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Abstract: The brain consists not only of neurons but also of non-neuronal cells, including
astrocytes. Recent discoveries in neuroscience suggest that astrocytes directly regulate neuronal
activity by releasing gliotransmitters such as glutamate. In this paper, we consider a biologically
plausible mathematical model of a tripartite neuron-astrocyte network. We study the stability
of the nonlinear astrocyte dynamics, as well as its role in regulating the firing rate of the post-
synaptic neuron. We show that astrocytes enable storing neuronal information temporarily.
Motivated by recent findings on the role of astrocytes in explaining mechanisms of working
memory, we numerically verify the utility of our analysis in showing the possibility of two
competing theories of persistent and sparse neuronal activity of working memory.
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1. INTRODUCTION

While the role of neurons as the key component in the ner-
vous system has been the subject of tremendous research
since Cajal has drawn the first brain cells in the late 19th
century, the function of astrocytes as an active partner
in neural signaling pathways has only become evident in
the last two decays (Llinás, 2003). The concept of the
tripartite synapse including an astrocyte as well as a pre-
and a postsynaptic neuron as an extension to the classical
neuron-to-neuron communication has been introduced in
Araque et al. (1999). Until this point, glial cells, the class
of cells to which astrocytes are assigned, have only been
considered supportive cells that ensure the nutrition and
structural support of neurons.

Communication between neurons occurs in the form
of electrical/chemical signals (spiking) via the so-called
synapses. Chemical synapses are often enwrapped or
closely contacted by astrocytes. Astrocytes’ primary signal
for information transfer is calcium. When the astrocyte’s
calcium level elevates, it can release transmitter molecules
that directly act on neurons. In fact, a sequence of action
potentials triggers the release of messenger substrates of
the presynaptic neuron. The neurotransmitters such as
glutamate in the synaptic cleft activate membrane chan-
nels of both the postsynaptic neurons triggering a post-
synaptic potential and the adjacent astrocyte. Then, the
astrocytes start a cascade reaction that leads to calcium
(Ca2+) elevations. The astrocyte dynamics seemingly dif-
fer significantly from the neuronal dynamics with respect
to space and time. While an action potential and the
� The work of M. Jafarian is supported by the Marie Sk	lodowska-
Curie Fellowship, project ReWoMeN.

corresponding synaptic neurotransmission occur in the
range of a few milliseconds, the elevation of intracellu-
lar Ca2+ concentration happens within several seconds.
Experiments have shown the release of gliotransmitters
by astrocytes in response to high Ca2+ levels affecting
both the presynaptic and the postsynaptic neuron of the
synapse (Savtchouk and Volterra, 2018). It has to be men-
tioned that gliotransmission in physiological astrocytes is
still a matter of debate today (Fiacco and McCarthy, 2018;
Savtchouk and Volterra, 2018). Recently, Gordleeva et al.
(2021) and De Pittà and Brunel (2022) have shown that
neuron-astrocyte network models with varying biological
accuracy are able to store neuronal stimulation via an
astrocyte mechanism that enhances synaptic efficacy.

The above findings have motivated the investigation of
the role of astrocytes in regulating the neural mecha-
nisms underlying brain functioning e.g. in Parkinson’s and
epilepsy, as well as cognitive functions such as working
memory (Villani et al., 2020; De Pittà and Brunel, 2022).
Working Memory (WM) is a general-purpose cognitive
system responsible for temporarily processing information
in service of higher-order cognition such as reasoning and
decision-making. The neuronal activity within a limited
temporal interval is assumed to form the mechanism of
storing in formation in the WM (Adamsky and Goshen,
2018). In fact, several theories exist about the underlying
mechanism that stores information. These theories can be
divided into two main classes of persistent and sparse neu-
ronal activities Barak and Tsodyks (2014). Both, persis-
tent activity as well as sparse activity, have been observed
in WM experiments with primates (Funahashi et al., 1989;
Lundqvist et al., 2018). The aforementioned slow reaction
of astrocytic gliotransmission is an interesting theory of
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Araque et al. (1999). Until this point, glial cells, the class
of cells to which astrocytes are assigned, have only been
considered supportive cells that ensure the nutrition and
structural support of neurons.

Communication between neurons occurs in the form
of electrical/chemical signals (spiking) via the so-called
synapses. Chemical synapses are often enwrapped or
closely contacted by astrocytes. Astrocytes’ primary signal
for information transfer is calcium. When the astrocyte’s
calcium level elevates, it can release transmitter molecules
that directly act on neurons. In fact, a sequence of action
potentials triggers the release of messenger substrates of
the presynaptic neuron. The neurotransmitters such as
glutamate in the synaptic cleft activate membrane chan-
nels of both the postsynaptic neurons triggering a post-
synaptic potential and the adjacent astrocyte. Then, the
astrocytes start a cascade reaction that leads to calcium
(Ca2+) elevations. The astrocyte dynamics seemingly dif-
fer significantly from the neuronal dynamics with respect
to space and time. While an action potential and the
� The work of M. Jafarian is supported by the Marie Sk	lodowska-
Curie Fellowship, project ReWoMeN.

corresponding synaptic neurotransmission occur in the
range of a few milliseconds, the elevation of intracellu-
lar Ca2+ concentration happens within several seconds.
Experiments have shown the release of gliotransmitters
by astrocytes in response to high Ca2+ levels affecting
both the presynaptic and the postsynaptic neuron of the
synapse (Savtchouk and Volterra, 2018). It has to be men-
tioned that gliotransmission in physiological astrocytes is
still a matter of debate today (Fiacco and McCarthy, 2018;
Savtchouk and Volterra, 2018). Recently, Gordleeva et al.
(2021) and De Pittà and Brunel (2022) have shown that
neuron-astrocyte network models with varying biological
accuracy are able to store neuronal stimulation via an
astrocyte mechanism that enhances synaptic efficacy.

The above findings have motivated the investigation of
the role of astrocytes in regulating the neural mecha-
nisms underlying brain functioning e.g. in Parkinson’s and
epilepsy, as well as cognitive functions such as working
memory (Villani et al., 2020; De Pittà and Brunel, 2022).
Working Memory (WM) is a general-purpose cognitive
system responsible for temporarily processing information
in service of higher-order cognition such as reasoning and
decision-making. The neuronal activity within a limited
temporal interval is assumed to form the mechanism of
storing in formation in the WM (Adamsky and Goshen,
2018). In fact, several theories exist about the underlying
mechanism that stores information. These theories can be
divided into two main classes of persistent and sparse neu-
ronal activities Barak and Tsodyks (2014). Both, persis-
tent activity as well as sparse activity, have been observed
in WM experiments with primates (Funahashi et al., 1989;
Lundqvist et al., 2018). The aforementioned slow reaction
of astrocytic gliotransmission is an interesting theory of
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Working Memory (WM) is a general-purpose cognitive
system responsible for temporarily processing information
in service of higher-order cognition such as reasoning and
decision-making. The neuronal activity within a limited
temporal interval is assumed to form the mechanism of
storing in formation in the WM (Adamsky and Goshen,
2018). In fact, several theories exist about the underlying
mechanism that stores information. These theories can be
divided into two main classes of persistent and sparse neu-
ronal activities Barak and Tsodyks (2014). Both, persis-
tent activity as well as sparse activity, have been observed
in WM experiments with primates (Funahashi et al., 1989;
Lundqvist et al., 2018). The aforementioned slow reaction
of astrocytic gliotransmission is an interesting theory of

Astrocytic gliotransmission as a pathway
for stable stimulation of post-synaptic

spiking: Implications for working memory �

Valentin Würzbauer ∗ Kerstin Lenk ∗∗ Matin Jafarian ∗

∗ Delft Center for Systems and Control, Delft University of
Technology, The Netherlands. E-mail: v.wurzbauer@student.tudelft.nl;

m.jafarian@tudelft.nl
∗∗ Institute of Neural Engineering, Graz University of Technology,

Austria. E-mail: kerstin.lenk@tugraz.at

Abstract: The brain consists not only of neurons but also of non-neuronal cells, including
astrocytes. Recent discoveries in neuroscience suggest that astrocytes directly regulate neuronal
activity by releasing gliotransmitters such as glutamate. In this paper, we consider a biologically
plausible mathematical model of a tripartite neuron-astrocyte network. We study the stability
of the nonlinear astrocyte dynamics, as well as its role in regulating the firing rate of the post-
synaptic neuron. We show that astrocytes enable storing neuronal information temporarily.
Motivated by recent findings on the role of astrocytes in explaining mechanisms of working
memory, we numerically verify the utility of our analysis in showing the possibility of two
competing theories of persistent and sparse neuronal activity of working memory.

Keywords: Control in neuroscience; Stability of nonlinear systems; Networked systems

1. INTRODUCTION

While the role of neurons as the key component in the ner-
vous system has been the subject of tremendous research
since Cajal has drawn the first brain cells in the late 19th
century, the function of astrocytes as an active partner
in neural signaling pathways has only become evident in
the last two decays (Llinás, 2003). The concept of the
tripartite synapse including an astrocyte as well as a pre-
and a postsynaptic neuron as an extension to the classical
neuron-to-neuron communication has been introduced in
Araque et al. (1999). Until this point, glial cells, the class
of cells to which astrocytes are assigned, have only been
considered supportive cells that ensure the nutrition and
structural support of neurons.

Communication between neurons occurs in the form
of electrical/chemical signals (spiking) via the so-called
synapses. Chemical synapses are often enwrapped or
closely contacted by astrocytes. Astrocytes’ primary signal
for information transfer is calcium. When the astrocyte’s
calcium level elevates, it can release transmitter molecules
that directly act on neurons. In fact, a sequence of action
potentials triggers the release of messenger substrates of
the presynaptic neuron. The neurotransmitters such as
glutamate in the synaptic cleft activate membrane chan-
nels of both the postsynaptic neurons triggering a post-
synaptic potential and the adjacent astrocyte. Then, the
astrocytes start a cascade reaction that leads to calcium
(Ca2+) elevations. The astrocyte dynamics seemingly dif-
fer significantly from the neuronal dynamics with respect
to space and time. While an action potential and the
� The work of M. Jafarian is supported by the Marie Sk	lodowska-
Curie Fellowship, project ReWoMeN.

corresponding synaptic neurotransmission occur in the
range of a few milliseconds, the elevation of intracellu-
lar Ca2+ concentration happens within several seconds.
Experiments have shown the release of gliotransmitters
by astrocytes in response to high Ca2+ levels affecting
both the presynaptic and the postsynaptic neuron of the
synapse (Savtchouk and Volterra, 2018). It has to be men-
tioned that gliotransmission in physiological astrocytes is
still a matter of debate today (Fiacco and McCarthy, 2018;
Savtchouk and Volterra, 2018). Recently, Gordleeva et al.
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(2021) and De Pittà and Brunel (2022) have shown that
neuron-astrocyte network models with varying biological
accuracy are able to store neuronal stimulation via an
astrocyte mechanism that enhances synaptic efficacy.

The above findings have motivated the investigation of
the role of astrocytes in regulating the neural mecha-
nisms underlying brain functioning e.g. in Parkinson’s and
epilepsy, as well as cognitive functions such as working
memory (Villani et al., 2020; De Pittà and Brunel, 2022).
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WM. The recent findings of the regulatory role of astro-
cytes in WM networks have shed new light on the debates
between persistent and sparse activities (Gordleeva et al.,
2021; De Pittà and Brunel, 2022).

In this paper, we study the stability of the nonlinear as-
trocyte dynamics in a tripartite model and show its effects
on modulating the spiking rate of the postsynaptic neuron.
We will also numerically verify the obtained insights in a
large-scale WM network. Our results show that astrocytes
can enable both sparse and persistent neural activities for
the WM network.

Compared with the literature, our contribution is twofold.
First, different from Gordleeva et al. (2021) and De Pittà
and Brunel (2022) where the effect of gliotransmission
towards the presynaptic neuron has been studied, we
consider the integration of slow inward current to the
postsynaptic neuron and the examination of persistent and
sparse firing depending on the strength of gliotransmission.
Second, we perform stability analysis for a detailed biologi-
cally plausible nonlinear model of an astrocyte considered
in Gordleeva et al. (2021). We show that the nonlinear
model is a positive system and it is ultimately bounded.
We charatrize the ultimate bound and show the existence
of a locally asymptotic stable equilibrium in the positive
orthant. To the best of our knowledge, stability analy-
sis of astrocyte dynamics has only been considered in
De Pittà and Brunel (2022) which studied the presynaptic
stimulation effects using linearization of a model that
is less biologically detailed than the model we consider.
Furthermore, we provide numerical results to indicate the
implications of our results in supporting the possibility
of the co-existence of both sparse and persistent neural
activities in WM.

The paper is organized as follows. Section 2 reviews the
tripartite model (Gordleeva et al., 2021), and presents
our spiking rate model and assumptions. In Section 3,
both stability analysis and its corresponding numerical
validation are presented. A large-scale simulation shows
the performance of a neuron-astrocyte network performing
WM tasks in Section 4. Finally, the paper is concluded in
Section 5.

Notations: Let R+ = [0,∞), and Rn
+ is the set of n-

tuples for which all components belong to R+. Denote the
boundary of Rn

+ by bd(Rn
+).

Definition 1. (Positive systems). System ẋ = f(x(t)) is
positive if and only if Rn

+ is forward invariant (De Leenheer
and Aeyels, 2001).

2. MODELING

We consider a tripartite synapse including a presynaptic
and a postsynaptic neuron as well as an astrocyte as shown
in Fig. 1. We study the neuron-astrocyte network model by
Gordleeva et al. (2021) which combines the neuron model
by Izhikevich (2003) and the astrocyte models by Nadkarni
and Jung (2003) and Ullah et al. (2006).

2.1 Neuronal Dynamics

The Izhikevich neuron model (Izhikevich, 2003) in combi-
nation with the release glutamate dynamics proposed in
Gordleeva et al. (2012) is given by

Pre N Post N

Astrocyte

Fig. 1. Block diagram representation of a tripartite
synapse: The presynaptic neuron (Pre N) signals to
the postsynaptic neuron (Post N) and the astrocyte.
The astrocyte can release gliotransmitters towards the
postsynaptic neuron.

V̇ = 0.04V 2 + 5V − U + 140 + Iapp + Isyn + Iastro,

U̇ = a (bV − U) ,

Ġ = −αgluG+ kgluΘ(V − 30mV ) ,

(1)

with V , U , and G denoting the membrane potential,
membrane potential’s recovery variable, and the released
glutamate in the synaptic cleft where Θ(x) is the Heaviside
step function. Additionally, if V ≥ 30mV, then the
neuron spikes, and V and U are updated to c, and
U + d respectively. The constant parameters a, b, c, and
d are chosen to resemble fast-spiking behavior as it is
mostly found in the prefrontal cortex. The currents Iapp,
Isyn, and Iastro denote an external current, the synaptic
current via neurotransmission, and the astrocytic current
via gliotransmission.

2.2 Astrocytic Dynamics

We consider a three-state single astrocyte model given by
Li and Rinzel (1994) with extensions by Nadkarni and
Jung (2003) and Ullah et al. (2006). The model states
are [IP3], [Ca2+], and h. The first two describe the intra-
cellular concentration of IP3, which is a second messenger
substrate, and Ca2+ ions. The parameter h denotes the
share of active IP3 receptors connecting the endoplasmic
reticulum with the intracellular space. Denoting [IP3],
[Ca2+], and h with x1, x2, and x3 respectively, the as-
trocyte dynamics (Gordleeva et al., 2021) obey

ẋ1 =
x∗
1 − x1

τIP3
+

v4(x2 + (1− α)k4)

x2 + k4
+ u(t),

ẋ2 = −k1x2 + c1v1(x1x2x3)
3

c0
c1

− (1 + 1
c1
)x2

(x1 + d1)3(x2 + d5)3

− v3 x2
2

k23 + x2
2

+
v6 x2

1

k22 + x2
1

+ c1v2(
c0
c1

− (1 +
1

c1
)x2),

ẋ3 = a2

(
d2

x1 + d1
x1 + d3

(1− x3)− x2x3

)
,

(2)
where all the coefficients are positive numbers provided in
the Appendix.The system’s input, connecting the presy-
naptic neuron and the astrocyte, is the IP3 production
induced by presynaptic glutamate release, i.e., u(t) =
Jglu(t), given by

Jglu = AgluΘ(G−Gthr), (3)
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where exceeding a threshold value Gthr of the presynaptic
neuron provokes Jglu

1 . Finally, the inward current of the
postsynaptic neuron under the effect of gliotransmission,
Iastro, is modeled as described by Nadkarni and Jung
(2003). Define y = x2/nM− 196.69, then

Iastro = 2.11Θ(ln y) ln y. (4)

2.3 Complexity Reduction and Assumptions

We are interested in the stability analysis of the intercon-
nected model as in Fig. 1, where the pre-synaptic neuron
provides input to the two other blocks. As shown, the
astrocyte dynamics are nonlinear as well as the neuron
dynamics. To reduce the complexity of neuronal dynamics,
we consider the dynamics of the firing rate of the post-
synaptic Izhikevich neuron denoted by x4. We model the
firing rate dynamics as

ẋ4 = −x4 + f(ηIastro − Ithr), (5)

where f(.) is an odd function, f(0) = 0, Iastro represents
the astrocytic current, and Ithr is a threshold value. The
parameter η is introduced in order to differentiate between
weak and strong gliotransmission (De Pittà et al., 2011).
The derivation of the function f(·) based on the Izhikevich
neuron is provided in more detail in the Appendix.

Moreover, we impose the following mild assumption on the
input signal Gglu of the astrocyte.

Assumption 1. The input signal Jglu(G) is a smooth func-
tion, such that 0 ≤ Jglu ≤ Aglu, ∀G.

3. STABILITY ANALYSIS

In this section, the effect of gliotransmission on the postsy-
naptic neuronal firing rate is studied. First, we focus on the
stability the astrocyte dynamics. Second, we investigate
the effects of astrocyte output, its second state, on the
firing rate of the post-synaptic neuron. We then verify the
results via numerical simulation of the extended model,
composed of the astrocyte and the post-synaptic neuron,
as well as the tripartite model.

3.1 Stability Analysis of the Astrocyte Dynamics

Define x = [x1 x2 x3]
�. The astrocyte dynamics given in

(2) admits the following general representation

ẋ = f(x) + b+Bu(t), (6)

where b = [
x∗
1

τIP3
v2c0 0]T , B = [1 0 0]T , and f(x)

captures all nonlinear terms in the dynamics of x1, x2, x3

as presented in (2). Since the input to the system (2)
obeys Assumption 1, we consider it as a bounded positive
additive term. We use the following Lemma derived from
Property (7) in (De Leenheer and Aeyels, 2001) to show
the positivity of the astrocyte dynamics.

Lemma 1. System (6) with the input based on Assump-
tion 1 is positive if and only if

P : ∀x ∈ bd(Rn
+) : xi = 0 ⇒ fi(x) ≥ 0. (7)

Proposition 1. The nonlinear system in (2) is positive.
That is, ∀x(0) ∈ R3

+ it holds that x(t) ∈ R3
+.

1 The condition for glutamate-induced IP3 production Jglu for the
analysis of the tripartite synapse as described in Equation 3 is
modeled slightly different from Gordleeva et al. (2021)

Proof: We verify that system (6) satisfies the property
in Lemma 1. Since all coefficients in (2) are positive,
substituting x2 = 0 in (2) gives ẋ2 > 0. Thus, x2(t) ≥ 0
holds. Substituting x1 = 0 and x2 ≥ 0 in x1 dynamics,
gives ẋ1 > 0, hence x1(t) ≥ 0. Similarly, we conclude that
x3(t) ≥ 0, which ends the proof.

We now continue by proving uniform ultimate bounded-
ness (Definition 4.6, and Theorem 4.18 (Khalil, 2015)) for
system (6). We benefit from the positivity of the system
in conducting the proof.

Proposition 2. Consider astrocyte dynamics in (2) with
x(0) > 0, under Assumption 1. The system is uniformly
ultimately bounded, and its solution converges to the set

Ω = {x ∈ R+
3 : 0 ≤ x1 ≤ µ1; 0 ≤ x2 ≤ µ2; 0 ≤ x3 ≤ 1},

with µ1 = x∗
1 + τIP3(v4 + Jglu) and µ2 = v6+c0(v1−v2)

k1+v2(1+c1)
.

Proof: Let us first rewrite the dynamics in (2) as
follows

ẋ =




x∗
1 − x1

τIP3
+N1 + Jglu

−β1x2 − β2 +N2(
c0
c1

− (1 +
1

c1
)x2)−N3 +N4

a2(N5(1− x3)− x2x3)




(8)
where β1 = k1 + v2(1 + c1), β2 = c0v2, and each Ni

denotes a bounded nonlinear term in (2). Now, consider
the Lyapunov function V (x) = 1

2 (x
2
1+x2

2+x2
3). First, define

V3 = 1
2x

2
3, where V̇3 = x3ẋ3 = a2N5x3(1 − x3) − a2x2x

2
3.

Since 0 < d1d2

d3
≤ N5 ≤ d2, and based on Proposition

1, x2 ≥ 0, x3 ≥ 0 hold, we conclude that V̇3 < 0 if
x3 > 1. Thus, x3 converges to the interval [0, 1]. We
continue by computing the bounds of each Ni, considering
x1, x2 ≥ 0, 0 ≤ x3 ≤ 1. We obtain (1 − α)v4 ≤ N1 ≤
v4; 0 ≤ N2 ≤ c1v1; 0 ≤ N3 ≤ v3; 0 ≤ N4 ≤ v6. Computing
the derivative of V1,2(x) =

1
2 (x

2
1 + x2

2), gives

V̇1,2 ≤ − x2
1

τIP3
+ x1(

x∗
1

τIP3
+ v4 + Jglu)

−β1x
2
2 + (v6 + c0(v1 − v2))x2.

(9)

So, if x1 > x∗
1+τIP3(v4+Jglu) and x2 > v6+c0(v1−v2)

k1+v2(1+c1)
, then

V̇1,2 < 0 holds. The latter two conditions together with

x3 > 1 guarantee that V̇ ≤ 0 holds, since V = V1,2 + V3.
Thus, the solution of the system converges to the set Ω
which ends the proof.

As we discussed in the proof of Proposition 2, the nonlinear
terms in (2) are bounded. Hence, system (6) can be
approximated by the following linear system

ẋ ≈ Cx+ d+ b+Bu(t), (10)

where B and b are as defined for (6), and d represents a
constant vector approximating the nonlinear terms. Notice
that matrix C is a negative definite diagonal matrix, which
guarantees local asymptotic stability of the equilibrium of
the system (10).

Corollary 1. There exists a locally asymptotically stable
equilibrium belonging to R3

+ for the system (2).

Numerical examples corresponding to the above result are
given in the Appendix.
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gives ẋ1 > 0, hence x1(t) ≥ 0. Similarly, we conclude that
x3(t) ≥ 0, which ends the proof.

We now continue by proving uniform ultimate bounded-
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in conducting the proof.
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1, x2 ≥ 0, x3 ≥ 0 hold, we conclude that V̇3 < 0 if
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continue by computing the bounds of each Ni, considering
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v4; 0 ≤ N2 ≤ c1v1; 0 ≤ N3 ≤ v3; 0 ≤ N4 ≤ v6. Computing
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So, if x1 > x∗
1+τIP3(v4+Jglu) and x2 > v6+c0(v1−v2)

k1+v2(1+c1)
, then

V̇1,2 < 0 holds. The latter two conditions together with

x3 > 1 guarantee that V̇ ≤ 0 holds, since V = V1,2 + V3.
Thus, the solution of the system converges to the set Ω
which ends the proof.

As we discussed in the proof of Proposition 2, the nonlinear
terms in (2) are bounded. Hence, system (6) can be
approximated by the following linear system

ẋ ≈ Cx+ d+ b+Bu(t), (10)

where B and b are as defined for (6), and d represents a
constant vector approximating the nonlinear terms. Notice
that matrix C is a negative definite diagonal matrix, which
guarantees local asymptotic stability of the equilibrium of
the system (10).

Corollary 1. There exists a locally asymptotically stable
equilibrium belonging to R3

+ for the system (2).

Numerical examples corresponding to the above result are
given in the Appendix.

3.2 Stability of firing rate of the post-synaptic neuron

We now continue by connecting the astrocyte output to
the input of the postsynaptic neuron (as shown in Fig. 2).

u = Jglu
Astrocyte

x2
Neuron

y = x4

Fig. 2. Block diagram of the extended astrocyte model

Based on the dynamics of x4 in (5), since for ηIastro < Ithr,
the map f(.) gives zero, then x4 = 0 is asymptotically
stable. Also, x4 is bounded for bounded Iastro, which
is a function of x2, hence x4 is input-to-state stable
(Khalil, 2015). In particular for constant ηIastro > Ithr, x4

converges to an asymptotically stable equilibrium in R+.
The following Corollary summarizes these statements.

Corollary 2. The firing-rate of the post-synaptic neuron
in (5) is input-to-state stable. Moreover, there exists an
asymptotically stable equilibrium in R4

+ for the extended
system composed of (2) and (5).

3.3 Numerical Analysis

In this section, we consider three cases to account for
various possible scenarios.

• Case 1: No stimulation of astrocyte, i.e., Jglu = 0

• Case 2: Stimulation of astrocyte, i.e., Jglu = 5µM
s and

strong gliotransmission, i.e., η = 100%
• Case 3: Stimulation of astrocyte, i.e., Jglu = 5µM

s and
weak gliotransmission, i.e., η = 25%

The two scenarios of a persistently stimulated (Case 2,3)
and an unstimulated astrocyte (Case 1) can be achieved
by simulating the glutamate dynamics for the different
spiking activity of the pre-synaptic neuron (see dynam-
ics in Equation (1)). The results of Proposition 2 and
Corollary 1 are verified below. The simulation results show
the ultimate boundedness property for all bounded stim-
ulation cases. For the persistent and constant stimulation
(Case 2), the states converge to an equilibrium. The short-
period pulse of 0.2 seconds (Jglu) - which is selected in
accordance to real experiments with primates (Funahashi
et al., 1989) - leads to bounded astrocytic response (Ca2+

and Iastro) within the first 4 seconds. Additionally, a
simulation without any input is performed to confirm a
positive equilibrium value of the unforced system.

A second simulation is realized in order to examine and
confirm the effect of weak and strong gliotransmission.
Fig. 4 shows that both, Cases 2 and 3, have identical
astrocytic behavior - as expected for the same input -
and an entirely different postsynaptic firing frequency.
The weak gliotransmission results in no visible neuronal
postsynaptic activity although it still causes Iastro >
0 toward the postsynaptic neuron. The reason for this
observation is the type 2 neuron dynamics of the Izhikevich
model which denotes a class of neurons that shows a
sudden high firing rate after exceeding an input threshold
and no firing rate below the threshold. The weak astrocytic
current does still lead to the easier onset of firing in the
presence of additional inputs in a more realistic setting.
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Fig. 3. The extended astrocyte model (Fig. 2) with dif-
ferent glutamate inputs: no input signal (yellow), a

persistent input Jglu = 5µM
s (red) and a short input

(blue).
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Fig. 4. The input and response of the model in Fig. 2 with:
a short impulse signal with weak (red) and strong
(blue) gliotransmission.

Finally, the actual tripartite model as described in sec-
tion 2 is simulated. In this simulation, the whole non-
linear dynamics of neurons and the astrocyte are used.
Fig. 5 shows the firing frequency of the presynaptic and
the postsynaptic neuron as well as the astrocytic Ca2+

dynamics for the scenario with a short and a persistent
input signal of Iapp = 100µA (see (1)) for strong glio-
transmission. Although the presynaptic neuron is spiking
for the initial stimulation phase, the synaptic connection is
not strong enough to initiate the firing of the postsynaptic
neuron. Strong astrocytic current Iastro induced by the
enhanced Ca2+ concentration within the astrocyte leads
to temporal postsynaptic neuronal activity. All simulations
are conducted using a Runge-Kutta-4 algorithm with a
fixed time step ∆t = 0.1ms.
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Fig. 5. The input and response of the tripartite synapse
exposed: the short input, e.g. stimulation, signal (red),
and a persistent signal (blue).

4. IMPLICATIONS OF THE RESULTS FOR
WORKING MEMORY: NUMERICAL VALIDATION

The application of a neuron-astrocyte network model is
tested by expanding the tripartite synapse - as described
in section 2 - into a large-scale network representing the
WM. For these purposes, a dual-layer structure is built by
neuronal synapses, astrocytic gap junctions to connect as-
trocytes with each other, and the tripartite synapses as the
connection between the neuronal and the astrocytic layer
(Fig. 6). We connected 1296 neurons consisting of 80%
excitatory and 20% inhibitory cells following an exponen-
tial distribution depending on the distance between them.
Four neurons are linked to the spatially closest astrocyte,
respectively. The inter-astrocyte connections are assumed
bidirectional, i.e., via (electrical) synapses (gap junctions)
(Gordleeva et al., 2021).

Fig. 6. Dual layer network: The neuronal layer (left) and
the astrocytic layer (right) form spatial interconnec-
tions (adapted from Gordleeva et al. (2021)).

As mentioned in the introduction, astrocytic gliotransmis-
sion and its effect on the postsynaptic neuron is considered
a possible mechanism for WM. The simulation sequence
reflects real experiments having a sequence of stimulation,
delay period, and recall. In order to enhance the recall,

a form of original stimulus can be re-introduced to the
network which is called a cue. We assume that the se-
lected target neurons receive a stimulating input for the
simulation period tstim = 0.2s which is followed by a delay
period tdelay = 2.8s. Next, the recall period starts which
is accompanied by a weak and noisy recall cue. Simulation
results for strong, weak, and no gliotransmission show the
following performance. Strong gliotransmission (Fig. 7)
results in persistent enhanced activity of target neurons
with an average frequency of approx. 150 Hz compared to
non-target neurons at 10 to 20 Hz. In contrast to the other
two scenarios, no recall cues are applied here. Although the
difference between firing frequencies is strongly enhanced
in this simulation, the general effect corresponds to the
observed persistent activity of tuned neurons in Funahashi
et al. (1989).
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Fig. 7. Strong gliotransmission (shot period): The activity
of target neurons (T) is significantly higher than non-
target neurons (NT).

The effect of weak gliotransmission is significant, especially
in the second subplot of Fig. 8. While there is basically no
difference in neuronal activity between target and non-
target neurons during the delay period, the recall cue
shows a significant difference in neuronal reactions. The
generally low neuronal activity during the delay period
also links to the hypothesis of sparse neuronal activity.

In the last scenario, we removed the effect of gliotrans-
mission in order to examine whether the above-seen WM
performance can purely be assigned to astrocytic gliotrans-
mission. The absence of gliotransmission removes every
difference in neuronal activity between target and non-
target cells which can be translated to a totally dysfunc-
tional WM model (Fig. 9).

5. CONCLUSION

Using nonlinear stability analysis for a biologically detailed
astrocyte model, we showed that the astrocyte response
to a bounded input is bounded and we quantified this
bound. Our analysis showed that astrocytic gliotransmis-
sion provides a stable activation of the postsynaptic neu-
ron depending on the stimulus applied to the presynaptic
neurons. This result indicates the possibility of storing
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tested by expanding the tripartite synapse - as described
in section 2 - into a large-scale network representing the
WM. For these purposes, a dual-layer structure is built by
neuronal synapses, astrocytic gap junctions to connect as-
trocytes with each other, and the tripartite synapses as the
connection between the neuronal and the astrocytic layer
(Fig. 6). We connected 1296 neurons consisting of 80%
excitatory and 20% inhibitory cells following an exponen-
tial distribution depending on the distance between them.
Four neurons are linked to the spatially closest astrocyte,
respectively. The inter-astrocyte connections are assumed
bidirectional, i.e., via (electrical) synapses (gap junctions)
(Gordleeva et al., 2021).

Fig. 6. Dual layer network: The neuronal layer (left) and
the astrocytic layer (right) form spatial interconnec-
tions (adapted from Gordleeva et al. (2021)).

As mentioned in the introduction, astrocytic gliotransmis-
sion and its effect on the postsynaptic neuron is considered
a possible mechanism for WM. The simulation sequence
reflects real experiments having a sequence of stimulation,
delay period, and recall. In order to enhance the recall,

a form of original stimulus can be re-introduced to the
network which is called a cue. We assume that the se-
lected target neurons receive a stimulating input for the
simulation period tstim = 0.2s which is followed by a delay
period tdelay = 2.8s. Next, the recall period starts which
is accompanied by a weak and noisy recall cue. Simulation
results for strong, weak, and no gliotransmission show the
following performance. Strong gliotransmission (Fig. 7)
results in persistent enhanced activity of target neurons
with an average frequency of approx. 150 Hz compared to
non-target neurons at 10 to 20 Hz. In contrast to the other
two scenarios, no recall cues are applied here. Although the
difference between firing frequencies is strongly enhanced
in this simulation, the general effect corresponds to the
observed persistent activity of tuned neurons in Funahashi
et al. (1989).
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The effect of weak gliotransmission is significant, especially
in the second subplot of Fig. 8. While there is basically no
difference in neuronal activity between target and non-
target neurons during the delay period, the recall cue
shows a significant difference in neuronal reactions. The
generally low neuronal activity during the delay period
also links to the hypothesis of sparse neuronal activity.

In the last scenario, we removed the effect of gliotrans-
mission in order to examine whether the above-seen WM
performance can purely be assigned to astrocytic gliotrans-
mission. The absence of gliotransmission removes every
difference in neuronal activity between target and non-
target cells which can be translated to a totally dysfunc-
tional WM model (Fig. 9).

5. CONCLUSION

Using nonlinear stability analysis for a biologically detailed
astrocyte model, we showed that the astrocyte response
to a bounded input is bounded and we quantified this
bound. Our analysis showed that astrocytic gliotransmis-
sion provides a stable activation of the postsynaptic neu-
ron depending on the stimulus applied to the presynaptic
neurons. This result indicates the possibility of storing
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Fig. 8. Weak gliotransmission: The activity of target
neurons (T) is significantly higher than non-target
neurons (NT) for the second cue. Here, the astrocytic
gliotransmission is not strong enough to excite the
neurons on its own but in combination with a second,
weak cue signal.
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Fig. 9. No gliotransmission: The WM task shows sparse
activity overall time and no significant recall which
indicates poor memory performance.

presynaptic neuronal activity. We numerically verified the
implication of this result to explain that both, persistent
activity as well as sparse activity of WM, can be explained
by our analysis. Further research, both in experimental
as well as computational aspects, is necessary to further
examine the possible role of astrocytes in WM tasks.
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