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Abstract

The paper is devoted to the analysis of the global well-posedness and the interior reg-
ularity of the 2D Navier—Stokes equations with inhomogeneous stochastic boundary
conditions. The noise, white in time and coloured in space, can be interpreted as the
physical law describing the driving mechanism on the atmosphere—ocean interface,
i.e. as a balance of the shear stress of the ocean and the horizontal wind force.
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1 Introduction

Partial differential equations with boundary noise have been introduced by Da Prato
and Zabczyck in the seminal paper [18]. They showed that, also in the one dimen-
sional case, the solutions of the heat equation with white noise Dirichlet or Neumann
Boundary conditions have low regularity compared to the case of noise diffused inside
the domain. In particular, in the case of Dirichlet boundary conditions the solution is
only a distribution. Some improvements in the analysis of the interior regularity of the
solutions of these problems and some nonlinear variants have been obtained exploiting
specific properties of the heat kernel and of suitable nonlinearities. For some results
in this direction we refer to [4, 15, 23, 25, 31]. All these issues make the problem
of treating non-linear partial differential equations with boundary noise coming from
fluid dynamical models an, almost untouched, field of open problems.

Throughout the manuscript we fix a finite time horizon 7 > 0. Leta > 0, O =
T x (0, a) and let T be the one dimensional torus. Finally, we denote by

Ty=Tx{0} and T, =T x {a}, (1.1)

the bottom and the upper part of the boundary of O, respectively.

In this paper we are interested in the global well-posedness and the interior regularity
of the 2D Navier—Stokes equations with boundary noise for the unknown velocity field
u(t,w,x,z) = WU, u2) : Ry x Q2 x 0 — R2, formally written as

ou+u-Vu+VP = Au, on (0, T) x O,
divu =0, on (0,7) x O,
u=>0, ' on (0, 7T) x I'p, (12)
o;u1 = hpWyy, on (0,7) x I'y,
upy =0, on (0, T) x Iy,
u(0) = uo, on O,

where Vu = (3jui)l-2j=1, Wy (t) is a H-cylindrical Brownian motion and h(¢, x)

is a sufficiently regular forcing term; we refer to Sect. 1.1 below for the the relevant
assumptions and definitions. To the best of our knowledge this is the first instance of a
global well-posedness result for a fluid dynamical system driven by stochastic white

@ Springer



Global well-posedness and interior regularity...

in time boundary conditions. We refer to [12, 13] for some homogenization results in
the case of Navier—Stokes equations with dynamic boundary conditions driven by a
stochastic forcing and to [14] for the local analysis of the three dimensional primitive
equations with boundary noise. Finally, we refer to [21, 22] for some limit behaviors
of the model (1.2) with /j, Wy replaced by a highly oscillating and regular stationary
random field.

Following the books by Pedlosky [40, 41] and Gill [30], the model (1.2) is a good
idealization of the velocity of the fluid in the ocean. In this scenario, the domain
O =T x (0, a) can be considered a vertical slice of the ocean with depth a > 0
and we should interpret u (resp. u2) as the horizontal (resp. vertical) component of
the velocity field . Indeed even if, in principle, one should consider a free surface,
instead of I, = T x {a}, depending on the time, the approximation of such surface
as independent of the time, although highly unrealistic, is justified by the fact that
the behavior of the fluid around the surface is in general very turbulent. Hence, as
emphasized in [24], only a modelization is tractable and meaningful. The stochastic
boundary condition appearing in (1.2) is interpreted as the physical law describing the
driving mechanism on the atmosphere-ocean interface, i.e. as a balance of the shear
stress of the ocean and the horizontal wind force, see [38] for details.

1.1 Main results

We begin by introducing some notation. Consider a complete filtered probability
space (2, F, (F1)r>0, P), a separable Hilbert space H and a cylindrical 7 —Brownian
motion (Wy(1));>0 on H. We say that a process ® is F-progressive measurable if
®l0,nxq is Fr x B((0, t))-measurable for all + > 0, where B denotes the Borel
o -algebra. For the relevant notation on function spaces, we refer to Sect. 1.1.1.

Hypothesis 1.1 Letq > 2, p > 2q, o € [0, é—%)be such that there exists 6 € [0, %)
satisfying:

Assume that by @ (0,7) x Q@ — W™%49([,; 'H) is a F-progressively measurable
process with P — a.s. paths in LP (0, T; W—%49(T; H)).

Remark 1.2 Hypothesis 1.1 is for instance satisfied if ¢ > 2, p > 2g > 4 and
6 = a = 0. Note that the case ¢ = 2 considered in [18] is not allowed in Hypothesis
1.1.

Following the idea of [17] we split the analysis of (1.2) in two parts. First we
consider the stochastic linear problem with non-homogeneous boundary conditions
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A. Agresti, E. Luongo

ow+ Vp = Aw, on (0,7) x O,
divw =0, on (0,7) x O,
w =0, . on (0, 7) x I'p, (13)
0; w1 = hp Wy, on (0, T) x Iy,
wy =0, on (0,7) x I',
w(0) =0, on O,

The solution to the above linear equation (1.3) can be treated in mild form as in [18,
19]. Secondly, denoting by v = u — w we will consider the Navier—Stokes equations
with random coefficients

v+ (v+w) - V+w)+ V(P —p) = Av, on (0,7T) x O,
divv =0, on (0,7) x O,
v =20, on (0, T) x I'p, (1.4)
a;v; =0, on (0, T) x I'y,
vy =0, on (0, T) x I'y,
v(0) = uy, on O.

As discussed in [19, Chapter 13], if Ay, ug, W (¢) would be regular enough, then u =
v+ w will be a classical solution of the Navier—Stokes equations with inhomogeneous
boundary conditions (1.2).

To state our first result, we introduce some more notation. Here and below, we denote
by H (resp. V, LL*) the space L*(0O; R?) (resp. H'(0; R?), L*(O; R?)) of divergence
free vector fields adapted to our framework, introduced rigorously in Sect.2.1.

Definition 1.3 A process u with paths P — a.s. in C([0, T']; H) N L*(0, T; L*) and
progressively measurable with respect to these topologies, is a pathwise weak solution
of (1.2) if u = v + w, where w has paths in C(0, T; H) N L*0, T; L*(0)), it is
progressively measurable with respect to these topologies and is a mild solution of
(1.3) while v has paths in C(0, T; H) N L2(0,T; V), it is progressively measurable
with respect to these topologies and is a weak solution of (1.4).

The first main result of this paper reads as follows.

Theorem 1.4 (Global well-posedness) Let Hypothesis 1.1 be satisfied. Then for all
ug € H there exists a unique weak solution u to (1.2) in the sense of Definition 1.3.

According to Remark 1.2, the introduction of the non-Hilbertian setting is necessary
in order to prove Theorem 1.4 above, at least with the tools introduced in this article.

Remark 1.5 (Additional bulk forces) Without additional difficulties we could also
consider_in Eq. (1.2) an additive noise diffused inside the domain of the form
ha(t) dWH(t) where WH is a cylindrical Brownian motion on ‘H independent of
Wy and hg @ (0,T) x @ — y(H, X_, 4,) is a progressively measurable process
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Global well-posedness and interior regularity...

with paths P — a.s. in L? (0, T;y ('H, X_A,Aq)), with p > 2, g > 2, 1 € [0, %)
such that 1 — % — 2\ > 0 and there exists 6 € [0, %) satisfying

—r—

0 <

I

9 0 z

AW
SR

The case ¢ = p = 2 and A = 0 is also allowed, see [20, Chapter 5]. Here A, and
y stands for the Stokes operator on LY and the class of y-radonifying operators, see
Sect.2.1 and [32, Chapter 9], respectively. Finally, X_, 4, is the extrapolated space
or order A w.r.t. A, as defined in (2.9). To see this, note that, under these assumptions,
arguing as in Proposition 3.1 the solution w to

9+ VG = AW +haWg,  on (0, T) x O,
divw =0, on (0, T) x O,
~w=o, on (0,T) x I'p, (1.5)
d;wy =0, on (0, T) x Ty,
wy =0, on (0, T) x I'y,
w(0) =0, on O,

can be obtained as a stochastic convolution. In particular, the above assumptions on
hg imply that @ is a progressively measurable process with values in C ([0, T]; H) N
L4 O, T; IL4). Therefore this term adds no difficulties in order to analyze the well-
posedness of Eq. (1.4). For this reason we prefer to not consider this classical source
of randomness.

Remark 1.6 (Comparison with the literature)

(1) Theorem 1.4 shares strong similarities with [11, Theorem 1.2], which addresses
the well-posedness of certain 2D deterministic Navier—Stokes equations with
non-homogeneous non-smooth Navier-type boundary conditions. However, it is
important to note that our model focuses on a different phenomenon than the
one studied in [11]. For this reason, contrary to us, they stress the regularity of the
boundary condition of the normal trace of the velocity. From a mathematical view-
point, the white noise appearing in Eq. (1.2) is rougher both in time and in space
compared to the boundary conditions discussed in [11]. However, as discussed
in [18], Neumann boundary conditions are more regular than Dirichlet boundary
conditions and allow us to treat rougher inputs. Due to these differences, the two
results have different ranges of applicability and do not cover each other. More-
over, the tools introduced here differ significantly from the techniques involved in
[11].

(2) As discussed in the introduction, the first result in the direction of the analysis
of fluid dynamical models with stochastic boundary conditions have been proved
in [14, Theorem 5.1], where the authors established local well-posedness of 3D
primitive equations with boundary noise modeling wind forces. Both their strategy
and ours are based on the splitting technique introduced in [17]. After showing
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suitable regularity properties of the stochastic convolution via stochastic maximal
LP-regularity techniques (cf. Proposition 3.1 and [14, Proposition 4.3]), a thor-
ough analysis of certain nonlinear models is required. In contrast, we conduct this
analysis within a suitable Hilbertian framework, enabling us to derive energy esti-
mates essential for establishing the global well-posedness of (1.2) (cf. Theorem
3.3 and [14, Section 5.3]). The difference between the global well-posedness result
which we are able to obtain and [14, Theorem 5.1] can be seen as consequence of
the fact that the 2D Navier—Stokes equations are globally well-posed in the weak
setting, while the same cannot be asserted for the primitive equations (cf. [33]).
Therefore, in order to prove their local well-posedness result, the authors in [14]
need to work with a notion of solution which mixes strong and weak regularity
in the space variables. As a byproduct of this fact we are able to consider a noise
rougher in space compared to them. Additionally, a minor distinction lies in the
boundary conditions applied to the bottom part of the domain I',. We introduce
no-slip boundary conditions to accurately model the bottom of the ocean, a choice
with theoretical underpinning in works such [21, 22, 30, 40, 41]. In contrast, [14]
considered some form of homogeneous Neumann boundary conditions, a choice
related to the functional analytic setup of the primitive equations (cf. [14, Remark
3.3]). Beyond the distinct justifications from a modeling perspective, our choice
leads to differences in the analysis of the corresponding linear elliptic systems (cf.
Section2.2 and [14, Section 3.5]).

Secondly, we are interested in studying the interior regularity of the solution u
provided by Theorem 1.4.
Our second main result reads as follows:

Theorem 1.7 (Interior regularity) Let Hypothesis 1.1 be satisfied. Let u be the unique
weak solution of (1.2) provided by Theorem 1.4. Then for all ty € (0, T) and Oy C O
such that dist(Og, 00) > 0,

u € C([tg, T1; C*(Op; R?)) P —a.s.

According to [47] (see also [36, Section 13.1]), it seems not possible to gain high-
order interior time-regularity for the Navier—Stokes problem. This fact is in contrast
to the case of the heat equation with white noise boundary conditions, see [16]. The
reason behind this is the presence of the unknown pressure P which, due to its non-local
nature, provides a connection between the interior and the boundary regularity. Finally,
let us mention that other techniques to bootstrap further interior space regularity (e.g.
analyticity), such as the ‘parameter’ trick (see [7, 8] and [43, Subsection 9.4]), seem
not to work due to the presence of the noise on I';,. Similarly to the proof of Theorem
1.4, we analyze the interior regularity of # combining the interior regularity of w and
the interior regularity of v. The interior regularity of w is obtained introducing a proper
weak formulation, see Definition 4.1 below. Instead the regularity of v is analyzed via
a Serrin’s argument exploiting the aforementioned regularity of w.

The paper is organized as follows. In Sect. 2 we will introduce the functional setting
in order to deal with problem (1.2). In particular, we will introduce the corresponding
of the classical spaces and operator needed to deal with Navier—Stokes equations with
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no-slip boundary condition to this more involved set of boundary conditions. Indeed,
the Stokes operator associated to our problem generates an analytic semigroup which
admits an H *°-calculus of angle strictly less than 7 also in the non-Hilbertian setting.
This is crucial in order to apply the Stochastic maximal L”-regularity results of [53],
recalled in Sect. 2.4. The proof of Theorem 1.4 is the object of Sect. 3. In particular, in
Sect. 3.1 we will consider the linear problem (1.3), while in Sect. 3.2 we will consider
the nonlinear problem (1.4). The proof of Theorem 1.7 is the object of Sect.4. In
particular, in Sect. 4.1 we will study the interior regularity of the solution of the linear
problem (1.3), while in Sect.4.2 we will consider the nonlinear problem (1.4). We
postpone some technical proofs related to the properties of the Stokes operator in the
“Appendix A”.

1.1.1 Notation

Here we collect some notation which will be used throughout the paper. Further nota-
tion will be introduced where needed. By C we will denote several constants, perhaps
changing value line by line. If we want to keep track of the dependence of C from
some parameter £ we will use the symbol C(£¢). Sometimes we will use the notation
a S b (resp. a Sg b), if it exists a constant such that a < Cb (resp. a < C(§)b).

Fix ¢ € (1, 00). For an integer k > 1, Wk-4 denotes the usual Sobolev spaces.
In the non-positive and non-integer case s € (—00,00) \ N, we let W*7 := B
where B;, 4 1s the Besov space with smoothness s, and integrability ¢ and microscopic
integrability ¢ (in particular W09 = L9). Moreover, H*9 denotes the Bessel potential
spaces. Both Besov and Bessel potential spaces can be defined by means of Littlewood-
Paley decompositions and restrictions (see e.g. [46], [45, Section 6]) or using the
interpolation methods starting with the standard Sobolev spaces W4 (see e.g. [10,
Chapter 6]). Finally, we set A*9(D; R?) := (A*9(D))¢ for an integer d > 1, a
domain D and A € {W, H}.

Let IC and Y be a Hilbert and a Banach space, respectively. We denote by y (KC, Y)
the set of y-radonifying operators, see e.g. [32, Chapter 9] for basic definitions and
properties. If Y is Hilbert, then y (IC, Y) coincides with the class of Hilbert-Schmidt
operator from K to Y. Below, we need the following Fubini-type result:

AS1(D; K) =y (K, A>4(D)) foralls € R, g € (1,00), Ac{W, H}.

The above follows from [32, Theorem 9.3.6] and interpolation.

2 Preliminaries

2.1 The Stokes operator and its spectral properties

In this section we introduce the functional analytic setup in order to define all the
object necessarily in the following. In order to improve the readability of the results

we will just state the main results on the Stokes operator postponing the proofs to
“Appendix A”.
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Throughout this subsection we let g € (1, 0o0). Recall that O = T x (0, @) where
a > 0. We begin by introducing the Helmholtz projection on L7 (Q0; R?), see e.g. [43,
Subsection 7.4]. Let f € L4(O; R?) and let yr € W14(0) be the unique solution to
the following elliptic problem

2.1
Yy =/f-n onl, UTI.

i Ay =divf onO,
Here n denotes the exterior normal vector field on d0O. Of course, the above elliptic
problem is interpret in its natural weak formulation:

[ Vs Vodxdz = / f-Vedxdz forall g € C*(0). 2.2)
O @

By [43, Corollary 7.4.4], wehave / y € wha(O) and V¥ ¢l La(0:r2) < I fllLeo0:r2)
(the proof of such estimate can also be obtained by the Lax-Milgram theorem in
Banach spaces [35, Theorem1.1], see also the proof of Theorem 2.2 below). Then the
Helmholtz projection is given by P, is defined as

P, f=f—Vyys, felLi(O;R?).

Next we define the Stokes operator on L9(O; R2). For convenience of notation,
we actually define A, as minus the Stokes operator so that A, is a positive operator
for g =2 (i.e. (Ayu, u) > 0 forall u € D(A3)). Let LY := P(L4(O; R?)). Then, we
define the operator A, : D(A4,) € L9 — 1LY where

D(4y) = {f = (f1, f») e W (O;RHNL? : flp, =0,
falr, = 8. filr, = 0},

and Aju = —PP;Au foru € D(A,).

In the main arguments we need stochastic maximal L?-regularity estimates for
stochastic convolutions. By [53] (see also [2, 52]), it is enough to show the boundedness
of the H*°-calculus for A, . For the main notation and basic results on the H *°-calculus
we refer to [43, Chapters 3 and 4] and [32, Chapter 10].

In the following, we let

HY(O) = HY9(O; R NLY, seR.

Theorem 2.1 (Boundedness H°-calculus) For all g € (1, 00), the operator A, is

invertible and has a bounded H*°-calculus of angle < 7. Moreover the domain of

the fractional powers of A4 is characterized as follows:
(1) D(A3) =H*(0) if0 < 5 < ﬁ

(2) D(AY) = {f e H*(O)| fIr, =0, falr, =0} if 55 <5 <5 + 5.
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(3) D(AY) = {f € (O | fIr, =0, foIr, = d:filr, =0} if 5+ 5 <s < 1.

The above implies that —A, generates an analytic semigroup on IL9.
For convenience of notation, we will simply write A in place of A;. Moreover we
define

H:=1L2 V:=DA'?), DO):={feC®O;R? : divf =0}

We denote by (-, -) and ||| the inner product and the norm in H respectively. In the
sequel we will denote by V* the dual of V and we will identify H with H*. Every
time X is a reflexive Banach space such that the embedding X < H is continuous
and dense, denoting by X* the dual of X, the scalar product (-, -) in H extends to the
dual pairing between X and X*. We will simplify the notation accordingly.

Theorem 2.1 could be known to experts. For the reader’s convenience, we provide
in “Appendix A” a complete and relatively short proof based on the recent strategy
used in [42] for the H-calculus for the Stokes operator on Lipschitz domains [42,
Theorem16].

2.2 The Neumann map

Now we are interested in L?-estimates for the Neumann map, i.e. we are interested in
studying the weak solutions of the elliptic problem

—Au+ Vr =0, on O,
divu =0, on O,

u(-,0) =0, on 'y, 2.3)
dui(-,a) =g, on I'y,
upy =0, onl,,.

To state the main result of this subsection, we need to formulate (2.3) in the weak
setting. To this end, we argue formally. Take ¢ = (¢1, ¢2) € C>®(O; R?) such that
dive =0,

¢(-,00 =0, and ¢2(-,a)=0.
A formal integration by parts shows that (2.3) implies

/ Vu:Veodxdz = —/ g(x)¢p1(x, a)dx. 2.4)
O T

In particular, the RHS of (2.4) makes sense even in case g is a distribution if we
interpret [ g(x)¢1(x, a) dx = (p1(-, a), 8).
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Theorem 2.2 Let g € (1, 00), forall g € W=Y49(T,) there exists a unique (u, w) €
Wh4(O; R?) x L1(O)/R weak solution of (2.3). Moreover (u, 1) satisfy

lullwriao:r2y + 1T llLao)r < Cligllw-1/.0(r,)- (2.5)
Finally, if g € W'=1/94(T ), then (u, m) € W>9(0; R?) x WH4(0)/R and

||u||W2-q(O;R2) + ||7T||W1»f1((9)/1R = C||8||W171/q,q(ru)- (2.6)

Proof We divide the proof into three steps.
Step 1: Proof of (2.5). Let A, be as in Sect.2. We prove (2.5) by applying the
Lax-Milgram theorem of [35, Theorem 1.1] to the form a : Y| x Y — R where

1/2

a(u,w):/@Vu:Vgodxdz, Y1 = D(A, 1/2

)v Y2 == D(Aq/

).

Recall that, by Theorem 2.1,

D(A,)%) = {v = (v, v2) e HY(O) : v[r, =0, va|p, = 0}.

Since Wl’q/(O) >S9 o, € Wl_l/"/’q/(f‘u) = Wl/q*"/(Fu), we have

@1 ¢ a). ) < glw-1wa o 10l yea ) S I8lw-taaqn1€lyra oy @)

Hence the Lax—Milgram theorem of of [35, Theorem1.1] implies the existence of u

as in (2.5) provided, for all v € D(A},/z),

IVl o2 :sup{/ Vo Vfdxdz| f e DAY and || f ]l 12 < 1].
? O q ( q/)

(2.8)
The case 2 of (2.8) follows from the Holder inequality. To prove the opposite inequal-
ity, we argue by duality. We start by discussing some known facts about the “Sobolev

tower” of spaces associated the operator A :

Xo,a, = D(AT) fora > 0,
Xao,a, = LI AG - llLa)™ fora < 0.

Here ~ denotes the completion (since 0 € p(A,) by Theorem 2.1, we have that
f = |IA7 fllLe is anorm for all @ < 0). Since (A4)* = Ay, it follows that (see e.g.
[5, Chapter 5, Theorem 1.4.9])

(Xa,a)" =X —aa,- (2.9)
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Now we can proceed in the proof of < in (2.8). Firstly, as D(4,) — D(A}/z) is

dense for all ¢ € (1, 00), we can prove such inequality assuming v € D(Ay). In the
latter case, the duality (2.9) and the Hahn—-Banach theorem imply the existence of
g€ Xy, Ay of unit norm such that

1/2 1/2 —1/2
lAq U”Lq(O;RZ):/(;Aq U'Aq/ g dxdz

@ -1
_/C)Aqv-Aq,gdxdz

@ —/ Av - A;,lgdxdz
(@]

= —/ Vo : V(A'g)dxdz
o q

where in (i) we used that Ag/*v = A;"/*(A4v) and (A7 "%)* = A_'72,in (ii) that
Ay = —PyA, and therefore PyA 'g = A lgas A 'g € D(A}/2) c LIO).
Finally, in (iii) we used that no bounglary terms appear due to the boundary conditions
and 9,v1(-,a) = 0asv € D(Ay).

Hence the case < of (2.8) follows from the above chain of equality, the fact that
D(A(l/z) — Wl1(O; Rz) and A;,l : X_l/z,Aq, — X1/2,Aq/ is an isomorphism.

Now, the existence of the pressure  satisfying the estimate (2.5) is standard and
follows from the De Rham theorem, see e.g. [29, Corollary IIL.5.1, Lemma IV.1.1].

Step 2: Proof of (2.6). By Step 1, it suffices to prove the existence of a solution
(u, ) € W»4(0) x Wh4(0)/R for which (2.3) holds. In case of g € C*(T',), the
conclusion follows from standard L2-theory and we will present the argument in this
case at the end of the proof. In the remaining case we argue by density. Note that,
arguing as in the proof of Proposition A.4, a localization argument and [43, Theorem
7.2.1] (applied with time as a dummy variable) yield the following a-priori estimates
for solutions (u, 1) € W>4(0; R?) x WH4(0)/R to (2.3):

1/2 172

lullw2ao.r2) + IVTllwiao.r2) < Cllullw2-2/9.00.r2) + Cliglwi-1/a.9(r,)
< elullw2ao0.r2y + Cellullwrao:r2)y + Cliglwi-1a.ar,)

< elullw2ao:r2y + Cellgllwi-1/a.9(r,)>

where ¢ > 0 is arbitrary and in the last step we applied Step 1.

The above shows |[u|ly2.q(0.r2) + IV ly1.9(0) < lgllw1-1/4.4(T) for all solutions
(u, ) € W>4(O; R?) x Wh4(0) /R to (2.3). Combining this, the density of C*°(I",)
in wi-l/a.4q (Ty), and the above mentioned solvability for g € C*°(T",); one readily
obtains the existence of solutions to (2.3) in the class W27 (0) x W14(0) /R.

Step 3: Proof of the regularity of (u,m) in case of g € C°°(T). The proof of
this fact follows the lines of Proposition A.2. First, by Lax-Milgram Lemma and [51,
Proposition 1.1, Proposition 1.2], there exists a unique couple, (u, 7) € V X LZ(O)
such that
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/ Vu : V¢ dxdz = —/ gx)p1(x,a)dx Yo eV (2.10)
(@] T

(—Au+Vm, ¢) =0 Yo € CZ(O; R?) (2.11)
lully + 7 ll2/m S gl a-12(r,)- (2.12)

Now, letus fix 4 > 0, extend periodically either u and g in the x direction and consider
¢ = 15, T_ju as a test function in (2.10), where t,v = w Then by change
of variables, it follows that

2
o Vil 220, < Cllzagllae Il 2,

= Cllmglzqrplltnuell 20y + Clltngll 2 ltn Vil 2(0)

1t Vull, o,
< Clglleray ltmullzo, + ——5— +Cliglziqr, .
Therefore
1t Vull3> 0y < Cliglherr,llmull o) + Cllglz r - (2.13)

Since u € V and (2.12) holds the right hand side of inequality (2.13) is uniformly
bounded in # — 0 and this implies

19x Vel 20y < Cllglgnr - 2.14)

Let us now consider ¢ = 0y, ¥ € D(O) as test function in (2.10). Thanks to [51,
Proposition 1.1, Proposition 1.2], 8,7 € L*>(O) and oxmll2 S lgllcir,)- Since u
is divergence free and (2.11) holds, then

3,7 = dyyts — Oyzu1 € L2(O).
Therefore |V |2 < lgllcir,)- Lastly, again by relation (2.11)

ety = e — dxzup € L2(O)
Combining all the information obtained we get

el g2 0:2) + 17 a1 0y < CllglZar,,

Iterating the argument one gets that (u, 7) € H k+10: R?) x HK(O) provided g €
ck(r,) for all k > 1. Now the claim of Step 3 follows from Sobolev embeddings. O

Next we denote by A the solution map defined by Theorem 2.2 which associate

to a boundary datum g the velocity u solution of (2.3), i.e. N'g := u. From the above
result we obtain
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Corollary 2.3 Let N and H be the Neumann map and a Hilbert space, respectively.
Then, for all g > 2 and ¢ > 0,

a1,
1N € LW=9(T,; Hy: y(H.D(A,° ) fora € [0, L]
1

1yl
2. N € L(LATy: Hy: y (-, DAL 7)),

Proof To begin, recall that WS 4(T",; H) = y(H, W54([,)) forall s € Rand ¢ €
(1, 00), see Sect. 1.1.1. Hence, due to the ideal property of y-radonifying operators
[32, Theorems 9.1.10 and 9.1.20], it is enough to consider the scalar case H = R.

(1): By interpolating with the real method (-, -)g,; where 6 € (0, 1) (see e.g. [10,
Theorem 6.4.5]), the estimates in Theorem 2.2 yield

N wiVaamr,) — witha©) forall 6 € (0, 1).
Moreover, by construction A/[u] satisfies
Nlullr, =0, and  (N[ul)2|r, =0,
where (-); denotes the second component. Hence (1) follows from the description of the

fractional power of A, in Theorem 2.1 and that B;jf (O; R?) — HIH1—24(O; R?).
(2): Follows from (1) and L4(T";,) < Bg’q(r’u) asq > 2. m|

2.3 Deterministic Navier-Stokes equations

Let us consider the deterministic Navier—Stokes equations with homogeneous bound-
ary conditions

QU +u-Vi+ VT =Au+ f, on (0, T) x O,
divi =0, on (0, T) x O,
_u =0, on (0, 7) x I'p, (2.15)
d;u1 =0, on (0, T) x Iy,
uy; =0, on (0, T) x I'y,
u(0) = uy, on O.

Define the trilinear form b : L* x V x L* — R as
2
bu,v,w)y= Y / uidivjw; drdz = / (u - Vv) - wdxdz (2.16)
o o
which is well-defined and continuous on L* x V x L* by the Holder inequality.

Since by Sobolev embedding theorem V C LL*, b is also defined and continuous on
V x V x V. Moreover, by standard interpolation inequalities,
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1f 1740y < CIf 2 o) forall f e H' (O). (2.17)
Integrating by parts, the standard oddity relation below holds
bu,v,w)=—b(u,w,v)

ifuel v,weV.
Lastly we introduce the operator

B:L*xL*— v*

defined by the identity

(B vy 9) == G g,v) = = [ V) v
for all € V. When v € V, we may also write
(B (u,v),¢) =bu,v, $).
Moreover, when u - Vv € L? ((9; Rz), it is explicitly given by
B (u,v) =P(u- Vv).

We have to define our notion of weak solution for problem (2.15).

Definition 2.4 Givenug € H and7 eL? (0, T; V*), we say that
e C(0,T1;HyNL*>0,T;V)

is a weak solution of equation (2.15) if forall¢ € D(A) and ¢ € [0, T],

t
<ﬁ(r>,¢>—f0 b@(s),§.7 () ds
t t
= (. ) — /0 (@ (s), Ad) ds + /O (7). By ds.

The following results are simple adaptations of classical results, see for instance
[27, 37,50, 51].

Lemma2.5 Ifu,v € L* (0, T; L*) then
B(u,v) e L*(0,T; V¥). (2.18)

Moreover,

C
lal*llwllf 4 (2.19)

2 / 2
b (u, v, w)| < ellvlly + & llully + o
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C
w1l s (2.20)

2 2
b (u, v, w)| < ellvlly +&llwly + g

where C is a constant independent of ¢ and &'.

Theorem 2.6 For every iy € H and f € L? (0, T; V*) there exists a unique weak
solution of Eq. (2.15). It satisfies

t t
||ﬁ(r)||2+2v/0 ||Vﬁ(s>||izds=||ﬁo||2+2/0 (@), 7 @)y ds.

If (ug)neN is a sequence in H converging to uy € H and (f ) N 5 @ sequence
ne

in L? (0, T; V*) converging to f € L*(0,T; V*), then the corresponding unique
solutions (ﬁ") converge to the corresponding solution w in C ([0, T]; H) and in
L2(0,T; V).

neN

2.4 Stochastic maximal LP-regularity

Let H and (W2¢(¢));>0 be a Hilbert space and a cylindrical F—Brownian motion on
'H, respectively. The following result was proven in [53], see also [52, Section 7] and
[9, Section 3] for additional references. Below, for a Banach space Y, H*4(R; Y)
denotes the Y-valued Bessel potential space on R, with smoothness s € R and
integrability g; such space can be defined either by complex interpolation (see e.g.
[43, Chapter 3, Section4.5]) or by restriction from R (see e.g. [3, Subsection 3.1]).
For the notion of H*°-calculus and y-radonifying operators y (H, Y) we refer to [32,
Chapter 9 and10].

Theorem 2.7 Let X be a Banach space isomorphic to a closed subspace of L1(D, )
where g € [2, +00) and (D, <7, 1) is a o -finite measure space. Let A be an invertible
operator and assume that it admits a bounded H° calculus of angle < 7 /2 on X and
let (5(1))1>0 the bounded analytic semigroup generated by —A. For all F —adapted
G € LP(Ry x Q; y(H; X)) the stochastic convolution process

t
U(t):/ S(t — $)G(s) dWy(s) t >0,
0

is well defined in X, takes values in the fractional domain D(A'/?) almost surely and
forall 2 < p < 400 the following space-time regularity estimate holds: Y0 € [0, %)

p p p
E[IUOW0 5. o] = CCE[IG1 @, p0omy] 22D

with a constant Cy independent of G.

For extensions of the above result we refer to [2, 39] for the weighted case, and to
[3, Subsection 6.2] for the case of homogeneous spaces. However, the latter situations
will not be considered here.

@ Springer



A. Agresti, E. Luongo

3 Well-posedness
3.1 Stokes equations

As discussed in Sect. 1.1, we start by considering the linear problem (1.3). According
to [18, 19], the mild solution w of the former problem is formally given by

t
w(t) = Aq/o Sq(t — )N Thp(s)] AW (s). 3.1

Here A, is (minus) the Stokes operator with homogeneous boundary conditions, and
(84 (t))r=0 its corresponding semigroup (cf.Theorem 2.1).

Next step is to prove that w(#) is well defined in some functional spaces and has
some regularities useful to treat the nonlinearity of the Navier—Stokes equations.

Proposition 3.1 Ler o € [0, %] and assume that hy : (0,T) x Q - W=%4(T,; H)
is F-progressive measurable with P — a.s. paths in L? (0, T; W=%49(T",)). Then the
process w defined in (3.1) is a well defined process with P — a.s. paths in

o

L 0—
HOPO, T;D(AX > ")) forall 0 €0,1), & > 0.

In particular, if hp satisfies Hypothesis 1.1, then w has P — a.s. trajectories in
C([0, T1; H) N L*0, T; LY.

Proof By replacing hj, by 1j0,.1,1x/s. T, being the following stopping time
T :={r €[0.T]: hllLr@©,;w-eaq,;Hy) =1} where inf@:=T,
for all n > 1, it is enough to consider the case hj, € L?((0, T) x ; W=%4(T,; H)).

Let & > 0 be fixed later. From Corollary 2.3 and Theorem 2.7 we have that P —a.s.
and for each 6 € [0, %)

. a1,
W= / Sq( — S)qu +2q ,/\[[hb(s)] dW’H(S) c H@,p(o’ T: D(A(II/2_9))
0

Therefore, P — a.s.,

I+a 1

+e L —
w=A4, ¥ @eH"0 T:DAX > ).

Finally, note that, by Hypothesis 1.1, Theorem 2.1 and the Sobolev embeddings (see
e.g. [9, Proposition 2.7]) we can find 61, 6> € [0, %) and & > 0 such that

L_a_g
HOPO, T;D(AZ > ) < C([0, T; H),

L _a_g
H®P(0,T; DAY > " ")) = L0, T; LY.
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where the first embedding follows from o < 1 — 2 and the second one from the

remaining conditions in Hypothesis 1.1. Hence the proof is complete. O

3.2 Auxiliary Navier-Stokes type equations
Having solved the Stokes problem we introduce the auxiliary variable
v (1) = u () —w(),

which satisfies (1.4), i.e.

v+ @w+w)-Vw+w)+ V(P —p)=vAv, on(0,T) x O,
divv =0, on (0,7) x O,
v=0, on (0, 7T) x I',
d;v; =0, on (0, T) x I'y,
v =0, on (0,7) x I'y,
v(0) = ug, on O.

This first equation in the above system has the form
oov+v-Vvo+ Vo =vAv— L (v, w)
with the affine function
Lw,w)=v-Vw+w-Vv+w--Vw.
For each w € Q fixed, the Navier—Stokes structure is preserved and the auxiliary
equation for v with homogeneous boundary conditions is solvable similarly to the
classical Navier-Stokes equations. Therefore, let us introduce the notion of weak

solution of the deterministic problem (1.4) with random coefficients. Recall that A
and b are (minus) the Stokes operator on L2 and defined in (2.16), respectively.

Definition 3.2 Givenug € H and w € L* (0, T; IL4), we say that
veC(0,T]1; HYNL*(0,T;V)

is a weak solution of Eq. (1.4) if

t

(v(1), ¢) _/o b (s)+w(s),d,v(s)+w(s)) ds
t
= (0. #) = [ (). Ad) ds

forevery ¢ e D(A) and ¢t € [0, T].
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Theorem 3.3 For every ug € H and w € L* (O, T; L4), there exists a unique weak
solution v of Eq. (1.4). Moreover; v satisfies for all t € [0, T]

t 13
@1 +2 [ IV0 6 ds = ol +2 [ 60w +b w0, 0) ) ds.
0 0
3.2)
If (uﬁ)neN is a sequence in H converging to ug € H and (wW"),cN Iis a sequence
in L* (0, T; L4) converging to w € L* (O, T, ]L4), then the corresponding unique

solutions (V"),cn converge to the corresponding solution v in C ([0, T1; H) and in
L2(0,T; V).

Proof We split the proof into several steps.
Step 1: Uniqueness. Let v¥) be two solutions. The function z = v — v satisfies

t
(z (), d) — f (b (v(l) +w, ¢, v 4 w) —-b (v(z) + w, ¢, v® 4 w)) ds
0
t
= [ 6.0 as
0
for every ¢ € D (A). A simple manipulation gives us

b (Ua) +w, ¢, v+ w) —b (v(2> +w, ¢, v? + w) —b(z,9,2)

=b (v(z) +w, ¢, z) +b (z, o, @ + w)
hence
t t t ~
(). ) —fo b(s).$.2(5) ds = —[0 (2 (5). Ag) ds+/o (7). 6) ds
where
f: —B (v(z) +w, z) - B (z, v® 4 w).
By Lemma 2.5, fe L? (0, T; V*). Then, by Theorem 2.6,
t t
Iz (1)1 + 2/ IVz ()17 ds = 2/ b (z, z,v@ 4 w) (s) ds.
0 0
Again by Lemma 2.5, we have

’b (z, 2, v? + w)‘ < ‘b (z, z, v(z))’ +1b(z, z, w)

(o
2 2 2 2) 4
= ellzlly +ellzlly + szl (AR
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C
2 2 200,114
tellzlly +elizlly + izl lwlips

C
= dellzly + 51212 (1@ 1 + Hwilf )

2

Summarizing, with 4¢ = 1, using the fact that Izl = 1Vzll;,,

C»

renaming the constant

t t
||z<t>||2+/0 IVz ()17, ds < c/o ||z(s)||2(1+ 1@ ()l s + ||w<s>||3‘L4) ds.

We conclude z = 0 by the Gronwall lemma, using the assumption on w and the
integrability properties of v®.

Step 2: Existence. Define the sequence (v") by setting v” = 0 and for every n > 0,
givenv" € C ([0, T]; H)N L% (0, T; V), let v"*! be the solution of equation (2.15)
with initial condition ¢ and with

—B(V",w) — B (w,v") — B (w,w)
in place of f. In particular
1
(o7 0. ) - / b (" (). 9, 0" () ds
0

= (uo, ) — fot <v"+l (5) A¢> ds

—/ (B (v",w) + B (w,v") + B (w, w)) (5), ¢) ds
0

for every ¢ € D (A). In order to claim that this definition is well done, we notice that
B (v, w), B (w,v"), B (w,w) e L*(0,T; V¥)

by Lemma 2.5.
Then let us investigate the convergence of (v"). First, let us prove a bound. From
the previous identity and Theorem 2.6 we get
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t
" @) +2 f Vo™ ()12, ds
0

— ||uo||2 + Q/OI (b (v", "t w) +b (w, " v”) +b (w M w)) (s) ds.

It gives us (using Lemma 2.5)

t
o™ @))1* + /0 IV ()17, ds
t
= ||M0||2+8/0 " ()13 ds

t t
+cgf0 " I (14 e 1 ) ds+ce/0 lw ()14 ds.

Choosing a small constant &, one can find R > ||lug||> and T small enough, depending
only from [lugll and [|w| 74 (o, 7.1.4), such that if

T
sup [[v" (1)]|* < R, f v ()1} ds < R (3.3)
1€[0,T] 0

then the same inequalities hold for v"*!.
Set w, = v" — v"~!, forn > 1. From the identity above,

(e @), ) = [ (o (v v )~ (00 ) s
_ /Ot (Wit (5), Ad) ds — /Ot <(B (", w) - B (vn,], w)) (s) . gb> ds
— /(;t <<B (w, v”) —B (w, v"_1>) (s), ¢>> ds.
Again as above, since

b <U"+1, b, v"“) —b (V" ¢, ") = b (Wat1, §, Wat1)
=b V", ¢, wa1) + b (wps1, 9, V")

we may rewrite it as
t
(Wt (1), @) — / b (wnt1(s), @, Wpy1 (5)) ds
0

t t
=—f0 (Wnt1 () Ad) ds—/0 (B (wns w) + B (w, wn)) (5), ¢) ds
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t
[ G000 w00) 4 b (wr11.6.07) ) .
0
One can check as above the applicability of Theorem 2.6 and get
2 ' 2
lwn1 DN+ 2/0 IVwn41 ()1l72 ds
13
:2/ (b (wrh wn+1,w)+b(wvwn+l’wn)) (s) ds
0
t
+z/ b (w1, was1, 1) (5) ds.
0
As above we deduce

1
2 2 4
b (W1, Wat1, V") < S Iwnslly + Clliwn 4l V"I 4-

But
b b 1 2 1 2 20 14
b i W, w) +b (W, Wt wn)| < S w4+ 5wl + Cllun P lwiis.
Hence
2 ! 2
s OF + [ 1V )1 d
0
t
< [ ©F (1417 0)1) &
0
L[ 2 ! 2 4
7 [ M @1 ds+C [ w610 @1 ds.
0 0

Now we work under the bounds (3.3) and deduce, using the Gronwall lemma, for T,
depending only from [[uo|| and ||w||4(9 7.1.4), possibly smaller than the previous one,

T
sup [|wnt1 (DI + / lwnt1 ()11 ds
1€[0,T] 0

1 T
= (r>||2+/ llwy ()13 ds |-
1€[0,T] 0

It implies that the sequence (v") is Cauchy in C ([O TJ ; H) NL2 (0, T; V). The limit
v has the right regularity to be a weak solution and satisfies the weak formulation; in
the identity above for v*! and v"* we may prove that

t t
/b(v”“ (s), ¢, V" (s)) ds—>/ b (s),d,v(s)) ds
0 0
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ftb(v”(s),¢,w(s))ds—)/tb(v(s),(p,w(s))ds
0 0

t t
/ b (w (s),¢,v" (s)) ds — / b(w(s),¢,v(s)) ds.
0 0

All these convergences can be proved easily by recalling the definition of b. Similarly,
we can pass to the limit in the energy identity. After proving existence and uniqueness
in [0, 7] we can reiterate the existence procedure and in a finite number of steps cover
the interval [0, T'].

Step 3: Continuous dependence on the data. Let v" (resp. v) the unique solution
of (1.4) with data ug, w" (resp. ug, w). Since ug — wuo in H (resp. w" — w
in L*(0, T; L%)) the family (ug)nen is bounded in H (resp. the family (w"),en is
bounded in L*(0, T; L%)), by (3.2) one can show easily that the family (v"),cn is
bounded in C([0, T]; H) N L%(0, T; V) — L*(0, T; L*). Moreover for each ¢ €
[0, T], 2" := v" — v satisfies the energy relation

1 ! 1
SIO1 + /0 V2512 ds = 1 — ol
t
+ [ B0m6) 4 001,276 0" 6) — w) ds
0
t
+ [ 060276000 + win ds
0

t
+ / b(w"(s) — w(s), 2"(s), v(s) + w(s)) ds.
0
(3.4)

We can easily bound the right hand side of relation (3.4) by Young’s inequality and
Holder’s inequality obtaining

1 1! 1
EIIZ"(t)II2 + 5/0 IVZ*($)lI72ds < = lug — uoll®

t
+ C/ 12" ()17 (||v<s>||j‘L4 - ||w<s>||ﬁ‘L4) ds
0
n 2 nn2 2
+ Cllw" = wlag ppey (10" 1240 7ipe) + 100120 7215))
+ Clw" = s gy (VB sy + 101 rizs) - G5

Applying Gronwall’s inequality to relation (3.5) the claim follows immediately. O

Remark 3.4 Freezing the variable @ € Q2 and solving (1.4) for each w does not allow
to obtain information about the measurability properties of v. However, measurability
of v with respect of the progressive o-algebra follows from the continuity of the
solution map with respect to uo and w. Therefore we have the required measurability
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properties for v with w being the mild solution of (1.3). In particular v has P-a.s. paths
in C(0, T; H) N L%(0, T; V), it is progressively measurable with respect to these
topologies and

t
(v(t),¢)—/0 b(w(s)+w(s),d,v(s)+w(s)) ds
t
= (ug, ¢) —/ (v(s),Ap)ds P —a.s. 3.6)
0

forevery ¢ e D(A) and ¢t € [0, T].

Proof of Theorem 1.4 1t follows immediately combining Proposition 3.1, Theorem 3.3
and Remark 3.4.

4 Interior regularity
4.1 Stokes equations

As in the proof of Theorem 1.4, by a stopping time argument we may assume that /1, is
also L?(£2)-integrable, cf. the beginning of the proof of Proposition 3.1. This fact will
be used below without further mentioning it. We start showing a lemma, concerning
the relation between the mild and the weak formulation of (1.3) defined below.

Definition 4.1 Let Hypothesis 1.1 be satisfied. A stochastic process w is a weak solu-
tion of (1.3) if it is F-progressively measurable with P — a.s. paths in

w e C(0, TT; H) N L*0, T; LY

and for each ¢ € D(A)

t

t
0. 6) == [ 065, 40) a5+ [ 56, D o ) Wr(s) G.D)

foreacht € [0, T], P —a.s.

Note that the last term in (4.1) is well-defined as @ < 1/2 and ¢’ < 2.

Remark 4.2 In the definition above, the term (/4 (s), ¢)W,a,q (). Weed' () is given by
the following linear operator on H:

H > h/ = (hb(s)h/» ¢)W—a.q(ru)’wa,q/([‘u) = L(b(hb(s)h/)

where Ly = (-, ®)y—aq(r,) wed r,) BY the ideal property of y-spaces and
y(H, W=*4(T,)) = W=*4(T',; H) we have

I{hs(s), ¢>W—a,q([‘u)’wa<q/(ru)”'H* § “hb(s)”W‘“JI(I—'H;H)||¢||Wa,q’(ru)’
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a.e.on (0, T) x Q2. Whence, the stochastic integral in (4.1) is well-defined with scalar
value as

' 2
E |:‘ /(; (hb(s)’ ¢>W_a’q(ru),wa<‘1/(ru) dWH(S)‘ i|
' 2
=E [/() I {7p(s), B waa(r,) wed ) lHe ds]

T
<E [ fo ||hb(s)||%v_a.,,(ru;m||¢||§V_a,q,(ru)ds} < o0,

where the last estimate follows from Hypothesis 1.1.

Lemma 4.3 Let Hypothesis 1.1 be satisfied. There exists a unique weak solution of
(1.3) in the sense of Definition 4.1 and it is given by the formula (3.1).

Proof We split the proof into two steps.

Step 1: There exists a unique weak solution of (1.3) and it is necessarily given by
the mild formula (3.1). Let ¢ € C'([0, T1; D(A)). Arguing as in the first step of the
proof of [27, Theorem 1.7], see also [26, Proposition 17], one can readily check that
w satisfies

t t
<w<r),w<r>>=/0 <w(s>,asw<s>>ds—/0 (w(s), AW (s)) ds
t
4 /0 (5 U )y we' ey AW () (42)

foreacht € [0, T'], P—a.s. The stochastic integral in the relation above is well-defined
arguing as in Remark 4.2. Now consider ¢ € D(Az) and use Y, (s) = Sy (t —5)p, s €
[0, 7] as test function in (4.2) obtaining, since S,/ (t)|g = S(2),

t
(w(n). ) = fo (6 (5). St = D) sy o 1y W), (43)

Recalling the definition of the Neumann map N, (4.3) can be rewritten as

t
(w(n), @) =f0 NThp ()], Agr Sy (t — 5)¢) AW(s). 4.4)

Then, exploiting the self-adjointness property of S, and A, we have that weak
solutions of (1.3) satisfy the mild formulation. Therefore they are unique.

Step 2: The mild formula (3.1) is a weak solution of (1.3) in the sense of Definition
4.1. We begin by noticing that w has the required regularity due to Proposition 3.1. Let
us test our mild formulation (3.1) against functions ¢ € D(A?) C D(AZ/). It holds,
since Sy (1)|g = S(t), Aylba)y = A and exploiting self-adjointness property of S,
and A,
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t
(w(t), @) =/0 (NThp(s)], AS(t — 5)¢p) AW (s)
t
:/0 (hp(s), S(t —s)¢)W7a,q(ru),Wa,q/(Fu)dWH(s) P—a.s.,

where in the last step we used the definition of Neumann map. In order to complete
the proof of this step it is enough to show that

/0 i (5), S — By ) o oy AW (s) = — /0 ((s). Ag) ds
+ /O ho(5), By e oy W) P— s, (45)
Relation (4.5) is true. Indeed,
/0 (w(s). Ag) ds = /0 s fo N1, SG — NA%) dWa(r) P —as. (46)

The double integrals in (4.6) can be exchanged via stochastic Fubini’s Theorem, see

[20], since
t K 1/2
/0 ds (E [ fo dr [ (N Thy ()], S(s — r)A2¢>||?HD

< CT QI [I0220 1yeiriry | < 00
Therefore the double integral in the right hand side of (4.6) can be rewritten as
/O as /0 TR ], SG — ) A%9) dWaq(r)
- /O AW / T, G5 — ) A%) ds
- fo ()], AG) dWig(r)
- /0 Ny ()], AS(E— 1)) dWrq(r)
- /O (). D)yt ety W)

t
- /0 (hp(r), S(t — ")¢>W—a,q(ru),wa,q’([‘u) dWy(r) P—a.s.

Inserting this expression in (4.6), (4.5) holds and the proof is complete. O

Thanks to the weak formulation guaranteed by Lemma 4.3 we can easily obtain the
interior regularity of the linear stochastic problem (1.3). Let Ny be the P null measure
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set where at least one between w ¢ C([0, T1; H)NL*(0, T; L*),v ¢ C([0, T]; H)N
L%(0,T; V), (4.1) and (3.6) is not satisfied. In the following we will work pathwise
in  \. Ny even if not specified.

Corollary 4.4 Let Hypothesis 1.1 be satisfied. Let w be the unique weak solution of
(1.3) in the sense of Definition 4.1. Then, for all0 < t; <tp < T,x0 € O, r >0
such that dist(B (xg, r), 00) > 0,
w € C([t1, 2], C*°(B(x0,7); R?)) P —a.s.
Proof Denotew,, = curlw € C([0, T]; H~'(O))P—a.s. Sincedist(B (xg, ), 30) >
0, 0 <t <t < T we can find ¢ small enough such that 0 < #; —2¢ < ) + 2¢ <
T, dist(B(xg, r +2¢),90) > 0. Let us consider ¢ € C2°(O) and use VL as test
function in (4.1). This implies that w,, is a distributional solution of the heat equation
0ty = Awy,.
Since w,, solves the heat equation in distributions, a standard localization argument
and regularity results for the heat equation (see e.g. [49, Chapter 6, Section 1]) imply
that
wy €C(tH —e,tn+¢],C®°(B(xg, 7 +¢) P—a.s.

Let us now consider a test function ¢ € C°(B(xo, r + ¢)) identically equal to one on
B(xg, r + €/2). Since divw = 0, we have that w = ¢w solves the elliptic problem

AD = VEiw,g + Apw + 2V - Vw, Wlspeg.rie) =0

Sincew € C([t} —e, ta+¢]; L2(B(xg, r +€))) P—a.s. by Proposition 3.1, it follows
that

Viwep + Apw +2Ve - Vw € C([tg — &, T]: H ' (B(xo,r +¢))) P —a.s.
Therefore, by standard elliptic regularity theory
WeC(t—en+el; H(Bxo,r+¢)) P—as.
From the fact that ¢ = 1 on B(xq, r 4+ £/2) it follows that
weC(t —e/4, th+e/4; H (B(xo,r +¢/4)) P—a.s.
Therefore, the required regularity of w is established by inductively reiterating this

argument and by considering test functions ¢ € C°(B (xg, r + 2%)) identically equal
to one on B(xq, r + ﬁ). O
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4.2 Auxiliary Navier-Stokes type equations

In order to deal with the interior regularity of (1.4) we perform a Serrin type argument,
see [36, 47]. The regularity of w guaranteed by Corollary 4.4 will play a crucial role
to treat the linear terms appearing in (1.4). We start with the following lemma.

Lemma 4.5 Let Hypothesis 1.1 be satisfied. Let v be the unique solution of (1.4) in the
sense of Definition 3.2, where w is as in Corollary 4.4. Then, forall0 <t <thp < T,
x0 € O, r > 0 such that dist(B(xg, r), 00) > 0,

v e C(n, tl, H*(B(xp, r); R?) P —a.s.

Proof As described in Lemma 4.3, arguing as in the proof of [27, Theorem 1.7],
we can extend the weak formulation satisfied by v to time dependent test functions
¢ € cl(o0,T1; H)n C ([0, T]; D(A)) obtaining that for each ¢ € [0, T']

t

t
(v(), ¢(1)) = (0. ¢(0)) =/O (v(s), 59 (s)) ds —/0 (v(s), Ag(s)) ds

t
+/ bw@s)+w((s),ps),v(s)+w(s)ds P—a.s.
0

Choosing ¢ = —vt X, x € CX((0,T) x O) in the weak formulation above and
denoting by

w=curlve C{0,T: HHNL*(0,T) xO) P—a.s.,
wy =cutlw € C([t1, ], C*°(B(xp,r))) P—a.s.

it follows that

T

(curl(w(s) @ w(s)), Vx(s))ds

T
—/0 (@(s), I x (5)) + (w(s), Ax(s))ds = A

~

+ / (curl(w(s) ® v(s)). V() ds
0
T
+/ curl(v(s) ® w(s)), Vx(s))ds
0

(
T
+/ {@(s), v(s) - Vx(s))ds.
0

This means that w is a distributional solution in (0, 7)) x O of the partial differential
equation

0w +v- Vo = Aw — div (curl(w(s) ® w(s))
+ curl(w(s) ® v(s)) + curl(v(s) ® w(s))).
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Since dist(B(xp,r), d0) > 0, 0 < t; < 1, < T we can find ¢ small enough such
that 0 <ty — 26 <t) <th <t +2¢ < T, dist(B(xg, r +2¢),00) > 0. Let us
consider ¢ € CZ°((0,T) x O) supported in [t] — &, + €] x B(xp, r + €) such
that it is equal to one in [t; — &/2,1t2 + ¢/2] x B(xp,r + £/2). Let us denote by
@ =wy € L2((0,T) x R?) supported in [f] — &, t2 + €] X B(xg,r + ¢€),then@isa
distributional solution in (0, T') x R? of

ho=Ab—v-Vo—w-Vo+g 4.7
with

g=0Yw—-2VYy  -Vo — Avyw+v- Vo
—vYw- Vo, —Yv- Vo, +w- Viyo.

Due to Corollary 4.4 the terms

—Yw - Vo — Yv- Vo, +w- Vo e L>((0,T) x R?) P—a.s.
Therefore g € L*(0, T; H-'(R?)) + L'(0, T; L*>(R?)) P — a.s. Then, arguing as
in the first step of the proof of [36, Theorem 13.2], the fact that @ is a distributional

solution of (4.7) implies that @ € C([0, T]; L2(R?)) N L?(0, T; H'(R?)). Therefore

w €C([t) — &/4, 12 + e/4]; L*(B(x0, r + £/4)))
NL*t —e/4,th +¢e/4; H (B(xo,r +£/4))) P —a.s.

Introducing ¢ € CZ°(B(xo, r+¢/4)) equal to one in B (xg, r +¢/8), since w = curl v,
then ¢v satisfies

Agv) = V5op + Ay +2V6 - Vo, (@V)aBaorren =0, (48)
From the regularity of w, by standard elliptic regularity theory (see for example [6]), it

follows that pv € C([t; —e/4, tr+¢/4]; H (B(xo, r+¢/4); RN L2 (11 —e/4, 1o+
e/4; H2(B(xo,r + e/4); R2)) P — a.s. Therefore, since ¢ =1o0n B(xg,r +¢/8)

veC([t — - I+ = I HI(B(X r+ - ) R2))
: 16° 2 167 0 167
N L2 _£ +i-H23 +i-R2 P-—

Let us now consider ¥ € CX((th — 5.2 + §5) x B(xo,7 + {g)) such that it is
equal to one in [t] — 55,7 + 53] X B(x0,7 + 55). Let us denote by & = oy €
C([0, T]; L*(R*)NL?(0, T; H'(R?)) supportedin (1] — &, r+ &) x B(xo, r + 1),
then @ is a distributional solution in (0, T') x R? of

Qo= Ad+ 8 (4.10)

@ Springer



Global well-posedness and interior regularity...

with

8=—v-Vo—w-Vd+ hvw—2VYy Vo — Ao +v- Vo
—&w-Va)w—lﬁv-Va)w+w-V1&a).
By Corollary 4.4 and relation (4.9) it follows that § € L?(0, T; H™'?>(R?*)) P — a.s.

Therefore & € C([0, T1; H'/2(R?)) N L?(0, T; H3/?(R?)) P — a.s. and arguing as
above

£ £ £
veCln — o o+l H3?(B(xo, 7 + ) R?))

e e e
NL* (1t — —.n+ —, H/*(B —):R?) P—a.s.
(1 64’2+64’ ( (Xo,r+64), ) a.s

This concludes the proof of Lemma 4.5. O

Corollary 4.6 Let Hypothesis 1.1 be satisfied. Let v be the unique weak solution of (1.4)
in the sense of Definition 3.2, where w is as in 4.4. Then, forall0 < t; <tp < T,
x0 € O, r > 0 such that dist(B(xg, r), 00) > 0,

v e C(h, tl; C®(B(xp, r); R?)) P—a.s.

Proof Since dist(B(xg,r),d0) > 0, 0 < t; < tp < T we can find & small enough
suchthat 0 <1 —2e <1 <th <tp+2¢ < T, dist(B(xg, r +2¢),30) > 0 and
Y e CX((0, T) x O) supported in [t] —¢, tp +€] x B(xp, r +¢) such that it is equal to
onein[t;+¢&/2,th+¢/2] x B(xg, r +¢/2). From Lemma 4.5 and Sobolev embedding
theorem we know thatv € C ([t —¢, t+¢]; L% (B (xq, r +¢); Rz))P—a.s.Denoting
by

w=curlve C(0,T); HHNL*(0,T) x 0),
wy =curlw € C([t; —2¢,t, +¢], C®°(B(xp, r +2¢))) P—a.s.

and ® = wy € L2((0, T) x R?) supported in [t] — €, t» + €] X B(xg, r + ¢), then,
arguing as in the proof of Lemma 4.5, it follows that @ is a distributional solution in
(0,T) x B(xg,r +¢) of

0w =A0+ g (4.11)

with

g=—v-Vo—w-Vo+ Yo —2VYy -Vo — AVw+v-Vyw
—vYw- Vo, —yYv- Vo, +w- VYo.

From the regularity of w, v, @, wy, w,then g € L3t —e,th + & H Y (B(xo, 7 +
¢))) P—a.s. By standard regularity theory for the heat equation, see for example Step 2
in [36, Theorem 13.1], a solution of (4.11) with § € L%(t; —e, to+&; H* 1 (B(xo, r +
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£))), k € N,belongs to C([t; —&/2, ta+¢&/2]; H*(B(x0, r+¢/2))NL*(t1 —&/2, 12+
e/2; H**\(B(xo, r + €/2))). Therefore

®eC(t; —e/2, 1+ ¢/2); L*(B(xo, r +¢/2)))
NL*t —e/2,th +¢/2; H (B(xo,r +¢/2))) P—a.s.

which implies

w e C([h — /4,12 + /41, L*(B(xo, r + £/4))
NL*t —¢e/4, th+¢e/4; H (B(xo,r +¢/4)) P—a.s.
since Y = 1on (t] —&/2, 1 +&/2) x B(xg, r + ¢/2). Considering now ¢ € C°(O)
supported on B(xg, r + €/4) such that ¢ = 1 on B(xg,r + €/8), since curlv = w
then ¢v satisfies
Apv) = V¥wd + Apv +2V$ - Vv, ($0)lgp(rg.r-te/a) = 0. (4.12)

Since

V6iwp + Agv +2V¢ - Vv € C([t) — &/4, 12 + £/41; H (B(x0, r + £/4)))
NL%t; —e/4, th +e/4; L*(B(xo, r +¢/4)) P—a.s.,

by standard elliptic regularity theory (see for example [6]),

pv e C(lty —e/4, 12+ &/AL; H' (B(xo, r + £/4)))
NL*t —e/4,tr +c/4; HX(B(xo,r +£/4))) P —a.s.

Since ¢ = 1 on B(xg, r + €/8) then

Vet — —. th+ —1: H (B(xo. 7 + —)))
—_— — — ; x ’r —
T 16 T 16 " 16
e e e
NLX(t — —., 4+ —; H*(B(xo,7 + —))) P —a.s.
(11 TARIT (B(xo r+16))) a.s
Reiterating the argument as in Step 3 in [36, Theorem13.1] the thesis follows. O

Proof of Theorem 1.7 The claim follows by Corollaries 4.4 and 4.6 and a localization
argument. Moreover, to obtain the claimed smoothness up to time ¢+ = T, let us
consider the extension by 0 of 45, on [0, T + 1], i.e.

~ hy(),  if 1 €(0,7),
hy(t) = { .
0, if te(T, TH+1).

Let i be the unique weak solution (1.2) provided by Theorem 1.4 with T replaced by
T + 1. Then, by Corollary 4.4, Corollary 4.6 and a standard covering argument, for
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all 19 € (0, T), Oy C O such that dist(Og, 00) > 0,
e C([ty, T]; C*=(Op; Rz)) P—a.s. (4.13)

Now, let # be the unique weak solution of (1.2) provided by Theorem 1.4. By
uniqueness, we have u = ][, 7] and the conclusion follows from (4.13).
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Appendix A: H®-calculus for the Stokes operator

In this appendix we prove Theorem 2.1. Here we use the transference result proven
in [42]. In this section we also need the concept of R-sectoriality, which can be again
found in [43, Chapters 3 and 4] and [32, Chapter 10].

To discuss the main idea in the proof of Theorem 2.1, let us define the operator
B,v := —Av on L(O; R?) with domain

D(B,) = |f = (fi. ) € W (O;R?) : fIr, =0,
f2|ru = aZf1|ru = 0}
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Note that B, has the same boundary conditions of A,. However, B, is considerably
more simple than A, since, to study its spectral properties, it is possible to use reflection
arguments which are not available for the Stokes operator, cf. Appendix 1.

We prove Theorem 2.1 by using the transference techniques developed in [42]. By
[42, Theorem9], we divide the proof into the following steps:

(1) Boundedness of the H“°-calculus for A, and B, (i.e. in the Hilbertian case).
(2) Boundedness of the H*-calculus for B, for all g € (1, 00).

(3) R-sectoriality of A,.

(4) Conclusion via transference and interpolation [42, Theorems 5 and 9].

A.1The Hilbertian case

Here we analyse the L2-case of Theorem 2.1, i.e. the operators A := Ay and B := B
acting on 2 and [?(Q; R?), respectively.

Proposition A.1 A and B are positive self-adjoint operators, and
D(A”) = D((A*)") = H(0), D(B”) =D((B*)") = H (O;R*) (A.D)

forally € (0, ).

The above result and [32, Proposition 10.2.23] imply that A and B have bounded
H*°-calculus of angle 0. Below we mainly focus on the operator A. The argument to
treat B is analogous and simpler.

Consider the elliptic problem associated to A, i.e.

—Au+Vr=f, on O,

divu =0, on O,
u=0, only, (A.2)

d;u; =0, onl,,

upy =0, onl,.

If f € V*, the definition of weak solutions u € V is standard and similar to the
one of (2.1). The well-posedness of (A.2) is analysed below.

Proposition A.2 For each [ € V* there exists a unique solution of problem (A.2).
Moreover if f € H then u € D(A) and

lullpay + 7 llgrr < CILI-
Proof Existence of weak solutions follows immediately by Lax—Milgram Lemma,
since Poincaré inequality holds in V. Therefore we can endow V with the norm

IVully := |[Vull;2 equivalent to the standard H ! norm. Let now f € H, therefore
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the weak formulation satisfied by u reduces to

(Vu, Vo) =(f,9) Vo eV. (A3)
Considering ¢ € D(O) it follows that

(Au—+ f,¢)poy Do) =0,
therefore by [51, Proposition 1.1, Proposition 1.2] it exists 7 € L%(D) such that

—Au+Vr=f (A4)
in the sense of distributions and
17l 2 < CllAul g1 + £ S I
The higher regularity follows by the standard Niremberg’s method of finite difference
quotients. Therefore, fix 4 > 0, extending periodically either # and f in the x direction
and consider ¢ = t,T_pu as a test function in (A.3), where T,v = w
Then by change of variables it follows that
lT—nVull = CIIfII.
The relation above implies that
0xVull < CII fI.
Let us now consider ¢ = 9,¥, ¥ € D(O) as test function in (A.3). Therefore arguing
as above it follows that 8,77 € L2(O) and ||d, lz2 < NIl Since Eq. (A.4) is satisfied
in the sense of distribution and u is divergence free it follows that
9.7 = fo + dxtts — dyouy € L2(O).
This implies that ||V |2 < || fIl. Lastly u satisfies
—dzuy = =37 + dyyuy + f1 € L(O),
which completes the proof. O
We are ready to prove Proposition A.1.

Proof of Proposition A.1 Step 1: A and B are a positive self-adjoint operators. As
above we only discuss the operator A. The positivity of A is clear. Next, note that,
integrating by parts

(Au,v) = (u, Av) Vu,v € D(A).
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This means that A is symmetric. It remains to show that D(A*) = D(A) and Yu €
D(A), A*u = Au. By definition

DAY Y={ueH: F:D(AYCH—R, F®) = u, Av)

has a linear bounded extension on H}.

Foreachu € D(A*), F(v) = (u, Av) = (fy, v) therefore A*u = f,. In particular,
Yu € D(A*) (u, Av) = (A*u, v). Thanks to the fact that A is symmetric we have
D(A) C D(A*). Givennow v € D(A*), f, = A*v € H, let us consider the boundary
value problem (A.2) with forcing term equal to f,,. By Proposition A.2 it has a unique
solution (w, ) € D(A) x H'(O), this implies that Aw = f, = A*v. For each
z € H, let us consider the boundary value problem (A.2) with forcing term equal to
z. By Proposition A.2 it exists a unique S; € D(A) such that As, = z. Therefore
(z,w —v) = (As;, w —v) = (s;, Aw — A*v) = 0 thanks to the fact that A is
symmetric. Since z is arbitrary, then v = w and the claim follows.

Step 2: Proof of (A.1). We begin by proving the first identity in (A.1). Note that
D(BY) = D((B*)?) for y < 1/2 follows from [34, Theorem 1.1] and Step 1. By Step
1 and [32, Proposition 10.2.23], B has bounded H *°-calculus and in particular B has
the bounded imaginary powers property, [43, Subsection 3.4]. By [43, Theorem 3.3.7],
D(B?) = [L*(O; R?), D(B)], forall y < 1. The latter gives D(B?) = H* (O; R?)
in case y < 1/4 by [44]. The second identity in (A.1) follows analogously, where
one uses the argument in [28] (see also [48, Proposition 5.5, Chapter 17]) to deduce
D(AY) = H? (O) from the first identity in (A.1).

A.2 Bounded H*-calculus for Laplace operators

In this subsection we prove the boundedness of the H*°-calculus for B, . The basic idea
is to use the product structure of the domain O and to write Byu = (Lg,ru1, Lg,pU2)
where

D(Lyp) = {f € W»(O) : fIr, = fIr, =0}, Lypfi=Af,
D(L4R) = {f e W24(0) : . flr, =0, flr, = 0}, Lyrf =Af.
Proposition A.3 (Bounded H *°-calculus for Laplace operators) Let ¢ € (1, 00) and

let O be as above. Then —Lg p and —Ly R have a bounded H°-calculus of angle 0.
In particular B, has a bounded H®-calculus of angle 0.

The above statement also holds for the Neumann Laplacian, but it will not be needed
below.

Proof We divide the proof into three steps. In the first step, we exploit the product
structure of our domain to reduce the problem to a one dimensional situation.

Step 1: Reduction to the 1d case. Then the Dirichlet and the Robin Laplacian in 1d
are given by

D(ty.p) = {f € W*(0,a) : f(0) = f(a) =0}, Lyrf =0;f,
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D(lgr) == {f € W9(0,a) : 8 f(0) = f(a) =0},  Lorf :=0l].

Let us consider £ p, the other case is analogue. In this step we assume that —¢, p has
abounded H*-calculus of angle 0. Let £, p be the Laplacian on the periodic torus T
with domain W24 (T). The boundedness of the H>-calculus for —£4,p such operator
follows from the periodic version of [32, Theorem 10.2.25] and wgoe (€4, p) = 0.

On L?(0) considers the operator

Cep N = Lupf (@, Ep 2 = € f(x. N,

with the corresponding natural domains. It is clear that both Z((ix])j and ZEIZ) have
bounded H *°-calculus of angle 0. Now by sum of commuting operators [43, Corollary
4.5.8], the sum operator —A, := —Z;)f])) — 6((;)1) has a bounded H *°-calculus of angle
0 with domain

D(A,) = D(E(") )N D(E(Z) ) =D(L,.p)
where the last equality follows from elliptic regularity.
Step 2: — Ly p has a bounded H*°-calculus of angle 0. By rescaling and translation

we may replace (0, a) by (—m, ). Let £, p be the Laplacian on the periodic torus
T = (—m, m) (as measure space) with domain W24(T). Let

Yi={feL*T): f=)_ fusin(nx) where (f)n=1 € £*}.

n=>0
Itis clear that Y C LZ(']I‘) is closed, and
(o—Lyp) ' 1Y — Y forall A€ p(Lyp).
Now note that L p is the part of £, p on Y, i.e.

D(Lyp) ={f €DUgp)NY : Lypf €Y},
Lq,Df = Zq,pf for all f (S D(Lq,D).

Now the claim of Step 1 follows from [32, Proposition10.2.18] and the periodic version
of [32, Theorem10.2.25].

Step 2: —Ly R has a bounded H*-calculus of angle 0. As in the above step, by
rescaling we replace (0, a) by (0, ). Consider the reflection map

f@  z€0m),

R =
T
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Let L, p be the Dirichlet Laplacian on (—, 7). Then one can readily check that
p(Lgp) € p(LyRr)andforall A € p(L, D)

0= Ly = [0~ Lop) RS

Now the claim follows from Step 1 and the definition of H°°-calculus. O

A.3 R-sectoriality for the Stokes operator

For the notion of R-boundedness of a family of linear operators we refer to [32,
Chapter 8]. For a family of linear operators _¢#, the R-bound is denoted by R(_#).
As in [32, Chapter 10], we said that operator 7 on a Banach space X is said to be
R-sectorial if there exists ¢ € (0, ) such that p(A) € {A € C||argh| > © — ¢}
and

ROAGL—T)""|arghr| > 7 — ¢) < oo.

The R-sectoriality angle is the infimum over all ¢ € (0, ) for which the above holds.
The main result of this subsection reads as follows.

Proposition A.4 Forallq € (1, 00), the operator A, is R-sectorial with R-sectoriality
angle < /2.

Proof Fix g € (1, 00). For simplicity we first prove the statement for a shifted Stokes
operator and in a second step we conclude by a simple translation argument.

Step 1: There exists Ly such that Ay + Agis R-sectorial with R-sectoriality angle
< 1 /2. Due to the the well-known equivalence of maximal L?-regularity and R-
sectoriality proven by L. Weis [54] (see also [43, Subsection 4.2, Chapter 3]), it is
enough to show that, for all f € L9(0, 1;1LY), the Stokes problem on O,

ou=Au—VP+f, on (0, 1) x O,

divu =0, on (0,1) x O,
u =20, on (0,1) x I'p, (A.5)
uy = d;u; =0, on (0,1) x I'y,

u(0) =0, on O,

admits a unique solution in the class
ue whi,1; L) N L0, 1; W>1(O)), P eLi0,1; Wi (0)). (A.6)

The proof follows a standard localization argument. Let (¢ j)?’:l be a smooth par-
tition of the unity such that, for all j € {1, ..., N}, diam(supp ¢x) < %

either suppp; N (T x {0}) =@ or supp¢p; N (T x {a}) = 2.
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Fix k € {1,..., N}. Multiplying (A.5) by ¢, we obtain for uy := ¢ru and Py =
¢r P either

Oup = Aug — VP + ¢p f + Li(u, P), on(0,1) x R x (0, 00),

divug = Vo - u, on (0, 1) x R x (0, 00), A7)
up =0, on (0, 1) x R x {0}, '
ug(0) =0, on R x (0, 00),

or

up = Aug — VP +¢r f + Li(u, P), on(0,1) xR x (—00,a),

divug = Vo - u, on (0, 1) x R x (=00, a),

$ruz =0, on(0,1) xR x {a},  (A.8)
0z (prur) = u10:¢x, on (0, 1) x R x {a},

up(0) =0, on R x (=00, a).

Here L denotes a lower order operator w.r.t. to the maximal regularity space for (u, P)
in (A.6).

Maximal L?(L7)-regularity estimates for (A.7) and (A.8) are proven in [43, The-
orem 7.2.1] in the case of no-slip or pure-slip, respectively (see conditions (7.16) and
(7.17) on [43, p. 323]). Now a-priori estimates for solutions as in (A.6) in the maximal
LP(L9)-regularity class W'9(0, 1; LY)N L9 (0, 1; W24 (0O)) follows by repeating the
localization argument of [43, Subsection 3.4 in Chapter 7] to adsorb the lower order
terms.

It remains to discuss the existence of solutions as in (A.6). Arguing as in step 3
of Theorem 2.2 and using L2-theory, one can prove existence of smooth solutions to
equation (A.5) in case of smooth data f. Hence the existence follows from a standard
density argument and the a-priori estimates obtained above for solutions in the class
wha(0, 1; L9) N L9(0, 1; W24(0)).

Step 2: Conclusion. By Step 1, it remains to remove the shift A,. Arguing as in [1,
Proposition 2.2], by holomorphicity of the resolvent and [43, Proposition 4.1.12], it
is enough to show that

p(Ay) S {reCllargz| > ¢}, forsomey < /2.
In the case ¢ > 2, noticing that (A — A;) = (A — A4 — Ay) + A4 and that
phg +Ay) € {A eCl|argz| > ¢} for some ¢ < 7/2 by Step 1, the conclusion can

be obtained by using a standard bootstrap method via Sobolev embeddings.
In the case ¢ < 2 one uses (A,)* = Ay O

A.4 Proof of Theorem 2.1

As the proof of Theorem 2.1 follows the one of [42, Theorem 16], we only provide a
sketch.

@ Springer



A. Agresti, E. Luongo

Proof of Theorem 2.1—Sketch Step 1: There exists B > 0 for which the following
estimates hold:

sup R(p(2/ s Ay (127 By)) S 27P°,
1<t,s<2

sup R(p(2/ " s A2 Ly 12 By)") £ 277,

1<t,s<2

(A.9)

Recall that R(_#) stand for the R-bound of the family of operators _Z, see [32,
Chapter 9] for details on R-boundedness.

By elliptic regularity we have P : H'(O; R?) — H!(0O). Interpolating we obtain
P: HS(O; R?) — H*(O; R?) forall s € (0, 1). Hence P : D(BY) — D(AY) for all
y € (0, 1/4). The estimate (A.9) now follows from [42, Proposition 10] and (A.1).

Step 2: Boundedness of the H®-calculus. Next we argue as in the proof of [42,
Theorem 5]. Letg € (1, oo) be as in the statement of Theorem 2.1 and fix p € (g, 00).
By R-sectoriality of A, and B, (i.e. Proposition A.4) and [32, Proposition 10.3.2],

RptAp) :t>0)<cy and R (sBp) : s >0) <cp. (A.10)

Note that (A;),e(1,00), (Br)re(1,00) are consistent family of operators. Hence, by com-
plex interpolation and [32, Proposition 8.4.4], we have that (A.9) holds for some
B = B(r, p) > 0 and with (A3, B,) replaced by (A, B;). Now the boundedness of
the H®°-calculus follows from [42, Theorem 9].

Step 3: Description of the fractional powers. To obtain the description of the frac-
tional powers of A, and B, one can argue as in the proof of (A.1) by using the bounded
imaginary power property and [28, 44].
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