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Summary 

  

Asphaltic mixtures are heterogeneous composite materials consisting of aggregates 

coated and bound by asphalt binder. The long term performance of asphaltic 

pavements is highly dependent on the mechanical behaviour of the asphaltic mixture 

during construction (mixing and compaction) and operation; inadequate mixture 

compaction leads to faster moisture and oxygen diffusion, ravelling, rutting and poor 

fatigue life.  

Generally, the decision making process by pavement constructor for compaction of 

asphaltic layer is based on past experiences and laboratory results. Both approaches 

have uncertainty and will not necessarily provide the optimum solution in terms of 

time, cost and quality. Alternatively, utilizing a model that predicts the compaction 

curve before construction can help the constructor to estimate the influence of each of 

the influential parameters on the compaction curve. As such, he/she can plan for a 

more realistic compaction pattern. 

This thesis focuses on developing new constitutive models applicable for simulation 

the (a) compaction process of asphaltic materials and (b) no-tension characteristics of 

unbound aggregates. The research methodology for developing the compaction model 

is chosen as a spiral methodology with four major stages. Within these stages, various 

aspects that the asphaltic mixture experiences during compaction process are taking 

into account (Chapter 1). This approach is the most significant feature that 

differentiates the compaction model from previous works in the same field of 

research. 

The first stage of developing the compaction model addresses the elastoplastic 

behaviour of aggregates as the main structure of the asphaltic mixture. In this regard, 

a new yield surface that can capture the pressure dependency and shear failure of 

aggregates is formulated and implemented in an elastoplastic algorithm. In addition, 

an isotropic hardening law is derived to consider the expansion of the yield surface 

and material hardening (Chapter 2). 

The second stage of developing the compaction model focuses on the response of 

aggregates when subjected to cyclic loading. In this respect, a similar formulation for 

the yield surface in Chapter 2 is utilized for the boundary surface and is implemented 

in the cyclic plasticity algorithm (Chapter 3). 

The third stage of developing the compaction model is related to the viscoelastic 

characteristics of asphalt binder as a component of asphaltic mixture. In this context, 
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based on Quasi Linear Viscoelasticity, an algorithm in a large strain framework is 

developed that simulates the response of asphalt binder under various temperatures 

(Chapter 4).   

The fourth stage of developing the compaction model combines the elastoplasticity, 

cyclic plasticity and viscoelasticity algorithms according to the theory of mixtures. 

Additionally, the influence of temperature on the mechanical characteristics of the 

components of asphaltic mixture and various types of hardening that the mixture 

experiences during compaction are reviewed (Chapter 5). 

The no-tension characteristics of unbound aggregates are simulated by modifying the 

strain energy function of a hyperelastic material. The results indicate that utilizing the 

no-tension model instead of common elastic models for predicting the behaviour of 

unbound aggregates in base layer influences the overall response of flexible pavement 

(predicted by simulation) significantly (Chapter 6). 

In conclusion, this thesis opens a new gate towards formulating new constitutive 

models for asphaltic materials and geomaterials (Chapter 7). These models can 

contribute in developing software packages for simulation the mechanical behaviour 

of flexible pavements during construction phase. 
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Samenvatting 

  

Asfaltmengsels zijn heterogene composietmaterialen bestaande uit toeslagstoffen 

gevat in een asfaltkleefmiddel. De wijze waarop asfaltverharding op de lange termijn 

presteert, is sterk afhankelijk van de mechanische eigenschappen van het 

asfaltmengsel tijdens het leggen ervan (mengen en verdichten) en tijdens het gebruik; 

onvoldoende verdichting van het mengsel versnelt de diffusie van vocht en zuurstof, 

veroorzaakt het ontstaan van rafeling en permanente vervorming en verlaagt de 

vermoeiingsweerstand.  

Doorgaans beslist de aannemer van het werk op basis van laboratoriumtesten of 

ervaring welke mate van verdichting de asfaltlaag vereist. Beide technieken kennen 

onzekerheden en leveren niet per definitie optimale oplossingen in termen van tijd, 

kosten en kwaliteit. Als alternatief kan de aannemer voorafgaand aan het werk een 

voorspellend model gebruiken dat de invloed schat die alle belangrijke parameters 

uitoefenen op de verdichtingscurve. Dat stelt de aannemer in staat om een realistischer 

verdichtingspatroon te plannen. 

Dit proefschrift richt zich op het ontwikkelen van nieuwe constitutieve modellen voor 

het simuleren van (a) het verdichtingsproces van asfaltmaterialen en (b) de 

eigenschappen van ongebonden toeslagstoffen zonder trekvastheid. Als 

onderzoeksmethode voor de ontwikkeling van het verdichtingsmodel is gekozen voor 

een spiraalmethode met vier hoofdfasen. In deze fasen komen de verschillende 

invloeden aan bod die het asfaltmengsel ondergaat tijdens het verdichtingsproces 

(Hoofdstuk 1). Deze aanpak is het belangrijkste aspect waarop dit verdichtingsmodel 

zich onderscheidt van eerder onderzoek naar hetzelfde onderwerp. 

De eerste ontwikkelingsfase van het verdichtingsmodel behandelt het elastoplastisch 

gedrag van de toeslagstoffen als hoofdbestanddeel van het asfaltmengsel. In verband 

hiermee is een nieuw vloeioppervlak geformuleerd dat rekening houdt met de 

drukafhankelijkheid en de schuifsterkte van de toeslagstoffen. Deze formule is daarna 

in een elastoplastisch algoritme geïmplementeerd. Daarnaast is een isotrope 

verhardingswet afgeleid waarin de uitbreiding van het vloeioppervlak en de 

materiaalverharding zijn meegenomen (Hoofdstuk 2). 

De tweede ontwikkelingsfase van het verdichtingsmodel richt zich op de effecten die 

cyclische belastingen veroorzaken in toeslagstoffen. Daarbij wordt voor het 

grensoppervlak een soortgelijke formule gebruikt als voor het vloeioppervlak in 

Hoofdstuk 2, en in een algoritme voor de cyclische plasticiteit geïmplementeerd 

(Hoofdstuk 3). 
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De derde ontwikkelingsfase van het verdichtingsmodel heeft betrekking op de visco-

elastische eigenschappen van het asfaltkleefmiddel als onderdeel van het 

asfaltmengsel. Hiervoor werd een algoritme ontwikkeld op basis van quasi-lineaire 

visco-elasticiteit in een uitgebreide spanningsmatrix om het gedrag van het 

asfaltkleefmiddel te simuleren bij verschillende temperaturen (Hoofdstuk 4).   

De vierde ontwikkelingsfase van het verdichtingsmodel combineert de algoritmes 

voor elastoplasticiteit, cyclische plasticiteit en visco-elasticiteit volgens de 

mengseltheorie. Daarnaast komt de invloed aan de orde die de temperatuur heeft op 

de mechanische eigenschappen van de stoffen in het asfaltmengsel en op de 

verschillende soorten verharding die het mengsel ondergaat tijdens het verdichten 

(Hoofdstuk 5). 

Het ontbreken van treksterkte in de ongebonden toeslagstoffen wordt gesimuleerd 

door een aangepaste deformatie-energiefunctie van een hyperelastisch materiaal te 

gebruiken. De resultaten geven aan dat gebruik van een model zonder treksterkte in 

plaats van een elastisch model voor het voorspellen van het gedrag van ongebonden 

toeslagstoffen in de basislaag, grote invloed heeft op de (in simulaties voorspelde) 

algemene eigenschappen van flexibele verharding (Hoofdstuk 6). 

Tot slot beschrijft deze scriptie alternatieve manieren voor het formuleren van nieuwe 

constitutieve modellen voor asfalt- en geomaterialen (Hoofdstuk 7). Deze modellen 

kunnen een bijdrage leveren aan de ontwikkeling van softwarepakketten die het 

mechanisch gedrag tijdens de aanleg van flexibele verharding simuleren. 
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Nomenclature 

  

The superscript “cyc” refers to cyclic plasticity algorithm. 

The subscript “ ” refers to viscoelastic algorithm. 

The superscript “nt” refers to no-tension algorithm. 

 

Chapter 2   

F  Total deformation gradient 

e
F  Elastic component of deformation gradient 

pF  Plastic component of deformation gradient 

b  Left Cauchy-Green tensor 

eb  Elastic left Cauchy-Green tensor 

eτ  Kirchhoff stress tensor 

e( )bL  Lie derivative of eb  

e,τ ( , 1,2,3)ij i j   Components of Kirchhoff stress tensor 

1I  First invariant of Kirchhoff stress tensor 
dev

e,τ ( , 1,2,3)ij i j   Deviatoric components of Kirchhoff stress 

δ ( , 1,2,3)ij i j   Kronecker delta 
dev

eτ  Deviatoric Kirchhoff stress tensor 

1J  First invariant of the Kirchhoff deviatoric stress tensor 

2J  Second invariant of the Kirchhoff deviatoric stress tensor 

3J  Third invariant of the Kirchhoff deviatoric stress tensor 

p  Hydrostatic Kirchhoff pressure 
q  Equivalent Kirchhoff shear stress 

F  Yield function in elastoplasticity 

ff  Function describing shear failure of aggregates 

cf  Function describing compaction of aggregates 

θ  Lode angle 

Γ(θ)  Function related to Lode angle 

maxγ  Slope of ultimate states 

χ  Parameter controlling the position of yield cap in 1I - 2J  

space 

Z  Intersection point of cap function with 1I  axis 

Cp  
Isotropic hardening parameter known as preconsolidation 

pressure in soil mechanics 

ω  Parameter controlling the position of yield cap in p - q  space 
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USL  Ultimate surface line 

M  Slope of ultimate surface line in p - q  space 

CSL Critical state line 

β  Peak point of the yield surface 

L  Parameter controlling the curvature of yield surface 

C0p  Initial value of preconsolidation pressure 

σ ( 1,2,3)i i   Principal stress 

v  Vertical stress in triaxial test 

c  Confinement stress in triaxial test 

K  Bulk modulus  

λ  Slope of compression line 

κ  Slope of elastic loading-unloading line 

υ  Specific volume 

0υ  Initial specific volume 

0p  Initial hydrostatic pressure 

C0υ  Specific volume at initial yielding 

C0p  Preconsolidation pressure  

pυ  Specific volume by unloading at initial pressure 

Cυ  Specific volume at current yielding 

Cp  Pressure at current yielding 
*λ  Slope of compression line from experimental test 
*κ  Slope of elastic loading-unloading line from experimental test 

e,λ ( 1,2,3)i i   Principal elastic stretches 
( ) ( 1,2,3)i i n  Eigen vectors 

e,ε ( 1,2,3)i i   Elastic logarithmic strain components 

e
ε  Elastic logarithmic strain tensor 

v

eε  Volumetric elastic strain 
vε
 

  Volumetric strain 
sε    Deviatoric strain 

I  Identity tensor 
d

e
ε  Deviatoric elastic strain tensor 

v

e
ε  Volumetric elastic strain tensor 

d

e,ε ( 1,2,3)i i   Principal deviatoric elastic strain component  

s

eε  Equivalent elastic shear strain 

epψ  Strain energy function for elastoplastic model 

vol

epψ  
Volumetric part of strain energy function for elastoplastic 

model 

dev

epψ  
Deviatoric part of strain energy function for elastoplastic 

model 
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eτ  Kirchhoff stress tensor 

n  
d d

e, e,ε / ε ( 1,2,3)i i i   

vε  Logarithmic volumetric strain 
v

pε  Plastic volumetric strain 

  

v v

e e,0ε ε

κ


  

μ  Shear modulus 

K  Bulk modulus 

  
1

λ κ
 

pK  Plastic modulus 

  
Constant of proportionality according to Kuhn-Taker 

condition 
trial

eF  Trial elastic deformation gradient 

trial

e
b  Trial elastic left Cauchy-Green tensor 

t time 
trial

e,λ , ( 1,2,3)i i   Trial principal elastic stretches 
trial

e,ε , ( 1,2,3)i i   Principal logarithmic elastic trial strain components 

v,trial

eε  Trial volumetric elastic strain 
d,trial

eε , ( 1,2,3),i i   Principal deviatoric components of trial elastic strain 

s ,trial

eε , ( 1,2,3)i   Trial equivalent elastic shear strain 
trialp  Trial pressure 
trialq  Trial equivalent shear stress 
trial

Cp  Trial isotropic hardening parameter 

r  Residual vector in Newton’s method 

x  Vectors containing unknown in Newton’s method 

A  Jacobian of the system of equation in Newton’s method 

e
D  Matrix of second derivatives of strain energy function  

H  Matrix of derivatives of yield surface with respect to p  and q  

M  Matrix obtained as the multiplication of e
D  and H  

A  Reduced from of A  

r  Reduced from of  r  

x  Reduced form of x  

  

  

Chapter 3  
cyc

eτ  Kirchhoff stress tensor  
cyc

1I  First invariant of Kirchhoff stress tensor 
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 dev, cyc

e,τ ij  Deviatoric components of Kirchhoff stress 

cyc

1J  First invariant of deviatoric stress 
cyc

2J  Second invariant of deviatoric stress 
cyc

3J  Third invariant of deviatoric stress 
cycp  Hydrostatic Kirchhoff pressure 
cycq  Equivalent Kirchhoff shear stress 
cyc

e
ε  Elastic logarithmic strain tensor 

v, cyc

eε  Volumetric elastic strain (scalar) 
,d cyc

e
ε  Deviatoric elastic strain tensor 

cyc

e,iλ  Principal elastic stretches 

v,cyc

e
ε  Volumetric strain tensor 

d, cyc

e,ε , ( 1,2,3)i i   Principal deviatoric elastic strain components 

s, cyc

eε  Equivalent elastic shear strain (scalar) 

v,cycε  Total volumetric strain (scalar) 

s, cycε  Total shear strain (scalar) 

v, cyc

pε  Volumetric plastic strain (scalar) 

s, cyc

pε  Shear plastic strain (scalar) 

cycF  Yield function in cyclic plasticity algorithm 
cyc

Cp  Isotropic hardening parameter (preconsolidation pressure) 

image_Ap  Imaginary projection of hydrostatic Kirchhoff pressure 

image_Aq  Imaginary projection of equivalent Kirchhoff shear stress 

1δ  
Euclidean distance between current state of stress inside 

bounding surface with the bounding surface 

δ  
Euclidean distance between the intersection points of 

bounding surface with projection of stress increment vector 

  Scale ratio= ( 1δ

δ
) 

v

p,imε  
Imaginary volumetric plastic strain (output of return map 

algorithm) 

s

p,imε  
Imaginary shear plastic strain (output of return map 

algorithm) 
v, cyc

pε  Cyclic volumetric plastic strain 

s, cyc

pε  Cyclic shear plastic strain 

cyc

eb  Left Cauchy-Green strain tensor 

cyc
F  Deformation gradient 

cyc

pF  Plastic component of deformation gradient 

cyc,trial

eF  Elastic component of trial deformation gradient 
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cyc, trial

e
b  Left Cauchy-Green strain tensor 

cyc, trial

e,λ , ( 1,2,3)i i 
 

Principal trial elastic stretches 
cyc, trial

e,ε , ( 1,2,3)i i   Principal trial elastic logarithmic strain components 

v,cyc, trial

eε  Trial volumetric elastic strain 
d,cyc,trial

eε ,i  Principal deviatoric components of trial elastic strain 

s,cyc,trial

eε  Trial equivalent shear elastic strain 
cyc, trialp  Trial pressure 
cyc, trialq  Trial equivalent shear stress 

cyc, trial

cp  Trial isotropic hardening parameter 

  

  

Chapter 4  

vF  
Viscous part of the deformation gradient in viscoelastic 

component 

F  
Elastic part of total deformation gradient in viscoelastic 

component 

S  Second Piola-Kirchhoff total stress tensor 
e

S  Second Piola-Kirchhoff elastic stress tensor 

E  Green strain tensor 

  Time variable 

G  Reduced relaxation function 

, ( 1,2,... )j j N   Relaxation times for N elements 

, ( 1,2,... )jg j N  Relaxation coefficients for N elements 

 g  Long term response in relaxation function 

, , ( 1,2,... )j j N H

 
Non-equilibrium viscoelastic overstress 

J  Jacobian of deformation gradient 

C  Right Cauchy-Green strain tensor 

F  Deviatoric component of deformation gradient 

C  Isochoric right Cauchy-Green strain tensor 

,1I  
First invariant of the isochoric right Cauchy-Green strain 

tensor 

ψ  Strain energy function in viscoelastic component 

volψ  Volumetric component of Strain energy function 

devψ  Deviatoric component of Strain energy function 

D  Inverse of bulk modulus 

μ  Shear modulus 

z  Curve fitting parameter in viscoelastic model 
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κ  Hardening parameter in viscoelastic model 

e,vol

S  Volumetric component of first P_K elastic stress tensor 

e,dev

S  Isochoric component of first P_K elastic stress tensor 

τ  Kirchhoff stress tensor 

vol

τ  Volumetric Kirchhoff stress tensor 

dev

τ  Deviatoric Kirchhoff stress tensor 

K,p 
 Hydrostatic Kirchhoff stress (scalar) 

  

  

Chapter 5  

X  A point in the original configuration of a material body 

x  A point in the current configuration of a material body 

aV  Volume of aggregates 

bV  Volume of asphalt binder 

vV  Volume of air voids 

TV  Total volume of the asphaltic mixture 

aM  Mass of aggregates 

bM  Mass of asphalt binder 

vM  Mass of air voids 

γ  Density 

  Volume fraction 

ge  Air void ratio in aggregates 

e  Air voids in asphaltic mixture 

g , 0e  Initial air voids in aggregates 

uF  Uniform external compression load 

a  2D stress in aggregates 
b  2D stress in asphalt binder 
v  2D stress in air voids 

  2D average stress in asphalt mixture 

aA  Area belonging to aggregates in a 2D sketch 

bA  Area belonging to asphalt mixture in a 2D sketch 

vA  Area belonging to air voids in a 2D sketch 

TA  Total area of asphalt mixture in a 2D sketch 

τ  Average Kirchhoff stress in asphaltic mixture  
a
τ  Kirchhoff stress in aggregates 

b
τ  Kirchhoff stress in asphalt binder 

v
τ  Kirchhoff stress in air voids 

T  Temperature 
η  Viscosity of asphalt binder 
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R Cohesive hardening parameter 
c  Cohesion among aggregates 

maxγ  Deviatoric hardening parameter 

hC  Cyclic hardening parameter 

hV  Viscose hardening parameter 

vol
τ  Average hydrostatic Kirchhoff stress in asphaltic mixture 

ap  Hydrostatic Kirchhoff stress in the aggregates (scalar) 

bp  Hydrostatic Kirchhoff stress in the asphalt binder (scalar) 

dev
τ  Average deviatoric Kirchhoff stress in asphaltic mixture 

dev,a
τ  Deviatoric Kirchhoff stress tensor in the aggregates 

dev,b
τ  Deviatoric Kirchhoff stress tensor in the asphalt binder 

q  Average equivalent shear stress in asphalt mixture 
aq  Equivalent shear stress in aggregates 

bq  Equivalent shear stress in asphalt binder 

  

  

Chapter 6  

ntσ  1D stress 

ntε  1D strain 

ntK  Material constant in Hooke’s law 
ntψ  Strain energy function 

nt
ε  Elastic strain tensor 

ntλ  Lame’s constant (bulk properties) 
ntμ  Lame’s constant (shear properties) 

nt

aε  Principal strains 

nt,(a)
n  Eigenvectors associated to Eigenvalues of strain tensor nt

aε  

 Fourth order identity tensor 
nt

σ  Stress tensor 
nt

C  Fourth order elasticity tensor 
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1 Introduction 

 

“Do not be satisfied with the stories that come before you. Unfold your own myth.” 

Rumi 

1.1 Background 

Smart infrastructures are currently among the hot topics to be discussed by public 

opinions, policy makers and industries. The term “smart” refers to innovative 

strategies associated with design, construction, evaluation, maintenance and 

renovation of infrastructures. In the long term, it serves to simultaneously modernize 

and enrich the efficiency of energy, manufacturing, mobility and logistic. 

One important subcategory of infrastructures with a vital role in mobility and 

transportation is a pavement structure. As such, incorporating modern strategies for 

pavement structure particularly in the construction phase is a valuable investment and 

a step forward to accomplish smart and sustainable mobility. 

A constitutional phase in construction of a pavement structure is the compaction 

process. It reflects a complex mechanism whereas too many parameters are 

influential. These parameters are associated to the initial air voids content in the 

asphaltic mixture, aggregates gradation and angularity, asphalt binder content and its 

viscosity, asphaltic mixture layer thickness, compaction pattern, equipment and 

temperature cooling rate. In general, the pavement constructors conduct the decision 

making and planning process according to their engineering judgment and monitoring 

the field date. Although these methods are well accepted by the road industry, still the 

requirement for reliable software to simulate the mechanical behaviour of asphaltic 

mixtures during compaction and foreseeing the optimum compaction pattern is highly 

demanded. 

Few studies have been done on the context of modelling the compaction process and 

determination the leverage of material properties on the mechanical behavior of the 
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asphaltic mixture. In addition to the computational adversity in simulating rolling 

contact, other reasons for the scarcity of publications on the subject is the 

experimental difficulty in determining constitutive parameters for the hot mixture and 

the simulation of the transition from a semi-liquid form to an elasto-visco-plastic 

solid, Masad, Scarpas et al. (2016). 

Modelling the complex procedure of compaction of asphaltic mixtures as the top layer 

of a pavement structure is a challenging task. First and foremost, it requires proper 

understanding of the physical aspects of this procedure. This prospect can be obtained 

via a comprehensive insight into the mechanical characteristics of the individual 

components of the asphaltic mixture: granular structure, asphalt binder and air voids. 

In this perspective, the response of asphaltic mixture during compaction can be 

summarized into three features: initial air voids removal due to the weight of screed, 

progressive air voids removal due to the multiple passes of a roller and stiffening of 

the mixture due to temperature drop.  

Developing a model that can capture various aspects of the compaction procedure is 

the main goal of this work. The compaction model is formulated on the grounds of 

continuum mechanics. In this approach, the emphasis is placed on the homogenized 

and phenomenological aspects of the material response rather than on the individual 

grain to grain interactions. During compaction, due to mechanical load, asphaltic 

mixture faces dramatic volume changes. Correspondingly, small deformation theory is 

not sufficient and may generate unrealistic predictions. In this regard, developing the 

formulation of the compaction model in the context of large deformation will leave 

behind the above-mentioned limitation, Scarpas (2005).  

The internal structure of asphaltic mixture, which refers to the arrangement of 

aggregates and their associated air voids, has a significant effect on the compaction 

process and performance of asphaltic mixture, Masad, Muhunthan et al. (1999). 

During compaction, the granular structure rearranges internally and the air voids 

content among aggregates decreases. This process leads to a stiffer granular structure 

and a denser asphaltic mixture. With regard to the modelling aspect of the compaction 

process, a study through the behavior of granular materials during compaction can 

give a clear view of the behavior of asphaltic mixtures. However, the key role of 

asphalt binder in lubricating granular materials and its contribution in the stiffness of 

asphaltic mixture at lower temperature cannot be disregarded. As such, the 

compaction model is developed primarily on the basis of granular materials and 

adjusted subsequently to enroll the rate and temperature dependency of the asphalt 

binder. 

Admitting the role of the asphaltic mixture as the top layer is quite significant in 

pavement performance, yet the engagement of the base and subbase layers in the 
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overall response of the pavement cannot be neglected. These layers consist of 

unbound aggregates which are inherently anisotropic materials. In other words, they 

act like a fluid or gas whenever their particles are not confined and act like a solid 

structure when their particles are confined, Corwin, Jaeger et al. (2005). This feature 

causes the aggregates to exhibit completely different strength and stiffness 

characteristics when subjected to tensile and compressive forces, respectively.  

A solution to this complex behaviour is considering elastic anisotropic constitutive 

models to describe the differences in material stiffness in the horizontal and vertical 

directions within the pavement layer, nevertheless, they cannot address the 

dependence of stiffness on the nature of the prevailing stress i.e. tension vs. 

compression, Masad, Little et al. (2006). An alternative is the simulation of the low 

tensile response characteristics of granular materials by means of what is known as 

no-tension models. These are anisotropic elasticity models in which the stiffness of 

the material in each of the three principal axes is determined on the basis of the 

prevailing state of strain. 

1.2 Research Questions  

The aim of this thesis is to formulate constitutive models that can capture the essential 

characteristics of granular materials, asphalt binder and asphaltic mixtures during 

compaction procedure. The thesis should be able to provide satisfactory responses to 

the following questions:  

 What are the main phenomena occurring during the compaction procedure from 

the modelling perspective? 

 What are the basic requirements for the compaction model and what are the best 

approaches to achieve them? 

 How to achieve the required parameters of the compaction model? 

 How will the compaction model influence the road industry? 

 How to model the no-tension characteristics of granular materials? What is the 

influence on the overall response of the flexible pavement? 

1.3 Research Strategy 

The outcome of this work is a compaction model applicable for simulating the 

compaction procedure of asphaltic mixture and a no-tension model capable of 

simulating the no-tension characteristics of granular materials. The research 

methodology to formulate these models are described in this section. 
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Model 1: Compaction Model 

The proposed compaction model in this thesis claims to predict the mechanical 

behavior of asphaltic mixtures during compaction. Developing such a complex model 

in one stage is not a feasible act and requires a predesigned strategy. As such, the 

preferred research strategy in this thesis is chosen as a combination of bottom-up 

approach and top down approach. In this respect, the spiral model which is a famous 

methodology for software development, Boehm (1988), is established as the research 

methodology to develop the compaction model.  

Figure 1.1 shows the spiral methodology to promote the compaction model. As can be 

seen, the compaction model progresses in four major stages; (1) yield surface and 

elastoplasticity algorithm development, (2) cyclic plasticity algorithm development,  

(3) viscoelasticity algorithm development and (4) compaction model development. 

Each stage consists of four phases; (I) problem definition, (II) design, (III) 

implementation and (IV) validation. Clearly, any progress to the next stage depends 

upon the authentic achievements in previous stages.  

 

Figure 1.1  The spiral research methodology for developing the compaction model 
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Utilizing a proper formulation for the yield surface is essential for the subsequent 

stages of the spiral methodology. A literature review on the common yield surfaces 

for granular materials is accomplished and summarized in Table 1.1, Parry (2004), 

Chen and Mizuno (1990), Desai, Somasundaram et al. (1986) and Borja and 

Tamagnini (1998). This study concludes that the current yield surfaces do not satisfy 

our level of expectation and motivates us towards developing a yield surface from 

scratch that can capture various aspects of mechanical behavior of granular materials 

such as pressure dependency and shear failure.  

Based on the new yield surface formulation and utilizing a radial return mapping 

algorithm, the constitutive equations of the elastoplastic algorithm and cyclic 

plasticity algorithm are developed as the first and second stages of the spiral 

methodology, respectively. Both algorithms are programmed in Matlab and validated 

for common strain paths that granular materials may experience when subjected to 

external loads. 

Table 1.1  Limitations and benefits of the yield surfaces developed for geomaterials 

Yield surface Advantages Disadvantages 

Mohr-Coulomb 

Simple to be implemented in 

FEM(Finite Element Method) 

 

Well verified for many granular 

materials 

Unable to predict compaction 

of geomaterials 

 

Corners of yield surface 

Drucker-Prager 

Simple to be implemented in FEM 

Constants can be calculated from 

Mohr-Coulomb constants 

Unable to predict compaction 

of geomaterials 

Excessive plastic dilatancy at 

yielding 

Generalized Cap 

model 

Satisfy continuity and stability 

Proper control on dilation 

Critical point for yield 

surface (difficulty for 

derivatives of yield surface) 

Cam-Clay & 

Modified Cam-

Clay 

Prediction of hydrostatic compaction 

Continuous equation for yield surface 

Poor prediction of dilation 

Overestimates the failure 

stresses on the dry side 

Desai 

Prediction of hydrostatic compaction 

Continuous equation for yield surface 

Explicit formulation for the 

yield surface 
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In the third stage of the spiral methodology, a viscoelastic algorithm is formulated in 

the context of Quasi Linear Viscoelasticity to simulate the response of asphalt binder. 

The constitutive equations are programmed in Matlab and validated with strain-

controlled tests, respectively. 

The compaction model for asphaltic materials incorporates the elastoplasticity, the 

cyclic plasticity and the viscoelasticity algorithms through the theory of mixtures as 

the fourth stage in the spiral methodology. Figure 1.2 shows the overlap and 

connections between these algorithms. As can be seen, both elastoplastic and cyclic 

plasticity algorithms utilize the yield surface in their formulations. However, in 

elastoplasticity, the yield surface performs as a boundary that separates the elastic 

zone from plastic zone and can expand due to hardening of the material, while in 

cyclic plasticity, the yield surface conducts as a constant bounding surface. The large 

overlap between the elastoplasticity and cyclic plasticity algorithms is related to 

utilizing similar return map algorithms and yield surface formulations.  

The output of this model is the compaction curve which shows the progress of air void 

removal from the asphaltic mixture during the time of compaction. The pavement 

constructor can provide the required parameters of the model and compare the desired 

compaction curve with the output of the model. As such, if the difference between the 

two curves is significant, (s)he may adjust some of the input parameters to achieve the 

optimum condition. Accordingly, the best combination of input parameters promotes 

reliable decision making over mixture design, equipment, compaction pattern and 

initial temperature of the asphaltic mixture during the compaction procedure.  

 

  
Figure 1.2  The compaction model for asphaltic materials 

Yield 

surface

Elastoplastic 

model

Cyclic plastic 

model

Compaction 

model

Viscoelastic 

model
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Model 2: No-tension Model 

Simulation the no-tension behavior of granular materials is feasible through 

developing the no-tension model. The research methodology to develop such a model 

is based on a bottom-up approach. In this respect, the formulation of the model is 

chosen similar to the work of Nguyen, Duhamel et al. (2003). In addition, the finite 

element package CAPA 3D developed in TU Delft is accessible for numerical 

implementation of the no-tension algorithm, Scarpas (2005).  

Figure 1.3 represents the four main stages toward developing the no-tension model. 

These stages are defined as: B1, where the constitutive equations and stiffness matrix 

of the no-tension algorithm are developed, B2, where the no-tension algorithm is 

implemented into the FE package, B3, where the no-tension model is verified for a 

simple cube and B4, where the no-tension model is utilized for simulation the 

mechanical behavior of the base layer of the pavement structure.  

 
Figure 1.3 The research methodology for developing the no-tension model 

1.4 Contributions of this Research 

 This thesis proposes a new yield surface for granular materials and asphaltic 

mixtures. 

 An elastoplastic algorithm  for simulation the compaction of granular materials 

and asphaltic mixtures is developed. 

 A cyclic plasticity algorithm for prediction of plastic deformation and 

progressive compaction of granular materials and asphaltic mixtures due to 

cyclic load is established. 

 A viscoelastic algorithm for simulation the mechanical behavior of asphalt 

binder in intermediate and high temperatures is implemented. 

Develop the       
no-tension 

Code

Implementation 

in FEM

Verification
B1

B2

B3

B4

Simulation the no-
tension properties of 

unbound aggregates in 
pavement structure
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 A compaction model is formulated that can capture various aspects of the 

mechanical behavior of asphaltic mixtures during compaction process.  

 The output of the compaction model is the compaction curve which can 

enhance the decision making process by the pavement constructor. 

 A no-tension model is implemented to simulate the response of unbound 

aggregates and promote the reliability of the predictions of the overall 

response of the pavement structure.  

 The proposed compaction model and no-tension model open the doors towards 

developing reliable software for simulating the mechanical response of 

asphaltic pavements during construction and operation time. 

1.5 Content Overview 

Chapter 2 introduces a new yield surface that captures various aspects of the granular 

materials when subjected to mechanical loads. Based on this yield surface, an 

elastoplastic algorithm is developed in the context of large deformation. The yield 

surface and the elastoplastic algorithm can be either used for modelling granular 

materials or with some extra adjustments for asphaltic mixtures.  

Chapter 3 deals with the plastic deformations of the granular materials and asphaltic 

materials when subjected to cyclic  load. As such, a cyclic plasticity algorithm on the 

basis of the yield surface formulation is developed.  

Chapter 4  represents a viscoelastic algorithm formulated in a large strain framework.  

The algorithm simulates the rate and temperature dependency of the asphalt binder.  

Chapter 5 describes the mechanical behaviour of asphaltic mixtures during 

compaction and proposes a new model for simulating the compaction procedure. 

Some of the input parameters of the model are defined as temperature dependent. The 

compaction curve is the output of the model and monitors the air void removal and 

compaction progress during the initial and secondary stages of the compaction 

procedure. 

Chapter 6 deals with no-tension properties of unbound aggregates. The mathematical 

formulation is written as a subroutine in Fortran and is added to the FE package. Such 

a model can enhance the simulation of the overall response of multi-layer pavements. 

Chapter 7 summarizes the results and gives the final recommendations. 
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2 An Elastoplastic Model for Simulation the 

Response of Granular Materials 

 

“Start by doing what is necessary; then do what is possible; and suddenly you are 

doing the impossible.”        

                                                                                                                      Francis of Assisi 

 

2.1 Introduction 

Granular materials are complicated and in the same time captivating mechanical 

systems. They exhibit flow like behaviour whenever their particles are not confined. 

Contrarily, they act like a solid structure when their particles are confined, Corwin et 

al. (2005). In a confined stage, granular materials that are exposed to mechanical 

loading, experience rearrangements leading to more compacted states. This process 

decreases the air voids among the particles and increases the stiffness of the material. 

Deduction of the air voids causes permanent volume changes of the granular layer. 

Upon removal of the external load, the material may expand to some extent. However, 

the state of material will never reach its initial state.  

Developing a model that can simulate the behaviour of granular materials during 

compaction that includes air void reduction, hardening, pressure dependency and 

nonlinear stress-strain response is an important issue in soil mechanics simulations. 

One prevailing approach is implementing elastoplasticity in the context of continuum 

mechanics theories. In this approach, emphasis is placed on the homogenized, 

phenomenological aspects of the material response rather than on the individual grain 

to grain interactions. 

One essential aspect of granular materials during the compaction process is the 

pressure dependency. From an elastoplasticity perspective, this characteristic can be  

simulated by defining a closed cap for the yield surface. Several attempts have been 

done on formulating a closed yield surface. A conical yield surface limited by an end 
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cap was introduced by Drucker et al. (1957). In order to improve the dilatancy 

behaviour of geomaterials, the Cam-Clay model was developed in Cambridge by 

Roscoe and Schofield (1963). This model was further adjusted and refined on the 

basis of tests on soft clays under monotonic loading states by Roscoe and Burland 

(1968) and was termed the Modified Cam-Clay model. 

Another important characteristic of the behaviour of granular materials during 

compaction is the dramatic changes of their volume due to the air void reduction. 

Accordingly, a model developed in the small strain theory context cannot predict their 

behaviour sufficiently. Thus, developing a model in the context of large strain theory 

can provide a better solution. Simo and Meschke (1993) developed a large 

deformation Cam-Clay model with a constant shear modulus. The necessity of 

improving the model for a better prediction of the response of isotropic compression 

tests and elastic shear modulus gave the initiative for further work by Borja and 

Tamagnini (1998).  

Poor convergence due to false domain, at or near the tensile domain, induced by the 

inadequate formulation of yield function is one common issue in numerical modelling 

of granular materials, Brannon and Leelavanichkul (2010). In recent years several 

attempts have been done on improving yield surface formulations for refining the 

numerical solutions. Jeremic et al. (1999) implemented a yield surface in a large strain 

hyperelastic-plastic framework. The formulation of the surface and hardening law was 

quite complicated and made it a difficult choice for numerical computations. Foster, 

Regueiro et al. (2005) developed an implicit numerical integration algorithm 

considering isotropic/kinematic hardening for a cap plasticity model. Their model was 

only applicable in small strain theory. Bigoni and Piccolroaz (2004) introduced a new 

yield criterion that represents a single, convex, and smooth surface suitable for 

inelastic behaviour of pressure sensitive materials like granular materials, rocks, and 

composite powders. Their yield surface was reformulated in an implicit form by 

Stupkiewicz et al. (2014). This reformulation made the yield criterion suitable for 

radial return mapping. However, their assumption was based on ideal plasticity (no 

hardening) for the return mapping algorithm.  

The limitations of the previous attempts and the urge to find a suitable yield surface 

for granular materials provided the motivation for the development of a new yield 

criterion. One of the achievements of this work is formulating a convex and smooth 

yield function which can be implemented into an elastoplastic model to consider 

pressure sensitivity behaviour of granular materials, highly nonlinear stress-strain 

path, large strain framework, and isotropic hardening. For this purpose, the 

elastoplastic model utilizes a radial return mapping algorithm. The main aim of this 

Chapter is to demonstrate the constitutive equations between stresses and strains 

based on the new yield surface for the description of the elastoplastic behaviour of 
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granular materials during compaction. In order to represent elastoplastic model, this 

Chapter has the following structure: first the concept of large deformation theory is 

described. In addition, the formulation of the yield surface and the relationship 

between the parameters of the yield surface and hardening law with experimental 

results on granular materials are discussed. Moreover, establishment of constitutive 

equations and implementation of a radial return mapping scheme are presented. The 

validity of the model is inspected by some strain paths and the results indicate that the 

model is capable of predicting the stress path and plastic deformation development, 

respectively.  

2.2 Elastoplastic Model 

Experiments on granular materials under confinement show that their volume changes 

due to the mechanical load, Zaman et al. (1994). As a consequence of removing the 

load, part of the change of volume is recoverable, though the material never reaches 

its initial volume. In other words, as a result of air void reduction, plasticity occurs. 

An elastoplastic model in the framework of continuum mechanics theory can be a 

suitable choice to simulate this phenomenon. This model should fulfil the following 

conditions: 

1. The mathematical formulation of the yield surface should result to a closed, 

convex and smooth surface in stress space. 

2. The constitutive model should be able to predict the essential performance of 

the granular material. 

3. The parameters of the model should be determined from standard test data. 

4. The model should consider the pressure sensitivity response of the granular 

materials. 

2.2.1 Large Strain Deformation Theory 

Due to significant changes in the grain structure of the granular materials during 

compaction, it is highly recommended to develop the elastoplastic model in a large 

strain deformation framework. It fulfils the flexibility requirements to utilize proper 

stress-strain relationships, Scarpas (2005). In large strain elastoplasticity, the total 

deformation gradient is decomposed to e
F  and pF  representing the elastic and the 

plastic components, respectively: 

 e p
F = F F . (2.1) 

An important strain measure in spatial coordinate space is the so called left Cauchy-

Green tensor defined as: 

 
T

b = FF  (2.2) 
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Thus, the left Cauchy-Green tensor for the elastic component can be defined 

correspondingly as: 

 
T

e e eb = F F  (2.3) 

The Clausius-Planck inequality can be expressed as: 

 -1

e e e

1
: ( ) 0

2

 
  
 

τ b bL  (2.4) 

where eτ  is the Kirchhoff stress tensor and ( )ebL  is the Lie derivative of eb .  

2.2.2 Preliminaries 

To avoid complexity, the formulation of the elastoplastic model is derived based on 

the invariants of  the Kirchhoff stress.  

The Kirchhoff stress tensor is: 

 

e,11 e,12 e,13

e e,21 e,22 e,23

e,31 e,32 e,33

τ τ τ

τ τ τ

τ τ τ

 
 

  
 
 

τ . (2.5) 

The first invariant of the Kirchhoff stress tensor 1I  can be calculated as: 

 1 ,11 ,22 ,33I τ τ τe e e   . (2.6) 

Additionally, the deviatoric components of the Kirchhoff stress, dev

e,τ ij , are expressed 

by: 

 dev 1
e, ,

I
τ τ δ

3
ij e ij ij   (2.7) 

where δij  is the Kronecker delta. Therefore, the three invariants of the deviatoric 

components of the Kirchhoff stress are derived as: 

 dev

1 e,J τ kk , (2.8) 

 
dev dev

2 e, e,

1
J (τ τ )

2
ij ij , (2.9) 
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 dev dev dev dev

3 e e, e, e,

1
J det τ τ τ

3
ij jk ki τ , (2.10) 

where 1J , 2J , and 3J  are called first, second, and third invariants of the deviatoric 

stress tensor.  

 In soil mechanics it is quite common to use 1I , 2J , and 3J  to model the performance 

of soil and granular materials. However, for simplicity the yield surface can be 

formulated in p-q space, where p is the hydrostatic pressure and q is a scalar quantity 

equivalent to the shear stress as stated in the following, Chen and Mizuno (1990): 

 

 
1

1
p I

3
  (2.11) 

 
2q = 3J . (2.12) 

2.2.3 Yield Function 

The elastoplastic model needs a criterion to distinguish the elastic region from the 

plastic region. This criterion is called yield function and is indicated by .F  In 

computational plasticity, the yield function must obey the following conditions, Chen 

and Mizuno (1990): 

1. 0F   for elastic stress states inside yield surface 

2. 0F   for stress states on the yield surface 

3. 0F  not admissible. Reduction of stress onto the yield surface is necessary 

According to Fossum and Brannon (2004) and Brannon, et. al. (2009), the mechanical 

behaviour of granular materials is described by two essential mechanisms: 

compactibility due to air void reduction and particles sliding. On one hand, the yield 

surface should have an end cap for describing the compactibility aspect and on the 

other hand, the yield surface should consider the sliding feature. Some efforts for 

developing these types of yield functions has been done by Liu et al. (2005) and 

Khoei and Azami (2005). 

In this Chapter, the yield function is formulated according to the above mentioned 

considerations. As such, it is defined as the multiplication of two independent 

functions whereas one function is responsible for shear sliding mechanism and the 

other function is related to the compaction mechanism.  

The yield criterion in the  1 2I - J space is defined as: 
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 f 1 c 1
2

f (I ) f (I )
J

(θ)



, (2.13) 

where function ff  describes the dilation of granular materials due to shear (sliding), 

cf  represents the compaction of granular materials due to hydrostatic pressure and

Γ(θ)  is a function of θ  , the Lode angle, which is related to the shape of the yield 

surface in the octahedral plane as: 

 
-1 3

3/2

2

J1 3 3
θ = cos

3 2 J

 
 
 

. (2.14) 

In this regard, 1I  represents the mean stress, 2J  indicates the magnitudes of shear 

stress, and 3J  represents the shape of the yield surface in the octahedral plane. In 

triaxial compression tests θ=30  (the parameters of the yield surface will be obtained 

based on this test) and as a result, Γ(θ)  is normalized to 1. Figure 2.1 shows the yield 

surface in octahedral plane, when Γ(θ)=1. As can be seen, the cross section of the 

yield surface is circular and symmetrical with respect to the origin.  

 

 

Figure 2.1 Cross section of yield surface in octahedral plane 

 

In order to make the yield criterion suitable for the return mapping algorithm, Eq. 

(2.13) is simplified to:  

 2 f 1 c 1J =f (I ) f (I ) . (2.15) 

2σ 3σ

1σ
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The function ff  is defined such that it increases linearly with hydrostatic pressure. 

This function simulates the failure of granular materials when subjected to shear 

forces and is described in terms of 1I  as: 

 f 1 max 1f (I ) γ I , (2.16) 

where maxγ  is the slope of the ultimate state. Figure 2.2 shows the function ff  in the 

compression side of 1I axis.  

 

Figure 2.2  Function ff  represents the ultimate surface 

The end-cap function cf  describes the pressure dependency of granular materials and 

is formulated as: 

 

1

22

c 1 1

1 if I χ

f (I , χ) I χ
1 otherwise

χZ




   
 

 

 (2.17) 

where parameter χ  is a state parameter that controls the position of the yield cap and 

Z  is the intersection point of the cap function with the 1I  axis. This point corresponds 

to 2J =0  and 1I = Z .  Figure 2.3 shows a schematic plot of function cf .  

1

maxγ

ff

1I
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Figure 2.3   Function cf  controlling the close end of the yield surface 

The yield surface as the multiplication of ff  and cf  is plotted in Figure  2.4. As it can 

be seen, 
2J follows a line with the slope of maxγ when 1I >  and follows the cap 

path when 1Z< I < χ . The yield surface is a continuous function which makes it a 

suitable choice for numerical analysis. 

 

Figure  2.4 Result of multiplication of ff and cf  

A common approach in soil mechanics is to represent the yield surface in p - q  space. 

As such, by applying 2q= 3J , 1Ip=
3

, 
C

Z
p =

3
, and 

χ
ω=

3
 into  Eq. (2.13), the yield 

surface formulation can be rewritten as: 

  
 2

2 2 2

max 2

C

(p ω) p ω (p ω)q
Γ(θ) γ (3p) 1

3 2(p ω)

    
  

  

. (2.18) 

where parameter ω  controls the position of the yield cap. 

cf

1IZ χ

χZ 1I

2J

maxγ

1
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Rearrangement of  Eq. (2.18) results to the yield function: 

  
 2

2 2 2

max 2

C

(p ω) p ω (p ω)q
Γ(θ) γ (3p) 1

3 2(p ω)
F

    
   

  

. (2.19) 

Figure 2.5 shows a plot of the yield surface in p-q space. The ultimate surface line,

USL , has a slope of M = 
max3 3 γ . In addition, the critical state line , CSL, intersects 

the yield surface at the peak point of the surface, β . At this point, the material 

undergoes a transition from compaction behaviour to dilation behaviour. As such, β  

is called the phase change parameter. In addition, it can be observed that the yield 

surface is perpendicular to the hydrostatic axis at point Cp= p  . This feature shows 

that the yield surface can expand along hydrostatic axis due to pure hydrostatic 

pressures. Cp  is named isotropic hardening parameter and is equivalent to 

preconsolidation pressure in soil mechanics. 

 

 
 

Figure 2.5  Continuous differentiable yield surface 

In Figure 2.5, two different deformation mechanisms are observed in the two 

subsurface divided by CSL in the stress space, Ibsen and Lade (1998). Below the 

CSL, the dominant procedure of deformation is controlled by compaction. In this 

respect, the resistance of the material to deformation is due to interlocking friction 

among aggregates or by sliding friction due to angularity and roughness of aggregates. 

However, above the CSL,  dilation and sliding are the controlling mechanisms of the 

deformation of aggregates.  

1

max3 3γ

ω
Cp

p

23J q

b

A

a
L=

b

USL

CSL

β

a
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The parameter L controls the curvature of the yield surface and is defined as 
a

L=
b

where 
Ca= p -ω  and fb=f (ω) . Therefore: 

 
C

max

p ωa
L

b 3 3 γ ω


   (2.20) 

and as a result: 

 
C maxω p L 3 3 γ ω  . (2.21) 

Rewriting Eq. (2.21) provides us a relationship between ω  and Cp : 

 C

max

p
ω

(1 L 3 3 γ )



. (2.22) 

Hence, based on experimental data about the hardening parameter Cp  and the 

curvature of yield surface L, the parameter ω  can be calculated. 

The yield surface formulated in this part, has the capability to control unnecessary 

dilatancy when the material is subjected to high amount of hydrostatic pressure p . 

Furthermore, the yield surface can grow while plasticity occurs and the material 

hardens. Figure 2.6 (a) and (b) show the influence of the changing of C0p  and maxγ  on 

the shape and size of the yield surface. As shown, the growth of the yield surface 

along the hydrostatic axis is controlled by the hardening parameter C0p , while maxγ  

controls the initial slope of the yield surface. Since granular materials are cohesionless 

materials, in both cases,  the yield surface starts from the origin in p - q  space. 
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Figure 2.6  Influence of change of (a) C0p  and (b) maxγ  on the shape and size of 

the yield surface 

2.2.4 Loading-Unloading  

The triaxial compression test is the most common test for understanding the 

mechanical behavior of granular materials. As shown in Figure 2.7 (left), the 

specimen is laterally confined by a thin membrane. The shear stresses in 1-direction 

and 3-direction (=2-direction) are zero. Therefore, 1σ , 2σ , and 3σ  are the principal 

stresses. 

The triaxial compression test consists of two phases. In the first phase, the 

confinement stress, cσ , is applied equally in all directions over the specimen and the 

stress path moves along the hydrostatic axis ( 1 2 3 Cσ =σ =σ σ ). This phase is known as 

hydrostatic compression. As such, the material exhibits volumetric deformation that 

can be useful for the hardening rule and estimating the bulk modulus K. In addition, 

the loading-unloading-reloading in this phase provides us enough information 

regarding the slope of compression line λ  and the slope of unloading line κ . 

During the second phase of the triaxial test, the confinement stress cσ  remains 

constant, while the vertical stress vσ  gradually increases. It appears that 1σ  is equal to 

the summation of confinement stress cσ  and vertical stress vσ . In addition, 3σ  and 2σ  

are equal to the confinement stress cσ , Figure 2.7.  

(a) (b)
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The elastoplastic model is formulated in terms of p  and q . In this respect, instead of 

using principal values of stresses, the equivalent stresses ( p  and q ) are calculated as 

follows: 

 
1 2 3 1 3 c v c c v

1 1 1 1
p ( ) ( 2 ) ( 2 )

3 3 3 3
                    (2.23) 

 1 3 v c c vq             (2.24) 

 

 
Figure 2.7   Triaxial test setup  

This phase provides us the information about frictional failure of the granular 

materials due to a 3D stress combination. In this respect, the stress ratio, q / p  

represents the shear failure criterion. At peak stress, this ratio is defined as 

stat, max( q / p)  and is related to the Drucker-Prager criterion maxγ  as follows, Terzaghi 

et al. (1996) and Suiker et al. (2005): 

 
stat, max max( q / p) 3 3 γ   (2.25) 

The results of loading-unloading-reloading of the sample in the first phase of the 

triaxial test can be plotted as υ ln(-p) , where υ  is the specific volume and is 

defined as the volume of voids between aggregates added up with volume of the 

aggregates divided by the volume of aggregates (
void aggregates

aggregates

V + V
υ

V
 ) and p  is the 

hydrostatic pressure which obtains negative values during compaction. Although this 

is a common method in Soil Mechanics to obtain the required parameters of the soil, a 

study by Hashiguchi (1995) suggests that using a linear relation between the 

logarithm of specific volume and the logarithm of pressure, i.e. the lnυ ln(-p)  

delivers a more realistic prediction of the behaviour of granular materials. 

cσ

cσvσ

2 3σ σ

1σ

1 c v

2 3 c

σ σ σ

σ σ σ
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In Figure 2.8, the lnυ ln(-p)  plot (obtained from the first phase of the triaxial test, 

also known as the hydrostatic compression test) and the yield surface in p q  space 

are plotted together. The critical state line CSL and the ultimate state line USL are 

displayed in both plots. In this figure, point C and D are the intersections of the 

critical state line CSL with the yield surface. Apparently, when the applied pressure p  

exceeds C0p , plasticity starts. While the state of the material changes from point A to 

B in the ln(υ) ln(-p)  curve, the yield surface expands and the intersection point of 

the yield surface with the hydrostatic axis changes its location from C0(p ,0)  to C(p ,0)

. Hence, the hardening law for the yield surface can be gained by synchronizing the 

expansion of the yield surface along hydrostatic axis with the mathematical 

formulation of line AB. In other words, the hardening parameter Cp  can be defined as 

a function of the rate of volumetric plastic strain development.  

 
Figure 2.8   Synchronizing the ln(υ) ln(-p) curve with the yield surface  

Figure 2.9 shows a detailed graph of the ideal behaviour of granular materials in 

loading-unloading during the hydrostatic compression test. The information on the 

volume changes of the sample with respect to the applied pressure can be used to 

determine the constitutive laws and the hardening rule, which will be discussed in the 

following. 

p

q

USL
CSL

Cp C0p

ln(υ)

ln( p)
Cln( p ) C0ln( p )

CSL USL

AB

C
D

A

B
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Figure 2.9   Linear relation between the logarithm of specific volume vs. the 

logarithm of pressure during isotropic compression test on granular materials 

 In Figure 2.9: 

             

0
0

S0

0

C0 C0

p

C C

V initial volume
υ

V initial volume of solid part

p initial pressure

(υ ,p ) specific volume and pressure at initial yielding

υ specific volume by unloading at initial pressure

(υ ,p ) specific volume and pressure a

 







 t current yielding

(υ,p ) specific volume and pressure at current condition

κ =slope of elastic loading - unloading line 

λ =slope of cmpression line .



   

According to the unloading line, it can be observed that: 

 p

0 0

p p
ln υ ln υ κ ln( ) κ ln( )

p p


    


. (2.26) 

Therefore, 
p 0

υ p
ln( ) κ ln( )

υ p
  . (2.27) 

By observing ln(υ) axis and engaging Eq. (2.26) , it can be concluded that: 

ln(υ)

ln( p)

0υ

υ

0ppC0p
Cp

cυ

c0υ
pυ

λ

κ
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 C
C C p 0

C
0

0

p
ln υ ln υ ln υ ln υ κ ln( )

p
    . (2.28) 

Next to that,  by monitoring the compression line, it can be established that: 

 C
C C

C
0

0

p
ln υ ln υ λ ln( )

p
  . (2.29) 

Therefore, C C

C0 C0

υ p
ln( ) λ ln( )

υ p
  . (2.30) 

Combing Eqs. (2.28) and (2.29) provides a relation between λ , κ  and the specific 

volume as:   

 C C
p 0

C C0 0

p p
ln υ ln υ κ ln( ) λ ln( )

p p
    . (2.31) 

As a result, 
p C

0 C0

υ p
ln( ) (λ k) ln( )

υ p
   .  (2.32) 

Remark I 

Since the elastoplastic model is formulated in a large strain framework, different 

configurations during deformation of the material are noticeable, Holzapfel (2000). 

The slope of the compression line *λ  and the slope of the unloading line 
*κ  obtained 

from triaxial tests are suitable for constitutive equations based on Cauchy stress. 

However, the formulation of the elastoplastic model in this Chapter is based on the 

components of the Kirchhoff stress. As such, similar to the work of Callari et al. 

(1998), *λ and 
*κ are modified as follows: 

 
*

*

κ
κ

1 κ



 (2.33) 

 
*

*

λ
λ

1 λ



. (2.34) 

2.3 Constitutive Equations  

The constitutive equations express the relationship between stresses and strains. In 

order to avoid complexity, the yield function is formulated in p-q space. Accordingly, 

the stress and strain measurements are demonstrated in the same space.  
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The decomposition of  eb  into principal stretches will result to: 

 
3

2 ( ) ( ) ( ) ( )

e,

1

(λ ) ;i i i i

i

i

  eb m m n n , (2.35) 

where 
e,λ i

 are principal elastic stretches. The elastic logarithmic strain e,ε i  is defined 

as: 

 
e, e,ε log(λ )i i . (2.36) 

Since the material behaves differently in response to volumetric and deviatoric 

deformations, it is recommended to split the strain tensor into volumetric and 

deviatoric parts. As such, the elastic logarithmic strain tensor e
ε  can be decomposed 

additively to volumetric strain and deviatoric strain, de Souza Neto et al. (2011): 

 v

e

1
ε

3
 d

e eε ε I . (2.37) 

In Eq. (2.37), 
v

eε  is the scalar quantity representing volumetric elastic strain and can 

be calculated based on principal stretches as shown: 

 v

e e e,1 e,2 e,3 e,1 e,2 e,3ε tr( ) ln(J ) ln(λ λ λ ) ln(λ ) ln(λ ) ln(λ )     eε . (2.38) 

Using Eq. (2.37), the volumetric elastic strain tensor is defined as : 

 v

e

1
ε

3
v

eε I . (2.39) 

The term 
d

eε  in Eq. (2.37), is the deviatoric elastic strain tensor in the Cartesian 

system and is derived as: 

  d v

e e e
ε ε ε . (2.40) 

the deviatoric elastic strain tensor in principal space can be obtained as: 

 d v

e, e, e

1
ε ε ε , 1,2,3

3
i i i   . (2.41) 

Based on the principal values of deviatoric elastic strain, a scalar quantity named 

equivalent elastic shear strain is defined as: 

 
3

s d 2

e e,

1

2
ε (ε )

3
i

i

  . (2.42) 
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The elastic behaviour of the material is modelled by a hyperelastic law. For this 

purpose, the strain energy function for the elastoplastic model epψ  is defined 

exclusively as a function of the elastic part of the deformation gradient. Considering 

objectivity and isotropy criteria, the strain energy function in terms of principal elastic 

strains can be defined as, Holzapfel (2000): 

 
ep ep e,1 e,2 e,3ψ ( ) ψ (ε ,ε ,ε )eb . (2.43) 

According to Eq. (2.37) and by considering Eq. (2.43), the strain energy function is 

decoupled as :  

 v s vol v dev s

ep ep e e ep e ep eψ ψ (ε ,ε ) ψ (ε ) ψ (ε )   , (2.44) 

where vol v

ep eψ (ε )  is the volumetric part and dev s

ep eψ (ε )  is the deviatoric part of the strain 

energy function. Using a decoupled strain energy function allows us to determine the 

relationship between the volumetric and the deviatoric components of stresses and 

strains, separately.  

Taking the derivatives of the strain energy function v s

ep e eψ (ε ,ε )  with respect to the 

volumetric and deviatoric strain, will result to the formulation of the volumetric and 

deviatoric components of the Kirchhoff stress, p  and q as shown in the following: 

  

 
e e

ep v s ep v s ep v sv s

e e

v s

ψ (ε ,ε ) ψ (ε , ε ) ψ (ε , ε )ε ε

ε ε
e e e e

   
  

    
τ

ε ε ε
. (2.45) 

Knowing that 

e

v

e

ε



I

ε
and 

e

s

e

ε 2

3





n

ε
, 

where 
d d

e e/n ε ε , (2.46) 

  

the Kirchhoff stress tensor can be rewritten as: 

 
e

2
p q

3
 τ I n . (2.47) 

Utilizing Eqs. (2.45) to (2.47), one can obtain the constitutive equations for p  and q , 

Borja and Tamagnini (1998), as following: 

 

 

vol e

ep v

e

v

ψ (ε )
p

ε





 (2.48) 
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and 

dev e

ep s

e

s

ψ (ε )
q

ε





. (2.49) 

The logarithmic volumetric strain vε  is expressed as the following: 

 v

0

υ
ε ln( )

υ
 , (2.50) 

and is decomposed additively to elastic and plastic component as shown: 

 v v v

e pε =ε +ε . (2.51) 

Using Eqs. (2.27), (2.32), (2.50) and (2.51), it can be concluded that: 

 v

e

p 0

υ p
ε ln( ) κ ln( )

υ p
    (2.52) 

and 
pv C

p

0 C0

υ p
ε ln( ) (λ k) ln( )

υ p
    . (2.53) 

Eq. (2.52) and (2.53) can be written in rate form as: 

 
v

e

dp
dε = - κ

p
 (2.54) 

and 
v C
p

C

dp
dε (λ κ)

p
   . (2.55) 

The vol v

ep eψ (ε )  is defined as the following: 

 vol v

ep e 0ψ (ε ) p k exp( )   , (2.56) 

where 

v v

e e,0ε ε

κ


   . (2.57) 

According to Eq. (2.48), the Kirchhoff pressure p  is derived by taking the derivative 

of the strain energy function with respect to volumetric strain 
v

eε  as expressed in the 

following: 

  
vol

ep

0v

e

ψ
p p exp

ε


  


. (2.58) 

The deviatoric part of the strain energy function dev s

ep eψ (ε )  is defined as: 
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 dev s s 2

ep e e

3
ψ (ε ) μ (ε )

2
 , (2.59) 

where μ  is the shear modulus. 

In addition, using Eq. (2.59) and (2.49), the equivalent shear stress quantity q  is 

derived as: 

  
dev

ep s

es

e

ψ
q 3 μ ε

ε


 


. (2.60) 

Remark II 

The shear modulus in this model is assumed to be constant, while the bulk modulus is 

pressure dependent. It can be observed that the second derivative of strain energy 

function with respect to the volumetric elastic strain is equivalent to the bulk modulus: 

 

2

ep

v v 2

e e

ψp p
K

ε (ε ) κ


   
 

. (2.61) 

2.3.1 Hardening  

During compaction, the air voids content decreases and the material becomes stiffer. 

In elastoplasticity, this phenomenon is called hardening. Hardening influences the 

size, shape and location of the yield surface. The law governing this feature is called 

the hardening rule. Although the hardening pattern in geomaterials is quite 

complicated, some simplifications can be applied on the hardening law to make it 

suitable for numerical implementation. 

Hardening is related to the plastic loading history. It can be a function of effective 

plastic strain or plastic work. In general, the hardening rules can be categorized into 

three categories: isotropic hardening, kinematic hardening, and mixed hardening. 

In this Chapter, only isotropic hardening for the yield surface is considered. As such, 

the hardening rule describes the relationship between the hardening parameter Cp  and 

the volumetric plastic strain 
p

vε . Figure 2.10 shows the direction of yield surface 

growth when plastic deformation occurs. It can be observed that the initial slope of the 

yield surface as shown by USL line remains unchanged. In other words, the shape of 

the yield surface is only controlled by the hardening parameter Cp .  
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Figure 2.10 hardening and yield surface expansion 

Using Eq. (2.55), the formulation of the hardening parameter Cp  as a function of 

plastic volumetric strain 
p

vε  is derived as follows:  

 

v

p v

C C p C

dε
dp p dε p

λ κ
   


, (2.62) 

where, 
1

λ κ
 


. (2.63) 

Rewriting Eq. (2.62) will result to: 

 

v

pC

C

dεdp

p λ κ
 


. (2.64) 

Taking the logarithm from both sides of the above equation and replacing v

pε  by 

v v

e(ε ε )  results to: 

 
v v

e
C C0

(ε ε )
p p exp

λ κ

 
  

 
. (2.65) 

In addition, the plastic modulus can be defined as: 

 C
p Cv

e

p
K p

ε


  


. (2.66) 

2.4 Elastoplastic Component Integration Procedure 

The Clausius-Planck inequality is expressed as follows: 

 1

e e e

1
: ( ) 0

2

 
  
 

τ b bL , (2.67) 

C0p p

q

USL

CSL

Hardening

Cp
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whereas p

e

ψ
2 .





e

e

τ b
b

 (2.68) 

and the second term of Eq.  (2.67) can be written as: 

 
e e

e

1
( ) .

2

F
  


b b

τ
L  (2.69) 

where   is a constant of proportionality. Considering the Kuhn-Taker conditions, it 

can be concluded that, Simo and Hughes (2006): 

 C C0 ( ,p ) 0 ( ,p ) 0F F    τ τ . (2.70) 

Initially, all the applied deformation is assumed to be elastic and p
F  is kept frozen:  

 
trial

eF F . (2.71) 

By freezing the plastic flow, the increment of total strain is considered to be entirely 

elastic at the beginning of each time step as shown: 

 trial Ttrial trial
( )e e eb F F . (2.72) 

Written in incremental form 

 
trial, t t n t T t n

C C( ) ; p =pe eb F b F , (2.73) 

where t
F  is the deformation gradient relative to the deformed configuration at time 

nt . n

e
b  and n

Cp  correspond to the values of 
e

b  and Cp  at time nt . Superscript t

represents any time nt > t . As such, the eigenvalues of 
trial

eb  are shown by

trial

e,λ , ( 1,2,3)i i   and are called principal elastic trial stretches. Correspondingly, the 

trial principal logarithmic elastic strain 
trial

e,ε i  can be obtained as:  

 trial trial

e, e,ε log(λ ) 1,2,3i i i  . (2.74) 

Hence, the volumetric component of the trial elastic strain is written as: 

  

 v,trial trial trial trial

e e,1 e, 2 e, 3ε ε ε ε    (2.75) 

and the principal deviatoric component of the trial elastic strain is defined as: 



32 

 

 d,trial trial v,trial

e e, e

1
ε ε ε

3
,i i  . (2.76) 

Additionally, the scalar quantity representing equivalent elastic trial shear strain can 

be calculated by: 

 s ,trial d,trial 2 d,trial 2 d,trial 2

e e 1 e 2 e 3

2
ε [(ε ) (ε ) (ε ) ]

3
, , ,    (2.77) 

The stress correction process can be summarized as follows: in each time step, 

initially, it is assumed that all the deformation gradient is elastic. Based on trial 

strains, trial stresses are calculated. If the trial state of stress lies outside the current 

yield surface, the stresses and the yield surface should be adjusted via a trial 

calculation. The final result of the adjustment will lead to a state of stress that stays on 

the adjusted yield surface. In a hardening plasticity model, correction of the trial state 

of stress will result to additional hardening and  plastic deformations which will cause 

the yield surface to grow. 

In section 2.3, the constitutive equations for obtaining the volumetric and deviatoric 

components of the Kirchhoff stress and hardening parameter Cp  were formulated. 

Having the trial volumetric elastic strain and the trial elastic shear strain, the trial state 

of stress and hardening parameter can be calculated as: 

 

v,trial v

e e,0trial trial trial

0

ε ε
p p exp( ), where

κ


     , (2.78) 

  (2.79) 

 
trial s,trial

eq 3(μ)ε , (2.80) 

and 
0

v,trial v
trial e e
C C

ε ε
p p exp[ ]

λ κ





. (2.81) 

2.4.1 Return Mapping 

This section deals with the return mapping of the trial state of strains and stresses, 

respectively. The return mapping algorithm that is used is similar to the work of Borja 

and Tamagnini (1998). However, they have utilized an elliptical yield surface (Cam-

clay), while we utilize the yield surface formulation introduced in section 2.2.3. 

It is assumed that the flow rule is derived according to the associative plasticity 

behavior. In this respect, at time t +dt part of the applied strain is elastic and the 
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remaining part is plastic. Defining 

,1

,2

,3

τ

τ

τ

e

e

e



 
 

  
 
 

 as the vector containing principal 

Kirchhoff stress and 

1

1

1



 
 


 
  

, the correction for elastic logarithmic principal stretches 

is as follows: 

 

1

n+1 trial,n+1 1

n

n F





 
 


e eε ε  (2.82) 

Decomposing the above equation into volumetric and deviatoric components results 

to: 

 

n+1

v,n+1 v, trial,n+1 n+1

e eε ε
p

F
 


 (2.83) 

 

n+1

d, n+1 d, trial,n+1 n+1

e,i e,i dev

e

F
 


ε ε

τ
, (2.84) 

where dev pe   τ . 

For simplicity in writing, the subscript (n+1) will be dropped in the following text. 

The derivative of the yield surface with respect to the shear stress is: 

 dev

dev dev dev

p q 3

p q q 2q
e

e e e

F F F F     
  

     
τ

τ τ τ
. (2.85) 

Considering the fact that 
dev

p
0

e




τ
 and 

dev

dev

3q

2q

e

e






τ

τ
 and utilizing Eq. (2.84), the 

elastic shear strain can be obtained as: 

 
s s, trial trial

e eε ε
q

F
 


n n n , (2.86) 

where 
d dev d, trial

trial e

d dev d, trial

e

,e

e

  e

e

ε τ ε
n n

ε τ ε
 and s, trial d, trial

e e,i

2
ε

3
 ε . Based on this 

result, it can be concluded that (i) assuming convexity for the yield surface will result 

to trialn n and (ii) Eq. (2.86) can be fulfilled by the balance between the scalar 
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quantities of the same equation. In this context, considering Eq. (2.83) and utilizing a 

scalar radial return mapping algorithm on the deviatoric plane will result to the 

following formulations: 

 
v v, trial

e eε ε
p

F
 


 (2.87) 

and 
s s, trial

e eε ε
q

F
 


, (2.88) 

with the following condition: 

 C C
  (p,q,p ) 0; 0; (p,q,p ) 0F F     . (2.89) 

As already discussed, in each time step, initially trialp  and trialq  are calculated. Based 

on trialp , trialq , and n

C
p , the trial yield surface is calculated ( trial trial

C
(p ,q ,p )F F ). 

If the trial state of stress is inside the yield surface (
trial trial n

C(p ,q ,p ) 0F  ), the 

behaviour of the material is elastic and as a result 
v v,trial

e eε =ε  , 
s s,trial

e eε =ε . In soil 

mechanics, this situation will occur when the material is overconsolidated. The 

volumetric strain is decomposed as v v v v,trial v,n

p e e pε ε ε ε ε    . As such, the hardening 

law can be rewritten as 

 n v v,n n v,trial v

C C p p C e ep p exp[ (ε ε )] p exp[ (ε ε )]      , (2.90) 

Contrarily, if the trial state of stress stays outside the yield surface, the following 

system of equations should be solved to find the elastic and plastic strains. Based on 

the correct values of the elastic and plastic strains, the state of stress and the yield 

surface are adjusted such that the state of stress returns to the yield surface. 

 

v v,trial

e e
v

e1

s s,trial s

2 e e e

3

ε ε
p

εr

= r ε ε ; ε
q

r

F

F

F

 
       

    
         

         
 
 

r x . (2.91) 

In this system of equations, 
v

eε , 
s

eε , and   are unknowns. These equations are 

solved as a nonlinear system by using Newton’s method. In this system, r  is the 

residual vector and x  is the vector containing unknowns. 
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In each time step, the trial strains are inputs for the system and k  is the iteration 

counter. Matrix A  is the Jacobian of the system of equations and is defined as: 

 
1

r
x x x ; x r ; ; 1

x

k
k k k kk k k

k

k k 



      


A A  (2.92) 

For simplicity, matrix 
e

D contains the second derivatives of the strain energy function 

with respect to the volumetric and deviatoric strains and matrix H  contains the 

derivatives of the yield surface with respect to p  and q . 

 

 

2 2

ep epe,11 e,12

e 2 2

ep epe,21 e,22

v v v  s
e e e e

 s v  s  s
e e e e

ε ε ε ε

ε ε ε ε

ψ ψD D

ψ ψD D

   
   
    
    

D , (2.93) 

 

 

2 2

pp pq11 12

2 2
21 22 qp qq

H H

H H

F F

F F

   
    

     

H . (2.94) 

 

Matrix M is defined as the multiplication of e
D  and H  : 

 eM = HD . (2.95) 

Using above matrixes, the definition of matrix A has the following form: 

 

2

11 p pp 12 p

2

21 P qp 22 q

e,11 p e,21 q p p e,12 p e,22 q

c

c

c

1 (M ) M

(M ) 1 M

D D D D 0

F F

F F

F F F F F

      
 

       
 

         

K

A K

K        

(2.96) 

where pK  is the plastic modulus defined by (2.66). 

Since A(3,3)  is zero, by using the condensation technique, the size of A  matrix can 

be reduced to 2 by 2. Therefore:  

 
 

 

A(1,1) A(3,2) / A(3,1) A(1,2) A(1,3)

A(2,1) A(3,2) / A(3,1) A(2,2) A(2,3)

  
   

   

A  (2.97) 

 

and 
 

 

s
1 31 e

2 2 3

-r + r A(1,1)/A(3,1) ε
=

-r r A(2,1)/A(3,1)

      
       

        

r
r x

r
. (2.98) 
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This method improves the speed of solving the system of equations as stated in the 

following: 

 
1

r
x x x ; x r ; ; 1

x

k
k k k kk k k

k

k k 



            


A A  (2.99) 

   3 3 1δx r δx A(3,2) / A(3,1)    . (2.100) 

By solving the above system of equations, the values of 
v

eε , 
s

eε  and   are updated 

as: 

 

s s

e , +1 e, 1

1 2

v v

e , 1 e , 3

ε ε x

x

ε ε x

k k

k k

k k











 

   

 

. (2.101) 

2.5 Validation of the Elastoplastic Algorithm 

The elastoplastic model developed in this chapter is a material model. In order to 

validate its formulation, two strain paths are chosen and the predictions of the model 

are investigated, accordingly. This section discusses the results of states of stress and 

plastic strains as outputs of the elastoplastic algorithm.  

2.5.1 Sinusoidal Strain Test with Increasing Amplitude (Confinement 

Compression) 

In this case, a strain-controlled test consisting of three cycles with an increasing 

amplitude for each cycle is considered. In this respect, the strain components are 

similar to the strain components in a fully confinement compression test condition. 

The applied strain tensor is defined as: 

 

11

11

11

ε 0 0

0 ε 0

0 0 ε

 
 


 
  

ε , (5.102) 

where 11ε  is increasing in compression direction for a duration of 10 [s] (loading) and  

decreasing for the same duration of time (unloading) for three cycles as shown in 

Figure 2.11. 
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Figure 2.11 Strain component 11ε  as a function of time for three cycles 

In order to utilize the elastoplastic algorithm, the following assumptions are 

considered: 

 The material is normally consolidated ( 0p =-0.1MPa and C0p =-0.1MPa ) and 

the initial state of stress is at ( 0p = p =-0.1MPa , q=0.0 MPa ).  

 The parameters of the yield surface are chosen as: maxγ 1 , κ 0.018 , and 

λ=0.13 . 

The stress path and the evolution of the yield surface predicted by the elastoplastic 

algorithm, are shown in Figure 2.12. In this figure, the surfaces at t=0 (red color), 

t=20 [s] (green color), t=40 [s] (blue color) and t=60 [s] (brown color) are plotted. As 

can be seen, due to the applied strain tensor, only volumetric stresses are generated by 

the algorithm. 



38 

 

 

Figure 2.12 Stress path and yield surface during cyclic test 

Figure 2.13 shows the volumetric strain on the vertical axis vs. hydrostatic pressure on 

the horizontal axis and Figure 2.14 represents the total plastic volumetric strain that is  

developed in 60 seconds. In both figures, paths AB, BD and DF represent loading, 

paths BC, DE and FG represent unloading, and paths CB and ED represent reloading. 

Apparently, along loading paths the material experiences plasticity and compaction, 

while along unloading and reloading paths, the behaviour of the material is elastic. 

 

 



39 

 

 

Figure 2.13  Volumetric strain vs. hydrostatic pressure  

 

Figure 2.14  Total volumetric plastic strain development 
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2.5.2 Sinusoidal Strain Test   

In this case, the strain-controlled test consists of one sinusoidal cycle and is defined 

as: 

 

11ε 0 0

0 0 0

0 0 0

 
 


 
  

ε  (5.103) 

where 11ε  is increasing in compression direction for a duration of 10 [s] (loading) and  

decreasing for the same duration of time (unloading) as shown in Figure 2.15. 

 

Figure 2.15 Strain component 11ε  as a function of time for one cycles 

In order to utilize the elastoplastic algorithm, the following assumptions are 

considered: 

 The material is normally consolidated and the initial state of  ( 0p =-0.1MPa

and C0p =-0.1MPa ) and the initial state of stress is at ( 0p =-0.1MPa , 

q=0.0 MPa ).  
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 The parameters of the yield surface are chosen as: μ=54MPa , maxγ 1 , 

κ 0.018 , and λ=0.13 . 

The stress path and the evolution of the yield surface that are predicted by the 

elastoplastic algorithm are shown in Figure 2.16. In this figure, the yield surfaces at 

t=0 [s] (red color) and t=20 [s] (blue color) are plotted. As can be seen, the initial state 

of stress is at point A and by the end of the loading phase, it reaches to point B. From 

point B to point C, unloading occurs and the material behaves elastic and the state of 

stress moves inside the yield surface. 

 
Figure 2.16 Stress path and yield surface during uniaxial test 

Figure 2.17 represents the total plastic volumetric strain developed in 20 seconds. As 

can be seen, in the first 10 seconds that loading occurs (from A to B), the yield surface 

grows and plastic deformation occurs, while during unloading t (10 [s]- 20 [s])

(from B to C), the behaviour of the material is elastic and total plastic volumetric 

strain does not increase. 

 

A

B

C
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Figure 2.17 Total volumetric plastic strain development 

2.6 Conclusions 

A new implicit yield surface based on pressure dependency is introduced to be 

utilized in an elastoplastic formulation to simulate the response of granular material. 

The following conclusions may be obtained: 

 The elastoplastic material model is developed in the finite strain framework. 

Based on deformation theory, the deformation gradient is decomposed into an 

elastic and plastic component. This approach makes the prediction of the 

model more realistic. 

 

 A phenomenological approach is used to determine the parameters of the yield 

surface and hardening law. This approach creates the flexibility to use the 

model for different types of materials: granular materials, soil, sugar, powder 

grains. The important aspect of this model is the existence of two important 

stress lines: the critical state line and the ultimate state line. This feature 

provides a tool for the model for better prediction of the behaviour of the 

material. 

 

 The yield surface can grow by the hardening law. In this regard, the hardening 

parameter is defined as a function of plastic volumetric strain. 
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 The convexity and continuity of the yield surface and the simplicity of the 

radial return mapping algorithm makes the elastoplastic model a good choice 

for numerical methods. 

 

 The elastoplastic model is validated with the strain paths similar to the 

isotropic compression test and the uniaxial test. The results indicate that the 

material model can trace very well the strain path and predict the correct state 

of stress and induced plastic strains. 

 

 A clear understanding of the various parameters of the yield surface will help 

us to find the importance of each parameter on the predicted response of the 

model. As a result, a comprehensive study is needed to detect the influence of 

these parameters on the response of the material in a real situation. As such, 

the calibration of the model will be more realistic. 

 

 The yield surface formulation and the radial return mapping are suitable to be 

implemented for more complicated algorithms such as cyclic plasticity. 
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3 A Cyclic Plasticity Model for Simulation the 

Response of Granular Materials 

 

“Do not dwell in the past, do not dream of the future, concentrate the mind on the 

present moment.”        

                                                                                                                              Buddha 

 

3.1 Introduction 

The micromechanical behavior of granular materials subjected to cyclic loading can 

involve complicated interacting mechanisms. Development of plasticity models to 

predict the complexity and particularity of these mechanisms is one of the most 

interesting topics in soil mechanics. In this respect, the structure of granular materials 

is highly sensitive to hydrostatic pressure. Additionally, cyclic loads can cause 

rearrangement of particles and produce permanent deformation.  

Classical plasticity models for simulating the behavior of granular materials are 

mainly defined based on the assumption of existence of a yield criterion that 

distinguish the elastic zone from the plastic zone. However, the laboratory tests on 

granular materials have shown that such an assumption does not support a  convincing 

prospect. The experimental insights confirm that plastic deformation can develop 

under low levels of stress inside the yield surface and remark that classical theories of 

elastoplasticity cannot predict plastic deformation of the granular materials subjected 

to complex loading, i.e. cyclic loading. Subsequently, stronger methodologies were 

implemented in the category of cyclic plasticity models to overcome the above 

limitation, Dafalias and Popov (1975).  

As stated in a study by Hashiguchi (2014), the cyclic plasticity models can be 

classified into two main categories. The first category is based on kinematic hardening 

3  CHAPTER 
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when a small subyield surface moves inside the yield surface. In this context, the 

innermost yield surface surrounds an entirely elastic zone. One of the earliest work in 

this category is the multi surface theory that was states by Mroz (1967). Thereafter, 

the two surface model was introduced by Dafalias and Popov (1975) and later was 

simplified to a more practical model by the same authors, Dafalias and Popov (1977). 

The second category of cyclic plasticity models is based on development of plastic 

deformation when the state of stress approaches the yield surface, Hashiguchi (1980). 

Later, this concept was strengthened to the extended subloading surface model, 

Hashiguchi et al. (2012).   

In this Chapter, a modified bounding surface methodology based on the work of 

Dafalias and Popov (1977) is implemented in cooperation with the elastoplastic model 

presented and formulated in Chapter 2. The bounding surface formulation is identical 

to the formulation of the yield surface introduced in Chapter 2. The radial return 

mapping algorithm is utilized to adjust the state of stress and calculate the plastic 

deformation due to the transition of the loading surface inside the bounding surface. 

The integrity of return mapping algorithm decreases the complexity of implementing 

the cyclic plasticity model in numerical methods. 

Some important aspects of the model developed in the current work are summarized 

as follows: 

 The model is developed in a large deformation framework. 

 The model formulation is in a 3D space ( p, q,θ ). 

 The radial return mapping algorithm is used to calculate plastic deformation. 

 The model is capable of predicting the deviatoric and the volumetric plastic 

deformations due to cyclic loading. 

 The model prediction is validated with strain-controlled test conditions. 

3.2 Cyclic Plasticity Method 

The concept of a vanishing elastic zone inside a bounding surface in plasticity models 

was first introduced by the epic work of Dafalias and Popov (1975). They investigated 

the macroscopic behavior of granular materials exposed to random uniaxial cyclic 

loads. They observed the experimental results on granular materials and found out that 

constitutive relations which describe the mechanical behavior of granular materials 

must acquire higher substantial dependence on the loading history. They disclosed 

that any type of model applicable in simulating plasticity behavior of granular 

materials should contain two basic features: flow rule and the hardening rule. The  

focus of their research was particularly on the hardening rule and hardening prospect. 

In this respect, they proposed the “bounding surface theory”. In this theory, the 

loading surface (inner surface) moves inside a stationary bounding surface and 
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induces plastic deformation. The magnitude of the plastic deformation depends on the 

current state of stress and its relative distance to the bounding surface.  

A modified approach based on two surface theory was suggested and utilized by 

Swart (2010). In this context, the inner and outer surfaces are interacting together. The 

outer surface, called bounding surface is equivalent to the yield surface which is not 

necessarily a fixed region. The inner surface is equivalent to the loading surface 

which can move inside the bounding surface. This method is called “modified 

bounding surface”. The concepts of bounding surface and modified bounding surface 

are shown in Figure 3.1(a) and Figure 3.1(b), respectively.  

According to the modified bounding surface theory, if the current state of  stress is 

inside the inner surface, the behavior of material is elastic and the model will predict 

only elastic deformations. Alternatively, if the state of stress stays between the inner 

surface and the outer surface, depending on the distance between the state of stress 

and the bounding surface, the model will predict plastic deformation due to cyclic 

loading. If the state of stress stays outside the bounding surface, yielding will occur 

and the standard elastoplastic algorithm (Chapter 2) should be utilized to predict the 

magnitude of plastic deformation. In the last case, the bounding surface can grow due 

to the plastic deformation and isotropic hardening. 

 
Figure 3.1 (a) Classical bounding surface theory – (b) Modified bounding 

surface theory 

In this work, a nonlinear hardening plasticity material model is proposed which is 

requisite for predicting the mechanical properties of granular materials subjected to 

complex loading paths such as cyclic loading. The main aspiration of this work is 

associated with the modified bounding surface method introduced by Swart (2010). 

The yielding surface (outer surface) is a 3D closed locus defined in p q θ  space. 

Yielding surface

Bounding surface Yielding surface

Loading surface

(a) (b)
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The formulation of the yield surface is discussed in details in Chapter 2. The loading 

surface (inner surface) is assumed to have a very small radius, ( in
R 0 ). With this 

statement, the loading surface can be substituted by the current state of stress. This 

concept is shown in Figure 3.2. Obviously, any movement of the loading surface 

inside the yielding surface is traceable due to the definition of the yield surface as a 

closed locus. 

 
Figure 3.2  Transition of loading surface inside bounding surface 

3.2.1 Preliminaries 

The cyclic plasticity model is defined based on stress invariants. In order to clarify the 

mathematical formulation, a brief explanation on the stress invariants is presented in 

the following.  

The Kirchhoff stress tensor is defined as: 

 

cyc cyc cyc

e,11 e,12 e,13

cyc cyc cyc cyc

e e,21 e,22 e,23

cyc cyc cyc

e,31 e,32 e,33

τ τ τ

τ τ τ

τ τ τ

 
 

  
 
 

τ . (3.1) 

Additionally, the deviatoric components of Kirchhoff stress, 
 dev, cyc

e,τ ij , can be 

expressed by: 

 

cyc
 dev, cyc cyc 1
e, ,

I
τ τ δ

3
ij e ij ij   (3.2) 

Yielding surface

Loading surface

inR 0

q

p

inR
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where δij
 is the Kronecker delta and cyc

1I is the first invariant of the Kirchhoff stress 

tensor .  

The hydrostatic pressure p  and the scalar quantity equivalent to shear stress q are 

obtained as follows, Chen and Mizuno (1990):  

 cyc cyc

1

1
p I

3
  (3.3) 

and 
cyc cyc

2q = 3J , (3.4) 

where 
cyc

2J  is the second invariant of the deviatoric stress tensor. 

The strain tensor can be decomposed additively to volumetric strain and deviatoric 

strain as stated by de Souza Neto et al. (2011) and expressed by: 

 , v, cyc

e

1
ε

3
 cyc d cyc

e eε ε I . (3.5) 

In Eq. (3.5) , v, cyc

eε  is the scalar quantity representing volumetric elastic strain and can 

be calculated based on principal elastic stretches, 
cyc

e,iλ , as shown: 

 

v, cyc cyc cyc cyc cyc

e e e,1 e,2 e,3

cyc cyc cyc

e,1 e,2 e,3

ε tr( ) ln(λ λ λ )

ln (λ ) ln (λ ) ln (λ )

 

  

ε
. (3.6) 

Therefore, the volumetric strain tensor can be defined as : 

 v,cyc 

e

1
ε

3
v,cyc

eε I . (3.7) 

The term d

e
ε  in Eq. (3.5), is the deviatoric strain tensor in the Cartesian system and 

can be defined as: 

  d,cyc cyc v,cyc

e e e
ε ε ε  (3.8) 

and in principal space as: 

 d, cyc cyc v, cyc

e, e, e

1
ε ε ε , 1,2,3

3
i i i   . (3.9) 

Based on the principal values of deviatoric strain, a scalar quantity named equivalent 

shear strain is defined as: 
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3

s, cyc d, cyc 2

e e,

1

2
ε (ε )

3
i

i

  . (3.10) 

v, cyc

eε and s, cyc

eε  are the strain components that can be paired with cycp and cycq  to 

drive the constitutive equations of the cyclic plasticity model. 

The total volumetric and deviatoric strain is defined as following: 

 v,cyc  v,cyc v, cyc

e pε ε ε   (3.11) 

 s, cyc s, cyc s, cyc

e pε ε ε  , (3.12) 

where v, cyc

pε and s, cyc

pε are the volumetric and deviatoric parts of the plastic strain that 

are induced due to the cyclic load. 

3.2.2 Bounding Surface 

The bounding surface (yield surface) formulation is discussed in details in Chapter 2. 

The function describing this criterion is written as: 

 
 

 

cyc cyc cyc cyc

C

cyc cyc cyc
cyc 2

2 2 cyc 2

max cyc 2

C

(p ,q ,p )

(p ω) p ω (p ω)(q )
Γ(θ) γ (p ) 1

27 2(p ω)

F 

    
  
 
 

 (3.13) 

where cyc

Cp  is the hardening parameter and the intersection point of the yield surface 

with the hydrostatic axis, maxγ  is the slope of the ultimate states, ω  is the parameter 

that controls the position of the yield cap and Γ(θ)  is a function of θ , Lode angle, that 

is related to the shape of the yield surface in the octahedral plane. Figure 3.3 shows a 

schematic plot of yield surface in p-q space.  
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Figure 3.3 Continuous differentiable bounding (yield) surface 

3.2.3 Loading Surface 

The loading surface is the inner surface that is interacting with the bounding surface. 

As mentioned earlier in this Chapter, the elastic circular area inside the loading 

surface has very small radius. In this regard, assuming that the state of stress always 

stays on the loading surface and the Euclidean distance between position of the state 

of stress and the center of loading surface is small enough (
in

R 0 ), the circular area 

can be replaced by a point identifying the state of stress. 

Replacing the inner circle with a point that is representing the state of stress will 

decrease the complexity of the mathematical formulation of the interaction of the 

loading surface with the bounding surface. In contrary to the classical plasticity 

models, the relocation of the state of stress inside the bounding surface will induce 

plastic deformation. This is a consequence of considering the hypothesis of vanishing 

the elastic zone inside the bounding surface. In this context, a method to calculate the 

induced plastic strain will be described. This method is based on stress projection on 

the bounding surface and utilizing the return mapping algorithm to predict the plastic 

strain induced by the fictitious state of stress. 

Figure 3.4 represents a schematic of the projection of the stress increment vector on 

the bounding surface. As such, the current stress increment vector inside bounding 

surface OO  and the imaginary stress increment vector on the bounding surface AA , 

are shown in p-q space. If the state of stress at time t stays at point 1 1O (p ,q )  and at 

time t dt moves to point 2 2O (p ,q )  , the magnitude of OO can be calculated as: 

q

pcyc

Cp

max3 3γ

1

ω
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 2 2

2 1 2 1OO (p p ) (q q )     . (3.14) 

 

Figure 3.4 Stress projection to the bounding surface 

The intersection of vector OO  with bounding surface occurs in two points, marked by 

A and B.The point that is in the direction of state of stress increment, point A, is 

required to be used as origin for the stress increment projection. By projecting point 

O to point A and point O  to point A , the magnitude and direction of vector AA   

maintains equal to the magnitude and direction of vector OO . Resultantly, the stress 

increment can be calculated as: 

 
2 1

2 1

p p p

q q q

  

  
. (3.15) 

Additionally, the imaginary state of stress that is projected on point A can be obtained 

by the following formulations:  

 image_A Ap p Δp   (3.16) 

and image_A Aq q Δq  , (3.17) 

where image_Ap  and image_Aq  are imaginary projections of 2p  and 2q . 

Noticeably, the imaginary state of stress stays outside the bounding surface and will 

promote plastic deformation. The induced plastic deformation can be calculated by 

utilizing the radial return mapping algorithm. In this respect, the bounding surface 

remains fixed (no hardening) and the imaginary state of stress is adjusted just as it 

O

A

B

A

O

q

p
cp
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would stay on the bounding surface right on the origin of projection, i.e. point A.  

Although the return mapping algorithm forecasts the plastic deformation, its 

prediction should be modified according to the distance of  O  with respect to A.  

This modification arises from the assumption that the closer the state of the stress to 

the bounding surface, the larger cyclic plastic deformation will occur. The ultimate 

situation is when O  stays on B, where cyclic plasticity model will not induce any 

plastic deformation. However, if O  stays outside the bounding surface, the standard 

elastoplasticity model, described in Chapter 2, should operate and predict the induced 

plastic deformation due to the stress increment. 

 

The Euclidean distance between the state of stress at O  and the projection point at 

point A is appointed by 1δ  and can be calculated as: 

 2 2

1 2 A 2 Aδ (q q ) (p p )    . (3.18) 

Since the bounding surface does not have a symmetric shape in p-q space, the 

parameter 1δ  should be normalized according to the total Euclidean distance between 

the intersections points of vector OOwith the bounding surface (point A and B in 

Figure 3.5). Consequently, the total distance between points  A and B is named δ  and 

can be obtained as follows: 

 2 2

B A B Aδ (q q ) (p p )    . (3.19) 

A scale ratio  is  defined as the ratio of 1δ  with respect to δ  and is expressed as: 

 1δ

δ
  . (3.20) 

Literally, the scale ratio   is used to normalize the distance between the current state 

of stress and the projection point with respect to the distance between point A and 

point B. The parameter   obtains values between 0 and 1. When the state of stress at 

O  is close to point B,  reaches approximately 1 and when the state of stress at O

approaches A,  attains values near to 0. 
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Figure 3.5 Scaling factor to normalize the cyclic plasticity deformation 

The volumetric and deviatoric plastic strains that are induced due to the imaginary 

state of stress are known as 
v

p,imε  and 
s

p,imε , respectively. These values are obtained via 

the return mapping algorithm and should be readjusted with respect to the relative 

distance of the state of stress and the bounding surface. This aspect can be persuaded 

by the following formulation: 

 
v, cyc v

p p,imε (1 )(ε )   (3.21) 

and 
s, cyc s

p p,imε (1 )(ε )  , (3.22) 

where 
v, cyc

pε and 
s, cyc

pε are the cyclic volumetric plastic strain and the cyclic deviatoric 

plastic strain, correspondingly. 

Remark I 

In Figure 3.5, the equation of the bounding surface based on cyc cycp ,q and cyc

Cp  is 

defined by 1N  as following: 

 cyc cyc cyc cyc

1 CN (p ,q ,p )F , (3.23) 

and the equation of the line which passes through points O  and O  is defined by 2N  

as: 

O

A

B

A

O

q

p

1δ

δ
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 cyc cyc2 1
2 1 1

2 1

q q
q (p p ) q

p p

 
      

 
. (3.24) 

The intervention of 1N  as a closed surface and 2N  as a vector inside this surface 

guarantees the intersection of 1N  and 2N  at two points, i.e. points A and B. 

Recognizably, point A is in the direction of stress increment and point B is in the 

opposite direction of the stress increment. 

3.3 Implicit Integration of the Constitutive Model 

In the cyclic plasticity model, the imaginary state of stress falls outside the bounding 

surface and a return mapping algorithm is needed to adjust the state of stress and 

predict the induced plastic strain. In the standard elastoplasticity algorithm described 

in Chapter 2, the hardening parameter Cp changes due to the development of plastic 

deformation and causes the isotropic hardening. However, in the cyclic plasticity 

algorithm introduced in this Chapter, the hardening parameter Cp  does not depend on 

the development of plastic deformation and remains constant. This aspect establishes 

a fixed bounding surface in cyclic plasticity model. As such, the return mapping 

algorithm in Chapter 2 can be utilized in this Chapter by implementing some extra 

modifications. In the following, the integration of the constitutive equations with 

regard to the cyclic plasticity algorithm are described. 

The cyclic plasticity model is implemented in a large strain deformation framework, 

Simo and Hughes (2006), Scarpas (2005). The outcome of the large strain theory is 

the well-known Clausius-Planck inequality: 

 cyc cyc cyc 1

e e e

1
: ( ) ( ) 0

2

 
  
 

τ b bL , (3.25) 

where cyc

eτ  is the Kirchhoff stress tensor, cyc

eb  is the left Cauchy-Green strain tensor 

and cyc

e( )bL  is the Lie derivative of cyc

eb . The  Kirchhoff stress can be written as: 

 cyc cyc

e cyc

ψ
2 .( )

( )
e

e





τ b

b
. (3.26) 

The second term of Equation (3.25) can be noted as: 

 cyc cyc

e ecyc

e

1
( ) .

2

F
  


b b

τ
L , (3.27) 



56 

 

where   is the constant of proportionality. With consideration of the Kuhn-Talker 

criterion, it can be concluded that: 

 cyc cyc cyc cyc cyc cyc

e C e C0 ( ,p ) 0 ( ,p ) 0F F    τ τ . (3.28) 

3.3.1 Initialization 

Initially, all the applied deformation is assumed to be elastic and cyc

pF  is kept frozen. 

As such:  

 cyc,trial cyc

e F F . (3.29) 

By freezing the plastic flow, the increment of the total strain is considered to be 

elastic as:  

 
cyc, trial Tcyc, trial cyc, trial

( )e e eb F F  (3.30) 

The trial logarithmic elastic strain can be written as:  

 cyc, trial cyc, trial

e, e,ε log(λ ) 1,2,3i i i   (3.31) 

where cyc, trial

e,λ , ( 1,2,3)i i   are the eigenvalues of cyc, trial

e
b .   

Hence, the volumetric component of trial strain is achieved as: 

  

 v,cyc, trial cyc, trial cyc, trial cyc, trial

e e,1 e, 2 e, 3ε ε ε ε    (3.32) 

and the deviatoric component of trial strain is derived as: 

 d,cyc,trial cyc, trial v, cyc,trial

e e, e

1
ε ε ε

3
,i i  . (3.33) 

Additionally, the scalar quantity representing the trial equivalent shear strain can be 

calculated as following: 

 s,cyc,trial d,cyc, trial 2 d,cyc, trial 2 d,cyc, trial 2

e e 1 e 2 e 3

2
ε [(ε ) (ε ) (ε ) ]

3
, , ,    (3.34) 

Having the trial volumetric elastic strain and trial shear elastic strain, the trial state of 

stress can be calculated as 

 cyc, trial cyc, trial

0 image_Ap p exp( ) p   , (3.35) 
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where 

v,cyc,trial v,cyc

e e,0cyc, trial
ε ε

κ


   , 

v,cyc

e,0ε is the initial volumetric strain and κ  is the 

slope of the loading line. More specific details regarding these relations are presented 

in Chapter 2. 

A linear relation between the deviatoric stress and the deviatoric strain is assumed 

which can be expressed by a constant shear modulus 0μ  as following: 

 cyc, trial s, cyc,trial

0 e image_Aq 3(μ )ε q  . (3.36) 

According to Figure 3.4, cyc, trialp and cyc, trialq  represent the state of stress at point A . 

As already mentioned, the size of the bounding surface and the hardening parameter 

remain constant, i.e. cyc, trial

c c0p p . 

3.3.2 Return Map 

The correction of the elastic logarithmic principal stretches will be as follows: 

 

1
cyc

cyc, n+1 cyc, trial,n+1 1

cyc

e,princτ

n

n F


 
 


e e
ε ε , (3.37) 

where cyc

e, princτ is the vector of principal Kirchhoff stresses and can be written as: 

 

cyc

e,1

cyc cyc

e,princ e,2

cyc

e,3

τ

τ τ

τ

 
  

  
 
  

. (3.38) 

In this aspect, it is assumed that the directions of principal strains and stresses 

coincide. 

Decomposing Eq. (3.37) into volumetric and deviatoric components will result to: 

 

n+1
cyc

v,cyc,n+1 v,cyc,trial,n+1 n+1

e e cyc
ε ε

p

F
 


 (3.39) 

 

n+1
cyc

d, cyc, n+1 d, cyc, trial,n+1 n+1

e e dev,cyc

e

F
 


ε ε

τ
, (3.40) 

where 
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 d, cyc, trial,n+1 cyc, trial,n+1 cyc, v, trial,n+1

eε
3

 e e

I
ε ε . (3.41) 

For simplicity of the content, the subscript (n+1) will be dropped in the following text.  

The derivative of the yield surface with respect to the shear stress is written as: 

 
cyc cyc cyc cyc cyc cyc

dev,cyc

dev,cyc cyc dev,cyc cyc dev,cyc cyc cyc

p q 3

p q q 2q
e

e e e

F F F F     
  

     
τ

τ τ τ
 (3.42) 

As a result, the equivalent elastic shear strain can be obtained as: 

 s,cyc s,cyc,trial trial

e e cyc
ε ε

q

F
 


n n n , (3.43) 

where 

d, cyc dev,cyc d, cyc, trial
trial

d,cyc dev,cyc d, cyc, trial
,e

e

  e e

e e

ε τ ε
n n

ε τ ε
 and s,cyc,trial d, cyc, trial

e

2
ε

3
 eε  . 

Utilizing Eqs. (3.39) and (3.43) and considering 
trialn n , the elastic volumetric strain 

and the elastic shear strain will be obtained as: 

 
cyc

v,cyc v,cyc,trial

e e cyc
ε ε

p

F
 


 (3.44) 

 
cyc

s,cyc s,cyc,trial

e e cyc
ε ε

q

F
 


. (3.45) 

Therefore, the system of equations is arranged as: 

 

cyc
v,cyc v, cyc, trial

e e cyc
v,cyc

e1 cyc
s,cyc s, cyc, trial s,cyc

2 e e ecyc

3 cyc

ε ε
p

εr

= r ε ε ; ε
q

r

F

F

F

 
   


    
      

         
         

 
  

r x  (3.46) 

In this system of equations, v,cyc

eε , s,cyc

eε , and   are unknowns. These equations are 

solved as a nonlinear system by using Newton’s method. In this system, r  is the 

residual vector, and x  is the vector containing unknowns. The method of solving the 

above system is explained in details in Chapter 2. 

Obtaining the values of v,cyc

eε  and s,cyc

eε , the volumetric and deviatoric components of 

the imaginary plastic strain can be calculated as: 
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 v v, cyc, trial v,cyc

p,im e eε ε ε   (3.47) 

 s s, cyc, trial s,cyc

p,im e eε ε ε  . (3.48) 

Utilizing Eqs. (3.21) and (3.22), the main outputs of the cyclic plasticity model, which 

are known as plastic volumetric strain v, cyc

pε  and plastic deviatoric strain  s, cyc

pε are 

obtained as: 

 v, cyc v, cyc, trial v,cyc

p e eε (1 )(ε ε )    (3.49) 

 s, cyc s, cyc, trial s,cyc

p e eε (1 )(ε ε )    (3.50) 

Based on the trial volumetric and deviatoric strains, the components of the Kirchhoff 

stress  are updated as:  

 

v, cyc, trial v

e e,0cyc

0

ε ε
p p exp ( )

κ

 
   

 
 (3.51) 

  cyc s, cyc, trial

0 eq 3 μ (ε ) . (3.52) 

In this aspect, cycp  and cycq correspond to the state of stress at point O  in Figure 3.4 

in the current time step. However, for the next time step, the position of point 

1 1O=(p ,q )  in Figure 3.4, will substitute point 2 2O =(p ,q ) at current time step: 

t+Δt t

1 2p = p  and t+Δt t

1 2q =q . 

 

Remark II  

In Equations (3.35) and (3.51), the parameter 0p  has been used for the formulation of 

cyc, trialp and cycp at t +dt . In essence, 0p  is the hydrostatic pressure calculated in 

previous time step as: 

 

 t+Δt cyc, t

0p   p  (3.53) 

Remark III 

The main role of the return mapping algorithm is to correct the state of stress. Figure 

3.6(a) shows the return mapping algorithm that is used in this Chapter. Obviously, the 

state of stress is adjusted, while the bounding (yielding) surface remains unchanged. 
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In contrast, Figure 3.6(b) shows the concept of the return mapping algorithm 

implemented in Chapter 2. It can be observed that during return mapping, the state of 

stress and the yield surface are adjusted simultaneously. 

 

Figure 3.6 Concept of return map (a) cyclic plasticity model, (b) standard 

elastoplasticity model 

Remark IV 

There are some issues in programming the cyclic plasticity algorithm regarding 

finding the intersection points of incremental state of stress inside the bounding 

surface with the bounding surface. The first issue arises when the state of stress goes 

from T to T  or vice versa (Figure 3.7). In this case, the slope of line TT   is  . 

The second issue arises when the state of stress moves from Q   to Q  or backwards. 

It is a confusing task for the algorithm to find the intersection of line QQ  with the 

bounding surface at the origin. For both cases, some modifications are considered in 

the code to overcome the above mentioned limitations. 

1n

trial  1n

trial 

1n 

1n 

(a) (b)
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Figure 3.7 Limitations in state of stress projection 

3.4 Verification of the Model 

This chapter states the description and formulation of the cyclic plasticity algorithm. 

In order to investigate the capability of the algorithm to provide accurate results 

regarding state of stress and plastic strain development, a strain-controlled test 

condition is considered. The strain path consists of three cycles in a form of a 

haversine function with identical amplitudes.  

3.4.1  Sinusoidal Strain Test (Confinement Compression) 

In this case, the components of applied strain are similar to the strain conditions that 

the material may experience during a fully confinement compression test. In this 

respect, the strain tensor is defined as: 

 

11

11

11

ε 0 0

0 ε 0

0 0 ε

 
 


 
  

ε , (5.54) 

where 11ε  is increasing in compression direction for a duration of 20 [s] (loading) and  

decreasing for the same duration of time (unloading). Figure 3.8 shows the applied 

strain component 11ε  for three cycles of loading-unloading as a function of time. 

p

q

A

B

q

p

T

T

Q Q
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Figure 3.8  Strain component 11ε  for three cycles of loading-unloading vs. time 

In this case, it is assumed that the material is initially overconsolidated by a 

confinement pressure Cp 80 kPa  . In addition, the constant parameters of the cyclic 

plasticity algorithm are considered as: maxγ 1.68 , κ 0.018  and λ 0.13 .  

Figure 3.9 shows the stress path in p-q space inside the bounding surface. As can be 

seen, the bounding surface intersects the hydrostatic axis in Cp 80 kPa  which is the 

preconsolidation pressure that the material has experienced before applying the strain. 

In this case, the initial state of stress is inside the bounding surface: p 41.3 kPa  and 

q 0 . Since this test is a confinement compression test, only hydrostatic pressure is 

generated by the algorithm and shear stress remains zero. Therefore, the stress path 

moves along the horizontal axis. 

Figure 3.10 shows the volumetric strain on the vertical axis vs. hydrostatic pressure on 

the horizontal axis. As can be seen, by the end of each cycle, the hydrostatic pressure 

reaches its initial value ( p 41.3 kPa  ), while the volumetric strain cannot fully 

recover and permanent volume changes occur. 
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Figure 3.9 Stress path and yield surface during cyclic test 

 

Figure 3.10  Volumetric strain vs. hydrostatic pressure 



64 

 

Figure 3.11 shows the magnitude of accumulated plastic strain that is generated by the 

cyclic plasticity algorithm due to the applied strain within a period of 120 seconds.  

 

Figure 3.11  Total volumetric plastic strain development 

3.4.2  Sinusoidal Strain Test  

In this case, the applied strain tensor is defined as: 

 

11ε 0 0

0 0 0

0 0 0

 
 


 
  

ε , (5.55) 

where the strain component 11ε  consists of three cycles with equal amplitude with a 

duration of 40 seconds for each cycle. Figure 3.12 shows 11ε  as a function of time in a 

duration of 120 seconds.  
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Figure 3.12  Strain component 11ε  as a function of time for three cycles 

The parameters of the cyclic plasticity algorithm are similar to case 1: maxγ 1.68 , 

κ 0.018 , λ 0.13  and μ 34MPa . The initial state of stress is inside bounding 

surface: p 41.3 kPa  and q 0 . Figure 3.13 shows the bounding surface and the 

stress path that is generated by the model inside the bounding surface. 

Figure 3.14 shows the variation of hydrostatic pressure p  with volumetric strain v,cycε  

and Figure 3.15 shows the variation of deviatoric stress q  with deviatoric strain s,cycε . 

As can be seen in both figures, by the end of each cycle, the hydrostatic pressure p 

and deviatoric stress q reach their initial values ( p 41.3 kPa  , q 0 ), while the 

volumetric strain and deviatoric strain cannot fully recover. 
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Figure 3.13 Stress path and yield surface during cyclic test  

 

Figure 3.14  Volumetric strain vs. hydrostatic pressure 
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Figure 3.15  Deviatoric stress vs. deviatoric strain 

The magnitude of accumulative volumetric and deviatoric plastic strain (Eqs. (3.49) 

and (3.50)) that are induced in the material due to cyclic load are plotted in Figure 

3.16. 
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Figure 3.16  (left) Total deviatoric plastic strain, (right) Total volumetric plastic strain  

 

3.5 Conclusion 

A modified cyclic plasticity algorithm for granular materials in a large deformation 

framework has been introduced in this chapter. The algorithm is developed based on 

bounding surface theory. The bounding surface is a closed locus with a similar 

formulation of the yield surface developed for elastoplasticity algorithm. When the 

state of stress moves inside the bounding surface due to the complex loading, the 

model can predict  plastic deformation by using a radial return mapping algorithm. 

Subsequently, the plastic deformation is modified with respect to the relative distance 

between the current state of stress and the bounding surface.  

In this model, the shear modulus is kept constant. However, experimental evidences 

shows that the shear modulus depending on hardening or softening of the material 

increases or decreases. This feature can be added to the model by defining a shear 

modulus that depends on the deviatoric plastic deformation.  

The model utilizes a closed bounding surface in 3D space. A phenomenological 

approach is required to obtain the parameters of the bounding surface. The continuity 

of the formulation of the bounding surface and the simplicity of the radial return 

mapping algorithm , makes it a good choice for finite element implementation. 
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The model is verified with different strain path scenarios that may occur during a 

strain-controlled cyclic test. The results show that the model has the capability to 

predict  the mechanical behavior of granular materials subjected to complex loading. 

Moreover, they indicate that the model is accomplished to forecast the volumetric and 

deviatoric plastic deformations within loading and unloading procedures of the 

aggregates.  
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4 A Quasi Linear Viscoelastic Model for 

Simulation the Response of Asphalt Binder 

 

“What worries you, masters you.” 

John Locke 

4.1 Introduction 

Mechanical properties of the viscoelastic materials exhibit compelling dependency to 

the temperature variation and rate of loading, Findley and Davis (2013). Among the 

materials that show viscoelastic behaviour, are biological materials such as human 

organs, Puso and Weiss (1998), foods such as cheese, Goh et al. (2003), rubbers, 

Bergström and Boyce (1998), polymers, Arruda et al. (1995), and asphalt binders, 

Bahia et al. (1999).  

Understanding the viscoelastic behaviour of asphalt binder is an important step for 

pavement engineers and researchers in this field. Asphalt binder is a bituminous 

material utilized in the paving industry to bond the mineral aggregates in asphaltic 

mixtures. The flow characteristics of this black sticky material play an important role 

in mechanical properties of the asphaltic mixture during construction and design life. 

In this regard, the term rheology is commonly utilized to indicate the flow 

characteristics of asphalt binders in a wide range of temperatures, Yildirim et al. 

(2000). In other words, rheology provides a clear view over the viscoelastic nature of 

asphalt binder. 

Asphalt binder plays contradicting roles in various temperatures in the asphaltic 

mixtures. Research has shown that it acts like a lubricant in high temperatures (around 

160 0C ) and facilitates the movement and rearrangement of aggregates such that less 

compactive effort is required, Lu and Isacsson (1997). In contrast, when temperature 

drops, the asphalt binder solidifies which, accordingly, hinders the rearrangement of 

4  CHAPTER 
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aggregates and the compaction of asphaltic mixtures. In this regard, the asphalt 

binder,  as it cools, becomes stiff enough to contribute to the stiffness and bearing 

load capacity of the asphalt mixture, Lesueur (2009). 

Simulation of the response of asphalt binder will provide an efficient tool for the 

development of a model for compaction of asphalt mixtures. In this respect, various 

models are proposed in the literature to capture the viscoelastic behaviour of asphalt 

binders. A common approach is linear viscoelasticity (LVE), Kim and Little (2004), 

Airey et al. (2004). LVE models predict the response of asphalt binder in the small 

strain framework. This methodology manifests its limitations in the presence of 

excessive applied loads whereas the asphalt binder undergoes large deformations and 

exhibits nonlinear behaviour. To overcome this limitation, some researchers have 

utilized nonlinear viscoelastic models based on Schapery’ theory, Masad et al. (2008), 

Woldekidan et al. (2013). A similar approach with less complexity than Schapery’s 

model that can still capture the nonlinear response of the asphalt binder has been 

developed by Fung and is known as Quasi Linear Viscoelasticity (QLV) model with a 

broad application in biomechanics, Fung (1987). 

This chapter states a nonlinear viscoelastic model in the context of the QLV theory. 

The viscoelastic model is developed in large strain framework to capture the nonlinear 

response of asphalt binder in various temperatures. The results of the analysis for 

strain-controlled tests show the capability of the model to simulate the mechanical 

behaviour of the asphalt binder as a visco-hyperelastic material, significantly. In 

addition, sensitivity analysis of the model to the temperature indicates that the 

response of the material is highly dependent to the variations of temperature. 

4.2 Rheological Model for Asphalt Binder 

Experiments have shown that the mechanical properties of asphalt binder strongly 

depend on time and temperature. This strong dependency originates from the 

viscoelastic nature of asphalt binder and generates complex behavior for this sticky 

black material, Asphalt Institute (1989).  

Generally, the mechanical models that are used to describe the viscoelastic behavior 

of materials consist of springs and dashpots. A single Maxwell component is 

sufficient for conceptual understanding of viscoelastic behaviour of the material. 

However,  for a realistic description of the behaviour of asphalt binder, a combination 

of several Maxwell elements parallel with a single spring (generalized Maxwell 

model) is suggested. The single spring parallel to the Maxwell elements creates a 

bound for the strain when t  ; therefore, this model can be used to exhibit 

viscoelastic behavior of a solid material, Scarpas (2005). This mechanical model will 

be used in the next section to formulate the viscoelastic algorithm for asphalt binder. 
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4.2.1 Quasi Linear Viscoelasticity (QLV) for Asphalt Binder 

The QLV theory was first proposed by Fung (1987) considering a particular case of 

nonlinear viscoelasticity for soft tissues. In this respect, Fung suggested that instead of 

developing the constitutive equations by gradual specialization of a general 

formulation, an expression in the form of the convolution integral can be utilized, 

whereas the integrand is split into  time and strain dependent parts. This approach has 

been used by several researchers: Puso and Weiss (1998) for soft tissue, Kaliske 

(2000) for reinforced materials, and Suchocki (2013) for thermoplastics and resins. A 

similar formulation to the work of Suchocki (2013) is utilized in this Chapter to 

develop the viscoelastic model for asphalt binder. In this respect, the total stress can 

be written as: 

 
 e

0

(τ)
(t) G(t τ) dτ

τ

t






 


S E

S , (4.1) 

where (t)S  [MPa] is the second Piola-Kirchhoff (P-K) total stress tensor at time t, 

G  is the reduced relaxation function, e

S  [MPa] is the second Piola-Kirchhoff elastic 

stress tensor, E  is the Green strain tensor and τ  is the time variable.  

The relaxation function G  decreases with time and the word “reduced” refers to a 

situation where G 1  at t 0 . It can be expressed as a series of exponentials, known 

as Prony series, as shown: 

 
1

t
τ

G(t) g g
N

j

j

je






  , (4.2) 

where τ j ( 1,2,... )j N  represent the relaxation times and
jg ( 1,2,... )j N  and g  are 

dimensionless constants such that 
1

 g g 1
N

jj 
  . In this regard,  g  determines the 

long term response and g j
 ( 1,2,... )j N  are known as relaxation coefficients.  

Using Eq. (4.1) and splitting the total stress into a long-term elastic and a viscoelastic 

contribution will result to: 

 
e

,

1

(t) g (t) (t)
N

j

j

   



 S S H , (4.3) 

where 
, jH ( 1,2,... )j N  are stress-like variables that have a physical meaning as 

non-equilibrium viscoelastic overstresses which gradually decrease in a constant 

loading, i.e. relaxation test. These internal variables can be formulated as: 
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  H S . (4.4) 

Discretization of Eqs. (4.3) and (4.4) according to 1t t tn n    leads to: 
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H H S S . (4.6) 

The values of 
, ,j nH  and 

e

,nS  in each time step should be saved in the memory of the 

algorithm to be used for the calculations in the next time step. 

A generalized Maxwell model in 1D in the context of QLV is shown in Figure 4.1, 

where η ( 1,2,... )i i N  are the viscosities of the viscoelastic elements. 

 

Figure 4.1  Generalized Maxwell model 

4.2.2 Constitutive Equations  

The viscoelastic model for asphalt binder should be derived in the context of large 

deformation, whereas 
F  is the elastic part of the deformation gradient in the 

viscoelastic model. The determinant of the deformation gradient is called Jacobian 

and is defined as: 

g e

S

1H

2H

NH

1η

2η

ηN
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 J det ( )  F  (4.7) 

In this context, the right Cauchy-Green strain tensor is derived as: 

 ( ) ( )T

  C F F  (4.8) 

The response of the asphalt binder with respect to the shear and volumetric changes is 

significantly different. As such, it is recommended to decouple the volumetric and 

isochoric response by decomposing the deformation gradient as: 

 
1

3(J )  F F , (4.9) 

where 

1

3(J ) I  and 
F  are the volumetric and deviatoric components of the 

deformation gradient, respectively. As a result, the isochoric right Cauchy-Green 

strain tensor can be expressed as: 

 ( ) ( )T

  C F F  (4.10) 

Accordingly, the first invariant of the isochoric component of the strain measurement 

is defined as, Holzapfel (2000): 

 ,1I tr ( )  C  (4.11) 

The strain energy function is defined in a decoupled form to describe the volumetric 

and deviatoric response of the asphalt binder separately: 

 vol devψ ψ ψ    , (4.12) 

where 
volψ  is the volumetric component of strain energy function and is defined as: 

 vol 21
ψ (J 1)

D
 



  , (4.13) 

whereas D  is the inverse of bulk modulus 
1[MPa ]

. 

Furthermore, devψ  is the isochoric part of the strain energy function which is 

expressed as: 

 dev

,1

κ
μ z

ψ 1 ( I 3) 1
2z κ



 
 

 

   
     

   
, (4.14) 
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where μ  is the shear modulus [MPa] , z  is the parameter improving curve fitting 

and κ  is the hardening parameter. This is a modified form of Knowles strain energy 

function, Knowles and Sternberg (1980), that has been used by Suchocki (2013) for 

polymers. 

The volumetric component of the second Piola-Kirchhoff elastic stress can be 

calculated as: 

 e,vol 1J p 

   S C , (4.15) 

where 
ψ (J )

p
J

vol

 








. (4.16) 

The isochoric component of second Piola-Kirchhoff elastic stress can be derived as: 

 
2

e,dev 3J DEV[ ]e


  S S , (4.17) 

where 
ψ ( )

2
dev

e  









C
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C
. (4.18) 

Therefore, the second Piola-Kirchhoff elastic stress tensor can be formulated as: 

 

,vol ,dev

1 2
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, (4.19) 

and the total first P-K stress is derived as: 

 
1

N
e

j

j

g  



 S S H . (4.20) 

As a result, the Kirchhoff stress tensor τ  is formulated as: 

 T

   τ F S F . (4.21) 

Defining 
,11 ,22 ,33vol

(τ τ τ )

3

  



 
τ I , Eq. (4.21) can be written as 

 
dev vol

   τ τ τ . (4.22) 

The volumetric Kirchhoff stress tensor can be written as: 
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K,

vol

K,

K,

p 0 0

0 p 0

0 0 p



 



 
 

  
 
 

τ  (4.23) 

where K,p    is a scalar quantity defined as hydrostatic Kirchhoff stress. 

The rheological model for asphalt binder, stated in this Chapter, follows these 

assumptions: 

 The asphalt binder is an isotropic nonlinear viscoelastic material whose 

rheological characteristics are described in the context of QLV. 

 The hyperelastic law is chosen according to the modified Knowles strain 

energy function. 

  The coefficients of relaxation function are described as Prony series. 

4.3 Results 

The formulation of the viscoelastic algorithm is programmed in Matlab. This section 

represents numerical examples to show the validity of the algorithm to simulate the 

essential characteristics of the asphalt binder. In this respect, strain controlled test 

conditions are considered and the predictions of the model in terms of the stress tensor 

are inspected.  

The elastic constants and viscoelastic coefficients of the generalized Maxwell model 

consisting of 10 separate rheological elements in parallel with a single spring for a 

pure bitumen 70-100 in three different temperatures (40 C , 50 C  and 60 C ) are 

presented in Table 4.1.  

The results of the stresses predicted by the viscoelastic algorithm are presented for 

volumetric Kirchhoff stress vol

τ  and deviatoric stress dev

τ  to provide a better 

judgment on the response of the asphalt binder with respect to volumetric and 

isochoric deformations.  

 

 

 

 



78 

 

   Table 4.1  Viscoelastic material parameters for asphalt binder 

Temperature 
Elastic constant Viscoelastic coefficients 

μ [Pa]
 z  κ  

1D [Pa]  gi  τi  

 

 

40 C  

 

 

 

 

93.3 

 

 

 

 

200 

 

 

 

 

1.5 

 

 

 

 

1.32 e-10 

0.7322 

0.1538 

0.0722 

0.0296 

0.0091 

0.0024 

5.644e-4 

2.811 e-5 

1.307e-4 

7.483e-6 

g =1.79 e-7 

1.00 e-8 

5.26 e-7 

7.55 e-6 

1.08 e-4 

1.42 e-3 

1.73 e-2 

1.86 e-1 

2.95 e+1 

2.15 e+0 

6.72 e+2 

 

 

50 C  

 

 

 

 

 

13.8 

 

 

 

 

 

200 

 

 

 

 

 

1.5 

 

 

 

 

 

2.34 e-10 

0.7126 

0.2003 

0.0571 

0.0206 

0.0069 

0.0019 

4.7184e-4 

2.6240e-5 

1.0954e-4 

7.0777e-6 

g =3.3 e-8 

1.00 e-8 

5.26 e-7 

7.43 e-6 

7.49 e-5 

7.25 e-4 

7.17 e-3 

7.24 e-2 

9.47 e0 

7.95 e-1 

7.31 e+3 

 

 

60 C  

 

 

 

 

 

5.35 

 

 

 

 

 

200 

 

 

 

 

 

1.5 

 

 

 

 

 

 

2.4e-10 

0.8849 

0.0099 

0.0265 

0.0762 

0.0022 

2.8527e-4 

0 

4.2895e-6 

3.4796e-5 

2.2498e-11 

g =1.6 e-9 

5.00 e-12 

7.67 e-7 

4.15 e-8 

1.19 e-9 

3.03 e-5 

1.16 e-3 

1.4 e-2 

1.92 e+0 

4.07 e-2 

3.00 e+3 

 

4.3.1 Ramp Strain Test (Fully Confinement Compression) 

In this scenario, the viscoelastic algorithm is validated for a ramp strain-controlled 

test. As such, the strain components are similar to the strain components in a fully 
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confinement compression test condition. Therefore, the applied strain tensor is 

defined as: 

 

11

11

11

ε 0 0

0 ε 0

0 0 ε

 
 


 
  

ε , (5.24) 

where 11ε  is increasing in compression direction for a duration of 0.1 [s] and then it 

remains constant. Figure 4.2 shows the applied strain component 11ε  as a function of 

time.  

 

Figure 4.2  Strain component in x direction, 11ε  as a function of time 

The elastic constants and viscoelastic coefficients are chosen from Table 4.1 for 

T 60 C . Due to the type of the test, the deviatoric stress tensor dev

τ  remains zero 

and only volumetric stresses are generated. In this respect, the results of the 

hydrostatic Kirchhoff stress K,p    are shown in Figure 4.3. As can be seen, within the 

period that the strain increases, t (0.0[s] 0.1[s])  , the hydrostatic Kirchhoff stress 

K,p   increases. However, when the strain remains constant, due to the existence of the 

viscous elements in the Generalized Maxwell model, K,p   decreases. This 

phenomenon is known as relaxation of the stress. In this regard, if the rest time is long 
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enough, the stress in the material will have sufficient time to relax completely and 

reach zero value. 

 

Figure 4.3  Hydrostatic Kirchhoff stress K,p  as a function of time 

4.3.2 Ramp Strain Test  

In this scenario, the viscoelastic algorithm is validated by a ramp strain-controlled 

test, whereas the strain components are similar to the strain components in a uniaxial 

compression test condition. As such, the applied strain tensor is defined as: 

 

11ε 0 0

0 0 0

0 0 0

 
 


 
  

ε , (5.25) 

where 11ε  is increasing in compression direction for a duration of 0.1 [s] and then it 

remains constant. Figure 4.4 shows the applied strain component 11ε  as a function of 

time.  

Similar to the previous case, the elastic constants and the viscoelastic coefficients are 

chosen from Table 4.1 for T 60 C . The results of the predicted hydrostatic 

Kirchhoff stress K,p   and the deviatoric Kirchhoff stress component ,11τdev

  as a 

function of time are shown in Figure 4.5 and Figure 4.6, respectively. As can be seen, 
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both plots represent the relaxation of stress components within the period of 

t (0.1[s] 1.0[s])  . 

 

Figure 4.4  Strain component 11ε  as a function of time 
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Figure 4.5  Hydrostatic Kirchhoff stress K,p   as a function of time 
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Figure 4.6  Deviatoric Kirchhoff stress component 
,11τdev


 as a function of time 

4.3.3 Sinusoidal Strain Test (Fully Confinement Compression) 

In this scenario, the viscoelastic algorithm is validated by a strain-controlled test with 

a sinusoidal pattern. In this respect, the strain components are similar to the strain 

components in a fully confinement compression test condition; the applied strain 

tensor is defined as: 

 

11

11

11

ε 0 0

0 ε 0

0 0 ε

 
 


 
  

ε , (5.26) 

where 11ε  is increasing in compression direction for a duration of 0.1 [s] (loading) and  

decreasing for the same duration of time (unloading). Figure 4.7 shows the applied 

strain component 11ε  as a function of time.  

The elastic constants and the viscoelastic coefficients are chosen from Table 4.1 for 

T 60 C . The results of the hydrostatic Kirchhoff stress K,p   are shown in Figure 

4.8. As can be seen, within the period that the strain components increase 

t (0.0[s] 0.1[s])  , the hydrostatic Kirchhoff stress K,p   increases. However, when 
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applied strain  decreases, due to viscous elements in the Generalized Maxwell model, 

K,p   obtains positive values. Furthermore, it can be observed that during the rest time 

t (0.2[s] 1.0[s])   the stress has enough time to relax and reaches zero.  

 

Figure 4.7 Strain component 11ε  as a function of time 
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Figure 4.8 Hydrostatic Kirchhoff stress K,p   as a function of time 

4.3.4 Sinusoidal Strain Test with Increasing Amplitude with Rest Time 

In this case, the validity of the viscoelastic model is studied by a strain-controlled test 

consists of three cycles with an increasing amplitude in each cycle. In this respect, the 

strain components are similar to the strain components in a fully confinement 

compression test condition; the applied strain tensor is defined as: 

 

11

11

11

ε 0 0

0 ε 0

0 0 ε

 
 


 
  

ε  (5.27) 

where 11ε  is increasing in compression direction for a duration of 0.1 [s] (loading) and  

decreasing for the same duration of time (unloading) for three cycles with a rest time 

of 0.8 seconds. Figure 4.9 shows the applied strain component 11ε  as a function of 

time.  
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Figure 4.9 strain component 11ε  as a function of time for three cycles 

The elastic constants and viscoelastic coefficients are chosen from Table 4.1 for 

T 60 C . The results of hydrostatic Kirchhoff stress K,p    for three cycles are shown 

in Figure 4.10. As can be seen, the resting time of 0.8 seconds provides sufficient time 

for the stress to relax completely in each cycle. 
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Figure 4.10 Hydrostatic Kirchhoff stress K,p   vs. time 

4.4 Sensitivity Analysis of Temperature 

The viscoelastic model utilizes elastic constants and viscoelastic coefficients. As can 

be observed from Table 4.1, these parameters vary significantly with temperature. As 

such, this section investigates the sensitivity of the response of the formulated model 

to the temperature. Accordingly, a strain-controlled test is considered to simulate the 

strain condition that the material experiences in a fully confinement compression test 

(similar to the example in 4.3.1). The elastic constants and viscoelastic coefficients 

are chosen from Table 4.1 for T 60 C , T 50 C  and T 40 C . The results of the 

hydrostatic Kirchhoff stress K,p   are shown in Figure 4.11. As can be seen, when 

temperature increases, the stress in the asphalt binder decreases dramatically.   
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Figure 4.11  Hydrostatic Kirchhoff stress K,p   vs. time for three different temperature 

4.5 Conclusions 

This chapter states the theoretical framework of visco-hyperelasticity within the 

context of QLV, whereas the relaxation function is expressed in the form of a series of 

exponentials, known as Prony series.  

The viscoelastic algorithm prediction is investigated with strain-controlled tests. For 

this purpose, the algorithm obtains the elastic constants and viscoelastic coefficients 

from experimental data. The results indicate that the algorithm is capable of providing 

proper predictions for the response of asphalt binder. 

The sensitivity analysis of the viscoelastic model to temperature variation indicates 

that the stress values generated by the algorithm are highly dependent on the 

temperature of the asphalt binder. This aspect has great influence on the mechanical 

characteristics of the asphaltic mixtures during compaction. 
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5 A Constitutive Model for Simulation the 

Compaction of Asphaltic Mixtures  

 

“If you want to find the secrets of the universe, think in terms of energy,  frequency 

and vibration.” 

Nikola Tesla 

 

5.1 Introduction 

Asphaltic mixtures are heterogeneous composite materials consisting of aggregates 

coated and bound by asphalt binder. Studies on the mechanical behaviour of these 

types of mixtures have demonstrated that their heterogeneity and complexity 

originates from the characteristics of granular materials (shape, angularity, texture, 

gradation, and skeleton modulus), the properties of asphalt binder (grade, relaxation 

characteristics, complex modulus) and the interactions between the granular materials 

and the asphalt binder, Kim et al. (2008).  

The long term performance of asphaltic pavements is highly dependent on the 

mechanical characteristics of asphaltic mixture during construction (mixing and 

compaction) and operation; inadequate mixture compaction leads to increased 

moisture and oxygen diffusion, ravelling, rutting and poor fatigue life. Many factors 

influence the quality of the compaction process including compaction equipment, the 

pattern and arrangement of the compaction equipment, base and subbase properties, 

temperature cooling rate and thickness of the asphaltic layer, U.S. Army Corps of 

Engineers (2000). 

Few studies have been focused on modelling the compaction process of asphaltic 

mixtures. In addition to the computational difficulty in simulating rolling contact, 

other reasons for the scarcity of publications on the subject is the experimental 

difficulty in determining constitutive parameters for the hot mixture and the 

5 CHAPTER 
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simulation of the transition from a semi-liquid form to an elasto-visco-plastic solid, 

Masad et al. (2016). 

The previous attempts on modelling compaction of asphalt concrete can be 

categorized into discrete element methods (DEM) and finite elements methods 

(FEM). In the context of DEM, the hot asphaltic material components (aggregates and 

asphalt binder) are modelled with clusters of very small, discrete elements, You and 

Buttlar (2004), Kim et al. (2008). In contrast, in the context of FEM, the asphaltic 

mixture is treated as a continuum material, Collop et al. (2003), Dai and You (2008). 

With regard to the FEM approach, the major complexity arises in developing a 

constitutive model that can address various features of the mechanical behaviour of 

asphaltic mixture during compaction.  

Guler et al. (2002) used a poro-elasto-plastic compaction model with a modified 

Gurson-Tvergaard yield function. They obtained statistically significant parameters 

for an incremental constitutive relation which was developed and formulated for this 

purpose. This model was based on small strain theory and was time-independent 

under isothermal conditions. An augmented Lagrangian Eulerian formulation in 

combination with a modified form of the critical state model for granular materials in 

a small strain framework was proposed by Huerne (2004). He modified the 

constitutive model parameters in cooperation with generalization of the granular 

material model to a asphaltic mixtures model. However, the physical changes in the 

mechanical properties of hot mix asphalt during compaction were not addressed in his 

model. Next to that, the compaction due to vibratory load was not considered in this 

model. 

In an attempt to include temperature dependency and the viscoelastic nature of asphalt 

binder to asphaltic mixture compaction modelling, Xia and Chi (2008) proposed a 

visco-plastic foam-type model with volumetric hardening. They associated the 

material model with large deformation theory to simulate the effects of a roller pass 

on the asphalt mixture density. The visco-plastic hardening nature of the model 

weakens its capability to address the effects of successive cycles of roller compaction. 

A theoretical framework based on a non-linear viscoelastic material model for 

simulation of asphaltic mixture compaction was developed and utilized by Koneru et 

al. (2008), Masad et al. (2016). Their model incorporated various parameters to 

address various mechanisms that are observed during compaction. Their model was 

not capable of predicting permanent volume changes due to plastic deformation and 

simulating the full influence of compaction on mechanical properties of hot asphaltic 

mixture. 

The limitations of previous models to address various aspects of the mechanical 

behavior of asphaltic mixtures during compaction, justify the quest for a new 
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constitutive model that can provide a reliable prediction of this process. In this work, 

an elastoplastic-viscoelastic (EP-VE) material model in a large deformation 

framework is established to simulate the compaction of asphaltic mixtures. The 

elastoplasticity addresses the role of the granular components and the air voids, while 

viscoelasticity addresses the response of the asphalt binder. The elastoplasticity and 

viscoelasticity are combined by means of the “Theory of Mixtures” to obtain an EP-

VE model which engages the volume fraction of each constituent (aggregates, asphalt 

binder and air voids). The characteristics of the elastoplastic model including standard 

elastoplasticity and cyclic plasticity were presented in Chapter 2 and 3, respectively. 

Next to that, the characteristics of the viscoelastic model were stated in Chapter 4.  

To address the EP-VE compaction model, this chapter has the following structure: 

First, the mechanical behavior of the constituents of the asphaltic mixture during 

compaction and acquisitive constitutive relations are discussed. Then the role of 

temperature and its influence on the mechanical behavior of the asphaltic mixtures 

during compaction procedure is addressed. Next to that, the variation of input 

parameters of the compaction model due to temperature drop and mechanical loading 

is discussed and accompanied by investigation of the ability of the compaction model 

to predict the stiffening of the asphaltic mixture during the compaction process. The 

analysis of the compaction model for different strain paths indicates that the model 

can provide realistic simulations for the initial and the secondary phases of the 

compaction procedure, respectively.  

5.2 Compaction Model of Asphaltic Mixture 

Compaction of an asphaltic mixture is one of the most important phases in pavement 

construction. Proper inspection of the compaction of asphaltic mixture requires a 

comprehensive insight into the mechanical characteristics of its components: 

aggregates, asphalt binder and air voids. Figure 5.1 shows a schematic drawing of an 

asphaltic mixture sample and its components whereas each of them plays an important 

role during the construction and the operation of asphaltic pavements.  

 
Figure 5.1  Asphalt mixture components  

Asphalt binder

Air voids

Aggregates
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The internal structure of an asphaltic mixture refers to the arrangement of the 

aggregates and their associated air voids and has a significant effect on the 

compaction process and the performance of hot mix asphalt, Masad et al. (1999). In 

this respect, mineral aggregates represent approximately 90 percent of the total 

volume of an asphaltic mixture. Their shape properties including angularity, form, and 

surface texture can have major influences on the compactibility of an asphaltic 

mixture and the performance of a pavement during service life, Tutumluer et al. 

(2005). During compaction, the aggregates rearrange internally and the air voids 

among them are driven out. As such, a stiffer granular structure and a denser asphaltic 

mixture are achieved.  

The initial temperature of hot mix asphalt during the compaction process is high 

(approximately 180 C ). In this range of temperatures, the asphalt binder acts as a 

fluid with very low viscosity. As such, the contribution of asphalt binder to the 

stiffness of the asphaltic mixture is negligible and it acts primarily as a lubricant and 

glue, Huerne (2004). Observations during the compaction process have shown that 

due to temperature differences between ambient, asphaltic mixture, and the ground, 

the asphaltic mixture cools down quickly. Thus, the viscosity of bitumen increases 

rapidly which progressively hinders the rearrangement of aggregates and the 

compaction process, Findley et.al. (1989). 

Since several variables influence the compaction of an asphaltic mixture, finding a 

straightforward methodology to optimize the compaction process and simultaneously 

to be applicable to different situations is not an easy task. In this perspective, an 

important step is to develop a model that is based on the parameters related to mixture 

properties, environmental factors and the loading history of the asphaltic mixture. The 

model should be applicable to all types of asphaltic mixtures, layer thicknesses, 

weather conditions and compaction equipment.  

This Chapter focuses on the development and the implementation of a constitutive 

model that fulfills the above mentioned requirements. A distinct and clear view on the 

interaction of the components of asphalt mixture when subjected to mechanical loads 

and temperature variation, furnishes sufficient insights towards developing a 

compaction model that can provide reliable outputs.  

During the initial phase of compaction, the mechanical loading (weight of screed) 

imposes dramatic air voids reduction and hence permanent volume change. The need 

to trace and control this volume reduction calls for an elastoplasticity feature in the 

compaction model. Next to that, for the secondary phase of compaction, a cyclic 

plasticity algorithm is added to the model to fulfill the need for simulating the 

compaction of the asphaltic mixture due to repeated loading (roller’s passes). In 

addition, the temperature and rate dependency of the mixture as a consequence of the 
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presence of the asphalt binder, is considered in the model by adding a viscoelastic 

component and defining temperature dependent parameters for the elastoplasticity and 

the cyclic plasticity algorithms. 

With regard to various mechanisms that were discussed earlier, the response of the 

asphaltic mixture during compaction in the field can be summarized into three 

categories: 

1. Initial air void removal due to the weight of the screed: Initially asphaltic 

mixture has a very loose state containing almost 30 percent air voids. When 

mechanical loading is applied on the mixture, an immediate change in the 

volume occurs. If the load is removed, a small part of the volume change will 

be recovered, while the major part will remain unrecoverable. This dramatic 

compaction occurs due to the weight of the screed. The elastoplastic algorithm 

in the compaction model is introduced to capture this feature of the asphaltic 

mixtures. 

2. Secondary air removal due to the passing of the roller: After initial 

compaction, the asphaltic mixture continues to compact due to the passes of 

the roller. In this respect, the air voids content decreases and additional 

permanent volume changes happen. This feature occurs mainly due to the 

internal structure of asphaltic mixture and presence of aggregates. In this 

context, the cyclic plasticity algorithm in the compaction model is introduced 

to simulate the plastic deformations due to the roller’s passing. 

3. Stiffening of the asphaltic mixture due to temperature drop: Asphalt binder is a 

temperature dependent material. At high temperatures it acts as a viscous fluid, 

at intermediate temperatures as a viscoelastic material and at low temperatures 

as an elastic solid. When asphaltic mixture is laid down on the ground, its 

temperature drops quickly. As such, the viscosity of asphalt binder increases 

whereas its role as a lubricant decreases. As binder, it has a direct influence on 

the rearrangement of aggregates and their yielding properties in the mixture. In 

this regard, the viscoelastic algorithm described in Chapter 4 is added to the 

compaction model to predict rate and temperature dependency of the asphalt 

binder. In addition, the parameters of the elastoplastic algorithm and cyclic 

plasticity algorithm are modified such that the influence of the lubrication role 

of the asphalt binder on one hand and stiffening of asphalt binder on the other 

hand on the mechanical response of granular structure are considered.  

5.2.1 Constitutive Equations for Compaction Model 

There are very few constitutive models available to describe the behaviour of 

asphaltic mixtures during compaction. To have a realistic simulation of this process, 
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constitutive equations are required that can capture large deformations, nonlinear 

stress-strain relationships, air voids reduction, temperature and rate dependency of the 

asphalt binder and stiffening of the asphaltic material. 

The characteristics of aggregates coupled with air voids are simulated by the standard 

elastoplastic and cyclic plasticity algorithms, which are formulated and presented in 

Chapter 2 and 3. Furthermore, the rheology of asphalt binder is simulated by the 

viscoelastic algorithm, which is formulated in Chapter 4. The aim of this section is to 

combine the elastoplastic algorithm and the cyclic plasticity algorithm with the 

viscoelastic algorithm to simulate the compaction process of asphaltic mixture. In this 

regard, a general elastoplastic-viscoelastic rheological model is proposed in the 

following part.  

5.2.1.1 General elastoplastic-viscoelastic model  

Figure 5.2 shows a 1D model of a general elastoplastic-viscoelastic model proposed 

for asphaltic mixtures. This model assumes a viscoelastic component (generalized 

Maxwell model) is acting in parallel with an elastoplastic component (either standard 

elastoplasticity or cyclic plasticity algorithm). With this assumption, the elastoplastic 

component and the viscoelastic component experience equal deformations. The 

generalized Maxwell model is explained in details in Chapter 4. The elastoplastic 

component consists of a spring with stiffness of Ee  and a slider with σ y  as the 

uniaxial yield stress. 

 
Figure 5.2  General elastoplastic-viscoelastic model for asphaltic mixtures   
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5.2.2 Theory of Mixtures  

Asphalt mixture is a heterogeneous material composed of a granular structure, asphalt 

binder and air voids. The mechanical characteristics and volume fraction of each 

component play an important role in the average properties of the mixture. In this 

thesis, the “Theory of Mixtures” is used as the basis for determining the interaction 

and contribution of each unit component to the overall response. 

A fundamental assumption in the theory of mixtures is that each representative 

volume of the mixture is occupied by a particle associated to each component 

simultaneously. Although this assumption is physically impossible, it is an effective 

way to generalize the basic ideas of the mechanics of a single continuum to several 

co-existent continua, Rajagopal and Tao (1995). In this approach, volume/mass 

fraction of each component of the mixture plays its own role. 

This section deals with determination of the contribution of the components of the 

asphaltic mixture in the overall response of the mixture. In this respect, the definition 

of volume fraction and the relation between air void content as the compaction 

criterion and plastic deformation are presented. 

5.2.2.1 Volume fraction and void ratio 

It is assumed that the mixture of granular materials, asphalt binder and air is purely a 

mechanical system disregarding thermal effects or chemical reactions. This 

assumption was utilized to find a method based on mass and momentum balance to 

simulate permanent deformations induced in asphaltic pavements due to traffic by 

Murali Krishnan and Lakshmana Rao (2000). In their formulation, variable volume 

fractions were considered to represent the contribution of the asphaltic mixture 

components in the overall response of the pavement during service life. For the 

compaction model, in order to obtain volume fractions of the asphaltic mixture 

components, a similar perspective is established. Assuming that the volume of 

aggregates is represented by 
aV , the asphalt binder by 

bV , and air voids by 
vV , the 

total volume of asphaltic mixture 
TV  will be obtained as: 

 T a b vV V V V   . (5.1) 

In addition, the total mass TM  of asphaltic mixture  can be derived as: 

 T a b vM M M M   , (5.2) 

where aM  is the mass of aggregates, bM  is the mass of asphalt binder and vM  is the 

mass of air voids. 
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In the reference configuration, the density of each component can be obtained by:  

 
M

γ
V

 



 , (5.3) 

where   can refer to aggregates or asphalt binder or air voids. 

The volume fraction of each component is defined as the ratio of its volume to the 

total volume of asphaltic mixture: 

 
T

V

V

   . (5.4) 

During compaction, the air void content is reduced. As a consequence, the volume 

fraction of the components of asphaltic mixture varies. In this respect, a criterion is 

required that quantifies the level of compaction from the initial stage to the end 

according to the air void content in the asphaltic mixture. 

It is well established that the air voids distribution has major influence on the 

mechanical behavior of asphaltic mixtures. In this context, factors such as aggregate 

shape and gradation, compactive effort and method of compaction governs the air 

void distribution, Tashman et al. (2002). Mixtures with equal air void volumetric 

fractions may have different air void distributions. This feature causes heterogeneity 

in the mixture and high variation in stresses and strains, Chehab et al. (2000). X-ray 

tomography in combination with image processing analysis is a common technique in 

quantifying the air void distribution, Masad et al. (2002). However, the approach of 

this study is based on continuum mechanics. Hence, the  randomness of air void 

distribution is not engaged. Instead, void ratio is used as an average quantity 

representing the air void distribution in the asphaltic mixture which is a common 

criterion in pavement engineering to describe the level of compaction.  

The void ratio in the granular structure g(e )  is defined as the ratio of volume of voids

v(V )  to the volume of aggregates 
a(V ) and is written as following: 

 v
g

a

V
e

V
 . (5.5) 

The void ratio in asphaltic mixture ( e ) is defined as the ratio of volume of voids 
v(V )  

to the summation of volume of aggregates 
a(V )  and asphalt binder 

b(V ) and can be 

formulated as: 
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gv

a b b a

eV
e

V V 1 V / V
 

 
. (5.6) 

The compaction model simulates the permanent deformations that occur during 

compaction of asphaltic mixture as a result of air void reduction. In a study by  Ehlers 

et al. (2015), the volume fraction of granular structure in a porous medium was 

formulated as a function of volumetric strain. A similar approach is chosen to obtain 

the relationship between void ratio in granular structure ( ge ) and volumetric strain in 

the compaction model. 

According to Eq. (2.52) in Chapter 2, 
v

0

ε ln



 , where   is the specific volume and 

is defined as: 

 vV +V

V

a

a

  . (5.7) 

Combining Eqs. (5.5) and (5.7),  it leads to: 

 g1 e    (5.8) 

and 0 g , 01 e   , (5.9) 

where 0  is the initial specific volume and g , 0e  is the initial void ratio in the asphaltic 

mixture.   

Hence, 
g v

g , 0

1 e
ε ln

1 e





 (5.10) 

and as a result, 
v

g g , 0e (1 e ).exp(ε ) 1   . (5.11) 

As discussed earlier, the volume fraction of each component  varies with the air 

void content. Hence, the relation between air void in the granular structure ( ge ) and 

 can be obtained as: 

 a a

a b v b a g

V 1

V V V 1 V V e
  

   
, (5.12) 
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 b b b a

a b v b a g

V V V

V V V 1 V V e
  

   
, (5.13)

 
gv v

a b v b a g

eV

V V V 1 V V e
  

   
, (5.14) 

where the ratio of volume of asphalt binder to volume of granular structure in 

reference configuration can be derived as: 

 b b
b a

a a

M / γ
V V

M / γ
 . (5.15) 

The summation of volume fractions of all the components of asphaltic mixture is 

calculated by combining Eqs. (5.12) to (5.14) as: 

 
gb a

b a g b a g b a g

eV V1
1

1 V V e 1 V V e 1 V V e

    
     

 , (5.16) 

which is in line with the essential requirement of the theory of mixtures. 

5.2.2.2 Stress distribution 

When asphalt mixture is subjected to mechanical load, each component (aggregates, 

asphalt binder and air voids) contributes in the stiffness of the mixture according to its 

characteristics and volume fraction. Figure 5.3 shows an imaginary plane of the cross 

section of the asphaltic mixture whereas the green area represents the asphalt binder, 

the gray color marks the granular structure and the blue color shows the air voids. 

This is an ideal arrangement of the components of asphalt mixture, while in reality the 

aggregates, asphalt binder and air voids have a random distributions.   
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Figure 5.3  Cross section of an ideal asphaltic mixture sample  

Assuming a uniform external compression load uF  is on applied this plane, the stress 

distribution on this plane can be estimated as:  

 
a b v

a b vu a b v a b v

T T T T T

F A A A A A A
. . .

A A A A A

  
   

 
     , (5.17) 

where   is the average stress in asphalt mixture, a , b  and v  are the stresses in 

aggregates, asphalt binder, and air voids and aA  is the area belonging to aggregates 

(green color), bA  is the area of asphalt binder (gray color), vA  is the area of air voids 

(blue color) and TA  is the total area of the cross section.  

Generalizing the formulation of average stress to 3D will give the flexibility to 

estimate the average Kirchhoff stress tensor τ  in the asphaltic mixture as following: 

 
a b vb v

T T T

V V V
. . .
V V V

a  τ τ τ τ  (5.18) 

where 
a

τ , 
b

τ  and 
v

τ  are the Kirchhoff stress tensors of aggregates, asphalt binder and 

air voids, respectively. Assuming 
v 0τ  and using volume fractions, the following 

formulation for the average stress in the asphalt mixture is suggested: 

 a a b b. .  τ τ τ , (5.19) 
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5.3 Temperature  

Research on compaction of the asphaltic mixtures has indicated that in combination 

with aggregate characteristics such as shape and gradation, temperature has a very 

profound role in this process as it directly influences the viscosity of the asphalt 

binder and hence the rearrangement of the aggregates,  U.S. Army Corps of Engineers 

(2000).  

Determination of the appropriate temperature range for the compaction of asphaltic 

mixtures is a challenging task which plays an important role in optimising this 

process. Field studies have shown that two undesirable circumstances may occur 

during compaction due to improper temperature conditions that make it difficult to 

achieve the optimum density. On one hand, if the temperature of the asphaltic mixture 

is too high, an overstressed condition may occur. In this condition, the stability of the 

mix is so low that it cannot support the external mechanical load (tender mix). On the 

other hand, when the temperature of the asphaltic mixture is too low, an understressed 

condition may happen whereas the applied mechanical load does not have any 

significant influence on the compaction of the asphaltic mixture, Timm et al. (2001).  

Figure 5.4 shows a typical temperature window for the asphaltic mixtures during the 

compaction procedure. Apparently, the temperature range can expand or shrink along 

the time axis depending on the rate of cooling. There are many parameters that can 

influence the rate of cooling: time of the year, time of the day, wind speed, ambient 

temperature, cloud coverage, thickness of asphalt layer, temperature and thermal 

properties of base layer materials, type of asphalt mixture, pertinent thermal properties 

and initial temperature, Timm et al. (2001).  

The information about the asphaltic mixture cooling rate is essential for planning the 

construction procedure. A rapid cooling rate requires a faster compaction procedure. 

In this respect, as the mixture cools down, more compactive effort is required to 

achieve proper compaction, Vargas-Nordcbeck and Timm (2011). Figure 5.5 shows a 

typical curve representing the relation between the compactive effort and the 

temperature window. Obviously, there is a limited time for optimizing the 

compaction. This time is synchronized with the initial compaction temperature down 

to the minimum compaction temperature. Below the minimum temperature, the 

density of the mixture does not change easily and higher compactive effort is required 

in comparison to temperatures above the minimum. 
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Figure 5.4  Temperature cooling of the asphalt mixture 

 

 
Figure 5.5  Compaction effort as a function of temperature 

The compaction model requires sufficient information about the temperature variation 

of the asphaltic mixture within the compaction period. In literature, one can find 

various approaches to predict cooling rate of asphaltic mixtures during compaction, 

Huerne (2004), Mrawira and Luca (2006). In this work, the experimental data 
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obtained by Vargas-Nordcbeck and Timm (2011) are chosen. These data are obtained 

for an asphaltic layer in a flexible pavement with the following conditions: air 

temperature is 32 C , wind speed is 2.8 m.p.h., delivery temperature is 158 C , base 

temperature is 63 C  and the layer thickness is 2.8 inch.  

The result of curve fitting according to these data is: 

 
( ) ( )0.128t 0.0055tT 16.23 133.8e e   , (5.20) 

where t  is time [min] and T  is the temperature [ C ] of the hot mix asphalt. Figure 

5.6 shows the experimental data and the fitted curve. Obviously, the rate of cooling in 

the first 20 minutes is higher with respect to other time windows. The function in Eq. 

(5.20) describes the temperature cooling curve for a specific condition. This 

formulation is fed into the compaction model to predict the variation of temperature 

within the time of compaction. However, any other defined function that can provide 

the temperature data within compaction time can be implemented in the model.  

 

 

Figure 5.6  Temperature vs. time , After Vargas-Nordcbeck and Timm (2011) 
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5.4 Asphalt Binder 

The asphalt binder plays a substantial role in the mechanical response of an asphaltic 

mixture during compaction. Its mechanical properties are highly dependent on the 

temperature of the mixture. Research has shown that the binder acts like a lubricant at 

high temperatures and facilitates the movement and rearrangement of aggregates such 

that less compactive effort is required, Lu and Isacsson (1997). In contrast, when the 

temperature drops, the asphalt binder solidifies which accordingly hinders the 

rearrangement of aggregates and the compaction of asphaltic mixture. As such, as it 

cools, the asphalt binder becomes stiff enough to contribute to the stiffness and 

bearing load capacity of the asphalt mixture.  

The term rheology is commonly utilized to indicate the flow characteristics of asphalt 

binder in a wide range of temperatures, Yildirim et al. (2000). In this regard, an 

important criterion that describes the rheology of asphalt binder is the viscosity. There 

are various approaches to obtain the proper relation between viscosity and 

temperature depending on the type of bitumen and the laboratory facilities, Garcıa-

Morales et al. (2004) and Capitão et al. (2012). Studies have shown that at high 

temperatures, asphalt binder acts like a viscous fluid, at intermediate temperatures as a 

viscoelastic material, and at very low temperatures as an elastic material, Asphalt 

Institute (1989).  

For an unmodified bitumen at high temperatures, the relationship between viscosity 

and temperature is obtained according to ASTM D 2493 as shown in Figure 5.7. 

Unmodified and neat asphalt binder acts like a Newtonian fluid, such that its viscosity 

does not depend on the shear rate. According to ASTM D 2493  criterion, for 

Superpave mix design and Marshal mix design, an approximate viscosity range of 

0.17 0.02 Pa.s  for mixing temperature (165 C ) and 0.28 0.03Pa.s  for 

compaction temperature (140 to 145 C ) is required, respectively.  
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Figure 5.7  Determination of mixing and compaction temperatures (ASTM D 2493) 

In this work, the same data for viscosity and temperature are chosen to estimate a 

linear relationship between the logarithm of viscosity of asphalt binder η [Pa.s]  and 

temperature T [ ]C  as: 

 log(η) 0.0074 T+0.4754  . (5.21) 

The information about viscosity is supplied in the compaction model to obtain the 

required parameters of the viscoelastic algorithm and estimate the viscous hardening 

parameter of the asphalt binder. 

Remark I 

One very important temperature that has significant influence on the rheology of 

asphalt binder is the solidification temperature. According to Marzouki and Haupt 

(2014), the solidification temperature for asphalt binder occurs in a temperature range 

between 90 to 110 C . Below this temperature, the asphalt binder solidifies with an 

accompanying decrease in the workability of hot mix asphalt and the compaction rate. 

This aspect of asphalt binder motivates the pavement constructors to perform the 

compaction procedure in temperatures higher than the solidification temperature. For 

the compaction model in this work, the solidification temperature is assumed to be 

100 C .  

5.5 Granular Structure 

Aggregates are the main skeleton of an asphaltic mixture. Their internal structure, 

gradation, and shape characteristics influence the compaction process. Apparently, 

when an asphalt mixture is subjected to mechanical loads, the aggregates rearrange, 

the air voids among them are driven out and permanent deformations occur. In this 
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context, the model that captures the characteristics of aggregates in asphaltic mixture 

should simulate the following features: 

 a strain decomposition to obtain elastic and plastic strain (deformation theory), 

 an elastic law describing the material behavior during elastic loading and 

unloading, 

 a yield function to distinguish the elastic zone from the plastic zone, 

 a plastic flow rule for determining plastic strain development, 

 a hardening rule defining the evolution of the yield surface, 

 a cyclic plasticity toolkit to determine plastic strains due to cyclic loads, 

 temperature dependency. 

Except temperature dependency, all other above mentioned features were already 

described in detail as part of the elastoplasticity and cyclic plasticity algorithms in 

Chapters 2 and 3.  

As formerly discussed, temperature has significant influences on the properties of the 

granular composite due to the presence of asphalt binder. This section addresses a 

modified version of the yield surface for granular materials as presented in Chapter 2 

and 3 to make it appropriate for the simulation of the compaction of asphaltic 

mixtures. In this regard, the effects of temperature on the input parameters of the 

elastoplasticity and cyclic plasticity algorithms in the compaction model are 

investigated. 

5.5.1 Yield Surface 

The yield surface that is utilized in the compaction model for the aggregates has been 

formulated in Chapter 2 as: 

  
 2

2 2 2

C max 2

C

(p ω) p ω (p ω)q R
F(p,q,p ) Γ(θ) γ (p- ) 1

27 3 2(p ω)

    
   

  

 (5.22) 

where p  is the hydrostatic pressure, q  is the equivalent shear stress, Cp  is the 

hardening parameter and the intersection point of yield surface with hydrostatic axis, 

maxγ  is the slope of ultimate state, R is the tensile strength, ω  is the parameter that 

controls the position of yield cap and Γ(θ)  is a function of θ , the Lode angle, that is 

related to the shape of the yield surface in the octahedral plane. 

Figure 5.8 shows a schematic plot of the yield surface in p-q space (Γ(θ)=1)  for a 

cohesionless granular material (R=0). This surface is the key element in the 
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elastoplasticity and the cyclic plasticity algorithms to predict the plastic deformation 

of the granular materials.  

 
Figure 5.8  Yield surface for the compaction model 

During compaction the rearrangement of the aggregates and hence their contribution 

to the response of the asphalt mixture are influenced by the viscosity of the asphalt 

binder. This affects either on the parameters of the yield surface (related to the shape 

and size of the yield surface) or on the plastic deformations predicted by the 

elastoplastic and the cyclic plasticity algorithms. These types of stiffening are 

reversible mechanisms; increasing the temperature will soften the mixture.  

Besides stiffening due to temperature drop, the asphaltic mixture experiences 

hardening when subjected to mechanical load. In this regard, air void content 

decreases and the material becomes stiffer. In this context, a hardening plasticity 

formulation as explained in Chapter 2  is required. In addition, a parameter is defined 

in this Chapter that considers the hardening of the material due to a cyclic type of 

loading. 

In the following, various types of hardening that aggregates experience during 

compaction of asphalt mixture due to temperature drop and mechanical loading are 

discussed. 

5.5.2 Isotropic Compression Hardening Parameter 

Isotropic compression hardening is the simplest type of hardening in the context of 

plasticity modelling. Due to the mechanical load, air voids are driven out and 

permanent volume changes occur. In this respect, the isotropic compression hardening 

parameter Cp  evolves as a function of volumetric plastic strain 
v

pε  and causes the 

yield surface to expand along the hydrostatic axis in p-q space. Details about the 

hardening rule are stated in Chapter 2.  Figure 5.9 shows the effect of variation of the 

1

max3 3γ

ω
cp

p

q
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hardening parameter 
Cp  on the size and the shape of the yield surface while other 

parameters of the yield surface are kept constant ( R=0, 
maxγ 2.24 ). 

 
Figure 5.9  Isotropic compression hardening 

5.5.3 Isotropic Tensile Hardening 

Unbound and bound aggregates are anisotropic materials; their response to 

compression load is different from their response to tensile load. In this respect, 

unbound aggregates are characterised as no-tension and cohesionless materials. This 

feature influences their yield properties consequently. The known yield surfaces for 

cohesionless materials such as Mohr-Coulomb, Drucker-Prager and Desai can be 

made to evolve from the origin in p-q space, Savage (1979), Drucker (1953), Armaleh 

and Desai (1994). Similarly, the yield surface that was formulated in Chapter 2, 

evolves from the origin in p-q space. 

In asphaltic mixtures, the aggregates are coated and bound by the asphalt binder. 

Hence, the presence of asphalt binder as a glue can impart some tensile strength in the 

granular structure. Regarding this aspect, a parameter R is added to the formulation of 

the yield surface in the compaction model, Eq. (5.22), and is termed as the cohesive 

hardening parameter. This parameter drives the yield surface towards the positive side 

of the hydrostatic axis. The magnitude of R quantifies the isotropic tensile strength. 



110 

 

Figure 5.10 shows the yield surface with a shift toward positive side of the hydrostatic 

axis. As a result, the yield surface intersects the q axis at point c  which represents the 

cohesion of the material. The relation between R and c  is obtained as : 

 
max

c
R

3 3 γ
 . (5.23) 

The parameter R varies during the compaction process. When temperature drops, the 

viscosity of asphalt binder increases and its role as a glue intensifies. As such, the 

tensile strength  R  and the cohesion c of the granular structure improve, respectively.  

 
Figure 5.10  Yield surface for cohesive granular materials 

In this work, the compaction model obtains the information about the variation of the 

cohesive hardening parameter R [MPa] as a function of temperature T [ C ] according 

to the following formulation: 

 R =-0.00015 T+0.027 , (5.24) 

Figure 5.11 shows the variation of  R in the temperature range of  70 to 180 C . 

Figure 5.12 shows the influence of the variation of R with temperature on the size and 

position of the yield surface. Since the yield surface grows isotropically toward the 

positive side of the hydrostatic axis, this phenomenon is called isotropic tensile 

hardening. This process is reversible; if temperature increases, R will decrease 

accordingly.  

As suggested by Erkens (2002), R can be found from uniaxial tension data as the 

intercept of 1I  axis of a line through the tensile strength in 1 2I J  axis. 
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Figure 5.11  Suggested function for R with respect to temperature 

 
Figure 5.12  Isotropic tensile hardening 
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5.5.4 Deviatoric Hardening Parameter 

The shear strength of granular materials depends on the interlock between the 

individual particles. The slope of the shear failure surface in p-q space is equal to 

max3 3 γ  which is an input parameter for the yield surface formulation.  

In the formulation of the yield surface in Chapter 2, 
maxγ was assumed to be constant. 

However, due to the influence of temperature variation on the asphalt binder, a 

constant 
maxγ  for aggregates may lead to wrong predictions. In this regard, the asphalt 

mixture resistance to shear forces improves when temperature drops and the material 

becomes stiffer. This influence is considered in the compaction model by defining 

maxγ  as a temperature dependent parameter. Since increasing the maxγ  will cause the 

yield surface to grow, it is called the deviatoric hardening parameter.  

The relationship between maxγ  and temperature T [ C ] is assumed to be as: 

 
 sol sol sol

max 2

max sol

(T T ) T T (T T )
γ 2.24 1

2(T T )

   
 


, (5.25) 

where solT 100 C  is the solidification temperature and maxT 180 C  is the highest 

temperature of the asphaltic mixture during compaction . As can be seen in Figure 

5.13, in the temperature range below the solidification temperature, 
maxγ  is constant.  

When maxγ  increases, the yield surface expands and deviatoric hardening occurs. 

Figure 5.14 shows the variation of the shape and size of the yield surface with respect 

to the variation of the deviatoric hardening parameter C(P 0.01MPa  and R=0). 
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Figure 5.13  Suggested function for maxγ  with respect to temperature 

 
Figure 5.14  Deviatoric hardening 
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5.5.5 Cyclic Hardening Parameter 

When an asphaltic mixture is subjected to cyclic load, the air voids among aggregates 

are driven out and the material becomes stiffer. Next to that, the total plastic 

deformation that is generated in each cycle gradually decreases. This phenomenon is 

known as cyclic hardening. In this context, a cyclic hardening parameter 
hC  is 

considered with a direct influence on the output of the compaction model. The 

following formulation is assumed to describe the cyclic hardening parameter 
hC  as a 

function of number of cycles n: 

 
b

hC = a n +c , (5.26) 

where are a , b  and c  are the constants that can be obtained from curve fitting on the 

experimental data. Figure 5.15 shows the suggested function in Eq. (5.26) considering 

1.083a  , 0.448b  , 0.083c   . This function is just an assumption by the author to 

show the influence of cyclic load on the response of the material in the compaction 

model. In this respect, any other mathematical formula based on experimental data 

can be utilized in the compaction model in place of Eq. (5.26). 

 

Figure 5.15  Suggested function for hC  with respect to number of cycles 
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In the compaction model, the cyclic hardening parameter hC  is multiplied by the 

plastic strain predicted by the cyclic plasticity algorithm. As such, the accumulative 

plastic deformation in each cycle gradually decreases. It is suggested to estimate the 

constants of Eq. (5.26) from results of a cyclic isotropic compression test on the 

asphaltic mixture and plotting the volumetric strain vs. hydrostatic pressure to obtain 

the relation between the width of the loops with the number of cycles. 

5.5.6 Viscous Hardening Parameter 

During compaction the temperature drops and the role of the asphalt binder as a glue 

becomes more dominant. This feature influences the rate of plastic deformation and 

air removal. In this regard, a parameter is defined to modify the output of the 

compaction model. This parameter is called viscous hardening 
hV  and ranges between 

0 and 1. The formulation of 
hV  as a function of viscosity is assumed to be as : 

 

2

h 1V =
η

a
b

a
 
 
 

, (5.27) 

where η  is the viscosity [Pa-s] of asphalt binder, 
1a  and 

2a  are the constants obtained 

from curve fitting and 1 [Pa s]b   . As such, the viscous hardening 
hV  is 

dimensionless. The function describing 
hV  versus 1η  is plotted in Figure 5.16 

considering 1 0.4244a   and 
2 0.524a  . As can be seen, in low viscosities, 

hV  

approaches 1 and in high viscosities, it approaches zero.  

The suggested function in Eq. (5.27) is just an assumption by the author to show the 

effect of viscosity changes on the response of the asphaltic mixture in the compaction 

model. In this regard, the compaction model has the flexibility to adopt any other 

function that describes the relationship between viscous hardening parameter and 

viscosity of the asphalt binder. 

In the compaction model, 
hV  is multiplied by the predicted plastic strain. In this 

regard, when temperature drops, the viscosity of asphalt binder increases and the 

rearrangement of aggregates becomes more difficult. As such, 
hV  obtains lower 

values and the total plastic strain that is predicted by the model within the time of 

compaction will gradually decrease. This phenomenon is named viscous hardening.  

It is suggested to estimate 1a  and 2a , required for Eq. (5.27), by using the compaction 

curve vs. temperature and considering the variation of viscosity η  with temperature as 

already stated in Eq. (5.21). 
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Figure 5.16  Suggested function for 
hV  with respect to 1η   

5.6 Results 

The compaction model is mainly developed to simulate the response of asphaltic 

mixtures during compaction. In this respect, the elastoplastic algorithm, the cyclic 

plasticity algorithm and the viscoelastic algorithm are combined together to cover 

different aspects of this phenomenon. In this section, the predictions of these 

algorithms are investigated. As such, the initial compaction of the granular structure 

in asphaltic mixture due to the mechanical load (weight of screed) is simulated by the 

elastoplastic algorithm, the compaction of the granular structure in asphaltic mixture 

due to the passing of the roller is simulated by the cyclic plasticity algorithm and the 

response of asphalt binder is simulated by the viscoelastic algorithm. 

5.6.1 Initial Compaction 

An asphaltic mixture initially has a very loose state. When it is subjected to 

mechanical load (weight of screed), a dramatic change in the volume of the mixture 

occurs. The elastoplastic algorithm is utilized to simulate the plastic deformation that 

is generated in the material. Therefore, a strain controlled test condition is considered 

to study the validity of the model. The components of the applied strain are similar to 

the strain condition that the material may experience during confined compression 

tests. In this respect, the strain tensor is defined as: 
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Figure 5.17 shows the strain component 
11ε  as a function of time. As can be seen, the 

strain component 
11ε  increases for 1.2 seconds (loading) and then partially decreases 

(unloading). In the elastoplastic algorithm, an extra constraint was defined to avoid 

the hydrostatic pressure to go beyond its initial value. As such, the removal of strain 

component stops at t=1.36 [s].  

In order to utilize the elastoplastic algorithm, the following assumptions are 

considered: 

 The plastic deformation develops entirely due to the volumetric changes. 

 Since the strain applies in a short time, influence of temperature variation on 

the parameters of the elastoplastic model is neglected. Accordingly, among the 

various hardening parameters that are discussed in section 5.5, only isotropic 

hardening is considered. 

 The asphalt mixture that is laid down on the ground is initially very hot. As 

such, the asphalt binder does not participate in its stress distribution induced 

by the weight of the screed. In this phase, the role of asphalt binder as a 

lubricant is dominant. 

 The material is initially normally consolidated. As such, the initial state of 

stress stays on the yield surface. 

 The parameters of the yield surface are chosen as: 
maxγ 1 , κ 0.018 , and 

λ=0.13 . 

 The density of aggregates is 32.6 [ / ]kg m , the density of asphalt binder is 

31.06 [ / ]kg m and the mass fraction of the asphalt binder with respect to 

aggregates is 5 % . Therefore, the volume ratio of asphalt binder with respect 

to the aggregates b

a

V

V
 can be obtained as:  

 

b

3

b b a b

3
aa b a

a

M

V γ γ M 2.6 [ / ]
0.05 0.1226

MV γ M 1.06 [ / ]

γ

kg m

kg m
      . (5.29) 
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 The initial air void ratio in aggregates is 30 %. As such, the initial air void 

ratio in asphaltic mixture according to Eq. (5.6) can be obtained as: 

 
g

b a

e 30%
e 26.69%

1 V / V 1.1226
  


                      (5.30) 

 

Figure 5.17  Strain component 11ε  as a function of time 

The results of the predictions of the elastoplastic algorithm for the applied strains are 

shown in Figure 5.18. The following observations and conclusions can be achieved by 

inspecting these results: 

 Due to initial state of stress, any further loading will immediately induce 

plastic deformation and will cause the yield surface to grow. In this example, 

the initial yield surface is shown with red color and the largest yield surface 

after isotropic hardening is shown with blue color, Figure 5.18 (a). 

 Path 1 represents loading where p  and 
Cp  increase simultaneously. As such, 

plasticity develops and the yield surface expands. This stage continues until 

Cp = p =-80 kPa.
 
Path 2 represents unloading where the stress path moves 

back to the initial condition p =-41.3 kPa, q=0 , while the size of the yield 

surface remains constant Cp =-80 kPa , Figure 5.18 (a). 
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 The relation between volumetric strain and hydrostatic pressure is shown in 

Figure 5.18 (b). In this case, path 1 is along compression line where plasticity 

develops and path 2 is along unloading line where the material behaves 

elastically. One can conclude that by loading-unloading, the state of stress will 

reach its initial condition, but the volume of material will never come back to 

the initial state and will recover partially. 

 The model predicts the permanent volume changes of the material by 

volumetric plastic strain. In this regard, the total volumetric plastic strain vs. 

time is shown in Figure 5.18(c). Obviously, along path 1, the volumetric 

plastic strain develops, while along path 2 the response of the material is 

elastic and volumetric plastic strain stops developing further. 

 

 
Figure 5.18  (a) Stress path and yield surface; (b) Total volumetric strain vs. 

hydrostatic pressure;  

(c) Total volumetric plastic strain vs. time 
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Based on the volumetric plastic strain, b

a

V

V
 and utilizing Eq. (5.6) and (5.11), the air 

void ratio e as a compaction criterion is obtained and plotted in Figure 5.19. As can be 

seen, along the loading path (path 1), the air void ratio decreases from 26.69 % down 

to 17.17 %  and along the unloading path (path 2), the air void ratio increases from 

17.17 %  up to 18.39 %. 

 
Figure 5.19  Void ratio variation during initial compaction 

5.6.2 Compaction due to Cyclic Load Application 

The second stage of the compaction procedure occurs when the roller passes over the 

asphaltic mixture. There are various patterns for the rollers to pass over the surface of 

the road. A challenging task for road constructors is to choose a compaction pattern 

that optimize the cost, time and quality of this process. In this regard, a compaction 

model can provide a clear insight for decision making.  

In order to investigate the capability of the compaction model to simulate the second 

phase of the compaction procedure (roller’s passing), a strain-controlled test is 

considered. The applied strain consists of three cycles resembling the three times 

passing of the same roller. In this respect, the cyclic plasticity algorithm is utilized to 

predict the stresses and plastic deformation induced in the aggregates and the 

viscoelastic algorithm is utilized to predict the stresses and rate dependency of the 

asphalt binder.  
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This section first discusses the type of the applied strain. Then, it studies the variation 

of the parameters of the cyclic plasticity algorithm with temperature or number of 

cycles. Based on the applied strain, the results of the cyclic plasticity algorithm and 

the volume fractions of the aggregates and asphalt binder are obtained. In addition, the 

viscoelastic algorithm is utilized to simulate the response of asphalt binder according 

to the applied strain. Finally, both algorithms are cooperated together conferring to the 

volume fractions of their respective materials to provide a clear estimation over the 

stress distribution in the asphaltic mixture. 

5.6.2.1 Strain path 

The applied strain consists of three cycles with equal amplitude. The applied strain 

tensor is defined as: 

 

11ε 0 0

0 0 0

0 0 0

 
 


 
  

ε , (5.31) 

where the strain component 11ε  has a sinusoidal pattern with a duration of 40 seconds 

for each cycle and 40 seconds rest time. Figure 5.20 shows the strain component 11ε  

as a function of time in a duration of 240 seconds.  

 

Figure 5.20  Strain component 11ε  as a function of time for three cycles 
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5.6.2.2 Variation of parameters of the compaction model  

The parameters of the compaction model and their variation during the compaction 

procedure were already discussed in section 5.5. The first step in utilizing the cyclic 

plasticity algorithm is to estimate these parameters within the time of the compaction 

(in this case within 240 seconds and due to three passes of the same roller). 

As already stated in section 5.5.5, due to the repeating nature of the cyclic load, the 

asphaltic mixture hardens and the rate of compaction declines. In this regard, the 

cyclic hardening parameter 
hC  based on the information from Figure 5.15, obtains 

values equal to  1, 0.711 and 0.5791 for the first, second and third cycle, respectively.  

Within 240 seconds, the temperature of the asphaltic mixture drops. Accordingly, 

parameters of the cyclic plasticity algorithm that are defined as a function of 

temperature or viscosity change. The functions that describe the variation of these 

parameters with temperature are explained in section 5.5. Figure 5.21(a) shows that 

temperature drops approximately 3 C  in 240 seconds (4 minutes). Therefore, the 

cohesive parameter, the deviatoric hardening parameter and the viscous hardening 

parameter vary with temperature as shown in Figure 5.21 (b), (c) and (d), respectively.  
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Figure 5.21  (a) Temperature drop during compaction; (b) variation of cohesive 

parameter with temperature; (c) variation of maxγ with temperature; (d) variation of 

viscous hardening parameter with temperature 

5.6.2.3 Results of the cyclic plasticity algorithm 

The cyclic plasticity algorithm has been described and formulated in details in 

Chapter 3. In this part, the same algorithm is utilized to simulate the behavior of 

aggregates as a component of asphalt mixture when subjected to multiple passes of 

the same roller. However, in the current Chapter there is a difference in terms of 

applying temperature dependent parameters for the cyclic plasticity algorithm 

compared to Chapter 3. This difference originates from the presence of asphalt binder 

in the asphaltic mixture and its influence on the mechanical behavior of aggregates. 
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In order to utilize the cyclic plasticity algorithm and inspect its response according to 

the applied strain, the following assumptions are considered: 

 The material is initially overconsolidated by a confinement pressure 

Cp 80 kPa  . This pressure is the maximum pressure that the material has 

experienced during initial phase of compaction. Therefore, the initial bounding 

surface in the second phase of compaction is equivalent to the yield surface 

with blue color in (Figure 5.18 (a)) where it intersects the hydrostatic axis at 

Cp 80 kPa  .  

 The initial state of stress is p 41.3 kPa   and q 0 . This state is in 

accordance with the state of stress at the end of initial phase of compaction. 

 The parameters of the model that vary with the temperature or the number of 

cycles are chosen according to section 5.6.2.2. 

 The constant parameters of the model are chosen as μ 14MPa , κ 0.018 , 

and λ 0.13 . 

 The air void ratio in the asphaltic mixture is initially 18.39 % according to the 

results of initial phase of compaction. 

The stress path that is predicted by the cyclic plasticity algorithm and the variation of 

the bounding surface are shown in p-q space in Figure 5.22. As discussed earlier, due 

to the variation of some of the parameters of the bounding surface with temperature 

(cohesive parameter and deviatoric hardening parameter), the size and shape of the 

bounding surface varies. In this regard, the initial bounding surface is shown with blue 

color and the final bounding surface after 4 minutes is shown with green color. 

However, it is very difficult to visually observe the difference between both surfaces. 
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Figure 5.22 Stress path and yield surface during cyclic test 

Figure 5.23 shows the deviatoric stress variation as a function of the deviatoric strain 

and Figure 5.24 shows the volumetric strain at the vertical axis vs. the hydrostatic 

pressure at the horizontal axis. As can be seen in both figures, due to the influence of 

cyclic hardening, the deviatoric hardening and viscous hardening parameters, the 

width of the cycles gradually decreases within the time of the analysis.  
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Figure 5.23 Deviatoric stress vs. deviatoric strain 

 

Figure 5.24  Volumetric strain vs. hydrostatic pressure  
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The total plastic volumetric strain and total plastic deviatoric strain are plotted in 

Figure 5.25 and Figure 5.26, respectively. As can be seen, in each cycle less plastic 

deformation is induced which is an indication of hardening and compaction of the 

asphaltic mixture. 

 

Figure 5.25  Total volumetric plastic strain development vs. time 
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Figure 5.26  Total deviatoric plastic strain development vs. time 

5.6.2.4 Air void content variation 

Based on the volumetric strain vε  and b

a

V

V
 and utilizing Eq. (5.6) and (5.11), the air 

void ratio e as the compaction criterion is plotted in Figure 5.27. As can be seen, in 

the loading phase of each cycle, the air void ratio drops significantly, while it partially 

recovers in the unloading phase.  
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Figure 5.27  Void ratio variation in asphaltic mixture during cyclic compaction  

As discussed in section 5.2.2, the volume fractions of the aggregates a  and the 

asphalt binder b  vary simultaneously with the variation of the air void ratio in the 

aggregates ge . Having b

a

V

V
 and utilizing Eqs. (5.12) and (5.13), variation of a  and 

b  can be achieved, respectively.  

Figure 5.28 shows the results of variation of a  and b  during the second phase of 

compaction. As can be seen, the elastic and plastic response of the aggregates causes 

fluctuations in the volume fractions of aggregates and asphalt binder, respectively. 
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Figure 5.28  Variation of volume fraction of aggregates and asphalt binder due to 

three cycles of load 

5.6.2.5 Results of the viscoelastic algorithm 

In this section, the viscoelastic algorithm of Chapter 4 is used to simulate the response 

of asphalt binder at high temperatures (T>120 C ). The elastic constants and 

relaxation coefficients for asphalt binder is chosen from Table 5.1. According to these 

data and based on the applied strains, the viscoelastic stresses can be calculated. In 

this respect, the results of the predicted hydrostatic Kirchhoff stress K,p   and the 

deviatoric Kirchhoff stress component 
,11τdev


 as a function of time are shown in Figure 

5.29 and Figure 5.30. At both Figures, the viscoelastic nature of the asphalt binder is 

not clearly visible. In high temperatures, the relaxation times that are obtained from 

the master curve, have very small values. As such, the material does not have the 

opportunity to show its viscoelastic nature.  
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Table 5.1 Viscoelastic material parameters for asphalt binder (mastic with 40 % filler) 

Temperature 
Elastic constant Viscoelastic coefficients 

μ [Pa]
 b  κ  

1D [Pa]  gi  
τ i  

 

 

120 C  

 

 

 

 

1000 

 

 

 

 

200 

 

 

 

 

1.5 

 

 

 

 

33e-14 

0.1314 

0.1939 

0.1951 

0.1945 

0.1562 

0.1065 

0.0177 

0.0045 

0.0002 

g =6.37 e-7 

1e-39 

1e-38 

1e-37 

1e-36 

1e-35 

1e-34 

1e-33 

1e-32 

1e-31 

 

 

 

 

Figure 5.29  Hydrostatic Kirchhoff stress ( K,p  ) vs. time in asphalt binder 
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Figure 5.30  Deviatoric Kirchhoff stress component (
,11τdev


) vs. time in asphalt binder 

5.6.2.6 Stress distribution in the asphaltic mixture 

The cyclic plasticity and viscoelastic algorithms are utilized to predict the state of 

stress in the aggregates and asphalt binder, separately. As mentioned in section 5.2.2, 

according to the theory of mixtures and based on the volume fractions of aggregates 

and asphalt binder, the total stress in the asphaltic mixture can be estimated. The 

volumetric and deviatoric components of the stress tensor in both algorithms are 

calculated separately. Therefore, the total stress of the mixture is calculated according 

to its volumetric and deviatoric components ( 
dev vol τ τ τ ). Although both cyclic 

plasticity and viscoelasticity algorithms are developed in the context of large strain 

theory, their formulations to derive stress components are such that it gives us the 

permission to use the theory of mixtures to estimate the state of stress in the asphaltic 

mixture.  

Decoupling the response of the asphalt mixture into volumetric and deviatoric, the 

following statements are proposed: 

 The average hydrostatic Kirchhoff stress 
vol

τ  in the mixture is derived as: 

  vol a a b bp p . p .   τ I I , (5.32) 
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where ap is the hydrostatic Kirchhoff stress in the aggregates ( ap is equivalent 

to cycp  in Chapter 3 ) and bp  is the hydrostatic Kirchhoff stress in the asphalt 

binder ( bp is equivalent to K,p   in Chapter 4). 

 The average deviatoric Kirchhoff stress 
dev

τ  in the mixture is derived as: 

 
dev dev,a a dev,b b. .  τ τ τ  (5.33) 

 where 
dev,a

τ  represents the deviatoric stress tensor in the aggregates and 
dev,b
τ

represents the deviatoric stress tensor in the asphalt binder. For simplicity, the 

above equation can be written in an equivalent form as: 

 a a b bq q . q .    (5.34) 

whereas q  is the average equivalent shear stress in the asphalt mixture, aq  is 

the equivalent shear stress in the aggregates and is identical to cycq in Chapter 

3 and bq  is the equivalent shear stress in the asphalt binder. In this analysis, 

the order of magnitudes of aq  for aggregates is much higher than the order of 

bq  for asphalt binder. Therefore, the affiliation of asphalt binder for shear 

stress q  developed in the asphaltic mixture in high temperatures is negligible. 

In this regard, q  can be obtained entirely based on the deviatoric Kirchhoff 

stress in the aggregates; aq q .a  .  

The results of the hydrostatic Kirchhoff stress for asphaltic mixtures and aggregates 

are represented in Figure 5.31. This figure clearly shows the influence of the presence 

of asphalt binder in the average stress of the mixture. In this respect, the viscous 

component (asphalt binder) helps the granular structure to resist against the applied 

deformation. 
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Figure 5.31  (left axis) Hydrostatic Kirchhoff stress in asphalt mixtures vs. time , 

 (right axis) Hydrostatic Kirchhoff stress in aggregates vs. time  

 

5.7 Summary and Conclusions 

A new constitutive model to simulate the mechanical behaviour of asphaltic mixtures 

during the compaction process is introduced and formulated in this Chapter. The 

constitutive equations are derived in the context of large deformation theory. An 

elastoplastic algorithm to simulate the initial compaction of asphaltic mixture due to 

the weight of the screed, a cyclic plasticity algorithm to simulate the progressive 

compaction of asphaltic mixture due to the multiple passes of a roller and a 

viscoelastic algorithm to capture the rate and temperature dependency of the asphalt 

binder are combined to capture various aspects of compaction.  

The contribution of the aggregates, asphalt binder and air voids in the stress 

distributions of asphaltic mixtures are determined based on the “Theory of mixtures ”. 

It is assumed that the components of asphaltic mixtures act in parallel to participate in 

the stress distribution and stiffness of the mixture. Air voids variation during 

compaction influences the volume fraction of each component and is related to the 

total volumetric strain. 

Temperature plays an important role in the mechanical behavior of asphaltic mixture 

during compaction. On one hand, it influences the rheology of the asphalt binder and 
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on the other hand, it influences the yielding characteristics of the aggregates. In both 

cases, temperature drop causes stiffening of the asphaltic mixtures. In the compaction 

model, the parameters of the elastoplastic and cyclic plastic algorithms are defined as 

a function of temperature. Next to that, the viscoelastic algorithm captures the 

temperature dependency of the response of asphalt binder. 

Temperature is not the only reason that causes stiffening in asphaltic mixtures. 

Mechanical load can also cause the asphaltic mixtures to become stiffer. In this 

regard, an isotropic hardening parameter and a cyclic hardening parameter are defined 

in the compaction model to simulate the hardening of the material due to the external 

load and air void removal. 

Strain controlled test are chosen to investigate the prediction of the compaction 

model. The results show that the compaction model can simulate the initial phase of 

compaction due to the weight of the screed and the secondary phase of compaction as 

a results of multiple passes of a roller. The air void ratio as the compaction criterion is 

calculated in both phases. In addition, according to the volume fractions of the 

aggregates and asphalt binder, the average stress developed in the asphaltic mixture is 

determined. 

A comprehensive test methodology to understand the behavior of the aggregates 

bound by the asphalt binder during compaction is required. In this work, the variation 

of parameters of the compaction model with temperature is obtained based on 

engineering judgment and data from literature. This can show the capability of the 

model to work with parameters belonging to a specific material. However, a clear 

understanding of the behavior of asphaltic mixture during compaction based on 

experimental evidence will improve the reliability and generality of the compaction 

model. 
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6 Finite Element Simulation of the Response of 

No-tension Materials 

 

“When you have no intension, then you have no tension! Be flexible.” 

                                                                                                                               Mooji 

 

6.1 Introduction 

Predicting accurate pavement performance is one of the most important tasks for the 

pavement engineering community, ARA (2004). The non-linear, stress dependent 

response of granular materials typically used in pavement construction, necessitates 

the utilization of appropriate constitutive models capable of simulating the 

fundamental response characteristics of this type of materials. 

In the context of the Finite Element (FE) method, several constitutive models have 

been proposed by various researchers for the simulation of the response of unbound 

granular materials and their influence on the overall pavement performance. Since 

unbound granular layers exhibit completely different strength and stiffness 

characteristics when subjected to tension and compression, a variety of techniques 

have been proposed to address this issue. 

Some studies consider unbound granular materials as an anisotropic material, Kim et 

al. (2009), Masad et al. (2006), Saad et al. (2005). Typical elastic anisotropic 

constitutive models may be adequate in describing the differences in material stiffness 

in the horizontal and vertical directions within a pavement layer, nevertheless, they 

cannot address the dependence of stiffness on the nature of the prevailing stress i.e. 

tension vs. compression. 

Utilization of models based on the theory of anisotropic elasticity can introduce state 

of stress dependent differences in the stiffness characteristics of the material, but 

require information which is typically way beyond that which is available to 

6 
 CHAPTER 
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pavement designers. Correspondingly, complicated nonlinear FE analysis techniques 

should be engaged to implement such models. 

An alternative to the use of anisotropic elasticity and nonlinear analysis techniques is 

the simulation of the low tensile response characteristics of granular materials by 

means of what is known as no-tension models. These are anisotropic elasticity models 

in which the stiffness of the material in each of the three principal axes is determined 

on the basis of the prevailing state of strain, Angelillo (1993). In this context, Nguyen 

et. al. used a modified strain energy function to model the no-tension characteristics of 

granular-like materials on the basis of principal stretches. They used the model to 

simulate a quasi-static test on ballast materials. The results showed that the influence 

of the no-tension model in a granular structure can indeed be significant, Nguyen et 

al. (2003). 

The objective of this study is the evaluation of the contribution of granular materials 

in the base and subbase layers on the overall pavement response. In this respect, a 

similar approach to Nguyen et al. (2003) is chosen for simulation of the unbound 

granular material layers. The arrangement of this Chapter is as follows: First the role 

of unbound granular materials is briefly discussed. Next, the description of the 

constitutive equations of the no-tension model is presented and compared with a 

linear elastic model by a numerical evaluation for a simple cube. In addition, the 

results of FE simulations are presented for a two layer flexible pavement where the 

no-tension model is applicable for the base layer. The results show that overall 

deformations in the asphalt concrete and the base layer are higher when the base layer 

is modelled by means of a no-tension constitutive model.  

6.2 Unbound Granular Materials 

Figure 6.1 shows a typical flexible pavement consisting of an asphalt concrete layer, 

base and subbase layer. The granular base and subbase layer perform in the short-term 

as a construction platform and in the long term as a durable structure for the overlying 

layer(s) of the pavement, Edwards (2007).  

In a pavement structure, the contributions of the granular layer(s) can be summarized 

as follows, Araya (2011): 

 ability to carry a significant part of the applied load during traffic passes and 

spread the load to a magnitude that can be tolerated by the underlying layers; 

 resistance to cumulative permanent deformation within each layer; 

 provision of enough stiffness such that the overlaying layer(s) can be properly 

compacted; 
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 provision of a durable and stiff layer to support the overlaying layer(s) during 

service time. 

 

 
Figure 6.1 A typical flexible pavement structure 

 

Unbound granular materials are widely used in base and subbase layers of flexible 

pavements. They demonstrate large lateral spreading whenever their aggregates are 

not confined and act like a solid structure when their aggregates are confined, Corwin 

et al. (2005). In other words, they exhibit completely different strength and stiffness 

characteristics when subjected to tension and compression. The mechanical 

characteristics of aggregates subjected to confining load from the modelling 

perspective are discussed in Chapter 2 and 3. In this Chapter, the main focus is on the 

modelling aspects of the mechanical behaviour of unbound granular materials 

subjected to tensile forces. 

6.3 No-tension Model 

The perfectly no-tension material model in 1D space assumes an idealized continuum 

material, made up of aggregates incapable of sustaining any tensile stress between 

them, while the material is perfectly capable of sustaining uniaxial compressive stress, 

Lourenço et al. (1998). Figure 6.2 shows the idealized granular structure in 1D space. 

For a uniaxial compression-tension test, Hooke’s law can describe the uniaxial stress-

strain relationship. In order to simulate the no-tension response, the constitutive law 

has to be modified as it is expressed in Eq. (6.1): 

 

nt nt nt nt

nt

σ K ε if  ε 0,

σ 0 otherwise,

  




  (6.1) 

where ntσ , ntε , and ntK  are stress, strain, and material constant in 1D space, 

respectively. 

Surface Course

Base Course

Subbase Course
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Figure 6.2  Concept of no-tension model for unbound granular materials 

The conceptual explanation for no-tension model in 1D space can be generalized to 

3D space. In this respect, in order to develop a no-tension material constitutive law 

suitable for simulation of the response of granular bases, a hyperplastic material 

model is utilized and modified. This modification is such that in compression the 

material behaves like a normal hyperelastic, while in tension, it shows negligible 

strength. For this purpose, the response of the standard elastic materials is simulated 

by means of a hyperelastic model in the context of small strain theory such that its 

strain energy function ntψ  solely depends on principal elastic strains nt

aε  as shown, 

Holzapfel (2000): 

 

2 23 3
nt nt nt nt nt nt

a a

1 1

1
ψ ( ) λ ε μ ε

2 a a 

 
     

 
 ε  (6.2) 

   

in which 
nt
ε  is the elastic strain tensor  ntλ  and ntμ  are Lame’s constants. 

Remark1: The strain energy function is defined based on principal stretches; 

nt nt nt nt nt nt

1 2 3
ψ ( ) ψ (ε ,ε ,ε )ε  and fulfils the isotropy condition.  

To simulate the no-tension behaviour of granular-like materials, the strain energy 

function introduced in Eq. (6.2) , is modified such that the tensile stresses in the 

material are always zero, Nguyen et al. (2003). The redefined strain energy function is 

 

2
23 3

nt nt nt nt nt

a a

1 1

1
ψ λ ε μ ε

2 a a





 

   
      

   
  . (6.3) 

where the operation ( )  indicates the negative part of   as expressed in the 

following: 

 
1

( )
2

     . (6.4) 

Based on Eq. (6.4), the following equations can be derived: 
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 H( ),
 

  
 

 

  
  

 
, (6.5) 

where H( ) denotes the Heaviside function (H( ) 1 if 0; H( ) 0 otherwise)     . 

Therefore, it can be concluded that: 

 

nt
nt nt nt nt

ant

a

ψ
λ [tr ( )] 2μ [ε ]

ε

 
 


ε  (6.6) 

and 

2 nt
nt nt nt nt

a abnt nt

a b

ψ
λ  H( tr ( )) 2μ  H( ε )δ

ε ε


   


ε . (6.7) 

The net effect of the above choices is the removal of the stiffness and corresponding 

stress values along tensile principal strain directions. Details of the model formulation 

and the evaluation of the tangent moduli can be found in Nguyen et al. (2003) and 

Simo and Taylor (1991). 

6.4 Constitutive Equations 

The strain energy function is defined based on principal strains. In this respect, the 

spectral decomposition of the strain tensor 
nt
ε  is obtained as: 

 

3
nt nt (a) (a) (a)

a

a 1

ε ,


  ε n n n I  (6.8) 

where 
n t ,(a )

1, 2, 3a, n  are the Eigenvectors associated to Eigenvalues of strain tensor 

nt

aε  and I is the second order identity tensor. 

Based on the values of principal stretches, three cases may occur correspondingly; 

nt nt nt

a b c(1) ε ε ε  : Eigenvectors are independent and orthogonal  nt,(a) nt,(b) nt,(c), ,n n n , 

nt nt nt

a b c(2) ε ε ε  : nt,(a)
n and 

nt,(b)
n are dependent and the strain tensor can be written as 

nt nt nt ,(c) nt ,(c) nt nt ,(c) nt ,(c)

a c
ε (1 ) ε ( )    ε n n n n , 

nt nt nt

a b c
(3) ε ε ε  : any orthogonal basis in 

the Cartesian system can be selected as  nt,(a) nt,(b) nt,(c), ,n n n  and the strain tensor can 

be formulated as 
nt nt

a
εε I .  

The stress tensor 
nt

σ  and stiffness matrix are formulated differently for each case and 

summarized as follows. For simplicity in the formulations, we define 

nt ,(a ) nt ,(a ) nt ,(a )
1, 2, 3, a  m n n  and denote as the fourth order identity tensor, 

nt
σ as 

elastic stress tensor and 
nt

C as the fourth order elasticity tensor, respectively. 
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Elasticity tensor for case 1 (
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nt nt,(a) nt,(a)

nt nt nt nt nt
a 1 b 1 a 1a b a

ψ ψ
( )

ε ε

ψ ψ

ε ε ε

 

  

 
  

 

   
   
   

 

 

σ n n m

σ m
C m m

ε ε

 

Elasticity tensor for case 2  nt nt nt

a b c
ε ε ε  : 

nt nt
nt,(c) nt,(c)

nt nt

a c

2 nt 2 nt 2 nt
nt

nt nt nt nt nt nt

a a a b a b

2 nt 2 nt 2 nt 2 nt
nt,(c) nt,(c)

nt nt nt nt nt nt nt nt

c c a a a b a c

2 nt 2

nt nt

a c

ψ ψ
(1 )

ε ε

ψ ψ ψ
( ) ( )

ε ε ε ε ε ε

ψ ψ ψ ψ
2 2 ( )

ε ε ε ε ε ε ε ε

ψ
(

ε ε

 
  
 

  
   

  

    
     

    

 
 



σ m m

C I I

m m

nt
nt,(c) nt,(c)

nt nt

a b

nt nt 2 nt 2 nt nt,(c)
nt nt

c ant nt nt nt nt nt nt

c a a a a b

ψ
)( )

ε ε

ψ ψ ψ ψ
( ) ( )(ε ε )

ε ε ε ε ε ε

  


     
     

    

I m m I

m

ε

 

 

Elasticity tensor for case 3  nt nt nt
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ε ε ε  : 
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The constitutive equations and stiffness matrix formulations are written as a 

subroutine in Fortran and implemented in FE system CAPA-3D, Scarpas (2005), for 

numerical analysis. The no-tension model is validated for a simple cube and utilized 

for the simulation the base layer of a pavement structure. The next section shows the 

results of the validation and utilization of the no-tension algorithm. 
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6.5 Validation 

The FE system CAPA-3D is utilized for the evaluation of the fundamental model 

characteristics. The response of a cube is compared for a no-tension material and a 

hyperelastic material. As shown in Figure 6.3(a), a linearly increasing uniform 

pressure with a magnitude of 0.02 MPa in the Y direction and 0.04 MPa in the Z 

direction is applied on a cube whose faces in the X-Z, X-Y and Y-Z planes are 

restrained against motion in the Y, Z and X directions, respectively. The   and   for 

this material are 1153.84 MPa and 769.23 MPa, subsequently. 

 

Figure 6.3  (a) The boundary condition and load direction for a cube, (b) position of 

the element 

In order to investigate the results, a point in the middle of an element near the top face 

of the cube as highlighted in Figure 6.3(b) is chosen. The results of strains in X 

direction and Y direction for this point are shown in Figure 6.4 and Figure 6.5, 

respectively. It can be seen that the no-tension material demonstrates a much more 

flexible response in comparison to the standard hyperelastic material. 

(a) (b)
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Figure 6.4  Strains in X direction vs. time 

 

 

Figure 6.5  Strains in Y direction vs time 
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6.6 Flexible Pavement Simulation 

In order to inspect the influence of the no-tension characteristics of unbound granular 

materials used in base and subbase layers, a two layer mesh is created and 

implemented in CAPA-3D. The top layer is assumed to be an asphalt concrete and the 

layer beneath a granular base. The asphalt concrete layer on top is modelled by a 

hyperelastic material model, while the base layer is simulated in the first scenario by a 

hyperelastic material model and in the second scenario by a no-tension material 

model. The material properties for these layers are shown in Table 6.1. Lame’s 

constants are calculated based on E and Poisson’s ratio for each strain energy function 

and its derivatives.  

Table 6.1 Material Properties 

Material Type Model E (MPa) Poisson’s ratio 

Asphalt concrete layer Hyperelastic Material 3500 0.35 

Base layer (1
st
 scenario) Hyperelastic Material 600 0.35 

Base layer (2
nd

 scenario) No-tension Material 600 0.35 

6.6.1 Boundary Condition 

Figure 6.6(a) shows a sketch of a two layer pavement section. Due to symmetry of the 

geometry and load about the X-axis, only half of the pavement is considered for 

simulation. The model domain is chosen large enough to avoid any boundary effects. 

As can be seen, the structure is restrained at the bottom of the mesh to avoid 

movement along the X, Y and Z directions. Furthermore, it is restricted on the Y-Z 

and the Y-X planes to avoid any movement along the X and the Z directions, 

respectively. 

6.6.2 Load Characteristics 

Super single 495/45R22.5 tire loading is specified with a contact area of 428 mm as 

width and 180 mm as length and a uniform pressure of 0.707 MPa. The distance 

between the center of two wheels is 1.887 m, as shown in Figure 6.6(a). In addition, 

gravity load is applied. The density for asphalt concrete layer is specified as 2.39 

g/cm
3
 and for the base layer as 2.9 g/cm

3
. 



148 

 

 

Figure 6.6  (a) FE pavement geometry and boundary conditions, (b) Locations for 

strain evaluation 

6.7 Results 

As shown in Figure 6.6(b), three criteria in three different locations are chosen for 

further investigations of the effect of the granular base material properties on the 

mechanical response of the pavement; the vertical surface deflections, the horizontal 

strain at the bottom of asphaltic layer and the compressive strain at the top of granular 

layer. 

The horizontal strains at the bottom of asphalt layer are plotted for both scenarios in 

Figure 6.7. Apparently, the tensile strains obtain higher values when the base layer is 

modelled by the no-tension model. 

 

 

Tire

Horizontal strain

Compressive strain

AC layer

Base layer

(a) (b)
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Figure 6.7  Horizontal strains at the bottom of asphalt concrete layer for no-tension 

and hyperelastic model 

 

Figure 6.8 shows results of  compressive strains at the top of the base layer for both 

scenarios. As can be seen, when the base layer is modelled by the no-tension model, 

compressive vertical strains obtain higher values. 

 

Figure 6.8  Vertical strains at the top of base layer for no-tension and hyperelastic 

model 
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Figure 6.9 shows the vertical surface deflections of the pavement for the two different 

base layer material models. As it is shown, when the material properties of the base 

layer are specified as no-tension in the 2
nd

 scenario, the deflection of the asphalt 

concrete layer is almost 1.3 times higher than in the 1
st
 scenario, where the base layer 

is modelled by a hyperelastic model. 

 

 Figure 6.9  Deflection of asphalt concrete layer along X axis 

 

The three-dimensional state of stress over the height of the asphalt concrete and base 

layer is plotted at the peak load for both scenarios with the same scale in Figure 6.10 

and Figure 6.11, respectively. As can be seen, the pavement deforms more when the 

base layer is modelled by no-tension model (2nd scenario). 
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Figure 6.10  Stress distribution in the X direction in the pavement for hyperelastic 

base layer response 

 

Figure 6.11  Stress distribution in the X direction in the pavement for no-tension base 

layer response 
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6.7.1 Effect of No-tension Model on the State of Stress  

In Figure 6.12, the distributions of compressive stresses at two different depths within 

the base layer along the horizontal axis are compared for both scenarios in the 

presence of only one wheel. It can be seen that the compression stresses in the base 

layer have higher values for the hyperelastic model (1
st
 scenario) compared to the no-

tension model (2
nd

 scenario) and at lower depths, this difference becomes more 

significant.  

 

 

Figure 6.12  Base layer compressive stresses at Y=1450 mm and Y=1350 mm (see 

Figure 6(a)) of the base corresponding to the no-tension and hyperelastic material 

models for the granular base layer 

6.8 Sensitivity Analysis for No-tension Model 

A sensitivity analysis on the effect of Poisson’s ratio on the pavement surface vertical 

deflection is carried out considering the base layer as a no-tension material. The 

results are plotted in Figure 6.13. It can be observed that when Poisson’s ratio 

increases, the vertical deflections of the pavement surface increases simultaneously. 
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Figure 6.13  Deflection on the top of asphalt concrete layer for different values of 

Poisson’s ratio 

6.9 Conclusions 

Evaluation of a no-tension constitutive model for the simulation of the state of stress 

of unbound granular materials utilized in pavement construction indicates that 

differences in various pavement response parameters can be observed in comparison 

to typically utilized elastic models.  

In particular, the loss of tension carrying capacity of the granular material layer results 

in an increase in the overall flexibility of the pavement with corresponding 

consequences on the states of stress and strain at critical locations in the pavement 

structure.  
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7 Conclusion 

 

“I have enough of loss, enough of gain; I have my love, what more can I obtain?” 

Hafez 

7.1 Introduction 

This thesis proposes a new constitutive model for simulation the compaction of 

unbound granular materials and asphaltic mixtures. The model is originally developed 

for granular materials and with contemplation is justified for asphaltic mixtures. In 

this regard, an elastoplastic algorithm, a cyclic plasticity algorithm and a 

viscoelastic algorithm are incorporated together in the compaction model to capture 

the initial and progressive phases of the compaction procedure. In addition, a no-

tension model is developed suitable for the simulation of the mechanical 

characteristics of unbound granular materials in base and subbase layer.  

The compaction model and the no-tension model are developed with enterprise to 

push the boundaries in the field of pavement structure modelling and sharpen the 

questions regarding available simulation toolkits. A summary of the algorithms and 

models proposed and formulated in this thesis are presented in the following text. 

7.2 Elastoplastic Algorithm 

A new implicit, convex and continuous yield surface based on pressure dependency is 

introduced to be utilized in an elastoplastic formulation to simulate the response of 

unbound granular materials. A phenomenological approach is used to determine the 

parameters of the yield surface and hardening law. Correspondingly, this approach 

creates the flexibility to use the elastoplastic model for different types of materials; 

granular materials, soils, sugar and powder grains.  

The elastoplastic model is developed in a large deformation framework and can 

simulate the mechanical properties of the unbound granular material under different 

strain paths. The material model can trace very well the strain path and provide the 

7  CHAPTER 
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correct state of stress and predict the volumetric plastic strain. The convexity and 

continuity of the yield surface and the simplicity of the radial return mapping 

algorithm makes the elastoplastic model a good choice for numerical methods. 

7.3 Cyclic Plasticity Algorithm 

A cyclic plasticity model for granular materials in a large deformation framework is 

proposed in this work. The model is developed based on bounding surface theory. The 

state of stress moves inside a bounding surface due to external cyclic load. In this 

regard, the model projects the state of stress to an imaginary location outside the 

bounding surface and calculates the induced plastic deformation by a radial return 

mapping algorithm. Subsequently, the plastic deformation is modified with respect to 

the relative distance between the current state of stress and the projection point.  

The model utilizes a closed bounding surface in 3D space. A phenomenological 

approach is required to obtain the parameters of the bounding surface. The continuity 

of the formulation of the bounding surface and  the simplicity of radial return 

mapping in cyclic plasticity algorithm, makes it a good choice for finite element 

implementation. 

The algorithm is validated with different strain paths scenarios that may occur during 

confinement compression and uniaxial compression tests. The results show that the 

algorithm has the capability to predict the mechanical behavior of granular materials 

subjected to complex loading. In addition, they indicate that the model is capable to 

forecast the volumetric and deviatoric plastic deformations within cyclic loading of 

granular materials.  

7.4 Viscoelastic Algorithm 

A theoretical framework of visco-hyperelasticity within the context of Quasi Linear 

Viscoelasticity is formulated, whereas the relaxation function is expressed in the form 

of a series of exponentials, known as Prony series.  

The viscoelastic algorithm prediction is investigated with strain-controlled tests. For 

this purpose, the algorithm obtains the elastic constants and viscoelastic coefficients 

from experimental data. The results indicate that the viscoelastic algorithm is capable 

of providing reliable predictions for the response of asphalt binder. 

The sensitivity analysis of the viscoelastic model to temperature variation 

demonstrates that the stress values generated by the algorithm are highly dependent 

on the temperature of the asphalt binder.  
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7.5 Compaction Model 

A new constitutive model to simulate the mechanical behaviour of asphaltic mixtures 

during the compaction process is formulated in this thesis. The constitutive equations 

are derived in the context of large deformation theory. In this context, the elastoplastic 

algorithm to simulate the initial compaction of asphaltic mixture due to the weight of 

screed, the cyclic plasticity algorithm to simulate the progressive compaction of 

asphaltic mixture due to multiple passes of the same roller and the viscoelastic 

algorithm to simulate the rate and temperature dependency characteristics of asphalt 

binder are cooperating together to provide enough accessories for the compaction 

model.  

Temperature plays an important role in the mechanical behavior of asphaltic mixture 

during compaction. The rheology of asphalt binder varies with temperature and 

consequently influences the yielding characteristics of the granular structure. In this 

regard, temperature drop causes stiffening of asphaltic mixture. In the compaction 

model, the parameters of the elastoplastic and cyclic plasticity algorithms are defined 

as a function of temperature. Next to that, the viscoelastic algorithm is utilized to 

capture the temperature dependency of the response of asphalt binder. 

Strain paths similar to what material experiences at confinement compression test and 

uniaxial compression test are chosen to investigate the predictions of the compaction 

model. The results show that the compaction model can simulate the initial and 

secondary phases of the compaction of asphaltic mixture. In addition, average stress 

in the asphaltic mixture is estimated by considering the stress and volume fractions of 

the components of the asphaltic mixture. 

7.6 No-tension Model 

A no-tension model in the context of continuum mechanics is developed and 

implemented in the CAPA-3D FE package in this thesis. The model can simulate the 

anisotropic behavior of unbound granular materials.  

Utilizing the proposed no-tension constitutive model for simulating the state of stress 

for unbound granular materials used in base and subbase layer of a pavement 

structure, indicates significant differences in overall pavement response in comparison 

to applying classical elastic models for the same purpose.  

7.7 Returning to the Research Questions 

The thesis should be able to provide responses to the following questions:  

 What are the main physical phenomena occurring during the compaction procedure 

from the modelling perspective? 
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The most obvious phenomenon occurring during compaction of asphaltic mixture 

is air void removal. The air void removal takes place in two distinct stage: initial 

air void removal and progressive air void removal. In this respect, the initial air 

void or initial compaction is simulated by an elastoplasticity model, while the 

progressive air void removal or progressive compaction is simulated by a cyclic 

plasticity model.  

Another important aspect that has been observed during compaction, is the 

asphaltic mixture hardening as a circumstance of (a) temperature drop causing the 

stiffening of the asphalt binder and (b) hardening of the granular structure due to 

mechanical load. This feature is addressed in the compaction model by utilizing a 

viscoelastic algorithm, correlating the input parameters of the compaction with 

temperature and foreseeing the kinematic and isotropic hardening of granular 

materials, respectively. 

 What are the basic requirements for the compaction model and what is the best 

approach to achieve them? 

The compaction model is developed in the context of continuum mechanics. It 

requires an elastoplastic algorithm and a cyclic plasticity algorithm to capture 

various characteristics of a granular structure. Both algorithms apply a closed yield 

surface with an implicit formulation to correct the trial state of stress. Additionally, 

the compaction model appoints viscoelasticity theory to apprehend the rate and 

temperature dependency of asphalt binder. The compaction model uses the theory 

of mixtures as a bridge to associate the elastoplasticity and cyclic plasticity 

algorithms with the viscoelasticity algorithm. 

 How to achieve the required parameters of the compaction model? 

The parameters of the elastoplastic algorithm can be gained by implementing the 

isotropic compression test and static triaxial compression test on asphaltic 

mixtures. Next to that, the parameters of the cyclic plasticity algorithm can be 

achieved from the results of a cyclic triaxial compression test on asphaltic 

mixtures. In addition, the parameters of a viscoelastic algorithm can be obtained 

from dynamic shear rheometer (DSR) tests on asphalt binders. Finally, the 

information related to the temperature cooling rate of the asphaltic mixture can be 

acquired from the measurements in the field. 
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 How will the compaction model influence the road industries? 

The main output of the compaction model is the compaction curve. Comparison 

between the output of the model and the desired compaction curve will clarify the 

differences. The analyzer of the compaction model can change various input 

parameters of the model in order to achieve a proper match between the predicted 

compaction curve and the desired one.  

Understanding the influence of the input parameters of the compaction model on 

the compaction curve will inspire the constructors to make more substantial 

decisions and identify the optimum combination of material type, mix design, 

equipment and pattern of compaction according to various environmental 

conditions. This approach improves the efficiency and economical state of 

pavement construction for road industries.  

 How to model the no-tension characteristics of unbound granular materials? What 

is the influence on the response of the asphaltic pavement? 

The no-tension feature of unbound granular materials can be simulated by 

modifying the strain energy function of a hyperelastic material model in principal 

space. This technique adjusts the stress and stiffness matrix in the weak direction 

(tensile direction). Utilizing the no-tension model for simulating the behavior of 

base and subbase layers increases the flexibility of the predicted overall response 

of the pavement structure. 

7.8 Future Research 

This research aims to enlighten the area of pavement structure modelling and raises 

sharper questions about the corresponding physical and mathematical perspectives. 

The constitutive equations are specifically formulated to describe the stress-strain 

relationship for granular materials and asphaltic mixtures. With regard to these 

concerns, the following suggestions are recommended for further investigation: 

 The constitutive model can be implemented in a FE package to simulate the 

compaction of asphaltic mixture in laboratory and field. The convexity and 

continuity of the yield surface and the simplicity of radial return mapping used 

in the compaction model makes it a proper candidate for numerical analysis. 

 A comprehensive test methodology to understand the behavior of a granular 

structure bounded by asphalt binder at high temperatures during the 

compaction process is required. The parameters of the model are suggested to 

be obtained from isotropic compression test, static triaxial test and cyclic 

triaxial test.  
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 The influence of various input parameters of the compaction model on plastic 

deformation development and compaction curve should be investigated. A 

clear understanding of the importance of each parameter on the predicted 

response of the material will help us to calibrate the compaction model with a 

realistic approach. 

 The relation between aggregates form, texture and angularity with interlock 

among aggregates and their yielding characteristics are recommended to be 

inspected. These aspects of aggregates influence the nonlinear elastic law and 

hardening rule in the compaction model, respectively. Furthermore, the shear 

modulus of the granular structure in the elastoplastic model and the cyclic 

plasticity model are assumed to be constant. It is advised to assess the validity 

of this assumption. 

7.9 Final Note of the Author 

The compaction model that is developed in this thesis, is one of the first efforts in the 

field of modelling compaction of asphaltic mixtures. When I started this project, I 

searched in other fields like soil modelling, biomaterial modelling and concrete 

modelling to enrich my background. Despite the similarities, due to the complexity of 

the compaction mechanism, I decided to formulate the model from scratch. I believe I 

have opened a new gate to the journey of simulating the compaction process. As such, 

I invite adventurous researchers in pavement modelling to enter this gate, use my 

achievements, improve the weak points of my model and enrich the path toward 

developing valuable software for simulating the response of asphaltic pavements 

during construction and operation time. 
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