(p)g. As p acts irreducibly and non-trivially on V, it follows that the
ideal in g generated by D(p)g is [ @ t. Thus I ® t C kerdp. This implies that pl|,, factors through K. O
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The following provides a simple example of a projective p.e. representation p of G1 x P s.t. p|,, does not
factor through K.

Example 8.28. Let P = Mp(2,R) be the double-cover of SL(2,R). Let P act on V := R? via the defin-
ing action of SL(2,R). We consider a trivial vertical twist, so that the p-action on g = R ® ¢ is given by
D(p) = —Lyp)- In this case the generator po of rotations generates the unique (up to a sign) non-trivial
closed, pointed, P-invariant convex cone C in p. Explicitly, v(pg) = y0, — x0,. Let us construct a non-trivial
continuous projective unitary representation of G; x P 2 (V*®¢) x (K x P) that is of p.e. at the cone C C p.
Write W :=V* ® ¢

We begin by specifying a suitable 2-cocycle on V* ® ¢ C g;. Notice that (/\2 V)p =~ R is one-dimensional.
Let 0 # A € (A’V)? and consider it as a p-invariant bilinear map V* x V* — R. To be consistent with
Proposition 8.9, let us write A(fdg) instead of A(f,g) for f,g € V*. Let &,y € V* be the usual basis of V*.
Then A is fully specified by the number A(ydz). If A(ydx) > 0, then the quadratic form g(v) := A(Lyp,)vdv)
is positive-definite, because q(azx + by) = (a® + b*)\(ydx) for a,b € R. Let w be the unique symplectic form
on W satisfying w(vX, wY) := AMvdw)k(X,Y) for X,Y € t and v,w € V*. Then w(D(pg)&, &) > 0 for every
& € W (recalling that x is negative definite). Let H(W,w) be the corresponding Heisenberg group. Let Ly
be the +i-eigenspaces in W of the complex structure J := D(pg) on Wg, so that We = L_ @ Ly. The
p-invariance of A\ ensures that J*w = w. Indeed, extend w C-bilinearly to W¢. As X is p-invariant, it follows
that w(JEn) + w(&, Jn) = 0 for all {,n € W, which implies that Ly C W¢ are J-invariant Lagrangian
subspaces for w. Then J*w = w follows from J*w(w;,w_) = w(iwy, —tw_) = w(ws,w_) for wy € Ly.
Notice further that w(J¢,€) > 0 holds for all £ € W, by construction. Equip L with the positive definite
hermitian form defined by (v, w)r, = —2iw(v, w) for v,w € L . For each n € N, equip the symmetric algebra
S™(L4) with the inner product satisfying

n
(vl~-~vn,w1~--wn> = Z H(Uakawk>L+a Uk, Wk, € L.
oeS, k=1

Let F := S*(L4) be the Hilbert space completion, where S*(L;) = @, , S™(L4+). The metaplectic represen-
tation p of H(W, w) x Mp(W, w), with p(z) = zI on the central T component, can be realized on the Fock space
F, where Mp(W,w) denotes the metaplectic group [Nee00, Thm X.3.3]. Notice that SL(2,R) — Sp(W,w)
because A is p-invariant. By pulling back the metaplectic representation we obtain a continuous unitary
representation of H(W, w) x P which is of p.e. at C and does not factor through K.

Appendix

A From Germs to Jets

Let K — M be locally trivial bundle of Lie groups with typical fiber a finite-dimensional Lie group G with
Lie algebra g. Write 8 — M for the corresponding Lie algebra bundle. The following justifies the claim
made in Section 1 that any continuous projective unitary representation of I'.(K) which factors through the
germs at a point a € M actually factors through the oo-jets J°(K) at a € M. The group I'.(K) is a locally
exponential Lie group modeled on the LF-Lie algebra I'.(&) [JN17, Prop. 2.3].

Let U C R? be an open neighborhood of the origin. Let C§2, (U) denote the kernel of the oo-jet projection
joo 1 CEWU) = J2(CE(U)) = Rz, -+ wd]

c

at 0 € U. In the following we show the known fact that the closure C°(U \ {0}) in C*(U) is C5,(U). As a
consequence, we deduce that if a continuous projective unitary representation of the Lie algebra I'.(R) factors
through the germs at a point a € M, then it factors through the co-jets J°(R) at @ € M. In turn, this
implies a group level-analogue.

If K C U is a compact set, we write C°(U) for the subspace of C*°(U) consisting of functions on U with
support in K. Then C%(U) is the projective limit C(U) = lim C%(U) of the Banach spaces Cp(U), which
we equip with the norm ||fHC;€(U) = sup|k|§n||Dkf||CK(U), where the supremum runs over all multi-indices
ke N%o with |k| < n. Then C&(U) = h_n}lC}’(o(U) is the corresponding locally convex inductive limit. See
e.g. [Rud91, Thm. 6.5] for a description of this topology. For r > 0, write B, := {x € R? :||z|| < r} for the
closed ball centered at 0 € R? with radius 7.
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Lemma A.1. The closure of C°(U \ {0}) in C(U) is Cgs (U).

Proof. As Cg2.(U) C C*(U) is closed and C°(U \ {0}) C Cge,(U), it follows that C(U \ {0}) C Cg5,(U).
It remains to show the reverse inclusion. Let f € Cg3,(U) C C*(U). We show f € C*(U\{0}). Let
Ky C M be a relatively compact open subset such that supp f C Ky. Set K := Ky. We may assume that
0 € Ky, for otherwise f € C*(U \ {0}) and we are done. By [Mal67, Lem. 1.4.2], we can find constants
Cy >0 for k € Nio, depending only on k, such that for any 0 < r < 1 with By, C K, there exists a smooth
function ¢, € C®(R?) s.t. ¢ > 0, ¢yl =0, Ur|(Ra\B,,) = 1 and sup,cpa |DFa,.(z)| < Chr~I*1 for every
k € N¢,. In particular fv,. € C°(U \ {0}) and supp f1, C K. Moreover, observe that supp(1 — ¢,.) C B,
and [|(1 — wr)”Cg%(Rd) < v~ for some constant depending on n € N>g, where we used that 0 < r < 1.

On the other hand, suppose that o € N‘éo is a multi-index. Since j§°(D*f) = 0, it follows from Taylor’s
Theorem that | D*fllc(p,,) S r! for arbitrary [ € Nxq, with a constant depending on f, a and [ but not on
r. Thus || fllcr(B,,) S 7! for arbitrary n,l € N>g. In particular I fllen(Ba) S r"*+1. Combining the previous

observations, we obtain that

If = feellena) = IF = e)lleny = 1A =e)llena) S I llon@en (1= ¥r)llen ) S 1)

the constants depending only on f and n but not on r. This shows that fi, — f in C2(U) as r — 0. Thus
fior — fin C°(U). Since ¢, f € C°(U \ {0}) for every r, we conclude that f € C®(U \ {0}). O

If a € M, define the spaces of smooth section of I and K& which are flat at a € M:
Fﬂat(a) (]C) := ker <Jgo : FC(/C) — Jgo(’C)), Fﬂat(a) (ﬁ) := ker (]go : FC(R) — Jgo (ﬁ))

Proposition A.2 below clarifies the apparent ambiguity in the topology on J$°(8), for which two candidates
are available.

Proposition A.2. Let a € M. The projective limit topology on J°(R) = l'glk J*(R) coincides with the
quotient topology obtained from J3°(R) = I'c(R)/Tfat(a)(R).

Proof. The continuous k-jet projections j¥ : T.(8) — J¥(R) at @ € M all descend to continuous maps
Le(R)/Taat(a)(R) — JF(R). By the universal property of the projective limit, they induce a continuous map
® : Te(R)/Taat(a)(R) = J°(R). Using Borel’s Lemma [Hér03, Thm. 1.2.6], it is not hard to check that this
map is bijective. It remains to show it is an open map, which follows immediately from the Open Mapping
Theorem [Rud91, Cor. 2.12] because I'c(8)/T'gat(q)(R) and J°(R) are both Fréchet spaces and & is bijective
and continuous. O

Proposition A.3. Leta € M.
— The closure of T'e(M \ {a}; &) in T'c(M; R) is T'ag(a)(R)-
— The closure of T'e(M \ {a}; K) in T'c(M;K) is Tag(a)(K).

Proof. By a partition of unity argument, we may assume that the bundle & — M is trivial, that M C R?
is open neighborhood of 0 € R? and that @ = 0. Then I'.(M;8) = C°(M;¥). The claim now follows from
Lemma A.1. Notice for the second assertion that Fﬂat(a)(M ; K) is a locally exponential, being an embedded
closed Lie subgroup of the locally exponential Lie group I'c(M;K). The result is then immediate from the
previous point. O

Proposition A.4. Let a € M.

1. Let 7 : To(M;R) — LT(D) be a continuous projective unitary representation on the pre-Hilbert space D.
Assume that T vanishes on T'o(M \ {a}; R). Then T factors continuously through J2°(R).

2. Let p:To(M;K) — PU(H) be a continuous projective unitary representation of T'.(M; K). Assume that
p vanishes on T'e(M \ {a}; K). Then p factors through Tgagq) (M; K).

Proof. For the first point, notice by continuity that 7 must also vanish on the closure of T'.(M \ {a}; R)
in I'.(M; R), which by Proposition A.3 equals T'ga¢(q)(M; R). Thus I'c(M; &) factors continuously through
the quotient space J3°(R) = I'c(M; R)/Tat(a) (M; R), where Proposition A.2 was used. The second point is
proven similarly using Proposition A.3. O
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