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Ultrasonic flowmeters face unique challenges since, in addition to withstanding high fluid pressures, they have 
to avoid crosstalk, which is the interaction of the signals traveling through the fluid and the solid pipe. To avoid 
the crosstalk, which leads to poor accuracy or complete loss of the required signal, we develop a mounting 
mechanism based on phononic crystals (PnCs), which are artificial periodic materials possessing band gaps 
(BGs) due to Bragg scattering. These PnC structures should also possess high mechanical strength to sustain 
the fluid pressure. Designing PnCs for such applications is challenging as the BG width and the resistance to 
mechanical loading are conflicting objectives. To circumvent this, we propose a step-by-step design procedure to 
optimize both mechanical strength and wave attenuation performance of a single-phase 3D PnC waveguide using 
parametric sweeping and sensitivity analysis. We use finite element analysis (FEA) to characterize the behavior 
of the periodic unit cell and the waveguide. Since accurate dynamic FEA at high frequencies is computationally 
demanding, we develop surrogate models at different levels of the design process. We also consider additive 
manufacturing aspects in the design procedure, which we validate by 3D-printing the final design and measuring 
the parameters via computer tomography.
1. Introduction

Ultrasonic flowmeters are extensively used in industries such as oil 
and gas [1], aerospace [2], automotive [3], medical [4], and pharma-

ceutical [5], among others. One such instrument, an in-line transit-time 
flowmeter, measures the flow rate via ultrasonic transducers that are in 
contact with the fluid. An ultrasound signal generated by a piezoelec-

tric element of the transmitter travels through the fluid and arrives at 
the receiver. This is repeated in the opposite direction, and the time 
difference between these signals is directly related to the flow rate. 
Since the flow is not disrupted during the measurement process, ultra-

sonic flowmeters possess high accuracy. Nevertheless, when the signal 
is sent, a significant part of it leaks through the solid pipe and in-

terferes with the working signal from the fluid interface, known as 
crosstalk. Since crosstalk makes it hard to discriminate the required 
signal traveling through the fluid [6], several solutions have been pro-

posed for crosstalk mitigation [7–10]. However, these approaches are 
limited by specific ranges of flow velocity, pipe diameter, and sound 
velocity of the medium [9]. Additionally, many of them operate at rela-
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tively low frequencies (approximately 100 kHz range [8]), which limits 
their applicability to high-frequency situations (for instance, at MHz
frequencies).

Phononic crystals (PnCs) present a viable solution to mitigate 
crosstalk at high frequencies. PnCs are artificial materials consisting 
of periodically arranged unit cells possessing unusual dynamic charac-

teristics due to band gaps (BGs) [11]. BGs are frequency ranges where 
elastic/acoustic waves are attenuated or propagate evanescently. These 
BGs are generated due to the destructive interference of waves because 
of the impedance mismatch at material interfaces within a periodic unit 
cell (PUC), similarly to Bragg scattering in electromagnetic waves [12]. 
Because of BGs, PnCs have been explored in many applications, includ-

ing vibration isolation [13], acoustic diodes and transistors [14,15], 
energy harvesting [16], super/hyper acoustic lenses [17,18], acous-

tic antennas [19], frequency steering [20], acoustic cloaking [21–23], 
metasurfaces for phase manipulation [24,25], acoustic communication 
devices [26,27], and high-resolution acoustic devices [28].

BGs in PnCs are typically determined using a dispersion relation 
(band structure) [29], which is the relation between frequency and 
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wave vector. The wave vector’s magnitude is the wavelength’s recip-

rocal, and its direction is towards the phase velocity [30]. The band 
structure provides the BG frequency range (if any) and the wave speeds. 
Nevertheless, since the band structure assumes infinite structure—i.e., a 
PUC repeated ad infinitum—it cannot capture the attenuation behavior 
of a finite system. A displacement transmissibility analysis is there-

fore necessary [31], which relates the amplitudes of the transmitted 
displacement (measured at one end of the waveguide) to the input dis-

placement (at the opposite side where the essential boundary condition 
(BC) is prescribed), as a function of frequency. Systematic computa-

tional tools such as topology optimization have been used to design 
PnCs for maximizing BGs [32–41]. Topology optimization is an iterative 
procedure where forward analysis is used to analyze the design and sen-

sitivity analysis is used to improve the design for the next iteration; this 
process continues until some measure of convergence is achieved. For 
instance, Sharma et al. used gradient-based topology optimization to 
maximize the BG width of electrostatically tunable dielectric PnCs [33]. 
A similar approach was used by Wu et al. to design PnCs with prescribed 
BG behavior [34]. Zhang et al. used topology optimization with a non-

gradient-based algorithm to design a multi-channel narrow-band PnC 
filter [35]. A density-based topology optimization was used by Dalk-

lint et al. to design PnCs with tunable BGs [36]. Zhang et al. designed 
a multi-functional metamaterial with tunable thermal expansion and 
BG through topology optimization and surrogate modeling [37]. van 
den Boom et al. used a level-set-based topology optimization to design 
3D PnCs with smooth boundaries [38]. However, these approaches are 
computationally demanding since we may need several numbers of iter-

ations to arrive at an optimized design. In addition, numerous issues are 
present while translating these designs to functional devices that can be 
used in ultrasonic flowmeters. The main challenge is with the fabrica-

tion as the feature size of the PnC’s PUC can be in mesoscale (hundreds 
of microns to a few centimeters), which is difficult to manufacture [42]. 
Additionally, since the waveguide and the PUC (the waveguide is made 
of) have orders of magnitude differences in scale, requiring the man-

ufacturing process to deal with both meso- and macro-scales, which is 
cumbursome. In addition, for the ultrasound flowmeter under a high 
fluid pressure situation, the device must possess a broad BG and high 
resistance against mechanical loading, further complicating the design 
process.

The primary objective of the PnC is to mitigate crosstalk, i.e., to 
filter out elastic waves traveling through the solid region for specific fre-

quency ranges (in the MHz range). In our previous work, we developed 
a PnC wave filter to mitigate crosstalk from an ultrasonic flowmeter 
at high frequencies [43]. However, we did not optimize its perfor-

mance, which requires several iterations of the complete waveguide’s 
transmissibility analysis. This optimization is challenging since dynamic 
analyses of PnCs at high frequencies are computationally demanding 
while using standard computational approaches such as finite element 
analysis (FEA). This is because the PUC’s complex geometry and the 
waveguide’s large domain size (comprised of several PUCs) lead to a 
large number of degrees of freedom (DOFs). Moreover, the computa-

tional cost is further aggravated at high frequencies because a small 
finite element mesh size is required to maintain spatial and temporal 
accuracy [44]. Although optimization of PnCs’ PUCs for BG maximiza-

tion via band structure is feasible [38–41], it is nearly impossible to 
perform optimization of the complete model of a finite PnC structure 
using the transmissibility analysis due to the associated enormous com-

putational cost. Thus, to efficiently optimize the performance of the 
PnC waveguide at high frequencies, a surrogate model—i.e., an approx-

imate model that is computationally less expensive than the complete 
model but which captures its behavior with sufficient accuracy—is re-

quired. For instance, Yin et al. applied dynamic condensation for band 
structure and transmission analysis of PnCs, where they reduced the 
computational cost by condensing internal DOFs to the boundary [45]. 
Similarly, Aumann et al. reduced the computational cost of the dynamic 
2

analysis of acoustic metamaterials by using a parametric model or-
Materials & Design 237 (2024) 112594

der reduction approach based on Krylov’s subspaces’ moment-matching 
methods [46]. However, no surrogate models have been developed to 
analyze 3D PnCs with applications in ultrasonic flowmeters. In addi-

tion to the aforementioned challenges associated with computational 
demands, the PnC design process is further complicated by environ-

mental conditions such as the surrounding fluid pressure, which impose 
additional requirements and constraints.

One such requirement for the PnC structure is to have a fully 
closed construction. This is important because transducers, where these 
waveguides are connected, are immersed in fluid; thus, any fluid leak-

age into these structures could reduce their performance. Additionally, 
the pressure from the surrounding fluid (approximately 15MPa) also 
imposes an immense mechanical load on the PnC waveguide, and thus 
an additional objective for the design process. Designing a PnC waveg-

uide with a broad BG and appropriate mechanical strength is challeng-

ing since they are both conflicting objectives. High contrast in mass 
densities and/or stiffnesses between adjacent constituents of the PUC 
is needed for a wide BG [47], which creates weak members within the 
PUC. The high-pressure load surrounding the PnC waveguide induces 
tremendous stress in these thin members, which are likely to undergo 
yielding. The effects of hydrostatic loading on 1D PnCs were explored 
by Mehaney and Elsayed [48], who found a shift in BG frequency with 
increased pressure. However, works that study the effect of hydrostatic 
pressure on 3D complex PnC structures are still lacking. To the best of 
our knowledge, no studies have addressed the multi-objective design of 
PnCs for maximizing the BG width and mechanical strength, incorpo-

rating additional aspects such as manufacturing processes and industrial 
standards.

In this study, we introduce for the first time a 3D PnC waveguide ca-

pable of mitigating high-frequency broad-band acoustic noise at MHz
ranges under high hydrostatic pressure. To that end, we propose a de-

sign procedure to maximize the wave attenuation and minimize the 
stresses due to high fluid pressure. We also consider manufacturabil-

ity, domain-size considerations, and industrial standards in the design 
process. We divide the problem into independent and dependent sub-

problems. Independent problems, such as the design of the PUC and 
the waveguide, are performed separately, while dependent portions, 
such as different analyses of the waveguide, are solved simultaneously. 
We also develop a surrogate model to reduce the computational cost 
of the waveguide’s static and dynamic analyses. Since this is a multi-

objective design problem, there will be a Pareto set of optimal designs, 
and our objective is to move towards such a front with our designs. To 
that end, we use the parametric sweep to move towards optimum de-

signs by design space trimming. Further, we use sensitivity analysis to 
arrive at an optimized design that satisfies all constraints, which is fab-

ricated via metal additive manufacturing. We then evaluate the quality 
of the fabrication process by measuring the different parameters of the 
PnC waveguide using computer tomography. The various steps in the 
proposed methodology can be applied as a whole or in parts to other 
multi-objective challenging design problems (e.g., periodic structures 
with time-consuming conflicting objectives) with appropriate modifica-

tions in the design steps.

2. Problem statement

Fig. 1 shows the schematic representation of an in-line ultrasonic 
flowmeter where the working signal traveling through the fluid is 
marked using green arrows while the signal traveling via the solid re-

gion is represented using a dotted red arrow. Since we want to avoid 
their crosstalk, a PnC waveguide is placed between the piezoelectric 
crystal and the adjacent pipe wall as shown in Fig. 1(b). The surround-

ing fluid exerts a high pressure 𝑝 on the transducer and the associated 
PnC waveguide.

1. The ultrasonic transducer uses a pulse with a central frequency of 

1MHz, which should be the input signal for the PnC waveguide, 
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Fig. 1. Schematics of in-line ultrasonic flowmeter: (a) is a fluid-filled pipe with two ultrasound transducers T1 and T2 where the working signal (green arrows) 
and the signal via the solid region (dotted red arrow) are provided. The inset in (b) shows the portion of the ultrasonic transducer with a window (to transmit the 
acoustic energy to the fluid) and a PnC waveguide loaded by a hydrostatic pressure load of magnitude 𝑝.
and hence, the waveguide should possess a BG with its central fre-

quency close to 1MHz, and a width at least 600 kHz;
2. Fluid seepage into the waveguide should be prevented, causing a 

reduction in impedance contrast within the PnC, which leads to a 
reduction in performance. Thus, the PnC device should be closed 
entirely from the outside;

3. As the flowmeter is exposed to a high-pressure environment, the 
waveguide should be able to withstand a pressure load of up to 
15MPa. Because the high pressure could be detrimental to the in-

ternal features of the PUC, the enclosure should have the additional 
function of withstanding the high-pressure load;

4. The device should be designed to operate in a wide range of tem-

peratures, from −150 ◦C till 600 ◦C, and the material should have 
a melting point beyond 600 ◦C;

5. The waveguide should be able to fit within the flowmeter (cylindri-

cal shape), for which the lateral dimension of the PnC waveguide 
should be less than 18mm;

6. Finally, the PnC device should be manufacturable with consider-

able accuracy and precision (repeatability) at a reasonable cost.

We then derive the following objectives:

Objective 1: Maximize the PnC waveguide’s wave attenuation perfor-

mance in the frequency range from 700 kHz to 1.3MHz with 
the highest attenuation close to 1MHz;

Objective 2: Minimize stress throughout the PnC structure when sub-

jected to the pressure load of 15MPa. Thus, the maximum 
stress developed in the structure should be less than the al-

lowable stress, 𝜎𝐴 = 𝜎𝑌 ∕𝛾 , where 𝜎𝐴 is the allowable stress, 
𝜎𝑌 is the yield strength, and 𝛾 is the safety factor of the ma-

terial.

To satisfy some of the design requirements in order to reduce the design 
space, we take the following design decisions:

• We select stainless steel 316 (SS316) as the preferred mate-

rial for the PnC waveguide since it has low thermal expansion 
(17.2 × 10−6∕◦C) and a high melting point (1375 ◦C) to address the 
thermal requirements. Additionally, since the transducer and asso-
3

ciated structures are usually composed of SS316, using the same 
material for the PnC structure would minimize the thermal stress 
generation at interfaces;

• We consider a hexagonal PUC for the 3D PnC since it can be 
arranged close to a cylindrical shape to satisfy the 5th design re-

quirement above, i.e., to have a diameter less than 18mm;

• Since the waveguide needs to be connected to the ultrasonic trans-

ducer, two hollow-cylindrical fixtures are included in the design, 
which would ensure adequate contact between the transducer and 
the waveguides;

• As BGs in PnCs are generated via Bragg scattering, we can estimate 
the outer dimension of the PUC from Bragg’s law of diffraction 
by using the sound speed in the material and the required central 
frequency as follows:

𝑛�̄� = 2𝑑 cos𝜃 �̄� = 𝑐∕𝑓, (1)

where 𝑛 is an integer generally considered to be unity, �̄� is the 
wavelength of the traveling wave in the material, 𝜃 is the angle 
the wave creates with the normal of the incidence surface, 𝑑 is the 
periodicity of the scatterer (in the case of a PnC, it is equivalent to 
the distance between the PUCs), 𝑐 is the wave speed of the material, 
and 𝑓 is the applied frequency. For SS316, the wave speeds are 
𝑐𝑃 = 4935.5m∕s for pressure wave and 𝑐𝑆 = 3102.9m∕s for shear 
wave. For a normal incident wave, at 1MHz, 𝑑 is approximately 
2mm, which is selected as the outer dimension of the PUC;

• The PUC’s length scale greatly influences the PnC waveguide’s 
manufacturing process. Since the outer dimension of the PUC is 
2mm with a possibility to have even smaller (sub-millimeter) in-

ternal features, the available fabrication methods for SS316 are 
additive manufacturing [49] and wire electric discharge machin-

ing [50]. Since, at a prototype stage, the latter is more expensive 
than the former (two orders of magnitude), we select additive man-

ufacturing as the preferred manufacturing process.

3. Design process

To design a PnC waveguide that can satisfy the design requirements, 
we describe the design process through various steps, as shown in Fig. 2.

Step-1: We define various building blocks that will be used throughout 

the process;
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Fig. 2. Schematic of the design process with individual steps providing a global picture. Step-1 includes all the building blocks that constitute the design, whereas 
Step-2 describes the analysis of the building blocks. Step-3 consists of different waveguide designs and their analyses, while Step 4 encompasses the parametric 
space, the design space reduction method, and the parametric sweep to obtain nominal designs. Finally, Step-5 explains the fine-tuning process to attain optimal 
designs for the required problem.
Step-2: To design the PUCs, we perform different analyses of the build-

ing blocks;

Step-3: Using the build blocks, we design the complete waveguide, 
which is also characterized using several analyses;

Step-4: To find an optimized design satisfying the objectives, we con-

duct design space survey for adequate designs, followed by 
parametric sweeping;

Step-5: In the final step, we fine-tune the design using sensitivity anal-
4

ysis.
3.1. Step-1 – Conceptual building blocks

We need appropriate 3D PnC PUC that would provide adequate BG 
frequency range as required by Objective 1. Additionally, we also se-

lect an outer wall to enclose the waveguide and a slab to increase the 
strength in order to satisfy the design requirements (Objective 2). Step-

1 of the Fig. 2 shows the schematics of all these building blocks (3D 
PUC, wall, and slab). Since these schematics do not show the exact 
building blocks, we proceed to Fig. 3 for a detailed description; how-
ever, we will come back to Fig. 2 when discussing the different design 
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Fig. 3. Schematics of different PnC’s PUC and their corresponding irreducible Brillouin zones. (a) a 3D hexagonal PUC, where 𝒂𝑖 (i=1 to 3) defines its lattice vector. 
We have translated 𝒂1 and 𝒂2 along the 𝑧-axis for visibility; however, this operation does not change the magnitude of these parameters. (b) and (c), respectively, 
are the 2.5D hexagonal and square PUCs with corresponding lattice vectors, i.e., 𝒃𝑖 (i=1 to 2) for hexagonal and 𝒄𝑖 (i=1 to 2) for square PUCs. (d) the IBZ of the 3D 
hexagonal PUC (triangular prism), while (e) and (f), respectively, the IBZs of 2.5D hexagonal and square PUCs (both are triangles). Additionally, we have marked 
the design parameters: rib diameter 𝜙 and sphere diameter 𝐷 in (a), slab thickness ℎ in (b), and wall thickness 𝑡 in (c), respectively.
stages. Previously, van den Boom et al. used topology optimization to 
maximize the BG of a 3D PUC, showing that a spherical cavity maxi-

mized the width of the band gap [38]. Since the primary objective of 
our PnC-based waveguide is to have a broad BG, we design a hexago-

nal PUC possessing spherical features as shown in Fig. 3(a). This PUC 
is designed by connecting spheres with cylindrical rods since this com-

bination provides a wide BG [43] and is a single-phase component. In 
other words, the BG is generated because of the mismatch in the mass 
and stiffness between the adjacent sphere and the rod, i.e., dissimilar-

ity in the mechanical impedance, unlike due to the acoustic impedance 
mismatch in multi-phase PnCs. A similar PUC composed of spheres and 
ribs with the cubic arrangement was used in our previous work, which 
also possessed a broad BG [43]. We also performed experiments on 
this earlier prototype (fabricated via metal additive manufacturing) to 
characterize the 3D PnC waveguide’s performance at MHz frequency 
ranges, and thus validated the BG predicted numerically. There the 
spheres were in the middle of the ribs, resulting in challenges during 
fabrication using additive manufacturing due to the large overhang an-

gles. We address that problem in this work by positioning the spheres at 
the intersections of the ribs, thereby reducing the overhang angles (see 
Fig. 3(a)). We define two design parameters for the PUC: the sphere 
diameter 𝐷 and the rib diameter 𝜙, which are later used in a para-

metric sweep to obtain the widest BG frequency range. Fig. 3(a) also 
shows the lattice vectors 𝒂1, 𝒂2, and 𝒂3, although for visualization 𝒂2
and 𝒂3 have been translated to the top of the PUC. Fig. 3(b) and 3(c), 
respectively, represent the 2.5D hexagonal and square PUCs that are 
used to design the outer wall and the internal slabs. These structures are 
called 2.5D PnCs because they lack the periodicity in the third direction 
(𝑧-direction), although they are 3D structures. We have also marked lat-

tice vectors in the corresponding PUCs (𝒃1 and 𝒃2 in Fig. 3(b) and 𝒄1
and 𝒄2 in Fig. 3(c), respectively). Since 2.5D PUCs are also made of 
the same material (SS316) as that of the 3D PUC, their lattice parame-

ters’ magnitudes are also the same for the 1MHz BG central frequency. 
Thus ‖𝒃1‖ = ‖𝒂1‖, ‖𝒃2‖ = ‖𝒂2‖, and ‖𝒄1‖ = ‖𝒄2‖ = ‖𝒂3‖. Two addi-

tional design parameters, the slab thickness ℎ and the wall thickness 𝑡, 
are defined and later used in the parametric sweeping of the complete 
waveguide design in Step-4.

To obtain the BG behavior of the aforementioned PUCs, we need to 
perform the dispersion analysis as mentioned in the introduction. To 
that end, we transform the PUCs from the Bravais lattice to the recipro-

cal lattice, where they are represented using Brillouin zones (BZs) [51]. 
The smallest section of the Brillouin zone that can accurately capture 
the band structure of the PUC is called the irreducible Brillouin zone 
(IBZ) [51]; the more symmetries the PUC possesses, the smaller the 
IBZ. Since the 3D hexagonal PUC has 24-fold symmetry, the resulting 
IBZ is a triangular prism (marked using maroon arrows in Fig. 3(a)). 
5

Similarly, the 2.5D hexagonal and square PUCs, respectively, possess 
12- and 8-fold symmetries; thus, they have triangular IBZs, which are 
also marked using maroon arrows in Fig. 3(b) and 3(c). To design these 
PUCs for broad BGs centered around 1MHz, we carry out their analysis 
using the band structure analysis as described next.

3.2. Step-2 – Analysis of the building blocks

Since both the 3D and 2.5D PnC structures are solely composed of 
solid material, the wave propagation is governed by the elastic wave 
equation:

𝜌�̈� = (𝜆+ 2𝜇)Δ𝒖− 𝜇∇×∇× 𝒖, (2)

where 𝒖(𝒙, 𝑡) and �̈�(𝒙, 𝑡), respectively, are the spatial displacement and 
acceleration as functions of position 𝒙 and time 𝑡. 𝜌 is the density of 
the material, and 𝜆 and 𝜇 are the Lamé coefficients; Δ and ∇× are, 
respectively, the 3D Laplacian and curl operators. To fully define the 
boundary value problem, Equation (2) needs to be supplemented by 
appropriate boundary conditions (BCs).

3.2.1. Band structure analysis

The band structure analysis is performed by applying Bloch-Floquet 
periodic boundary conditions [52] along the boundaries of the PUC 
where the wave vector values are restricted to the IBZ, as follows:

𝒖(𝒙+ 𝒂𝑖, 𝑡) = 𝑒𝑖𝒌⋅𝒂𝑖𝒖(𝒙, 𝑡), (3)

where 𝒌 =
(
𝑘𝑥, 𝑘𝑦, 𝑘𝑧

)
is the 3D wave vector [53] and 𝒂𝑖, 𝑖 = {1…3} are 

lattice vectors as shown in Fig. 3(a). By using FEA via the 𝜔(𝒌) approach 
– calculating frequencies for given values of wave vectors [54], we ob-

tain the band structure of both 3D and 2.5D PUCs. Fig. 4a represents 
the band structure of 3D hexagonal PUC obtained for the design param-

eters 𝜙 = 0.4mm and 𝐷 = 1.6mm (not the optimal case with respect 
to the BG width), with the shaded region showing the BG, while the 
BZ and IBZ are shown in the inset. We calculate 40 wavebands through 
8 branches of the IBZ, with a total of 96 wave vector steps (12 steps 
per branch) to obtain the dispersion relation up to 2MHz. We observe 
a BG between the 11th and 12th wavebands that spans for 815.6 kHz
(𝑓𝐻2 − 𝑓𝐻1). Note that this PUC design satisfies the BG requirement; 
however, the remaining requirements still need to be satisfied.

We also investigate the dispersion relation of the 2.5D square 
(Fig. 3(b)) and hexagonal (Fig. 3(c)) PUCs by the same approach. Here 
we use corresponding lattice vectors (𝒄𝑖 for square and 𝒃𝑖 for hexago-

nal) and IBZs (Fig. 3(c) for square and 3(b) for hexagonal, respectively). 
Figs. 4b and 4c represent band structures of square and hexagonal lat-

tices, respectively, where shaded regions represent corresponding BGs. 
In the case of the square lattice, we calculate 30 wavebands through 

3 branches of the IBZ with 36 wave vector steps in total (12 steps per 
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Fig. 4. (a) Band structure of the 3D PUC hexagonal lattice of Fig. 3(a) calculated up to 2MHz, where the shaded region represents the BG. 𝑓𝐻1 = 0.53MHz
and 𝑓𝐻2 = 1.34MHz define the extent of the hexagonal PUC’s BG frequency range. The inset shows the hexagonal BZ with its IBZ (triangular prism), where 
�̃� = ‖𝒂3‖ = 2mm. Similarly, (b) and (c) are, respectively, the band structures of 2.5D PnCs with square and hexagonal PUCs, where the shaded regions represent 
corresponding BGs. The BG near 1MHz in the square PUC is bounded by 𝑓𝑆1′ = 0.86MHz and 𝑓𝑆2′ = 1.08MHz, while 𝑓𝐻1′ = 0.87MHz and 𝑓𝐻2′ = 1.03MHz are 
the bounding frequencies of the hexagonal PUC. Additionally, as shown in (b), the second BG in the square PUC is between 𝑓𝑆3′ = 1.24MHz and 𝑓𝑆4′ = 1.36MHz. 
The insets in (b) and (c), respectively, show the square BZ with its IBZ (triangular) and the hexagonal BZ with its IBZ (also triangular), where 𝑐 = �̃� = 2mm.
branch) to get the dispersion relation till 1.6MHz. For the square PUC, 
two BGs are present, out of which, the first one is between 12th and 
13th branches, and spans for 215.8 kHz (𝑓 ′

𝑆2 − 𝑓 ′
𝑆1). The second BG is 

present between 14th and 15th branches, and has a frequency range of 
153 kHz (𝑓 ′

𝑆4 −𝑓 ′
𝑆3). In the case of the hexagonal lattice, 50 wavebands 

are calculated through 3 branches of the IBZ with the same number 
of wave vector steps as in the square lattice to obtain the band struc-

ture up to the same frequency (1.6MHz). We can see a BG between the 
21st and 22nd branches, which is 154 kHz wide. Notably, although the 
2.5D PUCs’ BGs are considerably narrower than that of the 3D PUC, 
the formers’ primary functions are to prevent fluid leakage and provide 
structural strength to the waveguide. Thus, a narrow BG close to 1MHz
6

would be sufficient for the 2.5D PUCs since the frequencies containing 
the largest energy contributions are close to 1MHz. Moreover, since 
the waveguides have to mostly deal with bulk waves rather than sur-

face waves, the influence of 2.5D PnCs on the wave attenuation would 
be low. We now perform a parametric sweep to obtain optimum ranges 
for the design parameters 𝜙 and 𝐷 and remove part of the design space 
that does not produce any BG.

3.2.2. 3D PUC’s parametric sweep

We identified the relevant design parameters from the building 
blocks as the sphere diameter 𝐷, the rib diameter 𝜙, the wall thick-

ness 𝑡, and the slab thickness ℎ. The lower bound of these parameters 
is provided by the resolution of the manufacturing process, for which 

additive manufacturing was selected in the decision phase. Their up-
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Table 1

Global ranges of design parameters subjected to manufacturing constraints 
and domain limitations. All parameters are represented in terms of a di-

mensionless parameter 𝜉, so we can vary them simultaneously during the 
diagonal sweeping.

Parameters Min. 
(mm)

Max. 
(mm)

range in 𝜉
(0 to 1)

Rib diameter 𝜙 0.2 1.5 0.2 + 1.3 × 𝜉

Sphere diameter 𝐷 0.2 2 2 − 1.8 × 𝜉

Wall thickness 𝑡 0.2 1.5 0.2 + 1.3 × 𝜉

Slab thickness ℎ 0.2 1.5 0.2 + 1.3 × 𝜉

Fig. 5. The flowchart showing the PUC’s parametric sweep, where band struc-

ture analysis is performed while stepping through the PUC’s design domain (𝜙
and 𝐷). The designs with narrow BG width (BG<600 kHz) are removed from 
the domain.

per bound is limited by the outer dimension of the PUC (see Table 1). 
Here we perform a parametric sweep over 𝐷 and 𝜙 in order to identify 
the parameter combinations that produce a desirable BG width greater 
than 600 kHz, and in the process, we trim the remaining design space 
of 𝜙 and 𝐷 as shown in Fig. 5. To that end, we step through the de-

sign space with a step size of 0.05mm and calculate the BG width in 
every configuration of parameters. Since we need to conduct several 
band structure analyses, we have to minimize the computational cost 
per analysis. Thus, we limit the calculations to the 12th waveband and 
restrict the eigenvalue analysis to four points per IBZ branch (a total 
of 32 points instead of 96). These modifications result in a tremendous 
decrease in the computational cost, from 50min to 45 s per band struc-

ture.

Fig. 6 shows the results of this parametric study. The figure shows 
the BG width as a function of the design parameters 𝜙 and 𝐷. Note-

worthy, regions of the design space that do not produce any BG are 
trimmed from the design space and excluded from this plot. Addition-

ally, the dimensions that are too close to the lower bound are also 
eliminated because of difficulty in manufacturing. Thus the parameter 
ranges shown in Fig. 6 are: 𝜙 from 0.3mm to 1mm and 𝐷 from 1mm
to 2mm. The figure shows that the BG width increases with a decrease 
in 𝜙 and an increase in 𝐷 as this combination increases the variation in 
the mass and stiffness and, thus, the mechanical impedance contrast be-

tween the rib and the sphere. However, the BG starts to decrease after 
𝐷 = 1.6mm (see Fig. 6) as a further increase in 𝐷 results in a decrease 
in the stiffness contrast. This is because the adjacent spheres become 
very close, resulting in short connecting ribs, thus increasing the rib 
stiffness and eventually reducing the BG width. Fig. 6 also provides in-

formation about the parameter combinations that produce narrow BGs 
(< 600 kHz), which are excluded hereafter from further analysis (re-

fer to the non-shaded regions from Fig. 6). Thus we select ranges of 𝜙
7

from 0.3mm to 0.54mm and 𝐷 from 1.42mm to 1.875mm (refer to the 
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hatched region in Fig. 6). After trimming the PUC’s design space, we 
move towards PnC waveguide design.

3.3. Step-3 – Conceptual waveguide design

3D PnC waveguides are formed by stacking the PUCs in all three di-

rections as shown in the schematic of Step-3 in Fig. 2. To create the 
waveguide design, we arrange seven 3D hexagonal PUCs in one layer 
(𝑥 − 𝑦 plane), which is then stacked (ten layers) in the out-of-plane (𝑧) 
direction as shown in Fig. 7(c). The enclosure is then added by using 
the 2.5D square (Fig. 7(b)) and hexagonal (Fig. 7(a)) waveguides cover-

ing the entire outer surface. Furthermore, as described in Fig. 7(c), two 
cylindrical fixtures of diameter 4mm, height 4mm, and wall thickness 
0.5mm are added at both ends (perpendicular to the 𝑥 − 𝑦 plane) to 
connect to the transducers. This waveguide’s wave propagation perfor-

mance and the resistance against mechanical loading are characterized 
by means of transmissibility and static analysis, respectively.

3.3.1. Transmissibility analysis of the PnC waveguide with enclosure

The transmissibility analysis provides us with the attenuation rate 
of the supplied elastic wave for a certain number of spatially arranged 
PUCs at a particular frequency. This analysis can be used to design the 
total number of PUCs and their orientation in space corresponding to a 
required attenuation rate. Thus, transmissibility analysis adds an addi-

tional design parameter, the number of layers 𝑛, to the parameters from 
Table 1, which we can use to tune the wave attenuation performance of 
the waveguide.

The displacement transmissibility analysis is carried out by prescrib-

ing essential (Dirichlet) BCs [55] �̄� at one end of the waveguide as 
shown in the hatched pattern in Fig. 7(c). The Dirichlet BC takes the 
form:

𝒖(𝒍, 𝑡) = �̄�𝑒𝑖𝜔𝑡, (4)

where �̄� is the constant displacement imposed at one end (left end), 𝜔 is 
the applied frequency in rad∕s, and 𝒍 represents position vectors of the 
ring-shaped hatched surface of the waveguide’s left fixture (marked in 
Fig. 7(c)). For this analysis, the remaining boundaries of the waveguide 
are free from traction. As the transmissibility analysis is computation-

ally expensive due to the large number of DOFs and many frequency 
steps, we need to reduce its computational cost to perform several trans-

missibility analyses. To that end, we generate a minimalistic model that 
can capture the dynamic response of the complete PnC waveguide while 
minimizing the computational cost. Thus, we perform the transmissibil-

ity analysis on PnC waveguides with different numbers of layers while 
preserving their cross-sectional topologies. Since a one-layer waveguide 
does not provide the attenuation rate due to the lack of interfaces (be-

tween layers) to generate the BG, we investigate the transmissibility of 
waveguides with 2, 4, 6, 8, and 10 layers. All these designs look similar 
to the design from Fig. 7(c) with varying heights (towards 𝑧-direction). 
This approach allows us to compare their dynamic responses since the 
geometric variation only occurs in one direction, and thus, the attenua-

tion rate varies with a single spatial coordinate (𝑧).

To compare the BG width between the band structure and transmis-

sibility analysis, we select the same values for the design parameters 
from the band structure study, i.e., 𝜙 = 0.4mm and 𝐷 = 1.6mm. Addi-

tionally, here we select the wall thickness, 𝑡 = 0.4mm to be consistent 
with the rib diameter, which would reduce complexities during finite 
element meshing. The analyses are performed by providing a contin-

uous harmonic displacement of 1 μm amplitude for a frequency range 
from 0.3MHz to 1.5MHz with a step of 10 kHz. The resulting transmis-

sibility relations for waveguides with different number of layers (2, 4, 6, 
8, and 10) are plotted in Fig. 8, where the BGs predicted by band struc-

ture analyses of 3D PUC is shown using gray shaded region, while the 
blue shaded and orange hatched regions are, respectively, BGs of 2.5D 
cubic and hex PUCs. The geometry, along with the Dirichlet BC of the 

2-layer PnC waveguide, is also shown in the inset of Fig. 8. As shown 
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Fig. 6. Surface plot showing the BG width (in MHz) as a function of rib and sphere diameters, where the isoline represents a BG width of 600 kHz. The rib diameter, 
𝜙 varies from 0.3mm till 1mm, whereas the sphere diameter, 𝐷 varies from 1mm to 2mm. Although the BG width increases with an increase in 𝐷 and a decrease 
in 𝜙, it starts to reduce beyond 𝐷 ≈ 1.6mm. This is because large spheres reduce the length of the interconnecting ribs, resulting in increased rib stiffness and, 
consequently, decreased stiffness contrast between spheres and ribs. The hatched region (𝜙 from 0.3mm to 0.54mm and 𝐷 from 1.42mm to 1.875mm) in the plot 
shows parameter ranges corresponding to the acceptable BG width.

Fig. 7. Geometries of 2.5D PnCs’ waveguides and the enclosed PnC waveguide. (a) and (b) are 2.5D hexagonal and cubic PnC waveguides. (c) the complete PnC 
waveguide consisting of 3D hexagonal PUCs as internal structures, while 2.5D cubic PUCs are used to close the side walls. Moreover, 2.5D hexagonal PUCs are 
applied to the top and bottom faces to close the PnC structure entirely. (c) also contains two fixtures (marked using arrows) for connecting the waveguide to the rest 
of the transducer. The Dirichlet BC is also provided in (c) on the hatched region.
in the figure, the waveguide with ten layers captures the attenuation 
response (BG) predicted by the band structure analysis of the 3D PUC, 
with the highest attenuation rate at 1.04MHz. We can also observe that 
the highest attenuation region is where the BG from the 3D PUC over-

laps with 2.5D PUCs because, in the remaining frequency ranges, the 
enclosure does not possess a BG, which reduces the attenuation rate. 
Additionally, several peaks are present within the BG due to reflections 
8

from the free surfaces (outer surfaces of the enclosure), which the band 
structure analysis cannot capture. However, in actual applications, the 
PnC waveguides are connected to the transducer (via the fixtures), and 
part of the energy is transmitted through these interfaces, reducing the 
reflection peaks. Additionally, these peaks are further reduced by the 
influence of the surrounding fluid, which channels the wave energy 
through the waveguide-fluid interface. Moreover, the targeted applica-

tion involves a pulse instead of a continuous signal (as mentioned in the 

problem statement), further reducing the reflections. Since accommo-
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Fig. 8. Transmissibility responses of hexagonal PnC waveguides with the different number of layers calculated from 0.3MHz to 1.5MHz with a frequency step 
of 10 kHz. The shaded (and hatched) regions represent BGs predicted by the 3D hexagonal (𝑓𝐻1 to 𝑓𝐻2), 2.5D square (𝑓𝑆1′ to 𝑓𝑆2′ and 𝑓𝑆3′ to 𝑓𝑆4′ ), and 2.5D 
hexagonal (𝑓𝐻1′ to 𝑓𝐻2′ ) PUCs with parameters 𝜙 = 0.4mm, 𝐷 = 1.6mm, and 𝑡 = 0.4mm. A 2-layer PnC waveguide with the Dirichlet BC is shown in the inset. The 
accuracy in capturing the dynamic response of the complete waveguide (10 layers) decreases with a decrease in the number of layers; thus, the model with six layers 
is selected since it captures most of the dynamic behavior of the complete model.
dating all these conditions is practically impossible during parametric 
sweeping in the later stage, we then apply low-reflection BCs around 
the waveguide (all outer surfaces except for the hatched region from 
Fig. 7(c)).

In addition to checking the attenuation response of the PnC waveg-

uide, as discussed before, the transmissibility study in this section is 
used to determine a minimalistic model of the complete waveguide. As 
evident from Fig. 8, designs with two and four layers fail to capture 
the actual trend of the waveguide’s dynamic behavior of the complete 
model. In other words, they could not represent the changes in attenu-

ation rate with respect to frequency and the peaks of the 10-layer PnC 
waveguide. The six-layer model, however, shows the dynamic response 
of the entire model more accurately with a nominal computational cost, 
so it is selected for further transmissibility analyses. After selecting this 
model and obtaining the transmissibility response, we proceed with the 
static stress analysis of the PnC waveguide.

3.3.2. Static stress analysis

To check the performance of the enclosed PnC waveguide against a 
fluid pressure load (as required in Objective 2), we conduct static anal-

ysis. This analysis is carried out after fixing the hatched region, where 
previously a harmonic displacement was prescribed for the transmissi-

bility analysis (refer Fig. 7(c)) and by applying a uniform pressure load 
of 15MPa on all its remaining outer surfaces, since the entire waveg-

uide is immersed in the fluid. The required BCs can be written as a 
combination of Dirichlet and Neumann BCs as follows:

𝒖(𝒍) = 𝟎; (5)

and,
9

𝝈 ⋅ 𝒏 = �̄� = −𝑝𝒏, (6)
where 𝝈 represents Cauchy’s stress tensor, and 𝒏 is the outward normal 
evaluated on the entire waveguide boundary. ̄𝒕 is the traction generated 
due to the applied pressure load 𝑝. We use von Mises stress throughout 
the structure as a measure of stress [56] since it correlates with the 
yield criteria of ductile materials such as SS316. The maximum stress 
obtained by the static analysis, 𝜎max is compared against the allowable 
stress of the material to evaluate the mechanical performance as de-

scribed in Objective 2:

𝜎𝐴 =
𝜎𝑌

𝛾
= 400MPa

2
= 200MPa, (7)

where 𝜎𝑌 is the yield stress for a SS316 structure fabricated via ad-

ditive manufacturing [57] and 𝛾 = 2 is the safety factor selected from 
international standard ISO 2531 [58].

Figs. 9(a) and 9(b), respectively, show the cross-sectional (CS) and 
longitudinal sectional (LS) views of von Mises stress distribution of 
the 10-layer PnC waveguide with the same design parameters as the 
transmissibility analysis (𝜙 = 0.4mm, 𝐷 = 1.6mm, and 𝑡 = 0.4mm). It 
is noteworthy that since static analysis is not computationally as ex-

pensive as transmissibility, we do not need to consider a minimalistic 
model, and thus, we retain the 10-layer PnC waveguide during the 
static analysis step. The highest stress region is encircled in Figs. 9(b), 
which is 1009MPa. This value is significantly higher than the allow-

able stress provided in Equation (7). However, this stress is present in 
a very localized region, and thus, the structure would try to cope with 
it by redistributing stress to the rest of the regions after creating lo-

calized plastic deformations. On the contrary, the maximum stress in 
the CS (983MPa) is distributed through the center of all internal ribs 
(see Fig. 9(a)). Since the whole member (rib) is affected, this stress is 
more severe than the former. Thus, the waveguide would likely fail if 

the cross-sectional stress exceeds the allowable limit. Hence, the design 
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Fig. 9. von Mises stress distributions of the PnC waveguide subjected to a pressure loading, where (a) and (b), respectively, show the cross-sectional (CS) and 
longitudinal-sectional (LS) views. The maximum stress in LS is a localized value (encircled in (b)), whereas, in CS, it is distributed through internal ribs.

Fig. 10. Transmissibility area vs. maximum von Mises stress for ten different initial designs. The cross-sectional view and 3D view of all designs are also provided 
in the plot. A desirable design should possess a higher transmissibility area and lower maximum stress. Thus, the design encircled with the ellipse (design 10) is 
selected, which is a closed hexagonal PnC waveguide with slabs in alternate layers perpendicular to the principal wave propagation direction.
in Fig. 7(c), although it possesses a broad BG, is not a desirable de-

sign from the mechanical loading perspective. Thus, we need to expand 
our design space further to obtain designs that satisfy all the require-

ments. Therefore, we perform a design space survey by testing various 
waveguide designs against the two objectives.

3.3.3. Design space survey: identification of desirable waveguide designs

We modified the waveguide design to improve the mechanical 
strength, resulting in ten new designs. They are checked for maximum 
von Mises stress due to the loading and transmissibility area (𝑇𝐴), 
10

which is the area under the transmissibility curve between the required 
frequency bounds (from 400 kHz to 1.4MHz, which is the bandwidth 
of the ultrasound transducer).

Fig. 10 shows different views of these ten designs and compares their 
performances. The design shown earlier in Fig. 7(c), which was used in 
both transmissibility and static analyses, is represented as label 1 in the 
figure. Since the maximum stress is far greater than 𝜎𝐴, we increase 
the outer enclosure thickness and the internal rib diameter, resulting in 
the design labeled 2. These modifications reduced the mechanical stress 
tremendously (from 983MPa to 420MPa). However, it also reduced the 
𝑇𝐴 (from 3.83MHz to 2.9MHz); hence, it is not a favorable change. 

As cylindrical structures are ideal for pressure loads, designs featuring 
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cylindrical inclusions were investigated. As such, in the designs labeled 
3 and 4, the outer shell is replaced with different cylindrical enclo-

sures, thereby decreasing the maximum stress to 480MPa and 370MPa, 
respectively. However, similar to the previous change, the 𝑇𝐴 also re-

duced (3.34MHz for design 3 and 3.33MHz for design 4); still, design 4 
is better than the other three. We also use a different type of cylindrical 
enclosures where instead of using one cylinder to enclose the waveg-

uide, we add multiple overlapping cylinders to close the waveguide (see 
designs 5 and 6). Since a circular ring possesses higher strength than a 
hexagonal ring (a circular ring does not incur bending and has uniform 
stress for a pressure load), we replaced the straight ribs with curved ribs 
from design 5, as shown in the design labeled 6. As expected, designs 5 
and 6 show superior mechanical performance. We also investigated the 
influence of combining a cylindrical enclosure and curved beams (see 
designs 7 and 8). Internal spheres were arranged cylindrically and con-

nected with straight (design 7) and curved (design 8) ribs. Even though 
both showed improved mechanical strength, their TAs were drastically 
reduced, leaving them as the least-performing designs. Since all modifi-

cations/additions thus far have reduced one objective while improving 
the other, we need to find parameter(s) whose variations will have a 
lesser adverse effect on one objective while positively influencing the 
other. Thus, we introduced cross slabs perpendicular to the primary 
wave propagation direction. These slabs are subjected to radial load-

ing when the pressure is applied, yielding a considerably lower stress 
since the radial stiffness is far greater than the bending stiffness. The de-

sign labeled 9 possesses slabs in every layer of the waveguide and thus 
has a maximum stress of 120MPa, which is almost an order of magni-

tude lower than design 1 (same design without slabs). However, since 
all the ribs within the waveguide were replaced, the resulting 𝑇𝐴 was 
also reduced excessively. Thus, we propose design 10, where only al-

ternate layers are replaced with slabs; this design possesses almost the 
same 𝑇𝐴 as design 1 with a significant reduction in maximum stress 
(347MPa compared to 983MPa of design 1). This exploitation of the 
design space also provides us with information about the variation in 
𝑇𝐴 across different designs; thus, we choose the minimum required 
𝑇𝐴 as 𝑇𝐴𝑟𝑒𝑞 = 3.5MHz. We select design 10 as the preferred geome-

try, from which the parametric space is further explored.

3.4. Step-4 – Parametric space survey

Using design 10, we further survey the parametric space to obtain 
designs that show superior performance for all requirements. To that 
end, we sweep the parameters within their respective ranges (see Ta-

ble 1). We have updated the ranges for rib diameter 𝜙 and sphere 
diameter 𝐷 after the PUC parametric sweep (see Fig. 6). Additionally, 
the number of layers in the waveguide 𝑛 (minimalistic model) was also 
selected from the transmissibility analysis (see Fig. 8). However, even 
with this small number of parameters, exploring (and analyzing) each 
parameter is practically impossible since we have an infinite number of 
combinations within the design space. Although topology optimization 
has been used to maximize band gaps in PnCs as discussed in the intro-

duction, the technique is only applicable to the design of a single unit 
cell [38]. And even for a single unit cell the computational requirements 
are further reduced by optimizing only on a fraction of the domain in 
pursuit of symmetric designs—thus enforcing the smallest irreducible 
Brillouin zone. The excessive computational demands associated with 
the design of a PnC-based structure composed of a finite number of unit 
cells preclude the use of topology optimization. In this work we cir-

cumvent this difficulty by trimming undesirable regions of the design 
space by using different criteria, such as the minimum stress constraint, 
for which a diagonal sweep through the parametric space is used, as 
discussed next.

3.4.1. Diagonal sweeping

To understand the behavior of the objective functions in a portion 
11

of the design space, we vary all design parameters simultaneously (di-
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Fig. 11. Variation of transmissibility and maximum stress of the finite waveg-

uide corresponds to a change in the nondimensional parameter 𝜉. The shaded 
region shows a sudden response jump due to small variations in 𝜉 (𝜉1 = 0.4 to 
𝜉2 = 0.41), indicating that the objective function space is rough in that neigh-

borhood.

agonal sweep). To that end, we define a non-dimensional parameter 𝜉
whose ranges are provided in Table 1. As we already know the effects of 
variations of each parameter on the objectives, we define 𝜉 such that its 
extreme values satisfy at least one objective. For instance, a small value 
of 𝜙 and a large value of 𝐷 is desirable for maximizing the BG width; 
however, high values of 𝑡 and ℎ improve the mechanical strength im-

mensely while reducing the transmissibility. Thus, we ensure that, with 
an increase in 𝜉, parameters 𝜙, 𝑡, and ℎ increase while 𝐷 decreases.

Fig. 11 shows both objectives as a function of 𝜉; notice that the 
shaded region displays a sudden jump in both objectives. A minute 
variation in 𝜉 (0.4 to 0.41) results in a considerable change in objec-

tives, implying that the objective functions are highly nonlinear in that 
vicinity. Additionally, the 𝑇𝐴 has a steeper jump than the maximum 
stress. Since the objectives are conflicting, extreme values of 𝜉 only sat-

isfy one objective and thus are removed, resulting in a reduced design 
space. Additionally, we must select designs with appropriate trade-offs 
between objectives, which will allow us to trim down the design space 
further. Thus, instead of a diagonal sweep, we need to sweep through 
each parameter individually. However, since transmissibility analysis 
is computationally expensive, we develop surrogate models to reduce 
the computational cost. The first step is the minimalistic model (6-layer 
PnC waveguide) discussed in Section 3.3. We further reduce the com-

putational cost of transmissibility analysis by starting with a coarser 
sample frequency step (e.g., 100 kHz instead of 10 kHz). If the 𝑇𝐴 of 
this transmissibility response is much lower than 𝑇𝐴𝑟𝑒𝑞 , we trim the 
design space. After selecting the surrogate model, we proceed to the 
parametric sweep of the PnC waveguide as described next.

3.4.2. PnC waveguide’s parametric sweeping

Parametric sweeping of the waveguide is conducted by sweeping 
through all the design parameters of the waveguide (𝜙, 𝐷, 𝑡, and ℎ) 
similarly to the PUC’s parametric sweep discussed in Section 3.2.2. We 
construct PnC waveguides within this design space and check their per-

formance using static and transmissibility analyses by following the 
flowchart in Fig. 12. As the static analysis is the least expensive of the 
two, we first inspect the performance of the waveguide against pres-

sure loading. We further trim the design space if the maximum stress 
in the PnC waveguide 𝜎max is greater than 𝜎𝐴. Additionally, if the dif-

ference between 𝜎max and 𝜎𝐴 is significantly high, we take larger steps 

in the parameter space before performing the static analysis again. If 
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Fig. 12. Flowchart showing the design procedure to trim down the waveg-

uide’s design space, including different analyses (static and transmissibility) 
and corresponding criteria. The order of analysis steps is selected based on their 
computational cost since, for instance, if a design does not qualify for the static 
analysis, we do not need to compute expensive transmissibility analysis.

this sizable parameter step is sufficient to satisfy the static load require-

ment, we trim the intermediate portion of the design space and proceed 
to the transmissibility analysis. Otherwise, we choose a subsequent pa-

rameter step to create a waveguide design, which is analyzed via static 
analysis, and the resulting 𝜎max is compared against 𝜎𝐴. The design 
that passes through this step is tested using the transmissibility anal-

ysis, whereby we compare its 𝑇𝐴 against 𝑇𝐴𝑟𝑒𝑞 , and if 𝑇𝐴 is much 
smaller than 𝑇𝐴𝑟𝑒𝑞 , we filter the design from the design domain and 
continue the process similar to the previous step (static analysis). Since 
both objectives are conflicting, by continuously trimming, we reach a 
reduced design space possessing designs with adequate trade-offs be-

tween both objectives. We see that designs with 𝜙 < 0.4mm, 𝑡 < 0.8mm, 
and ℎ < 0.8mm fail to satisfy the static load requirement; similarly, 
designs with 𝐷 < 1.6mm and 𝑡 > 1.2mm have low 𝑇𝐴. Thus, the re-

duced design space is 𝜙 ⊆ {0, 4, 0.54}, 𝐷 ⊆ {1.6, 1.875}, 𝑡 ⊆ {0.8, 1.2}, 
and ℎ ⊆ {1, 1.4}. We then perform sensitivity analyses to improve the 
design further, zooming into the design space vicinities and moving to-

wards a Pareto front of optimal designs.

3.5. Sensitivity analysis

Sensitivity analysis determines how an objective function is influ-

enced by the rate of change of the design variable [59]. We use small 
(2%) and large (10%) variations to generate sensitivities of both objec-

tive functions for all the design parameters [60]. Using sensitivities, we 
zoom into the vicinity of a given design to explore whether further per-

formance improvement is possible. By iteratively performing sensitivity 
analysis, we move in the direction of the Pareto front, beyond which 
one can only improve one objective by compromising the performance 
of the other.

After selecting the lowest bound design (𝜙 = 0.4mm, 𝐷 = 1.6mm, 
𝑡 = 0.8mm, and ℎ = 1mm) from the reduced design space, we increment 
each parameter and calculate objective functions. Noteworthy is that, 
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here, 𝑇𝐴 has been replaced by the signal-to-noise ratio (SNR) since the 
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Fig. 13. Sensitivity plot of signal-to-noise ratio and rib center stress correspond-

ing to independent variations of all design parameters, where the desired design 
is encircled. 2% and 10% variations are used to capture local sensitivities, which 
are used to further advance the design towards an optimum. Note that we have 
not provided 10% variation for the sphere diameter 𝐷 because its value is al-

ready close to its upper bound (1.875mm for the base design) and cannot be 
increased further.

former characterizes the PnC waveguide alone; in contrast, the latter 
incorporates details of the supplied input signal also (see Section 2 and 
the supplementary material). SNR is obtained by convoluting the PnC 
waveguide’s transmissibility response with the input pulse. The time 
and frequency responses of the input pulse are provided in the supple-

mentary material. Increasing all parameters except the wall thickness 
by 10% improved both SNR and rib center stress. After another itera-

tion of a 10% increase in 𝐷 and ℎ, we arrive at the base design shown 
in Fig. 13, which is the plot between the two objective functions for dif-

ferent designs and their sensitivities. We repeat the sensitivity analysis 
until the new sensitivities do not improve the performance of one ob-

jective without sacrificing the other. The encircled design from Fig. 13

possesses an SNR of 75 dB with a rib center stress of 113MPa, which 
are both desirable objectives. The design marked as a blue diamond 
could also be an appropriate design; however, its sphere diameter is 
slightly higher than the upper bound (1.887mm>1.875mm). Similarly, 
the slab thickness of the encircled design is also close to its upper limit; 
thus, further zooming in the vicinity of these two designs is difficult. 
Hence, the encircled design is selected as the desired final design with 
parameters: 𝜙 = 0.44mm, 𝐷 = 1.85mm, 𝑡 = 0.8mm, and ℎ = 1.4mm.

3.6. Inspection of the PnC waveguide fabricated via additive manufacturing

The final design’s parameters are still difficult to realize using SS316 
via available 3D printing technology (selective laser sintering) due to 
the high decimal precision (0.01mm) used in the design process. Due to 
the intricacy of the design—i.e., multiple orientations of the ribs, large 
flat surfaces that are normal to the printing orientation, and the outer 
enclosure—currently available additive manufacturing technology can-

not achieve the desired manufacturing tolerances. Thus, we fabricate 
a 3D PnC waveguide with slightly different design parameters, i.e., 
𝜙 = 0.5mm, 𝐷 = 1.8mm, 𝑡 = 1mm, and ℎ = 1mm, whose photograph 
is shown in Fig. 14(a). Noteworthy, these modifications will affect the 
waveguide’s performance; however, they are not so significant since 
the waveguide still satisfies all design requirements. To compare the 
feature size and shape with the design, we performed a computer to-

mography (CT) scan of the specimen using a micro-CT scanner (Phoenix 
Nanotom). The rib diameter, sphere diameter, and wall thickness are 

consistent between the design and the printed part, with slight varia-
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Fig. 14. (a) The photograph of a 3D PnC waveguide realized via metal additive manufacturing (selective laser sintering). (b) The CT scan of the longitudinal section 
through the center of the fabricated PnC waveguide shows the internal features. The difference in the feature sizes along the length is due to the orientation of the 
specimen in the micro-CT scanner, which distorted its view.
tions. However, the slab thickness experienced a 15% average increase 
during manufacturing. The cross-sectional and longitudinal-sectional 
views of the PnC waveguide’s CT scan with parameter measurements 
are provided in the supplementary material. The increase in the slab 
thickness could further improve the mechanical resistance. In addition, 
the outer surface of the waveguide is rough, as shown in Figs. 14(a) 
and 14(b), which could influence its transmission behavior. Since a 
rough surface always creates more resistance to wave propagation than 
a smooth one, the increased surface roughness could be an advantage in 
reducing wave transmission. However, since we deal mainly with bulk 
rather than surface waves, this influence would also be minimal in the 
performance of the PnC waveguide.

4. Summary and conclusions

In this paper, we presented a methodology for the design of a 
phononic crystal waveguide that maximizes wave attenuation while 
minimizing mechanical stress. We incorporated additional aspects to 
the design process, such as manufacturing considerations, domain size 
limitations, and industrial standards. Since various computationally ex-

pensive analyses were required, we used surrogate models, thereby 
minimizing analysis costs. By means of a parametric sweep we could 
explore the multi-dimensional design space in pursuit of an adequate 
design. Additionally, using sensitivity analysis, we obtained an ade-

quate design that is part of a Pareto front, which satisfies all constraints. 
We realized that design via additive manufacturing and inspected using 
a micro-CT scanner.

Our concluding remarks are:

• For a single-phase 3D solid PnC, although the BG width in-

creases with the contrast between the adjacent members’ dimen-

sions within the PUC, a maximum value exists beyond which any 
increase in dimensions decreases the BG width. This behavior is 
because, beyond the optimum value, any attempt to increase the 
contrast in properties (mass and/or stiffness) by changing the di-

mensions of the PUC’s internal features results in a decrease in the 
mechanical impedance mismatch, thereby lowering the BG width;

• When attempting to maximize the performance of PnCs (or sim-

ilar structures) to conflicting objectives, it is necessary to iden-

tify parameters whose variations do not influence the objectives 
adversely. In our case, we selected the thickness of slabs in alter-

nate layers. Increasing this thickness improves mechanical strength 
tremendously while having little influence on wave attenuation be-
13

havior;
• While solving a multi-objective design problem within a design 
space consisting of several parameters (five in our case), it is nec-

essary to trim the design space if associated analyses are computa-

tionally expensive. The trimming criteria can be derived from the 
design requirements and the objective functions’ response to the 
parameters;

As a further step, we can generalize this design procedure to apply to 
other multi-objective problems having expensive and/or contradicting 
objectives with appropriate modifications in selecting the design pa-

rameters, analysis steps, and design space trimming criteria.
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